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Abstract

Many neural interpretability methods attempt to decompose Neural Network (NN)
activity into vector directions or features along which variability serves to represent
some interpretable aspect of how the NN performs its computations. In correlative
analyses, these features can be used to classify what inputs and outputs correlate
with changes in the feature; in casual analyses, these features can be used to causally
influence computation and behavior. In both cases, it is easy to view these features
as satisfying as ways to interpret NN activity. What if each feature, however, is
an incomplete part of the story? For any given feature, is it necessary for the
NN’s computations, or is it only sufficient? In this work, we present a method for
isolating Functionally Sufficient Projections (FSPs) in NN latent vectors, and we
use a synthetic case study on MultiLayer Perceptrons (MLPs) to find that multiple,
mutually orthogonal FSPs can produce the same behavior. We use the results of
this work as a cautionary tale about claims of neural necessity.

1 Introduction
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Figure 1: A hypothetical diagram showing the distinction between the complete neural activity for a
latent vector size of 3 on the left and the activity projected onto a 1 dimensional FSP on the right.
The axes represent dimensions in the latent vector, and each point is in instance of the NN’s latent
activations. If we assume in this contrived, pedagogical example that the NN exhibits the same
behavior using only the projected activity on the right, then the projected axis serves as an example
of an FSP. Note that FSPs do not, in general, lie along activation axes.

Many recent advances in Neural Network (NN) interpretability have proposed and used methods that
rely on representational features, where features are defined as directions in vector space along which
variation encodes or correlates with some interpretable attribute in the input or output of the NN
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(4L 1311316 124 (17, (16l 9]. Features are useful in that they can offer explanatory power over NNs, and
in causal cases, they offer interpretable control over the NN’s computations and behavior. NN control
is useful both as a tool for Al safety, and for making causal claims about NN activity [[15, 8 [7]. An
easily overlooked aspect of NN features, however, is that they often are used in such a way so as to
demonstrate sufficiency of a claim, without the ability to demonstrate necessity.

Is it possible to learn multiple features that explain/produce the same effect? Is any given feature both
necessary and sufficient for its interpretable effect? In other words, is it possible to learn orthogonal
features that produce the same causal effects? In this work, we explore these questions in a case
study that uses Multi Layer Perceptrons (MLPs) trained on a synthetic hierarchical boolean task.
We first offer a method for isolating functional subspaces in the native neural space whose span
is sufficient to reproduce the MLP’s complete behavior. We refer to the method for finding these
subspaces as Functional Component Analysis (FCA), and we refer to these subspace bottlenecks as
Functionally Sufficient Projections (FSPs). We then show that multiple, distinct, mutually orthogonal
FSPs can produce the same NN behavior, demonstrating that individual FSPs are only sufficient for
functionality without being necessary. We then explore how model dimensionality leads to a greater
number of possible FSPs and assists in finding FSPs with fewer dimensions. Lastly, we examine the
FSP created using the top Principal Components (PCs) that explain the most variance in descending
order as a means of grounding our intuitions. Taken together, we use our findings as a cautionary tale
about the dangers of assuming necessity when only sufficiency is demonstrated.

2 Methods

In this work we first train Multi-Layer Perceptrons (MLPs) to perform a hierarchical boolean task
to 100% accuracy. We then freeze the MLP weights and attempt to isolate Functionally Sufficient
Pathways (FSPs) which we define as vector subspaces in which all behaviorally relevant activity is
encoded.

2.1 Hierarchical Boolean Task

The task consists of a series of boolean operations that build on the outputs of the previous layer
shown in Figure 2] The inputs to the task are four binary values. The task consists of independently
performing the XOR operation over inputs 1 and 2 and OR over inputs 3 and 4; then the task uses the
outputs of both of these operations as the inputs to a final XOR operation for a binary output. These
specific operations were chosen by randomly generating multiple candidate tasks and selecting one
with an approximately equal number of 0 and 1 output values.

