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Abstract

Estimating truncated density models is difficult,
as these models have intractable normalising con-
stants and hard to satisfy boundary conditions.
Score matching can be adapted to solve the trun-
cated density estimation problem, but requires a
continuous weighting function which takes zero
at the boundary and is positive elsewhere. Eval-
uation of such a weighting function (and its gra-
dient) often requires a closed-form expression of
the truncation boundary and finding a solution to
a complicated optimisation problem. In this paper,
we propose approximate Stein classes, which in
turn leads to a relaxed Stein identity for truncated
density estimation. We develop a novel discrep-
ancy measure, truncated kernelised Stein discrep-
ancy (TKSD), which does not require fixing a
weighting function in advance, and can be eval-
uated using only samples on the boundary. We
estimate a truncated density model by minimising
the Lagrangian dual of TKSD. Finally, experi-
ments show the accuracy of our method to be an
improvement over previous works even without
the explicit functional form of the boundary.

1. Introduction

In truncated density estimation, we are unable to view a
full picture of our dataset. We are instead given access
to a smaller subsample of data artificially truncated by a
boundary. Examples of truncation boundaries include lim-
ited number of medical tests resulting in under-reported
disease counts, and a country’s borders preventing discover-
ies of habitat locations. In either case, a complex boundary
causes truncation which introduces difficulties in statistical
parameter estimation. Regular estimation techniques such
as maximum likelihood estimation (MLE) are ill-suited, as
we will explain.
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When data are truncated, many typical statistical assump-
tions break down. One fundamental problem with esti-
mation in a truncated space is that the probability density
function (PDF), given by

po(x) _
vo(a) = 250 2(0) = [ pofw)ia.
cannot be fully evaluated. In this setup, V' is the truncated
domain which can be highly complex and thus the integra-
tion to obtain the normalising constant, Z(8), is intractable.
This normalising constant could be approximated via numer-
ical integration, such as with Monte Carlo methods (Kalos
& Whitlock, 2009), but this comes with a significant compu-
tational expense. Recent attention has turned to estimation
methods which bypass the calculation of the normalising
constant entirely by working with the score function for

po(x),
Yy = Vp (T) := Vi logpe(x) = V. logpe(x).

which uniquely represents a probability distribution.
Score-based estimation methods include score matching
(Hyvérinen, 2005; Hyvérinen, 2007), noise-contrastive
estimation (Gutmann & Hyvérinen, 2010; Gutmann &
Hyvirinen, 2012) and minimum Stein discrepancies (Stein,
1972; Barp et al., 2019). These methods are computation-
ally fast and accurate, and usually rely on minimising a
discrepancy between the score functions for the model den-
sity pg () and the unknown data density ¢(x), whose score
function is 1, := V4 log q(x).

Score-based methods have been applied across many do-
mains, including hypothesis testing (Liu et al., 2016;
Chwialkowski et al., 2016; Xu, 2022; Wu et al., 2022), gen-
erative modelling (Song & Ermon, 2019; Song et al., 2021;
Pang et al., 2020), energy based modelling (Song & Kingma,
2021), and Bayesian posterior estimation (Sharrock et al.,
2022). Recently, two lines of work have been proposed
for the truncated domain; truncated density estimation via
score matching (Yu et al., 2021; Liu et al., 2022; Williams &
Liu, 2022), called TruncSM, and truncated goodness-of-fit
testing via the kernelised Stein discrepancy (KSD), denoted
bounded-domain KSD (bd-KSD) (Xu, 2022).

These two lines of work both use a distance function as
a weighting function on the objective. Such a function is
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chosen in advance such that the boundary conditions re-
quired for deriving score matching or KSD hold when the
domain is truncated. The computation of this distance func-
tion can be challenging when the boundary is complex and
high-dimensional, which we will demonstrate later in exper-
iments. Further, these methods rely on knowing a functional
form of the boundary, which is not always available.

In this paper, we consider a situation where the functional
form of the boundary is not available to us. We can only ac-
cess the boundary information through a finite set of random
samples. As an example, suppose we want to estimate a den-
sity model for submissions at an academic conference. We
can only observe the accepted papers but not the rejected
ones. Furthermore, it is difficult to provide a functional
definition of the truncation boundary that distinguishes be-
tween the accepted and rejected submissions. However, we
can easily identify borderline submissions from the review
scores which can be seen as samples of the boundary. In this
case, TruncSM and bd-KSD are not applicable due to the
lack of a functional definition of the boundary, and classical
methods such as MLE are intractable. To our knowledge,
there exists no method to estimate a truncated density when
there is no functional form of the boundary. To solve this
problem, we first define approximate Stein classes and its
corresponding Stein discrepancies, which we refer to as
truncated kernelised Stein discrepancy (TKSD), which is
computationally tractable with only samples from the bound-
ary. By minimising the TKSD, we obtain a truncated density
estimator when the boundary’s functional form is unavail-
able. In experiments, we show that despite the approximate
nature of the Stein class, density models can be accurately
estimated from truncated observations. We also provide a
theoretical justification of the estimator consistency.

Our main contributions are:

* We introduce approximate Stein classes, which in turn
define approximate Stein discrepancies. Unlike earlier
approaches, these Stein discrepancies are more relaxed
and applicable to a truncated setting.

» These discrepancies enable density estimation on trun-
cated datasets. This estimator is an extension of earlier
Stein discrepancy estimators. We include theoretical
and experimental results showing that the TKSD esti-
mator is a consistent and competitive estimator with
previous works.

2. Problem Setup

The Problem. We assume the data density, ¢, has support
on V C R? whose boundary is denoted as 9. We aim
to find a model, given by pg, which best estimates q. How-
ever, there are some significant challenges for the truncated
setting: the normalising constant in pg is intractable, and

score-based methods rely on a boundary condition which
breaks down in this situation. Previous works (Xu, 2022;
Liu et al., 2022) do address these issues. However, in this
work, we assume we have no functional form of 9V, and
instead, a finite set of samples, {x}}" ;, which are drawn
randomly from the boundary. To our best knowledge, no
existing density estimation methods can be applied directly.

The Aims. We aim to use unnormalised models to es-
timate a truncated density, bypassing the evaluation of the
normalising constant. We also aim to construct an estimator
that does not require a functional form of the boundary, but
can still adjust to the boundary and the dataset adaptively.
This will lead to an estimator which is data-driven and flexi-
ble, not relying on a pre-defined weighting function, unlike
previous works by Xu (2022) and Liu et al. (2022).

Before explaining our proposed solution, we introduce prior
methods for measuring discrepancies for unnormalised den-
sities.

3. Background

Statistical density estimation is often performed by min-
imising a divergence between the data density, ¢(x), and
the model density, pg(x). Since truncated densities have
intractable normalising constants, we introduce divergence
measures suited for unnormalised densities and discuss their
generalizations to truncated supports. These methods rely
on Stein’s identity, which we will introduce foremost.

3.1. Stein’s Identity

Originating from Stein’s method (Stein, 1972; Chen et al.,
2011), a Stein class of functions enables the construction of
a family of discrepancy measures (Barp et al., 2019).

Definition 3.1. Let ¢ = ¢(x) be any smooth probability
density supported on R¢ and let S F 4 _ R be a map.
F%1is a Stein class of functions, if for any f € F¢,

Ey[Syf ()] = 0, M

where S, is called a Stein operator (Gorham & Mackey,
2015).

We refer to (1) as the Stein identity, which underpins a lot
of existing work in unnormalised modelling. The Langevin
Stein operator (Gorham & Mackey, 2015) on pg(x),

d
Spe-f(x) = 7;)9f(113) = Z¢pe7l(m)fl(w) + amfl(m)v
=1

where ¥, 1(z) := 0., log pe(z), is independent of the nor-
malising constant, Z (). pg is involved in the Stein operator
only via its ‘proxy’, the score function, v, . When this
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Langevin Stein operator is used, it is straightforward to see
that (1) holds:

d
B (Tof @) = [ @)Y vaifil@) + 0 fife) )do
Re =1

d
= ;/}Rd axzq(w)fl((l)) + q(w)azzfl(w)dw
=0,

where the last equality holds due to integration by parts and
the fact that ¢(x) vanishes at infinity:

g(z) = 0. b)

ll||—o0

This assumption is critical, and is a key focus of research
for this paper. It holds for many densities supported on R¢,
such as the Gaussian distribution or the Gaussian mixture
distribution. In the rest of this paper, we refer to this condi-
tion as the boundary condition, as it describes the behaviour
of g(x) at the boundary of its domain.

3.2. Divergence for Unnormalised Densities

When € R?, and the boundary condition (2) holds, we de-
scribe two computationally tractable discrepancy measures
for unnormalised density models py(): the Stein discrep-
ancy and the score matching divergence. Both divergences
rely on Stein’s identity to derive a tractable form.

3.2.1. CLASSICAL STEIN DISCREPANCY

Gorham & Mackey (2015) use Stein’s identity to define a
Stein discrepancy: the supremum of the differences between
expected Stein operators for two densities ¢(x) and pg (),

Dsp(pelq) : = sup (Bq[Tpe f ()] = Epg [Tp f ()])
feFd

= Sup Eq[%ef(w)L 3

feFd

where the second line holds as F¢ is a Stein class. The Stein
discrepancy can be interpreted as the maximum violation of
Stein’s identity. f is referred to as the discriminatory func-
tion, as it discriminates between g(x) and pg (). However,
the supremum in (3) across F¢ is a challenging problem for
optimisation (Gorham & Mackey, 2015).

