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Abstract

Transformers have demonstrated great power in the recent development of large
foundational models. In particular, the Vision Transformer (ViT) has brought
revolutionary changes to the field of vision, achieving significant accomplishments
on the experimental side. However, their theoretical capabilities, particularly in
terms of generalization when trained to overfit training data, are still not fully
understood. To address this gap, this work delves deeply into the benign overfitting
perspective of transformers in vision. To this end, we study the optimization of a
Transformer composed of a self-attention layer with softmax followed by a fully
connected layer under gradient descent on a certain data distribution model. By
developing techniques that address the challenges posed by softmax and the inter-
dependent nature of multiple weights in transformer optimization, we successfully
characterized the training dynamics and achieved generalization in post-training.
Our results establish a sharp condition that can distinguish between the small test
error phase and the large test error regime, based on the signal-to-noise ratio in the
data model. The theoretical results are further verified by experimental simulation.
To the best of our knowledge, this is the first work to characterize benign overfitting
for Transformers.

1 Introduction

Transformers (Vaswani et al.l [2017) have revolutionized numerous fields in artificial intelligence,
ranging from natural language processing (Devlin et al., 2018 |OpenAll [2023)), computer vision
Dosovitskiy et al.| (2020); |He et al.[(2022), graph|Yun et al.| (2019); |Hu et al.|(2020) to reinforcement
learning |Chen et al.|(2021a); Janner et al.|(2021). In particular, Vision Transformer (ViT) Dosovitskiy
et al.| (2020) has been developed to advancing the computer vision tasks (Liu et al.| 2021; [Khan
et al.} 2022} |Guo et al.| 2022} [Tolstikhin et al., 2021} [Lin et al., 2014) compared to Convolutional
neural networks. Since then, with the high performance, ViT emerged as a hot area of research and
application. Numerous technologies and methods began to surface, including enhancing ViT’s data
and resource efficiency (Touvron et al.|[2021; |[Hassani et al., 2021} Chen et al.| [2021b; Touvron et al.|
2022)), reducing heavy computation cost|Chen et al.|(2022);|Zhu et al.| (2024)); Wang et al.| (2023).

Recent success brought by ViT has been inspiring an increasing number of works to understand the
ViT through empirical and theoretical studies. The empirical investigation works study the robustness
(Bhojanapalli et al., 2021; [Naseer et al., 2021} [Paul and Chen| [2022} Bai et al., 2021); and the role in
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self-supervision (Caron et al., 2021} [Chen et al., 2021c;|Oquab et al.||2023) and others. On the other
hand side, the theoretical works have been conducted to understand the ViT from the perspective of
expressivity (Vuckovic et al., [2020; [Edelman et al.| 2022}, optimization (Zhang et al.| 2020; Tian
et al.,[2023alb), generalization (L1 et al.|[2023a), and in-context learning (Huang et al., [2023c} |Garg
et al.l [2022; Bai et al., [2024; |Ahn et al.| 2024).

Despite the insightful understanding provided by the above investigations, it remains unclear how
ViTs generalize to unseen data when they are trained to overfit the training data. In particular, the
conditions under which ViTs can exhibit benign overfitting (Bartlett et al.} [2020), where the test error
remains small despite overfitting to the training data, are not well understood. Moreover, prior work
on the optimization and generalization of ViTs often focuses on simplified settings, such as linear
transformers or unrealistic loss functions, due to technical limitations. In this work, we aim to fill
this gap through a feature learning theory (Allen-Zhu and Li, |2020; |Cao et al.,|2022)). Based on a
data generative model with M tokens composed of signal tokens and noise tokens and a two-layer
ViT with softmax attention, we characterize the training dynamics from a random initialization and
the generalization ability of the ViT after convergence. We establish a sharp separation in condition
to distinct the benign overfitting and harmful overfitting regime for ViTs. Our contributions are
summarized as follows:

* We successfully characterize the optimization of the ViT through three different phases in
dynamics that exhibit rich and unique behaviors related to self-attention. Building on the
convergence results, we further characterize the generalization bounds on unseen datasets.

* Technically, we develop novel methods to handle non-linear attention and the inter-dependent
nature of multiple weights in transformer optimization when training from scratch.

* We establish a sharp separation condition in the signal-to-noise ratio in data to distinguish
the benign overfitting and harmful overfitting regimes of ViTs. This separation is then
verified by experimental simulation.

2 Related Work

Benign Overfiting in Deep Learning The most prominent behavior of deep learning is its breaking
of bias-variance trade-off in statistical learning theory, i.e., good generalization on unseen data
even with overfitting on training data. This line of research starts from Bartlett et al.[(2020) who
studied benign overfitting in linear regression, learning data generated by a linear model with additive
Gaussian noises. It is shown that at large input dimensions (which leads to over-parameterization),
the excessive risk of the interpolation can be asymptotically optimal. Hastie et al.|(2022); Wu and Xu
(2020) studied linear regression when both the dimension and the number of samples scale together
with a fixed ratio. [Timor et al.[|(2023) proposed a unified data model for linear predictors and studied
conditions under which benign overfitting occurs in different problems. Besides the studies on linear
models (Wang et al., [2021} Zou et al.| [2021} Zhou and Ge} [2023)), several recent works tried to study
benign overfitting in neural networks (Frei et al., 2022} [Kornowski et al., 2024} |Chatterji et al., [2022}
Xu et al.,[2023)). In particular, Li et al.| (202 1)) investigated the benign overfitting in two-layer neural
networks with the first layer parameters fixed at random initialization. Furthermore, benign overfitting
was characterized in convolution neural networks (Cao et al.,[2022; |[Kou et al.,[2023)), OOD (Chen
et al., |2024)), federated learning (Huang et al., 2023b)), graph neural network (Huang et al.| 2023a)
by feature learning theory (Allen-Zhu and Li| [2020; |Cao et al.||2022)). Unlike existing research on
benign overfitting, this work focuses on ViTs.

Optimization of Transformers Towards understanding the optimization of Transformers, Zhang
et al.[(2020) provided the analysis for adaptive gradient methods. Jelassi et al.| (2022) proposed a
spatially structured dataset and a simplified ViT model and showed that ViT implicitly learns the
spatial structure of the dataset while generalizing. Besides, |Li et al.| (2023b)) provided fine-grained
mechanistic understanding of how transformers learn “semantic structure” for BERT-like framework
(Devlin et al., 2018)). Furthermore, Tian et al.[(2023alb) characterizes the SGD training dynamics
of a 1-layer Transformer and multi-layer Transformer respectively. They focused on the unique
phenomena and the role of attention in the training dynamics. [Huang et al.| (2023c) studied the
learning dynamics of a one-layer transformer with softmax attention trained via gradient descent in
order to in-context learn linear function classes. In addition, |L1 et al.|(2024) provided a theoretical



analysis of the training dynamics of Transformers with nonlinear self-attention within In-Context
Learning. In particular, Li et al. (2023a)) is most relevant to us, as they also study the training dynamics
of ViTs with a similar data model. However, they considered hinge loss and a specific initialization
to simplify analysis and did not characterize the harmful overfitting regime. In summary, while the
above work studies the optimization dynamics of attention-based models, they do not characterize
benign overfitting as we investigate.

3 Problem Setup

In this section, we outline the data generation model, the Vision Transformer model, and the gradient
descent training algorithm.

Notations. For two sequences {x,,} and {y,}, we denote z,, = O(yy,) if there exist some absolute
constant C' > 0 and N > 0 such that |z,| < Cl|y,| for all n > N, denote x, = Q(yy,) if
yn = O(xy,), and denote x,, = O(y,) if z,, = O(y,) and x,, = Q(y,,). We also denote x,, = o(y,,)
if lim |2, /y,| = 0. Finally, we use O(+), £2(-) and ©(+) to hide logarithmic factors in these notations
respectively.

Definition 3.1 (Data Generation Model). Let i, € R? be fixed vectors representing the
signals contained in data points, where ||p+ |2 = ||[pp—|l2 = ||pt]l2 and {(p+, p_) = 0. Then each
data point (X ,y) with X = (x1,Ta,...,x)| € RM*dand y € {—1,1} is generated from the
following distribution D:

1. The label y is generated as a Rademacher random variable.
2. Ify = 1 then x1 is given as p, if y = —1 then 1 is given as p_, which represents signals.

3. A noise vector &5 is generated from the Gaussian distribution N (0,512) (I — py ul .
—2 —2
lellz? = p-pl - ull?)).

4. Noise vectors €3, ..., €y is generated i.i.d from the Gaussian distribution N (0, ag (I -
pp - plls? = popl - pll2?).

5. ®o,...,xpr are given by &s, . .., Epg, Which represent noises.

Our data model is envisioned by considering M tokens of the data points: 1, 2, ..., s, which
can be seen as patches derived from image data. x; embodies the signal that is inherently linked to the
data’s class label, while @2, 3, ..., s represents the noise, which is not associated with the label.
For simplicity, we assume that the noise patches is independently drawn from Gaussian distribution
N5 (I~pypn -l =p-pl-[pll3?) and N0, o3 (T—po po || plly * = - - l1532)),
ensuring the noise vectors remains orthogonal to the signal vectors 4 and p_. Also, if 0, is
sufficiently larger than o, the input tokens will become sparse, which is consistent with the empirical
observation that the atfention and activation values in Transformer-based models are usually sparse
(Child et al., 2019; Robinson et al., 2023). We denote SNR = ||us|2/(c,V/d) to represent the
signal-to-noise ratio.

Two-layer Transformer. We consider a two layer Transformer network with a self-attention layer
and a fixed linear layer, which is defined as:

M
1
f(X,0) = MZ¢(wlTWQW;XT)XWVwO. (1)
=1

Here, (-) : RM — RM denote the softmax function, Wg, Wi € R4 Wy, € R4 denote
the query matrix, key matrix, and value matrix, respectively, and wo € R% denote the weight
for the linear layer. We use 6 to denote the collection of all the model weights. This model is a
simplified version of the ViT model from |Dosovitskiy et al.| (2020), making our analysis focus on the
self-attention mechanism which is the most critical component of the ViTs.

Given a training data set S = {(X,,, y»)}\_, generated from the distribution D defined in Defini-
tion where the subscript n represents the n-th sample, we train the two-layer Transformer by



minimizing the empirical cross-entropy loss function:

1 N
Ls(0) = 5 > ynf (X, 0)),

n=1

where ¢(z) = log(1 + exp(—=z)) and f(X, ) is the two-layer Transformer. We further defined the
population loss (test loss) Lp(0) := E(x ,)~pl(yf(X,0)).

Training algorithm. We consider Gaussian initialization for the network weights Wy, Wy and
Wy, where each entry of W and Wi is sampled from a Gaussian distribution N(0, a%), and Wy,
is sampled from \(0, o2) at initialization. We use gradient descent to optimize training loss L (6),
and the update of W, Wx and Wy, can be written as follows:

WD =W — .V Ls(6(t)),
where W (") can be designated as W, Wi or Wy,

Recalling the ViT defined in Eq. (I, we can intuitively analyze its training dynamics and general-
ization: if more attention is paid to signals, i.e., ] WoW s > @] WoW-&; fori € [M]/{1},
then the vector p(x,; WoW,L X ") X has a higher similarity with signals g4 rather than with
noises &;. In turn, Wy, together with wo have more chance to learn signals p4 and utilize them
to make prediction. At the same time, if vector Wy wo learns signals g+ more than noises &;,
ie., prWywo > §Wywo, then during the gradient descent training, the gradient send to
x WoW L py will be larger than that send to ] WoW,L€;. As a result, more and more at-
tention is paid on signals and the similarity between signals 4+ and Wy wo becomes increasingly
high. Therefore, the Transformer can perform well on new data points. On the contrary, if much
attention is paid to some noises in the training dataset and the model utilizes them for making
prediction and optimizing the training loss, then the model can fit the training dataset well but might
not perform well on the new test data.

4 Main Results

This section presents our main theoretical results which characterize the convergence and generaliza-

tion of the ViT model under different sample size N and signal-to-noise ratio SNR = ||||2/(c,V/d).
The results are based on the following conditions.

Condition 4.1. Given a sufficiently sma%ﬂailurfz probability 6 > 0 and a target training loss

e > 0, suppose that:(1) Dimension d;, = (maux{SNR47 SNR_4}N2€_2). (2) Dimension d =

Q(E_QNth). (3) Training sample size N = Q(polylog(d)).(4) The number of input tokens
M = ©(1). (5) The ly-norm of linear layer weights ||wo|l2 = ©(1). (6) The learning rate n <
5(min{||y,|\2_27 (o2d)~'}- d;%). (7) The standard deviation of Gaussian initialization oy satisfies:
oy < 6(||'wo||2_1 ~min{||pll3 ", (opvVd) "1} d;%). (8) The variance of Gaussian initialization
o3 satisfies: min{ |}, (02d) "} - di - (1og(6N?M2/8)) 2 < 07 < min{llul3?, (03) '} -
d;% . (log(6N2M2/5))7%. (9) Target training loss € < O(1/polylog(d)). (10) The relationship
between o, and &, satisfies G, = Cpa, and C,, = 5v/M.

Conditions (1) and (2) ensure an over-parametrized learning setting, and similar conditions have
been made in the theoretical analysis of CNN models (Cao et al.|[2022; Kou et al., 2023)). Condition
(3) ensures that there are enough samples in each class with high probability. Conditions (4)-(5) are
intended to simplify the calculation, and can be easily generalized to M = Q(1), ||wo||2 = o(1) or
lwollz = w(1) setting. Conditions (6)-(8) ensure that the Transformer can be effectively trained
well. Condition (9) ensures that the Transformer is sufficiently overfitting the training data. Condition
(10) ensures the sparsity of the input token features.

'We use €(-) and O(-) to omit logarithmic terms in the notation.



Theorem 4.1 (Benign Overfiting). Under Condition[4.1} if N - SNR? = Q(1), then with probability
at least 1 — d=1, there exist T = O(n~ e || pl|5 2| woll3 %) such that:

1. The training loss converges to e: Ls(0(T)) < e.

2. The test loss is nearly zero: Lp(0(T)) < o(1).

Theoremcharacterizes the case of benign overfitting. It shows that as long as N - SNR? = Q(1),
the Transformer can generalize well, even though it overfit the training data. To complement the
above result and highlight the sharpness of this condition, we present the following theorem for the
regime of harmful overfitting.

Theorem 4.2 (Harmful Overfiting). Under Condition if N1 - SNR™2 = Q(1), then with
probability at least 1 — d™", there exist T = O(Nn~'e o, 2d ™! |lwoll3?) such that:

1. The training loss converges to e: Lg(6(T)) < e.
2. The test loss is high: Lp(6(T)) = ©(1).

Theorem 4.2|shows that if N~ - SNR™? = (1), the trained Transformer has a high test loss as
a result of overfitting the noises in the training data. Theorem§.T|and Theorem 4.2 reveals a sharp
phase transition between benign overfitting and harmful overfitting.

Comparison with other results. Firstly, compared with CNNs with ReL.U? network result (Cao
et al., 2022)), when signal-to-noise ratio is small (SNR < 1), our results show that ViTs require less
number of samples to gengeralize well, which reflects the advantage of Transformers. Secondly,
previous theoretical benign overfitting analysis of CNNs with ReL.U activations rely heavily on
signal strength ||p|2 and signal-to-noise ratio SNR (Kou et al., 2023} [Meng et al., 2023), i.e.,
SNR? = O(1/N) and require ||u||> to be large enough, while our analysis does not need to
impose restrictions on these conditions. Thirdly, previous works only show when Transformer can
generalize well (Li et al.,[2023a}; [Deora et al.| [2023)), while we demonstrate harmful overfitting as a
complementary, which reflect that our benign overfitting condition is tighter and more precise.

5 Proof Sketch

This section discusses our main challenges in studying ViT’s training dynamic, and presents our
technical solutions to overcoming them. The complete proofs are given in the appendix.

5.1 Vectorized Q & K and scalarized V

Our first main challenge is to deal with the three matrices Wg, Wx and Wy, In contrast to
CNN models, whose convolutional kernels can be treated as vectors and thus allow for a more
straightforward analytical approach (Cao et al., 2022} |[Kou et al.| 2023), the QKV matrices within the
Transformer model are inherently complex to analyze. Moreover, their mutual interactions further
complicate the analysis. To circumvent this complexity, Oymak et al.[(2023) and Tian et al.| (2023a)
merge the key-query weights(e.g. W := W W), Huang et al[(2023c); Zhang et al.[(2024); Jelassi

et al.| (2022) employ a specific initialization (e.g. WC(QO) = WI({O) = I). Although their approach

simplifies the analysis, it is not conducive to showing the dynamics of QKV interactions, i.e., how
Wa, Wk, and Wy affect each other.

In order to simplify the analysis of QKV dynamics without losing rigor, we propose key techniques
called Vectorized Q & K and scalarized V. The basic idea comes from the property that the product
of token feature vectors with the QKV matrices results in vectors, e.g., [,LI Wy, & W, etc., which
are more amenable to analysis. Further, each entry of matrix X Wo W, X T can be regarded as the
inner product of two vectors, e.g., ] WoW - uy = (u] Wg, p) Wi). Therefore, the dynamics
of attention can be studied by analyzing the dynamics of the vectorized Q & K defined as follows:



Definition 5.1 (Vectorized Q & K). Let W) and W) be the QK matrices of the ViT at the t-th
iteration of gradient descent. Then we define the vectorized Q and vectorized K as follows

¢ =piwy . qV=uIwy,  ql =& W,
kg) = HIWI((t)v k(—t) = AU/——FWI((t)a k'gz)i = Sn, zWI((t)7
forie [M\{1},n € [N].

With Definition [5.1] denoting Sy := {n € [N] : y, = 1}, S_ := {n € [N] : y, = —1}, we

further analyze the dynamics of the vectorized Q & K. By carefully computing the dynamic of q( )

we have

1 T T
™ =gl = = N O ulBwb Wi X (diag(elh) — el o)X WD, ()

nesy

where <p( )= <p(a;;in)Wl((t)TXJ) is a shorthand notation, and wEW‘(,t)TXJ and XnW]((t)
can be v1ewed in the following forms

ng‘(/t)TX;r = (NIW‘(/t)wO, IQW( wo,...7£ wo)
b O 4 N AN A
Thus q(t+1) (t) can be decomposed into a linear combination of k( ) and k:( ) Therefore, Eq.

(t+1) ® _ t) ®
() can be further expanded as g - q) kY + Zne&r Z — n + i n 1, where

t ¢ ¢ t 0T ¢ t
@00 ailond) = Wir ¥ >||u||2 oW X (diag(lh) — ok o). Tn-
nesy
(¢ ) is larger enough than o, . then (g} © k(t)> will grow faster than <q$), k:(t)>

n,+,1°
which means token p will pay more attention to pu rather than &, ;. The dynamics of q(_), qff )7,

tuitively, if oy

kgf), k") and k:flt)Z are similar to q(f), and we can study the dynamics of K matries by analysing
the linear combination coefficients such as osz? 1 aﬁfg’i.

As w;';lW‘(/f Jaw, are scalars and their dynamics contain a factor ||wo||3, we define the scalarized V
as follows.

Definition 5.2 (Scalarized V). Let W(t) be the V matrix of the ViT at the t-th iteration of gradient

descent. Then there exist coefficients 'y‘(/)jL 'y‘(/t) R pE,)n ; such that

t 0
niW wo = ui Wi wo + ) lwol3,
pI W wo = uI Wi wo + ) lwol3,
EZ,iW\(/t)wO = 571—,1'W\(/0)w0 + pgf,)n,i”wOH%
forie [MP\{1},n € [N].
With the Vectorized Q & K and scalarized V, one can simplify the study of the Transformer learning
process to a meticulous calculation of the coefficients such as «, -y, p throughout the training period.

So how to calculate the dynamics of these coefficients is a key point in our analysis. In the next
subsection we describe how to handle softmax function and further give bounds for these coefficients.

5.2 Dealing with the softmax function

Our second challenge is to deal with the softmax function, which is the critical component and
introduces non-linear transformation in our Transformer model.

As Wg and Wi are within the softmax function and Wy, is outside the softmax function, we divide
the dynamic of training process into two key aspects: (1) How W and Wi affect Wy ; (2) How
Wy affects W and Wi Next, we present our approach to addressing these two critical issues.



1. How W and Wi affect Wy,:  Without loss of generality, we take a data point (X, y,,) with

() (®)

Yn = 1 as an example and provide the dynamics for vy, and py,,, ; in Wy as follows:

Lemma 5.1 (Dynamics of  and p).

—th) exp(x, W(t)W(t)T +)

TL‘I

) el 3

v+ T v+ T NM
nesyselM] exp(x] WY W T uy) + 2 exp(a] WEWE 2, 1)
k=2

P 0 o ‘ 20C202d —0 exp(a] WY WETE, )
Vin,ig — PVvn,il =
ee[M} exp(@] WY W )+ ];2 exp(@] W WE €0

forie [M\{1},n € Sy, where o = U (yn f(Xn, 0(t))) is a shorthand notation.

2 20_2
In benign overfitting regime where N - SNR? = Q(1), the factor > % is larger than 2"2’}\4"61.

nesSy

Therefore, as long as x, Wé)WI(() /,I,+ are not less than x, Wg)W t)Té’n is VV)JF will grow

faster than p( ) i 10 other words, if q ) and q( ) prefer to align w1th k ) rather than k:fl )1 then Wy,
would prefer to learn signals rather than memorize noises.

2.  How Wy affects Wy and Wjy: Recalling that (aﬂfh,aff’)hz,...,a(t) ) =

n,4,M
oE 2 AR |pell3wf W(t)TXI(diag(gogi)l) (pff)l cpfl)l) where the most complicated part
nesSy

is the matrix (diag(¢,, ®) 1) — gog)ngoff)l) We observe that the matrix diag(¢p,, ®) 1) = wS)ITga(t) has

two important propertles
1. The diagonal elements are positive, while the elements on the off-diagonal are negative.

2. The sum of each row and column of this matrix is 0.
Based on properties |1{and |2 I we can deduce the following conclusion: as long as uIW(t)wO is
larger enough than £T W( )wo, we have ai)+ > 0 and ozgf) < 0, implying that q( )

align ki) rather than k:flt)Z

prefers to

In summary, if more attention is paid to signals, Wy learns the signals faster than it memorizes the
noises; conversely, if W7y, learns the signals significantly more than it memorizes the noises, more
attention will be paid to signals rather than noises. In other words, Wy, Wi and Wy, promote each
other.

5.3 Three-Stage Decoupling

Our third main challenge is to deal with the complicated relation among the coefficients, e.g., v, p, &
Inspired by the two-stage analysis utilized by [Cao et al.|(2022) to decouple the coefficients in CNN
models, we analyze the ViT training process in three stage. In the following, we explain the key steps
for proving Theorem .1} The proof for Theorem [4.2]is similar and we detail it in the appendix.

Stage 1: The analysis in shows that Wy, Wx and Wy, can promote each other. But this

(t)

process of mutual reinforcement requires some conditions, e.g. [,LI Wy, wo is sufficiently larger

than 52’ iW‘(,t)wo which does not necessarily hold for Gaussian initialization, complicating the proof.
Stage 1 was introduced to solve this problem, and Lemma [5.2]formally describes this stage:

Lemma 5.2 (V’s Beginning of Learning Signals). Under the same conditions as Theorem[d.1] there

y ) t /
. LOMEM+1)N such that the first element of vector X, W‘(/ Ywo dominate
nd} (N||pl|3—60M2C202d)|lwo |13

its other elements, that is, MIW‘(,t)wO > 3M - [€,) W, t)wo\for alln € Sy, i € [M]\{1} and
pIWPwo < —3M - €], Wwo| foralin € S_, i € [M]\{1}.

exist T] =



With Lemma[5.2] we can guarantee the monotonicity of attention on signals for ¢ > T}, which allows
us to concentrate on analyzing the growth rate of attention in the following stages.

Stage 2: Note that the output of softmax function has an upper bound 1, thus the out-
put of ViT can be bounded by max{|ul W wol, &) . WP wo|}. By Lemma it

can be proved that there exists 7o = (77*1||;L||22||wo||2210g( N2M2/5)’1) such that:
max{|pI W wol., [€] WP wol} = o(1), and further get 1/2 — o(1) < —61 < 1/2 + o(1).
Therefore, one can simplify the dynamics of the coefficients (e.g., v, p, ) by plugging the tight

bounds of —(’ét). The following lemma provides some bounds for the dynamics of W, Wi andWy,
in Stage 2.

Lemma 5.3 (Dynamics of QKV in Stage 2). Under Condition 4.1} if N - SNR? = Q(1), then
1
with probability at least 1 — d—', there exist constant C, Ty = @(n_ldh el 3 2 Jwo H;z) and

Ty = 6(n—1||u||;2||wo||;2) such that:

T)

pI WP wo > nCllu3lwoll3t = T1), plWPwo >3M -1€] Wi wol,

T

pIWPwo < —nClpl3lwoll3t —T1), pIWPwo < —3M - |&] W wol,

() 1) () (@) (T1) 3, (T)y _ o (T1) 3,(T1) 7*Cllpllzllwoll d2. _ I
(o k) = () ki) 2 log (exp (@ KEV) - (@, ) + el (¢ - 1y)(¢ - 12 - 1))

1
® g 0 B0y > ( (T) BTy _ (g™ 1Ty) 4 n*Copdllplzllwol3dy  _py T 71>
(an kL) = (dnis k) > log (exp ((@yi” k) = (dni” Ko )) N (iogoNa8), (t—=T)(t—T1—1)

Sfori,j e IM\{1},n € [N],t € [T}, T3].

Lemma|5.3]presents the training dynamics of W¢,, W and Wy, under benign overfitting regime
in two aspects: direction and speed, that is,

¢ direction: Wy, wp prefer to learn the signals rather than memorize the noises; more and
more attention is paid to signals, while the attention on noises is decreasing.

* speed: The inner products of 1 and Wy wp grow at a linear rate; the inner products of
label-related vectorized Q & K grow at a logarithmic rate.

Stage 3: As the training process going on, the loss begins to converge, and the loss derivatives

El(t) no longer remain near 1/2. Therefore, the increasing rate of the inner products of vectorize Q
& K and p] Wy wo begins to diminish. Based on the analysis in Stage 2, the atfention is sufficiently
sparse at the beginning of Stage 3. In other words, the attention on the signals is nearly 1, while the

attention on the noises is nearly 0. According to this sparsity, ulW‘(/t)wo will grow much faster
than &, WV )'wo by Lemma L and Lemma [5.4|provides the lower bound of ulW‘(/t)wo.
Lemma 5.4. Under the same conditions as Theorem there exists T3 =
@(n_le_1||u||2_2|\wo||2_2log(6N2M2 /5)—1) such that:

HIW{ wo > log ((exp(u] W™ wo) + 1l ull3lwoll(t - T2) ),

uIWPwo < —log ((exp(~u Wi wo) + nCllulllwol3(t — T2))

fort € [Ty, T3], where C'is a constant, Ty is the last iteration of stage 2.

Convergence: Lemmal5.4|provides logarithmic lower bounds for p ] W‘(,t )

wo. Plugging t = T3
into these inequality, we have \uiW(t)wO| > log (©(1/€)) , then as long as |£,1iW‘(,t)wo|
is sufficiently small, it can be proved that y, f(X,,0(t)) > log(1/e) for all n € [N], thus
Uynf (X, 0(t)) = log(l + exp(—log(1/e€))) < eand Lg(0(t)) < e. The convergence of ViT is
accordingly obtained.



Generalization: Consider a new data point (X, y) generated from the distribution defined in
Definition Without loss of generality, we suppose that the signal token is p and the label is 1,
ie. X = (s, &2, .., &), y = 1. Ttis clear that £ Wo W, py has a mean zero, which implies
that the attention on the signals in the test data may not necessarily be as high as that in the training
data. However, the sparsity of attention during training process creates conditions for Wy wg to
utilize the signals to make predictions, facilitating the generalization of the ViT. We provide the lower
bound for the output of ViT on the unseen data with high probability as follows:

Lemma 5.5. Under the same conditions as Theorem H.1l there exists Tj =
@(n*1671||u||;2||w0||52 log(6 N2> /5)*1), with probability at least 1 — § /N2 M,

log(C/e)

uf(X,0(10) = £ — 1,
where C and C” are constants. Lemma [5.5|shows that y f (X, 6(T3)) is large with high probability,
and through careful calculation, we can provide a small bound for test loss. More details are in

Appendix[D.4]
6 Experimental Verification

We present simulation results on synthetic data and MNIST dataset to verify our theoretical results.

Synthetic data experiments setting: We follow Definition[3.1|to generate the training set and test set.
Specifically, we set token size M = 16 and feature dimension d = 1024. Without loss of generality,
we set oy = ||pll2 - [1,0,...,0] T and p_ = |||z - [0,1,0,...,0]". We generate noise vector &2
from the Gaussian distribution N/ (0, &gI ), where 0p is fixed to 4. Similarly, we generate the other

noise vectors &; for i € [M]/{1,2} from the Gaussian distribution (0, o2 1) where o), is fixed to
0.2.

We consider a two-layer Transformer defined in Section El The dimensions of matrix Wg, Wi
and Wy, are set as dj, = d,, = 512. The ViT parameters are initialized using PyTorch’s default
initialization method, and then they are divided by 16 to ensure that the weights are initialized small
enough. We train the ViT with full-batch gradient descent and learning rate n = 0.1, target training
loss € = 0.01. We consider different traning sample size N ranging from 2 to 20, and different
signal-to noise-ratio SNR ranging from 0.16 to 15.6. We evaluate the test loss with 100 test data
points after training loss converges to €. All experiments are performed on an NVIDIA A100 GPU.
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(a) Test Loss Heatmap (b) Cutoff Test Loss Heatmap

Figure 1: (a) is a heatmap of test loss on synthetic data across various signal-to-noise ratios (SNR) and
sample sizes (N). High test losses are indicated with yellow, while low test losses are indicated with
purple. (b) is a heatmap that applies a cutoff value 0.2. It categorizes values below 0.2 as 0 (purple),
and above 0.2 as 1 (yellow). The expression for the red curves in (a) and (b) is IV - SNR? = 1000.

Synthetic data experiments results: Figure[Ta]shows that as N and SNR increase, the test loss
tends to decrease. As Figure [Ib|shows, the theoretically derived red curve (N - SNR? = 1000)



almost follows the experimental dividing line between the yellow area (test loss > 0.2) and the purple
area (test loss < 0.2). These experimental results further validate our theoretical results, that is, the

sharp condition separation between benign and harmful overfitting, where NV - SNR? = Q1) isa
precise condition for benign overfitting and N—! - SNR™? = Q(1) is a precise condition for harmful
overfitting. More experimental results on the dynamics of QKV can be found in Appendix [A]
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(a) SNR=0.2 (b) SNR=2.0 (c) Test Loss Heatmap

Figure 2: MNIST experiments

MNIST experiments setting: We add Gaussian random noises to the outer regions of the images
with a width of 4. The original images and the noises are multiplied by diferent factors to generate
diferent dataset with specifc SNR. For example, in Figure 2 (a), we mutiply the original image by
1/6 and the noises by 5/6, thus SNR=0.2; in Figure 2 (b),we mutiply the original image by 2/3 and
the noises by 1/3, thus SNR=2.0. We consider a ViT model that consists of two attention layers,
each equipped with four self-attention heads, followed by a MLP with ReLU activation. The training
sample size N ranges from 3000 to 8400 and the SNR ranges from 0.2 to 2.0.

MNIST experiments results: Figure 2 (c) shows the heatmap of test loss, which shows a transition
between benign and harmful overfitting regimes. The larger the sample size N and signal-to-noise
ratio SNR, the better the generalization performance.

7 Conclusion

This paper studies the training dynamics, convergence, and generalization for a two-layer Transformer
in vision. By analyzing the Vectorized Q & K and scalarized V in three-stage decomposition and
carefully handling the softmax function, we give the precise increasing rate of the attention and output
of the Transformer in the training process, and further analyze its generalization performance. Our
theoretical results reveal a sharp condition separation between benign and harmful overfitting. One
limitation of our methodology is our proof technique relies heavily on the sparsity of feature strength,
e.g., we assume the standard deviation ¢, is sufficiently larger than o, ensuring that more attention
is paid to &5 rather than other tokens. One future direction is to generalize our analysis to study other
abilities of Transformers, such as in-context learning, prompt-tuning and time series forecasting.
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A More Experimental Results on Training Dynamics

In this section, we follow a similar setting as the experiments in Section[6] and add more experiments.
All the experiments in this paper can be performed within hours.

Experiments setting: We focus on tracking the dynamics of QKV under benign and harmful
overfitting regime, and the key parameters are as follows:

* M=4
* d =2048
* dp = 1024
* d, =256
* o, =0.05
s, =1

Specifically, we set n = 16, ||p]|2 = 25 as benign overfitting setting, and set n = 10, ||u||2 = 15 as
harmful overfitting setting.
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Figure 3: Training Dynamics Under Benign Overfitting Regime
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Figure 4: Training Dynamics Under Harmful Overfitting Regime

Experiments results: Figure [3|shows the training dynamics under benign overfitting setting, and
Figure 4| shows the training dynamics under harmful overfitting setting. In Figure 3| ] Wo W,
grow faster than wZTWQWI—(r£2, and more and more attention are paid on signal p. Mean-
while, g Wywo grows faster than &Wywo. In Figure 4] o] WoW L€, grow faster than
:clTWQ WI—(r p+, and more and more attention are paid on noise £. Meanwhile, £o Wy wo grows
faster than pu Wy wo. In other words, the ViT prefers to learn the signals rather than memorize the
noises under benign overfitting setting, while it prefers to memorize the noises rather than learn the
signals under harmful overfitting setting.

B Basic Calculation

In this section, we introduce some notations for this paper, and give expressions for the exact gradient
of loss function Lg(6) with respect to Wy, Wi and Wy, .

