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Abstract

We consider a variant of the standard Bandit linear optimization, where in each trial the loss
function is the sum of a linear function and a small but arbitrary perturbation chosen after
observing the player’s choice. We give both expected and high probability regret bounds
for the problem. Our result also implies an improved high-probability regret bound for the
Bandit linear optimization, a special case with no perturbation. We also give a lower bound
on the expected regret.

1 Introduction

Bandit optimization is a sequential game between a player and an adversary. The game is played over T
rounds, where T' is a positive natural number called the horizon. The game is specified by a pair (K, F),
where K C R? is a bounded closed convex set and F C {f : K — R} is a function class. In each round
t € [T], the player first chooses an action x; € K and the adversary chooses a loss function f; € F, and then
the player receives the value f;(z;) as the loss. Note that f; itself is unknown to the player. In this paper,
we assume the adversary is oblivious, i.e., the loss functions are specified before starting the game B The
goal of the player is to minimize the regret

T T
th(xt)*glei’fchft(I) (1)

in expectation (expected regret) or with high probability (high-probability regret).

For convex loss functions, the bandit optimization has been extensively studied (see, e.g./Dani et al| (2007));
Abernethy et al| (2008); Lee et al.| (2020)). O(T3/*) regret bounds are shown by [Flaxman et al. (2005).
Lattimore| (2020) shows an information-theoretic regret bound O(d2-3y/T) for convex loss functions. For
linear loss functions, |Abernethy et al.[ (2008]) propose the SCIRBLE algorithm and give an expected regret
bound O(dv/T), achieving optimal dependence on T(Bubeck et al., [2012). Lee et al.| (2020) propose the
SCRIBLE with lifting and show a high-probability regret bound 5(d2\/T)

Recently, non-convex functions are also getting popular in this literature. For example, |Agarwal et al.| (2019)
show a regret bound O(poly(d)T?/3) for smooth and bounded non-convex functions. |Ghai et al.| (2022)
propose algorithms with regret bounds O(poly(d)T?/?) under the assumption that non-convex functions are
reparametlized as some convex functions.

In this paper, we investigate the bandit optimization problem for a class of non-convex non-smooth loss
functions. The function class consists of non-smooth and non-convex functions that are "close' to linear
functions, in the sense that functions in the class can be viewed as linear functions with adversarial non-
convex perturbations whose amount is up to €. Bandit optimization for linear loss functions with stochastic
noise (e.g., |Abbasi-Yadkori et al| (2011); |[Amani et al| (2019)) cannot be applied to our problem. Also,
standard Bandit linear optimization methods for estimating the gradient, such as self-concordant barrier
regularizer(Hazan et al.l |2016)), cannot be effectively applied to our problem.

1We do not consider the case where the adversary is adaptive, i.e., it can choose the ¢-th loss function f; depending on the
previous actions x1,...,T¢—1.
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1. When € # 0, we propose a modification of the SCRIBLE with lifting (Lee et al., |2020) and utilize
the properties of the v-normal barrier(Nesterov & Nemirovskii, 1994} |Nemirovskil [2004) to prove its

high probability regret bound 6(\/T +€T), and we also obtain its expected regret O(VT InT +€T).

2. When € = 0, this problem becomes Bandit linear optimization, a special case with no perturbation.
Compared to [Lee et al.| (2020)'s results, holding with probability 1—v, O(In*(dT)d? InT/T In ln(fle) ),
we use a different regret decomposition approach to achieve a better high-probability regret bound

O(dVTInT + lnT\/J?IHTT)_F 1@%)).

3. We prove a lower bound Q(eT"), implying that our bounds are tight w.r.t. the parameter e.

2 Related Work

The bandit linear optimization was first proposed by |[Awerbuch & Kleinberg (2004]), who achieved a regret
bound of O(d*/5T?/3) against an oblivious adversary. Later, McMahan & Blum| (2004) established a regret
bound of O(dT3/*) when facing an adaptive adversary. A foundational approach in bandit optimization
problems involves gradient-based smoothing techniques. [Hazan & Levy| (2014]) presented pioneering work in
this area and achieved a regret bound of O(v/T).

