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Abstract

We study the identifiability of latent action policy learning (LAPO), a framework
introduced recently to discover representations of actions from video data. We
formally describe desiderata for such representations, their statistical benefits and
potential sources of unidentifiability. Finally, we prove that an entropy-regularized
LAPO objective identifies action representations satisfying our desiderata, under
suitable conditions. Our analysis partly explains why discrete action representations
are crucial in practice.

1 Introduction & background

In robot control, behavior cloning is an approach to learn a policy from action-labeled expert
trajectories [12, 5]. It simply consists in training a policy 7(a | ) via supervised learning on data of
the form {(z;, a;)}Y.; where a; is the action taken by the expert policy in state ;. The success of
the approach relies on at least two aspects: (i) the demonstrations (iz;, a;) have to be generated from
a sufficiently good expert policy, and (ii) the number of demonstrations NV has to be sufficiently large
to make learning possible. Although conceptually simple, the framework requires a large amount of
action-labeled expert demonstrations to be successful, which can be costly to acquire.

To address this issue, Schmidt and Jiang [13] introduced latent action policy learning (LAPO) which
can leverage large corpuses of unannotated video data in order to reduce reliance on action-labeled
expert trajectories. LAPO proceeds in three stages. First, given a large dataset of state/next-state
pairs {(z;, )} ,, LAPO minimizes the reconstruction loss

N ~ ~
¥ Yoic1 Bangale e @i — g(i, )13,

where the inverse dynamics model IDM) ¢(a | «,x’) encodes pairs (x,z’) into action repre-
sentations & which are then decoded using a forward dynamics model (FDM) &' = g(x,a).
Secondly, the IDM is used to label the unlabeled video dataset, which yields {(z;, a;, })} Y, where
a; := argmaxg §(a | ;, «;). This dataset is then used to train the latent action policy 7t(a | x).
Thirdly, a learnable head is applied on top of 7 (a | «) and trained to map the latent actions & to actual
actions a using a much smaller domain-specific action-labeled dataset {(x;, ai)}ﬁ\gl (N, << N).
While doing that, one can choose to either freeze the latent action policy 7 or fine-tune it. The
authors showed that, thanks to this approach, fewer action-labeled samples are needed to train a good
policy.! Since then, this idea has been applied at larger scale in Genie [2] and augmented with textual
goal-conditioning in LAPA [15].

Motivated by the growing importance of this framework, we propose to study the identifiability of
LAPO. Although identifiability in representation learning has been the subject of recent research
efforts [6, 8, 14, 9, 3, 16], to the best of our knowledge, identifiability in the context of latent action
modeling has not been investigated.

'The authors also show 7 can be fine-tuned via reinforcement learning more efficiently.
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Contributions. First, we postulate a data-generating process for the expert transitions (x, a, ')
(Section 2.1). Next, we provide formal desiderata for the IDM (& | =, ') to be useful and discuss
statistical consequences (Section 2.2). We further discuss two potential sources of unidentifiability
(Section 2.4) and, finally, we prove that an entropy-regularized LAPO objective (Section 2.3) is
guaranteed to identify an IDM satisfying the said desiderata, under suitable conditions (Section 2.5).

2 Identifiability analysis of LAPO
2.1 Data-generating process

Let z € X := [0,1]% be the current observation, &’ € X’ := [0,1]% be the future observation
anda € A := {1,...,k} be a discrete action (in line with practical implementations [13, 2, 15]).
The most natural situation is when x and ' corresponds to two consecutive frames, i.e. x := x!
and ' = x'*! and a = a’. But one could also consider different situations where the model is
conditioned on a window of past observations: x = x'~** with a = a!~***. Similarly, the &’ could
correspond to a window of multiple frames in the future.

We assume the current state € X is sampled from some (Lebesgue) density function p(x).
Furthermore, an action a € A is chosen according to a ground-truth policy 7 conditioned on x:

x ~ p(x) and a~ma|x).