Stein discrepancies have seen a lot of recent development,
including extensions to non-Euclidean domains (Shi et al.,
2021; Xu & Matsuda, 2021), discrete operators (Yang
et al., 2018), stochastic operators (Gorham et al., 2020)
and diffusion-based operators (Gorham & Mackey, 2015;
Gorham et al., 2020).

3.2.2. KERNELISED STEIN DISCREPANCY (KSD)

When we restrict the function class over which the supre-
mum is taken to a Reproducing Kernel Hilbert Space
(RKHS), we can derive the Kernelised Stein discrep-
ancy (KSD), for which we follow a similar definition to
Chwialkowski et al. (2016) and Liu et al. (2016).

First, let G be an RKHS equipped with positive definite
kernel k, and let G¢ denote the product RKHS with d el-
ements, where g = (g1,...,94) € G% and is defined
with inner product (g,g’)gs = Z?=1<gi,gg>g and norm

llgllge = \/Zfﬂ(gi,gi)g . By the reproducing property,

any evaluation of g € G? can be written as

d

g(@) = (g, k@, ))ga = Y (9. k(2. ))g. &

=1

Taking the supremum over G¢, and including the restriction
of g to the RKHS unit ball, i.e. ||g||ga < 1, gives rise to the
KSD

Dksp(pelq) := sup Eq[Tpeg(x)]
QGdeug”gdSl
= ||Eq[Tpek(z, )]l ge- Q)

The KSD has a closed-form expression as indicated by (5).
Moreover, the squared KSD can be expanded to a double
expectation

Drsp(pola)* = |[Eq[Tpo k(. )]lIGs

d
= Ewquywq Z uj (w7 y)‘| (6)
=1
where
w (x,y) = Ypi(@)Vp1(Y)k(z, y) + p(x) 0y, k(z, y)

+ Vp,1(Y) O, k(, y) + 02,0y, k(x,y). @)

This divergence can be fully evaluated using samples
from ¢(x) to approximate the expectation in (6). Further,
Chwialkowski et al. (2016) showed that Dksp(pe|q) = 0 if
and only if pg = ¢, making Dksp(pe|q) a good discrepancy
measure between distributions.

3.2.3. SCORE MATCHING

The score matching (or the Fisher-Hyvirinen) divergence,
initially developed by Hyvérinen (2005), is the expected
squared difference between the score functions for the two
densities pg(x) and g(x):

Dsw(pola) = Bq [ 1) /2 © (w0, = %,)[*], ®)

where © denotes element-wise multiplication. The inclusion
of the weighting function h(x) yields the generalised score
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matching divergence (Lin et al., 2016; Yu et al., 2016; 2019),
and h(x) = 1 yields the classic score matching divergence.

It can be seen that Dg s (pe|q) is simply the squared differ-
ence between two Langevin Stein operators 7, h;(z) and
Tghi(x). Using (1), Dsar(pelq) can be rewritten as

d
Eq [Z hl(fl’)(wpf + 200, ¥p1) + O u(@)p | + Cy,
=1

where C, = E, [quwq] can be considered a constant which
can be safely ignored when minimising with respect to 6.

3.3. Divergence for Densities with a Truncated Support

Let V C R? be a domain whose boundary is denoted by
V. The boundary condition of the density ¢(x) given in
(2) needs to hold on the boundary 9V, i.e., the truncated
density ¢(x') = 0,Va’ € 9V. However, this is, in general,
not true for truncated densities. For example, a 1D truncated
unit Gaussian distribution within the interval [—1, 1] has
non-zero density at the boundary of the support at exactly
xr = —1 and x = 1. When the boundary condition breaks
down, the function families presented for classical SD, KSD
and score matching are no longer Stein classes, and these
divergences are no longer computationally tractable.

We outline two recent methods for circumventing this issue
by modifying the KSD and the score matching divergence.

3.3.1. BOUNDED-DOMAIN KSD (BD-KSD)

Motivated by performing goodness-of-fit testing on trun-
cated domains, Xu (2022) propose a modified Stein operator,
given by

d
Tong(®) = Y bpagi(@)h(z) + s, ((2)h(@)) ()
=1

for g € G4, where h(x) is a weighting function for which
h(x') = 0 V&' € OV. This modified Stein operator relies
on the boundary conditions on h instead of ¢. This condition
can be satisfied by choosing h carefully.

Using the Stein operator in (3) and taking the supremum
over g € G? gives an alternative definition to KSD for
bounded domains, called bounded-domain kernelised Stein
discrepancy (bd-KSD):

Doaksp(peld)” = |Eq[Tpe.nk(z, )méd

The form of h is not explicitly defined, but the authors
recommend a distance function. For example, if V' is the
unit ball, h(x) = 1 — ||z||® for a chosen power b.

3.3.2. TRUNCATED SCORE MATCHING (TRUNCSM)

When the support of ¢ is the non-negative orthant, Ri,
Hyvirinen (2007) and Yu et al. (2019) impose restrictions on

the weighting function h in the score matching divergence,
given in (8), such that h(x) — 0 as ||z|| — 0, for example
h(x) = . Yuetal. (2021) and Liu et al. (2022) generalised
this constraint on h to any bounded domain V, imposing the
restrictions h;(x) > 0 V] and h(x’) = 0 forall ' € 9V

Liu et al. (2022) showed that maximising a Stein discrep-
ancy with respect to h gives a solution hy = (hg, ..., ko),
where
ho = min dist ! 10

0 :l:I’rélanV 18 ($7$ )7 ( )
the smallest distance between « and the boundary 0V'. Liu
et al. (2022) proposed the use of several distance functions
such as the ¢; and /5 distance. The generalised score match-
ing divergence with hy is referred to as TruncSM.

4. Approximate Stein Classes

So far, previous works have assumed a functional form of the
truncation boundary, so that / can be precisely designed and
Stein’s identity holds exactly. In our setting, the functional
form of the truncation boundary is unavailable, making the
design of a Stein class infeasible; we cannot design a class of
functions with appropriate boundary conditions that satisfy
Stein’s identity exactly. However, the truncation boundary
is known to us approximately as a set of boundary points,
and so we can design a set of functions such that Stein’s
identity holds ‘approximately’, as we will show below.

Let us first define an approximate Stein class and an approx-
imate Stein identity.

Definition 4.1. Let ¢ = g(x) be a smooth probability den-

sity function on V' C R9. F9 is an approximate Stein class
of ¢, if for all f € F2,

]Eq [Sq,’mf(m)] = OP(arn)v (11)

where €, is a monotonically decreasing function of m,
and S, p, is a Stein operator that depends on m in some
way. Op(g,,) denotes a sequence indexed by m which is
bounded in probability by &,,,.

We denote (11) as the approximate Stein identity, and the
approximate Stein class F¢ can be written more simply as

Fo ={f:V = RI|ESymf(@)] = Op(en)}. (12)

The classical Stein class of functions given by Definition 3.1
requires Stein’s identity to hold, whereas this approxi-
mate Stein class (12) defines a set of functions for which
E,[Sg.m f(x)] is bounded by a decreasing sequence. Simi-
larly to the classical Stein discrepancy, we propose the use
of the Langenvin Stein operator, i.e. Sg », = 7g,m. We aim
to show this is a flexible class which can be used across
various applications, of which we provide two examples
below.



Approximate Stein Classes for Truncated Density Estimation

Example: Latent Variable Models.

Kanagawa et al. (2019) presented a variation of KSD for
testing the goodness-of-fit of models with unobserved la-
tent variables z, where the density of « is given by ¢(x) =
Jga a(x|2)q(2)dz, and thus the score function can be writ-
ten as

 Ved®) [ Veallz) a(@lz)a(z)
A ey el A o R e B

= Eq(zla) [, (2]2)].

We show that this existing modification of KSD gives rise
to an Approximate Stein Class. To evaluate the expectation
over ¢(z|x), Kanagawa et al. (2019) recommend approxi-
mating the expectation with a Monte Carlo estimate

z

13)

m

Ey(zla) [¥4(2]2)]= % > W, (@]zi) + Opl(em), (14)

i=1

where we assume we have access to m unbiased samples
{z:i}", ~ q(z|x), and Op(e,,) is the Monte Carlo approx-
imation error. This approximation leads to

Ey[Ts9(x)] = Op(em) # 0

and therefore this variation of KSD uses an Approximate
Stein Class. See Appendix A.1 for more details.

Example: KSD with Truncated Support.

Let ¢ be a smooth probability density function with trun-
cated support V' C R? with boundary OV. As described in
Section 3.3, G% is not a Stein class when q has truncated
support. To show this, let g € G%, then Stein’s identity can
be written as

d
2, [T9(@) = [ a@)(3 vuiai(@) + 0,9(x))do
v 1=1

d
_ év o(@) ;gl(m)ﬁl(a))ds, (15)

where %V is the surface integral over the boundary 0V,
(i1 (x),...,0q(x)) is the unit outward normal vector on
0V and ds is the surface element on V.

In the untruncated setting, (15) is zero due to the boundary
condition (2), but the density is significantly nonzero at 0V
when truncated. As described in Section 3.3.1 and 3.3.2,
Xu (2022) and Liu et al. (2022) choose a g(x) for which
(15) is exactly zero at the boundary, but g is chosen in
advance. We instead aim for an approximate Stein class of
functions which tend to zero across all V' as we collect
more information about the boundary.