Unlike convex bandit problems, which have been extensively explored and analyzed, non-convex bandits
introduce unique challenges due to the complexity of exploring and exploiting in a non-convex area. [Gao
et al. (2018) considered both non-convex losses and non-stationary data and established a regret bound of
O(\/T + poly(T). |Yang et al.| (2018) achieved a regret bound of O(y/T'log T) for a non-convex loss functions.
However, they both required the loss functions to have smoothness properties, and our loss functions are
neither convex nor smooth.

3 Preliminaries

This section introduces some necessary notations and defines e-approximately linear function. Then we give
our problem setting.

3.1 Notation

We abbreviate the 2-norm |- || as || - ||. For a twice differentiable convex function R : R — R and any z,h €
R%, let [|hl|o= [|hlv2r@)= VA V2R(x)h, and ||A]i= |h]l(v2r@)-1= VA (V>R(x))~1h, respectively.

For any v € R? let v be the space orthogonal to v. Let S¢ = {x | ||z||= 1}. The vector ¢; € R? is a
standard basis vector with a value of 1 in the i-th position and 0 in all other positions. I is an identity
matrix with dimensionality implied by context.

3.2 Problem Setting

Let K C R? be a bounded and closed convex set such that for any z,y € K, ||z — y|| < D. Furthermore,
we assume that K contains the unit ball centered at the zero vector. Otherwise, we can apply an affine
transformation to translate the center point of the convex set to the origin. Let X' = {(z,1) : z € K}. For
any 0 € (0,1), let K5 = {z|1352 € K} and K = {(2,1) : # € K5}, respectively.

Definition 1. A function f : K — R is e-approzimately linear if there exists 0; € R? such that Vx € K,
|f(x) — 9;x| <e.
For convenience, in the definition above, let of(z) = f(z) — G}Fx, and we omit the subscript f of 8; and oy

if the context is clear. Note that |o(z)| < e for any = € K.

In this paper, we consider the bandit optimization (K, F), where F is the set of e-approximately linear
functions f(z) = 0"z + o(z) with ||0]| < G.



Under review as submission to TMLR

4 Main Results

This section states our main contribution: the expected and high-probability regret of adversarial bandit
optimization for approximately linear functions.

We simplify the SCRIBLE with lifting and increasing learning rates(Lee et al.l [2020). We do not use the
increasing learning rates part but retain the lifting. For a decision set K with a v-normal barrier on con(K),
where con(K) = {0}U{(x,b) : ¥ € K,z € R%, b > 0}, we apply algorithm 1 to approximately linear functions.
Recall K' = {(z,1) : x € K}.

Algorithm 1 SCRIBLE with lifting
Input: T, parameters n € R,§ € (0, 1), v-normal barrier R on con(K)

1: Initialize: x] = arg min, e R(z')

2: fort=1,..,T do

let A, = [V2R(x )]—l

4 Draw p; from Sd+ N (Ateqer)t uniformly, set y) = (yi, 1) = ) + Agpiy.
5 Play y;, observe and incur loss f;(y;). Let g; = df(ys) Ay " e
6: Update z},, = arg IIIHEIIICII NSt gl a + Rz
7

