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Abstract: Data piling refers to the phenomenon that training data vectors
from each class project to a single point for classification. While this inter-
esting phenomenon has been a key to understanding many distinctive prop-
erties of high-dimensional discrimination, the theoretical underpinning of
data piling is far from properly established. In this work, high-dimensional
asymptotics of data piling is investigated under a spiked covariance model,
which reveals its close connection to the well-known ridged linear classifier.
In particular, by projecting the ridge discriminant vector onto the sub-
space spanned by the leading sample principal component directions and
the maximal data piling vector, we show that a negatively ridged discrimi-
nant vector can asymptotically achieve data piling of independent test data,
essentially yielding a perfect classification. The second data piling direction
is obtained purely from training data and shown to have a maximal prop-
erty. Furthermore, asymptotic perfect classification occurs only along the
second data piling direction.
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1. Introduction

Classification of high dimensional data has become an extremely common sta-
tistical problem. For a two-group classification, we use the high-dimension, low-
sample-size (HDLSS) asymptotic regime (Hall, Marron and Neeman, 2005), in
which the dimension p increases while the sample size n is fixed, to reveal a
perhaps counter-intuitive phenomenon in classification of HDLSS data.
Consider a situation where a classification rule is given by a linear separating
hyperplane, or equivalently via the orthogonal projection of data onto its normal
vector. A classical choice for such a vector is the Fisher’s linear discriminant
vector wprp (Fisher, 1936), which maximizes the between-group scatter (w? d)?
while minimizing the within-group scatter w’ Sw, where d = X; — X, and S is
the p x p pooled covariance matrix of rank min{p, n — 2}. While wrrp = S~1d
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is not defined for high-dimensional data with p > n — 2, a natural extension is
the mazimal data piling direction vector (Ahn and Marron, 2010)

wWMpPp = argmax (wTd)2 subject to  w? Sw = 0.
w:||w||=1

The term data-piling in the binary classification setting refers to the phe-
nomenon that all data are projected to exactly two points, one for each group.
Among such vectors exhibiting data piling, wypp uniquely maximizes the be-
tween-group scatter. This “first” data-piling is observed for any given data when-
ever p > n — 2, and may be viewed as a sign of overfitting; independent test
data are not projected to the same piling locations.

In this paper, we reveal that there exists a “second” data piling vector onto
which any independent observations are projected to two distinct points, asymp-
totically. This second data piling vector can be obtained purely from the training
data. Thus, when used for classification, the second data piling direction leads
to an asymptotic perfect classification.

We develop the second data-piling in a dense signal setting for which the true
mean difference exists in almost all coordinates, i.e., |1 — 2| = O(p'/?), and
using a spiked model for the common covariance . In particular, the spiked
covariance model with m spikes, for a fixed m > 0, assumes that, for a given
B € [0,1], the m leading eigenvalues of ¥ increases at the order of p?, while the
rest of eigenvalues are nearly constant. This model has been commonly used in
the high-dimensional asymptotic studies for principal component analysis and
factor models; see Jung, Lee and Ahn (2018); Hellton and Thoresen (2017); Fan
et al. (2021) and references therein. Most of the previous HDLSS-asymptotic
studies on classification (Hall, Marron and Neeman, 2005; Qiao et al., 2010;
Jung, 2018) are limited to the simple null case of 8 = 0, i.e., ¥ is the scaled
identity matrix. Allowing 8 € [0,1) also results in a similar conclusion (Yata
and Aoshima, 2020). Our findings are obtained under the more interesting and
realistic situation at 8 = 1, requiring the variables to be meaningfully correlated
with each other. To the best of our knowledge, literature on the theoretical
research on classification under this scenario is scarce. An exception is the work
of Aoshima and Yata (2019), in which the authors proposed to “remove” the
leading eigenspace for better classification performances. Relation of our findings
to Aoshima and Yata (2019) is further discussed in Section 5.

The first and second data piling direction vectors turn out to be closely re-
lated to the ridged linear discriminant vector w, = (S+al,)~d, where I, is the
pXp identity matrix (Di Pillo, 1976), for which both positive and negative values
for the ridge parameter « are considered. The first maximal-data-piling direc-
tion wypp is the direction of the “ridgeless” vector limq o we. Since our model
suggests that only the first m leading eigenvectors 1, ..., U, of S are mean-
ingful estimates of their population counterparts, we define a projected ridge
discriminant direction v,, given by projecting w, onto span(dy, . .., @y, WMpDP)
for most values of o € R; see Section 2 for a precise definition of v,. We show
that the second data piling occurs at vgs, for an & strictly negative, but not at
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any other choices of a. This implies that an asymptotic perfect classification
can happen only at vg.

Note that the second data piling direction is found by allowing the ridge pa-
rameter to be negative. Recently, for over-parameterized regression models with
p > n, Kobak, Lomond and Sanchez (2020); Wu and Xu (2020); Tsigler and
Bartlett (2020) have pointed out that negatively ridged coefficient estimators
can be optimal. In particular, Tsigler and Bartlett (2020) have shown that a
spiked covariance model with the number of spikes much smaller than the sam-
ple size is a key for a negative ridge parameter to be optimal in ridge regression.
Our finding with the m-spiked model parallels this observation, in a classifi-
cation setting. In the linear regression context, extreme overfitting of ridgeless
estimators is found to perform surprisingly well (Hastie et al., 2019; Holzmiiller,
2020; Bartlett et al., 2020), a phenomenon called “double descent”. The ridge-
less estimator in the classification context is exactly the first data piling vector
wypp. Our results further suggest that it is possible to asymptotically interpo-
late test data by the second data piling vector. We also note that an asymptotic
perfect classification of functional data is shown to be possible (Delaigle and
Hall, 2012). There, a key condition enabling perfect classification is that the
norm of the mean difference is comparable to or larger than the standard devia-
tion of the leading principal component scores, which is analogous to our model
with [|u1 — p2|| = O(p/?), )\;/2 =O0(@pP?) fori=1,...,mand B < 1.

The HDLSS asymptotic regime we adopt has been used to reveal some unique
characteristics of HDLSS data. Recent developments on the HDLSS asymptotic
studies of various multivariate methods are surveyed by Aoshima et al. (2018).

2. Linear discriminant directions in high dimensions
2.1. Negatively ridged discriminant directions

For i = 1,2, let X;1,...,Xn, € R? denote a sample drawn from an absolutely
continuous distribution on R? with mean p; and common covariance matrix .
We assume p > n := ni + na. Let d = X; — X5 be the vector of sample mean
difference, and S = 37, St (Xij = Xi)(Xij — X)) /n be the sample within-
group covariance matrix. We consider a ridge-type discriminant vector: For a
ridge-parameter o € (—o00, 00),

o = ap (S + aply) "' d, (2.1)

where o, = ap. We write wo = Wo/||Wa]|. Allowing o, to increase along p will
be convenient in our analysis of diverging p. In (2.1), we have extended the
range of ridge parameter to include negative real values. This is in contrast to
the conventional range a € [0, 00) considered in Friedman (1989); Guo, Hastie
and Tibshirani (2007); Lee, Ahn and Jeon (2013) and many others. The price we
pay is that (2.1) is in fact ill-defined for some « € (—o0, 0] with rank-deficient
S + apI,. In what follows, we precisely redefine w, for a € [—o00, o0}, by filling
in the ill-defined locations.
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Let S = UleUlT be the eigen-decomposition of S such that U = [G1, ...,
Qo] consists of the orthogonal eigenvectors, and A be the diagonal matrix
whose ith entry \; (i = 1,...,n — 2) is the ith largest eigenvalue. (There are
exactly n — 2 positive eigenvalues almost surely.) Let Uz be a p X (p —n + 2)
matrix whose columns form an orthonormal basis for the nullspace of S. Then,
for o at which (2.1) is defined, we decompose w,, into three parts:

~ o 1, A
Ba = ap(S + apl,)"'d = a,Uy (A + apl> OTd+ U,07d

m n—2
=Y galdr Y —aald+ Uo07d. (2.2)
o At o i=m+1 Ai + oy

The decomposition above reveals that w, as well as w, are decomposed into
the weighted sum of projections of the mean difference d onto three orthogonal
subspaces. The first two subspaces belong to the column space of S. We choose
for the first m sample eigenvectors 1, ..., U, to constitute the first subspace,
in the anticipation that the role of the leading m eigenvectors is distinct from
the rest of eigenvectors under the m-component model we consider. The last
subspace, spanned by Ug, is the nullspace of S.

The set of a at which (2.2) is not defined is {0,400} U {=X;/p : i =
1,...,n — 2}. It can be seen that the last term of (2.2) is parallel to the

maximal data piling direction, and that lim, ,ow, = wwmpp. Similarly, we
have limgy—y 400 Wo = d/||d|| and limmfj\i/pwa = 4, 1ima¢75\i/ W = —1U;,
(t=1,...,n—2). We set wp := wypp, Wic := d/||d||, and w_s,,, = U, SO

that w, is left-continuous at —/A\i /p and continuous elsewhere. Then, the discon-
tinuities of the parameterization path o — w, are exactly the n — 2 sign flips,
each of which occurs when —a,, crosses an eigenvalue of S.

It helps to visualize the modified w,, as a trajectory along varying «. For this,
temporarily assume a one-component model, i.e., m = 1. The parameterization
path a — w, is visualized in Fig. 1 for a high-dimensional data with p = 5000
and n; = ng = 20 (the model for this data set is decribed in Section 4.1).
To visualize the p-vector w, in a three-dimensional plot, we make use of the
decomposition (2.2). For any a € [—o0, 00], the ridged discriminant vector wq,
lies in the (n — 1)-dimensional subspace Sy spanned by {X;; — X}, where X =
Yo ; Xij /mn, or equivalently, by the column space of S and d. Recall that
m = 1 in this example. The first and third terms of (2.2) are spanned by
U1, wMpp € Sx, respectively, which provide the two axes of the figure. The
remaining n — 3 dimensions of Sx, corresponding to the second term of (2.2),
are collapsed to a nonnegative value. For the data set used in Fig. 1, it is
apparent that, for most values of «, w, is close to the plane spanned by
and wypp. It turns out that the subspace S = span(iy, wympp) is the only
meaningful subspace for large p, while the nullspace of S, within Sx, does not
possess any discriminative information. We will show this more carefully in the
next subsection. For general m > 1, the subspace of interest is

S = span(dy, . .., lim, WMDP)- (2.3)
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Fic 1. The parameterization path of wq lies close to S for most «.. (a) Shown are the path
a = (wlay, ba, wlwypp), where by = [P ||/||[Wa] > 0, and ©3) is the second term of
(2.2). wo is the mazimal data piling direction, and w4oo is the mean difference direction. As
a crosses 75\1/p, we s flipped. (b) The path of wa projected onto S = span(@1, wnpp). See
Appendix B for details on the second axis and by, to see how the n—3 sign flips are suppressed
for visualization.