This example will become the focus of the remainder of
the paper, and we will outline our proposed solution to this
problem in the next section.

5. KSD for Truncated Density Estimation
5.1. Approximate Stein Class for Truncated Densities

Let us first consider a setting where the boundary 9V is
known analytically. Define a modified product RKHS as

Gi={geg’|g(x)=0va €V, |glz. <1}. (16)

Lemma 5.1. Let q be a smooth density supported on V. For
any g € G4, then

Ey[T,9(2)] = 0. (17)

Similar to the classic Stein’s identity, the proof follows from
applying a simple integration by parts, see Appendix A.2.
Lemma 5.1 shows that G¢ is a proper Stein class of q. G¢
defines a large class of functions, for which the proposed
operator by Xu (2022) given in (9) is one such example of a
function from this family.

Let us now consider the setting where 0V is not known
@ctly. The information about the boundary is provided by
oV = {x},}7"_,, a finite set of points randomly sampled
from OV'. Define

Gim =19 €G" | g(a') = 0Va' € OV [lg[gs < 1},
(18)
which can be considered as an approximate version of G¢
using the finite set dV. The benefit of using gg{m over
Gd is that this class can be constructed using only ‘par-
tial’ boundary information, i.e., 5‘7 , without knowing the
explicit expression of V.

First, we show specific properties of the relationship be-
tween 0V and OV

Lemma 5.2. Let g € G§ and g € Gf,,. Assume that

AV is eEm-dense in OV. Further assume that g; and §; are
C-Lipschitz continuous for alll = 1, ..., d. Then

(") — Gu(@’)| = Op(em)
forany x' € OV.

The proof follows from applying the Lipschitz continuous
property on g; and g; and then the triangle inequality, see
Appendix A.3. Lemma 5.2 establishes a connection between
gg and gg_m, relying on the assumption that oV is Em-
dense in V. We now show under some mild conditions
this assumption holds with high probability.

Proposition 5.3. Assume {x}™, are samples drawn from
the uniform distribution defined on V. Let L(V') denote
the (d — 1)-surface area of a bounded domain V C R¢ and
L(V) < 0. Let Be,, (2') denote a ball of radius €, centred
ona', and let {(d) = 7¥/%/T(4 + 1). Forall €5, > 0 such
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that

P (5‘// is e -dense in 8V) =0.95,

where n., is the smallest number of €,-balls that cover
av, ie., (Um,eA B., (z'))noVv =9oV.

For proof, see Appendix A.4. €,,, as defined in (19), shows
the relationship between m, and the complexity of the
boundary which can be quantified by 7., .

Remark 5.4. Our numerical investigation (Appendix B.2)
shows, &,,,, as defined in (19), is a decreasing function of m,
and is not sensitive to the value of n. .

Proposition 5.3 shows that Lemma 5.2 holds with high prob-
ability, which in turn enables us to show that indeed gg{m is
an approximate Stein class.

Theorem 5.5. Assume the conditions specified in
Lemma 5.2 hold. Let q be a smooth density supported on V.
Forany g € gg{m, then

Ey[T39(x)] = Op(em)- (20)

The proof again follows from integration by parts, then
applying Lemma 5.2, see Appendix A.5. This result paves
the way for designing a new type of Stein divergence that
measures differences between two distributions when their
domain V is truncated.

5.2. Truncated Kernelised Stein Discrepancy (TKSD)
and Density Estimation

Let ¢ and pg be two smooth densities supported on V. We
can construct a Stein discrepancy measure, called the trun-
cated Kernelised Stein Discrepancy (TKSD), given by

sup  Eq[Tpog()]- 1)

gego m

Drksp(pelq) :=

Similarly to classical SD and KSD, TKSD can still be intu-
itively thought as the maximum violation of Stein’s identity
with respect to an approximate Stein class G§,,,. It can be
used to distinguish two distributions when their domain V'
is truncated, but the boundary is not known analytically.

Drxsp(pelq) serves as the discrepancy measure between
densities. Later, we propose to estimate a truncated density
function by minimising this discrepancy.

Next, we show that there is an analytic solution to the
constrained optimisation problem in (21).

Theorem 5.6. Drxsp(pe|q)? can be written as

d

D EagBymg [u(@,y) —vi(2)T(K) 'vi(y)] (22)
=1

where w(x,y) is given by (7), vi(z) = wm(z)cp;x, +
(aZL(Pz,x’)T’ Soz,x’ = [k(z,:c’l)7...,k(z,:n’m)], ¢x' =
[k(xh,-), ... k()] and K' = .. p,

The proof relies on solving a Lagrangian dual problem, see
Appendix A.6. This result gives a closed form loss function
for Drxsp(pe|q), and is not straightforward to obtain since
the constraints in Q{{m are enforced on a finite set of points
in R<. (22) can be decomposed into the ‘KSD part’, given
by the w;(x,y) term, and the ‘truncated part’, given by
vi(x) T (K')~'v;(y), which comes from solving for the
Lagrangian dual parameter. (22) is also linear in d, so its
evaluation cost only increases linearly with d.

Next, we show that the TKSD can be approximated with
samples from q.

Theorem 5.7. Let {x;}7
then

", be a set of samples from q(x),

n n

an D) Zthz,m] (23)

=1 5=1
i#]

Drksp(pelq)® =

is an unbiased estimate of Drxsp(pe|q)?, where

E w (i, ;)

assuming that B qEyq[h(z,y)?] < oo

h(z;, x;) —vi(z:) " (K') " 'vi(z;),

(24)

The proof follows directly from the definition of a U-statistic
(Serfling, 2009). Additionally, we could define a biased
estimate of Drksp (pe|q)? via a V-statistic

= ZZh T, x;), (25)

=1 5=1

DTKSD (polq)®

which has the additional guarantee of being always nonneg-
ative. The U-statistic and V -statistic for TKSD allow us to
evaluate Drksp(pe|q)? via n samples from ¢. In empirical
experiments, the V-statistic seems to give better perfor-
mance overall compared to the U-statistic.

Finally, we define our proposed estimator for unnormalised
truncated density by minimising TKSD over the density
parameter 6.

0, = arg;nin 23TKSD(]D(9|(I)2- (26)

In the next section, we study the theoretical properties of
(26).
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5.3. Consistency Analysis

Since ﬁTKSD (pelq)? is a function of m, for the simplicity
Qf the theorem, 1etAus study (26) at the limit of m. Let
L(0) := lim,, o0 Drksp(pe|q) and define

6,, := argmin L(6).
]

‘We now prove that 0, converges to the true parameter under
mild conditions:

Assumption 5.8 (Accurate Boundary Prediction). Let

t.= Ey [(gp;lx, [Vepr(y))T”e:e*] c ]Rmxdim(e)7
t(w) = By [(0y2[Vorpi(y) 1|y_g.] € RI™E).

Assume the following holds:

Mw U(@)Pa (K')_ltﬁz(w)ds}

B Bé)v q(m)t(“’)ﬁl(@ds] + op(é;), @n

K2

Vie {1,...,dim(0)},0l€ {1,...,d}

where £, is a positive decaying sequence with respect to m
and lim,,, ;o €, = 0.

One can see that ¢, ., (K') "'t is the kernel least-square
regression prediction of ¢(x’), for a ' € V. Assump-
tion 5.8 essentially states that the least squares ‘trained’ on
our boundary samples, {x, }7"_,, should be asymptotically
accurate in terms of a testing error computed over a surface
integral as m increases.

Assumption 5.9. The smallest eigenvalue of the Hessian of
f)(O) is lower bounded, i.e., A\pin {Vgﬁ(@)} > Apin > 0
with high probability.

In fact, we could make the same assumption on the popula-
tion version of the objective function, and the convergence
of the sample hessian matrix would guarantee Assumption
5.9 holds with high probability. To simplify our theoretical
statement we stick to the simpler version.

Theorem 5.10. Suppose there exists a unique 0™ such that
q = pe~, Assumption 5.8 and Assumption 5.9 hold, Then

10, — 6% = Op (;ﬁ) .

For proof, see Appendix A.7. This result shows, although
our TKSD is an approximate version of KSD, the density
estimator derived from TKSD is still a consistent estimator.
We empirically verify this consistency in Appendix B.3.

6. Experimental Results

To show the validity of our proposed method, we experiment
on benchmark settings against 7runcSM and an adaptation
of bd-KSD for truncated density estimation. We also pro-
vide additional empirical experiments in the appendices;
empirical consistency (Appendix B.3), a demonstration on
the Gaussian mixture distribution (Appendix B.4), an im-
plementation for truncated regression (Appendix B.5) and a
investigation into the effect of the distribution of the bound-
ary points (Appendix B.6).

6.1. Computational Considerations

TKSD requires the selection of hyperparameters: the num-
ber of boundary points, m, the choice of kernel function,
k, and the corresponding kernel hyperparameters. For
this work, we focus on the Gaussian kernel, k(x,y) =
exp{—(20%)71||z — y||*}, and the bandwidth parameter o
is chosen heuristically as the median of pairwise distances
on the data matrix.

In choosing m, there is a trade-off between accuracy and
computational expense, since K’ in (24) is an m x m matrix
which requires inversion. In experiments, we let m scale
with d?>. We provide more computational details of the
method in Appendix B.8.