NI

o

: end for

We use a different method to analyze regret. The first difference is that for e-approximately linear functions,
the traditional method that obtains an unbiased gradient estimate is impossible and the properties of self-
concordant functions used by the SCRIBLE algorithm(Abernethy et al.l [2008) do not help us bound the
regret. That’s why we employed the lifting so that we could leverage the properties of the normal barrier
to bound the norm ||hl|, < 2v(see Lemma [8), where 2/ € int(K',h € con(K). The second difference is
that we use a different regret decomposition approach to apply Lemma (Lee et al., [2020). This allows the
high-probability regret bound we obtained to not only be effective in our problem setting but also achieve a
better result for bandit linear optimization compared to previous outcomes. Besides, unlike SCRIBLE with
lifting and increasing learning rates(Lee et all, [2020), which constrains the decision set from K’ to Kf to
ensure that that z} is never too close to the boundary and in turn, that the eigenvalues of A; are bounded.
We are not concerned about z} being too close to the boundary as long as it doesn’t reach it. Furthermore,
we don’t need to bound the eigenvalues of A;, allowing us to select a smaller value for §, such as %, to
obtain a better upper bound of regret. Finally, we prove the lower bound of regret in section 5.

To introduce and prove our results, we introduce the following definitions and lemmas first.

Definition 2. Let ¥ € R? be a closed and proper convex cone and let v > 1. A function R : int(¥) — R:
is called a v-logarithmically homogeneous self-concordant barrier (or simply v-normal barrier) on U if

1. R is three times continuously differentiable and convexr and approaches infinity along any sequence
of points approaching the boundary of V.

2. For every h € R? and x € int(V) the following holds:

d 4 g3
SN hh By < 2|h)13, (2)
i=1j=1 k=1 axlaxﬂ
[VR(z) "h|< vo|h]a. (3)
R(tx) = R(x) —vint, Ve € int(¥),t > 0. (4)

Lemma 1 (Nemirovski| (2004); Nesterov & Nemirovskii| (1994)). If R is a v-normal barrier on VU, Then for
any x € int(¥) and any h € ¥, we have
lzllz= v, ()

V2R (z)r = ~VR(x), (6)
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|hlle< =VR(z)"h, (7)
VR(z)"(h—z) <wv. (8)

Lemma 2 (Nemirovski| (2004))). If R is a v-normal barrier on ¥, then the Dikin ellipsoid centered at
x € int(¥), defined as {y : ||y — z||»< 1}, is always within ¥. Moreover,

[Plly= [l (X = [ly — 2]l2) 9)
holds for any h € RY and any y with ||y — z|[.< 1.

Like in the SCRIBLE algorithm, the next minimizer 2}, is “close” to ;. However, there are two differences
here: the first is that Ve, (2}) # 0 is possible, where ¢ (') =17 Y.L_, g7 2/ + R(2'). And the second is we
need to satisfy z € K’ instead of z € K.

Lemma 3. 2}, € Wyqgy, (), where W,.(z') ={y € K" : ||y — 2'||» < r}.

Proof. Recall that z},, = argmin, cxs ¢¢(2'), where ¢y (z') =17 S gl +R(x). Let hy(x) = ¢¢((w,1)) =
é¢(2'), then min hy(x) = min ¢;(2’). Noticing that h; is a convex function on R? and still holds the barrier
property(approaches infinity along any sequence of points approaching the boundary of ). By properties
of convex functions, we can get Vh;—1(z:) = 0 and for the first d coordinates V¢_1(z}) = 0.

Consider any point in z € Wy (x}). It can be written as z = } + au for some vector u such that [lul|,;=1

and a € (— Noticing the d + 1 coordinate of u is 0. Expanding,

bi(2) = éu(x} + au)
= ¢u(a}) + aVe(a)) ' u—l—a TV2¢ (f)

2’2)