2.2. Concentration of ridge directions in high dimensions

Key conditions are described with respect to the mean difference p = p; — po
and the principal component structure of the common covariance matrix .
Denote the eigen-decomposition of ¥ by ¥ = UAUT = 37| Nju;ul’, where U =
[u1, ..., up] collects the eigenvectors, and the entries of the diagonal matrix A are
the ordered eigenvalues A\; > --- > A,. Assumptions 1-3 play important roles
in describing the high-dimensional asymptotic behaviors of w, and associated
classifiers.

Assumption 1. For m > 1, 62,72 > 0 and 0 < B < 1, the eigenvalues
of the covariance matriz ¥ are \; = pPo? + 12 (i = 1,...,m) and \; = 77
(i=m+1,...,p), where max7? is uniformly bounded, and Y%_, 77 /p — 7% as

K3
p — oo for some 72 > 0.

Remark 2.1. A seemingly more relazed model may be assumed in place of As-
sumption 1. For example, for some natural number M, we may set 1 > (1 >
Ba>--->Bar >0 and \; = O(p%) fori=1,...,M. This model is asymptot-
ically equivalent to the model assumed in Assumption 1 with m = #{8; = 1},
due to the following reason: There is no difference between \; = O(p”) with
B: < 1 and \; = O(1) in the HDLSS asymptotic results we derive; see, e.g.,
Lemma 3.6. Note that allowing B; € (0,1) for i > m should make a difference
in the convergence rates of our conclusions. Since we do not explicitly state the
rates of convergence, we use Assumption 1 for the sake of simplicity.

Assumption 2. There exists § € (0,00) such that ||u||?/p — 62 as p — oco.

For a vector w € RP and a subspace A of RP, we write P4 and P w for the
orthogonal projection matrix and the orthogonal projection of w, respectively,
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onto A. Let U, = span(uq,...,u,) be the subspace formed by the first m
leading eigenvectors.

Assumption 3. There exists k € [0,1) such that | Py, p|l/|lxll = & as p — oo.
Moreover, there ezists k; € [0,1) such that ul p/||ul| — ki as p — oo fori =
1,....,m.

The m-component model in Assumption 1 is routinely assumed in classifica-
tion problems (Qiao et al., 2010; Ahn and Marron, 2010; Yata and Aoshima,
2012) and is a special case of spiked covariance models (Hellton and Thore-
sen, 2017; Jung, Lee and Ahn, 2018; Ishii, Yata and Aoshima, 2019; Fan et al.,
2021). The parameter 5 € [0,1] determines the order of magnitude of the m
leading eigenvalues A1, ..., A, of X. The asymptotic result obtained by assum-
ing 8 € (0,1) is equivalent to the simple null case 5 = 0 (¢f. Ahn et al., 2007;
Yata and Aoshima, 2020), so we pay a special attention to the 5 = 1 case. Note
that the case of 5 = 0 (or, equivalently, m = 0) is easier to classify, since the
Mahalanobis distance ||S~/2p|5 is strictly larger than that under 8 = 1 and
m > 1. Assumption 3 introduces k that controls the asymptotic portion of the
mean difference p along the m-dimensional principal subspace U,,,. We do not
allow k£ =1, as in such a case the mean difference vector u is completely within
the subspace U,, with larger variance. Put differently, the quantity 1 — k2 > 0
is the portion of the mean difference in the subspace of relatively smaller mag-
nitude of noise.

The class of distributions we consider is given by the following assumption
on the true principal scores z;; = A_1/2UT(X,»J~ — p;). These principal scores
may not be independent with each other unless we assume normality.

Assumption 4. The elements of the p-vector z;; have uniformly bounded fourth
moments, and for each p, z;; consists of the first p elements of an infinite random
sequence (2(1y, 2(2), - - -)i,j, which is p-mizing under some permutation.

One of our main tools of analysis is the law of large numbers applied across
variables (p — 00), rather than across sample (n — o0). For this, the depen-
dency among the principal scores is controlled by the p-mixing condition; see
Appendix A for definition. A sequence of independent normally distributed ran-
dom variables satisfies the p-mixing condition. Assumption 4 is much weaker
than normality and independence, yet it enables an application of the law of
large numbers, as shown in Jung and Marron (2009).

We are now ready to state our result on w,. We define Angle (w, A) :=
cos H{|wT Paw|/(||w|||| Paw]||)}. For two unit vectors wy,ws € RP, Angle(w;,
wo) = cos~ ! |wlws| is the acute angle formed by the two vectors. The notation

i represents convergence in probability. Throughout, we let n be fixed and
p — 0.

Theorem 2.1. Suppose Assumptions 1—4 hold and B =1 in Assumption 1. For
any o € R\ {—72%/n},

Angle (wq, S) R 0, (2.4)
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F1G 2. (a) Diagram illustrating S and va obtained from the data X used in Fig. 1. The arrow
corresponds to v, at « = —72 /n. (b) Projections onto S of the data X (group 1: filled circles,
group 2: filled triangles) and an independent data set Y (group 1: circles, group 2: triangles).
The origin of the plot is at X. The independent data ) are concentrated along the two parallel
lines (3.1), which appear to be orthogonal to v__.z2 ,, shown as the arrow in (a).

as p — oo.

All proofs are contained in Appendix C.

Theorem 2.1 confirms that the concentration of w, towards S for almost
all values of «, illustrated in Fig. 1, is bound to happen in high dimensions.
The only exception is at « = —72/n, to which all scaled eigenvalues —\i /p
(i=m+1,...,n—2) converge. (The asymptotic behaviors of eigenvalues of
S are stated in Lemma C.2.) Heuristically, at o = oy := —\;/p ~ —72/n for
i > m + 1, we have w,, = 1;, which is orthogonal to S for every p.

We remark that if the assumption 8 = 1 in Theorem 2.1 is replaced by 8 €
[0, 1), then a stronger, yet less interesting, statement can be given. Specifically, if
B € [0,1), then the role of 41, ..., 4, is no longer different from the rest of sam-
ple principal component directions, and for o # —72/n, Angle(w, wMpp) 0
as p — 0o. This can be shown by an argument used in Jung (2018). In contrast,
in the m-component model with § = 1, Angle(w,,wmpp) can be large in the
limit, depending on the choice of «, as depicted for finite p in Fig. 1(b).

Based on the above, it will be convenient to consider a projection of w, onto
S, to which almost all ridge directions converge in high dimensions. We propose
to use

m
Q@ FEA
Vo X Y ——— i) d+ UpU3 d, (2.5)
o Aty
satisfying ||va|| = 1. This v, is not exactly the projection Psw,/||Pswq||, be-
cause Psw, = 0 at « = —\;/p for any i = m + 1,...,n — 2. The v, is given

by filling in the n — m — 2 undefined points of the scaled projections. It can
be seen that v, simply ignores the second term of (2.2). For the special case of
m = 1, the trajectory of the unit vectors v, over a € [—00, o0], which is a unit
semicircle on the plane S, is illustrated in Fig. 2(a).
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3. Double data piling and perfect classification
3.1. First data piling

The data piling in two-group classification problems refers to the phenomenon
that when data are projected onto a vector w, the projected data are piled
on two points, one for each group (Ahn and Marron, 2010). This “first” data
piling can be observed whenever p > n — 2. Specifically, for any vector w in the
nullspace of S, i.e., w € span(Us) in the decomposition (2.2), data piling occurs.
Among those, the maximal data piling direction wypp uniquely maximizes the
distance between two piling locations. For example, in Fig. 2(b) the data X :=
{z;j :1=1,2,j =1,...,n;} projected to wypp are piled on two locations on
the wypp axis, and the distance between them is the largest. Note that wq, va
and S depend only on the data set X.

3.2. Second data piling

The second data piling phenomenon occurs for new, independent data ), sam-
pled from the same model as X and independent of X. One may regard X as
training data, ) as testing data. Figure 2(b) plots both X and Y of a one-
component model, i.e., m = 1, projected onto S. While ) projected on wypp
does not exhibit a data piling, it is interesting to observe that Ps) tend to lie
on two parallel straight lines, one for each group. It turns out the piling of )
onto these two lines occurs asymptotically as p — oo. We call this new phe-
nomenon as the second data piling, this time for independent observations. For
the direction vector v on S orthogonal to both lines, P,) exhibits data piling
on two points, asymptotically.

In the following, we show that such direction v can be identified purely from
the training data X, even before observing the new data ). Moreover, we show
that such second data piling direction is also maximal in a sense similar to the
first maximal data piling.

We begin by focusing on the two lines, {1 and 3, in Fig. 2(b). The direction
of the parallel lines has a close connection with wuy, the first true principal
component direction. Let u; s = Psu; be the projection of u; onto S, and write
rvpp = ||wipp (X1 — X2)||//P, which is the distance between the two piles on
the first data piling direction, scaled by ,/p. The two lines are

l; = {tul,S + K;wMmpP + PsX/\/}—Q :teR} (1=1,2), (3.1)

where 1 = (1—n1/n)(1—k?)8?/knpe, and ka = —(1 —n2/n)(1—k%)62/kmpp-
The two lines [; and [ are parallel to u; s.

For general cases where m > 1, the two lines (3.1) are naturally extended
to two m-dimensional affine subspaces, L; and L. Let u; s = Psu; be the
projection of u; onto S (i = 1,...,m), and write Uy, s = [ur.s, ..., Um,s]. We
define

L; = {Un,st + spwnpp + PsX//p:t eR™} (i =1,2). (3.2)
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We now confirm that the independent data are piled along the affine subspaces.
For any observation Y € Y, we write n(Y) =i if Y belongs to group .

Theorem 3.1. Suppose Assumptions 1—4 hold and p = 1. For any observation
Y € ), write Ys := PsY/\/p. Then, fori=1,2 and for any € >0,

plggo P{aléllf:i Vs —al >€e|n(Y)=1i} =0.

Theorem 3.1 reveals that exact second data piling for independent data occurs
asymptotically. Even for the finite-dimensional example in Fig. 2(b), the distance
between Ys and L; is small enough to perceive the second data piling.

The parameterization of L; in (3.2) involves unknown parameters uy, . .., uy,
and it is impossible to obtain L;, or the direction orthogonal to L;, from only X.
Our next result shows that there exists an &, purely a function of the data X,
such that vg is a direction asymptotically perpendicular to L;. As Theorem 3.2
shows, any HDLSS-consistent estimator of —72/n is such an &. We say 0 is an
HDLSS-consistent estimator for 0 if for any e > 0, lim,_,o, P(|0 — 6] > €) = 0.