When the boundary’s functional form is unknown, the rec-
ommended distance functions by Xu (2022) and Liu et al.
(2022) cannot be used, and instead TruncSM and bd-KSD
must use approximate boundary points. This approximation
to the distance function is given by

min |l — 2'||7, (28)
x’'€dV
for each dataset point x, where - and « are chosen based on
the application. This may not provide an accurate approxi-
mation to the true distance function when m is small.

6.2. Density Truncated by the Boundary of the United
States

Let us consider the complicated boundary of the United
States (U.S.). Let V be the interior of the U.S. and let 0V
be a set of coordinates (longitude and latitude) which define
the country’s borders. The boundary of the U.S. is a highly
irregular shape, and as such, there is no explicit expression
of the boundary in this case. TruncSM and bd-KSD must use
an approximate distance function (given by (28)), whereas
TKSD can readily use the set of coordinates that give rise to
the boundary.

The experiment is set up as follows. Let u* = [—115, 35]
and ¥ = 10 - I;. Samples are simulated from N (u*, 3)
and we select only those which are in the interior of the U.S.
until we reach n = 400 points. Assuming X is known,
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m = 200
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Figure 1. Density estimation when the truncation boundary is the
border of the U.S., as described in Section 6.2. Top: example of
increasing the number of boundary points m. Bottom: across 256
seeds for each value of m, mean estimation error with standard
error bars for the mean of a 2D Gaussian, for TKSD and TruncSM
as m increases.

we estimate p* with & using TKSD and compare it to the
estimation using TruncSM. We also vary m by uniformly
sampling from the perimeter of the U.S., demonstrated in
Figure 1 (top).

Figure 1 (bottom) shows the mean and standard error of the
{5 estimation error between p* and fi, measured over 256
trials for each value of m. TruncSM improves with higher
values of m as the approximate distance function increases
in accuracy, whilst TKSD performs significantly better with
fewer boundary points.

6.3. Estimation Error and Dimensionality

Consider a simple experiment setup where pu; = 1,4 - 0.5,
samples are simulated from N (p}5, I ;) and are truncated be
within the /.. ball for ¢ = 1 and ¢ = 2, each of radius r, until
we reach n = 300 data points. We choose radii 7 = d°-53
forc = 1 and r = d for ¢ = 2, chosen so that the amount
of points truncated across dimension is roughly 50% (see
Appendix B.7 for details). We estimate p; with fi, and
measure the /5 estimation error against p; as d increases.
Each boundary point &’ € AV is simulated from A/ (04, I1,),
normalized by ||z’||., and multiplied by r, resulting in a set
of random points on the boundary.

Figure 2 shows the error and computation time for the fol-
lowing estimators:

e TKSD: our method as described in Section 5, using a
randomly sampled OV'.

05 ball

0.5 0.5 —4— TruncSM (exact)

TruncSM (approximate)
—#— bd-KSD (exact)

bd-KSD (approximate)
—4— TKSD

0.4

Runtime (seconds)

10—+ TruncSM (exact)

0.30 TruncSM (approximatg)
8 —#— bd-KSD (exact)
bd-KSD (approximate)

—4+— TKSD

(seconds)

Runtime

Figure 2. Mean estimation error across 256 seeds, with standard
error bars, as dimension d increases (left) and runtime for each
method (right). The truncation domain is the ¢ ball of radius d°-5
(top) and ¢, ball of radius d (bottom).

e TruncSM/bd-KSD (exact): the implementation by Liu
et al. (2022)/Xu (2022) respectively, where the dis-
tance function is computed exactly using the known
boundaries.

e TruncSM/bd-KSD (approximate): the implementation
by Liu et al. (2022)/Xu (2022) respectively Wit/l’\l/ dis-
tance function given by (28), using the same OV as
given to TKSD.

For the /5 case, TKSD marginally outperforms all competi-
tors across all dimensions, at only a slight computational
expense. For the ¢; case, TKSD, bd-KSD and TruncSM
have similar estimation errors across all dimensions. How-
ever, TruncSM (exact) and bd-KSD (exact) have an increas-
ing computation time due to the costly evaluation of the
distance function. In this implementation, we follow the
advice of Liu et al. (2022), Section 7, where the distance
function to the ¢; ball is calculated via a closed-form ex-
pression, for which the computational complexity increases
combinatorically with dimension.

TruncSM (approximate) and bd-KSD (approximate) have
significantly higher estimation error than other methods
across all benchmarks. TKSD is able to achieve the same
level of accuracy as the exact methods, using the same finite
set of boundary points, OV'.
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7. Discussion

We have proposed an alternative to the classical Stein class,
called an approximate Stein class, bounded by a decreasing
sequence instead of being strictly equal to zero. By max-
imising the KSD objective over this approximate Stein class,
we have constructed a truncated density estimator based on
KSD, called truncated KSD (TKSD), and shown that it is
consistent. TKSD has advantages over the prior works by
Xu (2022) and Liu et al. (2022), as it does not require a
functional form of a boundary.

Some limitations of this method include the requirement
of selecting hyperparameters, such as the kernel function
k and its associated hyperparameters, and the number of
samples from the boundary, m. Choice of m may depend on
applications. Still, a larger value is preferred when the com-
plexity of the truncation boundary is higher, or the dimen-
sion increases. However, even with the heuristic approaches
presented in this paper, TKSD provides competitive results.

In experimental results, we have shown that even though
we assume no access to a functional form of the boundary,
TKSD performs similarly to previous methods which require
the boundary to be computed. In some scenarios, TKSD
performs better than these methods, or takes less time to
achieve the same result.

Reproducibility

All results in this paper can be reproduced using the
GitHub repository located at https://github.com/
dannyjameswilliams/tksd.

Acknowledgements

We thank all four reviewers for their insightful feedback and
suggestions to improve the paper. We are particularly grate-
ful for their recommendations of additional experiments. We
would also like to thank Jake Spiteri, Jack Simons, Michael
Whitehouse, Mingxuan Yi and Dom Owens, for their helpful
input throughout the development of this work.

Daniel J. Williams was supported by a PhD studentship from
the EPSRC Centre for Doctoral Training in Computational
Statistics and Data Science.

References

Barp, A., Briol, F-X., Duncan, A., Girolami, M., and
Mackey, L. Minimum stein discrepancy estimators. In
Advances in Neural Information Processing Systems, vol-
ume 32, 2019.

Boyd, S. and Vandenberghe, L. Convex optimization. Cam-
bridge university press, 2004.

Chen, L. H., Goldstein, L., and Shao, Q.-M. Normal approx-
imation by Stein’s method, volume 2. Springer, 2011.

Chwialkowski, K., Strathmann, H., and Gretton, A. A kernel
test of goodness of fit. In Proceedings of The 33rd Inter-
national Conference on Machine Learning, volume 48
of Proceedings of Machine Learning Research, pp. 2606—
2615. PMLR, 2016.

Gorham, J. and Mackey, L. Measuring sample quality
with stein's method. In Advances in Neural Informa-
tion Processing Systems, volume 28. Curran Associates,
Inc., 2015.

Gorham, J., Raj, A., and Mackey, L. Stochastic stein dis-
crepancies. In Advances in Neural Information Process-
ing Systems, volume 33, pp. 17931-17942. Curran Asso-
ciates, Inc., 2020.

Gutmann, M. and Hyvirinen, A. Noise-contrastive esti-
mation: A new estimation principle for unnormalized
statistical models. In Proceedings of the 13th Interna-
tional Conference on Artificial Intelligence and Statistics,
volume 9 of Proceedings of Machine Learning Research,
pp- 297-304. PMLR, 2010.

Gutmann, M. U. and Hyvirinen, A. Noise-contrastive es-
timation of unnormalized statistical models, with appli-
cations to natural image statistics. Journal of Machine
Learning Research, 13(11):307-361, 2012.

Hyvirinen, A. Estimation of non-normalized statistical
models by score matching. Journal of Machine Learning
Research, 6(24):695-709, 2005.

Hyvirinen, A. Some extensions of score matching. Com-
putational statistics & data analysis, 51(5):2499-2512,
2007.

Jitkrittum, W., Xu, W., Szabo, Z., Fukumizu, K., and Gret-
ton, A. A linear-time kernel goodness-of-fit test. In
Advances in Neural Information Processing Systems, vol-
ume 30. Curran Associates, Inc., 2017.

Kalos, M. H. and Whitlock, P. A. Monte carlo methods.
John Wiley & Sons, 2009.

Kanagawa, H., Jitkrittum, W., Mackey, L., Fukumizu, K.,
and Gretton, A. A kernel stein test for comparing latent
variable models. arXiv preprint arXiv:1907.00586, 2019.

Krishnamoorthy, A. and Menon, D. Matrix inversion using
cholesky decomposition. In 2013 signal processing: Al-
gorithms, architectures, arrangements, and applications
(SPA), pp. 70-72. IEEE, 2013.

Lin, L., Drton, M., and Shojaie, A. Estimation of high-
dimensional graphical models using regularized score


https://github.com/dannyjameswilliams/tksd
https://github.com/dannyjameswilliams/tksd

Approximate Stein Classes for Truncated Density Estimation

matching. Electronic journal of statistics, 10(1):806,
2016.