= ¢u(x}) + a(V@,l(az;) + ngt) u+ o’ TVQ(bt(f)u

= dul2}) +angu+a’; LTV 006,

for some ¢ on the path between 2} and 2} +au and the last equality holds because Vg, _1(z}) "u = 0. Setting
the derivative with respect to a to zero, we obtain

|a*|:M:‘ *|ZM (10)
uT V2 (§)u uT V2R (&u
The fact that § is on the line 3 to z} + au implies that [|§ — 4[|,/ < [laul|.; < 1. Hence, by Lemma
1
VIR(E) = (1= [I€ = 2t ]la;)*VPR()) = V*R(x). (11)
Thus v V2R(&)u > i||u||z;: 1, and a* < 4n|g/ u|. Using assumption maxgex|fi(z)|< 1,
9w < Ngellay lulley < Nldfe (ye) AT el \/Oi2 T(V2R(2}) Ay < d, (12)

we conclude that g u|< d, and |a*|< 4dn < § by our choice of n and 7. We conclude that the local op
timum argmin z € W%(l.;)qﬁt(z) is strictly inside Waqp(2}), and since ¢, is convex, the global optimum is

T4l = arg ?el}(;n/ b1(2) € Waan(}). (13)

O

Lemma 4 (Hazan et al| (2016)). Let R is a v-normal barrier over U, then for all x,z € int(V) : R(z) —
R(z) < vlog 1— T (o) Where me(2) =inf{t >0:2+t"1(z —2) € U}
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This next lemma is based on Lemma B.9.(Lee et al., [2020), but due to the differences in the loss functions,
what we obtain is an unbiased estimate regarding g, ; rather than 6, ;, for i € [d].

Lemma 5. Let | = d(0;,0) (2} + Ague) Ay e, for algorithm 1, we have By[ly ;] = 044, for i € [d].

Proof. Let v = HAt&.First note that Eq[uep) ] = (I —vv')

Aieqtll2

Ee[d(0:,0)(x) + Avpue) Ay '] = dE[(0r, 0)23 Ay pue] + dB[(6r, 0) Ay pir Ay pae]
d(0r,0) i A By lpae] + dEe[(0¢, 0) Agpre Ay ]
B4 [(0:,0) Arprr Ay ]

= dA;'Eifppg |A4(6:,0)7

AT —voT)AL(6:,0)7

= (6,007 — A7 'wv " A(6,,0)7

- (6,0)7 %(9 07
" [Aveqral3 70

Noticing that Eq[y;] = 0 by symmetry and the first d coordinates of eq1e;,, A7(6,0) " are all zeros concludes
the proof. O

Since the update way x| = arg Inlllcl n ZT 1 91 2’ + R(a') satisfied the condition of FTRL algorithm (Hazan
e ’

et al.l [2016)), we can apply (Lemma 5.3. in [Hazan et al| (2016])) to Algorithm 1 as follow.

Lemma 6. For algorithm 1 and for everyu € K’, Z?:l gjz;—zle glu < ZtT:l[gjxi—g,jx@ﬂ—k%[?%(u)—

R(x})]-

Proof. Define the functions ho(z’) = %R(x’), hi(z') = g 2. We first prove for every u € K',
T T
D k(W) 2 ) hu(@ya). 14)
t=0 t=0

By induction on T
Induction base: by definition, we have that z] = arg mi)rcl R(x'), and thus ho(u) > ho(z}) for all u.
x/e ’

Induction step: assume that for T', we have
T T
Z Z t(Tig1), (15)
t=0 t=0

and let us prove the statement for 7'+ 1. Since x7,,, = arg mi’rcl ZtTjol hi(z"), we have:
I,E ’ -

(]
&
€
Y

ghs

ht(xll“+2)

t=0 t=0
T
> Z he(2p o) + hry1 (270)
t=0
T
2 Z he(@i41) + hry1 (27 4)
t=0
T+1
= h’t (x;+1)7
t=0
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Where in the third line we used the induction hypothesis for v = 27 ,.

Then we conclude that,

T

PRCAED PR

t=1

IA
>
~
&\
i“-/
|
(7~
>
&
—
&
o~
+
—
SN~—"
+
=
o
—~
S
S~—"
|
>
o
—
&
-
=

O

Lemma 7 (Theorem 2.2. in Lee et al| (2020)). Let Xi,..., X1 be a martingale difference sequence with
respect to a filtration Fy C ... C Fr such that E[X; | F;] = 0. Suppose By € [1,b] for a fized constant b is
Fi-measurable and such that X; < By holds almost surely. Then with probability at least 1 — v we have

> Xy < C(\/8VIn(C/7) + 2B*In(C/7)), (16)

where V = max{1; Zf:l E[X? | F]}, B* = maxc[r) By, and C = [logb][log(b*T)].