Theorem 3.2. Suppose Assumptions 1—4 hold and B = 1. For any HDLSS-
consistent estimator & of —7%/n, Angle (vs,u;.s) Ei w/2 (i =1,...,m) as
P — 0.

An immediate consequence of Theorem 3.2 is that the projections of any new
data ) onto vs exhibit the asymptotic second data piling; as p — oo, P,,Y
pile on two distinct locations, one for each group. Note that the estimator &
of —72/n is typically negative, and the second data piling direction is a pro-
jected megatively-ridged discriminant direction. Since the scaled eigenvalues of
S converge to 72/n (shown in Lemma C.2), candidates for & include —p~1A; for

i=m+1,...,n— 2. In what follows, we fix
- n—2 3
T2 1 )\1
N=——=—-—— —. 3.3
@ n nfmei:;Hp (3:3)

If L, and Ly do not coincide, then a separating hyperplane orthogonal to vg,
passing X, is expected to provide a satisfactory classification of the independent
data ). At the end of this subsection, we show that L;’s do not coincide in
the limit, thus perfect classification is possible. The distance between the two
parallel affine subspaces is asymptotically equivalent to the distance between the
two piles of P,,). This leads to a natural question: Are there other directions
v € Sx exhibiting the second data piling phenomenon? We will see that there
are infinitely many such directions, but among those vs leads to the maximal
asymptotic distance between the two piles.

The second data piling on a v € Sx C RP? is recognized asymptotically as p —
00. While vy, is defined for any p, we wish to consider any sequence of directions,
which may not have a simple definition applicable to every p, as a candidate for
a second data piling direction. For this, it will be clearer to think of v € RP as
the pth element of an infinite sequence {v} = (v, ... v®=D @) HE+ )
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We write {v} for such a sequence with v indicating the pth element of {v}. Let
V be the collection of sequences of unit vectors in the sample space X, that is,
V = {{v} :v € Sx,||v|]| = 1 for all p}. Let Y and Y’ be any two independent
observations in ) from the same group. We characterize the collection of all
sequences of second data piling direction vectors as

A={{v} €V:forany Y,V with n(Y) =n(Y’),

L 7 P
v (Y —=Y') =0, as p — oo}. 3.4
- b 64

That is, a sequence {v} is a second-data-piling-direction sequence if all observa-
tions from the same population are projected to a single point asymptotically.
In the two-class discrimination problem, there are at most two points to which
the independent data are projected. To better understand the second data piling
directions, we use alternative but equivalent definitions of A to show that any
{v} € A is asymptotically close to a sequence {w}, where each w is in the direct
sum of span(vs) and span({@;}7-2. ).

Lemma 3.3. Suppose Assumptions 1-4 hold and 3 = 1. Let A’ be the collection
of all sequences {v} € V such that for any independent {Y'}

lim Var(p~ /0T [Y — BE{Y | 7(Y) =i}] | 7(Y) =) =0,

p—00

for both i =1,2, andA”z{{U}GV:vTuiﬁ)O,izl,...,m asp— 0o}.

(1) A=A =A".

(ii) For any given {v} € A, there exists a sequence {w} € B such that
lw — v Ly 0 as p = oo, where B = {{w} € V : w € span(vs) ®
span({ii};2n 1)}

Tt is clear that {vs} € B C A is a second data piling direction. Lemma 3.3(ii)
shows that other second data piling directions are given by “lifting” vg on S
towards span({ﬁi}?;niﬂ).

We next show that among the many second-data-piling-direction sequences
in A, {va} maximizes the limiting distance between the two piles. For {w} € A,
let D(w) be the probability limit of p~/2|w” (Y} — Y3)| as p — oo, if it exists
for Y; with n(Y;) =4 (¢ = 1,2). That is,

p 2wt (Y1 — V)| Ei D(w) as p — oo, (3.5)
if the limit exists. The probability limit may not exist for, e.g., an oscillating
sequence {w}, and the limiting distance D(w) may be a random variable.

Theorem 3.4. Suppose Assumptions 1-4 hold and 8 = 1. Then, for any {w} €
A such that D(w) ezists,

D(w) < D(vg)
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with probability 1, and the equality holds if and only if ||w —vs || £50 as p — 0.
Moreover, for any independent observation Y,

-1/2 T v P Vﬂ(l—k2)52, W(Y):l,
p Vg (Y X) — { 7,7;%(1 i k2)52, 7T(Y) =2, (36)
as p — o0, where v is a strictly positive random variable depending only on the
first m principal scores of X .

Consequently, we may call {vs} a sequence of mazimal second-data-piling
directions. Since v4 € S, the result above also justifies our choice of focusing on
Vo in S rather than w, in the whole sample space Sx.

Theorem 3.4 also shows that the limiting maximal distance between the two
piles is (1 — k2)82. Since the two lines do not coincide in the limit, a perfect
classification occurs. To be specific, let ¢, (Y; X') be a classification rule defined
for a given a:

L,

oI (Y —X) 20,
2, w

(¥ - X) <o. 3.7

T
a
T
«

%(Y;X):{

Theorem 3.5. Under the setting of Theorem 3.4, P{¢ps(Y;X) =n(Y)} — 1
as p — 0.

A perfect classification occurs in the limit p — oo, even if the sample size of
X is kept fixed, and for a negative ridge parameter & < 0.

3.3. Perfect classification at negative ridge

In this subsection, we show that the perfect classification occurs only at the
negatively ridged ¢, i.e., at o = &. Denote the limits of correct classification
rates of ¢, by

Pz(a) = pgnolop{(ﬁa(ya)() =1 | ﬂ-(Y) = 7’} (7’ = 132)7

2 (3.8)
Pla) = lim P(¢,(Y:X) = 7(¥)} = >_miPia).

For simplicity, we assume that the prior m = P{n(Y) = 1} = 1 — my is equal
to my/n. These limits (3.8) exist as shown in Lemma 3.6 below. There, we
provide an explicit expression of P;(«), from which the limiting accuracy can
be evaluated.

Recall that any observation X € RP? is represented by X = p; + UAY22(®),
where the elements of z(®) = (2(1),...,z(p))T are the first p elements of an
infinite sequence; see Assumption 4. For a given [ = 1,...,m, the uncentered
Ith principal score of X, ulTX , depends only on z(;) for each and every p, and
the almost sure limit of p’l/zulTX exists. For X;; € X', we write the Ith limiting
principal score as x(;) ;;, which satisfies P(lim; o0 p*1/2ulTXZ—j =x(,;) = 1 for
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I =1,...,m. Furthermore, we denote z;; = (z(1),ij,- - - ,m(m),ij)T. Similarly, let
¥ = (Y- ,y(m))T which collects the first m limiting principal scores of an
independent observation {Y'}. In Lemma 3.6 below, the limiting probabilities
Pi(a) depend on the distribution of

o= (na+72) (y—2)7 (Q+ (na+72) I,) " (21 — 22), (3.9)

— i — 2 i 2 %
where z; = 3701 @ij/ni, @ = 3, 30L wig/noand Q@ = 350 30 (3 —
Z;)(wij — Z;)T. Note that  is the within-class scatter matrix of first m limiting
principal scores, so &, in (3.9) can be considered as a generalized linear classifier.

Lemma 3.6. Suppose Assumptions 1—4 hold.

(i) If 0 < B < 1, then Pi(a) = Pa(a) =1 for all a € R\ {—72/n}.
(i) If B =1, then for a given o € R,

Pi(a) =P (& +C1 20| n(Y) = 1), (3.10)

1
Pala) =P (&, —Ca <0 w(Y)=2)

where C; = (1 —n;/n)(1 — k)82 >0, i = 1,2, and &, is defined in (3.9).

Lemma 3.6 shows a sharp distinction between a null model with 8 € [0,1)
and the m-component model with 8 = 1. For # < 1, the within-group variance
of X;; becomes negligible when compared to the magnitude of the true mean
difference ||11]|, thus perfect classification occurs for any reasonable classifier. In
particular when 8 < 1, for any a # —72/n, v, converges to wypp as p — 00.
The only exception is o = —72/n, at which v_r2,, becomes orthogonal to wnpp
as p — 00. The result on # < 1 is consistent with findings in Hall, Marron and
Neeman (2005); Jung (2018), where only the case 8 = 0 was studied. Note
that in those previous work an additional condition 6% > |1/n; — 1/no|7? is
required, while we do not. This is because we use the total mean X rather than
the centroid mean (X; + X5)/2 used in Hall, Marron and Neeman (2005); Jung
(2018).

The m-component model with 5 = 1 is more interesting, as the limiting accu-
racy P(a) = m1P1 (o) + mePa(r) depends on the distribution of the first m true
principal component scores (z(1),- - -, z(m))T, through &,. Note that the sign of
£, depends on an m-dimensional classification result based on the unobservable
principal component scores of Y and X. The positive constant C; is related to
the maximal second-data-piling distance (3.6), and represents the magnitude of

group separation on the nullspace of span(us, ..., um).
With a regularizing condition on the distribution of (2(1),. .., 2(m)), the lim-
iting accuracy P(a) is uniquely maximized at o = —72/n. Note that at a =

—7%/n, & =0 and P(~72/n) = 1.

Theorem 3.7. Suppose Assumptions 1-4 hold and = 1. If {x : f.(x) > 0} =
R™, where f. is the joint density of (2(1,.. .,z(m))T, then a = —712/n is the
unique mazimizer of P(«).
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TABLE 1
Estimates of the accuracy (standard error) of the three classifiers. As p increases, the
accuracy of the classifier based on vs becomes the highest, and approaches to 1.

D WMDP We Vé

100 0.594 (0.027) 0.517 (0.037)  0.586 (0.028)
500 0.722 (0.021)  0.537 (0.038)  0.710 (0.021)
2000  0.847 (0.035)  0.579 (0.060) 0.871 (0.018)
5000  0.905 (0.048) 0.613 (0.071)  0.965 (0.008)
10000  0.917 (0.061)  0.645 (0.098)  0.994 (0.003)

A wide range of distributions, including the normal, satisfy the condition of
Theorem 3.7.

Remark 3.1. The regularity condition in Theorem 3.7 can be written more
directly for &, having its support on (—o00,00) for any o # —72/n, and is relazed
by the following condition: For any a # —7%/n, the density fe. of & satisfies
either (—oo, —C1) N{x : fe (x| m(Y)=1) <0} # 0 or (Cy,00) N{z : fe, (x|
7(Y) =2) >0} # 0.