Liu, Q., Lee, J., and Jordan, M. A kernelized stein dis-
crepancy for goodness-of-fit tests. In Proceedings of The
33rd International Conference on Machine Learning, vol-
ume 48 of Proceedings of Machine Learning Research,
pp- 276-284. PMLR, 2016.

Liu, S., Kanamori, T., and Williams, D. J. Estimating density
models with truncation boundaries using score matching.
Journal of Machine Learning Research, 23(186):1-38,
2022.

Pang, T., Xu, K., Li, C., Song, Y., Ermon, S., and Zhu, J. Ef-
ficient learning of generative models via finite-difference
score matching. In Advances in Neural Information Pro-
cessing Systems, volume 33, pp. 19175-19188, 2020.

Serfling, R. J. Approximation theorems of mathematical
statistics. John Wiley & Sons, 2009.

Sharrock, L., Simons, J., Liu, S., and Beaumont, M. Sequen-
tial neural score estimation: Likelihood-free inference
with conditional score based diffusion models. arXiv
preprint arXiv:2210.04872, 2022.

Shi, J., Liu, C., and Mackey, L. Sampling with mirrored
stein operators. arXiv preprint arXiv:2106.12506, 2021.

Song, Y. and Ermon, S. Generative modeling by estimating
gradients of the data distribution. In Advances in Neural
Information Processing Systems, volume 32, 2019.

Song, Y. and Kingma, D. P. How to train your energy-based
models. arXiv preprint arXiv:2101.03288, 2021.

Song, Y., Sohl-Dickstein, J., Kingma, D. P., Kumar, A., Er-
mon, S., and Poole, B. Score-based generative modeling
through stochastic differential equations. In International
Conference on Learning Representations, 2021.

Stein, C. A bound for the error in the normal approximation
to the distribution of a sum of dependent random vari-
ables. In Proceedings of the sixth Berkeley symposium on
mathematical statistics and probability, volume 2: Proba-
bility theory, pp. 583-602. University of California Press,
1972.

Steinwart, I. and Christmann, A. Support vector machines.
Springer Science & Business Media, 2008.

Truncated re-
URL

UCLA: Statistical Consulting Group.
gression — stata data analysis examples.
https://stats.oarc.ucla.edu/stata/
dae/truncated-regression/. Accessed March
17, 2023.

10

Williams, D. J. and Liu, S. Score matching for truncated
density estimation on a manifold. In Topological, Al-
gebraic and Geometric Learning Workshops 2022, pp.
312-321. PMLR, 2022.

Wu, S., Diao, E., Elkhalil, K., Ding, J., and Tarokh, V. Score-
based hypothesis testing for unnormalized models. IEEE
Access, 10:71936-71950, 2022.

Xu, W. Standardisation-function kernel stein discrepancy:
A unifying view on kernel stein discrepancy tests for
goodness-of-fit. In International Conference on Artificial
Intelligence and Statistics, pp. 1575-1597. PMLR, 2022.

Xu, W. and Matsuda, T. Interpretable stein goodness-of-fit
tests on riemannian manifold. In Proceedings of the 38th
International Conference on Machine Learning, volume
139 of Proceedings of Machine Learning Research, pp.
11502-11513. PMLR, 2021.

Yang, J., Liu, Q., Rao, V., and Neville, J. Goodness-of-
fit testing for discrete distributions via stein discrepancy.
In Proceedings of the 35th International Conference on
Machine Learning, volume 80 of Proceedings of Machine
Learning Research, pp. 5561-5570. PMLR, 2018.

Yu, M., Kolar, M., and Gupta, V. Statistical inference for
pairwise graphical models using score matching. In Ad-
vances in Neural Information Processing Systems, vol-
ume 29, 2016.

Yu, S., Drton, M., and Shojaie, A. Generalized score match-
ing for non-negative data. Journal of Machine Learning
Research, 20(76):1-70, 2019.

Yu, S., Drton, M., and Shojaie, A. Generalized score match-
ing for general domains. Information and Inference: A
Journal of the IMA, 2021.


https://stats.oarc.ucla.edu/stata/dae/truncated-regression/
https://stats.oarc.ucla.edu/stata/dae/truncated-regression/

Approximate Stein Classes for Truncated Density Estimation

A. Proofs and Additional Theoretical Results
A.1. Latent Variable Approximate Stein Identity

Suppose g € G4, the product RKHS with d elements, and the score function defined as in (13). Then Stein’s identity with
this score function is written as

Eq[Tag()] = Bo[thy(2)g(2) + Vag(@)] = Ey[Eq(zja) [, (2]2)]g(2) + Vag()].

Further assume the Monte Carlo estimation of
1 m
Eq(z\m) [¢q(m|z)} = E Z ’l/Jq(.CE‘Zi) + OP(Em)>
i=1

where Op(&,,) denotes the error term from the Monte Carlo approximation, which decreases as the number of samples, m,
increases. Substituting this into the equation above gives

( Z¢ $|z> ) + Vag(z)
( Z¢ (]2 ) (#) + Vag ()

=Op(em)

where the last equality follows from the fact that the error in the Monte Carlo approximation is accounted for by the Op (&, )
term, therefore - >~ 4 (x|z;) is exactly the score function %, (), not including approximation error. The remainder
then follows by definition of G¢ being a Stein class.

E,[Tqg(x) +Ey[Op(em)g(x)]

+ OP(Em)

A.2. Proof of Lemma 5.1

Let g € G&. Begin by writing the expectation as an integral,

Eq[Teg(x)] = /V q(x)Tqg(x)de = x)0y, log q(x)gi(x) + 0z, 91(x)dx

/ (x)

\%

/ Oy 0(@)1(2) + Oy 1) .
\%

=1

M= I[M]=

l

1

This can be expanded by integration by parts,

d d
> | tra@a (@) +onai@ae =3¢ a@ia@)i@s + > | 1@ @na(@) - 0@

where the final equality comes from all evaluations g;(x’) = 0 V&' € 9V

A.3. Proof of Lemma 5.2.
Letg € Gdand g € ngm. First note that g and g agree on vV, ie.
gl(fi:/)zgl(f:/), Vi=1,...,d (29)

forall &’ € 5‘7 , since all &' are elements of 9V also, as é‘v/' C OV. First, we note that since g; and g, are both Lipschitz
continuous, then

lg(2') — q(&)] < Cil|’ = &|| < Crep (30)
151(&") — gi(x)| < Callz’ — Z'|| < Caemm, (31)

11
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where ||’ — &'|| < &,,. This follows under the assumption that 9V is &,,,-dense in OV, therefore the distance ||z’ — &'|| is
at most &,,.

We seek to quantify

l91(=") — gu()],
which is how far apart the ‘approximate’ g; is from the ‘true’ g; for any point ' € V. Note that this includes points that
are not in JV. We let

and by (29),

Using (30) and (31), we have the following inequality,
lgi(x") — Gi(@)| < |gi(®') — gu(&)] + [31(Z') — Gi(x')] < (C1 + Ca)em,
where the last step follows by the triangle inequality. Therefore, we have
lgu(x") — gi(2")| = Op(em)

as desired.

A.4. Proof of Proposition 5.3

First, let L(V) denote the (d — 1)-surface area of a bounded domain V' C R? and L(V) < oco. For example, in 2D, L(V)
corresponds to the line length of V. We also define B, (x’) as the ball of radius &, centred on x’.

Before continuing to the proof, recall the definition of an e-dense set: V' € 9V, 3 #' € OV such that d(x’, E') < g, where
d is some measure of distance. The statement d(x’, 2’) < &, is equivalent to ' € B., (x'). Now write that the probability

that the definition of a ¢,,,-dense set holds for oV being dense in 9V is equal to 0.95:
0.95=P3% €dV,& € B.,, (¢'),Va' € 0V) =1 —-P(3a’ € 0V,vZ € OV, % ¢ B., (x'))

—1- P(mgv\ﬁ’ cov,7 ¢ Bsm(:c')).

Equivalently, by rearranging the above, we have
IP’( \J V& € oV, ¢B., (m’)) — 0.05.
x’'coV

Note the definition of the union bound: P(J;~, E;) < Y .o, P(E;), where E; are a collection of events. Using this, we can
write

]P’( | V& cov.&@ ¢ Bsm(w/)> <Y P (\ﬁ’ coV.i ¢ Bsm(a:’)) (32)

x’' oV x’' €0V

Next, consider a set A C 9V such that for all ' € A, A is the smallest set that satisfies

U B..@@)nov =av,

x’'€A

i.e. A defines the set of all &’ such that the smallest number of ¢,,-balls centred on &’ cover V. Let n.,, = |A|. Using A,
the following equivalence holds

Sop (\ﬁc' cdv.i ¢ B., (a:')) -3r (\ﬁc' cdv.i ¢ B., (a:')) : (33)

x’'coV x’'cA

12



Approximate Stein Classes for Truncated Density Estimation

Consider a given ), € 9V and Z;, € 9V The above equality holds due to only needing to consider all ' € OV such that
x' ¢ B., (x}), because by definition, if ' € B, (x}), then T’ € B, (') also. Note that the probability inside the sum

in (33) is equal for any independent realisations ' € 9V and &’ € A, and can be re-written as

> B(v& € V.7 ¢ B.,(2h)) = ne,, [P (%) ¢ B, (=0))]"

xz’'€A
=n., [1-P (ig c Be(wg))]m
- [  Area(0V N B.,, (%)) n
g L)

> 0.05 (34)

Where Area(S) denotes the surface area of the boundary set S. For example, Area(0V) = L(V). Therefore Area(0V N
B., (x{)) represents the size of the region of OV that is inside B., (x{), which will be the area of the boundary hyperplane
of OV which passes through B, (x{,). We obtain the probability in the final equality by assuming that allz” are uniformly
sampled from 9V, so the probability is the proportion of OV inside Be, (@) as a ratio of the full V. This probability
exists under the assumption that L(V') < co. Now we can rearrange (34) to obtain

1/m
- (22)"] <eet

Area(0V N B., (z))) < L(V)

where we have used the following bound,

/2

Area(dV 0 Be(wo)) < E(d)em, 4d) = Fr oy

9

i.e. the intersection between OV and B, («’) is at most the volume of the ball B, (x’). Rearranging for ¢,,,, we obtain

as desired.