Define p(x, a) := p(x)7(a | ), p(a) := [ p(x,a)dz, and p(x | a) := p(x, a)/p(a).
We assume the future observation ' is given by a deterministic transition model

' =g(x,a), whereg : X x A — X'

This process induces a joint probability distribution over (z, '), which we denote by p(z, z').>

Support notation. In what follows, the support of p(z | a) is defined as
supp[p(z | a)] := {zo € X | V open neighborhood U of x, [, p(x | a)dx > 0},

where [ da denotes the Lebesgue integral. Note that supp[p(« | a)] might depend on a. Define also
supp[p(a)] := {a € A | p(a) > 0} and supp[p(z, a)] := U,cqupplp(ay) SUPPP( | a)] x {a}.

2.2 Desiderata

In this section, we formalize three desiderata for an action representation and discuss statistical
efficiency. Intuitively, we want to learn an encoder §(a | «, ') that captures useful information about
the ground-truth action a. To formalize this, we will study

’I)(d ‘ xva) = q(d | m’g(m’a))v

defined for all (x, a) € supp[p(«, a)]. The conditional probability mass function v(a | &, a) maps
pairs (¢, a) to their corresponding learned action representations @, potentially in a stochastic way.
This is effectively an entanglement map, as studied in identifiable representation learning [10]. Our
first desideratum is to have a deterministic map from a to a.

Desideratum 1 (Determinism). There exists a function v(x,a) such that v(a | x,a) =
1(a = v(x,a)) forall (x,a) € supp[p(x,a)], where 1(-) is the indicator function.

Notice how the learned action representation d might depend on the current state « via @ = v(x, a).
Such a dependence is undesirable since it signifies that the meaning of a, i.e. how it relates to a,
depends on the current state . We illustrate this unfortunate state of affairs with a simple example.

Example 1. Consider a manipulation task where A := {1left, right} and suppose
1=wv(xg,a = left), 2=wv(wo,a= right),
2=wv(x1,a = left), 1=wv(xi,a=right).

We can see that the meaning of a depends on the context x: When in state xo, @ = 1 corresponds to
a = left, whereas in state 1, a = 1 corresponds to a = right.

2p(a, x’) is an abuse of notation since the distribution of (&, ') has no a density (w.r.t. Lebesgue).



69
70

7
72

73
74

75

76
77

78
79

80
81

82
83

84
85

86

87
88

89
90

91

92
93

94
95
96

97

98
99
100
101

102

103
104

106
107
108
109
110

111

112
113
114

This undesirable phenomenon, described informally by Schmidt and Jiang [13, Section 6.2], can be
thought of as a form of entanglement since a entangles both @ and x. This motivates:
Desideratum 2 (Disentanglement). There exists a function v(a) such that, for all (x,a) €
supp[p(, a)], v(x, a) = v(a).

Furthermore, we want the latent action a to reveal all there is to know about the ground-truth action a.
More formally, we want that two distinct actions a1 and ao never map to the same latent action a:

Desideratum 3 (Informativeness). The function v : supp[p(a)] — A is injective.

Statistical efficiency. As explained in Section 1, an encoder/IDM §(a | @, ') can be used to label
the action-free video dataset, yielding {(x;,a;, )}~ ,. If the IDM satisfies our desiderata, the
newly labeled dataset is actually {(z;,v(a;),=})}X, where a; is the action taken by the expert
policy 7(a | ;). Thus the latent action policy 7(a | «) trained on this data will approximate the
distribution of v(a) when a ~ 7(a | ). This means that there exists a transformation o : A — A
(any extension of v 1 : v(supp[p(a)]) — A) such that (@) ~ 7(a | ) when @ ~ 7(a | ). Hence,
to get the expert policy 7, we only need to learn o : A — A<on top of” the latent action policy 7
using the smaller action-labeled dataset. Had a been dependent on x, such a transformation o would
not exist, forcing us to resort to either fine-tuning 7 or learning a map X X A — Aon top of 7, both
of which are expected to be less statistically efficient than learning the simpler function o : A= A

2.3 A formal entropy-regularized LAPO objective

We now present a formal entropy-regularized LAPO objective. Theorem 1 will show that, under
suitable assumptions, its solutions must satisfy the desiderata of Section 2.2.

