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Abstract

In this paper, we introduce a novel theoretical framework for multi-task regression,
applying random matrix theory to provide precise performance estimations, under
high-dimensional, non-Gaussian data distributions. We formulate a multi-task
optimization problem as a regularization technique to enable single-task models
to leverage multi-task learning information. We derive a closed-form solution for
multi-task optimization in the context of linear models. Our analysis provides
valuable insights by linking the multi-task learning performance to various model
statistics such as raw data covariances, signal-generating hyperplanes, noise lev-
els, as well as the size and number of datasets. We finally propose a consistent
estimation of training and testing errors, thereby offering a robust foundation for
hyperparameter optimization in multi-task regression scenarios. Experimental vali-
dations on both synthetic and real-world datasets in regression and multivariate time
series forecasting demonstrate improvements on univariate models, incorporating
our method into the training loss and thus leveraging multivariate information.

1 Introduction

The principle of multi-task learning, which encompasses concepts such as "learning to learn" and
"knowledge transfer," offers an efficient paradigm that mirrors human intelligence. Unlike traditional
machine learning, which tackles problems on a task-specific basis with tailored algorithms, multi-task
learning leverages shared information across various tasks to enhance overall performance. This
approach not only improves accuracy but also addresses challenges related to insufficient data and
data cleaning. By analyzing diverse and multimodal data and structuring representations multi-task
learning can significantly boost general intelligence, similar to how humans integrate skills. This
concept is well-established [33] and has been successfully applied to a wide range of domains, such
as computer vision [41], natural language processing [35, 37] and biology [17, 28, 42].

Our Method. We consider the multi-task regression framework [5] with T tasks with the input space
X® < R and the output space Y*) C R? fort € {1,...,T}. For each task ¢, we assume that we

are given n; training examples organized into the feature matrix X(*) = [xgt), cee ngt)] € R¥*™ and

the corresponding response matrix Y® = [yﬁt), . ,yﬁf)} € R7*"™ where xl(.t) e x represents
the i-th feature vector of the ¢-th task and ygt) S y<t> is the associated response. In order to have
a more tractable and insightful setup, we follow Romera-Paredes et al. [36] and consider the linear

multi-task regression model. In particular, we study a straightforward linear signal-plus-noise model

*Correspondence to: romain.ilbert @hotmail.fr.

38th Conference on Neural Information Processing Systems (NeurIPS 2024).


mailto:romain.ilbert@hotmail.fr

®

that evaluates the response y, ’ for the i-th sample of the ¢-th task as follows:

T

Y® = ﬂ +e®  vwte {1 T} 1)
T—'d 5 9oy )

where () € R"* is a matrix of noise vectors with each e\”) ~ A/(0, ), Sy € R7? denoting
the covariance matrix. The matrix W, € R?*? denotes the signal-generating hyperplane for task .
We denote the concatenation of all task-specific hyperplanes by W = [W ... W ]]T € RTdxq,
We assume that W, can be decomposed as a sum of a common matrix Wy € R94*4_ which captures
the shared information across all the tasks, and a task-specific matrix V; € R4X4¢ which captures
deviations specific to the task ¢:

W, =W, + V.. 2)

Given the multitask regression framework and the linear signal-plus-noise model, we now want to
retrieve the common and specific hyperplanes, W and V, respectively. To achieve this, we study
the following minimization problem governed by a parameter \ that controls the balance between the
common and specific components of W:

2

T T T
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where v = [v1,...,7r] is a vector of task-specific regularization hyperparameters. Each ~y; controls

how much the model overfits (small ;) or underfits (large ;) on task ¢.

Contributions and Main Results. We seek to provide a rigorous theoretical study of (3) in high
dimension, providing practical insights that make the theoretical application implementable in practice.
Our contributions can be summarized in four major points:

1. We provide exact train and test risks for the solutions of (3) using random matrix theory. We
then decompose the test risk into a signal and noise term responsible for the effectiveness of
multi-task learning and the negative transfer, respectively.

2. We show how the signal and noise terms compete with each other depending on A for which
we obtain an optimal value optimizing the test risk.

3. In a particular case, we derive a closed-form data-dependent solution for the optimal \*,
involving raw data covariances, signal-generating hyperplane, noise levels, and the size and
number of data sets.

4. We offer empirical estimates of these model variables to develop a ready-to-use method for
hyperparameter optimization in multitask regression problems within our framework.

Applications. As an application, we view multivariate time series forecasting (MTSF) as a multi-
task problem and show how the proposed regularization method can be used to efficiently employ
univariate models in the multivariate case. Firstly, we demonstrate that our method improves
PatchTST [32] and DLinear [53] compared to the case when these approaches are applied indepen-
dently to each variable. Secondly, we show that the univariate models enhanced by the proposed
regularization achieve performance similar to the current state-of-the-art multivariate forecasting
models such as SAMformer [19] and iTransformer [24].

2 Related Work

Usual Bounds in Multi-Task Learning. Since its introduction [1, 5, 26], multi-task learning
(MTL) has demonstrated that transfer learning concepts can effectively leverage shared information
to solve related tasks simultaneously. Recent research has shifted focus from specific algorithms or
minimization problems to deriving the lowest achievable risk given an MTL data model. The benefits
of transfer learning are highlighted through risk bounds, using concepts such as contrasts [23], which
study high-dimensional linear regression with auxiliary samples characterized by the sparsity of
their contrast vector or transfer distances [29], which provide lower bounds for target generalization



error based on the number of labeled source and target data and their similarities. Additionally,
task-correlation matrices [30] have been used to capture the relationships inherent in the data model.

However, these studies remain largely theoretical, lacking practical algorithms to achieve the proposed
bounds. They provide broad estimates and orders of magnitude that, while useful for gauging the
feasibility of certain objectives, do not offer precise performance evaluations. Moreover, these
estimates do not facilitate the optimal tuning of hyperparameters within the MTL framework, a
critical aspect of our study. We demonstrate the importance of precise performance evaluations and
effective hyperparameter tuning to enhance the practical application of MTL.

Random Matrix Theory in Multi-Task Learning. In the high-dimensional regime, Random
Matrix Theory allows obtaining precise theoretical estimates on functionals (e.g., train or test risk)
of data matrices with the number of samples comparable to data dimension [2, 13, 31, 46]. In the
multi-task classification case, large-dimensional analysis has been performed for Least Squares
SVM [48] and supervised PCA [47] showing counterproductivity of tackling tasks independently.
We inspire our optimization strategy from [48] and conduct theoretical analysis for the multi-task
regression, which introduces unique theoretical challenges and with a different intuition since we need
to consider another data generation model and a regression learning objective. Our data modeling
shares similarity with [52] which theoretically studied conditions of a negative transfer under covariate
and model shifts. Our work focuses on the selection of hyperparameters within a general optimization
framework, considering both a hyperparameter A to relate all tasks and specific parameters 7; to
balance overfitting and underfitting within each task, accommodating non-Gaussian distributions and
employing recent developments such as deterministic equivalents and concentration inequalities.

High dimensional analysis for regression. Regression is an important problem that has been
extensively explored in the context of single-task learning for high-dimensional data, employing
tools such as Random Matrix Theory [12], physical statistics [9, 15], and the Convex Gaussian
MinMax Theorem (CGMT) [43], among others. Typically, authors employ a linear signal plus noise
model to calculate the asymptotic test risk as a function of the signal-generating parameter and the
covariance of the noise. Our research builds upon these studies, extending them to a multi-task
learning framework. In doing so, we derive several insights unique to multi-task learning. However,
none of these previous studies offer a practical method for estimating the asymptotic test risk, which
is dependent on the ground truth signal-generating parameter. Therefore, our work not only extends
previous studies into the multi-task case within a generic data distribution (under the assumption of a
concentrated random vector), but also provides a practical method for estimating these quantities.