2.2 Multi-Layer Perceptrons (MLPs)

The models used in this work consist of an input embedding layer of 2 dimensions with 2 possible
inputs followed by a layer normalization [[1]] with default PyTorch settings, a linear weight matrix
W, € R4*8 assuming the activations are column vectors and d is a hyperparameter defining the
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Figure 2: Visual depiction of the hierarchical boolean task and the model architecture. The inputs
and corresponding outputs of the task are enumerated in the table. The model architecture consists of
either 2 or 3 layers resulting in 1 or 2 hidden state layers. All FCA experiments are performed on the
Ist hidden layer.
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model’s hidden dimensionality. The outputs of this layer are the focus of all analyses. After this layer,
a ReLU nonlinearity is applied, followed by another layer norm and a linear weight matrix. For two
layer models, this weight matrix is Wy € R%*2, and it produces the output predictions. The 3 layer
models, however, use W, € R?*4 followed by a ReLU, layer norm, and a final output weight matrix,
W3 € R%*2 to obtain the model outputs.

2.3 Functional Component Analysis and Functionally Sufficient Projections

In this section, we introduce Functional Component Analysis (FCA) which is an algorithm for
finding Functionally Sufficient Projections (FSPs) which are defined as subspaces whose span is
sufficient to produce the model’s original behavior. Formally, for a prespecified NN layer, an FSP
is defined as a matrix U € R?*"™ with n orthogonal columns whose span is sufficient to produce
some functionality of the NN. In this work, we only consider FSPs that reproduce the NN’s complete
behavior. Specifically, NN latent vectors, h € R%, at the predefined layer are projected onto the span
of the FSP using the following equation:

hisp=UUh ¢))
After the projection, the NN continues its processing, using ks, in place of h.

U is defined and trained using the FCA algorithm as follows. At the start of training, U is constructed
by first sampling an initial set of vectors from a normal distribution and storing these as trainable
parameters. Then, before each forward pass of the NN (whose weights are frozen), the trainable
vectors are orthogonalized and normalized using the Gram-Schmidt process detailed in Appendix [A-2]
Then Equation|[T]is applied to the NN’s latent vectors at the specified layer during its forward pass,
and the model’s processing continues from the interrupted layer now using hys,. U is then trained
via gradient descent to minimize a cross entropy loss that uses the NN’s predictions conditioned on
htsp and the NN’s original behavior as labels. Upon convergence of the training loss, if the model’s
FSP accuracy is below threshold (100% in our case), the algorithm adds a new vector to the trainable
set and repeats the training process. The precise algorithm is detailed in Algorithm T}

3 Results
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Figure 3: Hidden Dimensions on the x-axis refers to the models’ latent dimensionality and the color
indicates the number of layers in the analyzed MLP. (a) Bar graphs showing the average number of
principal components (PCs) to achieve 100% explained neural variance. (b) the minimum number
of PCs needed to reproduce the models’ full behavior. We see that typically, fewer components
are needed to reproduce behavior than components needed to explain 100% of the neural variance.
(¢) Bar plots show the minimum FSP dimenionality out of the set of FSPs for a given model. We
see that larger models can have FSPs consisting of as few as 2 dimensions. We also see an inverse
relationship between model dimensionality and min FSP dimensionality. However, this relationship
is complicated by the imperfect FCA training technique as demonstrated by the PCA FSP results. (d)
A scatter plot of the total number of orthogonal FSPs for each model seed. Each data point represents
a single model seed. We see an approximately linear relationship between the number of FSPs and
model dimensionality.

3.1 Larger model dimensionality results in more FSPs and smaller minimum FSP sizes

Turning to panels (c) and (d) of Figure 3] we see that we can successfully isolate multiple FSPs
for individual models. We can see this in panel (d) which shows that the number of FSPs scales
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approximately linearly with the model dimensionality. Noteably, the 3 layer models appear to have an
increased rate of FSPs relative to the 2 layer models. This section serves as a proof of principle, that
multiple functionally equivalent subspaces can exist in a single MLP. Depending on how these results
extrapolate to more complex experimental settings, this could raise potential issues with methods that
only demonstrate functional sufficiency without attempting to address functional necessity. This is
potentially very important in cases of Al safety.

We now turn to Figure [3[c) which shows that the minimum FSP size achieved for each model tends
to diminish with increasing model size, where some models only need 2 dimensions to reproduce
their behavior. This result demonstrates a potentially counter intuitive finding, that bigger models can
use fewer dimensions in their computations for the same result. Although, this is potentially to be
expected in light of the Lottery Ticket Hypothesis [5]. We also note that this could be a result of FCA
being an imperfect training algorithm, where smaller models do possess 2D FSPs, but FCA fails to
find them.