In order to learn a deterministic encoder, we add an entropy regularizer H(§(- | x,a')) =
—E4(a|z,2) 10g (@ | ,x"). In the limit of infinite data, our entropy-regularized LAPO objective is

0 Eyaa) [Exoinan 2’ — 9(@.0) 3 + BH(( | 2.2)] (M
where 3 > 0 controls regularization, and G and Q are respectively the hypothesis spaces for g and g.
Definition 1 (FDM hypothesis space G). A function g : X X A — X isin G if and only if. for all
ac A g(x,a) is continuous in .
Definition 2 (IDM hypothesis space Q). Let A= {1,..., l;:} be the space of action representations
a. A function § : Ax X x X' — [0,1] is in Q if and only if (i) for all (z,x') € X x X',
Yoacd da| z,x') =1, and (ii) for all a € A, §(a |z, ') is continuous in (x, ).

Note that our identifiability guarantee, Theorem 1, does not assume k =k, only k> k.

One can easily see that both terms in Problem (1) are lower bounded by zero. Additionally, Proposi-
tion 4 (in appendix) shows that there exists (g*, ¢*) € G x Q such that both terms are equal to zero (un-
der Assumptions 1 and 2). This means that, at optimality, the entropy regularizer must be equal to zero
thus forcing the learned IDM ¢(a | @, ') to be deterministic for all (z, x’) € supp[p(x, ’)]. In other
words, at optimality, G(a | &, ') = 1(a = f(x, «')) for some function f : supp[p(x, =')] — A.
Remark 1. The above development begs the question: Why are we considering a stochastic IDM §
to later regularize it to be deterministic? A perhaps more natural route would be to directly train a
deterministic encoder f : X x X' — A. Froman optimization perspective, a stochastic encoder is
helpful as it unlocks gradient computation via the reparameterization trick [7]. From a theoretical
perspective, the continuity condition on q is crucial for our proof, as it excludes pathological encoders
f that would present “jumps” on the connected components of supp[p(x, x')]. We conjecture that
the VQ-VAE approach of Schmidt and Jiang [13], which is limited to deterministic discrete encoders,
can in principle lead to such pathological behaviors. We leave this for future work.

2.4 Potential sources of unidentifiability

We now show that, without assumptions on the data-generating process or without restrictions on
the hypothesis classes Q and G, Problem (1) admits degenerate solutions which do not satisfy our
desiderata of Section 2.2.
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Assumption 3: Yes Yes No No

Yes No

Assumption 4:

Figure 1: Illustration of Assumptions 3 and 4. Assume A := {1, 2}

Example 2 (No restriction on .A). In principle, one can choose A :== X' and §(a | ¢, x') := §(a—x’)
where 0 is the Dirac function. Hence the IDM outputs ' deterministically. By choosing g(x,a) = a,
we clearly solve Problem (1), but the action representation a is uninteresting. In fact, this can be
understood as a violation of Desideratum 2 since & = &' clearly depends on x via *' = g(z, a).

Example 3 (Deterministic w(a | x)). Assume m(a | *) = 1(a = =n(x)), i.e. the ground-
truth policy is deterministic. In that case, one can solve the reconstruction problem by choosing
g(x,a) = g(x, m(x)) since ' = g(a, w(x)) with probability one. In that case, the latent action G
is completely ignored by the FDM and thus the IDM §(a | x, ") could simply output the same action
deterministically, which would clearly present a violation of Desideratum 3.

2.5 Main identifiability result

In this section, we provide sufficient conditions on the data-generating process under which the
solutions of Problem (1) are guaranteed to satisfy the desiderata of Section 2.2.

First of all, we require the ground-truth FDM to be continuous.

Assumption 1 (Continuous g). For all a € A, the ground-truth FDM g(x, a) is continuous in .
Additionally, we require that different actions always have different effects in the data-generating
process. We formalize this as a form of injectivity.

Assumption 2 (Injectivity). Forall x € X and a1,a2 € A, if a1 # ag, then g(x,a1) # g(x,az).
The last two assumptions put topological restrictions on the support of p(x, a). Recall that a set
S C R is said to be connected if it “holds in one piece” [11]. See Figure 1 for an illustration.
Assumption 3. For all a € supp[p(a)], we have that supp[p(x | a)] is a connected subset of X.
Assumption 4. For all pairs a1, as € supp|p(a)], supp[p(x | a1)] N supp[p(x | az)] # 0.