3 Framework

Notation. Throughout this study, matrices are represented by bold uppercase letters (e.g., matrix
A), vectors by bold lowercase letters (e.g., vector v), and scalars by regular, non-bold typeface (e.g.,
scalar a). The notation A ® B for matrices or vectors A, B is the Kronecker product. Dy or Diag(x)

stands for a diagonal matrix containing on its diagonal the elements of the vector x. The superscripts
(t)

t and 7 are used to denote the task and the sample number, respectively, e.g., x, writes the i-th

sample of the ¢-th task. The canonical vector of RT is denoted by eET] with [eLT]},' = 0¢;. Given a

matrix M € RP*"™, the Frobenius norm of M is denoted |M||r = /tr(MTM). For our theoretical
analysis, we introduce the following notation of training data:

T
T
Y=Y .  YyDjerrn,  z=%" <e£T]e,ET] ) ® X" g RTdxn
t=1
where n = Zthl ny is the total number of samples in all the tasks.

3.1 Regression Model

We define V = [V ..., V]]T € R¥T*4 and propose to solve the linear multi-task problem by
finding W= [VAVI, e ,W; ]T € RIT™4 which solves the following optimization problem under
the assumption of relatedness between the tasks, i.e., W; = W + V. for all tasks ¢ :

min J (W, V) )

(Wo,V)ERIXa xRIT xq



where

T T 2
Vel 1 X® W,
J (W, V) = IIWoH +5 5 —
" 2 2; vTd |,

The objective function consists of three components: a regularization term for Wy to mitigate
overfitting, a task-specific regularization term that controls deviations V; from the shared weight
matrix Wy, and a loss term quantifying the error between the predicted outputs and the actual
responses for each task.

The optimization problem is convex for any positive values of \, 1, ..., vyr, and it possesses a unique
solution. The details of the calculus are given in Appendix B. The formula for W, is given as follows:

s (T >AZQY ST 7ZQY
W, = (e oI . Wo= (1l @A 7
t <t d T"d 0 ( T d) Td

where with Q = (Z AZ 4 1 ) € R™™ and A = (D, + Alrl}) ® I; € RT4xTd,

3.2 Assumptions

In order to use Random Matrix Theory (RMT) tools, we make two assumptions on the data distribution
and the asymptotic regime. Following [50], we adopt a concentration hypothesis on the feature vectors

( ) , which was shown to be highly effective for analyzing machine learning problems [11, 14]. The
]ustlﬁcatlon and implications of these assumptions can be found in appendix A.2 and A.3.

Assumption 1 (Concentrated Random Vector). We assume that there exists two constants C,c > (
(independent of dimension d) such that, for any task t, for any 1-Lipschitz function f : R — R, any
feature vector x®) € X®) verifies:

Vi > 0:P(If(x") — ELf(xV)]| 2 1) < e/,

Ex® =0 and Cov[xV]=3xO.

In particular, we distinguish the following scenarios: xl(-t) € R? are concentrated when they are (i)
independent Gaussian random vectors with covariance of bounded norm, (ii) independent random
vectors uniformly distributed on the R? sphere of radius v/d, and most importantly (iii) any Lipschitz
transformation qzﬁ(xl(»t)) of the above two cases, with bounded Lipschitz norm. Scenario (iii) is
especially pertinent for modeling data in realistic settings. Recent research [39] has demonstrated that
images produced by generative adversarial networks (GANSs) are inherently qualified as concentrated
random vectors.

Next, we present a classical RMT assumption that establishes a commensurable relationship between

the number of samples and dimension.

Assumption 2 (High-dimensional asymptotics). As d — oo, ny = O(d) and T = O(1). More
. a.s. . T

specifically, we assume that n/d — cy < co withn =Y, | 1.

Although different from classical asymptotic where the number of samples is implicitly assumed to
be exponentially larger than the dimension, the high-dimensional asymptotic finds many applications
including telecommunications [10], finance [34] and machine learning [11, 14, 48].

4 Main Theoretical Results

4.1 Estimation of the Performances

Given the training dataset X € R"*¢ with the corresponding response variable Y € R"*9 and for
any test dataset x(*) € R? and the corresponding response variable y(*) € RY, we aim to derive the
theoretical training and test risks defined as follows:

T
1 1
Rifuin = 7-E[IY ~ g(X)E], Rit = 2 D Elly® — g(x )]



The output score g(x®) € R for data x(*) € R? of task ¢ is given by:

1 T 1 i
o) = (el ex®) W, = — (" ex) azqy )

In particular, the output for the training score is given by:

o(%) = 7

ZTAZ -t
ZTAZQY, Q—( T +1Td) (©6)

To understand the statistical properties of R{S,;,, and R, for the linear generative model, we
study the statistical behavior of the resolvent matrix Q defined in (6). The notion of a deterministic
equivalent from random matrix theory [16] is particularly useful here as it allows us to design
a deterministic matrix equivalent to Q in the sense of linear forms. Specifically, a deterministic
equivalent M of a random matrix M is a deterministic matrix that satisfies u(IM — M) — 0 almost
surely for any bounded linear form u : R4*¢ — R. We denote this as M <+ M. This concept is
crucial to our analysis because we need to estimate quantities such as étr (AQ) or a' Qb, which
are bounded linear forms of Q with A, a and b all having bounded norms. For convenience, we

further express some contributions of the performances with the so-called “coresolvent” defined as
~ 1 .l

Q = (A2 ngd A2 + ITd)_l-

Using Lemma 1 provided in the Appendix C.1, whose proofs are included in Appendices C.2, C.3

and C.4, we establish the deterministic equivalents that allow us to introduce our Theorems 5 and 1,
characterizing the asymptotic behavior of both training and testing risks.

®

%

Theorem 1 (Asymptotic train and test risk). Assuming that the training data vectors x; ~ and the test

data vectors xY) are concentrated random vectors, and given the growth rate assumption (Assumption
2), it follows that:

r (WTAT2Q2(A)A 3 W) s ¢
R, = ( T )+ (T”dQ2)+tr(En). (ATR)

signal term noise terms

In addition, the asymptotic risk on the training data is given by

tr (WTATY2QATAW) o (WTAT2Qe(lra) A7 PW) 1 (51,Qu)
’JQtOSaz'n(_> Tn o Tn * Tn ’

where (3 éQ(ITd) and Qy are respectively deterministic equivalents for Q Q2 and Q2.

We defer the full proof of this theorem to Appendix D and provide an outline of the test risk proof
below. Note that derivations of the asymptotic risk for the training data are more complex and involve
computing deterministic equivalents (Lemma 1 of Appendix C.1), which is a powerful tool commonly
used in Random Matrix Theory. In the derived theorem, we achieve a stronger convergence result
compared to the almost surely convergence. Specifically, we prove a concentration result for the
training and test risk with an exponential convergence rate for sufficiently large values of n and d.
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To gain theoretical insights, we analyze (ATR) consisting of the signal and the noise components.

Signal Term. The signal term can be further approximated, up to some constants as tr(W T (AX +
I)"2W) with & = Zle %E(t). The matrix (AX + I)~2 plays a crucial role in amplifying the
signal term tr(W TW), which in turn allows the test risk to decrease. The off-diagonal elements
of AX + I)~2 amplify the cross terms (tr(W, W) for ¢ # v), enhancing the multi-task aspect,
while the diagonal elements amplify the independent terms (||W||3). This structure is significant in
determining the effectiveness of multi-task learning.

Furthermore, both terms decrease with an increasing number of samples n;, smaller values of ,,
and a larger value of A\. The cross term, which is crucial for multi-task learning, depends on the
matrix 3; ' X,,. This matrix represents the shift in covariates between tasks. When the features are
aligned (i.e., 3, 12v = I,;), the cross term is maximized, enhancing multi-task learning. However, a
larger Fisher distance between the covariances of the tasks results in less favorable correlations for
multi-task learning.