A.5. Proof of Theorem 5.5

Letg € Gdand g € Q&m. Begin with writing the expectation in its integral form,

E,[T:9(w) / [Zaxllogq z(w>+§djam§z(w)] da
—Z/ )0, log (@)iu(e dm+Z/ )0r, 1 () d
<a>z/ax, )i da:+2/ 0o, (@)da

i s

.

Zyg () (x)ds

=1

13
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where ¢, is the surface integral over the boundary 9V, (a) comes from the identity that ¢(x)d, log ¢(z) = 0,,¢(x), and
(b) is from integration by parts. Substitute g;(x) = §;(x) + g;(x) — g;() to obtain

M=

gﬁ 2(@) @) + gi(@) — ()i (@)ds
ov

¢ aa@)te) - al@)ile ds+Zg§ i (@)ds.

l

1

M=

l

1

By Lemma 5.2, |§;(2’) — gi(x")| = Op(em), leaving

d
E7:9(2)] = Oren) + 3 gé al@)a(@)in(a)ds

As all evaluations of g;(xz) = 0 Vx € 9V by definition of G¢, the second term equals zero, leaving only
Ey[Tqg()] = Op(em)

as desired.

A.6. Proof of Theorem 5.6

Recall gg,m ={geg|gx) =0V e 5‘77 ||g||éd < 1}, where G¢ is the product RKHS with d elements,
g=1(91,-..,94),and g, € G,V =1,...,d.

Begin with the definition of TKSD as defined in (21),

sup Ey[Tpog()].
9€Gd .,

To solve this supremum analytically, we can reframe it as a constrained maximisation problem,

max [, [7,,9(z)], (35)
gega
subject to g (x') =0Va' € OV, Vi =1,....,d

lgllge <1,

where the constraints in the definition for gg{m have been included as optimisation constraints, and the maximisation is now

with respect to the RKHS function family G¢ only. To solve this, we can formulate a Lagrangian dual function (Boyd &
Vandenberghe, 2004).

£(0,g, v @, A) (36)

inf
v (1) ,“,vy(d) A

‘C:‘C(Oagvu(l)w"ay(d)v)‘) Peg +ZZV( )gl JF/\(”g”gd*l) (37)

1=11=1
for () € R™ VI, A > 0 and £ is our Lagrangian. The overall optimisation problem that needs solving is given by

i (1) (d)
V(I)VI.I.l"IB(d) R ;neag)g LG, g, v . . VY N). (38)

By solving the dual problem, (38), we solve the primal problem, (35). We can rewrite (37) as

d d m
>~ 0, logpe(x)gi(x) + On gi() | + > > v gi(ah) + AllgllZe — 1),
= =1¢=1

’—

14
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and expand evaluations of g; () via the reproducing property of G, given by g;(x) = (g;, k(x, -))g, to

d m d d
L=By |3 05 logpe(x) (g1 k@, ) g + (g1, 0u k(. Vg | + > > vl {gi, k(=) )) (Z 9. 91)g — 1)
i’=11=1 =

=1 -
d d

:ZEQ <gl7axl Inge(w)k( )+a:1:1k +ZV w’v' > A(Z glagl g_]->
=1 =1 g =1
d d
=> <gz7 Eq[0z, log pe(x)k(x, ) + Oz k(x, )] + Z v k(- > +A (Z@z,gz)g - 1) : (39)
=1 =1

The final equality holds provided that E,[0,, log pg(x)k(x, ) + O, k(x,-) + > 0y ui(,l)k(a:;/, -)] < o0, i.e. the term inside
the expectation is Bochner integrable (Steinwart & Christmann, 2008). This same assumption was made in Chwialkowski
et al. (2016), as we can consider Y ., fl)k(m;/, -) as a constant with respect to the expectation.

We solve for each parameter via differentiation to obtain a closed form solution. Across dimensions, each g; in (39) appears
only additively to another, and so we can consider the [-th element of the derivative, and solve the inner maximisation for
each g; to give a solution for g. This differentiation gives

oL l
9~ Fa [0z, log po(z)k(, -) + O k(, )] + Zu< Tk(2),,) +2Ag1 = 0.

Rearranging for g; gives the solution

g 0]
9 =~ 55 Eq [0, Jog po(2)k(x, ) + O (2 QAZV k(a),) = ——,

where for convenience we have denoted z; = E [0, log pg(x)k(x, ) + 0y, k(z, )]+ >0, T(I)k(wg,, -). Substituting this
back into (39) gives

d d
£00,g% 0D, D )\ :Z<—%\,zl> (Z <—— ——>g - 1) :Zﬁ@l,zl)g—l—)\, (40)

=1

where g* = (g7, ..., g}). Solve for A by differentiating

oL 1<
a :—47)\22<Zl,21>g+120
i=1

Rearranging for A gives A = :t\/Zflzl (21,21)g/4. Since A > 0, we take the positive solution, giving \* =
S (21, 21) /2. Substituting X* into (40) gives

d d
1
1 d —
£0,g%,vW, . D N = ;4)\* 2, 2)g + A = Z 21, 21) g 41)

To solve for the final Lagrangian parameters, (1), ..., v(9_ let us first introduce some notation. Denote

k(),-),

Oy = 3 , 0o = [k(z,2)) ... k(z,2],)], K = ¢, ¢,
k()
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where z}, ..., x,, € V. Now consider the equivalence

d d

Z (z1,21)g = argminz (21,21)g = argmin (2, 21)¢ ,

=1 v® T v®

* .
v = arg min
O]

as each v(!) is independent. By rewriting 2; as z; = E, [0, log pe(x)k(x, ) + Oz, k(z, )] + u(l)Tqu,, we solve this again
by differentiating,
d _ g =2{p By [0, ] k Dy ol
0] <Zl,2l>g = mw’«’l . = <¢xu q [0z, log pe(T)k(, ") + O, k(x, -)] + v ¢x/>g
T
=2E, (05,108 po(T) Py v + O, P s | + wl) o o),
T
=2 Eq [a;m logpg(m)¢m7x/ + 8xl¢m,x’} + 2y(l) K’
Setting equal to zero and rearranging gives
V(l) = _(Kl>_1Eq [aﬂiz 1ng9(w)§0:—vr,x’ + (awzsom,x’)—r} . (42)

Before substituting back into (41), let us first square it and expand it as

- T
L2 = ZEquEywq[ul(xv y)l+ (Equ [azz logpo(a:)so,;x/ + (8ml<pm’x/)—ri|) v )
=1

T T
+vO'E, ., [% Ingo(y)so;xf+(8yl<py7x/)T} ERONE "0

where u;(x,y) = Vp(x)p 1 (Y)k(x, y) + ¥pi(2)0y, k(x,y) + Vpi(y) 0, k(x, y) + 0,0y, k(x,y). We can substitute
v from (42) into £2, denoting £*? := £(6,g*, v D" ... (D" )), giving

£ = 3 B By fulm,)] + (Bama [T w0 + 0 20)T]) () By [0 0 + 00 2y)T])
=1

+ (_(K/)_leNq [ww,lso;:r,x’ + (6wzgow,x’)T])T Equ [wy,lso;r,x’ + (ayz Soy,x/)T:|
+ (_(K/)ilEqu [wm,l@;ﬂr,x’ + (axz Som,x’)T])T K/ (_(K/)il]Equ [¢y,l¢;7x’ + (ayz Soy,x/)T]) )

where, for brevity, we have written ¢5 ; = 0, log pe(x) and 1y ; = 0y, log pe(y). This can be further simplified to

d
£ =3 BBy glun(@. )] — (B [V10h s + Oni2e)T]) (K By [0 w0 + (0 0y) 7] (4
=1

and equivalently

d

‘CQ = ZEW’VQEZ‘JNQ |:Ul(w, y) - (wm,l(P:—z:r,x’ + (awz(loa:,x’)—l—)—r (K/)_l (wy’NP;x' + (8?/1‘10y7x’)—r)i| ’ (45)
=1

giving the desired result.

A.7. Proof of Theorem 5.10

First, we state a general result for proving the consistency of an empirical estimator of 8, which is second-order differentiable
with respect to 6.

Lemma A.l1. Define the unique solution of empirical objective 0 = argming L(0) and the population 6* :=
argming L(0), where L(0) = E[L(0)]. If Amin [Vgﬁ(e)] > Awin > 0,Y0 and | VoL(6")] = Op(), then
10 —6%|| = Op(ﬁ). Here, Ain(M) is the smallest eigenvalue of a matrix M.