B.1 Notations
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Table 1: Key notations in this paper

Symbols Definitions
T, the i-th token in the n-th training sample
ifi € [MI\{1}, ®n,s = &n.i.
gogf)l the i-th row of attention for the n-th sample, i.e., go(t) : (a:TTL’in)WI(;)TXJ)
Sy, 5= the training samples with +1 labels and -1 labels,
ie. .Sy ={ne€[N]:y, =1} S_ :={n€[N]:y, = -1}
q(+)7 (f), qifl vectorized Q, defined as q(j) = /,LIWQ(;),qQ) = uIW(”, qff)Z §L-W5)

(t) 7,(t) 4,(t)
k+ 7k7 7kn,i

vectorized K, defined as k(j) = ,uIWI((t), kY = NTWI(;), kif)l = &L-WI(;)

V(t) V(t) V(t_)
— 2 Vni

scalarized V, defined as V" := uI W wo, V" := pT WP wo, V") := €] ;WM w

(t) (t)
Qylt, Oyt

linear combinations coefficients for the dynamics of q ® and qg)
t+1 t t () o® ®
e, q{tty - o),k +Zn€51212 ik

) (®)

n,i,E0 “ngi,n’ il

linear combinations coefficients for the dynamics of qu}i,

(t+1) _ (1) _ () () ) . N Mo (t)
le an qnz_ nz+k t+a "1_k*+zn/:12i/:2 n,i,n’ 1k”

(t) (t)
ﬁ:ﬁ:,dﬂ ﬁn,i,i

linear combinations coefficients for the dynamics of k(t) and k9,
(t+1) ) _ gty _(t) (t) (t)
le k k ﬁ :l:q +Z€Si ZZ Q/Bniz n,i

*)
/Bn,z,j:’/Bn i,n’ i’

linear combinations coefficients for the dynamics of qn e
(t+1) _ g () a + Y, _q® Mg )
1.e., kn,i — kn Bn f + + ﬁn i— + Zn’:l Zi’ 9 /Bn i/ ,L/qn R

RGNS
softmax((qg), kg?)) a general references to ° p(<q+M’ +)) forn € Sy,
(@l KON+ 3 exp(@l ki)
exp((q® &® B
and p(<q‘M =) forn € S—
exp((@® kN4 3 exp(a™ k)
k=2 ’
exp((af; k)

softmaz((q\), k{))

a general references to

forn € Sy,i € [M]\{1},
exp((a), k) + Z exp((a k)

exp((q Efl,k“)»

and forn € S_,i e [M]\{1}

exp((al) k) + 2 exp((al) k)

softmaz((g, k\)))

exp((q(t),k(t)-»
a general references to e forn € Sy, i€ [M]\{1},

M
exp((q!’ ,k$>>>+k;2 exp((a{ k)0
t t -
© 0y

exp({(q_

exp((a) KO+ 5 exnta kil )

and forn € S_,i e [M]\{1}

softmaz((q"), k)

exp((a) k)

M
exp((a b))+ 3 exp((al k0,

exp((a), ,kif’] )

a general references to forn € Sy,4,j € [M]\{1},

and forn € S_,i,5 € [M]\{1}

exp((a k) + 8 expllal k)
A )ivj’AS’?m Ay = (el KY) - <q§§>, ki), Aif,l-,m = (a0 k) — (i k)
\I/nzi = <qn17k > < n'uk > \Iln, <q'n, “kn 2> <qn7)2’knj>
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B.2 Gradient Calculation

Gradient of Softmax. Before computing the gradient of QKV, we solve for the gradient of Softmax
function. Suppose there is an input vector a@ = (a1, as, . . ., @, ), then the softmax function can be
defined as follows:

softmax(a;) = _exp(ai)

MS

exp(a;)

j=1

Then we calculate the gradient of softmax(a;) with respect to a; and a; for i, j € [m],i # j.

D sofoman(ay P i:: exp(a;) — exp(a:) exp(a;)
o ($5 expla) 2
_ _ew(a) ( | _ewla) 3)
> eplay) 3 ep(a)

1

j
= softmax(a;) - (1 — softmax(ai))

d softmaz(a;) eXp(ai) exp(ay)

94 (2 exp(a;))? @

=1
= softmax(ai) . softmal‘(aj)

(3) and show that the gradient of a Softmax function can be represented as a Jacobi matrix
where the elements on the diagonal are softmax(a;) - (1 — 50 ftmax(alv)) and the elements on the

off-diagonal are softmaz(a;) - softmaz(a;). With these properties, the gradient of our attention
vector ¢, ; (i € [M],n € [N]) can be expressed as follows

a‘Pnz
0z, WoWi X,]

) = dzag(ﬂan,z) - So;l;ison,i (5)
Lemma B.1. the gradients of loss function Lg(0) with respect to Wg, Wi and Wy, are given by

1 .
Vw,Ls(9) = NM Z f;z(e)(NergWJX;(dmg(son,l) - <PI71<Pn71)

nesy
M
+ Z Sn,zWEW\—/rXJ (diag(pn,i) — Soz,ison,i))XnWK
=2
7 O (O (pws W X ] (diag(@n1) = @p1Pn1)
nes_
M
+) & iwb Wy X, (diag(pn,i) — ) 1n.i) Xn Wi,
=2
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Vw, Ls(0 M > 600X, (diag(pni) — @ 18n1) XnWywop]
nesSy
M
+ Z X;Lr(diag(son,i) - ‘PrTL,iQDn,i)XnWVwOérj,i)W

=2

1 ‘
“NM f/n(o)(XJ(de(SOn,l) - LPI,ﬁon,l)XnWVwOHI
nes_
M
+ )X, (diag(en.i) — @ 1000 XnWywol, ) Wa,
=2
M
Vw, Ls(0 Z Yynl), (0)[wo Y @(@n WoWi X, ) X))

n=1 =1

Proof of Lemma|B. 1| Considering that in the vector x, Wq W, X,T, the j-th element of =,
(%n,i)[5, is only used to multiply Wy, .1, then we have

i 1€

A, WoWr X))
OWq;,1

= (Tn,i)py) - (XnWk)

And then we get

VGVQMJ(w( nzVVQ‘WGz)( ))(nvvxﬂvO)
= (@0 [a(‘Pn,anWV’wO)
(] WoWEXT)

](XHWK)

Considering all j € [d], we get

‘7MGQ(¢($lﬁ‘VQ“Gz)(degnvvxﬂvo)
a(?nj}(nVVVQUO)

o] ©)
el WoWi X,

)]XnWK
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Vw, Ls(6) Z Ynl (Y (X0, 0)) Vv f(Xn, 0)

1
~NM Z Ynty(9) § :VWQ (SO(wI,iWQWI—(rXJ)XnWVwO)
n=1 1

N
1 (Pn zXnWVwO)
N NACIIE X, W
NM ;y Zm (] WQWTXT)] K

N M
1 O@n.i
:—E 06 § ni( Xy Wywo) T X, W.
NM n:ly 4 )izlm <l vewo) Iz MWQWTXT)] K

N M
1 .
i § ;ynz;<e> > @ iw Wy X, (diag(pn.i) — @ jon i) XaWie (D

i=1

Z é +wO X;Lr(diag(son,l) - 90;[,1907%1)
NM
nesSy
M
+ anlngJX; (diag(epn,i) — ‘PZv‘Pnz))XnWK
=2
1 .
Nii 2 O (u-ws W X (diag(n,1) = @p10n.1)
nes_
M

+ Z&n,lngJX; (diag(pn.,i) — SOI,%Pm))XnWK

=2

where the third equality is by (6], the fourth equality is by chain rule, the fifth equality is by (3), For
the last equality, we expand the equality by materializing all the x,, ; (e.g., 1 = p4 forn € Sy).

Using the similar method, we obtain the gradient of Wi

Mz

vWKLS ynf Xnae))vWKf(X’me)

Z Vwy (p(z,) ;WoWi X)) X, Wywo)

N

Z

i\[: ng/ ZXT Son iXn vao))f:BLWQ
;

Z Yl (

T WoWLIX]

NM
1 Op
= bdl B X, W, T W,
N )Z w3 oz, Wq WixD)' vwo)lenWo ®
NM > 6,0)(X,] (diag(n.1) — @ 1Pn1) Xn Wywopu]
nesy
M
+ Z ‘XnT (diag(son,i) - Sor—zr,igon,i)XnWVwali)W

=2

Z 0n( n (diag(@n.1) — @y 1Pn1) XnWywop!
nES,
M
+ Z X;F (diag(pn,i) — SOI,iSOn,i)XnWVwOEZ,i)W
=2
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The gradient of W7, can be obtained using the chain rule as follows

Vw, Ls(6) Z Ynl' (Yn f (X, 0)) Vi, f( X0, 0)
n=1
N M )

n=1 =1
B.3 Update Rules

Definition B.1 (Scalarized V). Let W(t) be the V matrix of the ViT at the t-th iteration of gradient

descent. Then there exist coefficients 7\(/)—1-’ 'y‘(f) , p&)n ; such that

NIW\(/t) = u+W(O)IUo +’Yv+||wOH2a
pIWPweo = ,,Jw%o + 1 wol3,

T W wo = € WP wo + p\7, llwol3

fori € [M\{1},n € [N]. We further denote Vi) = u+W(t LV = T W‘(/t)wo and
Vn(i) = EliW‘(,t)wo. We refer to it as scalarized V.

Definition B.2 (Vectorized Q & K). Let Wg) and Wf((t) be the QK matrices of the ViT at the t-th
iteration of gradient descent. Then we define the vectorized Q and vectorized K as follows

g\ = N+Wc(2)7 q" = MTWS)» q\s=¢ zW(t

KO ST KWW k- e
forie [M\{1},n € [N].
Definition B.3 (Gradient Decomposition). There exist coefficients agf) T ozgf ) gy (_t)_ Olgf’),,i, aff’)i, 4

’E:)’L — aff)z n’i" -(:,)-i-’ 6£Lt,)+,z’ 69)_, Bg)—,i’ Bﬁbt,)i,-‘r’ 65:1,—’ 67(;1 n' i such that

M
S Ry SRt D WG

n,+,1"vn,i’
neSy i=2

A = g0 - 0 K4 3 30l KO,
nesS_ i=2

Mg, =gt — g = ol K0 + ol kY + Z Za(t) D

n,i,— v — n,i,n’ i’ "n’ i’
n'=1¢=2

Ak(j): k(t+1) k(t) BJF +q + Z Zﬁn—O—l ay),

nesSy i=2
AKD KO R0 Z 50 g0 5 S50 gl
nesS_ 1=2

Rt I PR CIPLRS D) SECRE)

)
n'=14¢=

fori,i' € [M]\{1} and n,n’ € [N].
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Remark. With the scalarized V in[B.1] we can portray the learning process of Wy, on signals and
noises by analyzing the dynamics of 7‘(2)4_, ,Y‘(/t)_ and psﬁ)m (or V_f_t), V_(t) and Vrftl) ) . Also, as scalars,
the effect of Wy on the learning process of W and Wi is more conveniently to describe. With
the Vectorized Q & K in we can decompose a:TWQ Wix X T into the inner product of vectors
g (a generalized reference to g, g— and g, ;) and k (a generalized reference to k., k_ and k,, ;),
e.g. (g4, ki) = p] WoWipy. Then the dynamics of " W Wk X T can be characterized by
analyzing the dynamics of the inner products of q and k, and then further get the dynamics of
attentions. The gradient decomposition in[B.3|comes from (7)) and (8). Note that (7) ends in X, W

and (§) ends in x| :Wq. This suggests that the dynamics of q(t) and q(t)
linear combmatlons of k:( ) and k:g, )Z, and similarly, the gradient of k;) and kf,t )7 can be decomposed
into linear combinations of q(t) and q(t) We calculate « (a generalized reference to ay ., o/fr’i,
a_ _,etc.) and 3 (a generalized reference to B+ +» Bn,+.i» B— —, etc.) in detail in Appendix@

Lemma B.2 (Update Rule for V). The coefficients 7$)+ 'y‘(/) , p&f n,i defined in Deﬁnmonsatisfy
the following iterative equations:

can be decomposed into

t+1 t
'Y\(/+ = 7\(/)+

nHqu S exp((g), k)

M
nes. exp<<q$>, kYY) + ) exp((g}, k)))
=2

) i exp<<q£f§ kD))
=2 exp((q\s k) + kz exp((q, k1))
=2
t+1 t
D = A
nllullz S e exp((g" k<”>>
nes- exp<< O kDY) + z exp((¢”, k"))
M (t) 1.(t)
exp({q,, kY
i3 (( J ) |

=2 exp((g;, k")) + z exp((gs, k)

(t+1) _ (t)

Ving — FVn,i
l &) 1.(0)
eXp(<q ’kn z’>)
i O G0 (3 (s o) : LI
e exp((af) K + 3 expllal), k7,
M ) .0t
eXp(<qn/ ’kn N >)
+Z<£n7i,£n/7i/> ® .0 J ) @
]:2 exp((a k) + 3 expllall k)
< ) .
ST O (s i) (g kY,))
NM resS n i1—9o ’ ’ ) L.(t) M ® 100
n'€S_ i eXp(<Q— k- >) + kz eXp(<q_ 7kn/ k))
=2
+§I<£ s exp<<qﬁ)pk%>>
~ exp(@fﬁ% KO+ 3 explal, K,))
=2

fori e [M\{1},n € [N].
Proof of Lemma|B.2] Base on (9), we have
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M

N
1
xTVWV LS(G)wO = xTW nz::l Z/n%(e)[’wo Z Qo(mn,lWQW; (XTL)T)Xn}TwO

=1

N M

1

a7 2 9nla(®) YT Xl W W (X)) w3
n= =1

1 , exp(@, WoWx i)
= a1 2 Ol Z o) o
€Sy 1=1 exp(x, WoWgpy)+ Y exp(x) WoWik, ;)
j=2
M T T
exp(x, WoWg i)
+) (@, &) i ) lwoll3
i=2 exp(z,) WoWyp,) + ZQ exp(z,) WoWi&n ;)
=
M T T
1 / eXp(mn,lWQWK l""—)
T NM Z bn( Z {(, M
nes_ I=1 exp(:c WQW;{FM )+ Y exp(x] WoWIE, ;)
j=2 ’
M T T
exp(wn,l WQ WK €7L,i)
+) (@ 0) i N woll3
i=2 exp(z, WQWII/L )+ _Z:zexp(:l:;lWQWg&%j)
j:
1 exp(pa | WQW P)
= i 2 La@)(((@ ) TR
nes; exp(pfWoWypy) + Z exp(pf WoWi & i)
X exp(€,, WQWKM+)
+ Z<w7 Il'+> )
=2 exp(€, ; WoWypy) + Z exp(§, ;WoWg &)
- exp(py Wo W& )
+ 3 (. &) B QT Kond
i=2 exp(ufWoWipy) + E exp(pui WoWik 1)
- exp(én, Wo Wi &n.i)
+D (@ &n) R RTaE— )llwoll3
J=2 exp(§, ;WoWypy) + Z exp(§,) ;WoWién k)
1 exp(ul WoWin_)
“NM Z %(@((@&HJ M £
n€s- exp(uIWoWip_)+ 3 exp(p WoWié,x)
k=2
M T
exp(§,, ‘TQQ“f )
+) (@) - )
i=2 exp(§, ; WoWgp-)+ kZ exp(&) WoW &)
=2
Z & exp(p_ WQWI—(rgn,i)
nl M
exp(pIWoWiip_)+ kZ exp(pIWoW i€ 1)
=2
- exp(én, -WQW;sn ) 2
+) (@) : ) lwolls
7=2 exp(§, WoWyp )+ Z exp(€, ;WoWi&n k)

(10)
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where the second equality we expand X, into vectors and make inner products with z, the third
equality we materializing all the x,, ; (e.g., ©,,,1 = p4 forn € S;). Note the orthogonality between
p and &, ;, we can remove many of the terms in this equation. Take & = . as an example, we have

piVw, Ls(0)w
||I‘l‘||2 Z f/ exp(“+WQWKu+)
exp<u+Wngu+>+k22exp<u1wgw;5n,k> .
M T -
ex WoW
+Z P(fm Q K H+) )||wo||§

=2 exp(€, ;WoWy ps) + Z exp(€, WoW & k)

Then we have
WIWE D o — @ TW e — pl (= nVwy, Ls(0(t))wo
-l 5 o explla, ki)
nes, exp(<q$),k$)>) + % exp((g', ki) (12)
k=2

exp«q,gg,km

exp((gy ;. k) + k; exp((a,). ki[%))

M
2 )llwoll
Jj=2
Dividing by ||lwo||3 we get

t+1) _ (@)
W T 'VV +

t t
NM S ) 0y 4 - )
+ exp(<q+ y Ry >) + kEQGXp“qu ) nk>) (13)

. f exp«qg;,km
=2 exp({g' kYY) + S exp((g O kD)
k=2

This proves the update rule for 7&1, The proof for fy‘(f)Jr and pg,)m is similar to it.

Lemma B.3 (Update Rule for QK). The dynamics of " WoW k@ can be characterized as follows

(@D, KDY (g® k<t>>

oL K13+ > Z L )

n€S+z 2
t t t
013+ Y Zﬁm a\.q")
nESJrz 2
(a0 4 3 Sl k)
TLGS+’L 2
)T
(00T + 3580
nesSy i=2
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(gD KDy _ (g k(t>>

__||k(t)H2+ Z Za(t) ) (_t)’ (t)4>

neS_ i1=2

+89 1413+ Y Zﬂn_z (@”,q%)

nesS_ =2
+( ,t),k(j + Z Zan—z nz)
nesS_ 1=2
( ® j)T+ Z Zﬁr(fﬂ 7(:);))
nesS_ 1=2

<q(t+1) k(t+1)> <q(t) k(t)>

n,t ? n,i’

t t t t t t t t
ol R+ G0 ) 30D ) K
n'=11=2

+6++ q+’qn1 Z Zﬁn’+lqnz7qn’l>

n'eSy =2

+ (0l kD 4+ all) k0 +ZZ o) k)

n'=11=2

(t) ®T (t) ®T
( 49+ T Z Zﬂ 414 n’l)

n'€Sy 1=2

(t+1) p(t+1) ) ®
(g, " k="7) = (dnin k)

n,i TLZ’

N M
= oyl KON+ afl) R RD) + 3T al kY kD)

n'=11=2
SCRICVEIRSD D) S M Rh
n'esS_
N M
t t t t t t
+ (kY + o) kD + 373 el k)
n'=11=2
(B(j*q* + Z Zﬁn’fl nt’);r)
n'eS_ 1=2
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<q(t+1) k(t+1)> _ <q(t) k:( )>

+ 0 nyg n,J
_ (t) (t) (t) ) 2.0
oy k+’kn] Z Zan/+lkn]7kn’l>
n GS+ =2

t) (t (t
/37(L]+||q ||2+ﬂnj—q+aq ) +225n]n/lq+,qn,)l>

n'=11=2

<(t ”*ZZ%H )

n'e€Sy =2

6T t T (t) ®)T
(ﬂ(u+ +/67(7/7)j77 ( +ZZB77, 19 ’)l>

n/=11=2

(q (t+1) k(t+1)> (q (t),k(t)'>

) n,j

o (kY + ) Zaﬁf)fl kL k)

n’'esS_

+ 80 g 13+ 80 L @), d™) + Z 25% wald” ad)

n/=11=2
( (,t),k:,t)-i- Z Zan,_l

n'esS_

k)
N M
(Bf(lta)]f‘r +6n]7 +Zzﬁnjn’l nt’);r)

n'=11=2

<q(t+1) k(t+1)> _ <q(t) k:(t)->

n,g 0 'vn,J n,i’

N M
t t t t t t t
= oyl (R k) ol RO )+ TS el k)
n/=11=2
N M
+ ﬁn] +<q+ ’qn z> + B t,)j, <q(j)’q7(7,t)z> + Z Zﬁr(zt,)j,n’,l<q(€)l7q7(lt)z>
n’'=11=2
N M
N CORURRTNUES 3 )

N M
£) t HT t HT
(BT 4B a0 Y ST )
fori,j € [M\{1},n € [N].

Proof of Lemma|B.3] Based on Definition[B.3] we have

AgV = g™ — gV =l K + 3 Z%H ni (14)
nesSy i=2

AR K0 = 40,0+ 3 30 ) s
nesSy i=2
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Then we get
(@D, kD) _ (g k)
nf WS + awSHWET + AW Ny — (a0, kD)
— (g kD) + (g (t)7Ak(t> (g, AR

t t t t t
o EPIZ+ Z ol (kD K
nESJrz 2

t t t t
B9 a3+ S Zﬁfﬂﬂ a\,a\")

nES+ =2

+( NIUESDY Z nﬂkff)z)

neSy i=2

'( T jg: jz:ﬁn—+z i )

nesSy i=2

(16)

where AWS) = Wgﬂ) - Wg), AWI(E) = Wl((tﬂ) - Wi((t), the second equality is by Aqgf) =
pl AW and Ak = pT AW, the third equality is by plugging (T4) and (T3). This proves the
update rule for (qgf), k$)>, the proof for (qr(lt)l, k$)> <q$), k:(t) i) <q£f)l, szf)ﬂ are exactly the same.

Remark. In (T6), note that the magnitude of (k:(f)7 k:i 1) (qﬁf), qfl )Z> is much smaller than that of

[k 12 13, ||q(t) |2, and that the magnitude of an i 6n i Will not be greater than that of a ﬁ+ o+
(We will prove it later) Also, since the learning rate 7) is sufficiently small, the last term of will
be very small. Then (T6)) can be expressed in the following form

< (t+1) k(t+1)> . < (t) k(t)>
= a+ +Hk:(t I3+ ﬁ+ +||q(t) |3 4 {lower order term}

The dynamics of (qflt)l, k:gf)), (qgf) k(t)) (q n) k. ) can be expressed in a similar way. Later we

. . )N, g i "Vn, g
will rigorously explain the so-call {lower order term}.

C Concentration Inequalities

In this section, we will give some concentration inequalities that show some important properties of
the data and the ViT parameters at random initialization.

Lemma C.1 (Lemma B.1 in|Cao et al.[(2022)). Suppose that § > 0 and n. > 8log(4/6). Then with
probability at least 1 — 6,
3N

< lne™ =1} lne [N] sy = —1} < 20

Lemma C.2 (Initialization of V). Suppose that 6 > 0. Then with probability at least 1 — 6,
VO <t
VOl <d;

forie [M\{1},n € [N].

Proof of Lemma It is clear that g W( )wo is a random variable with mean zero and variance
o? |lwo |3 pl3- Therefore, by Gaussian tail bound and the condition that o < O([lwol5"

min{||ull3?, (6,v/d) 1} - dy ), with probability at least 1 — /N M,
LW wol| < ov|wos|pl2V/10g(2NM/6) < d,

-
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Moreover, each element of vector w), W‘(/O) is a random variable with mean zero and variance
0% ||lwo||3. Therefore, by Bernstein’s inequality and the condition of oy, with probability at least

1= 6/NM
|§ wo\ < 20vop|lwoll2v/dlog(2NM/6) < d, *

Applying a union bound completes the proof.
Lemma C.3 (Initialization of QK). Suppose that § > 0. Then with probability at least 1 — 6,

-

2 2 2 2
wl|zo5dy, 0 3|\ pe||507 dp,
H ||2 h < ||q( )||2 < || ||2 h

2 — 2 = 9 }
&ZJ%ddh (O) 307p20,21ddh
L= <llg, 55 < =,

2 2
agaﬁddh 30§Uiddh
5 S || ||2 — s
lisoidn o2 Blmloidn

2 2
&gd%ddh (0) 3d'vp20}2bddh
DT < k) < SR
olonddy, < 16® 2 < 30207 ddy,
DI < ) 13 <

|<qi°>,q<°>>| < 2||p|307 - /dy log(6NZM2/5),
10X, gD < 2llpll25,0%d> - /dylog(6NZM?6),
[k, k)] < 2| uli3e? - v/dy log(6N2M2/5),
@l k)| < 2pl30? - /dnlog(6NZM2 /),
@l k)] < 2l|pl3o? - \/dy log(6N2M2/5),
(al’), k)| < 2l|ll2Gp02d? - /dnlog(6NZM2 /D),
a"), ;)| < 26207d - \/dy log(6N2M?5),
(k) KO )| < 26202d - \/dy log(6N2M?/5),

n,i’ 'vn’

[k kD] < 2| pll26p07d? - \/dy log(6N2M2/5),
(L, k)| < 2l|sl2Gp02d? - /dnlog(6NZM2 /D),
(al?), k)] < 26207d - /dy log(6N2M?/5)
Sori,j e IM\{1}, ¢ € [M]\{1,2} and n,n' € [N].

Proof of Lemma It is clear that each element of vector qsro) is a random variable with mean zero
and variance ||p||507. By Bernstein’s inequality, with probability at least 1 — 6 /3N?M?, we have

0
19415 — lsl3oRdn| = O(lpsl3o7 V/dn log(6N>DI2/5)).
Therefore, as long as dj, = Q(log(6N2M?/5)), we have

2 2 2 2
HNHQUhdh < qu)"% < 3||N||20hdh

2 - 2 ’
Similarly, we have
lxll3ordn g2 < 3||u||30idh7
2 2
G2otddy, . 3d, cpddy,
o < gl < F R,
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Jga,%ddh SJgaiddh

0) 12
< )12 < ,
5 Sl < )
|ll30dn < KQ)2 < 3Hu||%0%dh,
2 2
5202dd 36,202dd
L < k)3 < Rt
c2o2dd 30202dd
L <R3 < =

Moreover, (qﬁ) )7 q§”> has mean zero. By Bernstein’s inequality, with probability at least 1 —

§/3N2M?, we have

(al”,q'")| < 2l|pl3o? - /dy log(6NZM2/6).

We can prove the rest of this lemma in a similar way.
Lemma C.4 (Lemma B.2 in|Cao et al{(2022)). Suppose that & > 0 and d = Q(log(4NM/6)). Then
with probability at least 1 —
G,d/2 < ||€n2ll3 < 35,d/2,
opd/2 < |[€nill3 < 305d/2,
[(€n,is &nrir)| < 255 - \/dlog(4N2M?2/6)
fori, i € [M\{1},n,n" € [N],i# i orn #n'.

D Benign Overfitting

In this section, we consider the benign overfitting regime under the condition that N - SNR? = Q(1).
We analyze the dynamics of V4., V,, ;, the inner product of g+, g, ; and k4, k,, ; during gradient
descent training, and further give the upper bound for population loss. The proofs in this section are
based on the results in Section [C} which hold with high probability.

D.1 Stagel

In Stage I, Vf), VTE? begin to pull apart until \Vi(t)| is sufficiently larger than |V,§tl) |. At the same
time, the inner products of g and k maintain their magnitude.

Lemma D.1 (Gradient of Loss). As long as max{|V."|, [V, [V} = o(1), we have
— 0 (yn f( X, 0(t))) remains 1/2 + o(1).

Proof of Lemma D.1} Note that {(z) = log(1 + exp(—=z)) and —¢' = exp(—=z)/(1 + exp(—2z)),
without loss of generality, we assume y,, = 1, we have

(X 000) = 1

M :
1+exp(37 2 go(xz’le)W[(;)TXJ)XnW‘(,t)wO)
=1
Note that
1 M
t t t t )T t t t t
—max{|[VE] VLIV < 23 e@n, WE Wi X)X W wo < ma{ (VYL VLV
=1

Then we have

0800 2 Ty 2 o 2 30
00D < T O < Ty o < 2
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Lemma D.2 (Bound of Attention). As long as (g%, k$)|, [(a'";, k), [(a, k), (g, k)| =
o(1), we have

17 o) < softmaz((gl K{)) < 7+ o(1)
2 —ol1) < softmaz((g) K)) < 52+ o),
% —o(1) < softmaa:((q@,kff?)) % +o(1),
17— 0(1) < softmaz((g), kL)) < o + o).

ProofofLemma. It is clear that exp(o(1)) = 14 o0(1). Therefore, as long as \(qi), k:g?)| =o(1),
we have
L o= 1 B 1 B
14+ (M —-1)+ (M —1)o(1) 14 (M —1)exp(o(1))

exp(o(1))

< softmax(<qi ,k(t ) <

exp(—o(1))
exp(—o(1)) + (M — 1) exp(o(1))
exp(o(1)) B 1+ 0(1) 1

~ exp(o(1)) + (M — 1) exp(—o(1))

= o))+ (M =1)  Trom+ai—1 ar oW

Similarly, we have
L o001 < softmaz((g® kM)) < Lo
M = qn 3 M )
1 1
in o(1) < softmax((q(it%kfi)j)) < i +o(1),
% —o(1) < softmax((qn Z,kz(t ) < % + o(1).

Lemma D.3 (Upper bound of V). Let Ty = O(%) Then under the same conditions as

nd,} lel3llwoll3
Theorem[|d.1] we have

1
VLIV V2 = 0, )

fort € [0, Tp).

Proof of Lemma[D.3| By Lemma[B.2] we have

(t+1) (@)

V,+
nllulli S eXp((Q(f),kS:)»
e el KY) + kz exp((@), k()
=2
S exp<<q£fi, KY))
=2 exp((qy ), k) + ,? exp((ay;, ki)
=2
nllul3 3N
-—(1 M—-1
=N g (=)
_ 3ull3
- 4

where the second inequality is by Lemmaand —eift) < 1. Similarly, we have

2
(t+1) ) | <« 3nlplls
|’Y 7v,_| > 4 .
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By Definition[B.I] we have

0 s+1 s
v |—|V+()+ZW+) YD) llwoll3]
s=0
0 s+1 s
< v +Z|v( AL woll3
s=0
1 3 2 1
<at 4 PR o

AT

=0(d, "),
where the first inequality is by triangle inequality, the second inequality is by Lemma[C.2] Similarly,
we have |V(t)| =0(d ;%)

By Lemma|[B.2] we have
PV = PV
o & exp((g i%kfﬁ’,-»)
_‘ NM Z é Z Snugn’i/
n’es =2 (t) k(t) (t) k(t)
+ exp((qy’, Kk >)+k2_)2€xp(<q+ Kl k))

exp<<q£?>ﬁkff?,y>>

exp((g}y); k) + k; exp((alf),, k)

M
+ Z £n z7£n’ i’
j=2

(t t
Z él(t Z Eni €Ll i/> eXp(< _)7k£L/)i/>)
0 SNt 17
M s "t S exp((@® kD) + 3 exp((g®? k) an
k=2
i exp((gy);. ki) )
+ Z<£n,i7£n’,i’> ) t) M () ®) ‘
Jj=2 eXp((qn,)j,k, >) + z eXp(<qn j’kn/ k>)
3né2d n
< p? ) 522 2072
< SN M—}——NM MN - 25, dlog(4N2M?/§)
< 2776127d
- N
= O0(nllpl3)

where the second inequality is by Lemma and —Egt) < 1, the third inequality is by d =
Q(ezz\ﬂ‘% > 4N /log(AN2MZ/5), the last inequality is by N - SNR2 = Q(1). Then by

Definition we have

v = v+ Z (oY) — o) Dllwol13]

0 —+1
< v +Z|p$n2 — | lwoll3

1 1
< dy,* +O@llul3) - lwoll3 - O

-

S S
nd} | |3 woll3
= 0(d™ 1),

where the first inequality is by triangle inequality, the second inequality is by Lemma [C.2} which
completes the proof.
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Lemma D.4 (Inner Products Hold Magnitude). Let Ty = O(—r—~———). Then under the same

nd;t |pli3llwoll3
conditions as Theorem[4_1} we have

t t t t t t t t
@t K1 s K K k)1 s )|

n,j n,i° "vn'j

— O max{||l, o2d} - o - \/dy Tog(6NZDI2]5) ),

Kal, a)], [(a a). 14al) a7 )
- O(max{||/,t||2,apd} .02 . \/dylog 6N2M2/6)),

[ SN SO IN I o]

n,i? mn,17

= O max{||l, o2d} - o - \/dy Tog(6NZDI2]5) ),

gt 113, &L 12 = O(||ul|Zo?dy),

)13, KL = © (20} ddy,)

fori,j € [M\{1}, n,n’ € [N] and t € [0, Tp).

The proof for Lemma is in Section Note that 07 < min{[|p||3?, (02d)~1} - d;% :
(log(6N211%/5))*, thus O(max{”u”%, 02d} - 02 - \/dy 1og(6N2M2/5)) = o(1).

Lemma D.5 (V’s Beginning of Learning Signals). Under the same conditions as Theoremd.1| there

. 10M(3M+1)N t .
existT) = — OM(SM+1) such that the first element of vector X, W‘(, )'wo dominate
ndy, (N[|pl|3-60M>CRozd)[woll3

its other elements, that is, Vf) >3M- \Vrfi-)|f0r alln € S4, i € [M\{1} and v < _3Mm. |V(t |
foralln € S_, i e [M\{1}.

Proof of Lemma Let C be a constant larger than 10M (3M + 1), then as long as N - SNR? =
2
Nggjg > Cffg’;;gmcfﬂ), we have N ||pl|5 — 60M>CZo2d > IOM(LJ)NH“HS, and further get

10M(3M + 1)N c 1
Tl - I 2 2 S I 2 2 - O< i 2 2)
ndy (N|pll — 60M2CRopd)|woll3  ndy |ul3woll3 ndy [kl lwoll3

which satisfies the time condition in Lemma[D.3]and Lemma|[D.4] Then by Lemma[D.T|and Lemma
we have

1
SAQIES 5 Fo(l),

1 1

7~ o(1) < softmaz((g}), kL)) < - + o(1),
L o(1) < softma:c((q(t) kz(t)>) < L +o(1)
M - e ] ’
LI o(1) < softmax((q(t) k(t)->) < L +o(1)
M = £ ngll =y ’
. o(1) < softmax((q () 0 ) < i +0(1)
M = Tnio Bl = 3
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fori,j € [M]\{1}, n € [N] and ¢ € [0,T}]. Plugging them in the update rule for W‘QF showed in

Lemma and we have

t+1 t
’Y\(/,+ ) - 7&/)—%

t t
_ nllel3 T e exp((g|”, k)
NM n

M
neseenp((@l k) + 3 exp((al kL)

o3 exp({agy, K1) as)
M
=2 exp((a, k) + 3 exp((all) ki)
nlpl3 N1 L
> e (2 . _
> T2 (5 2 o) - M7 £o(1)
_ nllul3
- 10M

Then by Definition[B:T|and taking a summation, we have

(1) (0) nllpl3
Vil > VY |+le||w0||§
_ gty 10M(3M + 1)N nlliall3
- Y 1
nd;; (N|pl3 — 60M2C202d) |wo |3 10M
(3M + 1)N| |3

45 (N2 — 60M2C202d)

2

Similarly, we have
(3M + )N |13
T .
dpy (N||pll3 — 60M2C202d)

T
v <ay

1
4_

(20)

(t+1) (t)

.. 2nG2d .
Similarly, by |py . — py/, ;| < =% in (T7), we have

Mgﬂ‘ < \va% + Tl%](i?dﬂwo%
10M(3M + 1)N 23 yd
d (N3~ 60M2Co3d) wo 3
20MC2(3M + 1)02d
4f (N |l — 60M2C3o2d)

I
S
>
W=
+

Hwo“g (21)

Il
Q
>
I
+

According to (T9), (20) and 1)), it is easy to verify that VLTI) —3M - |V$1)| > 0and V™) 43101
|VT§§1) | <0, which completes the proof.

D.2 Stage Il

In stage I, (g4, k), (gn,i, k) grows while (g, kn ;). (@n,i, kn, ;) decreases, resulting in attention

focusing more and more on the signals and less on the noises. By the results of stage I, we have the
following conditions at the beginning of stage II

Vit > s v,
v < _3n - v

WV V) v ) = oy ©),
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@™ B @l BT ™ k) e k)

K2

= O max{||ul, o2d} - o - /dy Tog(GN?DI2]3) ),

T1 T1 T1 T1 T1 T
@™, d ) 1@ a ), el gl

= O((max{||l, o2d} - o - \/dy Tog(6NZDI2]5) ),

N T Y S e I o]

n,t n,i vn’

- O(max{||u||2,05d} .02 . \/dy log 6N2M2/5)),

T)
113, 1KS 15 = O (37 d),
@i 13 1k 13 = ©(opohddn)
fori,j € [M]\{1}, n,n’ € [N].
Some of the proofs at this stage are based on the above conditions.

Notations. To better characterize the gap between different inner products, we define the following
notations:

= (q! (t) k(t)> (q (t) k(t)> nes,.