Noise term. Similar to the signal term, the noise term can be approximated, up to some constants,
as tr(EXn(A~! 4+ X)~1). However, there is a major difference between the way both terms are
expressed in the test risk. The noise term does not include any cross terms because the noise across
different tasks is independent. In this context, only the diagonal elements of the matrix are significant.
This diagonal term increases with the sample size and the value of A. It is responsible for what
is known as negative transfer. As the diagonal term increases, it negatively affects the transfer of
learning from one task to another. This is a critical aspect to consider in multi-task learning scenarios.

4.3 Simplified Model for Clear Insights

In this section, we specialize the theoretical analysis to the simple case of two tasks (7' = 2). We
assume that the tasks share the same identity covariance and that v; = v, = ~. Under these
conditions, the test risk can be approximated, up to some constants, as

R = Dz (W13 + [[W23) + Carr s W{ Wy + NyrtrS,

where the diagonal term (independent learning) D, the cross term (multi-task learning) Cpsry,
and the noise term (negative transfer) Ny have closed-form expressions depending on v and A:

D — (coA+7) +1)2 + E\? C  —2coM(co(A+7) + 1)
B o+ + 02 —a2az’ M T A+ )+ 1)2 — 222
N (coA+79)* + (A +7) —cor?)* + 1°
NT =

((coON+v)+1)2 — 03)\2)
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Figure 1: Test loss contributions D;r, Cp;rr, Ny across three sample size regimes. Test risk
exhibits decreasing, increasing, or convex shapes based on the regime. \* from theory are marked.

We recall that ¢y has been defined in the Assumption 2. As previously mentioned, the test risk is
primarily composed of two terms: the signal term and the noise term, which are in competition with
each other. The more similar the tasks are, the stronger the signal term becomes. In the following plot,
we illustrate how this competition can influence the risk. Depending on the value of the parameter A
and the sample sizes, the risk can either decrease monotonically, increase monotonically, or exhibit
a convex behavior. This competition can lead to an optimal value for A, which interestingly has a
simple closed-form expression that can be obtained by deriving the RS, w.r.t. A as follows (see
details in Appendix E.4):

2 2 T
X = "snr— 2 with sng = IWall2 ¥ [Woallz | Wi W,

d 27 trE]Az trE]A[

4.4 Comparison between Empirical and Theoretical Predictions

In this section, we compare the theoretical predictions with the empirical results. Our experiment is
based on a two-task setting (7" = 2) defined as W1 ~ N(0, I,,)) with Wy = aW7 + V1 — a2W7.
Wi represents any vector orthogonal to W1 and a € [0, 1]. This setting allows us to adjust the
similarity between tasks through a.

Figure 2 shows a comparison of the theoretical and empirical classification errors for different values
of A, highlighting the error-minimizing value of \. Despite the relatively small values of n and p,
there is a very precise match between the asymptotic theory and the practical experiment. This is
particularly evident in the accurate estimation of the optimal value for A.

Train Error
Test Error

10 10 10 10
Lambda Lambda

Figure 2: Empirical and theoretical train and test MSE as functions of the parameter A for different
values of a.. The smooth curves represent the theoretical predictions, while the corresponding curves
with the same color show the empirical results, highlighting that the empirical observations indeed
match the theoretical predictions.
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Figure 3: Theoretical vs Empirical MSE as function of regularization parameter \. Close fit between
the theoretical and the empirical predictions which underscores the robustness of the theory in light
of varying assumptions as well as the accuracy of the suggested estimates. We consider the first two
channels as the the two tasks and d = 144. 95 samples are used for the training and 42 samples are
used for the test.

S Hyperparameter Optimization in Practice

5.1 Empirical Estimation of Task-wise Signal, Cross Signal, and Noise

All the quantities defined in Theorem 1 are known except for the bilinear expressions ﬁtr(WTMW)

and Tidtr (X nyM). These quantities can be consistently estimated under Assumptions 2 as follows
(see details in Section F of the Appendix) :

1 T a.s. 1 ~ a.s.
ﬁtr (W' MW) — (M) =0, ﬂtr (E§M) — 6trM — 0
where (M) = Ltr(W Tk~ (M)MW) — £ trQa (A kL (M)A%).

We define the estimate of the noise as 6 = ;ir% RP°,... and the function £~ ! is the functional
—

Vt—éoo
inverse of the mapping  : RT4*Td _ RI%4 defined as follows

R(M) =M — 2A"FQAZM + A~ 7 Qy(AMAZ)A ™% —

5.2 Application to Multi-task Regression

In our study, we apply the theoretical framework presented in our paper to a real-world regression
problem, specifically, the Appliance Energy dataset which aims to predict the total usage of a house.
This dataset is a multivariate regression dataset containing 138 time series each of dimension 24. We
select two of these features as 2 tasks to cast the problem as a multi-task learning regression problem.

Figure 3 presents a comparison between the theoretical predictions and empirical outcomes of
our proposed linear framework. Despite the assumptions made in the main body of the paper,
the theoretical predictions closely align with the experimental results. This demonstrates that our
estimates are effective in practice and provide a reliable approximation of the optimal regularization.

In essence, our theoretical framework, when applied to real-world multi-task learning regression
problems, yields practical and accurate estimates, thereby validating its effectiveness and applicability.

5.3 Relevance of the theoretical insights beyond the case of linear models

While non-linear models are widely used, establishing their theoretical foundations is challenging.
Therefore, we focused on linear models, which, despite their simplicity, provide valuable insights
into more complex models.



Our results show that test risk curves for non-linear models follow patterns predicted by our theory.
This is expected because non-linear models in time series forecasting typically use a linear output
layer for prediction. Thus, we can apply our theory to the inputs of this final linear layer. This
approach is valid due to data concentration and the Lipschitz nature of neural networks, ensuring
outputs of the non-linear part don’t deviate significantly from the inputs.

Moreover, multivariate time series models often treat channels separately using univariate methods,
missing cross-channel information. Our results in Section 5.4 show that our method surpasses
univariate baselines by optimally regularizing with A and ~, supporting our theory’s applicability to
non-linear models as the final linear layer effectively leverages concentrated inputs.

Finally, our regularization approach differs from traditional cross-task regularizations that use one
task per dataset. We consider each prediction as a task and introduce ; parameters alongside .
These parameters enforce multivariate regularization and control underfitting or overfitting per task.
This method is tractable since it’s applied at the model’s final layer.

The similarity between curves for non-linear and linear models indicates our findings are robust; non-
linear models also exhibit optimal regularization parameters, enhancing performance in multivariate
forecasting.

5.4 Application to Multivariate Time Series Forecasting

Our theoretical framework is applied in the context of Multivariate Time Series Forecasting, with
related work detailed in Appendix G.1. We previously applied this framework in a linear setting, and
now aim to evaluate its empirical validity in the non-linear setting of neural networks. The results
presented in this section represent the best test MSE, assuming the ability to find the optimal lambda
value, which can be considered as an oracle scenario. A study of these limitations can be found in
Appendix H.

Motivation. Our approach is applied to the MTSF setting for several reasons. Firstly, many
models currently used are essentially univariate, where predictions for individual series are simply
concatenated without exploiting the multivariate information inherent in traditional benchmarks.
Given that these benchmarks are designed for multivariate forecasting, leveraging multivariate
information should yield better results. Secondly, our theoretical framework can benefit this domain,
as most predictive models use a linear layer on top of the model to project historical data of length d
for predicting the output of length ¢. This characteristic aligns well with our method, making it a
promising fit for enhancing forecasting accuracy.