Lemma 8. If R be a v-normal barrier for W C R%, then for any x € int(¥) and any h € ¥, we have

1Al < 20 (17)
Proof. From Lemma [T we have
[hlla< =VR(z)"h < [VR(z) A (18)
Then,
|[VR(z)"h| = |[VR(z) " (h—z +z)| < |[VR(z) " (h — z)| + [VR(x) "z|. (19)
By Lemma |[VR(z) T (h — 2)| + |[VR(z) T2| < v+ |2 T V*R(z)z| = 2v. O

Lemma 9. For algorithm 1, let fi(x;) = 0, x4 + o4(x¢) and z* = argmingex 2;1 fi(x) and we have

T T 1
1 =
> 0z —> 0 < 2mdT + z 05(5) + Tde(2v + \/v) + 6 DGT. (20)
t=1 t=1

Proof. Recall for any § € (0,1), K5 = {z|{152 € K} and Kj = {(z,1) : # € Ks}. Let 2} = [, =", by
properties of projections, then

l2” — 25]|= min |l2" —a. (21)
Since (1 —d)z* € K5, then
minlle* — < l#* — (1~ 8)a" < oD, (22)
So,
lay — 2*||[< 0D. (23)

By Cauchy-Schwarz inequality and the fact that ||§]|< G and ||z} — 2*||< dD,

T T
> 0 a5 - 02" <sDGT. (24)

t=1 t=1
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So,

T T T T T T
ZﬂjxthHth* = Z@ththHtherZGth;—ZGth*
t=1 t=1 t=1 t=1 t=1 t=1

T T
< Zﬁjxt—ZGIxz—HSDGT.
= t=1

Let 0, = (6, 2), where z is the (d 4 1)th coordinate of dE;[(6;,0)" (x} + Aspe)A; ' p1e]. From Lemma |5, we
know dE;[(0:,0) " () + Aspue) Ay pae] = 0. Since gr = df (yr) Ay e = dO; (wh+ Arpe) Ay e+ doy (ye) Ay e
and let M; = E;[do; (yt)At_lut], then 0; = E;[¢g:] — M; and that we have

T T T T
Zﬂg—xt—ZGIx; = ZQ’Tmt—z ZG'Tx5 —2)
t=1 t=1 t=1 t=1

T

= ) (Bilg] — My) Tt

t=1

(Eilge] — My) "

Mﬂ

o~
Il
—

MtT (l’gl - 17:5)

B

T
= S Eido) () —a}) +
t=1

o~
Il
s

We bound Zthl M, (z; — x}) firstly. By Cauchy-Schwarz inequality,

T T

’ ’
> M (x5 i) < D Ml ey — ey
t=1 t=1

By Jensen’s inequality,

M5, = /M VARG M,
VEdldos(y) Ay 1] TV (R ()~ Eoldor () A ]
\/d2Et[0t(yt)ut]TA{IAEA;IEt[O’t(yt)ut]
\/dQEt [0 (ye) ] "B o (ye) e

< \/d2Et[UtQ(yt>:utT/~Lt]

INA

%
5

2
o

Then we bound ||z% — 7}z, . From the triangle inequality,
’ ’
e = ille; < ll25 g +llzila-

By Lemmaand Lemma we obtain ng'”x;g 2v, ||x2||zf: N

So ||lz%" — rilar < 20 + /v and Zthl M, (z% — x}) < Tde(2v + /). Then bound ZtT:l Eilge) T () — x5 )
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By Lemma [6]