Note that Assumptions 3 and 4 are both satisfied for example if supp[p(x,a)] = X x A.

We are now ready to state the main identifiability result of this work. It shows that, under
the assumptions introduced above, the encoder/IDM ¢G(a | x, ') learned by optimizing Prob-
lem (1) must satisfy the desiderata of Section 2.2. Its proof can be found in the appendix. Recall

v(a|z,a):=q(a|z gz, a)).
Theorem 1. Suppose k > k and let (9, ) be a solution® of Problem (1) with hypothesis classes G
(Definition 1) and Q (Definition 2).

1. If Assumptions 1 anc{ 2 hold, then Desideratum 1 holds, i.e.
v : supp[p(x, a)] — A such that, for all (x,a) € supp[p(x, a)],

there exists a function

v(a|x,a)=1(G =v(x,a)).

2. If Assumptions 1 to 3 hold, then Desideratum 2 holds, i.e.
v : supp[p(a)] — A such that, for all (x, a) € supp[p(x, a)],

there exists a mapping

v(a|x,a)=1(a =v(a)).

3. If Assumptions 1 to 4 hold, then Desideratum 3 holds, i.e. the mapping v : supp[p(a)] — A
defined above is injective.

3Under Assumptions 1 and 2, a solution is guaranteed to exist by Proposition 4 in appendix.
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Appendix

Multiple intermediary results are necessary in order to prove Theorem 1. The proof of the following
technical lemma can be safely skipped at first read.

Lemma 2. Let X be a metric space* and let X1, Xo, ..., X be a finite collection of disjoint closed
sets of X. Then, there exists a function q : [K] x X — [0, 1] such that

s forallz € X, Y cipqalk|z) =1,
* forall k € [K], q(k | ) is continuous in x (as a function X — [0,1]), and

* forallk € [K]and all x € Xy, q(k | x) = 1.

Proof. We make use of the Vedenissoff theorem [4, Theorem 1.5.19]. We extract only the part of the
theorem we will need: If a topological space X is perfectly normal, then for every pair of disjoint
closed sets A, B C X, there exists a continuous function f : X — [0, 1] such that f~1({0}) = A4
and f~1({1}) = B.

Since a metric space is always perfectly normal [4, Corollary 4.1.13], X is perfectly normal and thus
we can apply the Vedenissoff theorem.

For each k € [K], the set Uk,E[K]\{k} X} 1s closed since a finite union of closed sets is closed. By
Vedenissoff theorem, there exists a continuous function hy : X — [0, 1] such that hy ' ({1}) = X,
and hy ' ({03) = Uprerep ay Xir-

We now prove that } -, ¢ fu(x) > 0 for all 2 € X. We consider two cases, x € [Jy¢[x) Xk and
& & Upeprg Xe- If @ € Uge(x) Xk then there exists a kg € [K] such that 2 € Xy, = h,;ol({l})
which means hy, () = 1. Of course, this implies that the sum is greater than zero. If z & | J ke[K] ks
in particular we have @ & ;)\ (13 X» = hy'({0}), which means h;(z) > 0. Of course, this

implies the sum is greater than zero.

Since ¢k hw(z) > 0 forall z € X, we can define, for all (k,z) € [K] x X,

(o)
k| o) = Zk’e[K] b ()

We now verify that ¢ satisfies the three conditions of the theorem. First, it is clear that 3 o q(k |
x) = 1. Second, ¢(k | x) is continuous in x since all h are continuous functions.

Third, we check that g(k | ) = 1 when z € Xj. Let k € [K] and x € X Since X, = hi ' ({1}),
we have that hy(z) = 1. Consider k' € [K]\ {k}. Clearly, z € Xy C Upreigp prry Xnr =

h;' ({0}), which means hy (z) = 0 for k' # k. We thus have

hy () _

which concludes the proof. O

q(k | x) = 1

)

Define the function G : X x A — X x X’ as G(x,a) := (x, g(x, a)), which is simply the function
g(x, a) with a copy of @ in its output. Note that its image G(X’ x A) is effectively the set of plausible
transition pairs (x, ). In general, this is expected to be a proper subset of X' x X”.