16
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Proof. First, we define a function g(6) := (8 — 8*, L(6)). Using the mean value theorem, we obtain g(8) — g(8*) =
(V9g(0),0 — 6%). Therefore, due to the fact that Vo L(6) =

—9(0") = (6 — 6", VoL (67)) = (6 — 6", V51 (6)(6 — 0)).
It implies the following inequality
16 — 0" [[[[VoL(67)] = (6 — 6")TVEL(0)(8 — 07)]| = Ain| (6 — 67)]*.

Assume [0 — 6%|| # 0 VoLl (6%)] > (6 — 6% O

’)\mn

Now we show 6 is the true density parameter, i.e., pg» = g. First, we show that L(6*) = 0. This is guaranteed as

2
L(6%) = w}g}noo Drksp(pel|q)? = lim { sup E, [7;9*9]} = lim Op(e,) = 0 (with high probability).

m— oo d m—00
9EGGm

The change from Stein discrepancy to Op(s,,) is guaranteed by Theorem 5.5. Since we assume that the minimiser of the
population objective 8* is unique and our density model is identifiable, it shows that the unique solution of the population
objective is the unique optimal parameter of the density model.

Second, we verify that |VeL(8%)| = Op(ﬁ). First, the following lemma shows that HVQDTKSD (pg|q)2‘

R 6=0*
OP(5m)~
Lemma A.2. [If Assumption 5.8 holds,
VoDreso(pela)?|_ | = Op(ém).vi. (46)
The proof can be found below in Appendix A.8.
Therefore,
IVoL(6")| = Vo lm_D(6")]
= lim [[VeD(67)]
= 1im_(IDO")] — |DO")]| +Oplém))
Smlgnoc(llD( *) = D(0Y)]| + Oplém)) (47)
. 1 R
< lim_ ( (T) Op(€ ))
1

(47) is due to the convergence of U-statistics (Serfling, 2009).

Lemma A.2 together with our assumption on the bounded smallest eigenvalue of the sample hessian, Lemma A.1 provides
the proof of the consistency of 8,,, i.e., |6, — 6%| = Op(ﬁ).

A.8. Proof of Lemma A.2

For brevity let us define E; = Ez.4 and similarly E,, = E,..,. Recall

d
Drksp(pelq)? Z]E Ey [w(®,y) — vi(x) " (K') " 'vi(y)] (48)
=1

17
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where
w(@,y) = Uy (@)p i (Y)k(@, y) + Vp(®)0y, k(,y) + Uy (y) 0z, k(x, y) + Op, 0y, mby),
Vl(z) = ¢pal(z)¢;7xl + (821 Soz,x/)T7

0. = k(z, @), ... k(z,2),)], o = [k(x],"),... . k(z],,-)]" and K’ = ¢, @, Let us take the derivative of (48)
with respect to 8. We first consider for the /-th dimension of the sum, and then note that this will apply to all d dimensions.
Therefore consider

VoDrksp(polg)? = VeEEy [w(z,y) — vi(z) " (K')'vi(y)] ‘0:9*
= BaB, [Vou(,y) - vi(@) (K) " (Voviy)) - (Vou(@) () ()] | . @9

Note that u;(,y) can be considered as the ‘KSD part’ of TKSD, and v;(x) " (K’)~!v;(y) can be considered as an
additional part to account for truncation. First, we expand the first term in (49):

By [Voulw )] | = Baly [by1(@)h(, 9) (Vorpi) + (Yot (@) k@ u)pi(y)

+ (Vouyu(@)0, k(@,y) + (Vorn)duk(@,9)] | - (50)

Now expand the first term of (50), giving

Ey W@k ) (Vovnw)] |, = [ @@ [k(w,yxvewp,z(y))]dw\

0=0 00+
= [ Oty @)V ovi0)] g b &)
due to 5
d(=pu(2)| = a(z)0, logpo- () = a(2) q(q(f) = D4(2)

Then, via integration by parts, (51) becomes
P a@Ey (K@) Totyw)|og. u@)ds =~ [ a@) (00 b(@)Vor )] o
We can expand the second term of (50) in a similar way:
(Vo @)k, 5)0u9) = P a(0)Ea (Vo @)] g K. )] u(w)ids
- | 4w [V 0t1@) g0 (o)

Substituting both of these into (50) gives

B::}é () Ey [/f(%y)[Vewp,l(y)He:gJﬁz(w)d8+§1§ 1(Y)Ee [[Vorpi(@)]|g_g k(@ y)] tu(y)ds.  (52)
ov

oV

Now consider the second term in (49),

EoEy [o1(@) T (K) ™ (Vovi(y))] | . = BaBy [(000(@) a0 + 0100 ) (KN 0y (Voruw) ] |
= BaBy [01(2)200 (K) 7 (25 0 (Tt @) ) 4 (000 0) (K) (04 0 (Vorna@) D] | .
Eo [.0(@)¢0 0 (K) By (650 (Votnaw) D] |
+ o (0010 ) K) 'Ey [ 0 (Vatu () )] | (53)

0=06*

18
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Consider only the first term of the above,
o [U01(@)00 0 (K) By (g0 (Vornu@) ] |,
= || @ @) e (B By (g (Totpalw) ] ]

- /V 01 4() o (K) " 'Ey [(00 0 [Votopi () 1] o_y.] d

Integration by parts can be used to expand this to

75 4(@) P (K) By [0] o [Votona (1) |, _g.] () ds
ov

(54)
- /‘/Q(m)cpm,x’(K/)il]Ey [aﬁlcpy x’ [V(ﬂ/Jpl {9 9*] (w)dm
Assumption 5.8 indicates that we have the following equivalence (in a coordinate-wise fashion):
D @) (K Ey ] [Vovs (1) gy ] ()
= @y (K@) T001 (1) gge] u(w)ds +Or(én).

We interpret this as follows. If we consider x’ € AV as our training set, then our regression function is trained on the
approximate set of boundary points. The surface integral denoted by g%v is evaluating on all « € 9V, the true boundary.
Therefore the prediction based on & € JV is going to be well approximated by the regression function that is trained on x’,
and the approximation error, £,, 1, will get decrease as m, the number of training points, increases.

We can apply the same operations (from (53) onwards) to the third term in (49), which gives

v [(Voui(2) " (K') " 'vi(y)] = 51qu( )Es [Votpi(@)[o_g. k(@ y)] W(y)ds + Op(Emz2),  (56)

where £,,, » is the approximation error for the corresponding kernel regression on this term. When taking the sum, as it is in
(49), (55) + (56),

$a@Ey (k@) Voru®) o g @)+ Op(én)
+§1§ q(Y)Eax [[Votpi(@) ]| g_p k(T y)] 0(y)ds + Op(ém2) = B+ Op(ém),
ov

where &,, = £,,1 + €,,2. Therefore, when substituting all of (52), (55) and (56) back into (49), we have

VGDTKSD(P9|Q)2 = OP(ém)7

where é,, is a decreasing function of m.

B. Computation
B.1. Empirical Convergence of g to g

In Lemma 5.2 we proved that under some conditions, the difference between g € G and g € Qé{m evaluated on ' € OV is
bounded in probability by ¢,,, and this probability tends to zero as m — oo. In this section we aim to show that g converges
to a specific function as m increases, which we hypothesise is ‘true’ g € Gg.

Figure 3 demonstrates empirical convergence of g as m increases for a given dataset. The experiment is setup as follows:
we simulate points from a A (02, I5) distribution (a unit Multivariate Normal distribution in 2D), then truncate data points
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m = 10 m = 50 m = 150 m = 300

—2.556 0.000 1.863 0.0 8.2 0.00000 0.00128
%1072 %1074

m = 10 m = 50 m = 150

[ [
0.00 9.98 0.000 2.277-5.85 0.00 4.49 —6.30 .
x1073 x1072 %1073
m = 10
\&,@”
;-..
[ [ [
—1.824 0.000 2.698 0.000 2.092 0.000 1.7450.000 1.392
x1072 x1072 x1072 x1072

Figure 3. Contour lines of the optimal go (first dimension of g) output by TKSD across different values of m and differently shaped
truncation boundaries: the ¢; ball (top), the ¢ ball (middle) and a heart shape (bottom). Red points are all m points in AV and grey points
are samples from the truncated dataset. Note that we plot only the first dimension of g (i.e. g1), but we observe the same pattern with the
second dimension.

to within the shape of the boundary based on location, and repeat until we acquire n = 150 truncated points. For each value
of m, we minimise the TKSD objective to estimate 8 = 05, and plug in the estimated 6 to the formula for g.

For lower values of m, there are not enough boundary points to enforce the constraint well on g, and the approximate Stein
identity has a high error, and the estimator is poor. The evaluations of g across the space do not match the g output for higher
values of m. As m increases, g begins to converge to a particular shape, and the difference between function evaluations for
m = 150 and m = 300 is small.

B.2. Comparison between increasing n.,, and m in Remark 5.4

In Figure 4 we show that €,,,, as defined in Proposition 5.3, is a decreasing function of 1, no matter how large n., becomes.
In this example, n., is scaling cubically, whereas m is scaling linearly. Across all values of n.,, €, is decreasing fast with
respect to m. This empirically justifies the statement given in Remark 5.4.

