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Abstract

In contexts where data samples represent a physi-
cally stable state, it is often assumed that the data
points represent the local minima of an energy
landscape. In control theory, it is well-known
that energy can serve as an effective Lyapunov
function. Despite this, connections between con-
trol theory and generative models in the literature
are sparse, even though there are several machine
learning applications with physically stable data
points. In this paper, we focus on such data and
a recent class of deep generative models called
flow matching. We apply tools of stochastic sta-
bility to flow matching models. In doing so, we
formally characterize a space of flow matching
models that are amenable to this treatment, as
well as draw connections to other control theory
principles. We demonstrate our theoretical results
on a toy example.

1. Introduction

Generative modeling is a fundamental problem in machine
learning, where the goal is usually to learn a model that
can generate samples from a target distribution. In recent
years, deep generative models based on continuous-time
dynamics (Song et al., 2020; Lipman et al., 2022) have
shown exceptional capabilities in a variety of tasks ranging
from image generation (Rombach et al., 2021) to complex
structural biology applications (Corso et al., 2023; Ketata
et al., 2023).

In contexts where samples from the target distribution rep-
resent a physically stable configuration, e.g. molecular con-
formations (Parr et al., 1979) or robotic formations (Sun
et al., 2017), it is natural to posit that incorporating their
physical characteristics into the generative model will bol-
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Figure 1. Flows of the Stable-FM model (top) and OT-FM model
(bottom) from the standard normal distribution to the moons distri-
bution. Note that the flow of OT-FM model does not stabilize to the
distribution at ¢ = 1, while the Stable-FM model remains stable
to the distribution as ¢ — oo. See Figure 2 for the corresponding
vector field.

ster performance. Indeed, a variety of works have attempted
to do so through force-field analogies (Shi et al., 2021; Feng
et al., 2023; Luo et al., 2021; Zaidi et al., 2022), which rely
on the idea that such samples represent local minima on a
free-energy landscape (Dill, 1985).

In control theory, it is well-known that an energy function
can serve as an effective Lyapunov function and help to
endow a dynamical system with stability (Khalil, 2002).
Despite this, connections in the literature between stability
theory and generative models for physically stable data are
sparse, even though there are existing works on applying
Lyapunov stability to machine learning (Kang et al., 2021;
Rodriguez et al., 2022; Zhang et al., 2022a; Kolter & Manek,
2019; Zhang et al., 2022b; Lawrence et al., 2020).

To bridge this gap, we apply a stochastic version of La
Salle’s invariance principle (La Salle, 1966; Mao, 1999)
to flow matching (FM) models (Lipman et al., 2022), a
recent alternative to diffusion models based on continuous
normalizing flows (CNFs) (Chen et al., 2018). The main
contribution of our work is equiping the dynamics of the FM
model with stability to the support of the data distribution,
with the goal to reflect the physical stability of its samples.
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2. Related work

In recent years, continuous-time dynamics-based deep gen-
erative models (Chen et al., 2018; Song et al., 2020; Lipman
et al., 2022) have come to the forefront of the field of deep
generative modeling.

Notably, diffusion models (Song et al., 2020) were shown
to be state-of-the-art in image generation tasks (Dhariwal
& Nichol, 2021), and have since garnered multiple appli-
cations ranging from structural biology tasks (Corso et al.,
2023; Yim et al., 2023b; Ketata et al., 2023) to video gener-
ation (Ho et al., 2022; Blattmann et al., 2023; Esser et al.,
2023), with several extensions such as latent representations
(Vahdat et al., 2021; Blattmann et al., 2023) and geometric
priors (Bortoli et al., 2022; Dockhorn et al., 2021). Diffu-
sion models are based on the SDEs (e.g. (Séarkkd & Solin,
2019)) and score matching (Hyvérinen, 2005; Song et al.,
2019), where one learns a time-dependent vector-valued
score function V log(p(z,t)) over diffused data samples
and then plugs it into the well-known time-reversed SDE
(Anderson, 1982; Haussmann & Pardoux, 1986; Lindquist
& Picci, 1979).

FM models (Lipman et al., 2022) were proposed as an alter-
native to diffusion models (Song et al., 2020) that enjoy fast
training and sampling, while maintaining competitive per-
formance. They rely on CNFs (Chen et al., 2018) and can
be seen as a generalization of diffusion models, as demon-
strated by the existence of the probability flow ordinary
differential equation (ODE) that induces the same marginal
PDF as the SDE of diffusion models (Maoutsa et al., 2020;
Song et al., 2020). Several applications of FM models have
been made, ranging from structural biology (Yim et al.,
2023a; Bose et al., 2023) to media (Le et al., 2023; Liu et al.,
2023), as well as fundamental extensions (Tong et al., 2023;
Pooladian et al., 2023; Shaul et al., 2023; Chen & Lipman,
2023b; Klein et al., 2023).