Lemma 3. Under Assumption 2, G is injective.

Proof. If G(x1,a1) = G(x2,as), then 1 = x5 and g(x1,a1) = g(x1, az) and thus, by Assump-
tion 2, a1 = as. O

“The result generalizes to the case where X is a perfectly normal topological space.
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Remark 2. Since G is injective, it is bijective on its image G(X x A) C X x X'. Therefore, it has
an inverse F' : G(X x A) — X x A which clearly has the form F(x,x') = (x, f(x,x')), for some
function f : G(X x A) = A

Proposition 4. Suppose Assumptions 1 and 2 hold and k > k. Then, there exist g €Gandq* € Q
such that the objective of Problem (1) is equal to zero.

Proof. Take g*(x,a) := 1(a € A)g(x,a). Essentially, g* imitates the ground-truth FDM g when
the action & € A, otherwise it simply outputs zero. Clearly, g* € G since, by Assumption 1, g(-, @)
is continuous for all & € A (and the zero function is continuous).

We now construct a ¢* € Q such that, for all (z,2') € G(X x A) and all & € A, we have
g (a |z, ') = §(f(x,x') — a), where f(x,x’) is defined in Remark 2. Later on, we show that the
pair (¢*, g*) sets the objective to zero.

Notice that G(X x A) = J,c4 G(X x {a}) where G(X x {a}) = {(z,g(x,a)) | © € X'} is the
graph of g(-, a). Since g(, a) is continuous by Assumption 1, the closed graph theorem implies that
its graph, G(X x {a}), is closed is X x X”’. Furthermore, we know that the sets G(X x {a}) are
mutually disjoint since otherwise there exists (,x’) € G(X x {a1}) N G(X x {az}) for distinct
a1, ag which implies (x,g(x,a1)) = (@, x’) = (x,g(x, a2)), which violates Assumption 2.

To summarize, the last paragraph showed that {G(X x {a})}4c.4 is a partition of G(X x .A) where
each G(X x {a}) is closed in X x X”’. By noticing that X x X" is a metric space, we can apply
Lemma 2 to show the existence of a function ¢ : A X X x X’ — [0, 1] such that the following holds:

o forall (z,2') € X x X', %" c,qla]z,2') =1,
o foralla € A, q(a | &, ') is continuous in (x, '), and

o foralla € Aand all (x,2') € G(X x {a}), q(a| x,z') = 1.

We choose, for all (a, x,@') € A x X x X', ¢*(a | @, 2') := 1(a € A)q(a | =, ). In other words,
¢* imitates ¢ when a € A, and simply outputs zero when ¢ ¢ A.

We now check that ¢* € Q. Take (x, ') € X x X’. We have

Yot ma) =) 1acAgla|za)= ga|za)=1. ()
acA acA acA
where the second equality used the fact that A C A (since k > k).

Now take & € A. If a € A, then ¢*(a | @, 2') = g(a | @, ') which is continuous in (z,z'). If
a ¢ A, then ¢* (G | @, ") = 0 which is also continuous. Thus ¢* € Q.

Notice that, for all (x,a) € X x A, we have
(0| x,g(x,a)) =1(a € A)ga |z, g(x,a) =1(a € A)l(a=a)=1(Gd=a), 3)

where the third equality holds because (z,g(x,a)) € G(X x {a}), which implies that
q(a|x,g(x,a)) =1.
Now, we must show that the pair (g*, ¢*) sets the loss of Problem (1) to zero. First note that

]Ep(ac,cc’)H(q*(’ | (13,.’13/)) = Ep(ma)H(q*( ‘ mvg(mva))) “)
= Ep(ma)H(]-( = Cl)) o)
= Ep(za)0 = 0. 6)
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Also,