Our approach. We propose a novel method for MTSF by modifying the loss function to incorporate
both individual feature transformations f; and a shared transformation fy. Each univariate-specific
transformation f; is designed to capture the unique dynamics of its respective feature, while f
serves as a common transformation applied across all features to capture underlying patterns shared
among them. We consider a neural network f with inputs X = [X(1) X2 X)) where T is
the number of channels and X®) € R"*4_ For a univariate model without MTL regularization, we
predict Y = [YV, Y@ YD) = [£(XD), ..., fr(XT)] and Y € R"*9. We compare
these models with their corresponding versions that include MTL regularization, formulated as:
fMTEX®) = £,(X®) + fo(Y) with f; : R**¢ — R™ 4 and f, : R"*9T — R"*4, We define
our regularized loss as follows:

T T
LX,Y) =) YD = fPTEXO)F + M fo(X)NF + D vl fe (XD, veef{1,...,T}
t=1

t=1

where Y are the true predictions, f; represents the univariate model for each channel ¢, and
is our regularization parameter, for which we have established a closed form in the case of linear
ft. fo serves arole equivalent to Wy, which was defined in our theoretical study and allows for the
regularization of the common part. This component can be added at the top of a univariate model.
The parameters ~; enable the regularization of the specialized parts f;.

In our setup, f; is computed in a similar way as in the model without regularization and f is computed
by first flattening the concatenation of the predictions of X(*), then applying a linear projection
leveraging common multivariate information before reshaping. The loss function is specifically
designed to balance fitting the multivariate series using fj and the specific channels using f;. This



Table 1: MTL regularization results. Algorithms marked with T are state-of-the-art multivariate
models and serve as baseline comparisons. All others are univariate. We compared the models
with MTL regularization to their corresponding versions without regularization. Each MSE value is
derived from 3 different random seeds. MSE values marked with * indicate that the model with MTL
regularization performed significantly better than its version without regularization, according to a
Student’s t-test with a p-value of 0.05. MSE values are in bold when they are the best in their row,
indicating the top-performing models.

Dataset I with MTL regularization without MTL regularization
PatchTST DLinearU Transformer PatchTST DLinearU DLinearM Transformer SAMformer! iTransformer®
96 0.385 0.367" 0.368 0.387 0.397 0.386 0.370 0.381 0.386
= 192 0.422 0.405* 0.407* 0.424 0.422 0.437 0.411 0.409 0.441
E 336 0.433* 0.431 0.433 0.442 0.431 0.481 0.437 0.423 0.487
720 0.430* 0.454 0.455% 0.451 0.428 0.519 0.470 0.427 0.503
96 0.291 0.267* 0.270 0.295 0.294 0.333 0.273 0.295 0.297
E 192 0.346 0.331" 0.337 0.351 0.361 0.477 0.339 0.340 0.380
E 336 0.332" 0.367 0.366* 0.342 0.361 0.594 0.369 0.350 0.428
720 0.384" 0.412 0.405* 0.393 0.395 0.831 0.428 0.391 0.427
-~ 96 0.148 0.149% 0.154* 0.149 0.196 0.196 0.170 0.197 0.174
£ 192 0.190 0.206 0.198* 0.193 0.243 0.237 0.214 0.235 0.221
§ 336 0.242* 0.249% 0.258 0.246 0.283 0.283 0.260 0.276 0.278
720 0.316" 0.326* 0.331 0.322 0.339 0.345 0.326 0.334 0.358

approach enhances the model’s generalization across various forecasting horizons and datasets. More
details on our regularized loss function can be found in Appendix G.2

Results. We present experimental results on different forecasting horizons, using common bench-
mark MTSF datasets, the characteristics of which are outlined in the Appendix G.3. Our models
include PatchTST [32], known to be on par with state-of-the-art in MTSF while being a univariate
model, a univariate DLinear version called DLinearU compared to its multivariate counterpart
DLinearM [53], and a univariate Transformer [19] with temporal-wise attention compared to the
multivariate state-of-the-art models SAMformer [19] and iTransformer [24] . Table 1 provides a
detailed comparison of the test mean squared errors (MSE) for different MTSF models, emphasizing
the impact of MTL regularization. Models with MTL regularization are compared to their versions
without regularization, as well as SAMformer and iTransformer. All the experiments can be found
in Appendix G.4.

Adding MTL regularization improves the performance of PatchTST, DLinearU, and Transformer
in most cases. When compared to state-of-the-art multivariate models, the MTL-regularized models
are often competitive. SAMformer is outperformed by at least one MTL-regularized method per
horizon and dataset, except for ETTh1 with horizons of 336 and 720. iTransformer is consistently
outperformed by at least one MTL-regularized methods regardless of the dataset and horizon.

The best performing methods are PatchTST and DLinearU with MTL regularization. These models
not only outperform their non-regularized counterparts, often significantly as shown by Student’s
t-tests with a p-value of 0.05, but also surpass state-of-the-art multivariate models like SAMformer
and Transformer. This superior performance is indicated by the bold values in the table.

Finally, MTL regularization enhances the performance of univariate models, making them often
competitive with state-of-the-art multivariate methods like SAMformer and iTransformer. This
approach seems to better captures shared dynamics among tasks, leading to more accurate forecasts.

6 Conclusions and Future Works

In this article, we have explored linear multi-task learning by deriving a closed-form solution for an
optimization problem that capitalizes on the wealth of information available across multiple tasks.
Leveraging Random Matrix Theory, we have been able to obtain the asymptotic training and testing
risks, and have proposed several insights into high-dimensional multi-task learning regression. Our
theoretical analysis, though based on a simplified model, has been effectively applied to multi-task
regression and multivariate forecasting, using both synthetic and real-world datasets. We believe that
our work lays a solid foundation for future research, paving the way for using random matrix theory
with more complex models, such as deep neural networks, within the multi-task learning framework.
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Appendix

Roadmap. This appendix provides the technical details omitted in the main paper. It starts with an
overview of the setup considered in the paper in Section A. Section B offers a detail computation for
W, and Wj,. Section C contains a proof of Lemma 1. Section D explains the theoretical steps for
deriving the training and test risks, as well as the deterministic equivalents. Section E discusses the
technical tools used to derive the main intuitions presented by the theory. Section F focuses on the
derivation of the estimations of the main quantities involved in the training and test risks. Section G
complements the experimental study by presenting additional experiments. Finally, Section H deals
with the limitations of our approach in a non-linear setting.
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A Multi-task Learning setup

A.1 On the zero-mean assumption

We would like to note that we are assuming that both the noise € and the feature xl(-t) have zero mean.

This is a common assumption in many statistical models and it simplifies the analysis. However, this
assumption is not restrictive. In practice, if the data or the response variable are not centered, we can
always preprocess the data by subtracting the mean. This preprocessing step brings us back to the
zero-mean setting that we consider in our theoretical analysis.

A.2  On the Assumption 1

Data are concentrated random vectors, meaning high-dimensional data maintain stable under com-
plex (Lipschitz) transformations. The strong performance of neural networks on tasks like image
recognition and NLP suggests that these models produce stable predictions. As Lipschitz transfor-
mations, they maintain controlled distances between inputs, ensuring stability. Recent studies have
demonstrated and experimentally confirmed that both real-world data and synthetically generated
data using GANSs exhibit concentration properties, supporting this assumption. This makes our
assumption more realistic than traditional Gaussian assumptions, as it does not rely on specific
hypotheses about the shape of the data distribution, but rather on the stability of statistical properties
after transformation. Consequently, analyzing a framework of concentrated random vectors is more
theoretically challenging than using Gaussian assumptions and represents a key novelty of our theory.