In the context of data that describes physically stable states,
e.g. molecular conformations, several works (Zaidi et al.,
2022; Feng et al., 2023; Shi et al., 2021; Luo et al., 2021)
have learned force fields by leveraging the connection be-
tween the score function and Boltzmann distributions, i.e.
Vi log(p(z,t)) = —V4H(x,t) where H is a scalar energy
function. In (Zaidi et al., 2022), an equivalence between
denoising score matching (Vincent, 2011) and force-field
learning is pointed out. This idea was extended in (Feng
et al., 2023) to incorporate off-equilibrium data and NN
gradient fields. In (Shi et al., 2021; Luo et al., 2021), a
NN gradient field is learned to model a psuedo-force field,
which is then used to sample energy-minimizing molecular
conformations via annealed Langevin dynamics (Song &
Ermon, 2019).

Along the same lines, Poisson Flow Generative Models (Xu

et al., 2023; 2022), use the solution of Poisson’s equation to
define a force field as the gradient of the Poisson potential.
Similar to our work, they augment the spatial state with an
auxiliary state that acts as an interpolant and replaces time.
However, the gradient field of their spatial state is linked to
that of their auxiliary variable. In contrast, our work deals
with quadratic potentials that yield independent dynamics
for the spatial and auxiliary states.

In control theory, physical stability is often analyzed through
Lyapunov stability (Khalil, 2002). As a result, there
are numerous works on applying Lyapunov stability to
ODESs/SDEs in the context of dynamics learning (Kang
et al., 2021; Rodriguez et al., 2022; Zhang et al., 2022a;
Kolter & Manek, 2019; Zhang et al., 2022b; Lawrence et al.,
2020). Despite this, virtually none of the aforementioned
works consider stochastic stability to support of the target
distribution. In our work, we apply a stochastic invariance
principle (Theorem 3.5) to construct stable CNFs in the
context of FM.

3. Preliminaries

In this paper, we assume that we have a dataset D C X,
existing in an ambient space X C R™ that we assume to be
described by a latent PDF ¢ € P(X) s.t. D C supp(q). We
want to generate new samples from the latent PDF q.

Notation Denote the space of continuous functions from
X to Y as C(X,)). Denote the space of continuous
function-valued functions s.t. if f € C(X,C(Y, Z)) then
fGlz) e C(Y,2) and f(y | ) € Z. Denote the
space of non-negative reals as R>( and positive reals as
R~o. Denote the space of positive definite matrices as
RZG"™ and positive semi-definite matrices as R1;". De-
note the space of probability density functions (PDFs) as
P(X) ={f € C(X,Rx) | [, f(x)dx = 1} and PDF
paths as P(X x R>g) = {f € C(X x R>9,R>) |
J f(x,t)dz = 1}. Denote the support of a PDF f € P(X)
as supp(f) = {& € X' | f(z) # 0}. Denote the Dirac delta
PDF centered at z; € X as d(x — x1).

3.1. Flow Matching

Explicitly modeling the latent PDF ¢ comes with the bur-
den of constraining the model to be a proper PDF with a
suitable normalizing constant, which is often intractable.
Continuity-based generative models (Song et al., 2020; Lip-
man et al., 2022), on the other hand, circumvent this burden
by modeling vector fields (VFs) that transport samples from
a tractable PDF (e.g. Gaussian) to the latent PDF via the
well-known continuity equation. These models are often
called continuous normalizing flows (CNFs).

In flow matching (FM) (Lipman et al., 2022), we assume
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that there exists a latent marginal PDF path p € P(X x R")
that transports N'(0,I) = p(z,0) to ¢(z) = p(z,T) at
T = 1. The continuity equation then tells us that there exists
a conservative VF v € C(X x R>o,R™) that generates
this PDF path (Villani et al., 2009; Ambrosio et al., 2005).
Therefore, we define the space of CNFs as ordered pairs of
a PDF path, VF, and flow map in Definition 3.1.

Definition 3.1 (CNF Space). A subset

§ C P(X xRxg) x C(X x R>0,R") x C(X x Rxq, &)

ey
s.t. for all CNFs (p,v,9) € §:
PEY - 9o @ tpEn) @
dg(z,t) _
0 (gl 1),1). )

Since we do not have access to the latent CNF, we assume
that we can approximate it via a mixture of conditional
CNFs, conditioned on data samples 1 € supp(q), as shown
in Definition 3.2.