3.2 Functional sufficiency is achieved without explaining 100% of the neural variance

We show in Figure [3(a) that the number of principal components (PCs) to explain 100% of the
variance in the neural activity remains relatively constant with different model dimensionalities.
Interestingly, the average number of PCs required to achieve 100% accuracy, shown in panel (b), is
slightly less than the number of PCs for 100% explained variance. Differences such as these highlight
the difference between behaviorally relevant and behaviorally null subspaces in the representations
[10].

4 Limitations/Future Directions

An important limitation of the claims that can be made using FCA is that the method lacks guarantees
on isolating the smallest functionally sufficient set of dimensions due to the fact that the FSPs are
learned through gradient descent and randomly sampled vectors in the Gram-Schmidt process. This
limits the claims that can be made about differences in FSP minimum sizes as a function of NN scale
as the resulting FSP size can contain functionally unnecessary dimensions as demonstrated by PCA
on models with a hidden dimensionality of 8.

Another large limitation is that this work was performed on simplistic models trained to perform a
simplistic task with only two behavioral outputs. And, due to the small data size, we performed both
training and analysis on the same set of data. It is unclear how this work will translate to larger highly
distributed NN, and it is unclear how these analyses would generalize to unseen examples.

5 Discussion/Conclusion

In this work we explored how orthogonal subspaces in MLP processing layers can equivalently
produce the same NN behavior. We showed that fewer PCs than are required to explain 100% of the
neural variance can create an FSP, and we showed that the number of FSPs for a given layer tends to
scale approximately linearly. What do these findings mean for the NN interpretability?

Although it is unclear from our experiments to what degree these results hold in more complex
settings, if they do hold, the implications can be quite significant. For instance, in cases of Al safety,
it can be important to isolate all activity that corresponds to a specific safety-related feature. If it is
possible to learn multiple orthogonal subspaces for the same feature, it may be hopeless to excise
such a feature from the model’s computations. Furthermore, in cases of features learned by methods
such as SAEs or transcoders [[L1[12]], it is possible that vector directions that are orthogonal to any
given feature can activate the same attributes as that feature. This raises questions about the utility of
such learned features for robustly addressing Al safety concerns.

We conclude by suggesting caution when making claims about how NNs solve particular tasks. With
the highly redundant nature of NN latent vectors, it is generally possible that any given NN employs
multiple orthogonal computations to solve any given problem. Thus, we caution interpretability
researchers to be wary of any claims of necessity.
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194 We can then project onto the span of U with the following: h¢s, = UU Th.

Algorithm 1 Functional Component Analysis (FCA)

Require: Frozen neural network M, target layer index [, projection accuracy threshold 7 (e.g.,

1: Initialize trainable matrix U € R%*™ with n = 1, entries from (0, 1)

Orthogonalize and normalize the columns of U via Gram-Schmidt (see Appendix[A.2))
Run forward pass on M to obtain original output y = M (x)

Replace h with hgy, and resume forward pass to get prediction

Update U using gradient descent to minimize £(U)

100%)

2: repeat

3.  for all input batches = do

4:

5:

6: Compute hidden state h = M;(x) at layer |
7: Project onto the FSP subspace: hg, < UU Th
8

9: Compute loss £(U) = CrossEntropy (4, y)
10:
11:  end for
12: until convergence of training loss

13:
14:
15:

if FSP accuracy < 7 then

Add new trainable column to U (sampled from A(0, 1)), increment n, and repeat

end if

A

Al

Appendix

Model Details

All artificial neural network models were implemented and trained using PyTorch [14] on Nvidia
Titan X GPUs. We used a learning rate of 0.0001 and a batch size of 128 consisting of randomly
sampled examples with replacement. Trainings continued for 140 epochs.

A.2 Gram-Schmidt Process

To progressively grow the size of the FSP through iterative training, we can introduce and orthogonal-
ize new vectors using the Gram-Schmidt process as follows. Assume that the current FSP consists
of n column vectors v, € R*Vk € {1,2, ...,n} that have been sampled from a normal distribution
where d is the latent dimensionality of 2. We can then make an orthogonal set of vectors u; € R%,
and thus a partial orthogonal matrix U € R%*™, by subtracting out the projections of all preceding
components from each consecutive v; where u; = vy:

proj,, (v)
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