« denote A" qay .k,

n,+,5
* denote A() j=1a ), k:(_t)> (q(_t),k(t)), nesS_.

-denoteAEl)z ny (flt)l,k(t)) <T(L)Z,k:(t)>7 neS;.
« denote A, = (g}, k) — (@}, k), nes_.

_ 1
Lemma D.6 (Upper bound of V). Let Ty = O(nl\ul\%\lwo\lg log(6N2M2/6)>' Then under the same
conditions as Theorem[4_1} we have

t t (t
VOLIVOLV = o)
fort € [0, Tp).
The proof of Lemma[D.6]is similar to that of Lemma[D.3] except that the time T is changed.
_ 1 1_
LetTy, = @(mwguwoug log(6N2M2/5)), then by Lemmaand Lemma we have 5 —o(1) <

—0i) < 3 4 o(1) for n € [N],t € [T, T], which can simplify the calculations of o and 3 defined

in Deﬁnitionby replacing 425” by their bounds. Next we prove the following four propositions
B(t), C(t), D(t), £(t) by induction on t for t € [T7, T5]:

o B(t):
Vf) > nCs || pll3lwoll3(t — Tv)

VY < —nCal|pl3llwo | 3(t — Th)
v >3m v,
v < _3m v,
(t) -1 2 2
V7| <O(d, *) +nCullpll3llwol2(t — T1)

VO < O(dy )+ nCullpl3llwol3(t — T1)
fori € [M]\{1},n € [N].
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19213 1K1 = © (JlulBordn ).
las 213 1% = © (ofohdd ).

1@\, a ), 1@, a1 el a) )] = o(1),
[ N, 1D, KO 1D, KD D = o(1),

fori,j € [M\{1},n,n' € [N],i#jorn#n'
* D(t):
(g™ k) > (g kL)

<q(t+1) k(t+1)> > (q (t) k( )>

t+1 t+1 t t
(@ k) < 0 k)

(kT < (@) k)

n,r? n,j

1

2 4 272

ALY = log (exp(AY ) + Colulslwolbdi )¢ -, +1)
' N (log(6N2M?2/6))

n?Csopd||p3llwol3d;
N(log(6N2M2/5))?

AL 2 tog (AT ) + (=T -Ti+ 1)

n,i,4,j n,i,+,j

fori,j € [M]\{1},n € [N].

. E(t):
g kD), 1@, kD, (@, kY, (g, k)| < Tog(d)

gl KN (@ k) = o(1)

fori,j € [M\{1},n,7 € [N],n # 7.
By the results of Stage I, we know that B(T7), C(T1), £(11) are true. To prove that B(t), C(t), D(t)
and £(t) are true in stage 2, we will prove the following claims holds for ¢ € [T}, Ts]:
Claim 1. D(T1),...,D(t—1) = B(t+1)
Claim 2. B(T}), .. ,B(t) C(Ty),...,C(t),D(Ty),...,D(t — 1) = D(t)
Claim 3. B(T1),...,B(t),D(T1),...,D(t —1),E(T1),...,E(t) = C(t+ 1)
Claim 4. B(T1),...,B(t),C(T1),...,C(t),D(T1),...,D(t—1) = E(t+ 1)

D.2.1 Proof of Claim[I]

By the results of Stage I, we have

gt kT 1™ kT 1@l k) el k) = o(1)

i 0 Vn,j

Assume that D(Ty),...,D(t — 1) (¢t € [T1,T3]) are true, then (qgf),k:gf)% (qm,k(s> are
monotonically non-decreasing and <q(i) k:(s)> (q ,(L 2, k;fg) are monotonically non-increasing for

s € [T1,t — 1], so we have
(@) k), (a0 KL = —o(1),

(g (s) k(8)> (q (s) k(8)>_ o(1),

»Mn,j nz’ n,j
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for s € [T1,t]. Further we have the lower bounds for the attention on signal w4 as follows for
S € [Tl, t]:

softmaz((g'® . & exp(—o(1))
ftmaz((qL” ki) = exp(—o(1)) + (M — 1) exp(o(1))
1
14 (M — 1) exp(o(1)) (22)
1

T 1+ (M 1)+ (M - 1)o(1)

_ 1 o(1)

=17 (1),

where the second equality is by exp(o(1)) = 1 + o(1). Similarly, we have so ftmax((qn - k:(S ) >

ﬁ — o(1). Plugging them in the update rule for fy( %) showed in Lemma and we have

s+1 s
7x(/+ ) VX(/)+
_ el 5 o exp((”, k1))
nes ) B 4 3+ )
+ eXP(<q+ ke >)+k§;2€xp(<q+ ki)
M (s) 1.(s)
exp({q, :, k
L3 (a5 ) o
7= exp((ar K) + X exvl(ar) ki)
—2
nleld N1 1
- (2 —0(1) - M(=— —o(1
ils (o) w5 —o(1)
S llels
- 10M
for s € [Ty, t]. Then by Definition[B.1]and taking a summation, we have
2
(1) 5 v (T) gy nllee3
> 11Cs]|pl|3]lwoll5(t — Ty + 1),
where the last inequality is by VJETI) > 0and M = ©(1). Similarly, we have
VI < Gl ullllwoll3(t — Ty + 1),
_2
By | p&f;rllz) pg)n < L;;’d in and taking a summation, we have
: 2nG2d : 2nC%0%d
Va1 < Vil (= T D)= llwoll3 < [Vl 4 (= T+ 1) = wo 3.
(25)
Combining (24) and (23) we have
t+1 tJrl
VIt 3 vy
21nC202d
> VI (=734 ) B 13— sar (VT (- 1+ )20 )

(N||pll3 — 60M2C2o2d)
1ONM

> VI _ g VI g (-1 4 1)
>0,

where the last inequality is by VJng) > 3M - |V7§fl)\ and requires N - SNR” > 60M/2C2. The proof
for VI < —301 - |V75)ti+1)| is the same.
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Next, we prove the upper bound for Vi and V,, ;. Based on the upper bound of attention(<1) and
—¢/ <1, we have

s+1
Wi <wh - i 2 a6l |umz+§jnun
n€S+
27)
), 3nllell3
Swirt—y
<Ny +0C4|)13
Then we can get that
t+1 T t+1 T
|w,wsvi”+waﬂ—%¢MWMb
T
<vi 4 Z nCillpll3woll3 (28)

s=T1

< O(dy, *) + nCallpl3lwoll3(t — Ty +1)

where the first inequality is by the monotonicity of vy, 4 and the definition of V_, the last inequality
is by the result of stage 1 where Vf_Tl) = O(d™1'). Similarly, we have

_1
V] < 0y *) + nCallul3lwoll3(t — 1 + 1) (29)
which completes the proof for the upper bound of V.
Expanding (23) yields
C202
t+1 (T o,d
VO] < [V 4 ZBT a3 -7y 4 1) 50

< O(d;, ) + nCal l3lwoll3(t — Tr +1)

where the last inequality is by the result of phase 1 where \V,E?;l)| =0(d, %) and the condition that
N -SNR? > Q(1).

D.2.2 Proof of Claim2]

By the results of we have the dynamic of (g, k) as follows

<q(+s+1) k(s+1)> — (gl (s) k(s))

o WCellplSlwol3opdn(s = T1) 1 (31)

- N eXp(AS_’_])

(@ KETY) — () KE)

1*Col|plSllwoll307dn(s — T1) 1 (32)
- N exp(A )
s+1 s+1 s s
(@St kSTY) = (@ k)
1°Coopd||p|l3llwol3oidn(s — T1) 1 (33)
- N exp(AS+ )
<q(8+1) k(sf1)> <q(_5)’k(5)‘>
_ 1°Coopd|p|l3]lwol|3ordn(s — T1) 1 (34)
- N exp(A; )
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(@Y ESTYY — (@) k)

1°Coopd| w3 |woll3osdn(s — Ty) 1 (35)
- N Cexp(A]) )
(a7 k) — (g7 k)
1° Coopdl|pll3||wo 307 dn (s — Th) 1 (36)
B N oAl )
@i k) e k)
1°Coopd?||pll3 | wo |3 dn (s — Th) 1 G37)
o N oA L)
for s € [T1,t]. The seven equations above show that <q§f ), k(is )> (qffz, kzgf )> are monotonically in-

(5) ()

nl’ n,j

creasing and <qi) kz(q) i a ) are monotonically decreasing. Next, we provide the logarithmic

increasing lower bounds of Affilj and Aifji e
By (31) and (33), we have

AgLsilj Aglst ((qfﬂ) k(s+1)> < (s) k(s)>)—(<Q$H),kffj1)>—(qf%k:g))
> 0 Cs || pl|5]|wo 307 dn (s — Th) . 1
- N exp(AL), )
1°Coopd||pll3|woll3ofdn(s — T1) 1
N exp(AYY, ) (38)
n*Cr max{||pll3, opd} || pll5|woll307dn(s — Th) 1
) N oA )
PO lpl3lwol3ds (s —Ty) 1
N(log(6N2M2/6))*  exp(Al), )’

where the last inequality is by o7 > min{||u/|3 %, (o2 )_1}d,:% (log(6 N?M?/5))~2. Multiply both

(s)

sides simultaneously by exp(Am iy

) and get

n?Cr|lpll3llwol3dE (s — Th) .
N (log(6N2M2/5))?

eXp(Aiilﬂﬂ(A(Hl? _A® ) >

n,+,J n,+,J (39)

Taking a summation from T1 to t and get

(s) (s+1) (s)
Z €xp An +,J (An +.J An +7])
S§= T1
t

Z 77207||M||2Hw0||2d (3 - Tl)
S N(log(6N2M2/5))?

(40)

1
n*Cs|lullzwoll3d;; (t

>
~ N(log(6N2M?/8))*

—T)(t - Ty +1).

(t)

By the property that A;, ",  is monotonically increasing, we have

(t+1)
An,-hj

t
(s) (s+1) (s)
) exp(z)dx > Z exp An + J) (An,+7j - An7+,j>

n,+,j S:Tl

(41)

ZC 4 2d§
P Csllulilwolddi (i gy iy
N (log(6N2M?/6))
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(t+1)

By ngT}?: exp(z)dr = exp(ASﬁ;) - exp(Ag_ﬁj) we get
1
20 4 272
ALY > tog (exp(a”) ) + LCBlbblwoladi -, gy 7y 41)). @)
s T N (log(6N2M2/65))

Similarly, we have

2 4 242
Agtlg > log (exp(Agl_)’j) + Csllpllzlwolly b =T (t—T + 1)) 43)
N (log(6N2M2/6))

By (33) and (37), we have

AT = AR = (@l R — (@) k) — (gl k) — () k)

n,t,+,J n,t,+,7 »Vn,g
_ PCsoid|plilwol3otdn(s —T1) 1
- N exp(AY) | )
| PCoos|pl3llwolBordn(s — 1) 1

N exp(AL) | )

_ PCrmax{|ul o3d}oddlul3lwoldodn(s ~ 1) 1

= ' (s)
N exp(A,; 4 )

1
1°Cropd|pl3lwoll3d; (s — Th) 1
N (log(6N2M2/5)) exp(A) )

70,47

Y]

(44)

Then using the similar method as for AS,) + j» We get

1
n*Csopd||p3llwoll3d;,
N(log(6N2M2/5))?

n,i,%+,j

ALED, > tog (exp(ATY) ) + (E-T)E-Ti+1)), @9

which complete the proof. The proof for Claim[3]is in Section[F.§]

D.2.3  Proof of Claim @4
By the results of [F.6] we have

s+1 s+1 s s 7]010||l’l‘||40-2dh
(@ REY) — (g R < iR (46)
eXP(<Q+ ak-',- )
for s € [T1,t]. Further we have

S S S S C 3 2d
exp({al K < exp (0?17 + 2Ol
exp((a k)

s s nC H/””40’2dh
= oxp (g, ) ) - exp (LAETRC ) (47)
exp((q}, k"))

< (i exp (<Q$)a k$)>)

~ 1
For the last inequality, by n <  O(min{u|? (c2d)~'} - d,2), o} <
_1
min{||u|\2_2,(012,d)_1}dh2(log(6N2M2/5))_%, (qsrTl),kSrTl)) = o(1) and the monotonicity
of (qf), k$)> for s € [Ty, t], we have exp (%%) < exp(o(1)) < Cy;. Multiplying both
exp((q}’ k]
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sides by ((qfﬂ), k$+1)> - <q$), kgf))) simultaneously gives
exp((g ™ kST (@Y RETY) — (gl ))

< Cnexp (@, 69 ) - (@ 6 — (g k1)) 48
< nCha| pll507dn,

where the last inequality is by plugging (@6). Taking a summation we have

(@D k(D)

< (T1) k(Tl)) exp(x)dx
< Y el K (0l K - (@, k)
s=T1

: 4 2 (49)
< > nCis|plisohdn
S:Tl

< Ty - nCra| pll307dn
d2
log( N2M2/5)2’

where the first inequality is due to (q ),k(s)> is monotone increasing, the

last inequality is by 7, = O | ) woll;2log(6N2M?/8)~') and o7 <
2 2 h
. _ _ 1 3 ( (t+l),k(t+1)>
minlils? (720) ), Qo(ON2M2/8) % By [ 6 e =
+
exp((g " kL)) — exp((@, BY)), we have
1
(t+1) 4 (t+1) (7)) (T1) dj, 3
<Q+ 7k+ ) < log (<Q+ 7k7+ ) + W) <log (dﬁ), (50)
By the results of [F.6] we also have
( (s+1) k(s+1)>_ <q(s) k(8)> < 77010||M||§0;2th 51
= ks ~ k) s ONTORY D
exp({g—", k"))
(s41) 1.(s+1) () ()~ NC1w05d|pll3ohdn (s) 1.(s)
<qi 7kn,j > < 7kn,j> = £ N - X (< 7k’ﬂ]>) (52)
2
(Y KETVY (gl 10y < nCroo, d”N”QJh 53)
m o Nexp(<qn z’k >)
s+1 s+1 s s 7701004d20}21dh s s
(gt k) — (g k) > - (g ). (54)

Then using the similar method as for <q5_t+1), k$+1)>,
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<q(t+1) k(t+1)> < log (d;%),

mn,

n,t

<q(t+1) k(t+1)> > _log (d%)

Next we provide the upper bound for |<q$+1), k$+1)>|, |(g (t+1) k(t+1)>| By the results of we

7L 7
have

t t t t
> e, Z o), Z B D18 S 185 > 18 = o (W

S:Tl S= Tl S= T1 S:Tl S:Tl S:Tl
fori e [M]\{1},n € St.

Z| n+z| Z|%—z|_ ( %d;%),

s=T1 s=T1

fori € [M\{1},n € S.

t t
S8k YD 18 = O(SNR- N "R, )

s=T1 s=T

fori € [M]\{1},n € St.

t
Z Sz-‘r| Z| nz,—| Z| nzn,]| Z |ﬂ7(f,;,n,i|:0(d;1>

s=T4 s=T, s=T, s=T,

fori,j € [M]\{1},n € Sg.

t
S 1)l 3 180l = O(d by log(on?ar/9)

S:Tl S§= T1
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(55)

(56)

(57)

(58)
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for i,j € [M]\{1},n,n’ € [N],n # n'. Plugging these into the update rule of
(qu7 k$)> (qff)l, k) -} and assume that propositions C(T}), ..., C(t) hold, we have

n,J

t
t+1 t+1 T T s+1 s+1 s s
@ R < @ BEY) 3 g RS — (gl k)
S:Tl
<lfa: PR

+ Z ‘Oé++ k(s k(s Z Zan+z kfzsz’k(S)>

s=T nESUrz 2
+ 8% (gl + > Zﬂn, Hal).q)
nes_ i=2
MCCNCED 3 W
nESJrz 2
(s) ()T
'(_—q— +ZZB”7 ,z n,% )‘
nesS_ 1=2

60
< |< (T1) k(T1)>| (60)

M t
+ Z o IES B+ ST ST ST (ol 1S, D)

s=T, neSy i=2 s=T
M t
+ Z BE 1@ )+ >0 D 18 lldan )
s=T, neS_ i=2 s=T,

+ {lower order term}

= (@™ k)

+0(N%d;i) -o(1) +N.M~O(N*%d;%) -o(1)
+0(N%d*i) o1) + N - M- O(SNR - N ™44, %) o(1)
= 1(g{™ k") + o(N¥d, ) +o(SNR - N3 F)

= o(1),

where the first inequality is by triangle inequality, the second inequality is by 213), the last equality
is by |<q5rT1)7k(_Tl)>\ = o(1) and d;, = ﬁ(maX{SNR‘l,SNR*‘l}N%*z). Similarly we have
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(@ )] = 0(1).

(t+1) 5.(t+1) (T1) (T1 s+1) (s+1) (s) 1.(s)
(al T kST < (gl kS \+Z| ki) = (i ki)

n,t » Vg 0 VnLg » Vg nl’ n,Jg
STl

< | (T1) k:(Tl)>|

qnz » Vg

3 o

s=T n’'=11=2

s () (s)
+Bny+<q+ 7qnz>+5£§,q(_)7q7” ZZ 7]n/lqn/l’qnz>

( nz+k(8)+a(5), k:(s +Zzanzn’l n’l)

n/=11=2
() (&T (s) ()T (s) ()T
(P8 80 305 )|
n/=11=2

T T
<M”wm

+ZmHMwFHZmWM@WM

s=T1 s=T1
+ > lall 1RSI + Z| (ki Ry
anzn,] 2 anznl 1""™Vn,j
s=T =2 s=T,

+ Z Z | 5:1 n’, l|| kS’)l’kSEH

/7ﬁn/\(l7$] vn'#£n) s=T1

+Z|ﬁ |+Z|ﬁm,_|\q, ,a))]

s=T s=T1
t
+ZW>MW+ZZW 1(a%),a\)]
n,J,n,t n,ill2 7,1 n,z
s=T4 1=2 s=T1

+ Z Z |/8 ,]n’l” ’l’q5182>|

n'#nA(#iVn' #n) s=T
+ {lower order term}

= (gn k)]
+ O(dh ) (1) + o(d*%d,ﬁ log(6N2M2/6)> - 0(0202dd))
+M- O(df) o(1)+ N - M- o(d—%d;% log(6N112/3)) - o(1)
+0(N%d,ﬁ) ~o(1)

= (a7 k) +0(d, )
+0 (d*ad; ) + o(Nd*Ed; T 10g(6N2 M2 /5))
=o(1),

N M
n z + S)’k(ﬁs,;> + asz,7<k9)7k%s,g> + Z Zan wn', l<k(8’ l’k5153>

(61)

where the first inequality is by triangle inequality, the second inequality is by (T96), the second
_1 _3
equality is by o7 < min{||p|5?, (02d)™} - d;, * - (log(6N2M?/5)) " 2, the last equality is by

I

T
q7(zll)7

BTV = 0(1),d = Qe 2N2%dy, ) and dj, = O max{SNR* SNR4}N2e-2).
n,j
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D.3 Stage II1

In Stage III, the outputs of ViT grow up and the loss derivatives are no longer at o(1). We will
carefully compute the growth rate of V3 and V), ; while keeping monitoring the monotonicity of

(g, k). By substituting t = T = © (m) into propositions B(t), C(t), D(t), £(t) in Stage
2 2
II, we have the following conditions at the beginning of stage III

VI Vv = o(1),
DATM < —3M - |Vﬂ5)
10" 13, 16213 = © (lluli3ordn ).

gy 15 113 = © (o307 ddn ).

T
(@™, ¢, [(g" ,q,ff)>| a2, q(2))| = o(1),

T T T T: T T
S ) T KT RS B2 = 0(1),
fori,j € [M\{1},n,n' € [N],i £ jorn#n'.

AT > o (exp(A™Y )+ © di
n,t,j g( Xp( nd:,]) (N(log(GNQMQ/é)):)‘))

de%
A, > log (exp(Al) ) +© i
= ( = (Nllull 2 (log(6N2M2/5))° 5))

T, Ts) o) 1.(T2 Ty Ts) T, Ty 3
(@ KL 1@ ) @ R @, Ry < os(dy)
Ty) To) (T
(@™ B ) ki) = o(1)

fori,j € [M]\{1},n,m € [N],n # 7.
LetT; = © (m) , Next we prove the following four propositions F(t), G(t), H(t), Z(t)
by induction on t for t € [Ty, T3]
o F(t):
v >3m0 -V,
v < 3m- v,
Vil = o(1),

1
tog ((exp(V™) + nCurllul3llwo 3 — T2)) < VI < 210g (0(2)),

1
~210g (0(2)) < V) < —log ((exp(—V™) + nCurl|ull3wol3(t — To) )

fori € [M)\{1},n € [N].
* G(t):
013, 1K13 = O 3o,
a3 %013 = ©(o3oRddn).

1@\, a ), 1@, a1 (el a) )] = o(1),
[ ) 1R B (R, KL ) = o(1)
fori,j € [M\{1},n,n' € [N],i £ jorn#n'
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(t+1) k! (t+1)

(@t kL),
(q ffl,k“b
(@ k),
) k)

(g3
(@
(qx
< (t%—l) (t{—l)

fori,j € [M]\{1},n € [N].
* I(t):

v

t+1) k t+1

IA

)=
(t+1) k t+1)>
)
)

IN

g, kD), 1@, kO 1@l kY, (gl k)| < Tog(e ),

@l k) (g, kY0 = o(1)
fori,j € [M\{1},n,n’ € [N],n # 7.

By the results of Stage II, we know that 7 (1), G(T%), Z(T%) are true. To prove that F(¢), G(¢),
H(t) and Z(t) are true in stage 3, we will prove the following claims holds for ¢ € [Tz, T3]

Claim 5. H(T5), ..., H(t — 1) = F(t+1)
Claim 6. F(t),G(t ) H(Ty), ..., H(t—1) = H(t)

Claim 7. F(Ty),. (t),H(TQ), CWH(E—1),T(T), ... I(t) = Gt + 1)
Claim8. F(Ty), ..., F(t),G(Ts),...,G(t), H(Ty), ..., H(t — 1) = T(t + 1)

D.3.1 Proof of Claim[3

The proofs for Vf) > 3M - |V(t | and v < _3Mm- |V,§? | are the same as for Based
on H(T5),...,H(t) where (qi),k ) and (qnz,k ) are monotonically non-decreasing and

m]z'aux<q§E ) k:gL 3} mjax(qn 2, k; 3) are monotonically non-increasing for s € [T5,¢ — 1], we have
1
df
A(S) > A(T2) > A( h o)
Lz > log (exp(A{L )+®(N(1og(6N2M2/5>)3)>’ (62)
dez
(s) (T2) (T1)
Aniceg 2 Mnii 2 log(eXP(AniiJ”@(Nnull 3 (log(6N2112/5))° ) ®

fori,j € [M]\{1},n € [N], s € [T5,t]. We further get
exp((q “,k“>>>
exp((q¥ kL)) + z exp((q¥ k()Y

] =

exp((q¥ k)

T Cexp((gt, kL))

1
c eXp(Agf,)i,j)
) . (64)
< 1
(Ty) d}?
Cexp(A, ) ;) +© ( N ( 1og(6N2M2/6))3)
. 1

(S lmmaT)
N (log(6N2 M2 /5))

O(N( 1og(61;1;M2/5))3 )
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For the first inequality, by (62) and the monotonicity of (g*), k(%)) ((qiq ),k(s)) is increas-
ing and <q(i),k:£b;> is decreasing), there exist a constant C' such that Cexp((q;),k(s)» >

exp((quS ), ki )+ /22 exp((qi ), kflz )). The second inequality is by plugging (62). Similarly, we

have

exp({g), k)

exp(@CL BN + 5 exp((gL kL))

= 7 Vn, g’
< (65)
Cexp(Ay) 1)
_ O<N||u||§(log<6N2M2/6>>3)
o2dd?
Plugging (64) and (63) into the update rule of py., ; in Lemma[B.2]and get
Pnd = PVl
N (log(6NM?/3))" N||p|3 (1og(6N 112 /6))*
— |£l(é)| ||£nz|| 1 +O 1
NM 2 ( ( a ) ( o2dd? ))
N (log(6N2M2/6))° N2 (log(6N2M2/5))°
+ 57 0] € o) - (O PN/ o MlaQoslOXZAL/D)
n'£n\Vii/ dp o2ddy;
3770 d (O(N(log(6N2M2/5))3) +O(N||,u||§(log(6N2M2/6))3))
= 2N d? o2dd?
N (log(6N2M?/6))? N||p|2(log(6N2M12/5))*
+NMN M2 \/m\/&(o< (Og( . /)) )+O< HN”Z( Og( . /))
dp, opddy;
3 3
2 No2d(log(6N2M?/5)) N3 (log(6N2M?/5))
= NM'(O( I >+O( az ))
h
_ (naﬁd(log(ﬁNQMQ/@) n\lullz(log(6N2M2/5)) )
a2 a2
(66)

where the second inequality is by Lemma and |€;§t | < 1. For the last inequality, since d =
Q(e’zdeo .we have N - M - 262/dlog(4N>M?/§) < $52d. By Deﬁnitionand taking a
summation we have

Ve < v+ Z 65D — ol llwoll2
s=T5
<IN+ T - ol = ol lwol3
1 nan(log(GNQMQ/é)) 77Hu|| log(6N2M2/5)
30(1)+@( > 2)~O( . T i ’ )~||wo||§
nellplizllwolls dz d2
o2d(log(6 N2M?2 /6 log(6N2M2/5
:O(1+O(p(g( l/)) (log( /)))
elpllzd; 6d2
=o(1)+0(1)
:0(1)7
(67)

46

)



where the first equality is by N - SNR* > (1), the second equality is by d =
Q(max{SNR4, SNR74}N2672). Then we have a constant upper bound for the sum of V,, ; as

follows:
Yo V= (M =1)-0(1) < Oy

ie[M]\{1}
forn € [N], s € [Tb, t].
Expanding (64) and (63) we have
exp((al” b)) 0 <N<log<6N2M2/6>)3> _o), @8
exp((gt”, k{)) + ZQexp«q; k) &
J'=
where the equality is by dj, = (maX{SNR4 SNR™*}N2e _2)
( ) 1.(s) 2 2772 3
ex ik N log(6N“M*/d
S S S S 2 2
exp((q7), k{)) + _ZQexp«qui,kfl,;») opdd;
Jj'=
where the equality is by dj, = (maX{SNR4 SNR ™} N2 _2) Then we have
softmax((qi ,k: >) >1—(M—-1)-0(1) >1-0(1), (70)
softmaa:((qn z,k: >) >1—(M—-1)-0(1) >1—-0(1) (71)

fori € [M]\{1},n € [N],s € [T3,t]. Next we provide the bounds for —0{*). Note that Uz) =
log(1+exp(—z)) and —¢ = exp(—z)/(1+exp(—2)), without loss of generality, we assume y,, = 1,
we have
1
U (f(Xn,0(s))) = (72)
1+ exp(7 z el W W (X)) X Wy wo)

M
where - Z w(mz,lWés)WI((s)T(Xn)T)XnW‘(/S)wO can be bounded as follows:

Z lWQS)WI((S) (X)) X, W wo

M
1 S S S
= —((sotmaz((g% k) + > softmaa((al) kL)) - n Wi wo
1=2
+ (softmaac((qi%kii +Zsoftmam <qnsl),k£f§>)) ;L'—JW‘(/S)wO) (73)
Jje[M\{1} =2
1 s
= 57 (M- (o) -V 4 M0 Y V)
JE[M\{1}
(s)
A
- 2

for s € [Ty, t]. The second equality is by plugging (68). (69), and (71), the inequality is by
VJES) > 3M - |VT§‘?\ for s € [Tx,t]. Similarly, we have
M

1

o7 Z cp(m;lwg)W}?T(X,L)T)any)w
- zE[]M]\{l} ’ Vi

_ v

=V
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Plugging (73) and (74) into (72) we have

1

U (f(Xn,0(s))) = i
1 T ($)yx ()T T (s)
1+ eXP(H Z 90<wn,lWQ Wi (Xn) )XnWV wO)
=1

1 (75)
1+ eXp(V_&S))
= Cw(e)

exp(V,;")

Y

where the first inequality is by plugging (74). For the last inequality, note that VJ£T2) > 0 and Vf) is

monotonically increasing, so there exist a constant C'g such that L o Clﬁ(s> . We also
1+exp(V+ ) exp(V+ )

have the upper bound

(X 0(5) = :

M
1+exp( 2 o] WEWEIT(X,)T) X, W wo)
=1
c_ (76)
T 14 exp(VY)2)
1
ST oy
exp(V+ /2)

Plugging (70), (71) and (73) into the update rule of 'y( ) and in Lemma and get

s+1 s
71(/,+ ) 'Y\(/)+
T e exp((a}” K1)

n
nesi exp((gl”, kL)) + z exp((gy”, k%))

) f exp<<q£f§, kL))

7= exp({g,). k() + ,§2 exp((a,y: k)

77”/””2 Z él(s 170(1)))

(77)

’I’LES+
nlpls N C
e e T
exp(V,")
- 77017||;(t|)|3
exp(Vy™)

where the second inequality is by (73). Then by definition[B.I] we get

s s s s C 122 2 wo 2
VJE +1) Vi ) _ (’y\(/,il) _’Y\(/)Jr)”wO‘P > n 17” H2l|s) ”2
XP(V+ )

Multiply both sides simultaneously by exp(Vf_s)) and get
s s+1 s
exp(V_,(_ ))(V_f_ ) V_f_ )) > nChr||pl3llwoll3
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Taking a summation from 75 to ¢ and get

t
> eV (Vi - i)

s=T5
i (78)
> 3 Gl lwol
S:T2
> nCrllpll3llwoll3(t — Tp +1)
By the property that V_ﬁs) is monotonically increasing, we have
VJ(rtﬂ)
S) (s+1) (s)
exp(z)dr > exp(V. V -V
v{T2) SZT:Q +) (79)
> nCur||pl3lwoll3(t — To +1)
(t+1)
By f;/}z) exp(x)dx = exp(VfH)) - exp(ViTQ)) we get
+
VI > log (exp(V{™) + nCurllpllwo 3 — T2 + 1)) (80)
Similarly, we have
VY < —tog (exp(~VI™) + nCir |l lwol3¢t — T + 1)) (81)

Next we provide upper bounds for VSH) and Vf”l). By the update rule of 7‘(;)+ and in Lemma
we have

s+1

€/+ = 7\(/)+

77||.U||2 Z g/(s) eXP((Qf),kf)))

M
nesy exp(<Q+ ,Ic(s ) -|-k2_:2exp(<qJr 7k£lsk>)
M (s) 1.(s)
exp((q,, ;, k

3 (9 )

=2 exp((g\) kL)) + kz exp((g(), kL))
=2

nllpll3 Z _&(s).M

<

NM <

o3 BN
TN epvY)2)
__ 3nllull3
dexp(VEV/2)

where the second inequality is by (76). Then by definition [B-I] we get
- 3nllull3]woll3

VISV = O ol < e "
Further we have '
exp(VE2) < vy 24 SO
+
3n|p3]lwoll3 (83)

(s)
=exp(V,."7/2)-exp
( + / ) (8€Xp(v_,’(_s)/2)

< Cis eXP(Vf)/Q)-
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For the last inequality, by < 5(min{u||2_2, (o2d)~'}- d;%) V(Tz) = O(1) and the monotonicity

of V+( » we have exp(%) < exp(o(1)) < Cy5. Multiplying both sides by ( s“)/g

+S) / 2) simultaneously gives

exp(VET /2) (vf“) /2-v) /2) < Cisexp(V¥)2) (vf“) /2-v /2)

84
_ 3nCas|wl3lwol3 A
- 8
where the last inequality is by plugging (82). Taking a summation we have
vt g
(TZ)/2 exp(z)dx
< Z exp(V{ 0 j2) (VI 2 v 2)
S= T2
< Z 3nCis||ml3wol3 (85)
8
S:T2
( 1 ) 3nCas||pl3llwoll
nellpl3lwoll3 8
1
=0(-)

VD
By [ (Tz)//2 exp(z)dz = exp(Vf_tH)/Q) — exp(V_‘(_TQ)/Q) we have

1 1
Vfﬂ) < 2log (exp(V+(T2)/2) + O(E)) = 2log (O(E))
Similarly, we have

AR —2log (O(%))

D.3.2 Proof of Claim[6]

By H(T%),...,H(t — 1), we have softmax((qgf), kS_Lt))), softmax((qff)“ k:(t)>) =1—-0(1) and
softmax((q(t) k:(t) i) softmax((q(t) 3 )) = o(1), which have been proved in By the

n,i) "Vn,j
results of [F4] we have the signs of o and 3 as follows:

®  ,® (t?+7ﬁ(t) ORI ®) OREES 0,

SAREINC A — =14 Xl s P i P =i =

glt)+ 170[,,(;’)7717 S)anvﬂ(t) +7/8(t)z *’5(?77’7,1 ~ 0.
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Then combined with G(T') and we have the dynamics of (g, k) as follows:

<q(t+1) k(t+1)>7< (t) k:(t)>

—a++||k(t)||2—|— Z Zaglz k(t (t)A>

nesSy i=2
M
B 13+ >0 S0 8%, (@ al)
nESJr =2
(86)
() 1.(t) ®)  p®
MENUED 35 D)
neSy i=2
t HT t T
(0T X 3R 0
nesSy i=2
= a$)+||k(t) % + 6+ +||q(t) |3 + {lower order term}
>0
Similarly, we have
(@ kY — g™ kY > 0. (87)
1 1
(ant” KE) — e k)
N M
t t t t t t t
= ol IR 13+l kS ED) + 37N all e R
n'=11=2
+ﬂ(t) qsf)’qf’bt)z Z Zﬂ(t)-i-l fzt)wq(t')ﬂ
n ES+Z 2
N M (88)
t t ¢ t ¢ ¢
+ (ol ok +alll KO+ 3 S alh L kD)
n'=11=2
( ++q+ T+ Z Zﬁn 419 n/l)
n €S+ =2
= o, D13 + B, a3 + (lower order term}
> 0.
Similarly, we have
<q(t_+1) kg+1)> (q (t) k()> (89)
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(@ k5 (e k<3>

t t) t t t
(ORNIUAEED'S Zafjﬂ kY kD)
n’'€Sy 1=2

= alf),

+8 a3+ 8L (al,q") +Zzﬂ< “.al)

,7,m/ q+ ’qn’l

n'=11=2
(90)
(#) 4,(t)
(a++ + Z Zan 4.1k )
n’eSy =2
N M
T T
(ﬁ(,3+q ! +anfq* + Z ZB g/ 14 t’)l )
n/=11=2
S)Jr y ||k£f)]||§ + ﬁ,(i)j’+||q(+t) |3 + {lower order term}
<0
Similarly, we have
1 1
(@ kDY (@ k) <0 1)
(s k) = (@i k)
N M
= nz+<k$7k£7,t)j>+ 7(’:)1, k(—t’k(t +Zzanin’l ’l’k'ELt)]>
n'=11=2

+ 6(7] +<q5_ ,qn Z> + ﬂ(t) (t) (t)