T
S Edgl) (@) —a}) = Et{ng Py
t=1

< Et{Z[gI 2, — gl ] + %[mz’) ~ R}
< B> el 1o — 2l ]} + %(R@ci;d ~R()).
t=1

The proof of Lemma (3 implies ||z} — 2} ||, < 4dn is true by choice of i and ||g:[|}, < d. Therefore,
t

lgelly, l2h — 2t llay < 4nd?, (25)
T
ED [llgells, 17} — @it llag]} < 4nd®T. (26)
With Lemma [4
o , z/log(%)
=(R(z5 ) — R(21)) < : (27)
n n
Combine everything, we get
T 2 vlo g(%)
Ze T — 20 1 <dnd T—|—T+Tde(21/—|—ﬁ). (28)
O

Theorem 1. The algorithm with parameters n = ~ 22;/\1/0ng 6= T2 guarantees the following expected regret

bound

T T
B> filye) — gg}xclz fi(z)] < 4d\/2vTlog T + % + 2T€ + dTe(2v + /v). (29)
t=1 t=1

Proof. Recall e-approximately linear function can be write as: f(z) = 6"z + o(x). Thus, the regret of
SCRIBLE with lifting algorithm

T

B filys) =D fela™)] = ED 107 ye +0u(ye)] = D_[0] 2" + oe(2")]]

t=1 t=1 t=1
T

Zet Yt — ZaTﬂﬁ*] + E[Z or(yr) — ZUt(l’*)]-

t=1 t=1 t=1

Firstly, we bound the front of the above equation,

T T T T
E[Z 0] v — ZGth*] = ZE ) i ZIE [0, x,] + ZE[G;@] - ZE[@;F.I*]
t=1 t=1 t=1

t=1
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From the Law of total expectation, we know

T T
ZE[GtTyt] - ZE[Gtht] = Z]E (ye — x4)]
t=1 t=1

= Z]E ]Et yt —ﬂUt)H

T

= Z]E B [0, (Aspe)]]

= Z E[0, Ee[(Asp)]]

= Y _E[60]

I
Su
L

Thus,

T T T T
E[Y 6[y.—> 6/ «| =E[) 6w~ 6] 2"]. (30)
t=1 t=1 t=1 t=1

From Lemma [J] we have

T T 1
1 2
EY 607z =Y 0]a*] < E[4nd’T + v 1og(3) + Tde(2v + \/v) + 6 DGT)

SO

log(5)

< and*r+ 7 + Tde(2v + \/v) + 6DGT.

Since o, is chosen after knowing the player’s action, it can cause as large a perturbation as possible. We
using |o¢(x)|< € to bound Zthl Elot(y:) — Zthl o¢(x*)] < 2Te and combination of everything, we get

T T
Regret = E[Z fe(ye) — th z7)
=1 t=1

GD
4d+/2vT log T + -t Tde(2v + /v) + 2Te,
\/2vlogT P O

2dVT T

IN

where n =

V;;\}“TT,(S = T2 ensures that with probability at least 1 — -~y

Theorem 2. The algorithm with parameters n =

T T
D /
> filwe) —mei’léz fe(z) < 4d\/2uT1nT+GT+Tde(2y+ﬁ)+0(1+e) 8T In % +2GD ln%—FQTe (31)
=1 M
where C' = [In GD][In((GD)T)].

PTOOf. Let Xt = GtTyt — 0;.73,5, then Et[Xt] = Et[ﬁjyt — QtTa:t] = O, Xt = H;Fyt — Otht S H9t||||yt - Z‘tHS GD
and