Epwan Y ¢ (0| z, )|z - g*(x,a)|3 )
acA

=Epwan »_ 4"(a]z,a) |’ — 1(a € Ag(z,a)3 ®)
acA

=Epea) P ¢ (@] g(x,0)|g(x,a) - 1(a € A)g(x,a)|3 ©)
acA

= Ep(aa) 9, 1(a = a)|g(x,a) — 1(a € A)g(,d)|3 (10)
acA

= Ep(w,a)Hg(wv a) - 1<a € A)g(%a)H% (11)

= Ep(m,a)Hg(xva) _g(wva)”% (12)

— Eppa)0 = 0. (13)

where the fourth equality used the fact that A C ft, which holds since k& > k. This concludes the
proof. O

The following lemma simply states that if the integral of a non-negative continuous function f w.r.t.
to some measure £ is equal to zero, then the function must be zero on the support of p.

Lemma 5. Let (X, 1) be a topological space and let F be the Borel sigma-algebra for X. Let
w: F — [0,00) be a measure and let f : X — [0,00) be a non-negative continuous function. If

J fdp =0, then f(x) = 0 for all x € supp|u].

Proof. We show the contrapositive statement. Suppose there exists xg € supp|[u] such that f(zg) > 0.
Since f is continuous, we have that f ~1((0, o)) is an open neighborhood of . Since 2o € supp[u ],
we have that £(f~*((0,00))) > 0. But this means [ fdu > 0 [1, Section 3A, Exercise 3].

We are finally ready to prove Theorem 1.
Theorem 1. Suppose k >k and let (9, ) be a solution® of Problem (1) with hypothesis classes G
(Definition 1) and Q (Definition 2).
1. If Assumptions 1 and 2 hold, then Desideratum 1 holds, i.e. there exists a function
v : supp[p(x, a)] — A such that, for all (x,a) € supp[p(x, a)],
v(a|x,a) =1(a=v(x,a)).
2. If Assumptions 1 to 3 hold, then Desideratum 2 holds, i.e. there exists a mapping
v : supp[p(a)] — A such that, for all (x,a) € supp[p(z, a)],
v(a|x,a) =1(a =v(a)).

3. If Assumptions 1 to 4 hold, then Desideratum 3 holds, i.e. the mapping v : supp[p(a)] — A
defined above is injective.

Proof. 1f (g, ) solves Problem (1), we must have § € G and § € Q. Moreover, since Assumptions 1

and 2 hold and k > k, we can apply Proposition 4 to conclude that there exists a pair (g*, ¢*) € Gx Q
that reaches zero loss. From this, we conclude that (g, ¢) must also reach zero loss, otherwise it is
not optimal.

Thus we have

acA

>Under Assumptions 1 and 2, a solution is guaranteed to exist by Proposition 4 in appendix.
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Since both terms are lower bounded by 0, both terms must equal zero. We start by using the fact that
the entropy term is equal to zero:

Ep(@az)H(G(- | z,2")) =0 (15)

Ep@a)H (- | z,9(x,a))) =0 (16)
Epa)Ep@la)H(G( | 2, g(x,a))) =0 (17)

Y (@)@ H(G( | @, 9(w,a)) =0, (18)

a€supp[p(a)]

where p(x, a) := p(x)n(a | ), p(a) := [ p(x,a)de and p(x | a) := p(x,a)/p(a). The Lhs. is a
sum of positive terms. We thus have, for each a € supp[p(a)],

Ep(m‘a)H(d( ‘ w,g(w,a))) =0. (19)

Since H(G(- | «, g(x,a))) is greater or equal to zero and is a continuous function of x (it follows
from the continuity of g(x,a), §(@ | =,=’) and y — ylogy®), Lemma 5 implies that H(G(- |
x,g(xz,a))) =0, forall x € supp[p(z | a)].

To summarize, we showed that, for all @ € supp[p(a)] and all z € supp[p(x | a)], we have that
H(q(- | z,g(x,a))) = 0. Since
U supplp(z | a)] x {a} = supp[p(z, a)],
acsupp[p(a)]

it is equivalent to saying that, for all (z, a) € supp[p(x, a)], we have H(G(- | =, g(z,a))) = 0. This
means there exists a function v : supp[p(x, a)] — A such that, for all (x, a) € supp[p(x, a)] and all
acA,

g(a|z,g(x,a)) = 1(a = v(z,a)), (20)
which proves the first statement.