4. Numerical studies

In this section, we first numerically demonstrate the perfect classification of ¢,
(3.7) via a simulation experiment (Section 4.1), then confirm that the optimal
ridge parameter o of the classifier ¢, is indeed negative in some real data
situation, including well-known handwritten image datasets (Section 4.2) and a
number of microarray datasets (Section 4.3).

4.1. A simulation experiment

We compare the classification performances of the classifier ¢, (3.7) based on
va, and two others classifiers, defined similar to (3.7) but using wg and wypp in
place of vg, respectively. The model we use is a one-component model satisfying
Assumptions 1-4 with § = 1. Specifically, X;; ~ N, (i, ), where ¥ has a com-
pound symmetry structure, 3 = 1,,15—1—40]]0, with eigenvalues (p+40, 40, ..., 40)
and the first eigenvector u; = 1,/,/p. Here, 1, is the p-vector consisting of
1. The first p/2 coordinates of the mean difference vector yu = 3 — po are
(V2 +v/3)/2, and the rest (v2 —V/3)/2. That is, p = (/p/2)u1 + v/ (3p) /4uz,
where ul = (12/2, 715/2)/\/p?. We set nqy = no = 20, and p varies from 100 to
10,000. For this model, 6> =1, k=1/2, 0 = 1 and —72/n = —1.

The correct classification rates of the three classifiers, obtained from the sam-
ple of size n = 40, are empirically computed using 1,000 independent observa-
tions. This is averaged over 100 repetitions to estimate the accuracy P{¢(Y; X)
= m(Y)} of the classifier ¢p. Table 1 displays the result. Using v not only out-
performs the others, but also achieves nearly perfect classification for sufficiently
large p. The poor performance of using wg, is due to the inflation of noisy second
term in (2.2).
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Fic 3. A graph showing the correct classification rates of the classifier ¢, (using va) for
p = 100 (dashed), 500 (dots), 2,000 (dot-dashed), and 5,000 (long dashed). The limiting
accuracy P(a) is shown as a solid curve. The vertical reference lines indicate o = 0 (solid)
and o = —12/n = —1 (dashed).

Under the same model, Fig. 3 displays an estimate of the accuracy of ¢, at
a € (—1.5,0.5) for several choices of dimension. At o = 0, ¢, corresponds to
the classifier based on wypp. For moderately large dimensions (p = 200, 500),
the accuracy increases as « increases, and positive ridge-parameters appear to
be optimal. On the other hand, for p in the thousands, the correct classification

rate is the highest near o = —72/n = —1, as Theorem 3.7 postulates. For this
model, near-perfect classification will occur at o = —72/n, for larger choices of
p.

4.2. Handwritten character recognition examples

The original MNIST (Modified National Institute of Standards and Technol-
ogy) dataset (LeCun, Cortes and Burges, 2010) contains 60,000 images of hand-
written digits 0 to 9, while the EMNIST (Extended MNIST) database (Cohen
et al., 2017) has 124,800 images of handwritten English alphabets a to z, in
28 x 28 = 784 pixels. Since the true classification boundaries for these data
are likely to be non-linear, we employed random Fourier features (Rahimi and
Recht, 2007), a popular method originally developed for kernel methods for large
scale problems. The idea of random Fourier features is to embed the original
data into high-dimensional space so that a linear inner product in the em-
bedded space approximates a non-linear kernel function. As similarly done in
Kobak, Lomond and Sanchez (2020), we obtained random Fourier features of
each image corresponding to Gaussian RBF kernel and used them as variables
for linear classification. Let x; be the 1 x 784 vector with pixel intensity val-
ues for the jth image, scaled to be bounded by —1 and 1. For each choice of
d = 500, 1000,2000, 3000, we then calculated exp(—iz;Z), where Z € R784xd
is a random matrix consisting of independent Gaussian random variables with
mean zero and standard deviation 0.1. Taking the real and the imaginary parts
of exp(—iz;Z), we obtained p = 2d features.

For classification, we converted the multi-category problems with 10 groups
to (120) = 45 binary problems for the MNIST data and 26 groups to (226) =325
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TABLE 2
Number of cases for which the optimal o is negative. The result is based on average test
errors from 10 repetitions.

p m=1 m=2 m=3 m=4

1000 25 30 30 33

2000 29 37 40 41

MNIST (45 cases) 4000 29 37 33 a1
6000 33 36 41 42

1000 195 203 207 195

2000 241 270 280 289

EMNIST (325 cases) 050 953 280 295 307
6000 252 291 307 311

binary problems for the EMNIST data. To mimic the HDLSS situation, we
randomly chose n; = ne = 100 images for each class as the training data for
each binary problem, and computed v, (2.5) and the corresponding classifier
¢, (3.7), for each of m = 1,2, 3,4 and for a fine grid of a € (—20, 20). Using the
hold-out data as the test data set, the test error rates are computed for each
choice of (m, «). This experiment was repeated ten times to report the average
test error rates.

For all choices of dimension p, and for all choice of the number of components
m, the optimal choice of the ridge parameter turns out to be negative for a
majority of cases considered; Table 2 collects the number of cases under which
a negative ridge parameter provides the smallest test error rate. For a reference,
Figure 4 shows the test error rates of ¢, over the grid of «, when the number
of leading components is set as m = 4. Patterns are similar for m = 1,2, 3;
see Figs. D.1—D.3 in Appendix D.1. As the dimension increases, the overall
error rates decrease, and the fraction of “negative-ridge-optimal” cases (i.e., the
optimal choice of « is negative) increases as the dimension increases.

We also have repeated the above experiment with a larger sample size of
200 for each category, for the MNIST dataset. When the dimension p is large
enough, by increasing the sample size from n; = 100 to n; = 200, the optimal
ridge parameter &, tends to shrink to zero; see the top panels of Fig. 5. For most
cases, (r1p0 < Qoo < 0. This makes sense since the asymptotically optimal choice
of awis —72/n (see Theorem 3.7), which also shrinks to zero as n increases. We
also confirm that as the sample size increases (albeit still much smaller than the
dimension), the misclassification rate becomes smaller; see the bottom panels of
Fig. 5.

An additional experiment suggests that the key assumptions (Assumptions 1
and 2) are in fact satisfied for our binary classification of the MNIST dataset.
See Appendix D.2.

4.3. Microarray data examples

Statistical analysis of microarray gene expression data has been a prominent
example of the HDLSS situations. We use eight sets of public microarray data
sets to examine whether the conclusion of Section 4.2 holds. The microarray
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MNIST, p = 1000, m = 4
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F1G 4. Misclassification rates of ¢, applied to two-group classifications of tmages of handwrit-
ten digits (MNIST) and alphabets (EMNIST). Each curve represents a trajectory of average
test error rates from a binary classification. The minimum error rate of each curve is marked
with a star.
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Fic 5. The effect of sample sizes to the classification. Top panels compare the empirically-
optimal ridge parameters &, with n = 100 and 200. Stars represent the cases where both
&100 and ao00 are negative; Circles are used for all other cases. Bottom panels compare the
misclassification rates of ¢4, for m = 100,200. Patterns are similar for other choices of
m=1,2,3.
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TABLE 3
A list of microarray datasets used in our experiment
1D (p,n,n1,n2) Reference
DLBCL (2648,77,19,58) Shipp et al. (2002); Glaab et al. (2012)
prostate (2135,102,52,50) Singh et al. (2002)
breast cancer (47293,128,84,44) Naderi et al. (2007)
lung cancer (2530, 37,20,17) Bhattacharjee et al. (2001)
colon cancer (2000,62,22,40) Alon et al. (1999)
methylation (1413,217,132,85) Christensen et al. (2009)
breast cancer (Gravier)  (2905,168,111,57) Gravier et al. (2010)
lymphoma (7129,77,19,58) Shipp et al. (2002);

Jeffery, Higgins and Culhane (2006)

datasets we used are listed in Table 3 along with their dimensionality and sample
sizes.

Since the sample sizes are quite small for these datasets, we computed the
leave-one-out average error rates of the classifier (3.7) for a few choice of m
and for a fine grid of a. The results are visually summarized in Fig. 6. Two
datasets result in zero test error rates for any choice of o and thus excluded
from the figure and from further discussion. Out of the remaining six cases, if
we take m = 1, for all cases the optimal ridge parameters are indeed negative; for
m = 2,3, or 4, the number of the negative-ridge-optimal is 5, 5 or 3, respectively,
out of six cases.

The axis for o in Fig. 6 is scaled so that the estimate & = —72/n (3.3) is —1.
Observe from the figure that the optimal ridge parameters, if they are negative,
are typically between (—72/n,0). This is partly due to the bias of the estimator
—72/n (the magnitude of 72 /n is typically larger than 72 /n). This suggests that
in practice a cross-validation over a range of ridge parameters is recommended,
rather than simply using the estimate.

In the data examples above, the true number m of leading principal compo-
nents is unknown. While the number m may be estimated, by e.g., Bai and Ng
(2002); Passemier and Yao (2014); Jung, Lee and Ahn (2018), we do not pursue
it here.

5. Discussion

In this work, we have revealed a perhaps counter-intuitive phenomenon of sec-
ond data piling in the HDLSS context, and showed that a negatively ridged
discriminant direction vg, with & < 0, exhibits the second data piling with a
maximal property. This second data piling direction vg is asymptotically orthog-
onal to the true leading principal component (PC) directions. Thus, by using
the direction vg4 for classification, we effectively remove the excessive variability
in the leading PC directions. This observation naturally leads to an approach of
directly removing the leading PC directions (i.e., projecting the data onto the
nullspace of the leading eigenspace). This approach, via an estimation of the PC
directions, has been already proposed by Aoshima and Yata (2019) in a simi-
lar setting. Although both our classifier and the classifier of Aoshima and Yata
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Fia 6. Misclassification rates of ¢, applied to microarray datasets in Table 3. Each curve
represents the trajectory of leave-one-out error rates. The minimum error rate of each curve
is marked with a filled circle. Results for ‘lung cancer’ and ‘methylation’ are omitted as their
error rates are zero everywhere.

(2019) aim to achieve a similar goal of classifying in the nullspace of the lead-
ing eigenspace, there has been no discussion of double data piling in Aoshima
and Yata (2019). Our current work not only reveals the double data piling phe-
nomenon but also provides an answer to the question “why is removing the
leading eigenspace beneficial?”