B.3. Empirical Consistency

We verify that (26) is consistent estimator via empirical experiments. Note that for consistency as proven in Theorem 5.10,
we require taking the limit as m — oo, after which the estimator is consistent for n. So as m and n increases, the estimation
error decreases towards zero. We show consistency as m and n increase empirically in Figure 5, for a simple experiment
setup, similar to the setup from Section 6.3. Data are simulated from A (pu*, 1), where d = 2, u* = [0.5,0.5] ", and I is
known. Data are truncated to the ¢, ball until we reach n many data points (after truncation).

The aim of estimation is pt*. Across 64 trials, Figure 5 shows plots of the mean estimation error, given by || — p*||, where
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nEHI - 1 nE!II = 8 né‘”" = 27 nEIH - 64
0.4 04 0.4 0.4
d=2 § $ S §
0.2 0.2 0.2 0.2
0 100 0 100 0 100 0 100
m m m m
ne, = 245314376 n = 1957816251 ne, = 6602349376
1.8 1.8
~ N N 1.7
d=50 § . @ u§ $
1.6
50000 50000 50000 0 50000
m m m m

Figure 4. Upper bound on €5, (given in (19)) against m, the number of finite boundary points, plotted for different values of fixed
dimension d and n.,, , which scales cubically.

100
350 0.95 0.3 —4—  TruncSM (exact)
600 —4#— bd-KSD (exact)
350 020 = —— TKSD
£ ‘10.2
1100 0.15 =
1350 =
1600 0.10 0.1
1850
0.05

10 15 20 25 30 35 40 45 ' 50 300 550 800 1050 1300 1550
m n

Figure 5. Left: Estimation error as n and m increases for TKSD only. Right: Mean estimation error for the three methods: TKSD,
TruncSM and bd-KSD, with standard error bars. TKSD uses a fixed m = 32 across all values of n. Both plots report statistics over 64
seeds.

[ is the corresponding estimate of p* output by a given method. In the first plot (left), we show that as both n and m
increase, the estimation error for TKSD decreases towards zero. In the second plot (right), for a fixed m, we show that the
rate of convergence as n increases for TKSD matches that of bd-KSD and TruncSM.

B.4. Gaussian Mixture Experiment

As an additional experiment to show the capability of the method, we test on a more complex problem, estimating several
means of a Gaussian Mixture distribution. The estimation task is as follows. Fix d = 2 and m = 200. Let the mixture
modes be given as follows,

wh=[1.515]", ps =[-1.5,-1.5]", ps =[-1.5,1.5]", pu} =[1.5,—1.5".

We independently simulate samples from A (u}, I;), fori = 1,...,4, and truncate these samples to within a box with
vertices at [—3, —3], [3, —3], [—3, 3] and [3, 3] until we reach a total of n samples after truncation. Figure 6, top, shows an
example of this experiment setup.
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4 modes
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Figure 6. Top: example setup for the experiment as the number of mixture modes increases from 2 to 4. Middle: estimation error as n
increases for 2 mixture modes, averaged across 256 seeds. Bottom: Estimation error as the number of mixture modes increases for a fixed
n = 300, averaged across 256 seeds.

The task is to estimate p] for all i. To ensure a well specified experiment, we set the initial conditions as a perturbation
from the true value, i.e. p" = pf + z, z ~ N(0,0.5 - I5). We estimate g with TKSD and compare it to a corresponding
estimate by TruncSM across a range of different values of n and number of mixture modes, shown in Figure 6, middle and
bottom. Overall, TKSD significantly outperforms TruncSM in this experiment across all variations at the cost of runtime.

B.5. Regression

We provide a further example of using TKSD to estimate the parameters of a regression problem. First, we simulate data in
the following way:

yi ~ N (i, 1), pi = Po + Bixs, x; ~ Uniform(0,1)

where we know the true values, 8§ = 3 and 37 = 4. We truncate the dataset to where y; > 5 Vi, so only a portion of both y
and z are observed. We then estimate the conditional density p(y|x) by minimising the TKSD divergence to estimate 3
and ;.

We obtain the log-likelihood of the Normal distribution under the estimates of 3y and 3; given by TKSD. Additionally, we
also measure the log-likelihood of a truncated Normal distribution, which is tractable for d = 1, using the same estimates.
We compare these log-likelihoods to ones obtained by a naive MLE approach which does not account for truncation. As an
additional measure, we calculate the non-truncated test error, which is the mean squared error between the non-truncated and
hence unobserved values of y (i.e. the data points that were truncated in the data simulation process, where y; < 5 Vi) and
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their corresponding predictions. A histogram of these log-likelihoods and test errors is given in the left panel of Figure 7,
and an example of one such simulated regression is given in the top-right. Overall, the log-likelihoods obtained by TKSD
are significantly higher than MLE, and the test errors are significantly smaller, showing the improvement of TKSD over the
naive approach.

We also experiment on a real-world dataset given by UCLA: Statistical Consulting Group (Example 1). This dataset contains
student test scores in a school for which the acceptance threshold is 40 out of 100, and therefore the response variable (the
test scores) are truncated below by 40 and above by 100. Since no scores get close to 100, we only consider one-sided
truncation at y = 40. The aim of the regression is to model the response variable, the test scores, based on a single covariate
of each students’ corresponding score on a different test. The bottom-right panel of Figure 7 shows the plotted dataset and
the regression line fit by TKSD and naive MLE. Whilst we have no true baseline value to compare to, the TKSD regression
line seems to account for the truncation, whilst as expected, MLE does not.

Test Error (on untruncated points)

8
50 6
.
0 2 3 4 5
2
Log-likelihood NV (g, 1) (full dataset)
100 0
80
0 1400 —1200 —1000 —800
60
Log-likelihood Truncated N (j, 1)
50 mmE TKSD 10
s MLE
20
0 —400 —350 —300 —250

Figure 7. Statistics from regression fit. Left: Test error calculated only on non-truncated points (top), log-likelihood over full dataset for a
N (1, 1) distribution (middle) and the log-likehood over a truncated Normal distribution with mean p and variance 1 (bottom). Right:
Example of TKSD used to fit two regression tasks; simulated data (top) and a real dataset (bottom). Fuller black points are the observed
data points, after truncation, and smaller grey points are the unobserved data points that were truncated out in the data simulation process.

B.6. Quantifying Effect of Boundary Point Distribution

We test whether the effect of boundary point sampling distribution has an effect on the robustness of TKSD. To do so, we
repeat the simple experiment setup where data are simulated as follows,
* * T
mNN(#’aIQ)aM :[17 1]

from which we observe n = 400 realisations of @ that are restricted to the unit ¢5 ball around the origin, and let m = 30.
We use TKSD to provide an estimate fi of p* under three scenarios:

1. Boundary points are distributed towards p*, i.e. samples from 9V are closer to the centre of the dataset.

2. Boundary points are distributed away from p*, i.e. samples from 9V are closer to the edge of the dataset.
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3. Boundary points are sampled uniformly across oV'.

Distributed Towards p* Distributed Away from p* Uniform
4 . 4 . 4 . Unobserved Data
) ) +  Observed Data
e Boundary Points
U 0 - *op
—9 . —9 .
0.0 2.5 0.0 2.5 0.0 2.5

Figure 8. Example of experiment setup for measuring the effect of the boundary point distribution.
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50
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- Distributed Away from p*

0.00 025 050 0.75 1.00 1.25

Uniform
50 I I
0

0.00 0.25 0.50 0.75 1.00 1.25

Figure 9. Frequency of estimation errors (|| — p*||) in the simple experiment setup for the three differently distributed boundary points.

See Figure 8 for a visual representation of these three scenarios. We measure the estimation error, || — p*||, and test
whether one scenario provides a lower error on average overall. Figure 9 shows the distribution of all three estimation errors
across 256 trials. Scenario 1 and 3 provide comparable error distributions which are significantly smaller than the error
distribution of scenario 2, implying that either the boundary needs to be covered fully, or the boundary points need to be
‘representative’ in some way, where the most significant truncation effect is.

B.7. Choosing Boundary Size for Dimension Benchmarks

In Section 6.3, we chose the size of the boundary to scale with d so that roughly the same amount of data points are truncated
for each value of dimension d. The values of d and d°-°3 for the ¢; ball and /5 ball respectively were chosen via trial and
error such that the percentage of points simulated from the Normal distribution remaining after truncation did not vary

significantly. Figure 10 shows that with this choice of #; and ¢ ball radius, the mean percentage of points that remain after
truncation remains at roughly 50% in both cases.
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Figure 10. Mean percentage of points which remain after truncation as dimension d increases, where the truncation domain is a £, ball of
radius d for ¢ = 1 (left), and d°-®3 for ¢ = 2 (right).

B.8. Extra Computation Details
* The inversion of K’ is the largest computational expense when it comes to evaluating the U-statistic or V -statistic ((24)
and (25) respectively).

If m < d, which will be common as we want m to be large, then K’ is rank deficient. To circumvent this issue, we
invert K’ + €I, instead, where ¢ > 0 is small. Additionally, K’ + €I, is symmetric and positive definite, so we can
exploit its Cholesky decomposition to make the inversion faster and more stable.

Opverall, this inversion looks like
(K/)—l ~ (K/ 4 eIm)_l _ L_l(L_l)T,

where L is the corresponding lower triangular matrix from the Cholesky decomposition of K’ + €I,,,. The inversion
of L, a lower triangular matrix, requires half as many operations as inverting K + €I, directly (Krishnamoorthy &
Menon, 2013).

* We also make use of methods presented in Jitkrittum et al. (2017) for fast computation when constructing all kernel
matrices in Python.
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