A.3 On the Assumption 2

The dimension d is of the same order of magnitude as the sample size n. This joint growth captures
data complexity better than assuming a fixed feature size with increasing samples, which can
oversimplify models. Our theory works for fixed d and n, unbiased by specific parameter choices.
The accuracy of empirical predictions depends on both d and n, with variance scaling as O (ﬁ) .
Larger d and n reduce variance, making empirical results more reliable and closer to theoretical
values. Conversely, smaller d and n increase variance, affecting single predictions. However, this
scaling is still better than n growing indefinitely with fixed d, where variance scales as O (ﬁ) ,

leading to increased bias. Implication of the assumptions. In Section 5.2, Figure 3, the Appliance
Energy dataset illustrates our assumptions’ realism. Despite the moderate sample size of 42 samples
with 142 dimensions and non-synthetic data, the theoretical curve fits the empirical predictions well.
Additionally, with synthetic data (d = 100, n = 100), the theory matches the empirical curve across
various hyperparameters (Figure 2), showcasing the predictive power of Random Matrix Theory.

B Minimization Problem

B.1 Computation of Wt and WO

The proposed multi task regression finds W = [VAVI, e ,W;—]T € R4 which solves the
following optimization problem using the additional assumption of relatedness between the tasks
(W, = W + V, for all tasks t):

J(Wo, V) (N

min
(Wo,V)€ERIXRIXT xRT
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where

1 1w (VIV) 1
T (Wo, V) = —tr (Wg Wo) +5 Y r(ViVe) +5 ) tr(¢ &)
22 2 & - 2 &
Ol
gtzy(t)_%7 vt € {1, , T}

The Lagrangian introducing the lagrangian parameters for each task ¢, a; € R™*? reads as

1 tr V V
tr(WOTWO)—i—QZ ) Ztr &€

t=1

T
+ ;tr (a;r <Y(t) - xt (\‘/NT(ZZ_F Vo) _ §t>)

Differentiating with respect to the unknown variables WO, Vt, &, o and by, we get the following
system of equation

1
‘C(W07Vt7£t7 at) = ﬂ

> =

fxin,
~ Td

1.~ X(t) (s 77

—V;— — =

Ve VTd
& —o =0
yo X0 Wo X0V, & =0
VTd VTd !

Plugging the expression of W, V, and &, into the expression of Y(*) gives

X(t) x® Tx®
_)\Z o+ e Td o+ o
which can be rewritten as
X<t>TX<t t)T (v)
Y(t) = ()\ —+ "Yt) —_—y + Z Oy + O
v#t
With Y = [YO . Yy®OIT ¢ RrRwe, o = [of,....a]]T € R,

T
Z = Zthl e,[sT]e,[fT] @ X1 ¢ RTdxn thig system of equations can be written under the following
compact matrix form:

Qla=Y

-1
with Q = (Z;‘;‘Z + In) €ER™" and A = (Dy + A7l ) @ I; € RT4xTd,
Solving for o then gives:
a=QY

Moreover, using Wt = WO + Vt, the expression of W, becomes:

T AZo
W o1 ) 2o
= ( o) A

Wi = (17 @ M) ——.



C Lemma 1 and proof with Random Matrix Theory

C.1 Lemmal

Lemma 1 (Deterministic equivalents for Q, QMQ and Q2 for any M € R™ ™). Under the

concentrated random vector assumption for each feature vector th) and under the growth rate

assumption (Assumption 2), for any deterministic M € R™*™, we have the following convergence:
Q+Q, QMQ + QQ(M)’ Q< Q

where ég, é and Qy are defined as follows

0 - cpCH - 1 = 1/ T 1
Q= Z +1rq , Op = ——tr (E(t)Q) ., CW = A>3 <e£ o E(t)) A

= = = 1 T dt

Td =1+

_ _ —1
QCcqQ, d= (IT - Tld\p> ¥(M) e RT

] . | wcwg) 1t (CYQm)
Q2 =1, — Diag,cry(viln,), v = 7 + 7 —
Td (1+0¢) Td  (1+46)

where

n 1 (c(wéMQ) Rt g [ tr (C(t)éc(t')Q>

Td 1456, Td (14 0,)(1+6y)
te[T] t,t'e[T]

TxT
€ R"*H,

(M) =

C.2 Deterministic equivalent of the resolvent Q

The evaluation of the expectation of linear forms on Q and Q2 can be found in the literature. To find
a result that meets exactly our setting, we will cite [25] that is a bit more general since it treats cases

where E[xgt)] # 0 fort € [T] and i € [n;]. Unlike the main paper, and to be more general, the study
presented below is “quasi asymptotic”” meaning that the results are true for finite value of d, n. Let
us first rewrite the general required hypotheses, adapting them to our setting. For that purpose, we
consider in the rest of this paper a certain asymptotic I C {(d,n),d € N,n € N} = N? satisfying:

{d,23neN: (d,n) eI} =N and {n,3deN: (d,n) eI} =N.

such that n and d can tend to co but with some constraint that is given in the first item of Assumption 3
below. Given two sequences (Gq.n)dner, (bdn)dner > 0, the notation ag, < O(bgr) (or a <
O(b)) means that there exists a constant C' > 0 such that for all (d,n) € I, agn < Cbg pn.

Assumption 3. There exists some constants C, c > 0 independent such that:
* n < 0(d)
* Z=(z1,...,2,) € RT" has independent columns

s forany (d,n) € I, and any f : RT¥" — R 1-Lipschitz for the euclidean norm:

P(If(Z) —E[f(Z)]] > t) < Ce™"".

* Vi e {n,3d € N, (d,n) € T}: ||E[z;]]| < O(1).
Theorem~2 ([25], Theorem 0.9.). Given T € N, Z € RT¥" and two deterministic A € RTa*Td
we note Q = (ﬁA%ZZTA% + Irq)~ Y. If Z satisfies Assumption 3 and M € RTI*Td jg q
deterministic matrix satisfying |[M|| r < 1, one has the concentration:

P

r(MQ) — tr(MQs(s)(8))| = 1) < Ce™’,
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where S = (S1,...,S,) = (E[z12] ], .., E[zaz7,]), for § €R", Q5 is defined as:
-1

= 2SA2
Qs(S) = Td;} 7o, Irq ;

and &(8S) is the unique solution to the system of equations:
1 =
vie[): 8(S)=—tr (A3S;A3 Q)

We end this subsection with some results that will be useful for next subsection on the estimation of
bilinear forms on Q.

Lemma 2 ([25], Lemmas 4.2, 4.6). Under the setting of Theorem 2, given a deterministic vector
u € RT4 such that ||[u|| < O(1) and two deterministic matrices U,V such that |U|, || V|| < O(1)
and a power r > 0, r < O(1):

- E HuTUQ_ini

<o
« E |42/ 0Q vz —E [ (sUaB) || ] <0 ().

C.3 Deterministic equivalent of bilinear forms of the resolvent

To simplify the expression of the following theorem, we take A = Ip4. One can replace Z with
A 27 to retrieve the result necessary for the main paper.