Definition 3.2 (CNF Pair Space). A subset

S C 3§ x C(X,F) st

and for all CNF pairs ((p,v, ), (p1,v1,*)) € Sem:

Jq € P(X) “)

ple.t) = /X i@t | 21)g(@1)dzs, 5)
o(z,1) :@ /X 01(@,t | 2P (@, ¢ | 21)g( )y

s.t. there exists T € R>o U {oo} s.t. for all 21 € supp(q)
there exists X1 € RYy" s.t. p1 (2, T | 1) = N (z1,%4).

The importance of Definition 3.2 is that it allows us to
regress the conditional CNF’s VF v instead of the unknown
latent CNF’s VF v, as shown in Theorem 3.3.
Theorem 3.3 (FM Loss). For allvg € C(X xR, X) and
((p7’l)7 ')7 (pla’uh )) S SFM:
L@ = E ) — t 2 (6
m(0) i 71 [ve(z,t) —vi(z,t |z1)[lz  (6)

z1~q(x1)
z~p (z,t|e,)

= E t) —v(z,t)3 t. (7
LB ol 1) ~v(a. )3 + Const. D)
z~p(z,t)
Proof. See (Lipman et al., 2022). O

3.2. Stochastic Stability

In this paper, we will analyze FM from the perspective of
stochastic differential equations (SDEs). A key link between
FM (Lipman et al., 2022) and SDE-based generative models

(Song et al., 2020) is the probability low ODE, whose
solutions induce the same PDF path as its corresponding
SDE, see Theorem 3.4.

Theorem 3.4 (Probability Flow). An SDE
dz = f(z,t)dt + g(z, t)dw. (8)

with drift f € C(X,R") and diffusion g € C(X,R"*™)
induces the same PDF path as the ODE

dx 1 1

L o fet) Ve 9@ 1)? — 5o 1) Ve ln(p(a, 1)
©))

where g(z,t)? = g(x,t)g(z,t) ", and V- is the divergence

operator.

Proof. See (Song et al., 2020; Maoutsa et al., 2020). O

We are interested in modeling a CNF such that its PDF path
is stable to the latent PDF q.

In ODEs, stability is a well-studied topic (Khalil, 2002;
Meiss, 2007; Chossat & Lauterbach, 2000), where one typ-
ically seeks to characterize stability to a point z; € X s.t.
d(xg,00) = x; for all starting states g € By D {z1}.
To do this, one typically applies Lyapunov’s direct method,
where if one can find a scalar function V' € C(X,R>¢)
whose gradient along the VF resembles a funnel centered
at 1, then z; is an asymptotically stable point. Similarly,
one can also characterize stability to a set By C A, s.t.
¢(xp,00) € B for all starting states £y € By D B;. In this
case, one can apply La Salle’s invariance principle (La Salle,
1966), which employs a Lyapunov-like function to locate
invariant such stable sets.

In SDEs, notions of the aforementioned methods have been
developed in (Kushner, 1965; Khasminskii, 1980; Mao,
1999). As the latent PDF ¢ may characterize a set of stable
states, we are interested in applying the stochastic version
(Mao, 1999) of La Salle’s invariance principle. We adapt
the principle to this setting in Theorem 3.5.

Theorem 3.5 (Stochastic Invariance). For an SDE, an oper-
ator L acting on a scalar function V € C(X,Rs0)

LV (x) =V, V(x) f(z)+ %tr (ViV(z)g(z)?), (10)

where V2 is the Hessian operator and tr is the trace opera-
tor, and two sets By D By

By:={zxecX|LV(z) <0}, (11)
By ={xeX|LV(x)=0}, (12)

ifxg € By then ¢(xg, 00) € By almost surely.

Proof. See Corollary 4.1 in (Mao, 1999). O
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Figure 2. Stream plots of the vector fields of Stable-FM (top) and OT-FM (bottom) corresponding to Figure 1. Note that beyond ¢t = 1,
the OT-FM vector field diverges, while the Stable-FM VF stabilizes. Lighter colors indicate larger vector magnitudes and vice versa.

4. Main Result
4.1. Autonomous CNF Pair Space

We aim to construct CNF pairs that satisfy the invariance
principle of Theorem 3.5; however, the principle only admits
autonomous systems. The marginal VF v(z,t) in Defini-
tion 3.2 does not admit such a form, even if the conditional
VF vi(x | 21) does, due to its dependence on the con-
structed PDF path p(z,t). To alleviate this, we consider
that ¢ in the context of CNFs serves merely as an interpola-
tion parameter between the initial and target PDFs. Thus,
we ask if it would be possible to use other variables in the
state space to perform the same job while also rendering an
autonomous form for the marginal VF v(z, t).