N M
O @.d+ 33 8Y ® ®

n,j,n’,l qn’ l’qn z>

n'=11=2
®)  .( ) B g N (
t t t) t)
+( nz+k: nsz* +Zzanzn’lk’l) (92)
n’'=11=2
N M
T T T
) (@:)Hqgf) +5§f) 0T 4 Z s o ’lq(t')l )
n’'=11=2
(t)

t t (t
= ol lk 513+ B illas0 13
+ {lower order term}
<0,

which completes the proof. The proof for Claim[7]is in Section [F.IT]
D.3.3  Proof of Claim[§]

By the results of [F.9] we have

1 1 nChollpll3oidy log (O(1)
(@Y ) — (g kD) < 27,105 (0(2)) 93)
exp((@}), k1))
Further we have

C dp 1 O
exp((g! ) KL) < exp (g k) + tollulzidn log (O(;)

exp((g}, k) )
nChollpl3o7dn log (O(1)
= exp <<Q$)vk$)>> - exp ( : h(t) (t)( )) O
exp((qy’, k1))

< Cryexp (<Q$), k$)>)
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For the last inequality, by 7 < O(min{pu/;?, (02d)~'} - d), ), of < min{[|pll3? (o2d)~"} -

dy* - (log(6N2M2/5)) 2, (g™, k(™)) =

nCiollullio} i log (O(1))
exp((g{” k("))

((qﬁfﬂ), k$+1)> - (qf)7 k(ﬁ))) simultaneously gives
exp(<q(t“) k(”1)>)((q$+1),k$+1)> _ <q$),k$)>)
< Crexp (@ k1)) - (@ RE) = (g kD)) 95)

1
< 1Cs|pllz0Rdn log (O(2)),

where the last inequality is by plugging (93). Taking a summation we have

o(1) and the monotonicity of <q§f), k$)> for s €

[T1,t], we have exp ( ) < exp(o(1)) < Ci;. Multiplying both sides by

<q(+t+1),k$‘+1)>
< (T2) k(T2)> eXp(a:)dx
< Z exp({ s+1) k““’))((qfﬂ),kfﬂ)) B (qf),k$)>)

1 96
< 3 wCulluliotdnios (0(L) o0

s=T5
1
< Ty - nCha|lpl|307dp log (O(E))

_of d? log (O(1)) )
e(log(6N2M2/5))?

where the first inequality is due to <qu) k(s)> is monotone increasing, the last equality is by
T3 = Oy 'e *IIMIIQQHonIz ). |woll3 = ©(1) and o7 < min{|ully?, (opd )*1} dy 7

ETYRETY) (t+1) p(t+1) ) g (T2)
(log(6N2M2/5)) % By f o, ’<T2> (g, k) —exp (g™, BY)),
we have

o)

exp(z)dr = exp

where the last inequality is by (g} (72) kiT2)> <log (d ) By the results of [F.9, we also have

(gD By _ (g @y < 1nCuollpll307dnlog (O(1))
L R ® 0 '
exp((g- )

(98)

(@) KEDy (gD B0y > _ nCroyd|pl3odnlog (0(1))
s Mg =

+ » g N : exp((qg), kizt,)]» 99)

(@D kD) (g k) < 7701002d||l~t||20;2thlog (0(1))

o ), (100)
NeXp(<qm,k )
C 472524, 1 o1
(1K) (aly  IOER O ) k). 0
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Then using the similar method as for (q(Hl), kEfH)

b ), we get

1
(@ KUYy <log(e1dp),

(@8, kYY) > —log(ed2),

1 1 1,5
(@ k) <log(etdyp),

1 1 1 .3
(@ BTy > “log(etd?),

Next we provide the upper bound for \(qgfﬂ)7 k:gfﬂ)) l, Ka,, (tH) k(t+1)>| By the results of , we

b) n j
have

S0, L3 [ l_O(SNRQ(log(6N2M2/6>)310g(0<1>)>
n,+,i1? n,—,2l ’

1 (102)
s=Ts s=Ts Edﬁ
fori € [M]\{1},n € St.
t
Z O, Z 1S 188, Z 89, Z 189 .1, Z 1850,
S= TQ S= T2 S:Tz S= T2 S= T2 S= T2 (103)
B O(N(log(6N2M2/5))3 log (0(5)))
ed}% 7
fori € [M]\{1},n € St.
t t t
Z gl Z O N S T S N S T W S e Z 181 .
s=T5 s=T5 s=T5 s=T5 s=T5 s=T5 (104)
:O((log(6N2M2/§))3log (O(%)))
ed?
fori,j € [M\{1},n € Sy.
i log(6N2M?/5)) " log (O(%
Z S)zn/,j Z‘B(t]n/ (( g( /)) g( ( ))) (105)

1
S:T2 S= T2 Gd 2 dﬁ
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fori j E [ \{1},n,n" € [N],n # n'. Plugging these and proposition G(t) into the update rule of
|< i ) ; >| |<qm,k(t))| and get

t
1 1 T: T: s+1 s+1 s s
gl B < g RIS el R — (gl KY))
S:Tz
T: T>
< |< (T2) k:( )>|

+ Z ’a++ k(s B Z Zoz kffz,k@)

s=T5 nESUrz 2
+6% (g, q) + 3 Zb’n, Has).d)
neS_ i=2
(a+)+k(é) + Z ZO{,EIS)_,'_Z nz)
n€S+Z 2
(BT S g a\)")|
neS_ i=2

< |< (T2) k(T2)>|

+Z|a I P,k“|+zzzwan+l kO, k)]

s=T5 n€S+L 2 s=T>5
t) t
+ Zm&,nq+ )+ Y ZZ 182l (a )]
s=T5 nesS_ i=2 s=Th

+ {lower order term}

T: T:
= I}, )

N O(N(log(GNzMz/?))fﬁog (O(% (log(6N2M2/5l))310g (0(5))) o(1)
edp, edp
3 1 3
O(N(log(6N2M2/f)) log (0(;))) (1) £ N M O(SNRQ(log(GNQMi/é)) log (O(
ed;, ed;,
IICSIVAN 0(N<log<6N2M2£>)3log Oy, (X SNR?(long?dz\f/&))?’log ©6))
€ h €

)))-o(l)+N-M~O(

a =

=o(1),
(106)

where the first inequality is by triangle inequality, the second inequality is by 213), the last equality
is by |<q5rT2)7k(_T2)>\ = o(1) and d;, = Q(maX{SNR‘l,SNR*‘l}N%*z). Similarly we have
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(g KDY = 0(1).

(@Y kDY < (gl Bl |+Z| G0 Ty (gl k)|

»7n, g 'n.'L’ nz7 n,j
Ss= T2

<\ (T2) k(T2)>|

qnz » ™V,

JrS)’k'ELS3> afzS)z, k(j 7k5tsj + Z Zanzn’l ns/)l’k(S)>

s=T5 n’'=11=2
N M

B(,j +<q5r)vq7(1$2> 6%9,;, q— ’q’ELSz + Z Z/B’I(L ;,n’l ’E;)l’q7(162>
n'=11=2

M:

N
+ <a1(15,) k(S) + a E + Z an in’, lk(s’)l)

n'=11=2
(s) (s)T (s) g
(B a8 a2 S8 el )|
n'=11=2
T T:
|<q£f),k£j)>|
+Z|a£fl+ O kY. |+Z|a£fi,,|| kD))
s=T>s s=T>

t
+ 3 Jall RS2 +Z Z o) R, kY]

s=T5H 1=2 s=T»

D Zlam,ln (k) k]

/;én/\(l;é]\/n/;én) t=T5

t t t t t t
+ Z 189 1@, a0y + Z 189 11", ()
s=T5 s=T>3

s=T5 1=2 s=T»

t t t
+ Y Z 189 (@ al)]

n'#nA(#ivn'#n) s=Tz

+ {lower order term}

= gl k)]
3 1 1
O((log(GNzMQ/i)) log (0(;))).0(1)+O((10g(6N2M2/15)) log (0(7))> O(o202ddy)
ed;, ed2d;
+M~O<(1Og(6N2M2/5)) log (O (%))) -o(l)+N~M~O((1Og(6N2M2/1§))l log (O(%))) (1)
ed;, ed2dp
., O(N(log(6N2M2/?))3log (O(%))) o1)
ed;,
— (g™ kD) + 0 ( (log(6N2M2/5§) log (O (l))>
ed;,
O((log(6N2M2/5)) log (0(1)))+ (N(log(GNQMQ/J)) log (0(1)))
edz ’ edtd}
h
= o(1),
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where the first inequality is by triangle inequality, the second inequality is by (T96), the second
_1 _3

equality is by o7 < min{||p|5?, (02d)~} - d;, * - (log(6N2M?/5))" 2, the last equality is by

(g™ kTY| = (1), d = ﬁ(e*ZNZdh) and dj, = ﬁ(max{SNR‘l,SNR"‘}NQe*Q).

nl’ n,J

Lemma D.7 (Convergence of Training Loss). There exist T = B such that

Cig
nellplizllwoll

Ls(0(T)) <e

Proof of Lemma([D.7] Recall (68), (€9). (70) and (68), we have

softmax((qu) k;(t)>) O(N(log(GJ;];MQ/‘S)) )’
h

b n,j

(108)

softmaz((g?, k1Y) = O(NIIMI%(log(6N2M2/5))3) _O(N-SNR2~(log(6N2M2/5))3>,

T Fn o2dd? d?
P
(109)
N(log(6N2M2/6))°
softmax«qg?,kg?)):l_o( (log( : /9)) ) (110)
dh
N -SNRZ - (log(6N2M2/5))*
softmaz((ql), k) =1-0( ( Og%( /%) ) (111)
dh
Substituting t =T = UGHILH%W into propositions F(¢) and get
ViD= 1og (exp(V{™) + nCur |l lwol 3¢ - T2)
C
> log (exp(V{™) + %) (112)
Cao
> -
log (=),
O(1). (113)
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Forn € S, we bound f(X,,0(t)) as follows

M
1
J(Xns000) = 37 plal WoWii (X)) X, Wiwo
=1

L exp((a}, kY))

M
exp((al, k7)) + 3 exl(al! k)
J:
) 1.()
exp((q,, ;, k
N (g, k)

M

= exp((a). ) + X exp((a), K)))
Jj=2

) v

o () 40
exp((qy ", Ky, ;)
+>_(

M
=2 emp((al k) + 3 expl(al! k)
=

M (t) k(t)_
+ Z exp(<qn,l’ n,z>) ) . V(t))

M n,t
=2 exp((@), k) + 3 exp((al), kL)

% (- O(N<1og<6jz;§M2/a>)3)
) s ()
~ - (o8 (bg(ﬁ;ng?/é))g)
N -SNR?- (log(6N221%/)’

e () - of )

(114)
>

+(M—1)~(1—O(

+(M-1)-0( ))-0(1)

where the first inequality is by plugging (T08), (I09), (I10) and (ITI)). For the second inequality,
N-SNR2 (log(6N2M2/5) ) log <%>
)

o(1) =log(1 + o(1)) < log(Cyp) as long as Cy is sufficiently large. Then we have

by dj, = ﬁ(max{SNR‘*,SNR*‘*}N?ﬁ), we have o(

A0 =10g (1 -+ exp(~ (X, 0(1))
< exp(—f(Xy,0(t)))

<o (- (!

(115)

N
Similarly, we have (P < € for n € S_. Therefore, we have Ls(0(T)) =% > ) < e
n=1
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D.4 Population Loss

Consider a new data point (X, y) generated from the distribution defined in Definition With-
out loss of generality, we suppose that the signal token is g and the label is 1, i.e. X =
(B4, &2,...,&0m), y = 1. We will first give the bounds of attention, then the bounds of the output of
ViT, and finally the bound of the expectation of loss.

Lemma D.8 (Bound of Attention). Under the same conditions as Theorem with probability at
least 1 — §/2N?M, we have that

exp(p] Wéf”W}?” 1) .

1

oM’
exp(ul WP WI ) + 22 exp(p] WP W e

Proof of Lemma By the result of and /,LIWéQTl)Wl,({TI)T/,LJr = o(1),

and p +Wé2)WI((t)Tu is monotonically non-decreasing for ¢ € [I1,73], we have

T: (T3)T
pIWPIWID T > —o(1).

By proposition G(t) 1n | we have ||| WéTB 13 = ©(||ll307dr). In order to give bounds for

i WéTS)WIgg)TEi, we provide a bound for the F-norm of W™ — W) According to the
properties of F-norm, we have

W =Wl < W =W llp + W =W e+ (W — W e (116)

Next, we will provide the bounds of ||WI(<T1) - WI((0 )\ WI(<T2) - WI((TI) |lF, and HWI((TS) -

Fs
W )| respectively.
Bounding ||WI((T1) - Wl,((O ) || r: Recall that
VWKLS NM Z El dlag(‘Pn 1) ‘P;zrﬁl‘)onﬁl)XnWVwOlJ‘I
neSy
M
+ Z X;Lr(diag(gon,i) - Soz,ison,i)XnWVwOé;,i)W
1=2
Vii 2 L(O(X,) (diag(pn) = @r10n.1) XnWywop”
nES,
M
+Y X, (diag(pn,i) — e o) XnWywok, ;) Wo,
=2
so we have
1
||W“+ "= Wp = InVwi Ls(0(t))]| ¢
t )T t t
< 2 X Ol (diag(e ) = ) @D eI X Wi wo e [T WS

nesy

M
. t T t t t
31X el diag(el) — DT ) p| X W wol | p 1€ W I F)

=2

n . T
4 STEO(1X] ] I (diag(l) — 00 ) F I X W wollpll el Wl

M
+ 31X el (diag(2)) — o ) P X W wo | pllET WS | F)
1=2

(117)

. T
We bound 6", | Xollr, [(diag(el) — @ eP)le. 1 XaWPwol p, IulWS |5 and

€, Z-Wg) || F respectively.
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< <1

302d
+ By LemmalC4] 1, 1 </l + (07 - D52 = O (smax{ .0, V/a))

* Note that each element of vector ¢,, ; has an upper bound 1, and the number of tokens has a

constant upper bound (M = O(1)), then we have H(dz’ag(tp( )) Lpn i ‘PSDH O(1).

n,t

* By Lemma@ we have |VJ(:)|7 |V,(t)| V., t)| =0(d, ) so we have

IXaWrwollr = | (V)" + > (Vi) = ar- (d,1)* = 0(a, )

1 1
+ By Lemma[D.4] we have (|1 IWS [l = © (lpllaond?). €1, W | r = ©(opondbds)

Plugging them into (IT7) and get

W - WP < - NM - O(max{||pll2,0,Vd}) - O(dy, *) - O(max{|| |2, 0, Vd}opd} )

< ¥t
= O(n- max{||u|3, o2d} - opdy)

(118)
Taking a summation we have
T, —1
W - wle < S W - Wil

1 1

< O(—————) - O(n- max{||ull3, 05d} - ond;)
ndy |l plzllwollz (119)

~o(medllelh o) )
rE;

<0(Nay),

where the last inequality is by N - SNR? = Q(1).
Bounding ||W;; (T2) WI((Tl) lF: By we know that each element of matrix (diag(gaq(i )1)

<pff )IT <p£L )1) have upper bound O ( i ) , and each element of matrix

2 4 2d2
140" e ll5llwoll5ds S (t=T1) (=T 1)
N(log(6N2M2/5)

(diag(gogl)z) gogf)l <p5f)z) have upper bound O( L T ) Considering

2 2dH II Il I3
% (t=T1)(t=T1—1)
N(log(6N2M2/5))

that the number of tokens has a constant upper bound (M = ©(1)), we have

I(diag(eih) = N @ )lle = Of

|y Plellwolid? gy gy’ (120)
N (log(6N2M2/5))
. t HT (¢ 1
I(diag(e)) — ol e \lle = O(
2o3d)wl3lwol3df (121)

1+

t—T)({t—-T1—-1)

By B(t) in m we have \Vi(t)|, |V,Et2| < 0(d,
further have

(log(6N2M2/6))
)

1
1) + nCullpl3|lwol3(t — Ty) for t € [Ty, Tp]. We

| X W wollr = O(dy * + nllul3lwol3 — T1))-
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Then we have

. T
I(diag(e)) — 5 e DlE - | X WP wo |l
1 _1
B S )-0(dr * +nllul3lwoli3 —Ti)
1 T RRIOl%h . (t—T)(t - T — 1
+ 1\/(1og(6N2MZ/6))2 ( 0 1= 1)

= ()(N%df 1og(6N2M2/5))7

(122)
The reason for the last equation is similar to (236). We also have
I(diag(ey,) = @i enh)le - |1 X Wi wollr
1 _1
= . d. 2 2 t—T )
S )-0(dr + lilwolic 1)
14— 220 (t—Ty)(t — Ty — 1)
N (log(6N2012/5))
_1
= O(ﬂ“\%]\r%dh “log(6N2M?/3)).
P
(123)

Plugging them into (T17) and get

WK = Wlle < - N - O(max{ | allz, 0, Vad)}) - (O(NEd, * 1og(6N?212/6) ) - O(|la]l20nd7 )

(M -1)- o(l_'“\%zv%dhi 1og(6N2M2/5)) : o(apﬁahdé))

= O (- max{|ull2, o, VAN | plla0ndf Tog(6N2M?/5))

(124)

Taking a summation we have

To—1

T T 1
W - Wi e < S WY - we
s=T4
1 1 1
< O(=—m—1) - O (nmax{lll. o, VBN nlla0ndf 1o5(6N2A1%/0))
S METREL » g

ol
2l
< o(zv% (1+ SNR™Yoyd; log(6N2M? /5)),

- N¥gy,d; log(6N2M? /5))

(125)
. (T3) _ yxr(T2)p .
Bounding | W, W ?’|| p: Recall that ((64), (63)
(gl K,))) 0 <N(1og<6N2M2/a>)3)
) Ly, A () 1.(0) d’ ’
exp({gx’ ki')) + _Zzexp(<qi K ji)) h
Jj'=
exp((d ki) o <N||u||§(log<6N2M2/6>>3)
M - 1
exp((a) k) + X exp((al), kL)) oy d;
§'=2
fori,j € [M\{1},n € Si,t € [T, T5]. We have
, N (log(6N2M2/6))°
I(diagey) — e\ ele = Of ( ; ) ) (126)
h
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N||u||%(log<6N2M2/6>)3),

I(diage) = @ e lle = O( :
o2ddy;

(127)

By F(t) in|D.3| we have
1
Vi < 210 (O(2))

v =0()

n,
we further have

1
| X, Wi wollr = 0(10g0(2) ).
Plugging them into (T17) and get

o 2042 3 1
W (t+1) W[((t)”F NM N . O(max{||p||2,apf}) ( (N(l g(GJC\i;LM /5)) ).O(Hp,”g()’hdﬁ)
2 27712 3 1
R O<N||u||2(log2<Zvé MY . (o)) -0 1oz (0L)

N||p]l2(1og(6N?M2/6))° log (oe))ah)

_ O . 2 2d
(- maoc{ 3, 75 - v

(128)
Taking a summation we have

T3—1
T: T t+1 t
W Wil e < Y (W - Wil

S:Tz
1 Nl|pell2 (log(6N202/5))* log (O(L)) o d?
< O(ra ) O max(ulf o2y - U2 UOSONTMT/0)) log (O
nellul3lwol? opdbdd
N (log(6N2M?/6))" log (O($))on
= O max||pll3, o2} - ( )V log (0(2) ")
el pll20pd*

(129)
Combining (TT6), (TT9), (123) and (129) and get
Wi =Wl < W =W e+ W = W e+ (W — W |
- O(Nah) + O(N%(l +SNR™Y)oydi 1og(6N2M2/5))
N(log(6N2M2/6)) log (O(% ))ah)
ellpell20pdz

+ O max{] 3, o2} -
1
= 0(ond; ),
(130)
where the last equality is by d;, = Q ( max{SNR* SNR™*}N2¢ *2)

Bounding M+W(T3)W(T3’)T£ We decompose W( ) into W(O) (WI((T?’) - W]((O)), then we
have

HIWSI W = W W e+ p WS (Wi - Wi e,

Now we bound g +Wé 3)WI({O & and p +WC(2T3) <W1,((T3)T W(O )S, respectively.
Bounding uTW(Ts‘)W(O)T&: Note that |\NIWC§T3)H2 = O(||p|l302dy) and each element

of W1(<0 is sampled from a Gaussian distribution N'(0,07), we have that each element of
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NIWC(QTS)WI((O )T is a random variable with mean zero and standard deviation smaller than
1
Co1||pll207d} . Therefore, for any i € [M]\{1} by Bernstein’s inequality, with probability at
least 1 — §/3N?M?2,
pIWEPIWOTe, = O(|pll2op02d; /dlog(6N2M]5)) = of1)

3

_1 _3
where the last equality is by 07 < min{||p||5>, (02d)~'} - d}, % - (log(6N?M?/8)) 2.
Bounding MIW((QT‘”’) (W]((TB)T - WI((O)T)@: By (T30), we have

T T3)T 0)T (T5)T 0)T
[pTw (Wi =W | < eI Wi W e
< Cos||pll207idn-

Therefore p1 WCST” (W[({TS)T W(0 )ﬁl is a Gaussian distribution with mean zero and standard

deviation smaller than Caol|p||20,07d,. By Gaussian tail bound, for any i € [M]\{1}, with
probability at least 1 — § /6 N2M?2,

i wi® (W;(T@T - WI@T)& < 022||”||20pa,2;dh\/2 log (12N2M2/5) = o(1),
where the last equality is by d = fz(e-?N?dh) and 02 < min{||pll;2 (o2d)"} - d; ? -
_3
(log(6N2M?/5)) . Applying a union bound, with probability at least 1 — 6/2N2M

HIWQ()Ts)WI({TS)Tgi _ HIWC(;B)WI(;))T& + NIWC(QTs) (WI((Ta)T _ WI((O)T)&‘

=o0(1) +o(1)

=o(1).
Therefore, we have

exp(uIWc(?Tg)Wf(fn)TNJr) S exp(—o(1))
M ~ exp(—o(1)) + (M — 1) exp(o(1
1
>
14+ (M —1)exp(o(1))
S 1
T 14+ (M-1)+ (M —-1)o(1)
> & of1)
1

>
~ oM’

which complete the proof.

Lemma D.9 (Bound of V). Under the same conditions as Theorem {1} with probability at least
1 — 0/2N?M, we have that

|€;FW\(/T3)wO| <1

Proof of Lemma[D.9, By (9), we have

M

W‘(/t-&-l)wo _ W‘(,t)w _ Zynéx(t woch(wn,ng)W(t)T X, Two
n=1 =1
o y . (132)
t )T
T NM Z ! ZXJ(p(wn,lWé) Wi X)) lwol.

n=1 =1
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Then we have

N M
W0 = Wifwoll < 57 S 89| 3 16 (e W WX ol

n=1 =1

n
SN NM - O(max{||pll2,0Vd}) - O(1) - |[wo 3

= O(n - max{||ull2, oV} - llwol3).

(133)

where the second inequality is by ‘ynéift)f < 1 [|X,|r = O(max{[p|2, 0,Vd}) and
||ga(:cn’le)ng)T(Xn)T)||2 = O(1). Taking a summation and get

T5—1
W wo s < W wollz + - W M wo — WPwoll2
t=0

1
nell 3 llwoll3
maXxq ||M]|2, 0 \/&
= 0(ovllwoll2vd) + O {”Ellt”;' h
2
maX{HNH%Up\/E})
€|l

= [W{woll2 + O ) - O(n - max{llul2, 0V} - fwol3)

= 0(ovlwoll2vd +
(134)

Then & W‘(/T?’)wo is a Gaussian random variable with mean zero and standard deviation smaller

than O (O’V |wo ||20pVd + max{”’ill‘ﬁ;ﬂ’s‘/a}'g” ) By Gaussian tail bound, for any ¢ € [M]\{1}, with
2

probability at least 1 — §/2N2M?,

max{||p]2, 0, Vd} - 7,
€l 13

&7 W wol < 0(ov [woll2r Vi + ) /2108 (4N2112/5)

<1,

where the last inequality is by o < O (|Jwol|5 ' min{||p5 7, (ap\/&)-l}-d;%), N-SNR? = Q(1)
and d = §<6’2N2dh) and dj, = ﬁ(max{SNR‘l7 SNR74}N2672). Applying a union bound
completes the proof.
Lemma D.10 (Population Loss). Under the same conditions as Theorem{.1| we have

Lp(0(Ts)) = o(1)
Proof of Lemma[D10} Let event A to be the event that Lemma[D.8]holds, and event B to be the event

that Lemma [D.9[holds. By a union bound, P(A A B) > 1 — §/N?M. We decompose Lp, (6(13))
into the following form:

Lp(0(T3)) = E[L(AA B)(yf(X,0(T3)))] + E[L((A A B))(yf(X,0(T3)))] (135)

Then we bound E[1(A A B)¢(yf(X,0(T3)))] and E[1((A A B))¢(yf (X, 6(T3)))] respectively.
Bounding E[1(A A B){(yf(X,6(T5)))]: When event A and event B hold, we have
1

M
y(f(X,0(T3))) = i Z So(mlTWC(QTB)WI((T3)TXT)XW‘(/T3)wO

Il
—

1 ) 1 )
= M2 IHIW‘(/TS)wO‘ B (1 - 2M2) max{’&;rwx(/TS)wO‘}
1 c (136)
> 1 ( 20) 1
2M?2 €

\%
—_
Qo
02
/N
NS
s}
N—
|
[t
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where the first inequality is by Lemma[D.8] the second inequality is by (IT2) and Lemma[D.9] the
last inequality is by M = ©(1). Therefore,

E[L(AAB)l(yf(X,0(T5)))] < (yf(X,0(T3)))
<log(1 + exp(—yf(X,0(T3))))
< exp(—yf(X,0(13)))

- log (C)) (137)

< exp ( Con

< 3exp (bg(cm))

Ca

Bounding E[1((A A B))¢(yf(X,0(T5)))]:

E[L((AAB)*)lyf(X.0(T3)))] < VE[L(AA B)9)] - VE[L(yf(X,6(T3)))?]

P((A A B)°) wEexp (2yf(X,0(T5)]  (138)

V/Elexp(—2/(X, 0(T5))]

IA
%‘lﬁﬁ

IA
=

where the first inequality is by Cauchy-Schwartz inequality, the second inequality is by log(1 +
exp(—z)) < exp(—2).
Next we provide a bound for E[exp(—2f(X,6(T53)))]. Note that

M
y(f(X,0(T3)) Z TW TS)W(TS)TXT)XW(TB)

and p4 W$3wo > 0, we further have

M
y(f(X,0(T3)) > = [&:W ™ wol

=2

Therefore,
M
Elexp(~2f (X, 0(T3)))] < Elexp(2 Y [6;Wy"" wol)]
=2
Hexp2 )

M
<E[] (exp(ZSiW‘(,TS)'wo) + eXp(fZSiW‘(/TS)wOD] (139)

=2

M
< T El( exp(2&W{™ wo) + exp(~26, W wo) )]
=2

< oM HE exp(2&;, W, (TS) o)

=2

where the third inequality is by |z| < max{z, —x}, The fourth inequality is by the independence of
W wo.
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We denote o = ||W‘(/T3)on2, then EiW‘(,Tg)wo is a Gaussian distribution with mean zero and
variance smaller than Co02. Therefore,

E[exp(QEiW‘(/TB)wo)] < exp(2020205)
max{llullé,af,d}»
e[l
max{||p[3, opd} - 03)) (140)
e[l

= exp (20305 : o(aauwongd +

= exp (o(aauwongogm

= exp (0(1))
=1+o0(1),

where the first equality is by (134), the third equality is by oy < 6(||wo\|51 .
min{|| |5, (o,vV/d) "} - d,:i), N -SNR? > Q(1) and d = ﬁ(eszzdh). Then we have

M
Elexp(—2f(X,0(T5)))] < 2" || Elexp(2¢ W™ wo)]

i=2 (141)
<M. (14 o(1)M
=0(1).
We further get
2 Cu6®
E[L((AA B)Y)U(uf (X,0(T3) < 5 - VEl(—2f(X0(T3)] < “— (14D

Plugging (137) and (142) into (I33), we have

log (C%)) N Cyd®

Lp (Q(Tg)) < 3exp ( o N = o(1).

E Harmful Overfitting

In this section, we consider harmful overfitting case under the condition that N -1.9NR? > Q(1).
The proofs in this section are based on the results in Section [C} which hold with high probability.

E.1 Stagel

In Stage I, Vf), V;t) begin to pull apart until \Vf)| is sufficiently larger than |Vn(tz) |. At the same

K3
time, the inner products of g and k maintain their magnitude.

Lemma E.1 (Upper bound of V). Let Ty = O(%) Then under the same conditions as

nd} o2d|wo |3
Theorem[.2] we have
1
VLIV IV = o)
fort € [0, T).
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Proof of Lemma E-]] By Lemmal[B.2] we have

(t+1) (t)

i
< _77||N||2 Z El(t)( eXP((Q(j),kS:)»
i exp((a kD) + 3 exp((a k)
k=2
S exp<<q£f§, k)
=2 exp((qy ), k) + kz exp((g\), k)
2
nlpl3 3N
-—(1 M—-1
=N g (=)
< Bllells.
- 4

where the second inequality is by Lemma and 425” < 1. Similarly, we have

2
w+n) _ 0 < Snllels
|'Y 'Vv,7| > 4 .

By Definition[B.1] we have

v = v +Z (WY — ) llwo 3|

0 1 s
<\V“|+Zw<5“ W1 lwoll3

s=0
—1 3|3 N
<d,*+ ) Q.HwOH%O(m
n hap wo 2
_1 N 2
:dh4 +O( J‘NH2)
d;‘bogd
_1
=0(d,*),

where the first inequality is by triangle inequality and ¢ < Tj, the second inequality is by Lemmal|C.2]
1
the last equality is by N ! - SNR™? = Q(1). Similarly, we have |V \ =0(d,").
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By Lemma|[B.2] we have

1
|p\jJ’rrL z) g/t’,)n,i
M (t) (t)
exp((q}’, k,/ ;1))
<|—— Z f;g/t) Z énufn Ky *
Mis, " s exp<<q$>,k$>>>+kz exp({g}, k)
=2
M OO
exp(<qn 7kn z >)
+ Z<£n,i7 £n’,i’> . ] . .
exp((a, k) + 3 exp((al,, KO,))
k=2
(t) 1.(t)
exp((q2’, k,,/ ;1))
o 2o Z S ® o Lo o
nes- =2 exp((q_", k")) + > exp((q-", K,/ ;) (143)
k=2 ’
M OO
eXp(<qn 7k:n z >)
+ 3 (i ) e ——)|
i=2 exp((a, kD)) + 3 exp((al,, K,))
3n52d
< P M+ —— - MN-252-+/dlog(4N2M2/§
Sonm Mt NM p os( /9)
< 277512,d
= N
B 27701%012703
N

where the second inequality is by Lemma and —E;Et) < 1, the third inality isby d =
L we have

5(6—2N2dh), the last inequality is by NV - SNR2 = Q(1). Then by Definition E

v =19+ Z T =) Dlwoll3]
0 s+1
<[V G — 48 1 lwoll3
1 02 24 N
<d; 4+#-Hwo||§-0(

nd;i o2d||wo |3
= 0(d™1),

where the first inequality is by triangle inequality, the second inequality is by Lemma [C.2} which
completes the proof.

Lemma E.2 (Inner Products Hold Magnitude). Let Ty = O(——2~———). Then under the same
nd;; o3 d||lwol3
conditions as Theorem[@.2} we have ’

@ kY e, k) 1 k0 [l k) )]
= O max{||l3, o2d} - o - \/dy Tog(6NZDI2]3) ),

@, a ), 1@l a)), 1a at))

- O(max{||u||2,a§d} .02 . \/dy log 6N2M2/5)),

(kS BN 1R KDY [k, B )

’ﬂ’L’
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= O max{ ||l o2d} - o - /dy Tog(6N?DI2]3) ),

gt 112, 1k )12 = ©(||ull3o2dn),

g 13, KA1 = © (20} ddy,)

i

fori,j € [M\{1}, n,n’ € [N]andt € [0,Tp].

The proof for Lemma|[E-2)is similar to[D.4]
AM(BM+1)N

T such that
ndy, (CZ—24M)od||lwoll3

Lemma E.3 (V’s Beginning of Learning Signals). There exist T} =

the second element of vector X. W‘(, )wo dominate its other elements, which means V( ) >3M -
maux{|V_~(_T1 l, \Vé{l”}foralln €Sy, ie[MN\{1,2} andV, (Tl) < —-3M - max{|V(T1)| |V,§7;1 |}

foralln € S_, i e [M]\{1,2}.

Proof of Lemma According to Condition 4.1{ where Cg = 25M, we have Then we have

AM(3M +1)N 4(3M + 1)N N
T — ( ) _ A ) :0( )
nd

1 - 1 1
ndy, (25M — 24M)ozd|woll3  ndjoddl|lwoll3 nopdllwoll3

which satisfies the time condition in Lemma[E.T|and Lemma|[E.2] Then by Lemma|[D.T]and Lemma
we have

1
78;5)&) = 5 + 0(1)7

1 ‘ 1

7~ o(1) < softmaz (g}, kL)) < 7 + o(1),
L o(1) < softmax((q(t)v k(t)>) < L +o(1)
M = n,i VE =M )

1 1
i o(1) < softmax((q(it),kg;)) < —+o(1),

% —o(1) < softmaz({q 7(1) k. ) < % +o(1)

iV, g

fori,j € [ N\{1},n € [N] and t € [0, T}]. Plugging them in the update rule for WS)JF showed in
Lemma[B2land we have

(t+1) ()
V,+ V,+
|- nllullz T e exp((g!, k)
M
exp<<q$% KD + 3 (gl kL)
S exp<<q£f>j, k)
=2 exp((q}, k) + z exp((g?), KO,)) (144)
2
n||p 3N 1 1
< nllulB
- 2M
< 277012)03
- NM
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where the last inequality is by N1 -SNR ™2 = Q(1).Then by Deﬁnitionand taking a summation,
we have

2noid
(T1) (0) "
V) < VL + T3 S o
_1 AM(3M +1)N 2noid
:dhé11 + 3 ( +1) : ]735\1)4 lwoll5 (145)
ndy, (G5 — 24M)opd|wol|3
_1 3M +1
:dhéll +1(—+)
dy (C% —24M)

Similarly, we have

_ M+1
V) < gty SEM D (146)
djf (C2 — 24M)
Forn € S, by Lemma[B.2] we have
t+1 t
pg/n2) pg/,)n,Q
M ) L.(0)
exp({qy k' o)
w7 2 G (D (i) —
o t t t t
Moies, " s exp<<qi>,ki>>>+kz exp((g}, k.),))
=2
M eXp(<q7(Lt’)7j7 k’ELt’)z'>)
+ Z £n QaEn KA ) ) M “ ®
j=2 exp(<qn J7k+.>)4—£géeXp(<qngj,kngkﬁ
OR0)
() exp((q=", ky/ 1))
+— > oy Z ((€n2:&nr) — —
Mo " is exp((g?, k1)) + 3 exp((g, k7,)) (147)
k=2 ’
M t) ()
exp((@,/ ;. K/ 1))
+Z En 2a€n ,4/ ! ] “ ))
_ t t t t
= exp<<q;>]7 EY)) + k; exp((ay) ;. k)
~2
no,d 1
> “M(— —o(1 “MN -25% . \/dlog(4N2M?2/5
> onap Mgz —o) - NM o, og( /9)
- n&id
~ANM
nCioad
= ANM

where the second inequality is by Lemma and —E;St) < 1, the third inequality is by d =
Q (e_QNth) Then by Deﬁnition we have

T s+1
Vi =v9 + Z Sty — ) )llwoll2

M(3M +1)N nCiond ||
d,%(c2 —aM)o2dwolz AN i
C2(3M +1)
di (C2 — 24M)
forn € S,. Similarly, for n € S_, we have

_1 C2(3M +1)
VI <dyt - (149)
di (C2 — 24M)

1
>—d, " + ol (148)

1
> —d, "+
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By Lemma|[B.2] we have

t+1 t
|an z) g/',)n,i

<|-wir 2 o f ((Enir €nr i) eXP<<Q5f)ak§f9,y>>

wes. =2 exp((q k")) 12 exp((q! ky)y)
M OO
exp(<qn 7k:n 7, >)

+ Z<£n,ia En’,i’) . . J t

i=2 exp((ql;, k) + z exp((g;, k) ,))

(t) <t)
/(t) exp((q- ak i)
NM S ol Z (Enir&nr i) — - (150)
nes- =2 exp((q_", k")) +kZ exp((q-", k,,/ 1))
=2
M OO
exp(<qn 7kn 7, >)

+ Z<£n7ia Enﬂi’) . . j t )) ‘

=2 exp((g) k")) + kz exp({g);, k) )

=2

3noid 1
< P M(— —L_.MN-25%. log(4N2M?2
< SN M(M+0< ))+NM 7, -/ dlog( /0)
< 277012)d
=~ NM

for i € [M]\{1, 2}, where the second inequality is by Lemmaand —0{Y < 1, the last inequality
isbyd = Q (6’2N2dh). Then by Deﬁnition we have

O s+1
V= v+ Z AWk — i) lwoll3]

0) s+1
< v |+Z i) — A3l lwoll3

5r02d (151)
_1 AM(3M 4+ 1)N o
<ty MENEUN BT )
nd (C3 — 200M)03dwo
_ 8(3M + 1)

di (C2 — 24M)

for i € [M]\{1, 2}, where the first inequality is by triangle inequality, the second inequality is by

LemmalC2]

According to (T43), (T46), (148), (19) and (T31), it is easy to verify that V5 > 3M -
max{|VV | VIV )} forall n € Sy, € [M]\{1,2} and V,(5) < —3M - max{|V.™|, v,V |y
foralln € S_, i € [M]\{1,2}, which completes the proof.