Theorem 3. Under the setting of Theorem 2, with A = Iy, one can estimate for any deterministic
matrices U,V € RT? such that |U|, || V|| < O(1) and any deterministic vector u,v € RT? such
that ||ul|, ||v|| < 1, if one notes B = 2=V or B =uv', one can estimate:

. 1 -1
E[u(BQUQ)} —Y(U,B) - deIf(U) (In—deI/> U(B)

1
<O|— 8
= (ﬁ) ®
where we noted.:

* Q=Qs(S), 6 =4(S),
r(S:QS; G
T1 <21~(‘r§ ;Q(H?))) eR™"
i,j€[n]

tr(UQS;Q
< ( Lo )>i€[n] °F

« YU,V € R §(U, V) = Ltr (UQVQ) €R

e U

« YU e R W(U) = 4

If there exist T' < n dinstinct matrices Cy, . .., Cp such that:
{817"'7871} = {Clv"'7CT}7
and if we denote Vt € [T ny = #{i € [n] | S; = C.} and:

nony tr(5:05.Q)

-1

P=|Ir— RT-T
T\ Taz a+ o)+, <
t,ve[T]
T
= == tf(StQUQ B, vQS Q
YU e RTxTd . Q,(U EQUQ+ ,
2(U) 2t;1 (1+6,)(1+6,)
the result of Theorem 3 rewrites:
. = 1
e[aua] - @) <o () ©
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Proof. Giveni € [n], letusnote Z_; = (z1,...,2;-1,0,Zi41,...,2,) and Q_; = (72221, +
Ir4)~!, then we have the identity:

Q_;z;

1 + ﬁzi i

~ - 1 -~ A N
Q - Q*i - TdQZzzi Q*Z and sz - (10)

Given u, v € RT?, such that |lul|, ||v|| < 1, let us express:

E [;dUT (Q — (3) UQVi| = i;E |:UTQ ( Si — zizj) QUQV] (11)

14 6;

(12)

First, given ¢ € [n], let us estimate thanks to (10):
~ = ~ ~ = ~ 1 ~ ~ = ~
E [uTQSiQUQv} —E [uTQ_iSiQUQv] - —E [uTinzj Q_iSiQUQv}
Holder inequality combined with Lemma 2 allows us to bound:
]_ ~ ~ = -~ ]_ ~ 2 % - = - 2 % 1

77 [E[uTQziz] Qi8.QUQv]| < —E U“TQZZ‘ ] E { 2] Q-:$:QUQY| ] <0 <d> ,

one can thus deduce:
E [uTQSiéUQv} —E [uTQ_iSiéUQv} 0 (31) —E [uTQ_iSiéUQ_iv} ) (;) .
(13)

Second, one can also estimate thanks to Lemma 10:

uTQ_izizIQUQV] _E luTQ_iziz?QUQv

1,7 .
1+ ﬁzi —iZ;

E {uTinz;éUQv} =E

1
+0 () |
Vd
again thanks to Holder inequality combined with Lemma 2 that allow us to bound:

1,7
0i — 74% Q-i%i

213 ) o s 1
<E [ ] E {|uTQ_iziziTQUQV|2] <0 (ﬂ) ,

The independence between z; and Q_i (and (3) then allow us to deduce (again with formula (10)):

u’Q_,S,QUQ v HTQ—iZiZ,TéUQZiZiTQ—iV
+ 0

UTQ—z‘ZiZZQUQVﬂ

1
8 — =2, Q_iz;

Td*

|
L
*Td

E uTinz;—éUQv} =E [

1)
Vi)
(14)

Let us inject (13) and (14) in (11) to obtain (again with an application of Holder inequality and
Lemma 2 that we do not detail this time):

. : 2 TQ_,z;z] QUQziz Q_;

E {uTQ ( 5i _ zizj) QUQV] = LE u Q-iziz; QUQziz, QQﬂv +0 (1) ;

1+ Td (1 L 1,TC 7izi) Vd
= — I‘ . PR s

Td  (1+4)° Z Vi

Putting all the estimations together, one finally obtains:

1 n_tr (SJQUQ)

(Td)? = (1+46,)

E|QuQ| -E[QUQ) - E[QsiQ-]| <0 (;g) (15)

One then see that if we introduce for any V € R™*™ the block matrices:
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E[tr(S,Q8.Q") nxn
0=z (ij)])ivjem S
E[tr(VQS; Q)]

c 0(V) = 75(—035,

- 0(U,V)=-LE tr(VQUQY)} €R,

then, if || V]| < O(1), multiplying (15) with V and taking the trace leads to:

1 1
O(U,V)=0(U,V)+ —T(U) (V) +0 | — 16
(0.) = #(U. V) + 750(0)6v) +0 (). (16)
Now, taking U = IJSF—{SI, e ﬁ—gn, one gets the vectorial equation:

(V) = (V) + Tidxpe(V) +0 (;g) ,

When (I7q — 75 V) is invertible, one gets (V) = (Itq — 7;9) ¥ (V)+ 0O (%), and combining

with (16), one finally obtains:

1 1 1
V) =Y(U,V)+ —U(U) " (Irqg — = ¥)'¥(V — ).
O(ULV) = (U V) + 70(0) (Fra = 7 0) " #(V) 40 (72
O
C.4 Estimation of the deterministic equivalent of Q>

Theorem 4. Under the setting of Theorem 3, one can estimate:
1

E[Q? -1, +D, <O<>, 17

JE Q] I<0( a)

with, Yi € [n]:

1 tr (Sié) 1 tr (Siéb(ln))
VIS Ta 0462 T Td (1462

Proof. The justifications are generally the same as in the proof of Theorem 3, we will thus allow
ourselves to be quicker in this proof.

-1
Using the definition of Q = (ZTAZ + In) , we have that

Td
777 777 777 -t
TdQ<Td +InIn><Td+In) ~1,-Q (18)

and one can then let appear Q thanks to the relation:

ZQ = QZ, (19)
that finally gives us:

1 1 _
=1,-—72'72Q=1, - —7"Q%Z
Q=1I, Td Q=1I, Td Q

One can then express:

2 - 1 N .
2 T T T
Q =1, - -2 Qz+(Td)2z QzZ" QZ

_ I 1é L 1 A2
=1, sz QZ TdZ Q°Z.
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Given i, j € [n], i # j, let us first estimate (thanks to Holder inequality and Lemma 2):

E ZTQ_‘ ‘Z':|
1 TA 1 [ i 1,54 1 1
— | o= __L " | < _

i [z% sz} Td (1+6;)(1+9;) o (\/&) =9 (x/ﬁ) ’
since E[z;] = E[z;] = 0. Now, we consider the case j = i to get:

e frqu) CaEEQua] a1 u(8Q)
Td- " ™7 Td (14 6;)2 Vd)  Td(1+6)? Vi)
As before, we know that ﬁE {Z;QZJ} <0 (%) if i # j. Considering i € [n], we thus are left to
estimate:

- tr (8:Qa(L,)
Aeliran] 2" o vo )

D Risk Estimation (Proof of Theorem 1)
D.1 Test Risk

The expected value of the MSE of the test data x € R7 <7 concatenating the feature vector of all the
tasks with the corresponding response variable y € R7*74 reads as

1
Rice = ZElly =93]

1_[,x™W TAZQY
= B[ X e X AT
T | VTd Td
B T
1 TW xTAZQ(Z Y 1 ¢)
T VTd Td
_ lE _HXTW te x"AZQZ'™W x"AZQe 2}
T VTd TdvTd Td
1 [tr (WTEW)  2tr (WTSAZQZTW) (T o (WTZQZTASAZQZTW)
T Td (Td)? tr(ele) + (Td)?
tr (ETQZTAEAZQE)
(Td)?
T 1 ~ _1
1 [rwrsw) 20 (WAl I - QA~iW)
T Td B Td *
(oToy o T (WTZQZTASAZQZTW) | tr(cTQZTASAZQe)
r(e'e) + Ty T
T 1 ~ _1
tr (WTEW) 2tr (W TA2(Irg - Q)A 2W) e (eTe) s (WTsW)
- Td Td tir(ete) gy
1A . 1 =
2131‘ (WT2A2QA 2W) +WTA_%Q2(A)A_%W+ 1 (2 Q )+O 1
_  4r -
Td Td Td TN Vd
The test risk can be further simplified as
WTA3QuA)A W tr (ZnQy) 1
oo _ » =
Rtest tI‘( N)+ Td + Td +O<\/a)
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D.2 Train Risk

In this section, we derive the asymptotic risk for the training data.