Our analysis assumes that the true number of components m is known. What
happens if one chooses to use an estimate or guess m* # m in defining the sub-
space S (2.3) and direction vg (2.5)7 In fact, the second data piling does not
occur for m* < m. Heuristically, if m* < m, then vs is not asymptotically
orthogonal to the principal component directions with large variance, thus re-
sulting in no data piling. On the other hand, the second data piling occurs for
m* > m, with a slower rate of convergence. Rigorously confirming these facts is
rather involved, and will be addressed in our subsequent work.

It is well-known that the first data piling also occurs in high-dimensional
multi-category data situations. Suppose there are K categories. Let B be the
p x (K — 1) matrix with the kth column given by X — X, and Sz be the total
covariance matrix. If p > n — K — 1, then the first data piling happens on the
column space of S B, where S is the Moore-Penrose inverse of St. Is there a
situation under which the second (asymptotic) data piling also occurs for such
multi-category classification? While we do have an answer for this question (the
answer is yes), we choose to use a binary classification framework to introduce
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the notion of the second data piling, in this work.

Ahn and Marron (2010) observed that the first maximal data piling direc-
tion for p > n — 2, when appended by the Fisher’s discriminant direction for
p < n — 2, exhibits the so-called double descent phenomenon. The term double
descent is coined for the regression setting (Hastie et al., 2019). In the classifi-
cation context, the double descent phenomenon is understood as follows: The
misclassification rate initially decreases as p increases from 1, increases as p ap-
proaches to n — 2, then decreases as p diverges. The first descent, a “U”-shaped
dip, of the misclassification rate is due to the bias-variance trade-off. The second
descent occurs at the HDLSS regime. This phenomenon has been observed for a
number of real data situations, but has not been fully understood theoretically.
A natural question is whether the double descent phenomenon is observed for
the second maximal piling direction. Simulation studies (not reported here) us-
ing vs (well-defined for both p < n and p > n) indicate that the misclassification
rate is monotone with respect to p, thus just a single descent. This observation
parallels the empirical observations by Kobak, Lomond and Sanchez (2020) and
Wu and Xu (2020) in the regression setting, and suggests that negatively ridged
classifiers may mitigate the double decent phenomenon. The misclassification
rate corresponding to vg is smaller than that using wypp, for any p > n, which
is expected for large p by Theorem 3.7. A thorough investigation on this matter
is left as a future research agenda.

Appendix A: On p-mixing condition

The concept of p-mixing was first proposed in Kolmogorov and Rozanov (1960);
see Bradley (2005) for detailed introduction on mixing conditions. The definition
of p-mixing follows. For a o-algebra A, denote the class of square-integrable and
A-measurable functions as £2(A). The p-type measure of dependency of two
o-algebras F and G is defined as

p(F,G) == sup{|Corr(f, )| : f € L*(F). g € L*(G)}-

Suppose (Yy, k € Z) is a sequence of random variables. For —oo < J < L < o0,
denote the o-algebra generated by {Yy : J <k < L} as F JL Then, the p-mixing
coefficient is defined as:
p(n) :=sup p(FL ., F53,.).
JEZ
The sequence of random variables (Y, k € Z) is called p-mixing if p(n) — 0
as n — oo.

Appendix B: Additional details for the linear discriminant direction
We

In this section, we provide more descriptions of the parameterization path w,,
has.
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Fic B.1. The parameterization path of a +— (wzal,ca,wgwMDp), where cq is defined in
(B.1). Whenever —oy, passes the eigenvalues of S, the direction weq is reversed, and ezactly
n — 2 flips occur.

B.1. Parametrization path of w, with sign flips

Main article Figure 1 plots a parametrization path of w,. For its second coor-
dinate, we use

n—2 n—2
« o LN
bo =Y —L—azald| /| —L—ii]d+ U035 d|
= Ni T ap / o At oy ’

which is exactly ||(I — Pa, — Puypp)Wall- The term b, is for the second term
in (2.2), which lies on an (n — 3)-dimensional subspace. Suppressing it to a
non-negative real value, however, may blind the noticeable features on the
parametrization of w, such as sign-flips. Here, we use a different choice of co-
ordinate cq,,

n—2 n—2
. «
co = 1" 2sen (A-+a)- M 4aTd M 44Td+ 0,08 d
@ 1=2 T P ;)\i—FOZp (et} ;)\i+ap (At 2

As depicted in Figure B.1, the coordinate c, is designed so that the sign is
reversed every time a, passes —\;, which reflects the property of wq,.

B.2. Projection of wq into lower dimensional space

Another cost we pay when suppressing the (n—3)-dimensional vector, the second
term in (2.2), into one coordinate is that even different vectors have the same
coordinates. For instance, b, ~ 1 whenever a,, reaches —Xifori=2,....,n—2.
Figure B.2 illustrates the curve with only three axis 4, Uo, wyvpp. A similar
shape of the path can be obtained by altering s to 4;, 3 <i <n — 2.
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Fic B.2. The parameterization path of o — (wX a1, wl s, wIwypp). Bractly two sign flips

are illustrated.

Appendix C: Technical Details
C.1. Preliminary results on principal component scores

Denote horizontally concatenated p x n data matrix as X, that is,
X = [X171, ey Xl,nNXQ,la e ’X27TL2}'

The within sample covariance matrix S can be expressed as follows: S = (X —
)N()(X — )?)T/n where X = [X1,...,X1,Xa,..., Xo]. Consider the eigenvalue
decomposition of 3, ¥ = UAUT where A = Diag{\;}}_,, \; = pPo? + 77
(i=1,....m)and \; =72 (i=m+1,...,p). Also, U = [us,...,up) is the px p
orthogonal matrix where u;’s are normalized eigenvectors corresponding to A;.
Denote the matrix of principal component scores of X, Z, that is,

2 2f, 21,
Z=A"PUTX — 1l el )= | | = ¢ :
S

where z; ; is a vector of principal component scores corresponding to the j-
th principal component and the i-th class. Finally, write a vector of principal
component scores of new observation Y as ¢ = ({1, ..., Cp)T. Then, each element
of Z and (¢ are uncorrelated and have mean 0 and unit variance.

Lemma C.1. Under Assumptions 1—/, the following hold simultaneously. The
limits are with respect to p — oo.

Yoo kid -G, B=1;

Lruavee Ly
(@) 0. 0<B<1.
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0y 1ty 7y [Sio k8L A=
Il 0, 0<p<l.

mo2 _ 1.
(c) LZTAC it 2in1 077G, B=1;
b 0, 0<p<1.

(d) 1z7az 5 Yy oizizl 1L, B=1;
p 21, 0<p<1.

Proof. We begin by decomposing the quantities in (a)—(d) into two terms:

m p

1 1 1

“pTUAY?C = = Z(u?u)\/pﬁag +72¢ + - Z Ti(u] )¢ = Ar + As,

p P4 L R—

1 1 1 &

];,uTUAl/2Z = ];Z(u?u)\/pﬂaf + 722 + , Z mi(ul' @)zl := By + By,
i=1 i=m+1

1 p
fZTA( o2 P 2G4+ =Y 122G = Cy + Cy,
Z > 1+ G
—ZTAZ ZO’Q p- 1zz + - ZT zz = D1+ Ds.

The terms As, By, Cs are irrelevant to 5, and can be shown to converge to 0
as p — 00. Specifically, to handle A, and By, for any fixed [ > 1 let W; € R!
(i =1,...,p) be any random vectors satisfying E(W;) = 0, Var(W;) = I; and
Cov(W;,W,) =0 for any 1 < i # ¢ < p. Note that by Assumption 1, there exists
M < oo such that 7; < M for all i. Chebyshev’s inequality gives

P< >e>

SQLGQE {Z Ti(UiTM)Wi} { > Ti(u;rM)Wi}

1 &2
= Y i mW

p i=m-+1

=m+ i=m-+1
1 p
= 2al Z 77 (ui )W Wi + Z i (ug ) (u)] ) Wiw,
P i=md m+1<iA<p
1 - M2 & IM2 1
= p2€2E{ DIREACADET: w} < e 2L Wi <ol —o,
i=m+1 i=m+1

as p — oo. Letting W; = (; or W; = z;, we have A5 — 0 and By — 0 in
probability as p — oco. Similarly, Cy — 0 in probability as well since

T
1 P 1 p p
P (H— > G| > 6) < —55E (Z Tf%@') (Z 26
p =1 p~e i=1 i=1
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p
ZTi ZzC2 + ZT T, % ZLC’LCL
i=1

i
nM4
ZTZ 2;iC; > —0 as p—oo,
pe

in which we used the fact that z; and (; are independent.
The term Ds is irrelevant to S as well, but does not degenerate. We use
Theorem 1 of Jung and Marron (2009) which states that, in our context, if

P4
i=1Ti

2
( f:1 7'12)

—0 as p— oo, (C.1)

and Assumptions 1-4 are satisfied, then Dy = Y 7| 7222/ /p i I, as p — oo.

Since by Assumption 1, 7; < M and lim, o0 Y 5 7; /p =72, (C.1) holds.

It remains to show that Ay, By, C1, and D; converge to thelr respective coun-
terparts in the statement of the lemma. For 5 < 1, they all converge to 0 almost
surely. For 8 = 1, Assumptions 3—4 guarantee that with probability 1, they
converge to the random variables given in the statement. Combining the above

gives the desired result. 0

Let J,, be the matrix of ones of size m x m. For

15,0
J:{MO LJJ, (C.2)

na
the group-wise centered data matrix is X — X = X (I,, — J), where
X=XJ=[X1,...,X1,Xo,..., X3].

The empirical common principal components are given either by the elgende—
composmon of S or by the singular-value-decomposition of X — X = U1DV1 =
Ei:l d;i;0F, where 4; is the ith sample principal component direction and
¥; is the vector of (normalized) sample principal component scores. Here, the
(n—2) x (n—2) diagonal matrix D collects the non-zero singular values {d;}7_}?
in descending order. Note that

= d; N(X — X))oy = _f (X - Xy
1 1-1/2 1/2 ~
= — X YPUN2Z(L, — )i,
Nk

where \; = d?/n is the ith largest eigenvalue of S.

We make use of the dual matrix Sp = (X — X)T(X — X)/n which is a finite-
dimensional matrix and shares all n — 2 nonzero eigenvalues with S. By writing
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X —X = X(I, —J) and by Lemma C.1 (d), the limiting distribution of Sp can
be obtained. As p — oo,

nSp _ l(In ~NZTAZ(I, — J)
p p
I {Zjil 02(In — J)zizl (In — J) + 72(I, — J) =: So, B =1;
2(I, — J), 0<B8<L
(C.4)

For a square matrix M, we denote ¢;(M) and v;(M) as the ith largest eigen-
value of M and corresponding eigenvector, respectively. Also, let v;;(M) be the
jth coefficient of v;(M). The following lemmas give the probability limits of
eigenvalues and eigenvectors of the sample covariance matrix .S, respectively.