E.2 Stagell

Instage I1, (g4, k+), (Gn,i, k+) grows while (g, Ky ;), (Gn,i, kn, ;) decreases, resulting in attention
focusing more and more on the signal and less on the noise. By the results of stage I, we have the
following condition at the beginning of stage Il

VO > 3M - max{ [V, [V
foralln € S4, 4 € [M]\{1,2}.
VO < —3M - max{|V V|, v,V
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foralln € S_,i € [M]\{1,2}.

WV v V) = 0d, 1),

LR S TR AR R TN R SSER TR AP

= O max{|l3, 02} - o -/ Tog 6N2M2/5>)

T1 T1 T1 T1 T1 T
@™, d ) 1@ aP ), el gl

= O max{ ||l o2d} - o - /dy Tog(6NZDI2]5) ),

TR SRR R TN TR AR

n,i vn’

- O(max{||u||§,a§d} .02 . \/dy log 6N2M2/5)),

T T
gt 112, 1k 12 = ©(||pl302dn),
gl 113, 1168212 = ©(0202ddy)
fori,j € [M\{1},n,n’ € [N].

Some of the proofs at this stage are based on the above conditions.

Notations. To better characterize the gap between different inner products, we define the following
notations:

* denote \I'(t) (q S:),kg)2> (qJr ,kz(t)>, nesS;.
« denote W), ;= (q", k) — (@, kY)), nesy,jeMN\,2)
« denote ¥V = (q (j)JﬁS)) (g ®) k(t)>, nes_.
e denote U= (g, k) — (¢V k), me S je MN\12).
okh) = (@l kL), meSyie M1},

=(q )
« denote U, _ = (¢!, k) — (@, kM), nes_ie [M\{1).

n’L’

-denotew;il» = (g0 kh) — (g k() i€ IMI\{1}, 5 € [MI\{1,2}.

’ﬂZ’

¢ denote \I/(t)

— N
Lemma E.4 (Upper bound of V). Let Ty = O sorarasrisweareys ) Then under the same

conditions as Theorem[4.2} we have
t t t
VLIV V] = o(1)
fort € [0,Ty).
The proof of Lemma [E.4]is similar to that of Lemma[E.T} except that the time T} is changed.
LetT, = © (noﬁdl\wol\é l];]g(GNQMQ/é) ) , then by Lemmaand Lemma we have % —o(1) <

o < % +o(1) for n € [N],t € [Ty, T»], which can simplify the calculations of v and 3 defined

in Definition by replacing —Egt) by their bounds. Next we prove the following four propositions
J (@), K(t), L(t), M(t) by induction on t for t € [T}, T5]:

o« J(t):
L) < 1Csodlwol3(t ~ Th)
n,2 = N
O nCsopd|woll3(t —T1)
n,2 — N
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V) > 3M - max{|[V{™V|, v,
foralln € S4, i € [M]\{1,2}.
VY < —3M - max{[V "}, vy

n,t

foralln € S_,i € [M]\{1,2}.
nCaopdl|lwo3(t — T1)

(t)
VA < 0t + i
VO < o) + 1Al ~T)
N
fori € [M]\{1},n € [N].

o K(t):
1 13,1613 = © (lluliotd ).

a3, 18313 = © (020 h),
-

1@, a1, a0, 1a) a2 )
RS B 1R B [RD BD | = o<1>,

n,i’ 'vn’,j

fori,j € [M\{1},n,n € [N],i #£jorn#n'

e @ kl5Y) — (@ k) 2 2(@ Y RETY) — (@l RY))
@ a5 ) — @ k) = 20l ) - (e ,§f§>>
T £Z+”> (ki) = 2((a k) = (@) k)
(s k) = @ ki) = 20 k) — @ k)
o) 4 PCilluloidlwold;

\IJ(Hl > log (exp St-T)(t—-Ty + 1))

N2(log( N2M2/6))
207||u||§01}‘;d||'woII§CZZ
£a) NQ(log(GNQMQ /6)?

\I'Sj:l; > log (exp \I'(qjl (=Tt —-T1 + 1))

2Cropd?||lwo|3d}
WY > g (exp(uif) + L IORG ()7, 4 )
N2(1og(6N2M2/5))

20 4d2 Qd%
\I/(t+1) > log exp(\I/(Tl) ) + n 7O'p H'LUO||2 h_ . (t _ Tl)(t _ Tl + 1)
n,t,J n,t,J 2

N2(log(6N2M?/5))
fori e [M\{1},j € [M]\{1,2},n € Si.

o M(t):

], I‘I’ 1 L1905 < los(d)

n,+,5’

1
1@, kD)), (e, £J]>| @ k) (e k)| < 210g(d7)

(@, k), g Kii) | = o(1)
fori,j € [M]\{1},4’ € [M]\{1,2},n,m € [N],n # 7.
By the results of Stage I, we know that 7 (71), K(T1), M(T}) are true. To prove that 7 (t), K(t),
L(t) and M (t) are true in stage 2, we give the following claims holds for ¢ € [T7, T3]
Claim9. £(Ty),...,.L(t—1) = J(t+1)
Claim 10. J(T3),...,J(t),K(T1),...,K(t), L(T1), ..., L(t — 1) = L(t)

n,%,j’
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Claim 11. J(T1),. ..
Claim 12. J(T1),...

LT (@), L(Th), ...,
I (), K(Th), .. .,

L(t—1), M(Th),...,
K(t), L(TY), ...,

M(t) = K(t +1)
L(t—1) = M(t+1)

The proofs of Claim [Q{I2] are similar to the proofs of Claim 5] Next, we show some important

procedures for proving Claim[I0]
Proof of Claim

Similar to[D:2:2] we have the dynamic of ¥ as follows

2 2
e ) > 1°Crlpll3o; d||w0||2d2(32 T 1 7 (152)
N2(log(6N2M?/5)) exp(¥Y)
1
20 2 2d 2d§ _ T
‘I’Silg)* gls)ij > n°Crllpllzopdllwollz h(52 1) 1 -—, (153)
= ’ N2 (log(6N2M?2/6)) exp(‘IIEL )i,y)
20 4d2 d2 — T
wi) —wl > T lwollsdi(~ 1) 1 (154)
" N2(log(6N2M2/6))°  exp(¥Y) )
1
g+ _ g n*Cro, & |lwol3d; (s — Th) ! (155)
mig ~ Ynig 2 N2 (log(6N2M?2/8))” eXp(‘I’iijf

forn € [N],i € [M]\{1},j € [M
lower bounds of ¥. Recall that

\{1,2}, s € [T1,t]. Next, we provide the logarithmic increasing

1
o) g s 7’ Crllpl3opdlwol3dy (s —T1) 1 (156)
" T T N2(log(6N2M2/6)) exp(T)
Multiply both sides simultaneously by exp(\Il(f)) and get
2C 202d||w Qd% s—=T
eXp(\I’Sf))(‘IJSfH)—‘Ifo)) > n°Cr||pllzopdl|lwol|zd; ( , 1). (157)
N2 (log(6N2M?/5))
Taking a summation from 7} to ¢ and get
Z exp(¥ (\II(S+1) \I'Ef)>
S= T1
1
, 3~ rCiluliodwolidi(s 1) s
4 N2 10g(6N2M2/5))
e o2d||lwol|2d?
> n 7”["‘”2 p || O||2 2h . (t*Tl)(t*Tl +1)
N2 (log(6N2M?/5))
By the property that \I'S_S) is monotonically increasing, we have
(t+1) ¢
"+ @) (g+D _ g
o exp(z)dz > ZT exp(Wy )(\I!+ — Uy )
’ = (159)
e old||w 2d2
 wCrloddlwoldd
N2(1og(6N2M2/5))
vty (t+1) (T1)
By f‘l’(;;l) exp(z)dr = exp(¥) ") —exp(¥) ") we get
1
20 202d||wol|3d?
P > log (eXp(\I,S_Tl)) L 7|l pllzopdllwollzdy (t—T)(t—Th + 1))_ (160)

N2 (log(6N2M?/8))*
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Similarly, we have

gty > log (exp(\Ilng)) —+

2C 202d||lwoe ||2d2
‘I’Silg) Zlog(eXp(\PfTT_ﬁc)j)—kn 7llwll3 D I O||22h ~(t—T1)(t—T1+1)).
= T N2 (log(6N2M?2/5))
ZC 4d2 Qd%
g, w
W) > tog (exp(@lT,) o O IWORLL gy ),
” ET N2 (log(6N2M?2/5))
20,042 ||2d%
n-Cro wo
w17 > 10g (exp(wilh) + 2 (=T - T +1)).

forn € [N],i €

7 Crlll3o2d|wo 37
N2(log(6N2M? /5))

N2 (log(6N2M?/5))
[M\{1},j € [M]\{1,2}.

E.3 Stage II1

(E=T)(E =T +1)).

(161)

(162)

(163)

(164)

In Stage III, the outputs of ViT grow up and the loss derivatives are no longer at o(1). We will
carefully compute the growth rate of V. and V,, ; while keeping monitoring the monotonicity of

(g, k). By substituting t = To = © (m) into propositions J (t), K(t), L(t), M(t) in Stage
P 2
II, we have the following conditions at the beginning of stage III

foralln € [N

VIV V)| = o(1)
i€ [M]\{1}.
VO > 30 - max{ [V V)

foralln € Sy, i € [M]\{1,2}.

foralln e S_,i €

fori,j € |

VO < —3M - max{|V V|, v,
[MI\{1, 2},
(T2)
1™ 13, 16213 = © (Ilpel3oRdn ).

T: T
I 13, 17213 = © (o202 dds ),

T T T T T T:
1@, q ") 1@, a1 @l a2 = o(1),

R, BT R, BT R, B = o(1),

i 2vnl g

MN\{1},n,n' € [N],i# jorn #n'

1
C 2 2d§
\I/(iTZ) > log (exp(\llfl)) + 7|lll3 |l woll3 h)) )

o2d(log(6N2M? /5

(T) Crllpl3l|lwoll3d? )

\IlgLTi) - >log ( exp(¥, 1 3
7 ( P 62d(log(6N2M2/6))

1
C 242
\Ijngf)i > log (exp(\llgll)i) + 7llwoll5d; )) )

(log(6N2M?2/6



") > 1og (exp(\IIElTll)j) +

n,i,j =

Crl|wo||2d} )
(log(6N2M2/6))
oL e, el el < log(dp)

n,+,j5’ n,i,5’
T Ty) 1.(T2) Ty) (T (T 1
(@ k) @™ kD el RS gy ki) < 21og(d))
(g™ k<T2 ). lale k5 = o(1)
fori,j € [M]\{1},5" € [M]\{1,2},n,7 € [N],n # 7.
Let T5 = @(W]\(wol\g) , Next we prove the following four propositions N (t), O(t), P(t), O(t)
by induction on t for ¢ € [T5, T3]:

s N(2):
V) > 3M - max{|V{™|, [V}

foralln € S4, i € [M]\{1,2}.
Vid < =3M - max{ [V VIV
foralln € S_,i € [M]\{1,2}.
VALVl = o),
fori € [M]\{1,2},n € [N].

770170’;2;d||w0||§(t—T2))

1
~ < V(t) < 2log (O(E))’

log (exp(V(TZ)) +

forallm € Sy.

1 Crro2d||wo||3(t — T
—2log (O(E)) < Vétg) < —log (exp(*V,E’TQZ)) L % I ]\?||2( 2))
foralln € S_.
e O(t) :
1213, 11613 = Ol l3o7dn),
lai 2131k = (o3ohddy ).

1@, 1@, a0 1@ al? )] = o(1),

R B (R R (R Ky )] = o(1)

n,t n,i’ vn’,

fori,j € [M\{1},n,n' € [N],i#jorn#n'

T (@™ 2" — @ k) > 2((@d T KT - (@ BY))
(@™, kS3Y) — (al) K ffz> > 2((g kYY) — (g k‘”>)
(@70 kU3 — (k) > 2((a TV KTy — (g kD))
(T kYY) = (@), <”>z2(< ””,km (s k)

\Il(t—H) > \If(t)

t+1 t
e

(t+1) (t)
\Iln i, = l:[/n 4,7+

g+ 5 g

n,t,)] — n l,]

fori € [M]\{1},5 € [M]\{1,2},n € Sx.
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1
(DL [ e ]| < log(e7 dy)

n,%,7

1
@ kY 1@ k) 1@, k) (gl k)] < 21og(e1d7)

n,i’ "Vn,j

(@ KD ) i) = o(1)

fori,j € [M\{1},7' € [M]\{1,2},n,7 € [N],n # 7.
By the results of Stage II, we know that A/(T1), O(T3), Q(T») are true. To prove that N (¢), O(¢),
P(t) and Q(¢) are true in Stage III, we will prove the following claims holds for ¢ € [T5, T3]:
Claim 13. P(Ty),..., P(t—1) = N(t + 1)
Claim 14. N'(t),0(t), P(Ts),..., P(t — 1) = P(¢)
Claim 15. N(T»),..., N (t),P(T2), ..., P(t — 1), Q(T»),...,Q(t) = O(t + 1)
Claim 16. N (T3),...,.N(t),0(1T2),...,0(t), P(T2),...,P(t — 1) = Q(t + 1)

Lemma E.5 (Convergence of Training Loss). There exist T = nw%% such that
P 2

Ls(0(T)) = 0.1

Proof of Lemma Similar to[D.7] we have

24(log(6N2M?/5))"
softmax((qi ,k(T)>) O(Jp (log( i)) ) (165)
lell3lwoll3d;
24(log(6N2M?/5))*
softmaz((@”, k() = (%2 log( /) ) (166)
[ ul3llwol3d;
log(6N2M2/5))"
softmax<<q§1,km>):o<( og( / ) ) (167)
lwoll3d;
log(6N2M2/5))"
softmam((qff)l,kg’)») O(( og( ;/ )) ) (168)
woll3d;
24(log(6N2M?2/5))*
softma:r((qg),kété)) 170<% (log( i ) ) (169)
ll3llwol3d;
log(6N2M2/5))"
softmaz((al) k) — 1 - o UECNAL /) (170)
lwoll3d;;
fori e [M]\{1},j € [M]\{1,2},n € [N].
Forn € S, substituting t =T = % into propositions N (¢) and get
Chro2d||wo |2
Vn(t2) > log (eXp(V(TQ)) + ntiro, ||wOH2(t _ Tg))
) N
> log ((exp(V%) + %) (171)
Cao
> =
log (=22).
VLIV = o(1) (172)



we bound f (X, 6(t)) as follows

Pl Wy Wi X)X Wy wo

Sk
NE

F( X, 0(t)) =

l
LG exp((a}, kY))
M OO 4 ® L
exp((gy’, k")) + 30 exp((gys Ky, 5))

j=2

1

/ t t
S exp({g,.). k)

M
= exp((a K + 3 exp((al), k)

j=2
exp((g'?, k{)))

M
exp({gl k) + 3 expl(al! k,[)))

n,J
J

) v

+

M () 1.(1)
exp({(q, &,
.S (@p1- kr2)

M
=2 expl(g ). k) + 3 exp(alf), k)

j=2

t
Vi3

o () 10
exp((q;, K, ;))
+>

M
=2 ep((al k) + 3 expl(al! k)
=

(173)

M t) 1.t
exp((dy, 1> Ky i ,
I Z (« ] , ) ) V(f))

in n,i
=2 expl{a} k) + 3 exp((all KL))
P2

>

%. (1 - O(Ugd(log((ssz?/a))?’)

1
Ielizllwoll3d;

+(M—1)-(1—O(

(log(6N2M2/8))° Loy (G0
Jwoll3d )))-wes (52)

~ -1 (o

o2d(1og(6N>M> /5))3)
|3 lwo |32
3
(log(6N2M?2/6)) )) o)

[l
|woll3d}

= log (020) - o("gd(log%N?M?/&))?’)

1
Ipl3llwol3d;

For the second inequality, by d; = ﬁ(max{SNR4,SNR_4}N 26_2>, we have
2 o 2 2
O( 24 (log(6N>M? /5

1
llzllwoll3d;

3
) ) = 0(1) = log(1 + o(1)) < log(Cyp) as long as Cyy is sufficiently large.
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Then we have

< exp(—f(X,,0(t)))

<o s}

(174)

N
Similarly, we have 09 < € for n € S_. Therefore, we have Ls(0(T)) =% > ) < e
n=1

E.4 Population Loss

Lemma E.6 (Population Loss). Under the same conditions as Theorem let T3 =
S) ($) we have

neaZdllwoll3

Lp(8(T3)) > 0.1

Proof of Lemma Similar to (T33)
M

N
Wi Ofwé“wouzsﬁz|yne;,<f>|z||X7,,HFHso(acn,lwng;i”(zcnm|12Hwo||§
=1

fNM - NM - O(max{||p]l2, oVd}) - O(1) - |lwoll3
= O(n-o,Vd- Jwol})-
(175)

Taking a summation, we have

T3—1
W wollz < W wollz + > W wo — WPwollz
t=0

= Wi wollz + O )-O(n-opVi-Jwol}) — (176)

neopd|woll3

- o(ovnwonzx/&) +o(

N
eo—p\/a).

Then & W‘(,TS)wo is a Gaussian random variable with mean zero and standard deviation smaller
than O (av |lwoll20pVd + %) . By Gaussian tail bound, for any ¢ € [M]\{1}, with probability at
least 1 — 1/2M,

Ty (T5) < i . <
€W wo| < O(ov wollar, Vi + - ﬁ) \/2log (4M) <1/2,

where the last inequality is by oy < 5(||wo\|2_1 -min{||pl5 ", (op,Vd) 71} - d;%) and d =
Q(E_QNth) Applying a union bound, with probability at least 1 — 1/2, |£,] W‘(,T3)wo| <1/2.
Recall that V(T3) o(1), with probability at least 1 — 1/2, we have
X 9 T TW B)W(TS)TXT XW(TS)
y(f( 3) =M Z p(z Q ) (177
> log(l +e 12,

Thus, Lp(A(t)) > log(1 4+ e~1/2)-0.5 > 0.1.
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F Complete Calculation Process For Benign Overfitting

In this section, we show more calculation process under benign overfitting regime. The calculactions
for harmful overfitting is similar.

F.1 Calculactions for o and

In this subsection, we give the calculactions for o and /3 defined in Definition [B.3]

Restatement of Lemma the gradients of loss function Lg(6) with respect to Wy, Wi and
Wy, are given by

1 .
Vw,Ls(0) = NM Z f%(e)(NergWJXTT(de(SOnJ) - <PTTL,1<Pn71)

nes,
M
+ Z fnﬂngJXJ (diag(pn,:) — Soz,ison,i))XnWK
"=f (178)
~ 57 2o O (p-wo Wy X, (diag(en1) = ¢p10n,1)
nes_
M
+) & iwb Wy X, (diag(pn,i) — @5 1n.i) Xn Wi,
=2
VWKLS NM Z gl XT dzag(cpn 1) ‘Pll‘Pn,l)XnWVwOHI
neSy
M
+ Z X} (diag(pn.i) — @100 XnWywok,) ) Wo
=2 (179)
— 5 D L)X (diag(en1) = @p10n) X Wywop!
nES,
M
+ Z X;(diag(‘Pn,i) - (Pr—z,i‘Pn,i)XnWVwogli)W
1=2

We will give expressions for o and 3 defined in Definition[B.3|based on these two equations above.

By (I78) and the orthogonal relation between p and £, we have

n T .
Aql = pIawy) = 0 3 00 ulFwg Wi T X (diag(na) — @1 10n1) Xa Wi

nesSy

o, t)+zza+k<t

nesSy i=2

(180)
where w WP T X7 and X,, W " can be viewed in the following forms

w(T)W‘(/t)TX»,;r = (Vﬁ(-t)v Vrggv ERE Vn(,t])\/f)’

.
X, WP = (kT R RS

n,2 o
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®) (®)
Then we can express o', and «v,,”, ; as follows

t n
Oégr?+ = NM Z *WWHH%

’I’LES+
(v exp((a), k)
®) LDy L s ) 1)
exp((gy’, ki) + 3 ex((gs” ko j)
J=
L exp((g}, k) 2
M
exp((g), k() + > exp({g, k) (181)
i=
M
B Z (V(t) ) eXp(<qu-t)a kg:)»
= ) g0y 1 - () g0
exp((gi’, ki) + 3 expl(ai ko ;)
i=
exp((g)", k) )
() ’

M
exp((al, k') + 3 expl(al k1))

n
o)==t lel3

NaRTCR exp((gl, k)
Vi

M
exp((g)?, k1) + 3 exp((@l, K)))

exp((g), k)

’ M
exp((al’ kL)) + 3 exo((al, k1))
=

exp((g{?, k"))

+ v
il ® 2.0y, ® 1.0
exp(<q+ Ky )+ ZQGXP(<‘1+ 7kn,j>) (182)
=
B exp((a}, ki) -
M
exp((¢®, kDY) + zzexp«qﬁf),k;%»
=
S exp((a}. k,')))
e ® L0y, & ® L®
i exp((qy’, kYy)) + ZQeXp(<q+ ki)
=
exp((g\”, k\'}))

' M
e)q)(<(l.l_(:)7 k$)>) + 22 exp(<q$)’ k:?(lt’)j»
j=

Using the similar method as for Aqg), we get the other « and (3 as follows
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@ _ "N /(t) 2
O = i A0l

(v exp((@?, k)
- M
exp((g”, k")) + ) exp((g”, k1))

= ¥n,g
J

exp((g”, k"))

M
exp((@?, kD) + 3 exp((g?, k))) (183)

—nyg

Jj=2

S5 (g k)

n,i M
exp((g, k) + 3 exp((a k)
pE

-
||
¥

exp((g”, k() )

exp((g® k) + 3 exp((a?. k)

— Ry
Jj=2 7

®  _ T 2
an,f,z NME’I’L ||I'LH2

) (_ V(t) ) eXP(<q(_t)a k(_t)>)
- M
exp((@™ k™)) + 3 exp((g, k)

n,j
Jj=2 7

exp((g”, k"))

M
exp((g™ kM) + 3 exp((a?, k)

J=2

exp((g”, k)

» Vi

+ V9

M
exp((g?, k) + 3 exl(@? k) (184)
J:

B exp((g, k) )
M
exp((g”, k™)) + 3 exp((¢” k()
j=2
" exp((g", k(1))
-2 (Vi t) 1.(6) < OT0)
ki exp((g"”’, k")) + gexp(@_ ki)
=
exp((g®, k)
& L0y, & ® 0
exp((q_’, k™)) + _me((qf k)
=
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M
O[S’ 4 NM Z t) ;<€n’,i’a gn,z>

nesSy

e exp((gi;, k)
Vi

M
exp((q(), k7)) + 22 exp((a), k"))

M
exp((g, k) + 3 exp((al, k)

S . exp<<q,2’,, k)
=2 exp((g{", k1)) + 22 exp((gl, k)
Z

exp((q nl,k,?m )

exp((g\), kD)) + St expl( al k)

j=2

Oég/),,»/7_ = NM Z Zl(t)z €n ,4/ aénz

nes_
(v exp<<q£,1-, k)
- M
exp({g, k™)) + > exp((a), k"))
£
B exp<<q,f,1,k9>> -
® A (t)
exp((g), k™)) + > exp(( a k"))
£
B Z v, exp<<q£1, KY))
= exp((g{, k™)) + 22 exp((g), k)
=
| exp<<q;1,k£f>k>> )
exp((g), k")) + 5 exp({ al k)

Jj=2
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)

M
() /(t
Qs it myi = )Z £n’ i’ 7£n k
k=2

(v, exp((q SL, KY))
exp((q), k) + 22 exp((g), k)
| exp<<q£>k,k£fi>>
exp((g, k) + 22 exp((g'),, k1))
P
n V(t-)( exp(( 7(:)!@’ k:ﬁfl))
exp({q). k) + z exp((g\), k) (187)
- exp((g ibkffl» ¢
exp((g), k) + 22 exp((q), k0
Z
S, exp((g, k. kyi2))
oy DITICINNR S ()
i expl(a, ko k1) + X expl(a ) k1))
£
| exp({dy 1 k)
M
exp(a o k) + 3 espl(a kL)
P

forn € S4,
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M
(t) R/ C)) )
it i = N n > (&w s &ni)
k=2
(~v exp({g, - k"))
- 74
exp<<qS2,k@>>+zge p((a ) k)
P

exp(<q§3€,k@>> 3" el k)

j=2
t t
+ V(t) ( exp <q7(’L )k’ k’EL)l>)

exp({q). k1)) + S* exp((gy 2 (188)

nk:’ n,j
j=2

B exp((q s;,km )

exp((g) k")) + S exp((@ k)

n,k’"vn,j
j=2

s exp<<qff’k,k£f1>>

i#i exp((a, k) + 3 exp((a®h, k)

= nk:’ n,j
(t)
exp((q) k’k: ) )

exp((g). k")) + S exp((g), k)

n,k’"™Vn,j
j=2

forne S_,

77Hu||2 i
S L

nesS_
(v (g k)
- M
exp((@?, kD) + 3 exp((g?, kD))

— Ry
Jj=2

exp((g”, k"))

M
exp((a?, k) + 3 exp((a?, k) (189)
P=

S exp (g, k)
i=2 exp((g”, k")) + 2 exp((@™, k)

i=2 s
exp((g”, k")) )

M
exp((q, k) + ) exp((¢”, k)

85



2
50 _Mggt)

n,4+,t NM
(t)
t exp((q 'Rl k-{— >)
(v

exp((g}, k) + z exp((g), k)

j=2

exp((a), k) ,

s

M
exp((q\, kY)) + > e exp((g), k))
£

S . exp<<qffi» k)
=2 el k) + ; (g, K.))
(g ki)

exp((g{, k1)) + 22 exp((g), k)
pa

0) nHqué, t)
Pn—i = "N
(1) ®

. (V_(t) eXp(<Qn,ia i)

M
exp({g, k™)) + > exp((a), k"))
Z

exp<<q,f,1,k9>> -

exp((a, k) + 3 exp((a® kD))

Jj=2

M (t) k(t)

AR exp(<qm» —)

n,:

= exp((g{, k™)) + 22 exp((g), k)
pa

exp<<q;17k£?k>> ).

exp((g\), kD)) + _22 exp((g), k"))
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__n /(t)
B += Z —t
A+ T NM g

n€S+
o ®) 1.0
exp((gy’, k')
(—Vf)z«ﬁn/,mém) ) 1.0 +M 3 t) 1.
pars exp((g!”, k) + _Zzexp(<q+ k)
=
exp({g, kL))

: M
exp((g!, k) + ; exp((a’ k\))

J
M ) 1.(0)
exp((gy’, k,, %)) (192)
+ Z Vrf,tz;(<€n’,i’7 En,k> ® ® +1\/[ L ) i
k=2 exp((al, K1) + 3 epl(a k,)))
pE
3" (s exp((a) ki)
= 0 B0y - () g0
exp((al’ k) + 3 exp((ad, ,3))
pe
. exp((@?, k) )
M )
exp((ay, k) + 1 exl(al! kr()))
pE
o __"n /(t)
Bl - = N GZS @
(_ V(t)]zwj (€ En) exp((g”, k)
— n’,y8n,e M
i=2 exp((a” k) + 3 exp((a”, k1))
pe
. exp((a"), k(1))
® 2.0y, o ® .0
exp((a? k) + 3 ep((a? k)
pE
M ) 1.0
exp((q”, ky 1)) (193)
+ Z Vé?}l((ﬁn’,i% £n,k> . . M * . .
= exp((g, k) + 3 expl(@ k1))
pE
M exp((q"”), k)
- Z ((€nrirs &ni) (Y
i=2 exp((g, k) + 3 expl(@ k;[)))
pE
. exp((g®”, k) )
M !
exp((@” kY)) + 3 exp((q k()

Jj=2
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ﬂ(t,) . = g/(t)

NM
M ®) 1)
@ exp(<qn ki)
- V sn K4 7£n
( kZZQ ’ (t) L
eXp(<qn Z’k >)+ z:zeXp(< nz7kn]>)
j=

exp({ n%kif’k»

expl(alfh k) + 3 exollalh k)
P2

M ® 1.0
exp((qy kn Y)

+ 3 VO (&, €ni) k
k=2

exp((g), k{)) + > exp((g), k)))

j=2

(194)

S (e exp(<q$i,k$ﬁ2>>

exp(lal k) + 3 expllal) k)
2

exp({q), k")) )

exp((@® kD)) + 5 exp((g®h kD))

i "Vn,j
j=2

forn € S4,

ﬂ(t) _ gl(t)

n’ i’ \n,i NM ™

M « (t) k(t)
(_ V(t Z (€ irsEnrd) e P(<qn i ))
k=2 exp((g), k")) + S exp((g O k)

i "V, j
Jj=2

exp({ nbkif’k»

exp((g\, kV)) + 22 exp((q), k)

+ %V(t)(<£n/ i/7£n k> exp(<q£7l)l’k$lt)k>) (195)
k=2

n,k
exp((gl), k1)) + ZQexp<<qm,k“ )
J_

=3 (€ o exp((ds i)

exp((q,, k) + Zpr«qffi, k)
pe

exp<<q,ii, k) )

exp((g), k")) + S expl( al k)

12"V, j
=2

forne S_.

F.2 Update Rules for Inner Products

In this subsection, we give the update rules for the inner products of g and k.