Theorem 5 (Asymptotic training risk). Assuming that the training data vectors xgt) and the test data

vectors x*) are concentrated random vectors, and given the growth rate assumption (Assumption 2),
it follows that:

train

1 /9 . 1 /9= _ 1 -
im0 motr (WTATV2QATY2W) — —tr (WTA™Y2Qu(Ira) AT W) + ——tr (En Qo)

Proof. We aim in this setting of regression, to compute the asymptotic theoretical training risk given

by:
2
2‘|
-1
Using the definition of Q = (Z;‘zz + ITd> , we have that

ZTAZ ZTAZ ZTAZ -t
Q—< +ITdITd)< +1Td) =Irq—Q

1
) .

train Tn

T
‘YZ AZQY

Td

Td Td Td
Plugging back into the expression of the training risk then leads to
[e%S) 1 T N2
train — Ti’I'LE [tI‘ (Y Q Y)]
Using the definition of the linear generative model and in particular Y = Z\/TT%/ + €, we get
R L e t L Z'W + TQ2 L Z'W +
L= — r| — € e g
train Tn /7Td /7Td
L1 Tr027T 1 TO?2
= 77t [tr (W'ZQ?’Z'W)] + 7E [tr (' Q%)]

To simplify this expression, we will introduced the so-called “coresolvent” defined as:

-1
- A3ZZT A3
= _— I
Q ( Td + Td )

Employing the elementary relation Az 7Q = QA% Z, one obtains:

1 T 1
Tidz@zT - TidA*%QA%ZQzT - A*%QQ%dA?A*% —APQA I - A PQ2A 3,
Therefore we further get
oS} 1 TA—1/2A —1/2 1 TA—1/2R32 A —1/2 1 T N2
Fain = 7B [r (WTATY2QAT2W) | - —E o (WTAT2QPAT2W) | + —E[tr (7Q%)]

Using deterministic equivalents in Lemma 1, the training risk then leads to

1 = 1 = 1 - 1
uin = 7ot (WTATV2QATYAW) = —tr (WTAT2Qu(Irg) A7 W) + ot (5 —
train Tn I'( Q Tn r QZ( Td) + Tn 1"( NQ2) +0 \/8

O
E Interpretation and insights of the theoretical analysis
E.1 Analysis of the test risk
We recall the test risk as ~
WTA 2Qy(A)A:W  tr (ZnQo) 1
Ricy = tr (X O|—
test r ( N) + Td + Td + <\/&>
1= _1
The test risk is composed of a signal term of a signal term S = wia“s QﬁéA)A °W and a noise

term N = %.
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E.2 Interpretation of the signal term

Let’s denote by 3 = 37| —mdi _33(0) and 35 = ST

Td(146,)2 5 ("), The signal term reads as

i+
S=WTA iQ,(A)A :W.
Using the following identity,

This finally leads to
S=WT (A +I)71 (1+3) (AS +I)71W

- -1 _ ~ -1

The matrix H = (AE + I) (I+%) (AZ + I) is responsible to amplifying the signal W T W
in order to let the test risk to decrease more or less. It is is decreasing as function of the number of
samples in the tasks n;. Furthermore it is composed of two terms (from the independent training
W, W) and the cross term W, W, for ¢ # v. Both terms decreases as function of the number of
samples n;, smaller values of v, and increasing value of A. The cross term depends on the matrix
>33, which materializes the covariate shift between the tasks. More specifically, if the features
are aligned 3; '3, = I and the cross term is maximal while for bigger Fisher distance between the
covariance of the tasks, the correlation is not favorable for multi task learning. To be more specific
the off-diagonal term of H are responsible for the cross term therefore for the multi tasks and the
diagonal elements are responsible for the independent terms.

To analyze more the element of #, let’s consider the case where () = T and , = ~. In this case
the diagonal and non diagonal elements D;;, and Cj;7, are respectively given by

(coX+7) +1)? + cjA? —2coM(co(A+7) +1)
(coA+7) +1)2 = EX\?’ coA+7) +1)2 — 3\?

Both function are decreasing function of A, 1/~ and ¢g.

D, = Curr = (

E.3 Interpretation and insights of the noise terms

We recall the definition of the noise term A as
N=t(Zy (a7 +3))

Now at the difference of the signal term there are no cross terms due to the independence between
. . . . —1 .

the noise of the different tasks. In this case on the diagonal elements of (A‘1 + E) matters. This

diagonal term is increasing for an increasing value of the sample size, the value of A. Therefore this

term is responsible for the negative transfer. In the specific case where () = I and y, = ~ for all
task ¢, the diagonal terms read as

(coA+7)2 + (A +7) —coA?)? 4+ A2

N —
M (co(A+7) + 1)2 — BX2)?

E.4 Optimal Lambda

The test risk in the particular of identity covariance matrix can be rewritten as
Rice = Drr (W3 + [Wa3) + Crrr W{ Wa + NyrtrE,.

Deriving Rg5,, with respect to A leads after some algebraic calculus to

n g
A= —=SNR— =
d 2
where the signal noise ratio is composed of the independent signal to noise ratio and the cross signal
& p p g g
to noise ratio SNR = Wi+ Wol3 + W, W,
tr3, tr3,,
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F Theoretical Estimations
F.1 Estimation of the training and test risk

The different theorems depends on the ground truth W that needs to be estimated through wW.

To estimate the test risk, one needs to estimate functionals of the form W TMW and e " Me for any
matrix M. Using the expression of W = AZQY, we start computing W T MW

W MW =Y 'QZ"AMAZQY

Using the generative model for Y = Z\/TT%I + &, we obtain
X ZTW ’ ZTW
EIWMW| =E || — +€> Z'AMAZ < +s)
o] e (28 ¢) a (2
1
= 77E (W'ZQZ"AMAZQZ W] +E [e' QZ" AMAZQ¢]

Employing the elementary relation A27ZQ = QA:Z, one obtains:

E {WTMW} - %E [WTA‘%QA%ZTZA%A%MA%QA%ZZTW} +E[e'QZT AMAZQe]
—E {WTA*% (1 _ Q) AIMA? (1 _ Q) A*%W} +E[c"QZT AMAZQe]
—E[W MW] - 2E {WTMA%QA‘%W} +E [WTA_%QA%MA%QA_%W}

+E[e"QZTAMAZQ¢]

Using the deterministic equivalent of Lemma 1, we obtain

WTMW & WIMW — 2WTA QA MW + trS, M(A*MA?) + W A 2Qy(A*MAZ)A W
vl (M _2A"FQAIM + A—%QQ(A%MA%)A—%) W+ 13, Qa(ATMA?)
& WTE(M)W + tr3, Q2 (A*MA?)

where We define the mapping x : RT4XT4 — RI%4 a5 follows

Nl=

k(M) =M —2A 2QA M+ A > Qu(A*MAZ?)A 2.
F.2 Estimation of the noise covariance

The estimation of the noise covariance remains a technical challenge in this process. However, when
the noise covariance is isotropic, it is sufficient to estimate only the noise variance. By observing that
. tI‘QQ

lim RS, = 0>
A—0,y—0c0 kn

)

we can estimate the noise level from the training risk evaluated at large v and A = 0.

G Multivariate Time Series Forecasting

A version of this work with a stronger focus on time series applications can be found at [20].

G.1 Related Work

Multivariate Time Series Forecasting. Previous work has explored multivariate time series
methods to enrich task representations and enhance diversity across time series applications [18].
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Despite these advancements, random matrix theory, widely applied in multi-task learning, remains
underutilized in multivariate time series contexts, particularly for multivariate time series forecasting
(MTSF) [52, 54]. MTSF is common in applications like medical data [6], electricity consumption [49],
temperatures [27], and stock prices [44]. Various methods, from classical tools [7, 45] and statistical
approaches like ARIMA [3, 4] to deep learning techniques [8, 19, 32, 38, 40, 51, 53, 55, 56], have
been developed for this task. Some studies prefer univariate models for multivariate forecasting [32],
while others introduce channel-wise attention mechanisms [19]. We aim to enhance a univariate
model by integrating a regularization technique from random matrix theory and multi-task learning.