Lemma C.2. Suppose Assumptions 1—4 are satisfied. Let an n X m matriz of
the leading m component scores as W = [0121,...,0mzm] and Q = WT(I,, —
J)W.

(i) If B =1, then

nki p [&(Q) 472 i=1,....m;
72, m+1<i<n-—2,

as p — 00.
(i) If0< B <1, thennj\i/piTZ asp— oo fori=1,...,n—2.

Proof. As can be seen in (C.4), we have

nSp/p= (In = J)Z"AZ(I — J)/p

P, (I, = YWWT + 21T, —J) =Sy, B=1 (C.5)
Tz(ln_J)a 0§ﬁ<1a

as p — oo. Here, (it) follows immediately from (C.5). While for 8 = 1, we get
p~ng;(Sp) Ei @i(Sp) fori=1,...,n—2as p — oo. To show (i), we claim that
fori=1,...,m, ¢;(So) = ¢;(2) + 72. For this, let X\ be a nonzero eigenvalue of
(I,— JYWW?T (I, —J) and v be its corresponding eigenvector. Then, there exists
u satisfying v = (I, — J)u, and thus (I, — J)(WWT) (I, — J)u = A\(I,, — J)u.
Hence,

Sov = (In = YWWT 4 72L) (I = Jyu = (A +7%)(In = J)u = (A +7%)0.

Since Q = WT(I,, — J)W and (I, — J)WWT(I,, — J) share their eigenvalues,
we have ¢;(Sp) = ¢;(2) + 72 for i = 1,...,m. On the other hand, since Q is of
rank m with probability 1, the rest of eigenvalues of Sy equals to 72. d

For 8 =1, let Vi = [v1(S0), ..., vn_2(So)] which collects the eigenvectors of
So in the proof of Lemma C.2 and D = Diag{d;}’_; where d; = \/$:(Q) + 72

i=1
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fori =1,...,m and CZI = 7 for ¢ > m + 1. Then, we have the limits of right
singular vectors and singular values,

1 ~
DL D, (C.6)

Vl i) ‘71 and %

as p — oo. The limit of eigenvector ; is analyzed through o; utilizing (C.3) and
(C.6).

Finally, the following lemma suggests the limits of the sample eigenvectors
i; and the inner product d”d; for 8 € [0,1]. The results in Lemma C.3 will be
frequently used in the later sections.

Lemma C.3. Let Assumptions 1—/ hold.

(i) The limit of the inner product between the population eigenvector u, (1 =

1,...,m) and the sample eigenvector 4; (i =1,...,m) depends on B;
0, 0<p<1,
as p — oo. While ul'd, 0 asp— oo fori>m+lande=1,...,n—2.

(i) The limit of the inner product between the sample eigenvector G, (i
1,...,m) and d depends on 3;

%d% = VOO G + i (Dhsd + 0215 — 220
j=1
for B=1, and
%dT'&i L0 for0< B <1 asp— oo,

whiledTﬂi/\/ﬁio asp—o00 fori>m+1and 0 < g <1.
Proof.

(i) We express u; with 9; using (C.3),

ul'ii, = (”A> Loruniza, - gy, = (”A> (A—> 2T (1, — J)b,.

D /P P D

=

The random variables n), /p and 27 (I,, — .J)8, are stochastically bounded since
they converge in probability as shown in Lemma C.2 and (C.6), respectively.
For 0 < 8 < 1, since \;/p — 0 for all 1 < i < p, we get uld, £, 0 for all
i. Similarly, ufd, > 0 for 8 = 1 and m + 1 < i < p. Now, it suffices to
consider the case of § =1 and 1 < ¢ < m. Due to the duality, v;(2), v;(Sp), and

¢i (1) are the ith right singular vector, left singular vector, and singular value
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of (I, —J)W, respectively. Therefore, we have (I,, — J)Wv;(Q) = ¢;(2)*/?v;(So)

for:=1,...,m. Hence, for i, =1,...,m,
i =it (3) a0 = i) & e s ;Q U@;@fvvi(m
TQ”Z(Q) d) (Q)e Uz(Q) _ ¢Z(Q) v (Q)
T V@GR ) V@ @)+ ) | a@

as p — o0.

1

11 N

ny } . We decompose the quantity d? U/
2 na

n

(ii) Note that d = u+UA2Z [
/P into two terms:

1 1 1 [l
dT,& T'I:L‘ = |: ni
VP VP NS
From (C.3), (C.6), and Lemmas C.1 and C.2, we have

T
} ZTAV2UTq,.

Lor. Lora1/2 . —1
—p U =—p UN2Z(1, — J)0i\/pd;
7 . ( )0i/p
) (C.7)
P, > S k6 3i(2)/(0:(Q) + v (Q) B=landi=1,...,m;
0, otherwise,
and
i |: "111]‘n1 :|TZTA1/2UT'IAL:1 |: nilllnl :|TZTAZ(I _ J)ﬁ\/z—?dfl
\/]3 ng ~ N2 ' p _7l_21”2 ! ' ’
P, > 04(Z1,5 — Za,5) )V bi(Q Q) +72)v;;(Q), B=landi=1,...,m;
0, otherwise.
(C.8)
Adding (C.7) and (C.8), we get the desired results. O

C.2. Proof of Theorem 2.1

Proof. Let § = 1. First, we make use of @, in (2.2). The limiting angle between
w, and S is analyzed through the quantity,

Do Psta__ |IPstal] (C.9)

where Pg is the orthogonal projection operator onto S. We claim that the quan-
tity in (C.9) converges to 1 in probability. First, the following holds by Pythago-
ras’ theorem:

n—2 2

1. 1 « .

Sldal® =23 (—) (i d) HUQUQTdH
i=1

p Ai/p+ «
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n—2 2

1 1 o

= —||Pswa|® + = — | (@fa). (C.10)
p p z‘:%:ﬂ Ai/p+a

Since Lemmas C.2 and C.3 give that the last term in (C.10) converges to 0 in

probability for a # —72/n, it remains to show that || Psi,]||?/p is stochastically

bounded. We decompose || Psi,]||?/p into two terms:

1 1 & ’ 1
@ N
—||Pstig|* = = — | @Fa)* + | U,ULq)?.
P | p; Xi/p+ p IV dl

The first term converges to a certain quantity from Lemmas C.2 and C.3,
so is thus stochastically bounded. To deal with the second term, note that
|U2UTd||? = ||d||? — ||U,U{d||?. The limit of norm of d can be derived using
Lemma C.1,

1 1 2 1 1711, 1" 19
Slal? = Sl? + 2runiz | e [ e | amag | e |
p p p _n_21n2 p _n_217l2 _n_21n2
z) 5% + QZUi “kid(Z1, — Zoy) + ZO’%(ELi - Zg,i)Q + 72 (n— + n—) ,
i=1 i=1 1 2
(C.11)
as p — oo. While we handle the limit of ||, U7 d||? with Lemma C.3 (i),
Lo or o Lm0
—[|Uh Uy d|* = - Z |4; d|” +op(1)
p P4
2 (C.12)
P o | _ _ ?:(2)
— 1:21 ;{kj5+gj(zl,j — Z2,5)}vi (Q) H(Q) 172

as p — oo. Note that 31", v;;(2)? =1 and >_,_, v;;(Q)v;5(Q) = 0 for j # .
Combining this with (C.11) and (C.12) gives

Lot 2 it (L LY
p ny Nno

2 (C.13)

m m 2

_ _ T
+ 2 | & {kjd + 0j(Z1,5 — 22,5) } vi; (Q) o)+ 72

as p — 0o. We denote the limit of (C.13) as k? for k > 0. Since ||Psiw.|*/p
converges in probability, and we come to conclusion. We make use of random
variable k in the proof of Theorem 3.1. O

C.3. Proof of Theorem 3.1

Proof. We continue to assume 3 = 1. Note that u, s = Psu, = > (ul'd;)a; +

(ulwypp )wvpp. We begin with focusing on the inner products ul4; and

T
U, WMDP-
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On ul'4;. The limit of the inner product ul'd; (1,4 =1,...,m) can be derived
immediately from Lemma C.3 (i): As p — oo,

ul'ti L5 \/0i(2)/(0:(Q) + 72)0i, (), (C.14)

where € is defined in Lemma C.2.

On ul'wypp. We claim that as p — oo,

72

1 m m
u WMDP ;ZZ{]C[5+O'[ le 72’2[)}UJL( )Ujl(Q)

j=11=1

for © = 1,...,m where « is defined in (C.13). To show (C.15), recall that
WMDP = UQU2 d/||U2U2Td|| and UpUJ d = d — U,UT d. Since the limits of quan-
tities u! Uy, U{' d/\/p and ||U2U2Td\|\/1_) are already analyzed in Lemma C.3 and
(C.13), it suffices to show that uLTd/\/_ — k,0 + 0,(Z1,, — Z2,,), which is given
by Assumptions 1—3;

1
iuLTd = iuLTu + — TUA1/2Z [ }
VP VP x/f’ L1,

1 1
= —ul'p+ —\/2T

na

1
=1,
nll 1 :| g kL5 + (J’L(ELL - 22,L)7

\/ﬁ L L |:_n_217l2

as p — co. We now deal with Ly and Lo in (3.1) which generally exist on S,
L; = {Up, st + kiwmpp + PSX/\/ﬁ teR™} (i=1,2),

where k1 = (1—m1)(1—k2)8?/kmpp and kg = —(1—n2)(1 —k%)6? /kupp having
71 = n1/n and e = na/n. The distance between two piles induced by wypp,
P2 knpp, is exactly ||UoUZ d|| since wypp = UxUF d/||U2UF d||. Also, as shown
n (C.13), kmpp Py as p — 00.

For Y € Y, we temporarily assume 7(Y) = 1. Let t° = (t1,...,ty)" with
t; = mek;d + 0;(( — Z;) and let v° = Uy, st° + kywmpp + PsX//p € L1. We
claim that ||Ys —v°||2 £ 0as p — oo. Since Ys —v° € S, it suffices to show that
as p— oo, (a) 47 (Ys —v°) B 0fori =1,...,m and (b) whyp(Ys — v°) 25 0.