Restatement of Lemma The dynamics of ztWo Wy X T can be characterized as follows

88



<q$“> kD) — (gl ,k“ )

O ELIZ+ Y Zaﬁflz k(O kD)

nesSy i=2
OB+ 3 580, e a)
nesSy =2
t) 7.(t) >
t t t t
+ (O‘+,+k’+ + Z Z £L)+2k7(1 z)
nesSy i=2
(t)T t)T
( +Zzﬁn+z nz )’
neSy i=2

<q(t+1> kDY _ (g® k(t>>

R 1R EREN Za“’ AED KD

nesS_ i=2

+8Y 113+ > Zﬂff_z (@t a\)

nesS_ 1=2

+( RIS Zat) . ,fi)

nesS_ i=2

(BT + 3 S ),

nesS_ i=2

<q(t+1) k(t+1)> (q (t) k(t)>

n,i nz’
t t t
- 51)1+Hk()||2 fz)sz:gf’k(t) +Zzanzn’l +t)7k:£7,t/)l>
n'=11=2
t) 1) _(t t t t
+8Y (qV,a) + + ) Zﬂ()+fo,17q(/)l>
’I’LES+Z 2
(t) (t) ) p® S
t t t t @ 0
+(Q7Lz+k +anz— - +Zzanzn’l n’l)
n’/=11=2
( +Zzﬁn+ln/z)
n'e€Sy 1=2
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<q(t+1) k(t+1)> (q ®) k:()>

n,t TL’L’

N M
= afls IRVIE ol K+ DTS 0l Y K

n'=11=2
+ﬂ(t <q(_t)’q§f)l Z Zﬂn —alg >
n'eS_
N M
t t t t : '
+( O KD 10l k43S 0l k 1(1)1)
n'=11=2
(BT 3 Zﬁnulqnm),
n'eS_
1 1
(g (t+ ),kiﬁ )> (q"" (t) k(t)'>
t t t .
— ol 6D B+ S Z%H RO ED)
n€S+l 2

5(tg+||q ||2+Bt,)gf q+ 7qt) )+ Z Zﬁ(tjn/l ‘I+ 7qt)>

)
n’'=11=2

™ kP CI0
(Oé++k + Z ZO&H 1 n’l)

nES+l 2

t )T T t OT
(801" + 5, q" +Zzﬂ(3n/zq2/’l)

n'=11=2

(q" (t+1) k(t+1)> (q" () k(t)'>

1N,y

a_ (k" KDy + 3 Za(”, D KO}

n’'eS_

+ O NaP 15 + 5 4 a a) + Z Zﬁﬁjm (a"”,q)

=11=2
O p® (t) E®
SCCRTES o) SRS

n'€S_

T T T
(B(qu) +8Y T+ ZZ@?J i §5>l>

n'=11=2
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<q(t+1) k(t+1)> (q (t) k(t)>

> g nz’
N M
- nz+<k$7k7(7,t)j> Oé?(zt) k(j’k:(t +Zzanzn’l n/l7k£f)]>
n'=11=2
N M
t t t t t t
80, a0+ 80, (a® a0+ 3 380 a
n/=11=2
N M
t t t) t)
+( 57,)1+k() ng—k(* +Zzanzn’lk(’l)
n'=11=2
N M )
t) t) t) T ®T
(ﬂ(,1+qg- +5(,J7 ( +Zzﬁ,1n’lq’l>
n'=11=2

fori,j € [M]\{1},n € [N].
In addition to these equations above, we give the complete inner product update rule as follows

<q(t+1) k(t+1)> . <q(t) k(t)>

n,e O 'vm,j n,i’ "vn,j
=&l (WY + AW WO + AW Ngq e — (g, kL)
= (Aq, k) + (all), ARL) + (Aq) Ak“U

nz’ n,J n,1)

t t
= a0 K 4 o (6O ) 5D o) D)

n'=11=2
N M (196)
+6(t,_)7, <qg~)’qn z> +ﬁ t7)7, q* 7qn1 + Z Zﬁn]n’l qn’ l’q7(1t)1>
n’'=11=2
N M
+ ( nt)z +k(t Sz, (—t + Z Zan in’ lk'th’),l)
n’'=11=2

Mz

O gOT 4 g0 0T 4
(6 m+dy B _a

. (t)

t)T
Zﬂ,jn’l n’l)
=

n’=1

for n # 7,

(@ k) — (@ K
= (Aq" (t) k(t)> + (q" (t) Ak(t)> + (Ag" (t) Ak(f))

—a®_(k? kO) + 3 Z O kO k)

nesS_ 1=2
+ 80,V dy + Y Zﬂfflz as ") (197)
neSy i=2
+ (o kY + 3 Zan_ikff)i)
nesS_ 1=2
( + Z Zﬁn+1 £Lt)7.T)7
neSy i=2
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(@™, q" ) —(a!,q)

= (Aq, ¢y + (¢! Aq(t)> +(Aq, AqY)

o (g k) T S, (g k)

TLES+7, 2
(t) (t) t) t) ) t)
Fal) (g0 0)+ X 3ol it k)
nesS_ i=2
t) (t
( -‘rk + Z ZanJrzknz)
nesSy i=2
JECROND 3 Sy
nesS_ =2
1
[Chan ER P

=2(aq\",q\") + (Aq}”, Aq!)

t t t t t t
=20 (@ k) +2 ) ZaELLL ¢\ k)
neSy i=2

( Sf)Jrk t)+ Z Zag)—i-z gfz)

neSy i=2

(t) t)T Z Z
( + an 5t n z )

nesSy i=2

t+1 t
D)2 1113

2(Aq"’ (t) ( )+ (Aql (t) Aq(t)>

20" (¢" kY +2 3 Zan’ HdY kD)

g2

nesS_ 1=2
+ (0" kY + Y Zaw kD)
nesS_ i=2 o
( 1) Z Z ® (t)T)
—,— V= + an, ,ivVn,t ’
nesS_ =2
las 15— lla 13
=2(Aq)), a\")) + (Aq.)}, AqY)
N M
2l ) R0 42 30 35l b
n'=11=2
N M
N CORURRTNUES 3 Sy
n’'=11=2
(t) (t) o' (t) S (t) ( )
t tT t tT t )T
( nz-i—k nz—k— Zzanzn’l n’l)
n'=11=2
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@,y — (@, q)

= (Aq\",q") + (g ,Aq(t)> (A, Aq")

t t) t
:043_)_’_ nwk( Z Zan +l q7(’t)’b’ 5V)l>

n’'eSy =2

N M
+anatal ) + ol @ k) - 303 al @l k)

n'=11=2
t t t
( k()+ Z Z ;)—&-z 51)z>
neSy i=2
t t t T t)
(’gL)’L-‘—k:() ’SL)l— *) +Zzanzn’lk(’l>

n'=11=2

(@™, gy — (g, 4

= (AqW,q\) + <q(_t),Aq(t)i> +(Aq", Aql")

= () qnz’k(t Z Zan’—l 7(Lt/)l>

n'eS_

N M
+ay) (k) +al) (@ k) + 33 all) e k)

n'=11=2
+ (0 kY + Y Zafj} )
nes_ 1=2
N M
t tT t )T t T
YRS 35 SRR}
n'=11=2
@,y — (g, )
=(Aq.q) + (@), AdY) + (Aq). AqY)
N M
t t t t t t t t t
=al () k) + ol (a0 kDY + 37 S el (@) k)
n'=11=2

(t,)g N S)ﬂ k(t)> S)‘ it“ k(t )+ Z Za(t)J i qn ) k(t/)z>

n/=11=2
+( ’EL)ZJrk(t)—’—a'ELt)Zf t)+zzanzn’lk(t’l>
n'=11=2
® N M
(t) (t)T oD pOT (®) T
( LOVD +k5 ng—R=" T Z Zan j,n’,lkn’,l )’
n'=11=2
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1 1
@, a ) — (@, )

quz ) dn,g
= (g a)) + (@) Aall) + (Aqy), Aqll))
(t) (&) 4, () (®) LS (®) ) 1.(®)
t t t t t t t
:an,i,+< ﬁ,j7k+ > nzf<qﬁ Z Z n,i,n’,l qnj’k:n’,l>
o
t i t t i t t t t
+a(ﬁ)]+<q£L)zvkg-)> () <Q£L)zak(—)> ZZ (3]77,'l<q1(1)1’k’$l/),l> (205)
n'=11=2
N M
+( (t) k(t)+a£f)1— t)+ Z Zanzn’ lk(t’ l)
n'=11=2
(t) (t) o ) - (t) ®
t tT t tT t )T
'(nj+k ﬁ,j +Zzan]n’ln’l)
n'=11=2

forn # 7,

[ AR
<Ak$),k(t)> <Ak(t) Akj(t)>

=280, (a k) +2 3 Zﬂfflz k)
nesSy i=2
(206)

+ (81 g + DI a’)

neSy i=2

'(++q+ +Zzﬁn+z a,,; )7

n€S+ =2

V)2 — Hk(f’H%

S

nesS_ 1=2 (207)
(B(f,qt“r > Zﬁn_zqm)
nesS_ i=2
(B(t + Z Zﬁnfz nzT)’
nes_ i=2
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1
1RSIV 2 — (k)13

n,t

<Ak(t) k(t)> <Ak(t) Ak(t)>

M, TN, n,i? mn,1

=289 (@, kD) + 289 (g, k) +2ZZB k)

nzn’lqn’l’ n,i
n'=11=2

N M
+(6r(zt)l+q+)+ﬁnt)z, )+Zzﬂnzn’lq’l)

n'=11=2

(t) (15)T (t) T (t) (t)
'(ﬁnz+q+ nz—q— +Zzﬁnzn’ln’l>

n'=11=2

(208)

L
= Ak, kD) + <+,Ak“’-> Ak AkD)

n,t

t t t t
:BiJr % k:( Z Zﬁn +lqn’)l’kn)1>

n'€Sy 1=2

N M
+ 80 (@ kD) + 88 (@ Ky + 3038l kD) (209)

n’ l’
n'/=11=2
(0 + 5 Sl

n’'€Sy 1=2

N M
t t)T t t)T t)T
(B0 + 80 gV DY),

n,i,n’,l n’l
n'=11=2

~

RED k) = (6 K1)

- n,t

_ <Ak(t) k(t),> <k() Ak(t)-> <Ak(t) Ak(t))

=89 (g kD + T Zﬁ(t) g, kD)

n’eS_
N
+/an+<q+’k(t>+ﬁ7(fzf k(t +Z

n'=11=2

M:

/ann’l (t’l’k(t > (210)

(t) (t) (t) (t)
( el ) Zﬁn', 19w Z)

n’'es_

N M
t )T t )T )T
(B0 T B a4+ 308 ),

n,i,n’,l n’l
=2

~

n’'=1
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<k(t+1) k(t+1)> <k(t) k(t)>

n,i n,i vn,j
<Ak3(t) k(t)> <k(t) Ak(t)> <Ak(t) Ak(t)>

5n,1,+<q$)’knt)]> an — q* 7k§1tj + Z Zﬁnin’l ’)l7k£Lt,)]>
n'=11=2

+80 (@ kD) + 8 _(qP kD) + Z Zﬁ“ a\), k) 211)

,jn’l
=11=2

N M
t t t (t)
+ (ﬁiz)z+q+) +B'r(z)z —q—) + Z Zﬂi)zn’ lqn’ l)

n'=11=2

@ T @ OT kS
(anJr +ﬁn]7q7 +ZZBan/ln’l>

n'=11=2

(kT KT = (K, R
<Ak:(t) k(j)> <k(t) Ak(t)> <Ak(t) Ak(t)>

N, "n,j mn,t? mn,1?

t t t t t t t t t
K+ 500 )+ 3 S ol K

i,n’,l qn’l7 n,j

n’'=11=2
+5n]+<q+ ’k(t)> ﬂ'SLt)]— qj)7knt)1 + Z Z/ann/l q'n/l’ nt)1> (212)
n'=11=2
F(500a? + 50"+ 3 580 a®)
n’'=11=2
(5;)] .q (t)T @(It)J - j)T + Z Z/B’Sfj y lqnt/l )
n'=11=2
for n # 7,
(@ RY) — (g k)
— (Aq! (®) k(t)> +(q! (t) Ak(t)> <A(IS:) Ak@)
:a(t) k(t) k(t) Z ZQS)+1 'Ef)z’k(f)>
’ILES+’L 2
+89 (@, q") + 3 Zﬂfff Adld?) (213)
nesS_ 1=2
(t) t)
( + Z Zan+1 nl)
TLES+1 2
<77q7 +Zzﬁn71 nzT)’
nesS_ 1=2
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D BT — 1) kD)

= Ak Dy 4 (kY Ak(t)> Ak, kD)

ﬁ++ q+’k(t Zzﬁn+zqnwk(t>

nesSy i=2
+8Y (g kD) + Y Zﬁff,) Aal kD) (214)
nes_ i=2
M
(5+ Ll + > Z@(fl zqut)z>
neSy i=2
(BT 3 SOA0 )
nes_ =2
F.3 Proof of Lemma|[D.4
Let Ty = O(————). By Lemma , we have |V+(t)\7 v, |V(t | = O, ) fort €
nd;! ||pl3llwoll3

[0, Ty] by Lemma|D.3| Plugging this into the expression for a and 3 gives

n
ol = 557 2 0l

TLES+
(v G
exp((gt?, k(DY) + z exp({g, k)
j=
- exp((g!, k1)) e
M
exp((gt?, k) + > exp((q), k)
=
S, xp((al” k1))
= ) R0 ) R0
exp((q, +>>+22exp<<q+, )
P2
exp<<q5f),k“)>> )’
exp((g?, kD)) + 5 exp((g?, kD))
+ 2 PN+ Ry
P
el 3NM s
< 0, !
= NM 4 0d, ")
2
_ O(nlluillz)7
dh

where the inequality is by —Z;St) < 1 and the property that attention is smaller than 1 ( e.g.

o((a® B
exp((g: k") < 1). We also have
exp((g{" k() + 22 exp((a” k)
1=
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' ( . eXP(@Pv k(+t)>>
+ M
exp((@? ) + 3 exp((a?, kD))

j=2
exp((g, k()))

' M
t t t t
exp((a k) + 3 expl(al k)
]:

exp((g{”, k"))

+ Vn(tz)( M
) L0 ® RO
exp((qy’, k}")) + Z2exp(<q+ ) n]))
J=

exp((g, k))) ,

M
exp((al, K1) + 3 exp((al’ k1))
=

S exp((g\”. k)

M
ki exp((g, k) + ) exp((g, k)
j:

exp((@?, k")) )

' M
exp((al, K1) + 3 exp((al’, ;1))

J

nllel3 —3
< . . 4
<N M-0(d,*)

2
72
_ 0(77”l ||2)’
diN

where the inequality is by —Z;St) < 1 and the property that attention is smaller than 1. We also have

M

|O‘£zt'),¢',+| = ‘ﬁ Z —0) Z<£n’,i’v€n,i>
n€$’+ 1=2
. (Vf) ( exp((q\), k()
) L) M t) L.
exp(<qn,i’ k+ >) + ZQ exp(<Qn,ia kn7j>)
]:
L exp((gy: k) )
M
exp((g), k) + ) exp((g\, k)
J:
t t
S (g, k1))
7,7 M
k=2 exp((q), kD)) + ) exp((g), k)
£
exp((g\, k) )]

’ M
exp((gl), kL)) + ) exp((g), k"))

]:
~2
n 3Upd 3N -9 5773 -1
< 1 = . 52. M -
<% ( I+ =07/ dlog(AN?M /5)) M-O(d;, ")
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noﬁd
di N

:O( )7

where the inequality is by —é;l(t) <1, Lemma and the property that attention is smaller than 1.

Similarly, we have

nll 3
1,181,184 | = o TR,
d4

h

2
0 180, 1801 = o (el
dIN

2

t t t t no,d
a0y 1 1B 1 1B -1 a0 188 ) = O(2)
df N

for ¢t € [0, Tp).
Next we use induction to show that the following proposition .A(¢) holds for ¢ € [0, Tp]

At) :

@ kY g, k) 1l kSO0 [l k) )]
— O max{||l, o2d} - o - \/dy Tog(6NZDI2]5) ),

@, a) 1@, a1, e, a) )]

- O(max{||u||2,05d} .02 . \/dy log 6N2M2/5)),

kS k1R KDY [k, B )
= O max{|lul}, o2d} - o7 - v/dy log(6N?M12/6) )

la' 113, 1%5712 = O(||pl|3o2dn)

g 113, Ik 112 = ©(opoiddn)

fori,j € [M]\{1}, n,n’ € [N].
By Lemma|[C.3| we know that .A(0) is true. Now we assume A(0), ..., A(T) is true, then we need
to proof that A(T + 1) is true. We first proof |< T+ k:(TH))\ (max{||u||§, old} - o -

Vdn log(6N2M2/5)) , as an example.
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}<q(t+1) k(t+1)>7< (t) k(t)>’

t t t t t
ol kDB + 3 Z ap, (kL )

nESJr =2

B0 a3+ Y Zﬂffll a4\

nESJr =2

t t t
CCNGED 3D SN

neSy i=2

(AT S A )

nesSy i=2

2
<o("5E) - euliri,

h

(215)

+NM-0(’7”“”§)-0(max{|| 2 62} - o2 - Ve
I w3, 02d} - of - \/dnlog(6N2M?/5)
diN

+ {lower order term}

= O(nllulliord; )

Taking a summation, we obtain that

T
gV T < 1@ )+ 3 (@Y K — (o kD))
t=0
To—1

<@ k) + D7 (@ kL) — (@ k)|
t=0

1 3
< O max{ |l o2d} - of - \/d log(6N?M?/8) ) + O(—————) - O(nllulitoia; )
nd; lll3lwoll2

(masc{l|pal3, o2} - oF - /d 1og(6N?M?/3) ) + O (|| l3ori; )

(max{|lul3, o2d} - oF - \/dy 10g(6NZMI?/5) )

O
=0
(216)

Similarly to <q$), k:g:)), it is easy to know that the inner product does not change by a magnitude

more than the product of max{a, 8} and max{{(q, q), (k, k)} in a single iteration, which can be
expressed as follows

’<q(t+1)7k(t+1)> —(q (t) k(t))]

no2d
:O(ma {77||H||2 nopt }) O(max{| |3 Uhdh,U 252 dd, })
di diN
nllpll3 217)
B O(dT) - ©(max{||p|307dn, oo ddy})

h
= O(nllsl3oid - mac{| )3, o2d})
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where the second equality is by the condition that N - SNR? = Q(1).

Taking a summation, we obtain that

|(gT+D), K(T+D) — (q© kO] Z’ (1) (D) _ (g0 o))

&

-1

<Yo (nllull%aidz maxe{ |3, 02} ) 218)
t=0

= 0(—————) - 0(vlluli3otd; - max{||ul},s2d})
nd ||u|\ lwol3

= O max{|ul}3, o2d} - o3} ).

It is clear that the magnitude of (g7 1), k(T*+1) — (¢(® k®) is smaller than max{||p||3, o2d} -

o? - /dy log(6N2M?2/§), Thus the magnitude of the bound for (g7, k(T+1)) is the same as that

of (g™, k(™). The proof for (g7 qT*1)) and (kT k(T+1) is exactly the same, and we
can conclude the proof by an induction.

F.4 Lower Bounds of o and /3

In this subsection, we present some bounds for o and 3 which can be used in[D.2]and[D.3] All the
calculations in this subsection are based on the precise expression for o and /3 in [F.1|and assume that
B(T1),...,B(s),D(T1),...,D(s — 1) hold (s € [T1,t]). Then the following propositions hold:

v > am vl

v < _sm v,

n,t

S S S S 1
softmaz (gt kL)), softmar((g,"), k) = 17 — o(1),

1
softmaz((ql, ki), softmaz((qy), ki) < = +o(L).
Now we give the bounds respectively for a$?+, 5L)+ I f)f, 5%) i ff)z 4 ff)z ., afz?i,n’,i” EL"",)JF,

ﬂn +,2° BES)—’ ij)f,z’ ﬁn 1,4 ij')i,f’ 57(7,572,77/,1'/'
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(s) 7.(5)
. . . exp((gy”, k5))
ol = w7 2~ ————— =
nesy exp((qy’ ky’)) + ZQexp(<qJ; k)
i

(s) 1.(s)
5) exp({q}’ k"))
(V-

() 7.(5) A (5) 1.(5)
exp((q}’, k")) + ZQGXP(@J; ki)

j=

Sy . exp((g}”, ki) )

: () 1.(5) = () 1.(5)
=2 eXp(<Q+ ak+ >) + Z2exp((q+ ’k:n,j>>
]:

(5) 1.(s)

; ) exp((g}”, k)

> N )3 STan

nes, exp({gy” kL)) + 2 exp((g}, kL))

Jj=2

(219)

(s) 1.08)
k
) (V_f_s)(l B exp((q+ y R >)

() 7.(5) = () 1.(5)
exp((qy’, k') + Zzexp(<q+‘ k)
j:

M (s) 1.(s)
1 (s) eXp(<q+ ) kn,i>)
—. V+ E .

2 ‘ s s N s N
=2 exp((g{”, k() + 226xp(<q(+)’kfz,§>)
=

> 1 0O w2V eXp((qf),kEf)»
> S Ol —omllee b B
neSy eXp((qf ,kf >) + Z eXp((quS ’kn‘ij»
j=2
(- exp((g} kL)

() 1.(5) = (5) 1.(5)
exp({q;’, ki) + Z exp((qy 7kn,j>)

Jj=2

where the first inequality is by Vf) > 3M - |V7£,Si) |, the second inequality is by the fact that the sum
of attention equal to 1. Similarly, we have

B, >

/ () ()
_n Z 7@/(8)”“”%%&9), exp((g3", k')
INM S, exp((al” K7) + (M = D exp(max{ (@ KIDD 0

exp(max{ (g’ k,7})})

exp((ql” k1)) + (M — 1) exp(max{(g¥" k)

oz(fL >
() g

_n Z 5/(5)||u||§V(S)~ exp((q", k7))
2NM S5 (g kD)) + (M = Desplmax{(@” K0y )

exp(max{(q"” k[))})

exp((@ k) + (M — 1) explmax{ (g7 k7))
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g >

exp((q"”), k™))

v 2 IV

g exp((q®, k1)) + (M = 1) exp(max{ (") £))})

exp(max{ (g, k}7)})

exp((a k) + (M = 1) expmax{ (g k)]

n,j

exp((q ‘S%kff»)

exp((@, k) + 3° exp({gy” k)

j=2

S T’ S
o= =g o sl

(v exp<<q+ L k)

exp((q\”, k) + z exp((g)”, ki)
J=

exp<<q+ )

i (5) 1.() (5) 1.()
exp((g\, k(7)) + z exp((g{” k)
(s) (s)
. exp((g! ,knk»
_ZVTEJz (8) 1.(8) (8) 1.(s) ))
K exp((q\), k() + z2exp<<q+,k7j>>
£
o) <<q$%k552>>
< - NME ||.“||2 o R
exp((gy, & >>+22exp<< kD)
J
( G eXP((Qf),kf)»
(v
exp((g, k() + 22 exp((gy” k)
£
B 1
V(v +o(1)))
k#i
(s)
ex ,k:
< ot |l pllar: k)
exp((g'” kS)) + zQexp« a\ k)
J
(5) 1.(s)
k
. (7 V4(_S)- eXP(<Q+Aaf ) +2]\4mlax|vn( l)|>
exp((g, k() + ) exp((qy”, k()
£
(s) 1.(s)
<~ Il oxplla k)
exp((g}, k() + _22 exp((g(”, kL))
P=
(v exp(lal? k)

exp((g'), k) + _22 exp((q”, k)
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N oxp(lay” k)
4 + S S
exp((g k) + _22 exp((g”, k)
£
(s) 1.(s)
o e 7k7L’L
RV OTWECE U o)
4NM (s) 1.(5) (s) 1.(5)
exp((g'?, k) + zQexp<<q+ k)
£

. exp((g}’ k<8’>>
exp((gL, kL)) + ; expl(a k)

where the third inequality is by V" > 3M - [V,'*)| and softmaz((g\",k{)) >
Similarly, we have

(s)
exp((g™, k%))
. Z/(s)H H2v(5) — ) ne
4NM n H 2V —
exp((g”, ™)) + _22 exp((g™, kD))
P=
, exp((g™, k)
o .
exp((a” k) + 3 expl(a” k1))
P=
(s) 77||N||2 /(s)
Buki = ="Nap 0
(s)
s exr>(<qm,k ))
. (Vi )( (s ) (s)
exp((q), k{))) + Z exp((g) k)
_ exp((gy): k$>>> e
exp((g), k) + zQexp«qui,kfi}»
P=
M (s)
ex 7k:
_ Z (V(,Si) . )P(<qn i ) - :
k=2 exp((q), k() + z2exp<< i) k)
P=
. exp<<qfi,kfi>>
exp((q), k) + 22 exp((g\), k)
P=
(8) 1.(s)
_ 77||IJ’||2£/( ) exp(<qn z’k-‘r >)
NM S S S S
exp((q), kL)) + 22 exp((g), k)
p=
(8) 1.(s)
ex kY
.<V+S)(1_ (s) ()p(<qnZ >) (8) 1.(s)
exp(<qns7,7k ’ >) + dexp(<qn 7,7kn ]>)
£
. i (V(s) . eXp(<q7(LSZ) k'ELS?c>)
k=2 ,

expl(a LK) + 3 expl(al ) KE)
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(s) 1.(s)
> _ 77||/J’||2€/( eXp(<qn 1’k+ >)

B NM S S El S
exp((q), k{))) + ZQexp(<q£27k£j>>
=
(s)
s exp(<qm,k ))
. (Vi - (s) (s)
exp(<qn 'L’k >) Z exp(<qn z7knj>)
1w i exp({ mm
2 +
=2 exp((g), k') + zzexp« i) k)
£
(8) 1.(s)
77||IJ/||2£/( )V(s exp(<qn z’k >)
= 2NM + s s
exp((q\), k) + zQexp«qm,k( )
P2
- exp<<q5fi,k:$>>> )
exp((g), kS)) + 5 exp((g), k)

j=2
where the first inequality is by Vf_s) > 3M - |V,f?|, the second inequality is by
M

3 softma:c((qffz, kSL}) =(1- softmax((qffz, k@))) Similarly, we have
k=2

5n, ,'L =
(5) 1.(9)
nllullzel( )y exp(<qnsl,k_s )

2NM S S S S
exp<<q,€,2,k<_>>> - 22 exp((g\), ki)
p=

exp(<q§2,k<s>>>

(@ ) + 3 exp((al), k)

Jj=2

.(1,

(s) llén ez,
an’,i’,+ NM é ( ( ))

M
exp((qu))i,7 k:(f)>) + > eXp(<q7(5?i'a kfﬁ)j»

j=2
exp((ql; ’Z,,k<s>>> ,

exp((g;, k) + z exp((qy . kS)))

=

> (g, k)

k=2 exp(<q£j)’i,, kf:)>) 4 22 exp(<q7(“)l/7 kfl )J>)
Jj=

exp((ql; L/, k)

exp({g) k$)) + 22 exp((g;, k)
=

+ {lower order term}
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exp(<q§>ll,k<s>>>

exp((a)y k() + _22 exp((aly, ki)
P

_ nlléw 13

(s) (s)
ex , ‘,,k
(s) k(S) (s) k(S)
exp((g, v, k7)) + ZQGXP(@n ks i)
;=
(s) (s)
S (g i)
" (5) (s (8) 1.09)
k=2 exp(<qn’,i/7k+ >) + 22 6Xp(<qn/ 1’7kn j>)
=

+ {lower order term}

1ll&nr.ir 113

5) 7.0
exp({(q, 1, ki)
> , 7, n’,i
> Mol _ g (o))

M
exp((a, k) + 3 en((a ;)
P

(s) (s)
s eXp(<q’n N k >)
. (V+( )(1 _

exp((af) k) + 3 exp((al k)

Jj=2

M (s)
1 (s eXp(<qn wk k)
- ZVy E

k=2 eXp(<q77/ 470 k( )>) + ‘ZQ eXp(<q,(j)z/, kfl )]>)
j=

+ {lower order term}
exp((ay, Wk‘s )

exp((a KD + 3 exol(all k1)
pa

77||£n i’ ”2 o (s)
el g (oot

exp(<q$2~k<s>>>

exp({g?,, k7)) + Z;xp« i k)
P

.(1_

+ {lower order term}
nogd

N exp((g\)y, k\))
= 5NM

M
exp((gy, k) + 20 exn((al), k)

j=2

— 0, (0(s)) V)

()
- G \

exp (@D k) + 5 exp({gl K))

j=2

where the {lower order term} is by the property that ||€,,/ ;|3 is much larger than (€, i/, &, ;) in
Lemmaand the condition d = (6*2N2dh> , the first inequality is by V_ﬁs) > 3M - |VTEZ ,

last inequality is by ||&,,/ i/ ||3 > %ﬁ and we absorb the {lower order term}. Similarly, we have

aly), >
2 (s) (s)
ngpd / (s) exp(<qn 470 k >>
£, (0(s))V.
st OOV ——

exp((g,, k&)) + z exp((g';, k530
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- exp((q,(f,?i,, %))

M ’
exp({al k) + 3 exp((ali. K2))
P

112
g MEwillz (6(5))

n/}il)_j’_ - NM n
(7‘/—4(_3)( exp((qs_s),kf)»
M
exp((qgrs), k(f)>) + > exp((qf), ks)j»

Jj=2

exp((a\” ki)

(s) 1.(s) M, (s) 1.(s)
exp({af” k) + 3 exp((al”, k1))

J
VL (e k)
n’,i
) () 1 - (5) (s
expl{gy’, ki) + 2 exp{ay s b))
J=
exp((a) k) + 3 expl(al k)
+ Ry A2pq+’”'aj
=

+ {lower order term}

1ll€n. 113

(s) 1.(s)
[ exp((ay”, By ir))
S 2,(0(s))

() 1.(5) 4 (5) 1.(5)
exp((g”, ki) + 3 exp((gy”, i ;)

s,

j=2
(_ v eXp((Qf)» kf)»
+ (s) 1.(s) M (s) 1.(s)
exp((qy’, ki) + ZQGXP(<Q+ »’%/,j))
j=
“ exp({at” k)
exp((@y” k7)) + 3 expllgy” ki)
j=

+ {lower order term}

(s) 1.(s)
1 2 ex 7k”, i’
< 77”571 51 ||2 E,ln/ (0(8)) . p(<q+ , >)

= NM ) (s A $) (s
exp((qi),ki)ﬁ + Z2€XP(<Qi)7k£L/),j>)
=
(—Vf)- eXp((q(f),kf)ﬁ
(5) () M (s) (o)
eXp(<q+ y R >)+ Z:Qexp(<q+ ) n’,j))
=
(s) 1.(8)
1 s k
L §VJ£ ) eXp(<q+ + ) )

(s) 1.(s) M (s) 1.(s)
eXp(<Q+ 7k+ >) + _Zzexp((q+ ’kn’,j>)
j=

exp((g}” kp2))

(s) 1.(s) M (s) 1.(s)
exp((qy, k') + Z2exp(<q+ vkns))
j=

< MéwilI3

/ (s) .
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exp<<q$>,k$>>>

exp((g', k(7)) + ;2 exp((g¥, k())))

+ {lower order term}

no2d exp((q; () k:(s,)»,>)
< p / ‘7(3) . [ N )
5NM€ OV

exp((g®, kD)) + 35 exp((g\, k)

j=2

exp((g <S>,k“>>>

exp((gl?, k) + 22 exp((gl”, k) )))

)

where the {lower order term} is by the property that ||€,,/ ;|3 is much larger than (€, i/, &, ;) in
Lemmaand the condition d = Q (6*2N2dh> , the first inequality is by V_i(rs) >3M - |VTEZ ,

2
last inequality is by [|&,,/ i/ ||3 > %ﬁ and we absorb the {lower order term}. Similarly, we have

ﬂn 4, — S
19 0 o)V exp<<q<_>,k“) )
5NM ' - s s S K
exp((g™, k™)) + 22 exp((q™, k)
e
, exp((g™, k)
M
exp((a”, k7)) + 3 expllg SRODY
e
“ D e exp((gyy- ki)
an,i,n,j = W - gn Z<£n,ia£n,k> : M
k=2 exp({afk k) + X explla k1)
=2
(v exp (g, K1)
exp((g ;Si,k(3’>>+l22exp<< 4, )
(s) 1.(s)
ex ,kn
JrV,,S}(l* - p(< n,k g)) —
exp((q kak >)+l;2€XP(<anakn )
(s) 1.(s)
. exp((ql] b by )
-2 &) 1) (s) )
B eXP((‘In o K >) 1’22 eXP(<qn k> kn 1))
(s) 1.(s)
_ 77H£n 7z||2£l( ) exp((gn, %’kn>j>)
NM s s s s
exp((ay), k7)) + z exp((al), ki)
'=2
(s)
(s) exp((qn Z,k >)
(v (s) (
exp(<qn 'z k ° >) + 1/222 eXp(<qn 79 knsl’>)
(8) 71.(8)
ex ,k
exp((q\) k)) + IZ exp((g, i Ky )
=2
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ex (s %k:ffg
B Z (V,,Efl) ) p(< q,; >) ))

E exp((alh k) + 12 exp((a,). ki)
=2

+ {lower order term}

(s)
< - n‘|]§77}\2||2£l(s) exp(<qn 2 k >)
exp((ay). k) + lz exp((ay. k1)
=2
(8) 1.(s)
ex ,k
eXp(<qn ,0 kJr >) + lz exp <qn 1) kn l’>)
=2
VST (v 0(1))))
l#1
+ {lower order term}
(s)
< - 77”]677]«\2”2£l(s) exp(<qn 2 k >)
exp((ay). k) + lZ exp((an. k1)
=2
(s) 1.(s)
ex Kk
. (_V(S) : p(<q’” ) + 2max |
() g(s) () g(5) :
eXp<<qn RARAS >) + l;2 eXp (qn 17 "Vn, l’>)
+ {lower order term}
(8) 1.(9)
< _ nl€x, l||2£/(s) exp((q n,i k ,J>)
- NM s s
exp({al) k) + 3 expl(al) kL))
=2
(s) 1.(s)
ex ,k:
] (_ v P((q +)
exp((qn ) k(s )+ 1/2:2 eXp(<qn i k’l(’le/>)
L3y exp<<q£:% k) )
4t () () o k)
exp((g, ;. ki) + l,22€XP(< i Kpi))
+ {lower order term}
o) exp({(g,). k,))
S TUNM + M ) 1.(s
exp({g,). kL)) +lz exp({al ), k{I))
=2
. exp(<qffia k)
exp({gy ), k7)) + lz exp({g,). k{.)
=2
+ {lower order term}
(s) 1.(s)
<o i P gy ). b (( "“k"”»
—O9NM ™"
exp((gl) k) + 3 exp((g) kD)

I'=2
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exp({g), k$))

. M
exp((g) kL) + X expl(al? k)

irFon 1
I'=2

)

where the {lower order term} is by the property that ||, ;||3 is much larger than (£, i/, &, ;) in
Lemma and the condition d = §<6’2N 2dh) , the third inequality is by Vf) > 3M - \VTE‘?|

2
and softmax((qr(f}, k:g_s)>) > - — o(1), the last inequality is by ||£, ;[|3 > %ﬂ and we absorb the
{lower order term}. Similarly, we have

()
n,,mn,) —
LRy exp((gn. ki))
ONM ™ ~~ §) o (s M s) 5 (s
exp((a, k) + 5 exp((arl]. k)
exp({g'), k™))
- .
exp((gl), k™)) + 3 exp((a"), kL))
1'=2
B’Ets,g',n,i = Nz\/[ - g;z(g)
M (8) 1.(s)
s exp((q kY )
k=2 exp({g,;, k) + lZ exp((@, Ky 1r))
=2
exp((q), k%))
M
exp((q), k) + ¥ exp((gl). kS)))
=2

M () 1.(8)
s exp((q,, ;s Ky 1))

+ 2 Vi (6 o) () 1y, (5) 1.(5)
k=2 exp((q,,.;, k")) +lgzeXP(<qﬁ,ivk7{,l/>)
M exp((a’”), kL))

- Z (<£n,j7£n,l> () 1.(s) M (s) 1.(s)
1=2 exp((g,; k3)) +lgzexp(<qnfi,knf1f>)

exp((a”), k) )
() g(y) 1 35 () go(5)
exp(<qn,z7 + >) +l;26Xp(<q"v“ n,l’>)
(s) 1.(s)
_ 77H’$n,j|% yON eXp(<qn7i’kn7j>)
NM " s s M s s
exp((a, k) + 3 exp((arl). k)
(—vo exp((ay), ki)
_— o
exp((a,, k) + 3 expl(a; k)
VO exp((d,s, ki) )
n,J ] s M s s
exp (@), D)) + O exp((a), kL))

'=2
+ {lower order term}
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(s) 1.(s)
< 77“6“,]”% _ g{rgs) . eXp(<qn,i’kn,j>)

B NM S S 1\/1 S S
exp((gl), k) + 3 exp((a) k)

/=2
(5) 1.(9)
s exp(<qn,i7k+ ) s
(_Vp (5) 1.(5) M () L.(5) +m]§1x|‘/;£7])|)
exp((q,.i k1)) + ZZ exp((@p.:: Ky 1)
=2
+ {lower order term}
(s) 1.(9)
< 77”577,,]'% N g/(s) . exp(<qn,i?kn,j>)
o NM " S S M S S
exp((g”), k) + po exp((q), k)
=2
© exp((gy), kL))
(_ 5 () o)y, X () 1.(9)
exp((q, ;,ky)) + > exp((gn i k1))
1'=2
() 1.(s)
1. (s exp((q, i, k
N §V+( ) (g, - k7))

M
exp((a,, k) + 3 expl(ar k)

+ {lower order term}

 M&ns| 5455)‘@(5) _ exp((g,. ki)
2 expl(all) k) + 3 expllal k)

| exp((g,). k)

expl{all) k) + 3 expllall k)
+ {lower order term}i
B % POV exp(<q£f§; k)

exp((a, k) + 3 expl(a) ki)
exp((q\"). k%))
exp((a) ) + 35 exp((alh kL)

=2
where the {lower order term} is by the property that ||€,, ;||3 is much larger than (£, i/, &,.;) in
Lemma and the condition d = Q (6_2N th), the second inequality is by Vf) > 3M - |VTE“? l,

2
the last inequality is by ||&,, ;1|3 > %d and we absorb the {lower order term}. Similarly, we have

(s)
Brjmi <
o2d exp(( () k(5)1>)
~ 1%y ) P02 Bn,j
SNM™ ~~ 8 o (s M s) 5 (s
exp((@l), k) + 3 exp((a) k%))
1'=2
exp((g\), k™))
' () (o0, & () 1.(5) \y
exp((q, ;, k=) + lZ exp((qy,. ;> k1))
=2

Summarizing the above equations, we have the signs of a and S as follows:
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O‘f,)Jr’ a(j’)*’ﬁgr‘le’ﬁ(fs,)*’a?(l,)i,#»’ O‘S,z,faﬂr(f,zr,i’ﬁy(j)f,i >0,
o o) ol B B B < 0.
F.5 Lower Bounds of ( q, k)

In order to give the lower bounds for (g, k), we need to rewrite the bounds of « and 3 in a more
concise form. We first expand the equations inunder the assumption that B(s) holds for s € [17, t].