To explore this line of reasoning, we decompose the state
space into two subspaces X := ) x Z: the data space ) C
R"~! and the interpolant space Z C R. We then suppose
that the interpolant state z € Z evolves deterministically
over time via a dirac-delta PDF path, but is still involved as
arguments to the VFs. We define this new CNF pair space
in Definition 4.1.

Definition 4.1 (Auto CNF Pair Space). A subset
X=YxZCR"'xR

uto .t. 13
T e R

and for all (-, (p,v,9)) € Fauto:
p(.’l:,t | ml) :py(yat ‘ yl)pz(zat ‘ Zl) (14)

v(,t|z,) = [’;y(éz;I' 211))] , (15)

and furthermore the flow map ¢, of z is bijective with ¢ s.t.
t = ¢ (20, P (20,1 | 21) | 21), and with 21,29 € Z, s.t.
zo # z1 we have

pz(zvt | Zl) = 6(2 - ¢z(207t ‘ Zl))a QZ(Z) = 5(2_21)'

(16)

The key part of Definition 4.1 is that the PDF ¢, is a Dirac
delta PDF centered at z;, and the conditional PDF path p,
is a Dirac delta PDF centered at ¢ (2o, | 21). Thus, z will
evolve deterministically over time from z( to 21, and hence
its flow map ¢, forms a bijection with time. We can then
use the inverse of y, to map z to ¢ and put the constructed
CNF in autonomous form, as shown in Theorem 4.2.

Theorem 4.2. For all ((p,v, "), (p1,v1,01)) € Fauwo there
exists p € P(X) and v € C(X,R"™) corresponding to
p(x,t) andv(z,t):

i) = /y By(@ | 91)ay 1)y

1 (17
o(e) = /y 01 |25, | 91), (1) dys
Py(@ | y1) =py(y, 6> ' (20,2 | 21) | 41)
v1(z | 21) =v1(z, ¢, (20,2 | 21) | 21).

Proof. See Appendix A.1. O

The key takeaway of Theorem 4.2 is that we can now con-
sider modeling a VF in autonomous form.

Since we are interested in stability, we are interested in
conditional CNFs s.t. p(z, 00 | 1) = N (u1,X;) for some
¥ € RLG". This implies that v.(z; | z1) = 0, which
poses a problem in the denominator of the loss function in
Lemma A.1. Furthermore, we are interested in minimizing
the loss over ¢ € [0, o] which poses a problem due to the
presence of the 1/7" term in the original loss. To circumvent
these problems, we elect to minimize a loss that directly
integrates over z, as shown in Definition 4.3.

Definition 4.3 (Autonomous CNF Loss). For all vy €
C(Xv Rn) and ('5 (pl,vla¢1)) S SAuto:

Lauwo(0) = E
A tO( ) 2 oU[20,21]
Y1~y (y)
y~py (¥,zy1)

lvg(z) —v1(z [ z1)]>.  (18)
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Importantly, the loss function in Definition 4.3 does not
suffer from the ailments of the loss function in Lemma A.1.
The training procedure then becomes: sample the uni-
form PDF z ~ Uz, z1], sample a data point y; ~ ¢, (y)
from the dataset, sample the conditional PDF path y ~
Py(y, z | y1), then minimize [|vg (y, 2) —v1(y, 2 | Y1, 21)[1*
where zy and z; are held constant. Assuming that the
initial PDF is ﬁy(y72(] | yl) = ./\/(y | Onfl,Infl), the
inference procedure is then: sample zo = (yo,20) ~
N(0,-1,1,-1) x §(z — 29), then integrate vy (z, 7) from
xo until , = (y1,2’1) ~ qy X 5(2’ - 21).