Note that @] (Ys —v°) = p~*/2a] (Y = X) —a] Y7, tju;s and (C.14) gives
the limit of the second term,

m m m

~T _ ~T P

; E tiujs = E tjt; u; — E tv;(Q \/QSZ )+ 72).
=1 =1 i=1
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Also, from Lemma C.1 and (C.7),

Lpﬁ;‘r (Y - X) = n_2pﬁ'zTM + LQZTUAl/Z (C _Z1n>
- %ﬂ?u—k ZﬁzTuJ 0i(¢ — %) +op(1)
j=1
3 )y )
- ;nzkjév” @ Gi () + 72 + ;UJ(CJ Zj)vij () o) + 2 +op(1)
m i (ZS 5
L, ;{%kjd +0,(¢ — zj)}v”(ﬂ)\/: Zt (92 ﬁ’
(C.16)

as p — 00. Therefore, (a) follows.
For (b), note that wijpp(Ys—v°) = p~ ' 2wlipp (VY —X)—wlipp Z;’;l tjujs—
k1. From (C.15),

WP Z tjujs = Zt wMDPuJ
SR, (C.17)
L 2
St 0> {kid + 01210 — Z20) bor (Quin(Q)
'=1

=1 = ov () + 72

P
=

==

To evaluate the limit of p~!/2wi;pp(Y — X), we decompose it into two terms

—1/2

T (A
p~Pwgpp(Y — X) = 22Dy

||U2U2TdH ( X) :’{Kdll)P (Kl_K2)7

where K, = d” (Y —X)/p and Ky = (U, U7 d)T (Y — X)/p. Routinely, the limit of

K can be evaluated through the expression of d and Y — X using the principal
scores and Lemma C.1.

1

1 1 T 1
A e e e G )
p _n_z no n

1 L., 1
= p{%”#”z + Uz#TUAl/zZ [_”if } + /LTUAI/2 (C — n21">
no ~ N2

4 1
T ]-ng n

S 21— k)62 + 3 {k;0 + 0(215 — 225)} (ks + 05 (G — 7))}
j=1
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as p — 0o. Meanwhile, (C.16) and Lemma C.3 (ii) gives

m

Ky Z Z Z [{kl5 + oy (210 — Z20) Y {mekvd +ov (Gr — 21) }

j=11=11=1

#vﬂ(Q)vﬂ/(Q) . (019)

Combining (C.13), (C.18) and (C.19), we have

p Pulipp (Y — X) Ly k! |:T]2(1 — k%62 +
m m m 2. o
Z Z Z {k10 + 01 (210 — Z2.0) } {m2kv 0 + ov (G — 2v)} % :

r—

<

I
-
o~

Il
-
-

(C.20)

Simply applying the results in (C.14), (C.15), (C.17) and (C.20), we get (b).
The same goes for Y € Y with n(Y) = 2. O

C.4. Proof of Theorem 3.2

Proof. We begin by introducing

. m a AT ) 1 o
Fa=3 d) s + —— |00 dlwrip, (C.21)
; Ai/p+a <\/_ VP ?

where v, o 7. Let & be an HDLSS-consistent estimator for —72/n. The quan-
tity of interest is the angle between 04 and u, g,

=T
Angle(?4,u, 5) = cos™ ' (M) , (C.22)

[1a[[[ee,s]]

for « = 1,...,m. Combining (C.21) and that u,s = > .- (ul'd;)d; +
(ulwypp)wapp, the limit of the inner product 91w, s becomes

Z /];+a (\;ﬁﬁ?d> (i) + 7—||U2 5 d|| (u] wypp) . (C.23)

The limit of the right-hand-side of (C.23) can be obtained through (C.13),
(C.14), (C.15), Lemmas C.2 and C.3 (ii),

ﬁgub,g —
i ; z z v $:(8) v 7@(9)
Z¢i(Q)Z{kJ5+JJ( 1,j 2,)} i () 6:i(Q) + 72 i (€2) $:(Q) + 72
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m
T 2

+ ;; {kjd+0; (215 — Z2,5)} Uij(Q)’UiL(Q)m -0,

as p — oo. In order to show that the quantity (C.22) converges to 7/2 in prob-
ability, it remains to verify that the denominator in (C.22) does not degenerate

as p — oo. First, (C.14) and (C.15) give that

1Y)

e sl1? £ ZW<Q>2#+ (C.24)
=1 4
2
1 | & & 2
= Zz{klﬂm(zl,z—zz,l)}vﬂ(mvﬂ(g)m >0, (C.25)

j=11=1

Also, from (C.13), Lemmas C.2 and C.3 (ii),

2
m 4 m
1542 ; ¢i(Q)(¢:(Q) ) ; {kjd + 0 (215 — 225)}vij () |+~
1
(C.26)

By (C.24) and (C.26), the desired result is obtained. The positive term v depends
on the first true principal scores of training data, which are invariant to p. We
make use of v in Theorem 3.5. O

C.5. Proof of Lemma 3.3
Proof. Recall that we assume § = 1.

(i) ForY,Y' e Y withn(Y)=n(Y’'), denote ¢ and ¢’ as the vectors consisting
of principal scores of Y and Y, respectively. That is, Y — E(Y) = UAY?( and
Y’ — E(Y') = UAY?¢'. For any v € Sy,

NG
m \s 1/2 1 P
-y <_> V(G =)+ 25 3 mwtu(G ),

1=m-+1

(C.27)

where ¢; and (! is ith component of ¢ and (’, respectively. With the aim of the
second term in (C.27) converging to 0, we use a similar strategy as in Lemma
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>
) L

C.1. For any € > 0,

< Z vl ui (G — )

1 m—+1

2

Z 7-z’U uz i qu)

i=m-+1

P
:zﬁE D R GG Y A ) (0 w) (G- (G ()
=m+1 m+1<i#e
_ 3 20 T, N2/, N2 M? - T N2( s 2 2M?
_peQE{i_%:HTi (07 ui)*(Gi—Gi) } p€2E{i—%:+1(U u;)*(Gi—¢;) }< e
(C.28)

The first inequality is Chebyshev’s inequality and the second equality holds
because X, Y and Y’ are independent. The result in (C.28) gives that the
second term in (C.27) converges to 0 in probability as well as in L2. Therefore,
we get

1
\/I_? Zaz i — vl 4+ op(1).

Since ¢ and ¢’ are invariant to p, above equation implies that v* (Y —Y")/ VP iR
0 if and only if v u; L0 fori= 1,...,m, in other words, A = A".

Now, we show that A = A’. First, A’ C A is clear due to Chebyshev’s inequal-
ity. For the converse, it remains to show that Var{p='/2T[Y — E{Y|r(Y) =
JHIr(Y) = j} = B{p~' (o"[Y — E{Y|n(Y) = j}])?|n(Y) = j} = 0asp — oo
for {v} € A and j = 1,2. Since for both j = 1,2,

- . m )\i 1/2 B p
p 1/%T[Y—E{Y|w<y>=y}1=2<?> a3 mTu,

=1 i=m+1
(C.29)

if we follow the same logic in (C.28), the second term in (C.29) converges to
0 in L. Hence, it suffices to show that E{\;(vTu;)%¢?/p} — 0 as p —
for i = 1,...,m. Note that \;/p = 02 + O(p™!) and (vTw;)? < 1. Therefore,
Assumption 4 guarantees that for i = 1,...,m, the sequence {\;(v7u;)¢?/p},
which converges to 0 in probability since {v} € A = A”, has uniformly bounded
second moments, so is uniformly integrable. Thus, with Vitali’s convergence
theorem, p_1/2)\1/2vTuz§Z also converges to 0 in L? for i = 1,...,m, which
gives A C A'.

(ii) For an HDLSS-consistent &, write B, = span(vs) @ span({d; };- m+1) an
(n — m — 1)-dimensional subspace of Sx C RP. For each p, let {vs, f1,..., fm}
forms an orthogonal basis of S. Consequently, {va, f1,.-, fm, Um+1,s -« Un—2}
forms an orthogonal basis for Sx. For a fixed {v} € A, write v = agvs +
Sraifi+ Zz mi1 @itli. Theorem 3.2 and Lemma C.3 (i) gives that vsTu, =
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vl Psu, = vdTuL,S L0 for o = 1,...,m and fLZT’U,L Lo for i >m+ 1 and
v = 1,...,m, respectively. Since vTu, £50 for {v}eAdandt=1,...,m, qa,
(1 =1,...,m) converges to 0 in probability. Consequently, ||Pg v|* = |[v]* —
> a? L, 1. Now, let {w} € B, with w = Pg,v/||Pg,v| € B, for all p. Then,

whv = || Pg,v| R 1, which gives that ||w — v|| 250 as p — oo. O

C.6. Proof of Theorem 3.

Proof. Let B =1 and & be an HDLSS-consistent estimator of —72/n. We use
same notation as in the proof of Lemma 3.3. For any {w} € A such that D(w)
in (3.5) exists, the triangle inequality gives

p™ 2w u=D(w)| < p~ 2w {Yi—E(Y1)}+p~ 2w {Ya— E(Y2)}+op(1),

which implies that [p~Y/2wT | £ D(w). Combining Lemma 3.3 and Lemma C.3
(i), for each ¢ = m + 1,...,n — 2, {4;} belongs to A. Moreover, from (C.7),
D(4;) = 0. Using the notation from the proof of Lemma 3.3, w = agva +

S aifi + Z?:_SH_I a;0; while a; = op(1) for i = 1,...,m. From the triangle
inequality,

‘ivT(Yl ~¥)| < —={ Jaovs” (V1 ~ ¥3)| + S afiT (1 - va)

7 =

n—2
+ 3wl (v - v2)|

1=m-+1 (030)
n—2
= [ao|D(va) +op(1)+ > a;|D(i;)
1=m-+1

= |ag|D(va) + op(1).

Since |ag| < 1, the desired results are obtained immediately from (C.30). Here,
the equality holds if and only if ag i 1, which is also equivalent to that ||w —
val £ 0.

For the second part of Theorem 3.4, recall 7, in (C.21) and let v (Y —
X)/\/p = M/|vall where Y € Y and M = o1 (Y — X)/\/p. Since 1/||04|| Ei
~v >0 in (C.26), it suffices to show that

R {772(1 — k?)48?, for 7(Y) = 1;
—m(1—k*62, forn(Y)=2.



Double data piling 6417

Assume that 7(Y") = 1. The definition of 74 in (C.21) gives

=St () o)
1

+ =001 ) {;Z_)wMDpW X)} .