(s)
Qi+
; o) exp((a} kL))
> SNM Z —, ||N||2V+ ) M
neSy eXp(<q$)7k$)>) + ,22 eXP(<q$)7ij;,>)
Jj'=
- exp((a”, k)
() () M (s) ()
exp({q}”, k') + ‘Z2GXP(<‘I+ ki)
Jj'=
1 )| 121) exp((a}” KY)
= oONM Z =L | mllZVE - M
e (s) 1.(s) (s) 1.(s)
+ exp((q}’ k7)) + VZ2GXP(<‘1+ ki)
Jj'=
M
2 exp((g, k7))
Jj'=
. (s) 1.(s) M (s) 1.(s)
exp((qy”, k) + ZQGXP(<‘I+ ki)
Jj'=
(s) 1.(s)
> 3V exp((qy” ki) (229
~2NM " 2t

() 7.(5) A () .(5)
exp((q}’, kY’)) + _ZZGXP(@L; ki)
Jj'=

exp((qy”, k()

. () 1.(5) 4 () 7.(9)
exp((gy’, ki) + > exp({gy’. k, )

i'=2

n s 20 ,5) (1
> INI — 0 )||N||2V+ : (M —o(1))
exp((g\”, k"))

. () 1.(5) 4 () 1.(5)
exp((al k) + 3 expl((al ki)
Jj'=

(s) 1.(s)
n /(s) 2v,(s) 1 eXP(<‘1+ 7kn}j>)
> — — (= —o(1)) -
_ G ulilwol3s —T) 1
B N exp(Ay) )

where the (qsrs), k:ff;) in the second inequality is a particular choice (we will characterize the dynamic

of (qf), k$)> - (q_(f), kifg)), the third inequality is by softmax((qf), k$)>) > (& —o(1)). In

the fourth inequality, by (g(™), k(")) = 0(1) and the monotonicity of (g(*), k(*)) ((qf), k$)> is

(5) (o)

+ sk, ;) is decreasing), there exist a constant C such that ' exp((qf), kg_s)>) >

increasing and (g

M
exp((qf), k$)>) + _22 exp((qf), kg’g,)) In the last inequality, we plugging the lower bounds of
Jj'=
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Vf) and —6%5) and then absorb all the constant factors. Similarly, we have

) o NCsllplzllwoll3(s —T1) 1

o N exp(/\;s)Jr J)

v

, (224)

. 2 4 2056 T 1
RO Cs||pll2llwoll3(s — T1) 7 (225)

o N exp(A(S) )

n,—,]

n*Cs||pll3]lwoll3(s — T1) 1 .
’ N exp(A(s )

n,—,J

jss)
%
<
Y

(226)

()

O t,j

exp<<q5f>,k£i;>>

exp((g) K)) 1 35 exp((q® kD))

J'=2

< 1 p(s) 27/(s)
exp<<q+ L k)

exp((g\”, kS)) + Z exp((g'”, k)

] =

() (1
34NM£:£>H plEVE - (57 = o) (227)
exp((g(”, kL))

. (s) 1.(s) i (s) 1.(s)
eXp(<Q+ 7k+ >) + 4226Xp(< 7kn] )
Jj'=

2 L exp((gl, kL))
4NM£n H ||2V+ ’ (M - 0(1)) ) () 1.(5)

Cexp({gy” k')
P Cs|pll3llwoll3(s — Th) 1

- N exp(AL, )

\ /\

where the inequalities is similar to (223). Similarly, we have

NONEPN 1’ Cs||pl3llwoll5(s — T1) 1 .
g = N exp(AY) )

n,—,j
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(5) 1.(s)
B ey expl(allh )

= 9NM + S (s $) (s
exp((ql), k)) + ,22 exp((g), kL))
Jj'=

- exp«qsz,km
exp((al), k$)) + 5 exp((q), k)
j'=2
S _ w3 gms)‘/(s) (4}, __0(1))
- 2NM ™" M

M
X ex p((g) kL))

. (228)
exp<<qff,3,k< )+ z exp((gl) k)

j'=

a3 sy 1
— _o1
> —onar Ve (57 —e)

exp((q n27kiz>>

exp((a), k{))) + z exp((g), ki)

j'=

(s) 1.(s)
1 ex k
> - ellono . - o) S
Cexp(<qn,z k-i— >)
o PCslplldlwol3s ~T) 1
- (s) ’
N eXp(Anz+,g)

where the inequalities is similar to (223)), and (qn - k > is a particular choice (we will characterize

the dynamic of (qn ) kY )> <q7(fz, k) 7)) Similarly, we have

) 5 TCslmllwollis —T) | 1 (229)
Tt N exp(Agfl J)
Lo s PCopdlpl3lwol3s —T) 1 30
n,i,+ =— s
N eXp(A;1+’J)
w0 o POsodlullwol3s-T) 1 .
e N (A )
) _n?Csopd|pl3lwoll3(s — Th) 1 03)
n,j,+ — N eXp(Ag:L_J)’
) n*Csopd||pl3lwoll3(s — T1) . 1 033)
T N exp(AL) )
w0 _rCsodluBlwols ~T) 1 -
o N exp(AL) 4 )
5o _1°Csopd||pl3|woll3(s — T1) 1 033,
R N exp(AY) L )
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With the concise lower bounds for « and 3 above and proposition C(s), we will give the lower bounds

for the dynamics of (g, k).

<q(5+1) k(5+1)>7< (s) k(s)>

=a KD 13+ Y Zam (K B

n€S+ =2
DladE+ Y Zﬁm a4
nES+ =2
(s) s) (s) s
(a++k +Zzan+z nz)
neSy i=2
-
(e + X 3o
neSy i=2
= a+ +||k:(s 3 + B ||2 + {lower order term}
> 277205||H||2Hw0||2(3—T1) . 1 9(” ||2O_2d )
- N ) Fil2SASa
exp(A,, 7
+ {lower order term}
n*Co|lpl|$l|woll3o7dn(s — T1) 1
= (s) '
N exp(A, ;)

(236)

where the first inequality is by 223), (224), the bound of qu) 13, ||k:5f) ||3 in stage II, the second
inequality is by absorbing the {lower order term} and the constant factors. Similarly, we have

<q(:"+1)’ k9+1)> - <q(f)v k§)>

L PCollulSlwol3oidi(s — 1) 1
) N (A, ;)
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<q(8+1) k(8+1)> _ <q(s) k(8)>

+ »Vn,j + Mg
o2 kO kD) + T Za(s/)w B S,
n’€Sy 1=2
Bv(z,] +H )“2 +ﬁ n,j,— q+ ’q— + Z Zﬁﬂ,j n',l q+ ’q7(1’)l>
n'=11=2
( )+k’s)+ Z Zan ol ns/l)
n’'eSy =2
(s) (s) s)T
(’8 n.j,+4 +6»J* +Zzﬁ,jn’lq ’)l) (238)
n/=11=2
= an i ||k:( 2+ ﬁ( i, ||2 + {lower order term}
n?C ~-T 1
<-= 25 1) : ~@(020'121ddh)
N (s) p
exp(A,, L
207 2 2 2
0" Csopdl|pll3lwollz(s — T1) 1
T, ————O(|luloid)
(An +j)
+ {lower order term}
_ 1*Coopd|p|l3llwol|3oidn(s — T1) 1
) N exp(A7) )

where the first inequality is by 227), (232)), the bound of ||k: ||2, ||q ||2 in stage 11, the second
inequality is by absorbing the {lower order term} and the constant factors. Similarly, we have

<q(8+1) k(sf1)> <q(_5) kz(s).>
_ 1°Coopd|p|l3]lwol|3ondn(s — T1) 1 (239)
- N exp(A) ;)

116



<q(8+1) k(8+1)> <q(8) k(s)>

n,1 n,i? v+
N M
= al (IR + o) (k) KS) £ 3TN al L R E)
n'=11=2
+B++ q+7qnz Z Zﬁn/+lqnz7qn’l>
n'€Sy 1=2
k(s (5) k(s
+ nz+ nzf +Zzanzn’l
n/=11=2
( ) ()T (s) ()T
’(+s+q+ +Zzﬂs+lns/l> (240)
n'€Sy =2

= nz+||k S)Hz —|—ﬁn+z||q ||2 + {lower order term}
POl ) Loy
a N eXP(AEiZ,+,j) o
1°Cs || pllzlwoll3 (s — T1)

1
(s)
N eXP(An,i,+,j)

+ . @(Ugaiddh)

+ {lower order term}
. 1*Coodlullzlwoll3ohdn(s — T1) 1

- N exp(AY), )

)

where the first inequality is by (230), (228)), the bound of Hk:( 13, ||q(s) |2 in stage II, the second
inequality is by absorbing the {lower order term} and the constant factors. Similarly, we have

(@S k) — () k)
n*Ceod|p|3lwo 3ofdn(s — Th) 1 (241)
- N exp(AL) )
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<q§lsj>1 k:(8+1 > < (s) k(s >

q, ;00 Vnj
- ’ELSi +<k$)akii3> + 04(517 k(—)7k512 + Z Zan n', l k(s’ l’kgls,;>
n/=11=2
+ﬁn,j +<q+ 7qnz> +5(,], - 7qnz + Z Zﬁnjn'l qn’ l’qnsb
n'=11=2
( 57,81 +k(8) + a'ELSZ 7k(8 + Z Zan i,n’ lk(s’),l)
n'=11=2
s T T 242
TCTICCART S NPLLNS 3 SECIPC o
n'=11=2
= ) IR + 8L il 3
+ {lower order term}
e CsodlpldlwolBoddns ~T) 1o,
=~ = N . 5 . (UpO'h h)
exp(An,i,:l:,j)
+ {lower order term}
_ 1°Coo,d?||plf3]|woll3opdn(s — Th) 1
B N exp(Ay] 1 ;)

where the first inequality is by (234), (233)), the bound of ||k(5) I3, ||q ||2 in stage II, the second
inequality is by absorbing the {lower order term} and the constant factors.

F.6 Upper Bounds of ( q,k )

In order to give the upper bounds of (g, k) in stage II, we need to give the upper bounds of « and 3
based on the equations in[F.1|under the assumption that D(77), ..., D(s — 1) hold for s € [T}, ].

sy N () 2
Oé_;_1+ = NM n; En H/"'”Q
A
(v exp((g.”, K1)
exp((g, k) + 22 exp((g\ k)
J
exp<<q+ ,k“ ) )
—( (5) () )
exp((gy k() + 22 exp((qy”, k)
ps
M (s) eXP(<q$)ak$)>)
Z V (s) 1.(s) M (s) 1.(s)
i= exp((g”, k&) + 22 exp((@, k()))

j=2

exp((g\, k)

exp((g, k) + iexp«% K

() g
. . exp({gy”, k)
sy D IRl T
nesy exp((qgrs),k(S ) + E exp(<q+ ’k(sb)
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4 (5) 1.(5)
ZQGXP(<Q+ )
j:

) (V(S) )
" (5) L0y, o () 1.(s)
exp({(gy’, ky’)) + Z%exp(@r ki)
j=
SN exp((@y”, k)
2 () o)y, & (5) (o) )
=2 exp((qy’, k}7)) +j22€XP(<‘I+ 7kn,j>)
> () 1(s)
i 52 expla. ki)
e 3 g (0
nes () p(s) () p()
+ exp({(gy’, k') + Zzexp(<q+ ki)
;=
M
> exp((al k,)))
+max |V,\%)] = —
exp((a, k7)) + 3 expl(al ki)
i=
no 3N e () % (s) ¢
<war a el (Vi gy tmax Vo] e
NM- 4 ( exp((gy” k) exp<<q<+>,k:<+>>>)
_ nColu?
- () p(s)yy’
exp({(gy . ky’))
where the first inequality is by 0 < 1and so ftmaa:((qf), kf)>) < 1. For the second inequality,
5= exp((al) kL)) 5= exp((al) kL))
we first consider =2 — <= &~ then by the monotonicity
exp((af) k()4 3 exp((a( k() P
M
of (qf), ki:;) and (qS_Tl), kfﬂ”) = o(1) we have 22 exp((qgf), kﬁ:i)) < C'for s € [T, t]. The last
]:

inequality is by Vf)7 VTEZ) = o(1) for s € [T}, t] and absorbing the constant factors. Similarly, we
have

2
Oé(j’), S 7709(!)“’”2(3) )
exp((g™, k™))
(s) nCollp]|3
++ S )

exp({gy”, k$7))
o) < _ nColpl3

T exp((@) K
S 77 S
g = =y el
. (—Vf)- exp((a} kL)
() g(y) o S () go(s)
exp((al”, k) + 3 expl(al Ki7)
Jj'=
, exp((gy”, k)
M
exp((al”, k) + 3 expl(@l?, k) ))
Jj'=
exp((g\”, ki)

+ VI

() 1.(5) M (5) 1.(5)
exp((qy’, k7)) + _Zzexp(<q+‘ ki)
Jj'=
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B exp((q f)7k553>) )
exp((q\”, kL)) + _ZQexp«qf%kﬁiz,»
Jj'=
-3Vl oxpl(a, ki)
=" () o) (5) g()
j exp((a, k) + 5 exp((af), KC))
P2
. exp<<qi),k“>>> )
(5) (o) (5) (o)
exp((g{, k() + _z2exp<<q+ k)
Jj'=
ey exp((g’, k)
= TNMT ]2 - ® 1.0) M () (s)
eXp(<q+ 7k+ >) + 4226Xp(< 7kn] >)
Jj'=
(v, exp<<q<f>, Y)
+
exp((al) k) + 32 exp((a, kL))
P2
v exp<<q3f%k£;i3->>
™ (5) g(o) (=) (o)
exp((g?, Kl >>+z exp((g\”, k{)))
P
> exp((g\, kL))
—m?X|V S)l #] M
exp((g k) + 3 eopl(al )
s . exp((q!” ,kS:‘;§>>
ENE Y 2
exp((g\, k(7)) + zgexp«qf%kﬁi;»)
Jj'=
(s) 1.(s)
S 277 el V() €x p(<q+ ?k:n,j>>
= NM'TN2 C
1Cs||pll3 (s) 1.(9)
> - exp((g kL)),

where the second inequality is by V( *) >3M- |V, s)| /(S < 1 and the property that attention < 1.
exp((q!” k£f§>> exp((a\ k()

exp((al KN+ 52 explal) k) (@ )
j'=2

For the third inequality, we consider

first, then

by the monotonicity of <q§f), kf)) and (g v kSrTl)) we have exp(<q$)7 k$)>) > C for s € [11,¢].

The last inequality is by V_f_s) = o(1) for s € [T}, t] and absorbing the constant factors. Similarly, we
have

s 7709HNH2 s s
ap) ;= TR e (@ k).
(s) 77”/1’”2 /(s
ﬁn,-&-,i_ NM
®) exp<<q<s>,k<s>>>
(VI

exp((a), k) + z exp((g), k)
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exp<<q§2,k<s>>> ,

exp((q(), k) + 55 exp((g), k)

j=2
i v exp((gn), kL))
k=2 exp((g), k) + zexp«qm,kif}»
exp({ ii,k%)
exp((q""), k) + 22 exp((g\"), k)
£
_nlalB exp((g). k{))
NM s s
exp((g), k! >>+zgexp<<qm,k:< )
P2
(8) 1.(s)
ex kY
'<Vf)(1_ (s) ()p(<qm >) (s) 1.(s)
S S
exp(<qn z’k >) + ZQeXp(<qn l7kn]>)
J
S, exp((g,; 2, ko))
k=2 exp((g), k1)) + _22 exp((g\), kL))
P=
< _lnl o xp((a) k)
- NM s s s) 1.(s
exp((q”), k) + zzexpu sl k)
P
(s)
ex kY
'<V+(S)(1_ (s) ()P(<qm : (%) ()
eXp(<qn 'L’k >)+ ZQeXp(< nz7kn_7>)
=
. z exp((gi), kL))
+ VN ))
exp((q”), kY)) + zQexp<<q£52,k<s>>>
P2
< il s
- NM

M ) 1.(s)
;exp“ i) k)

. (V(S).
+ M
exp((a,7} K + 3 expl(@, i i)
z exp((q), k)
+1V31- =
exp((q\), k) + z exp((g), kL))

- 77||N||2£/() (i) c + V). ¢ 7>
NM exp((gl), k) " exp((@) kYY)
nColl 1|3

T Nexp((gl) kL))
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(5) gl

where the second inequality is by softmaz({q,’ )) < 1. For the second inequality, we

n, ’L
5 exp((al) kL)) 5 exp((al) k)
first consider i=2 <= T , then by the monotonicity of
exp((a Si,k<8’>>+z exp((a kD) Pk )

M
(@) k) and (gl k(™) = o(1) we have Y exp((gl), k') < C for s € [T1,t]. The last
j=2

inequality is by Vf), Vn(‘? o(1) for s € [T1,t] and absorbing the constant factors. Similarly, we
have

5o o nColpl

T Nexp((g)), k)
9 nllénil3
agL,?i,-‘r = NM 2 — E;z( )
(VN eXP(<qu(S )
exp((al) kL)) + ; exp((g;. ki)
k)
. exp(<qn 7 >) )2
exp((a K + 3 expl(a), k)
i= N
S S
n,t
= exp((@l) k) + 232 exp((g!) k)
p=
exp<<q;2,k22>>

exp((q\) k)) + 22 exp((g), k)
£

+ {lower order term}

() 1.(9)
_ 7l||€m||2 —E’( s) eXP((‘Inwar )
NM .
exp((g;). k{) + 232 exp({ay ) ki)
=
() 1.(9)
(s) exp((q,.;, k"))
(wa yy 4 & (5)
exp((gl), k) + 3 exp((g) kYY)
j=2
. exp((gy), k)))
3 (8) 2()\y 4 o (5) () )
k=2 exp((q, ;. ki) + Z;exp(@wknﬁ)
=
+ {lower order term}
< lI&nill3
= NM
(5) 1.(9)
ex »,k:
_ (V+(S>(1 B p({(g, ))

exp((q%), k(7)) + Z exp((g), k)
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exp<<q£52,kfji>> )

M
_Z Vrgz)

k=2 exp((g), k$)) + 232 exp((q'), kL))
j=
+ {lower order term}

z exp({q), k)

< Mll&nill3 (V<s) _

- NM s s s
exp(al2) k) + 35 expllall) ki)
j=

M

> exp((g,). ki)
+ IVl =

expl(a LK) + 3 bl KE)
j=
+ {lower order term}
_ llénall3 | (Vi —& ) —C )
NM expl(a,, k7)) expl(g,), k)
+ {lower order term}
77090’2d

" Nexp((gl), k()

where most of these processes are similar to the other equations above, and the last inequality we
absorb the constant factors and the {lower order term}. Similarly, we have

(S) T]CgO'Qd

o " Nexp((g\) k&)
s 770902(1
e LA

Coo2d
BY) > —% exp((q, k),

s 7]090261
Ay =~ exp({an ki),

2
(s) 1nCo0yd () 7.(9)
ﬂn,j,n,i 2= N exp(<qn 77kn73>)

Similar to [F:3] we apply the bounds of a and 3 above to give the upper bounds for the dynamics
(q,k).
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<q$+1) k(8+1)>_< (s) k(8)>

=a k13 + Y Zam LR )

nesSy i=2

a1+ Y Zﬁnﬂ a\.q\)

TLGS+ =2

( )+k:(s + Z ZanJrl 7”)

n€S+z 2 (243)
5)T
( + Z Zﬂn-i-l nz )
n€S+z 2
—a+ +Hk(s ||2+ﬁ ||q ||2+{lower order term}
exp((q <S>,k<s>>>
nCuollkll2ohdn
exp((gt”, k)

O(||pli3oidy) + {lower order term}

IN

similarly, we have

(s41) sty () pn — 1Cw0llpllzondn
< — ,k— > <q— ak— > S (s) ORS (244)
exp((g=", k=7))

< (s+1) k(5+1)> < (s) k(5)>

?n,g 7n,g

o kY BT+ Za Dl )

n’'eSy 1=2

5(5] +H I3+ 8 53 (@.q") + Z Zﬁr(f; 'l (at.q S’)l>

n’'=11=2

(s) (s) (s)
(O‘+ DY Zo‘ns',+zkn' l)
nES+l 2

N M

(s ()T () ()T (245)
(an+q+ + nJ,—q* + Z Zﬂﬂjﬂ’l qnry )

n/ 11=2
|2+5(

exp((g “,kffz» O(o2otdd,)

2 + {lower order term}

e llk

~1Cs|lpll3

- N
nCyod s

- T exp((@ k) - O (luloRdn)

+ {lower order term}

=«

_1Cwopdlulzogdn
- N
similarly, we have

o((al, k),

s s s s 77010‘72d||lv‘|| o s s
(@ k) (e k) > - T (g k). 240
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{ (s+1) k(5+1)> (q (s) k(8)>

qnz 7’L’L7

N M
=al) K13+ ol () KD) + 37 S al) L 6 k)

n’=11=2
+BE:)+ q+ 7q’$1g3 Z Zﬁ(S)+l qn l’qiz’)l>
nES+l 2
+(£7,?L+k(5) nsz— ()+Zzanzn/ln’l)
n'=11=2
( T+ 225 ,+zq/l> (247)
n €S+ =2
=l K13+ 85 1aS3 + {lower order term}
77090 d
< 2 O (llml3oidn )
Nexp(<qn z7k+ >)

C
Nexp({g'), kY))

+ {lower order term}

- 1Croopd|| 3o dn
~ Nexp((g!”), k()

similarly, we have

q'l’Ll

s s nCroopd||pli307d
(gD KDY () )y < 110 4[| o)

" N exp((ay ) k)
<qsr“,ks;”>f<qs;ks;>
(s) (s) S )
- ngz +<k5r)’k;;> ans + Z Zanzn’l ki’)l?kigﬂ
n'=11=2
N M
+/8n]+<q+)7qnz>+ﬁs,z, q* 7qnz +ZZB ,jn’l S’)l7q7(132>
n’/=11=2
N M
(00 0l KO+ ST S k)
n’'=11=2
(249)

N M
(ﬁr(LS] +q+ B(S] _q, + Z Zﬁng n’ l ns’)l—r)
n'=1

1=2
= o B + 5,0 il 213
+ {lower order term}

2’]7090'2d (s)
> = exp((al) kL)) - © (o20tdd )

+ {lower order term}

nCrooyd*ohdn () ()
2_# (<qnz’kn,j>)
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F.7 Bounds for the Sum of « and 3

The gradients of the inner products of g and k contain a lot of coefficients a and /3, and in order to
conveniently give the upper bounds of some lower order inner products, we will give upper bounds

..

t
for the summation of « and 3 (e.g. > \as_s)
s=T1

Note that in the Jacobi matrix of the Softmax function, the elements on the diagonal are so ftmaz(a;)-
(1 - softmaa:(ai)) and the elements on the off-diagonal are so ftmax(a;) - softmax(a;). In Stage

I1, the attentions on signals g increase and the attentions on noises £ decrease, then we can consider
the following cases

o ifa; = (g4, ky) or a; = (qi, k+), softmax(a;) has a constant upper bound 1, (1 -

sof tmam(ai)) decreases as softmax(a;) increases. So the upper bound of softmax(a;) -

(1 - softmaa:(ai)) decreases as softmax(a;) increases.

» ifa; = (g4, k;) ora; = (q;, kj), (1—50ftmax(ai)> has a constant upper bound 1. So the

upper bound of softmaz(a;) - (1 - softmam(aﬁ) decreases as softmazx(a;) decreases.

» if a; = (g4,k;j) or a; = (q;, k;), softmaz(a;) has a constant upper bound 1. So the
upper bound of softmax(a;) - softmax(aj) decreases as softmax(a;) decreases.

Based on the above cases, we first study the bounds of the following terms
o« 1_ (8) 1.(s)
1 — softmax({qy’, k"))
e 1-— softmax(<qn . K )>)

« softmaz((¢% kYY)

. softmax(<qr(fza kv(zs,b)

Note that 1 — softmcwc((qsr ,k:(S )) = Z softmaz({q ), k:(s) 5))and 1 — softmax((q,(fz, kgf))) =

Z softmaz((q"), k™)), we only need to give the upper bounds for softmax((qf), k(sz)) and

RERAL N
softmax((qn Z,k:(s ))-
Assume that the propositions B(71), ..., B(s), D(11),...,D(s — 1) hold (s € [T1, t]), we have

_1
VLIV < 0(d, )+ nCallplllwol3(s — Th), (250)
20 4 Qd%
As)i,j > log (eXp(Agzli)7,j) + n°Cs||pll2|lwoll3 h . (s—T)(s—Th — 1))’ 251)

N(log(6N2M2/5))?

1
7°Csopd| pl3woll3d;;

A(g)
2
N (log(6N2M?/6))

T1)
n,i,+,j >10g<exp(A£in )+

(s—Ti)(s —Th — 1)), (252)

fori,j € [M\{1},n € [N],s € [T1,1].
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Then we have

ol )
exp((ay, kL)) + ,ngXp«qi k)

exp((g “J«Sfj»

~ Cexp((gf k)
1

CeXp( () ]> (253)
1

<

|

T
Cexo(AT) + n?CsCllullsllwoll3d s—T\s—T, —1
Xp( n,iJ) N(log(6N2M2/5)) ( 1)( ! )

1

<

- .
Cys + PCoalmlilwolBdy oy 1)
N (log(6N2M2/5))

For the first inequality, by (q(™"), k(™)) = o(1) and the monotonicity of (g*), k) (g%, k%) is

increasing and (qgf), k(s)> is decreasing), there exist a constant C such that C' exp((qgt)7 k:(s)>)

exp((qi ,kzi )+ Z exp((qgt)7 ksz )). The second inequality is by plugging (251). For the
] =
last inequality, by AnTli) j = o(1), there exist a constant C3 such that C13 < C exp(A(Tl) ;) and

n,+,j
C13 < CgC. Similarly, we have

exp({g), ki)

exp((g%), k(7)) + _zgexp«qnbk;z )
j'=

I S
T Cexp(AY), )

n,i,+,J

(254)

1
<

. .
o 2 232
g + PCwoAlmlBvolBds (o pyo oy _q)
N (log(6N2 M2 /5))

Plugging (250),(233) and (254) into the expressions of «, 3 we have

127



’I’LES+
(v exp((g}”, k)
() 1.(5) A () 1.(5)
exp((q}” k7)) + Z2exp(<q+ k)
i=
exp((g\”, k\MY) 2
—( = )
exp«q$%k$b>+-zgexp«qfkkszn
iz
M s s
S . exp((gt kYY)
= ) ) 4 S () R
exp({q}”, kYY) + ZQexp(<q+ ki)
=
exp((g\”, )
(5) 7.(5) = () 1.(5) )‘
ex YR + Y ex Yk,
p((qy’, kY)) J; p({gy’ .k, ;) 255)
nlels 3N -1
<Dl (06 ) +nCillullwol3s - 1)
1
. O T
’ 4lawe 12d2
Chs + n2Cas|lpll3|l O||2dh2 (s=T)(s—T1—1)
N (1og(6N2 M2 /5))
1
2d_1
_ 0( nllullf 0
n?Cusllpllillwoll3d? (s—T1)(s—Ti —1)
N (log(6N202/5))”

P llpllzllwoll3(s — Th)

Chs + 772013H#H§Hwo\|§d;32 (s=Ty)(s—Ty—1)
N (1og(6N2 2 /6))

=0(nlulia, ) +o(

+0(

|| pll3llwoll3(s — Th)

1
4 POusllilwolid (o py(s 7y — 1)
N (log(6N2012/5))
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. P n’Cislplsllwollzd; (. 7 o
where the third equality is by s - (s—T1)(s =Ty —1) > 0for s € [T1,t]. Next
N (1og(6N2112/5))
WQI\#\\4\IWO\|2(S—T1)

we give an upper bound for

as follows:
Crat” 2013 )lpldllwoliZd ,L (5—T1)(s—T1—1)

N log(6N2I\/I2/6))

n?||lpll3lwoll3(s — Th)
1
g + WClmllwolddy (o pyg _qy 1)
N (log(6N202/5))

n?||pl3llwo 3
1 1
Cis n*Cus||lpll3llwoll3d; (s—T1) — n2Cus||pll3llwoll3dy;
(s—T1) 27072 2 5 1 202 2
N (1og(6N2112/5)) N (1og(6N2 M2 /5))
< n*[lpll3llwoll3
- 1 1
9 n?Cillplillwoll3d? n*Cuisllplillwoll3d;?
N (log(6n202/8))" N (log(6n2M2/6))

(256)
7 llpllzllwo 3

1
2nCusllpli3llwoll2dy

N2 (log(6N2M2/5))

n?ullzlwoll3

- 1
@(M>

N7 log(6N2 M2 /)

1
n?Cus||pll3llwoll3d;;
2

N (log(6N2012/5))

= O(nllulBNEd; ¥ log(6N201/5) ),

2c w
order term T Cislulidlwoll3a;

where the inequality is by ax + g > 2+ ab for z > 0, the third equality is by absorbing the lower
, the last equality is by ||w =
N(log(6N2M2/5)) quality is by [lwoll; =

©(1). Plugging this into (233)) and
get

_1 1 1
S0 = O(nlul3d, ) + O (nlulNEd, ¥ log(6N*M?/))

L (257)
1 1

= O(nlul3Nid, ™ 1og(6N*01 /) ).

Similarly, we have

_1
2180118 = O(nllwI3Nd, ¥ 10g(6N2M12/5) ), (258)

_1
alh lJal i = O (nlml3N~3d, ¥ log(6N?M?/3)),
, 3log(6N2M2 /5 ~4
18 0,185 = o(MEIBONTRIIONY (a3 sNR - N 3dy F1og(6N2012/0)).
opd>Nz2dy

(259)

(260)
fori € [M\{1},n € Sy.
nllpll20pd2 log(6N2M2 /6 1
01 1o, | = (Ml BONALION _ 6 (y)za, * oa(6n2012/5)). 261y
Nzdp
fori € [M]\{1},n € Sy, the last equality is by N - SNR? > Q(1)
2 2772
nosdlog(6N*M=/0) L1
8L h 1815 -1 = O (=) = O(nllulBN4d, *log(6N°M2 /). 262y
2ay

129



fori € [M]\{1},n € S, the last equality is by N - SNR? > Q(1).

nllpl20,d? log(6N2M2/5)) _

_1
= O (nlll3d, * log(6N*M/3)),
N=d;}

(263)

| n1n3| |angnz|_ (

fori,j € [M]\{1},n € [N], the last equality is by N - SNR? > Q(1).

|| p||20p log(6N2M?2/8) log(4N>M? /5 _1 -1 2
00 9 = O (M2 RECE VR ORI — 0 (=2, (108(6°00%/9)°).
2ay,

(264)

for i,j € [M]\{1},n,n’ € [N],n # n’, the last equality is by N - SNR? > Q(1). Taking a
summation we obtain that

¢
(s) 1 INEP 2,72
o =0 -O(n||p|lsNz2d, * log(6N“M*/6
3 1ol = O (o g7y O (BN d, og(oN*A1/9)
s=T1 (265)
—0(Ntd, ),
where the last equality is by ||lwo H = O(1). Similarly, we have
() Nigh
Zla . Z\B Y|, ZIB Cl=o(Na ), (6

s=T1 s=T1 ST1 s=T, ST1

fori e [M\{1},n € Sy.

Z ot L, Zlan,ﬂl— ( d;%), (267)

s= T1 S§= Tl

fori e [M]\{1},n € 5.

Z 18, 41, Z 18| = (SNR N—%dﬁ) (268)

ST1 S= Tl

fori e [M\{1},n € Sy.

t
Sl 30 e 3 el S 1) il = O(d ) (269)

s=T1 s=T, s=T, s=T1

fori,j € [M\{1},n € Sy.

t
S sk 321891 =0 (4 44, 10g(6N2112/6)) 270)

s=T1 s=T1
fori,j € [M]\{1},n,n' € [N],n # n'.
With these sums of @ and 3 above, we can easily prove Claim 3]and Claim 4]

F.8 Proof of Claim[3|

In this subsection, we assume that £(771), . .., £(t) hold, and then proof that C(t 4 1) is true with the
result of [E71

113

—la

t+1 T s+1
PSSR HEDY \W I

S= T1
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< Z ’205(5+ q(s) k(s) +9 Z Zan+z qf:)’ (6)>

s=T1 neSy i=2
(a++k( )+ Z Zan-‘rz SZ)
neSy i=2
(o007 3 Sl )
nesSy i=2
<2 Z ol gl k) +2 Y Z Z o, al (@ )]
s=T neSy i=2 s=T

+ {lower order term}

_ o(N%d;%) - O(log(d?)) +N~M~0(N—%dﬁ) - O(log(d}))

= 0(N¥d; *log(d}) )

where the first inequality is by triangle inequality, the second inequality is by Since o7 >
1 1 ~
(max{o2d, |u2}) " - dy * (log(6N2M2/5))~2 and dy, = (max{SNR4 SNR™N2e2), we

1.—1 3 (t+1
have N3d, " log(d?) = ol[lp|3o3dn). solla\ I3 = lla\™ [3+o(l|ull3e?dn) = ©(|ull3o?dy).
Similarly, we have

1 T -3 3
g V13— 1™ 3] = O (N d,  tog(d}) ) = olllull3oidn).

1 1 1
IRV — B3| = 0 (1 + SNR)NEd, * 1og(dy) ) = olllmll3oRdn),

1
a3 = 11a 13| = 0(d, * 1og(dy) ) = oloZotddy),
1218 = 1KV 18] = 0Ny Flog(df)) = o(o2atddh),
so we have (1) 1)
g 13, 1LV 13 = O(lml3otdn),

a3, 1KY 12 = 0 (o203 ddy,)

n,i

fori € [M]\{1},n € [N].

) < L0+ Y (G0 g - (o)
s=T

T
< \<q< D gy

3 [l @ k) + Y S0l e k)

s=T1 nES+z 2
Fa® (g k) 1+ T S al) (g k)
neS_ 1=2
( )+k(s + Y ZailszJ
n€S+z 2
(ol KT o k)|
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T1
K( ) (Ty )>‘

Q+ yd_
+ Z @2, 1@ k) + S Z Z al 1@ kL))
s=T1 nESJrz 2 s=T4
+ Z @ |1(g B+ > ZZ @l e, kD))
s=T neS_ 1=2 s=T

+ {lower order term}

< (g™, ¢

1 1 1
+O(Nba, ) co() + N - M- O(N“Ed, ) -log(dy)
T Ty) 1 -1 1
= 1(a\".q")| + O(NEd; F1og(d}))
o(1),
where the first inequality is triangle inequality, the second inequality is by (T98), the last equality is
by dj, = ﬁ(maX{SNR‘*, SNR*“}N%*Q).