G.2 Architecture and Training Parameters

Architectures without MTL regularization. We follow Chen et al. [8], Nie et al. [32], and
to ensure a fair comparison of baselines, we apply the reversible instance normalization (RevIN)
of Kim et al. [21]. All the baselines presented here are univariate i.e. no operation is performed
by the network along the channel dimension. For the PatchTST baseline [32], we used the official
implementation than can be found on Github. The network used in Transformer follows the one
in [19], using a single layer Transformer with one head of attention, while RevIN normalization
and denormalization are applied respectively before and after the neural network function. The
dimension of the model is d,;, = 16 and remains the same in all our experiments. DLinearU is a
single linear layer applied for each channel to directly project the subsequence of historical length
into the forecasted subsequence of prediction length. It is the univariate extension of the multivariate
DLinear, DLinearM, used in Zeng et al. [53]. The implementation of SAMformer can be found
here, and for the iTransformer architecture here. These two multivariate models serve as baseline
comparisons. We reported the results found in [19] and [24]. For all of our experiments, we train our
baselines PatchTST, DLinearU and Transformer with the Adam optimizer [22], a batch size of 32
for the ETT datasets and 256 for the Weather dataset , and the learning rates summarized in Table 2.

Architectures with MTL Regularization. We implemented the univariate PatchTST, DLinearU,
and Transformer baselines with MTL regularization. Initially, we scale the inputs twice using
RevIN normalization. The first scaling is applied to the univariate components, and the second scaling
is applied to the multivariate components. For each channel, we then apply our model without MTL
regularization. The outputs are concatenated along the channel dimension, and this concatenation is
flattened to form a matrix of shape (batch size, ¢ x T"), where g is the prediction horizon and 7' is the
number of channels. We then learn a square matrix W of shape (¢ x T') x (¢ x T') for projection and
reshape the result to obtain an output of shape (batch size, ¢, 7). This method can be applied on top
of any univariate model. Our regularized loss has been introduced in 5.4.

Training parameters. The training/validation/test split is 12/4/4 months on the ETT datasets
and 70%/20%/10% on the Weather dataset. We use a look-back window d = 336 for PatchTST
and d = 512 for DLinearU and Transformer, using a sliding window with stride 1 to create the
sequences. The training loss is the MSE. Training is performed during 100 epochs and we use
early stopping with a patience of 5 epochs. For each dataset, baselines, and prediction horizon
H € {96,192,336, 720}, each experiment is run 3 times with different seeds, and we display the
average of the test MSE over the 3 trials in Table 1.

Table 2: Learning rates used in our experiments.
Dataset ETTh1/ETTh2  Weather
Learning rate 0.001 0.0001

G.3 Datasets

We conduct our experiments on 3 publicly available datasets of real-world time series, widely used
for multivariate long-term forecasting [8, 32, 51]. The 2 Electricity Transformer Temperature datasets
ETTh1, and ETTh2 [55] contain the time series collected by electricity transformers from July 2016
to July 2018. Whenever possible, we refer to this set of 2 datasets as ETT. Weather [27] contains the
time series of meteorological information recorded by 21 weather indicators in 2020. It should be
noted Weather is large-scale datasets. The ETT datasets can be downloaded here while the Weather
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https://github.com/yuqinie98/PatchTST/tree/main
https://github.com/romilbert/samformer/tree/main
https://github.com/thuml/iTransformer
https://github.com/zhouhaoyi/Informer2020

dataset can be downloaded here. Table 3 sums up the characteristics of the datasets used in our
experiments.

Table 3: Characteristics of the multivariate time series datasets used in our experiments.

Dataset ETTh1/ETTh2 ‘Weather
# features 7 21

# time steps 17420 52696
Granularity 1 hour 10 minutes
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https://github.com/thuml/Autoformer

G.4 Additional Experiments.
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Figure 4: Results of our optimization method on different datasets and horizons averaged across 3
different seeds for each gamma and lambda values for the PatchTST baseline

28



v =0.0
v = 0.001
— y =0.01

—y = 0.1
0.15

== DLinearU Baseline

— =

107% 1073 1072 107t

Lambda

(a) Dataset ETTh1, Horizon 96

105 10 10 102 1070 100
Lambda
(d) Dataset ETTh1, Horizon 192
0.500
£10.490
1]
20.480
Qo.470
80.460
L0.150
@
0.440
0.430
10 10¢ 10 102 107 10°
Lambda

(g) Dataset ETTh1, Horizon 336

0.580
.560
.540
.520
.500
.480
-460
.440

Average MSE
o oo o5 oo o

(j) Dataset ETTh1, Horizon 720

v =0.0 —_— = 0.1
Y = 0.001 ey =0.15
—y = 0.01 == DLinearU Baseline

o o
w W
(S
s &

.310

290

Average MSE
o o o o o

1074 1073 1072

Lambda

(b) Dataset ETTh2, Horizon 96

107 10°

=}
2o.
=
00~
g
go.
o
> 0.
<L
0.300
105 107! 1072 1072 10t 100
Lambda

(e) Dataset ETTh2, Horizon 192

)
=
o
>

S
S
=
IS

Average MSE
o o
=
S
s

=)
w
@
S

o
w
&
S

10 1072
Lambda

(h) Dataset ETTh2, Horizon 336

0.575

Average MSE
o o o o o o
P
5
&

(k) Dataset ETTh2, Horizon 720

v =0.0 —_— =01
Y = 0.001 ===y =0.15
—— = 0.01 === DLinearU Baseline

.325
300
.275
.250
.225
200 == =l =
.175
.150

10 107 10 102 107! 10°

Lambda

(c) Dataset Weather, Horizon 96

0.280
0.260

0.240

Average MSE

0.220

1072 1072 107t

Lambda

(f) Dataset Weather, Horizon 192

0.

100

Average MSE
°o° 2

o

107° 1074 1072 1072

Lambda

107t 10°

(i) Dataset Weather, Horizon 336

o o o o

Average MSE
o

107°

1074 1072 1072 107t

Lambda

(1) Dataset Weather, Horizon 720

10°

Figure 5: Results of our optimization method on different datasets and horizons averaged across 3
different seeds for each gamma and lambda values for the DLinearU baseline
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Figure 6: Results of our optimization method on different datasets and horizons averaged across 3
different seeds for each gamma and lambda values for the Transformer baseline
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H Limitations

While the study provides valuable insights through its theoretical analysis within a linear framework,
it is important to acknowledge its limitations. The linear approach serves as a solid foundation for
understanding more complex models, but its practical applications may be constrained. Linear models,
though mathematically tractable and often easier to interpret, might not fully capture the intricacies
and nonlinear relationships present in real-world data, especially in the context of multivariate time
series forecasting.

To address this limitation, we decided to extend our algorithm’s application to more complex models,
specifically within the nonlinear setting of neural networks. This transition aims to evaluate whether
the theoretical insights derived from the linear framework hold true empirically when applied to
neural networks. As part of this endeavor, an optimal parameter lambda was selected by an oracle,
leading to promising results, as detailed in Section 5.4. This oracle-based selection underscores
the potential efficacy of our approach when appropriately tuned, even in more complex, nonlinear
contexts.

It is important to note that the limitations are not related to the real-world data itself, as our setting
performs well in the context of multi-task regression for real-world data, as shown in Section 5.2. The
difficulty arises from transitioning from a linear to a nonlinear model. The results in Section 5.4 are
particularly encouraging, demonstrating that our method can improve upon univariate baselines by
regularizing with an optimal lambda, as indicated by our oracle. While the oracle provides an upper
bound on performance, actual implementation would require robust methods for hyperparameter
optimization in non-linear scenarios, which remains an open area for further research.

By expanding the scope of our theoretical framework to encompass nonlinear models, we pave the
way for future work that could focus on the theoretical analysis of increasingly complex architectures
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