We can derive the limit of M through simple arithmetics with the limits of the
random variables in (C.31) which are already found in (C.13), (C.17), (C.20),
Lemma C.2 and C.3 (ii). Specifically,

(C.31)

M — Z ) o2 K0+ 0y (215 = Z25)}vig(Q)
2 e ) 2 ¢z
¢ ‘ 3 _12y52
Z NOEES —5 {n2kyrd + 00 (Gr = 20)}0ige () + 12(1 = k2)5
*Z@ QZ{k 5405 (51 = 72,)} vy ()
x Z {m2kji6 + 0j (Gr — Zjr) } vigr ()
j=1
=no(1 — k?)6% > 0,
(C.32)
as p — 00. ForYEywithW(Y)zlM£>—771(1—k2)62 <0asp— oois
similarly verified. O

C.7. Proof of Theorem 3.5

Proof. The correct classification rate of ¢, is

2
P{¢s(YV5X) = 7(Y)} = 3 P{epa(V: X) = ifn(¥) = }B{x(Y) = i}.

i=1

Here, the event {¢4(Y;X) = 1} is equivalent to that M > 0 where M =
o2 (Y — X)//p- Since M converges to strictly positive quantity n2(1 — k*)§? for
Y € Y with 7(Y) = 1, as shown in (C.32), we have P{M > 0|x(Y) =1} — L.
Similar argument can be used for Y € Y with n(Y) = 2, leading that P{M <
0l7(Y) = 2} — 1. Integrating these, we have P{¢,(Y;X) = n(Y)} — 1 as
p — 0. O
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C.8. Proof of Lemma 3.6

Proof. The performance of ¢,, is analyzed through the inner product N,
oL (Y — X)/\/p where Y € Y. Inspecting (C.21), the quantity N, becomes

-t () o)
+ =00 fai{ (Y - X}

Now, we aim to obtain the limit of N,.

(C.33)

(ii) Assume that § =1 and n(Y) = 1. Utilizing the results in (C.13), (C.17),
(C.20), Lemmas C.2 and C.3 (ii), we get the limit of N,,

- $i(€2)
No = ;T/n—i—d)l (Q)/n+ a7+ ¢;(Q)

_Z {kid + 05 (21,5 = 25} vig ()
Z n2kjd + 0y (Gr = Zj1) } vig (2 ) +1m2(1 = k?)6°

+ Z o ¢1 Z {kj0 + 05 (215 = 22,5)} i ()

] 1

X Z {mekjd + oy (Gir — 2jr) } iy (Q2)

=1

72 —+ nao _ _
(1 — k:2 5% + Z m Z {kjo +0j (21,5 — 22,5) } v (Q)
j=1

X Z {makjid + oy (G — 25 )} vig (Q)

§'=1
L1 = k8% + (na+72) (y = )T (Q+ (na+72) L)) (1 — )

Here, x; ; and y are defined in Section 3.3 and X 2 Y means that two random
variables are equal in distribution. Since the convergence in probability implies
the convergence in distribution, P; («), the asymptotic correct classification rate
of ¢, given that 7(Y) = 1, becomes

Pifa) = lim P (V3 ¥) = 1[n(¥) = 1}

= lim P{N, > 0[x(Y) =1}

pP—00
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— P{&, + Oy > 0fn(Y) = 1}.

Similar arguments applied to Py(«) leads that N, L, o — Cy and Pa(a) =
P{{, — Co < 0|7 (Y) = 2}.

(i) Most part before this proof covered the case when 8 = 1. Here, we assume
0 < B < 1, which shows a sharp contrast with § = 1. We begin with re-
calculating the limit of quantities composing N, in (C.33). First, the leading
eigenvalues no longer show any difference with the rest eigenvalues in the limit
and Xz/p £, 72/n for i = 1,...,m; see Lemma C.2. Hence, we exclude the case
a = —712/n since otherwise the first term in (C.33) inflates. Also, Lemma C.3

(ii) gives that ] d/./p L, 0 for all i. We claim that
2 Y) =
N, D {7725 )

1.
’ C.34
—mé?, w(Y)=2;’ ( )

as p — oo. If (C.34) holds, then we can conclude that P(a) =1 for a # —72/n
as in the proof of Theorem 3.5. In order to show (C.34), we need to obtain the
limit of p~'/2a7 (VY — X) (i = 1,...,m) and p~ " (UUf )T (Y — X).

On p~ 1247 (Y — X). Assume that 7(Y) = 1. The quantity p~'/2a} (Y — X)
(i =1,...,m) is analyzed through U7 (Y —X)/\/p by definition. In (C.16), note
that the first and second equations hold regardless of 3,

1 . _ Ny ~ 1 - 1
— Uy -X)==2U0'u+ —D VLU, -)0)zZ"A (g— —Zln> .
\/1_) 1( ) \/]_7 1 \/]_7 1( ) n

Combining the results in (C.7) and Lemma C.1 for the case 0 < 8 < 1, UlT(Y —
)_()/\/]3£>Oasp—>oo.

On p_l(UQUQTd)T(Y—X)_. From the definition, p_l(UQU:éTd)T(Y_X) =K;—
Ky where K1 = d* (Y — X)/p and Ky = (U;U{ d)T (Y — X)/p. The limit of K;
can be obtained as in (C.18) utilizing Lemma C.1,

1 11 4 1
K, == (u+ UAN'2Z { ny ;“ D {ngwr UAY/? <g - —Zln>}
p _n_z no n

1 L1, 1
{nzllull2 +nep"UN2Z [—"il } + uTUNV? (g - ﬁz1n>

p ng T2

ERT 1
+ [ ny } ZTA (g —Zln>
_n_21”2 n
f—) 772623

as p — oo. As well, K5 converges to 0 in probability since we have shown that
the both quantities U{ d/\/p and U (Y — X)/,/p converge to 0.
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All in all, we have shown that N, =3 1262 for Y € Y with 7(Y) = 1 and the
other case when m(Y) = 2 can be done with very similar logic. d

C.9. Proof of Theorem 3.7

Proof. Assume = 1. Lemma 3.6 tells that Py («) = P{&, + C1 > 0|x(Y) = 1}
and Pa(a) = P{&, — Co < 0|m(Y) = 2}. It is immediate that if &, given 7(Y)
has its support on (—oo, 00) for a # —72/n, then P () has its unique maximum
1 at a = —72/n. Assume o # —72/n and let Z be an any interval in R with a
positive Lebesque measure. We claim that P(§, € Z) > 0. To see this, note that
& given gy = {xzy; : j=1,...,n;,4 = 1,2} C R" is a linear translation of y.
Also, y equals to some linear translation of z = (z(1),..., z(m))T in distribution.
Since {z : f.(z) > 0} = R™, &, given x, has its support on (—o0,c0) with
probability 1. Consequently, we have P(¢, € Z|xt,) > 0, which implies that
P&, € I) = E{P(&, € T|zee)} > 0. O

Appendix D: Additional numerical results
D.1. Additional figures

Figures D.1 to D.3 display the misclassification rates of binary classification of
the MNIST and EMNIST datasets, for the cases where the number of leading
components is set as m = 1,2, 3. These figures are referenced in Section 4.2.

D.2. Model assumptions

For the MNIST data example, we check that Assumptions 1 and 2 are indeed
satisfied. Checking the asymptotic assumptions is possible in this case, due to the
following two reasons. First, dealing with varying dimensions is possible, since we
can obtain random Fourier features of any dimension p. We have experimented
with p = 1000, 2000, 4000, 6000 in Section 4.2. Second, since the data set consists
of a sufficiently large number of sample (6,000 observations on average for each
category), we may regard the sample estimate a close approximation of true
parameter.

For each case of binary classification problems (total (120) = 45 cases), and
for each dimension p, we have computed the size of the mean difference ||u|| =
lle1 — p2l], and the eigenvalues A; of the within covariance matrix . The mean
difference p and covariance matrix ¥ are computed from the whole sample, and
we treat as if there are the true parameters. (The experiment in Section 4.2 was
conducted based on a random sample of size n = 100 or 200 from the whole
sample.)

Assumption 2 is satisfied if ||u|| = O(,/p) or, equivalently, ||u[* = O(p). In
Fig. D.4, we confirm that ||u|? is linear in p, and Assumption 2 is seemingly
satisfied.
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01MNIST,p=1OOO,m=‘I 0.4 MNIST, p =2000, m = 1

0.05

Test error
Test error

0
-20 0 20 -20 0 20
(0% [0
o MNIST.p=4000.m=1 MNIST, p=6000, m=1

S S
20.05 o] ———
%] [ %]
(0] (0] *
~ - s

5 EMNIST, p = 1000, m =
i N

Test error
Test error

5 EMNIST, p = 4000, m =1

Test error
Test error

Fic D.1. The m = 1 case. Misclassification rates of ¢, applied to two-group classifications
of images of handwritten digits (MNIST) and alphabets (EMNIST).
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0.1

0.05

Test error
Test error

-20 0 20 -20 0 20

Test error
Test error

(1o S

Test error
Test error

Test error
Test error

Fiac D.2. The m = 2 case. Misclassification rates of ¢, applied to two-group classifications
of images of handwritten digits (MNIST) and alphabets (EMNIST).
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0.1

MNIST, p = 1000, m= 3 0 MNIST, p =2000, m =3

Test error
Test error

Test error

EMNIST, p = 2000, m =3

T

Test error
Test error

Test error
Test error

Fic D.3. The m = 3 case. Misclassification rates of ¢, applied to two-group classifications
of images of handwritten digits (MNIST) and alphabets (EMNIST).
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1400 [~

[lul?

Fic D.4. ||u||? against the dimension p for all 45 binary problems of MNIST data. See text
for the definition of .

Fia D.5. The eigenvalue against the dimension p for all 45 binary problems of MNIST data
(plotted for the first four largest eigenvalues). See text for the definition of X;.
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0.12 0.06 p=——=——
0.1 == —F——1 H
i 0.05
20.04,
0.03
0.02 0.02
1000 2000 4000 6000 1000 2000
P

0.05 0.035
0.03

RN —

] 0.02 =

0.02 —— e 0.015
1000 2000 4000 6000 1000 2000 4000 6000
P P

Fic D.6. The eigenvalue ratio against the dimension p for all 45 binary problems of MNIST
data (plotted for the first four largest eigenvalues). See text for the definition of ry.

Assumption 1 gives that the first m eigenvalues of ¥ grow at the rate of
p. Moreover, the ratio of \; over the total variance should be constant if the
assumption is true. Define the ratio by

Ai
i =—=p -
i=1 i
If A; = O(p) and r; is constant over p, then the ith component may be considered
as a leading component (or a “spike”). In Fig. D.5, we confirm that \; is indeed
nearly linear in p for ¢ = 1,2,3,4; in Fig. D.6, we confirm that the ratio r; is
nearly constant for i = 1,2,3,4.

To summarize, Figs. D.4-D.5 suggest that our key assumptions are satisfied
for the MNIST dataset. Therefore, the numerical results on the classification in
Section 4.2 should come at no surprise.
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