(s) (S)>

(@) a,

@™ alt ) < g™ a0 + Zi (@ al ) -

s=T"
< (g™, ¢\

+ Z ’OLEE)_’_ flszak(S) Z Zaff),-i-l qn i) ’Ebl)l>

s=T4 ’I’LES+l2

N M
R NIRRT NI 9) SCIRICN Y

n'=11=2
( )Jrk(s + Z Zan+z nZ)
nesSy =2
N M
s s s)T s s)T
(o KT 3 S0l )
n'=11=2
< |(a ‘T”,qfﬁlm
M t
S SCALCRIES 30 SCIITERCNSED S b BN RN
s=T1 1=2 s=T} n’'€SyAn'#n 1=2 s=T
+Z|a ’k8’|+2|a ¢ ”k”|+zz| R
n1+ ) n,i q Q
S= T1 S= T1 =2 s= T1

+ Z Z o) g k)]

n'#n =2 s=T1
+ {lower order term}

<[(a{™.a)|
+0(N¥d, ) -1og(d,%)+M 0( d; *) - log(dy)
+N-M-O(N" 1) o +0(d; )~log(d§)
+M0(dy 1) log(d?) +N-M.o(d*%d,jilog(GN?M?/a)) log(d?)
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= g™, a") |+ O(N*d, ) + O(Nd~2d, * 10g(6N?M?/3) log(d;) )

=o(1),
where the first inequality is triangle inequality, the second inequality is by (202), the last equal-
Q max{SNR4,SNR_4}N26_2) and d = ﬁ(e—2N2dh . Similarly, we have

njn’l qnz’

ity is by d;, =
(g, g )] = o1).
t+1 t+1 (T Ty) s+1) s+1) s s
@l gl < 1l all) \+Z]q£i i) - () a))
S= T1
T T
|<q£1;’,q;,;>>|
) SRl (s (s)
qn]’k(g)> s‘Lz, <qn,;’k(‘g + Z Zanin’l qn;’kng/l>
s=T, n’'=11=2
M
> ay k)
1=2

N
o (g k Z

+al (@l k) +al)

() 1.(s) (s) (s)
k ta k +Zzanzn’l 'rﬂl)

+( nz+ n,i,— v —
n'=11=2
M
s (s)T (s) S)T (s)T
(n]Jrk j +Zzawn’lkn’yl)‘
=11=2
T
|<q£L;>,q,2j>>|
+Z|ozm+ ,2,k3>|+2|am, (g, k |+ZZ| ol nallla) k)]
S= T1 S= T1 =2 s= T1
+ZZZ|anzn’lan37 n’l|+2|anj+ qnz’kS) |+Z|anj— qnz’ ()>|
n#les T s=T s=T
b k)

SRTIIED 353 oI

n/#n =2 s=T

£33 ol

1=2 s=T
+ {lower order term}

<[\, ("))

+O(d ) 1og(d Y+ M - O(d ) log(dé)
g log(6N2M2/5)> -o(1)

+N-M-0(d
)+ O( ,:i log(d%)) + o(Nd*%d;% 10g(6N2M2/5))

— agT1) 4(T1)
- |<qnz1 7qn71

=o(1)
fori,j € [IM]\{1},i # j,n € [N]. The first inequality is triangle inequality, the second inequality is
by (204), the last equality is by dj, = Q ( max{SNR*, SNR74}N2672) andd = (6*2N2dh).
(s+1) (s) (s

t+1)  (t+1 T T +1
@l gl ) < \<q£b;>,qfl;>\+zqufz Ll ) - () al))]

ni 9 ;
S= T1
T T
\<q5”’,qfl,ﬁ>\
N M
ol (@ kD) +al) (@0 kD) + 30> ) el k)
n'=11=2
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S= T1
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+ 0l aCh )+ olf) (k) + 3 300l (gl

n/=11=2
(s) ( ) (s) o
+(nsz+ks iy kj+zzanzn’l n/l)
n’'=11=2
N M
(s (s)T (s) (S)T
(nj+k +aﬁa k- Zza,Jn’l n’l>’
n/=11=2
T T
\<q,2;>,q£;>>\
M ot
+Z|a£fi+ (g%, k) |+Z|am, gl kN 43 > (a2 el kS|
s=T1 s=T 1=2 s=T1
t
+ZZ |anznl|| ,§7k(5)>‘+ Z ZZ |an1n/l ,]7k1(15’)l>|
=2 s=T, n'#nAn'#n =2 s=T;
¢
IR CIES SO IR 9 SRl
s=T1 s=T1 1=2 s=T1
M
+2 Z oy mall(@ kel + > Z Z e al (o o)
1=2 s=T, n'#nAn'#n 1=2 s=T1
+ {lower order term}
T T
= l(an )

+ 0( h ) log(dZ) + M - O (d’%dﬁ log(6N2M2/6)) log(d?)

+ M- O(d,ﬁ) o(1)+ N - M~O(d‘%d;% log(6N2M2/5) ) - o(1)

= (g a1 + O (a4, tog(d)) + o(Nd ™, * log(6N2112/5))
=o(1)
fori,5 € [M]\{1},n,m € [N],n # m. The first inequality is triangle inequality, the second
inequality is by (203), the last equality is by dj, = Q(max{SNR4 SNR™*} N2 *2) and d =

Q(e*Qdeh).
t
N O R R i IR DR SN S B IR B

S:Tl
< (& RTY))

+Z’B++ Q+,k(s ZZ’B”JFZ nz; >

s=T1 n€S+z 2
+89 (g k) + Y Zﬂn, il k)
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()T s T
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t

D SILCNTCN IS 9B 9p e Rl

s=T neSy i=2 s=T1
M t

+ Z B 114G B+ 30 D ST 185 llal) k)]
s=T4 nesS_ =2 s=T,

+ {lower order term}
= |5 k)]

R— 1 R— 1
+O(N¥d, ) log(d]) + N- M -O(SNR- N™#d, ) - log(dj)
= (BT, KT + O(SNR - NEd, T log(dy))
= 0(1)’

where the first inequality is triangle inequality, the second inequality is by (214), the last equality is
by dj, = fz(max{SNR4, SNR*‘*}N?(Z).

Y k) < [k T”k“HZ\ R ) — (6 k)

’ n,t ) n,t
S= T1

< |<k(T1) k(T1)>‘

? n,t

3[R e KD+ YD A a0 k)

s=T, nES+l2

+5nz+<q+)vk( )>+5£ng— q—)vk( ) + Z Zﬁnzn/l qn/l’ )>

n/=11=2
"‘( ++q+ + Z Zﬁn +lqn’l)
n’€Sy =2
N M
<6r(zs,2+ +ﬁnzf +Zzﬁnzn’l n‘i)l—r)’

=11=2
s|<k: N Y
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+ZIB g k) |+ZZ|@SHH k)|

s=T, 1=2 s=T1
b S Ik + 3 1A g k)
TL/ES+/\H #n =2 s=T1 s=T1
+Z|5nz— () kS) |+ZZ|ﬁn1nl qnl7k(5)>‘
s=T, 1=2 s=T,
3030 S 1l )
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+ {lower order term}

T T1
|<k< ) k< )|
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+M.o(d‘ ).1og(d;%)+N M- 0( d-%

d;
=|<kT1,k;T;>\+o(SNR Nid ) 0( N#d,
+O(Nd-fd,71og(6N2M2/5 log(d})

=o(1)
where the first inequality is triangle inequality, the second inequality is by (209), the last equal-
ity is by d, = ﬁ(max{SNR‘L,SNR%}NQe’Z) and d = ﬁ(e’QNth). Similarly, we have
|<k(t+1) k(t+1)>| o(1).

) n,t

OSE ) < TP R 3 [ B R

n,: n,i ’'vn,j » Vn,j n,i? "vYn,j
S= T1

|<k(T1) k(Tl)H

n,. ’'vn,j

N M
+ Z 5ffz+ q-(:)’k£:3>+5nz— q— ka:i + Z Zﬁnzn’l qn’l7k;,3>
s=T1 n/=11=2
M
+6n]+<q+)7knsz> ﬁ'r(jgf q— 7 + Z Zﬁ n,7, n’l S’l”c(5)>
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€ (s) ) o
+ (6;2 +q+ +57(L92,—q(—9 + Z Zﬂnzn’ lqn’ l)
n'=11=2
N M
s s ()T T
(67(1,2+ g +6n37 *) Zzﬁnjn/lqn’)l)‘
n'=11=2
< |<k£T;>,k£T;>>\
+ Z |ﬁ£LZ+|| )3k(8) |+ Z |/8nz,7|| q— 7k(5 |+Z Z |Bn7,nl S?’ n53>‘
S= T1 S= T1 =2 s= T1
+ Z Z 5 18 e K + Z 1B el kN + Z 1B - I1a™ ki)
’7$nl 2 s=Ty s= s=T"
N M t
+Zz|ﬂ(,mll LR+ SN N ]
=2 s=T n'#n =2 s=T}

+ {lower order term}

= Ik, k)

n,i 2 n,j
_|_O<N2d ) log(dé)—l-M-O(d,:i) -1og(d%)

+N-M- o(d—%d,? 1og(6N2M2/5)) -o(1)

n,i 2 %n,j
=o(1)
fori,j € [M]\{1},i # j,n € [IN]. The first inequality is triangle inequality, the second inequality is
by (ZTT), the last equality is by dj, = € ( max{SNR*, SNR_4}N26_2) and d = O (6_2N2dh).

— [T Ty +0(N%d,ﬁlog(d,§)) +0(Nd*%d,ﬁlog(6N2M2/5))
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n/=11=2
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<5r(Léz+q+)+B7(Lz—q9)+Zzﬂnzn’lq’Z)
n'=11=2
s s ()T
(6752-&- +5n3— *) +Zzﬂn3n/lqn’l>‘
n'=11=2
(T1) 4.(Th)
SI(’Cm ki)l
(s) )k(s (s) k(s )ks)
+Z|ﬁnz+ ’ |+Z|ﬂn1—||q77 |+ZZ|annl n,l n]>‘
s=T s=T4 =2 s=T4
ES LSRN 33 Il K
1=2 s=T n’'#nAn'n 1=2 s=T;
+Z|/3m+ 1}, k) |+ZIB 9 @™ &) |+ZZ|6£;*;M ) k)]
S= T1 S= Tl =2 s= T1
+Z Z |ﬁnjnl z’kn53>|+ Z Z Z ‘B’ELS_]TL/ZH qn/l’ n,i >|
1=2 s=T, n'#nAn'n 1=2 s=T,

+ {lower order term}
T T
= (ki R
+ O(N%d,ji) log(d}) + M - O(d—%d,ﬁ log(6N2M2/5) ) - log(d})
Y M- O(d_%> o(1) + N - M- O(d*%d;i log(6N2M?/5) ) - o(1)

T T1
(SN Y

+ O(dehzjlog(d,% )) + O(Nd*%d; ¥ 10g(6N2 M2 /5))
=o(1)

fori,j € [M\{1},n,m € [N],n # T. The first inequality is triangle inequality, the second
inequality is by (Z12), the last equality is by dj, = ﬁ(max{SNR4, SNR_4}N26’2> and d =

5(6—2N2dh).

F.9 Upper Bounds of ( g, k )

In order to give the upper bounds for <q, k) in stage III, we need to give the upper bounds of « and 3
based on the equations in The main difference between this subsection anlej] is that the bounds
of [Vi|, [Va,i| is log (O(%)) in this subsection, while the bounds of |V |, |V;, ;| is log (O(1)) 1n

resulting in different bounds for o and 5. Now we take ai? . as an example

S T] S
g»)Jr NM Z _E;z( )HNH%

nesSy

(s) 1.(s)
s exp((q ,k )
'(Vi)( +

exp((g k7)) + z exp((gl”, kL))

137



eXp(<qf)7k$)>) )2

exp((@'?, k(7)) + ;2 exp((gy” kL))

—(

M s s
S ew((af k)

i=2 exp((gt”, kL)) + Z;XP(@&S)J“%»
iz

exp((q, kif,b) )

exp((g?, k&) + 3 exp((g% kL))

=2

(s) 1.(5)
n s exp((qy’, ky’))
=—— " 0O}

NM S S S
nesy exp((g}, kL)) + 232 exp((gy kL))
_7:

M:

exp((gy” k)

2

. (Vis) . J
(s) k( (s) k(s)
exp((q+ y Ry ) + E exp(<q+ ) ))

j=2

exp((qy, k()

; ’ () 1.(5) 4 (5) 1.(s)
i=2 exp((q}”, kYY) + 226Xp(<q+ ki)
=

4 (5) 1.(5)
: o dexp(m Ky i)
S J=
< = S llwll - (v

ness exp((a}” k{)) + z exp((a’ ky)))
j_
M
;2 (@l k)
+max |V, - = )
exp((q}”, k) + z exp((q k;)))
n_ 3N 2 (1) C (s) c
_7'7'||HH2’(V+ 'ﬁ*maﬂv |- ﬁ)
NM 4 exp((gy k() p((ay’ k()
_ 1Csllul3 108 (O(1)
exp((q) k)
where the first inequality is by 0 < 1and so ftmaa:(( S), k S)>) < 1. For the second inequality,
z exp((g}” k) z exp((q k)
we first consider < = , then by the monotonicity

ONO)
exp((qi>,k$)>)+§exp(<q B exp((gS k()

of (g\”, k) and (g, k(") = o(1) we have z exp((q\, k() < Cfort € [Ty, Ty). The

s Vg
Jj=2

last inequality is by V_ﬁs), |V(s)| < 2log (O(1)) for t € [T», T3] and absorbing the constant factors.

Similar to[F.6] we can give the bounds for the other o and B as follows:

O 7709||HH210g( ()
R exp((q”, k&))
(s) 7709||HH210g( ()
e = @ )
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1Cs| |3 1og (O(3))

exp((q", k¢ ’>3

MO 1nCol| |5 log (O(1))

n+7J -

NONE nCol|p||3log (O(2))

() 1.(s)
N tex (< + 7knj>)

(8) 1.(s)

”a o=

szs,i-,i <

ﬁ(S) <

B anagdlog (O(%))

= exp((a K)),

nCo| 1|3 1og (O(1))
Nexp((g), k)

1Cs|| |3 1og (O(L))
Nexp((g{), k™))

- 770902dlog (O(%))
T Nexp((gl), k)

- nC’gazdlog (O(%))
T Nexp((gl), k®))

(s) k;(é)>)

) mn,

i — exp((q}y

nCoodlog (O(2))

g >

= exp((g k),

s nCoo2dlog O(%) s
R O erptq) K,
s 770902d10g O(%) s s
Bihna 2~ O erptqle), K.

Similar to [F:3] we apply the bounds of a and 3 above to give the upper bounds for the dynamics

(g, k).

139
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=P 3+ Y Zaw kY kD)
nESJrz 2

a1+ Y Zﬁm a\,q%))

nesSy =2

+ (ol + 3 Zanﬂksz)

nesSy i=2 (271)
()T
( + Z ZﬂnJrz nz )
n€S+ 1=2
= a+ +Hk( 2+ ﬁ ||q5f)||§ + {lower order term}

_ 21Cs|lp]31og (O (;))
exp((g”, k()
1Chollpll307dn log (O(2))
exp((q¥”, kL))

O(|\pl3oidn) + {lower order term}

IN

)

similarly, we have

s s s s 77010 Hi20 dthg ) )
(g ) — (g ) < POl log (O())
exp((q"”, k™))

(272)

@RS a5

=P k) Ky + Y Zas) (kS KS))
n’'€Sy 1=2
N

+ 85 a3+ 850 @)+ >

n’'=11=2
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(5(83 +q+ 67(18] g7 Z Z n ] v nsf)lT) ¢73)

a, +7J||k(s 12 + B(SJ +Hq ||2 + {lower order term}
_nCsllullzlog( ()
- N
nCyodlog (O(2))
- expl(a? ki) - © (|l uli3o7dn)
+ {lower order term}
 nCioo2d|ul3o3dn log (O(1)
- N
similarly, we have

6 n,jn’.l q+ 7q(’)l>

M:

exp((a\, k) - ©(o2otddy,)

~exp({g” k().

77010012)d||ﬂ||2‘7hdh log (O(¢))

(s+1) s+1) (s)
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n’'=11=2
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Nexp(<q§2,k<s>>>
C. 1 1
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+ {lower order term}
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)

similarly, we have
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(s) (s) S )
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2nCyodlog (O(2)
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F.10 Bounds for the Sum of o and 5
Assume that the propositions F (75), ..., F(s), H(T2),...,H(s — 1) hold (s € [T}, t]), we have

A 1
VY| < 2log (O(g)), (278)
Vil = o), (279)
(s) () (1) dy
A, ;> AT > log ((exp(A H@(N(log(w?M?/&))‘"’))’ (280)
2dd2
A > AT, > og (exp(AT, )+ 0 Tp (281)
b iy 2 08 () O o)
fori,j € [M]\{1},n € [N], s € [Ty, t]. Similar to (64) and (63)), we have
exp(lal) k) 0 (N<log<6N2M2/6>)3>
() ) () (), dz (282)
exp((gy’, ky’)) + Z exp((qs", K, ;)
exp((ay, z,km _ O<N|u%(log<6N2M2/a>)‘°’)
B 27173 (283)
exp((g), k) + z exp((gy} ki) opdd;

j'=

Plugging (282),(283) into the expressions of «, § and letting O ( log (O(l))> be the upper bound
for \Vi )| V., s)| we have

~i7 2o e lul3

nesSy

. (Vf)( exp((q )7k(s)>)
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M

> exp((g (5)»’“(5)))
i=2 exp((q ),k S)>) + Z eXp(<q+ ’kgts’ﬂ)
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exp((g\, k() + z exp((gy”, kL))
Jj=

< M 3N o1 (o) - o VBV
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7O(nNIIMII%(log(GNQMQ/é)) log (O(l)))
_ p
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142



Similarly, we have

; ; ; N||p]|3(log(6N2M?2/6))" log (O(*
Ia(_',)_l,lﬂilrl,lﬂi)_l:O(n ||M||2( g - /)) g( (¢ )))’ (285)
d
2(log(6N2M2/5))* log (O(X
|a£i)+.i|,|as)_7i| _ O(UHMHQ( og( l/ )) og( (e)))7 (286)
, a2
|| pell5 (log(6N2M2/5) ®log (O 1)
) (287)
(nllullz SNR (log(6N2M2/5)) log(o(%)))
a7 ’
fori e [M\{1},n € Sy.
2(log(6N2M?/6))" log (O(L
oL, ot | - o MIECoB(ON*212/5) 05 (0(1), os8)
dj;
fori € [M\{1},n € Sg.
2 272 3 1
s noyd(log(6N*M?/5))" log (O(<)
|an+| |ﬂ7(7,,2,—| :O( £ ( d% ) ( ))
(289)
_ oA ls(6N*012/5) 05 O11)
d ’
fori € [M]\{1},n € S, the last equality is by N - SNR? > Q(1).
2 2172 3 1
w5 (log(6N=M=/0)) log (O(¢
1560, = (B oBONM/8) g (OL1)y 290)
dj,
fori,j € [M\{1},n € [N].
. 2 (log(6N2M2/5)) " log (O(L
00 80, O(MBCOBEN L) s Oh)y
dzdj,
fori,j € [M]\{1},n,n' € [N],n # n'. Taking a summation we obtain that
1 nlls3N (log(6N2M2/3))" log (O(2)
3~ I =0 papgyg) -0 (MR O
s=T, 2I'POoll2 dy
(292)
_O(N(log(6N2M2/6))310g(O(i)))
ed,% 7
where the last equality is by ||lwo|| = ©(1). Similarly, we have
t 2 2772 3 1
s SNR*(log(6N“M*=/6))" log (O(¢)
Z B> |6,§,>_,i|=0( ( - ) los )), (293)
s=Ts s=Ts Edﬁ
fori e [M\{1},n € Sy.
¢ ¢ ¢
GRS SILCAD SIECAD SIS LIS DS ST E
s= T2 S= T2 s= T2 s= T2 S:T2 S:T2 S:Tg
o N(log(6N2M2/5))’ log (O(L))
- o Mmoo bt
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fori e [M]\{1},n € St.

S el D 1ol D el D ol D el

s=T5 s=T5 s=T5 s=T5 s=T5 s=T5

Z |5n,J n, z

o (log(6N2M2/5))* log (O(1)) (295)
- ( ed% )’
h
ford, j € [M]\{1},n € S.
4 1
Z al) Z 89, 1= O<(1og(6N2M2/5)) log (0(;))> 006)

1
11
s=T> s=T» 6d2d}2l

fori,j € [M]\{1},n,n' € [N],n # n'.

With these sums of @ and 3 above, we can easily prove Claim[7]and Claim 8]

F.11 Proof of Claim[7]

In this subsection, we assume that Z(7%), . .., Z(t) hold, and then proof that G(¢ 4 1) is true with the
result of [, 10

t+1) (t+1 +1)
a3 - g’ >|\\<Z\uq<s 13- a1

s=T>

= Z ‘20‘3-8)+ q+) k(S) +2 Z Zanﬂ qf)v Sb
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neSy i=2

t
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O k)

) n,t

+ {lower order term}

_ O(N(log(6N2M2/5))3 log (O(1))
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ed,%
+N.M.O((log(6N2M2/5l)) log (O(% ))) log(e 1d§)
edy,
/N(log(6N2M2/5))  log (O(1)) log(e1d? )
=0( " ~)

where the first inequality is by triangle inequality, the second inequality is by [T99] the third
— _1
inequality is by ¢ < Ts. Since o > (max{o2d,|u|3}) ' d; % (log(6N2M?/5))~2 and

0 ° 2,2 3 o 19) jog(c-1 1
d = Q(maX{SNR4’SNR_4}N2€_2), we have N (1og(6N211%/5)) log (0(2)) 1og(e~"d?)
ed?
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(t+1) ”

T
o(||ll3ozdn), so a3 = ¢ 13 + o(||l|303dr) = O(|pl307dn). Similarly, we have

a0l = ( N (log(6N2M2/5)) log (O(L)) log(e1d}

R
1
edp

[Pelt )Y = oflluloin)

1+ SNR2)N (log(6N2M2/5))> log (O(1)) log(e~1d?
k13- = o INUog(ONTAL 0)) lo8 (O()) 18(2)Y _ o 2024y,

1
2
ed;

t+1

g = O((1og(6N21\42/5))3 log (O(2)) log(e—1d?)

a7 -~ ' ° ) = o(o2odd).
edfb

( log 6N2M2/5))310g (O(%)) log(e_ld%)) _ O(Uzdiddh)

1) 1
113 — 1 13| = :
ed;,

so we have (1) (+1)
gV 13, 1KV 13 = 0(|ul3otdn),

lal V12, 16TV 12 = © (o203 ddy)
fori € [M]\{1},n € [N].
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+ {lower order term}
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. O(N(log(GNQMZ/lé))?’log (O(%D) (1)
ed;
+N,M.O((log(6N2M2/6)) log( ( ))).1og(efldé>

2
ed;,
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\(qiTz),q(,TQ o+ O(N(log(GNQMz/é)) lcig (O(2)) log(e 1dh))
edp

=o(1),
where the first inequality is triangle inequality, the second inequality is by (I98), the last equality is
by dy = (maX{SNR4 SNR™4}N2¢ —2)

@™ a ) < L <T2>,qff>|+Z| (@™ ai ) — (e a)

S= T2
T T
|<q<+2>,q,if’>|
+ Z ’O‘(S)+ qffiak“) Z ZO‘S)H qffiv S’)l>
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+ {lower order term}
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edp,
+N~M~O((10g(6N2M2/§)) log (O (%))) -o(1)
ed;,
(log(6N21M2/5))” log (O(
edé
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1
2
edp,

) -log(e_ld;%)+M~O<( ) ‘10g(6_1di%)

+M-0( ))) log(e'd} )

+N~M~O( )-log(e’ldf)

= g™, a"")|+0(
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= o(1),

where the first inequality is triangle inequality, the second inequality is by (202)), the last equal-
ity is by dj, = ﬁ(maX{SNR4, SNR*‘*}N?(?) and d = ﬁ(e’QNth). Similarly, we have

(@™, g Ty = o(1).
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+ {lower order term}
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2
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fori,j € [M\{1},i # j,n € [N]. The first inequality is triangle inequality, the second inequality is
by (204), the last equality is by dj, = Q ( max{SNR*, SNR74}N2672) andd = Q (6*2N2dh).

t+1 t+1 T: (T s+1 s+1 s
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# (alh ok 402 KD+ 505 el )
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s s)T s)T s s)T
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+ZZ| [T N SRS ZZ| ol (@ k)]
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+ Z ) 4 l{aso kS + Z o) [yl RN+ o)l g k)|
S= T2 S= Tg =2 :T
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1=2 s=T» n'#nAn'#n =2 s=T,
+ {lower order term}
= (a2, al)|
log(6N2M2/5))*1 1 1
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edf
log(6N2M2/5))* log (O(2 o
+M~O(( ( /1 )); ( (E))> log(e~td})
edz2d;
+M~O((1Og(6N2M2/6)) log (O(l))> .0(1)+N‘M‘O((10g(6N2M2/6)) log (O(l))> o(1)
ed? ed%dﬁ
1og(6N2M2/6))* log (O(L)) log(e'd?
—1(a!72). 3]+ o LSO/ 108 (O)) losl )y

1
2
edp,

(N( log(6N?M?/3)) " log (O(2)) )
0
eddd?
=o(1)
for i,5 € [M]\{1},n,m € [N],n # m. The first inequality is triangle inequality, the second
inequality is by (203), the last equality is by dj, = ﬁ(max{SNR4, SNR74}N2672) and d =
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5(6*2N2dh).
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+ {lower order term}
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ed,%
N(log(6N2M?/5))? log (0(0)) 10g(€‘1d5)>
edy,
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= (&) KTy 4 0( ) log(e1d?)

+N-M-0( )~log(6‘1dé)

= |k B+ O

= 0(1)’
where the first inequality is triangle inequality, the second inequality is by (214), the last equality is
by dj, = ﬁ(max{SNR“, SNR_4}N26‘2).
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where the first inequality is triangle inequality, the second inequality is by (209), the last equality is
by dj, = §~2<maux{SNR47 SNR_4}N26’2> Similarly, we have |<I~::(H'1)7 kgj”)\ o(1).
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fori,j € [M]\{1},i # j,n € [N]. The first inequality is triangle inequality, the second inequality is
by (TT). the last equality is by dj, = (max{SNR4 SNR™41N2e —2) and d = Q( —2N2dh)
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fori,j € [M]\{1},n,m € [N],n # m. The first inequality is triangle inequality, the second
inequality is by (212), the last equality is by dj, = S~2(Jrn:amx{SNR47 SNR_4}N2€_2> and d =

ﬁ(e_QNth)

F.12 Explanations of Lower Order Terms

In this section, we provide some explanations of lower order terms to demonstrate the rigor of our
proof.

To bound the so-call {lower order term}, we condition that dimensions d, dj, are sufficiently large
and learning rate 7 is sufficiently small. Next, we show how we utilize these three parameters.

Sufficiently mall learning rate  : Recall the dynamics of QK
<q(t+1)7 k(t+1)> (q () k(t)) <Aq(f) k(t)> + (q ®, Ak(t)> + <Aq(t), Ak:(t)>

Note that terms (Aq®), k1), (¢, Ak(®) contain factor 1, and term (Ag(*), Ak(")) contains factor
1. Therefore, as long as 7 is sufficiently small, (Aq®, Ak®)) is sufficiently small than (Aq®), k()
and (g, Ak®). Now we take the dynamic of (qg_), kz( )> as an example.
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(89, +ZZﬁn+zm)7
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1
Under benign overfitting regime, we have ||k:(t) 12 = O(|pl3oidn), (qgf), k@) <log(e 'd?) and
ﬁ$?+ = O(n||p|3). Therefore, as long as n = o(o7dp,(log(e~*d}?))~!), we have

) (¢ t ®T t t
() k) (810 T) = o0, I 3).

Similar method can be used for other items in <a$)+k3(t) + > Z () (t)) (B(t) OT 4

n-+z n,t

nesSy i=
> E BnJ” nt)lT). At last, we have
neSy i=
<q$+U kU+U>_< U)kﬁb
= O‘+ +||k(t 15+ Z ZGS)J” kg: ,k£t7)1«>
n€S+z 2 (297)
Dol + ) ZﬁnJrz (@), q})
nesSy i=2

+ {lower order term}.

Sufficiently large dimension d;, : Take (297) as an example, Noting that Hk:(f) 13 = O(n|lpl3)
and (k:gf), kffl) = 0(1). Therefore, as long as dj, i
<k$)7 kff )7> Besides, by the property that the sum of each row and column of matrix (diag (¢

goff)l <p51)1) is 0, we have a(+ DY Z a . = 0. We also prove aﬂf?Jr > 0 and affﬁ)ﬁi <0

neSy i=

, kE:) |2 is much larger than
(t) ) _

n,l

under benign overﬁttlng regime, thus the magnitude of an +; 18 smaller than a( ) 4.+ Allin all, it can

be proved that Z O‘n,+,¢<k$)v kffi) = 0(0[5?+ Hkif) |2). This method can be further applied to

nesSy i=
(t) ||q ||2 + X E ﬂr(:)Jr Z<q+ ,qffl} At last, we can simplify as follows:
nesSy i=2

< (t+1) k(t+1)> <q5_),k:( )>

(298)
(t) |k:(t) I3+ B(t) Hq(t) |3 + {lower order term}.
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Sufficiently large dimension d : Take aff,)% 4 as an example:

M
®) — L _p(t) ) ]
Oén/7i/7+ - NM Z gn 2(671/71/’5”7,»

’ﬂES+
(v exp((gy). k)
) .(0) A ®) 7.(6)
eXp(<qn ,0 k+ >) + _22 eXp(<qn,i’ kn,j>)
PE
B exp((g; ), k) -
M
exp({a;s k) + 3 expl(a; k1)) (299)
£
_ i v eXP(<q7(1t)wk$)>)
n,t
k=2 exp((g), k) + 22 exp((g), k"))
P2
exp((q SLkSL» )
exp((g), kD)) + 22 exp({g\), kL))
£

Note that (&, i+, &,,;) can be divided into two types: ||€, ;|13 and (€,,7 ir, &.i) fori # " orm #n/.

By Lemma|[C.4] we have
G7d/2 < ||€nal3 < 357d/2,

opd/2 < ||€n 313 < 30pd/2,
[(€n,is &nr )| < 255 - \/dlog(AN2M?/6)
fori,i’ € [M\{1},n,n € [N],i# ¢ orn#n'.

As long as d is sufficiently large, ||€,/ ;+||3 is much larger than (£, 1, &, ;) fori # i’ or n # n'.
Therefore, (299) can be further simpliﬁed as follows:

ol =~ 6w 3
(v exp((gy/ir, k)
exp<<q£5>,i,,k$>>>+];exp<<q£h~kif’j>>
exp({g,). k) :
exp<<q£€%/,k$’>>+]§2exp<<q§)z/,k$2>> 00
i o exp((g Sﬂwk“ ))
= el KO + 3 expllall. k)
eXP(<qr(ﬁ),i' ) kT(zt’)k» )

M
expl({a, k) + 2 exp((an) ki)
]:
+ {lower order term}.

G Takeaways for Practitioners

Our theoretical results mainly focuse on the impact of different /N and SNR on the generalization
performance. So we can provide guidance from the perspective of increasing N, SNR and N - SNR?,
The following are some practical scenarios
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Data Augmentation: Researchers sometimes employ the technique of data augmentation by intro-
ducing controlled noise into their datasets. From the perspective of our paper’s results, this method
reduce SNR but improve N because we generate "new" data point by adding noises. As reducing
SNR may be harmful to generalization performance, we must make sure that we use enough data
points to train the model( enough sample size IV ).

Semi-Supervised Learning: Semi-supervised learning is useful when you have a small amount
of labeled data and a large amount of unlabeled data. Labeled data can be seen as data with high
SNR, while unlabeled data with low SNR because for some unlabeled samples, we may mistake their
labels, making them equivalent to noises. In this scenario, we need to ensure that we have sufficient
unlabeled data (enough sample size N) and make full use of labeled data (high SNR data points).

Overall, we need to consider both the sample size N and the signal-to-noise ratio SNR to train the
model.

H Broader Impacts

This work focus on theoretically studying the training dynamics and generalization of Transformer in
Vision. The techniques used in this paper may be generalized to study other abilities of Transformer
or other network models. Besides, the theoretical results in this paper may inspire more attempts at
training large foundational models with high-quality data. We do not foresee any form of negative
social impact induced by our work.
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Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: The abstract reflects the paper’s scope, and the introduction reflects the paper’s
contributions.

Guidelines:

* The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.
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Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]
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Justification: We provide the assumptions in Condition[4.1} The detailed proofs are in the
appendix. We also provide a proof sketch in the main paper.

Guidelines:

* The answer NA means that the paper does not include theoretical results.

 All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

* Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.
4. Experimental Result Reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: We provide the experiments setting in this paper, and the codes are submitted
as supplementary material.

Guidelines:

* The answer NA means that the paper does not include experiments.

* If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.

Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-
sions to provide some reasonable avenue for reproducibility, which may depend on the
nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code
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Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [Yes]

Justification: The codes are submitted as supplementary material, which include a readme
file.

Guidelines:

» The answer NA means that paper does not include experiments requiring code.

¢ Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.
6. Experimental Setting/Details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]

Justification: We provide detailed data generation methods and hyperparameters in the
experiments setting.

Guidelines:

» The answer NA means that the paper does not include experiments.

» The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.
7. Experiment Statistical Significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]
Justification: we plot the 2-sigma error bar for the training dynamics in Appendix
Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).
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10.

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

¢ It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

* It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

» For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.

Experiments Compute Resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]

Justification: We provide the information on the computer resources in experiments setting.
All the experiments in this paper can be performed within hours.

Guidelines:

¢ The answer NA means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code Of Ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines]?

Answer: [Yes]

Justification: This work focuses on theoretical study of ViT, and all the data is synthesized.
We see no ethical or immediate negative societal consequence of our work, and it will not
violate the Code Of Ethics.

Guidelines:

¢ The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

Broader Impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [Yes]

Justification: We discuss the societal impacts in Appendix [H] There are no negative social
impacts in this paper.

Guidelines:

* The answer NA means that there is no societal impact of the work performed.
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* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

* The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

 The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: All the data in this paper is synthesized. This paper poses no such risks.
Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [NA]

Justification: All the data in this paper is synthesized. This paper does not use existing
assets.

Guidelines:
» The answer NA means that the paper does not use existing assets.

* The authors should cite the original paper that produced the code package or dataset.

* The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.
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14.

15.

* If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.
New Assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]

Justification: All the data in this paper is synthesized. This paper does not release new
assets.

Guidelines:

* The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.
Crowdsourcing and Research with Human Subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: This paper does not involve crowdsourcing nor research with human subjects.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional Review Board (IRB) Approvals or Equivalent for Research with Human
Subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justification: This paper does not involve crowdsourcing nor research with human subjects.
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.
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* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.
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