EX7] = El(0) ye — 0] 20)’)
= Edl(0/ ye)® + (0] 2:)* — 20, 48, 4]
= Eol(0/ v0)®] + Eel(0] 24)%] — B4 (26, 98, 4]
= B0/ v)’] — 0, 0]
< (1+e~
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Then,
T T T T
ST hly) =D Al = D 0 v+ o)) = D 0] 2" + ou(a)]
t=1 t=1 t=1 t=1
T T
S Zet Yt — ZQICIC*-FZJt(yt)—ZUt(:E
t=1 t=1 t=1
T
< Zet ye— 0 x* +2Te

t=1
T T T
= Z@tTyt - ZH:xt —I—ZH;ract - Zﬂt—rw* + 2Te.
t=1 t=1 t=1 t=1

From Lemma [ we know

T
Z 0z, —> 0/ 2" <4dVWTInT + GTD + Tde(2v + V), (32)
t=1

t=1

V2rinT 5 .

where n = N

. Then by Lemma

(6] ye — 0, x) < C(\/8VIn(C/y) +2B*In(C/7))) > 1 -, (33)

M,ﬂ H‘H

P(

t

where V = (1+¢€)?T,B* = b= GD, and C = [InGD][In((GD)?T)]. Combine everything to conclude the
proof. O

1

4.1 Application to black-box optimization

From online to offline transformation, the result of this paper can also apply to black-box optimization for

e-approximately linear function. Let Z be the output of algorithm 1, then from Theorem 1. we can easily

prove and ensure f(&) — mingex f(x) < 24v2vnT V\Q/”TlnT +S2 1 de(2v + V) + 2e.

5 Lower bound

In this section, we show a lower bound of the regret. To do so, we consider a black-box optimization problem
for the set F of e-approximately linear functions f :  — R. In the problem, we are given access to the
oracle Oy for some f € F, which returns the value f(x) given an input x € K. The goal is to find a point
2 € K such that f(2) — mingex f(2) is small enough. Then, the following statement holds.

Lemma 10. For any algorithm A for the black-box optimization problem for F, there exists an e-
approzimately linear function f € F such that the output & of A satisfies

f(2) — min f(z) > 2e. (34)

ze

Proof. Firstly, suppose that the algorithm A is deterministic. At iteration ¢t = 1,...,7T, for any feedback
Y1, .-, Yi—1 € R, A should choose the next query point z; based on the data observed so far. That is,

zy = A((@1,91)5 oy (Te—1, Y2-1))- (35)
Assume that the final output & is returned after 7T' queries to the oracle Of. In particular, we fix the T
feedbacks y1 = ya = --- = yr = €. Let z € K be such that z ¢ {z1,...,27,2}. Then we define a function
f:K—Risas
€, T # z,
flx) = { (36)
—¢, T =z.
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The function f is indeed an e-approximately linear function, as f(z) = 02+ (), where o(z) = € for x # 2
and o(z) = —e for x = z. Further, we have

f(2) — min f(z) > 2e. (37)

Secondly, if algorithm A is randomized. It means each x; is chosen randomly. We assume the same feedbacks
1 =y2 = =yr =€ Let X = {x1,...,27p,2}. Then, there exists a point z € K such that Px(z € X) =
0, since E,/[Px (2 € X|2')] = Py x(¢ € X) = Ex[Py (¢ € X|X)] = 0, where the expectation on 2’
is defined w.r.t. the uniform distribution over K. For the objective function f defined in , we have
f(&) — mingexc f(z) > 2¢ while f is e-approximately linear. O

Theorem 3. For any horizon T > 1 and any player, there exists an adversary such that the regret is at
least 2€T.

Proof. We prove the statement by contradiction. Suppose that there exists a player whose regret is less than

2¢T. Then we can construct an algorithm for the blackbox optimization problem from it by feeding the

online algorithm with 7" feedbacks of the blackbox optimization problem and by setting & = min,ery f(z¢).
Then,

T T .

f(j) . mlIlf(w) S Et:l f(xt) B thl Mg e f(x)

ze T

< 2e,

which contradicts Lemma O

This lower bound indicates that Q(eT) regret is inevitable for the bandit optimization problem for e-
approximately linear functions. We conjecture that the lower bound can be tightened to Q(deT), but we
leave it as an open problem.
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