To prove the second statement, we rewrite the above equation as
q(a| G(z,a)) = 1(a = v(z,a)), 21

where G : X x A — X x X’ was previously defined as G(x,a) := (x,g(x,a)). For each pair
(a,a) € A x A, define the function G, 4 : X — [0,1] as Ga.a(x) := G(a | G(x,a)). Since g, 4 is the
composition of two continuous functions, namely G(-, a) and ¢(a | -, -), it must also be continuous.
We rewrite (21) as follows: for all & € A, all a € supp[p(a)] and all & € supp[p(z | a)], we have

Ga,a(x) = 1(a = v(x,a)), (22)

Now, fix @ € A and a € supp[p(a)]. It is clear from the above equation that g, 4 (supp[p(z | a)]) C
{0, 1}. But since supp[p(z | a)] is connected (Assumption 3) and ¢, 4 is continuous, we know that
the image g, 4 (supp[p(x | a)]) must also be connected. This implies that §, s (supp[p(x | a)]) is

either {0} or {1}. Thus, there is a function ¢ : supp[p(a)] x A — {0, 1} that outputs the value that

da,a uniformly takes on supp[p(x | @)]. In other words, for all ¢ € A, all a € supp[p(a)] and all
x € supp[p(x | a)], we have

da,a(x) = #(a,a) (23)
1(a =v(x,a)) = é(a,a). (24)
The last equation above implies that v(x, a) is constant in @, for all values of a € supp[p(a)].

This means there is a function v : supp[p(a)] — A such that, for all a € supp[p(a)] and all
@ € supp[p(x | a)],

v(z,a) =v(a), (25)

which shows the second statement.

%1n the definition of entropy, 0log 0 is defined to be equal to zero, which makes y — y log ¥ a continuous
function on [0, oo) since lim,,_, o+ ylogy = 0.



297 To prove the third statement (v(a) injective), we leverage the fact that the reconstruction term is equal
298  to zero:

Epeey Y d(a | z,a) |z’ - glz,a)l3 =0 (26)
acA
Ep(a,a) Z alx,g(w a))g(x,a)— gz a)|;=0 (27)
acA
Ep()Ep(ala) P d(a | @, g(x,a))|g(®,a) — g(z,a)|3 =0 (28)
acA
(29)

299 The term inside the expectation ;4 are greater or equal to zero, thus each of them must be equal to
300 zero, i.e. for all a € supp[p(a)], we have

Epela) Y (0| z.g(z,a))|g(z.a) — g(z,a)|3 = 0. (30)
acA

301  Since the inside of the expectation is always greater or equal to zero and is a continuous function of
s2 @, Lemma 5 implies that, for all z € supp[p(x | a)].

> da| m,g(x,a))llg@,a) - g(x,a)|3 =0. 31
acA

303 To summarize, we showed that, for all & € supp[p(a)] and all € supp[p(x | a)], (31) holds. We
304 can thus derive that

0="> da|z gz a)lg@a) —g(za)l; =) 1a=ov(a)lg(za) - gza); 32)

aeA acA
=3 1@ =v()lglz,a) - §(z.a)l} (33)
acA
= llg(x, a) — g(=, v(a))|3 (34)

305 where the first line leverages (20) and the second line uses (25). This means that, for all a € supp[p(a)]
so6 and all z € supp[p(x | a)],

g(waa) :g(xvv(a»' (35)

507 We now show that v : supp[p(a)] — A is injective. We proceed by contradiction. Suppose it is
s0s not injective. This means there exist two distinct a1, as € supp[p(a)] such that v(a;) = v(az). By
309 Assumption 4, we know there exists an xg that is in both supp[p(x | a1)] and supp[p(x | a2)]. We
st0  note that

g(xo,a1) = g(xo,v(a1)) = g(xo, v(az)) = g(wo, az), (36)
311 where the first equality holds because &y € supp[p(x | a1)] and the last equality holds because
312 @y € supp[p(x | az)]. But this is contradicting Assumption 2. Thus, v(a) is injective. O
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