4.2. Stable and Finite CNF Pair Space

With an autonomous form established in Definition 4.1, we
are now ready to apply the invariance principle of Theo-
rem 3.5. The first thing we would like to do is ensure that
the conditional CNFs we use for training inherently satisfy
the invariance principle. To do this, we borrow the idea of
quadratic stability (Boyd et al., 1994) and model the condi-
tional CNF’s VFs as quadratic gradient flows, where there is
a quadratic energy function with a global minimum centered
at the conditioned data point. Rather than the conditional
PDF paths leading to a single data point, we would like them
to lead to a distribution around the data point as in (Lipman
et al., 2022). We also need the corresponding SDE to be
linear so that it gives samples of its PDF path in closed-form.
To do this, we first analyze a linear time-invariant SDE (see
section 6.2 of (Sérkkd & Solin, 2019)) of the form

dy = —A(y —y1)dt + /24X dw(t). (19)

Assuming that A € RZ{™ is positive definite and commutes
(i.e. is simultaneously diagonalizable) with ¥; € RZj",
then the SDE will have an exponentially decaying PDF path
that stabilizes to a stationary PDF given by p,(y,00) =
N (y1,%1). However, if A € RL;"™ is positive semidefi-
nite, then it has some zero eigenvalues, which can be used
to enforce some equivariant degrees of freedom. In this
case, the flow will be stationary along the eigenvectors cor-
responding to zero eigenvalues. An equivalent statement is
that the flow will be stationary in the nullspace null(A) of
A, which is the space spanned by such eigenvectors, a.k.a.
the center subspace (Carr, 1981; Kcenig, 1997). The flow
along other eigenvectors, in the orthogonal complement of
the nullspace, null(A)~* (a.k.a. stable subspace), will decay
as expected. Thus, in order to ensure that the flow converges
to the desired stationary PDF in the general case, one can
enforce that the nullspace projection of the initial mean and
covariance equals that of the target mean and covariance
(see Definition 4.4). The projection of the initial mean and
covariance in the orthogonal complement of the nullspace
can be left as is.

As we will later show, it is desirable to have the dynamics
of the interpolant state z track the PDF of the data state

y. To do this, we take inspiration from the conditional
flow construction in Sec. 3.2 of (Chen & Lipman, 2023a),
where a premetric is defined. For our interpolant flow,
we define a probabilistic metric space (P(Y),d), where
d:P(Y) x P(Y) = Rxg is a chosen metric (e.g. Wasser-
stein distance), satisfying the usual axioms. Since we are
working with linear SDEs with Gaussian PDFs, such a met-
ric can be expressed in a tractable form in terms of the mean
and covariance. As previously explained, the flows of our
data state y will converge to a stationary PDF, thus it is
convenient to track the distance of the data PDF from its
stationary PDF A (y1,X1). Intuitively, this relative distance
will decay to zero, and hence can be used to define a flow
for the interpolant state.

Since both the data PDF and interpolant PDF will converge
to a stationary PDF, they satisfy the invariance principle
Theorem 3.5. We define the space of CNFs that produce
these flows in Definition 4.4.

Definition 4.4 (Stable CNF Pair Space). A subset

sStable C SAuto (20)
s.t. forall (+, (p,-,-)) € Fsuble the following holds.
Pyt y1) = N(y | py(t), By(t)) 21

By () =y1 + e 4 (yo —y1)
2, () =% +e (B, - %)

S.t.

where A,%,,%; € RL;" are positive semidefinite and
simultaneously diagonalizable by orthogonal eigenvectors
P = [Py, Py| € R™*™ s.t. span(P¢) = null(A) is the
nullspace of A and span(P ) = null(A)* is its orthogonal
complement, and furthermore pg = P%z; + P%p( for
some pf, € X and g = PZX,P% + P%X(P? for some
) € RZ:™, where P2 = PPT.

p=(z,t [ 21) = 6(2 = (1)) (22)

_ d(py (1), By (1) \”
St = (cw,zym») (20 =)

where k € Ry is a scalar and d : P()) x P(YV) — Rxo
18 a metric abbreviated as the distance between the current
and stationary Guassian PDFs

d(py(t),2y(t) = d(py (Y, t | Y1), py(y, 00 [ y1)). (23)

The equations for the mean and covariance of the data state
in Definition 4.4 correspond to the aforementioned LTI SDE,
thus its corresponding VF is straightforwardly obtained via
the PF-ODE in Theorem 3.4. Since the interpolant state
has deterministic dynamics, its time-derivative gives its VF
directly. Without a declared distance metric, the resulting
VF can be obtained in terms of the mean and covariance
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dynamics (see Eq. 6.18 in (Sdrkkd & Solin, 2019)) and the
partial derivatives of the distance metric w.r.t. the mean
and covariance of the data state. We establish this result in
Lemma 4.5.

Lemma 4.5. Forall (-, (-,v,")) € Tsuble:

vy(a,t|z) =—Ay—y1 — 18, (1) (y — py(1)))
K (hu(t) + hs(t))

v.(x,t | 21) = — 0 (z —21)
(24)
where h(t) = d(p,(t), Xy (t)) and
_ [/ 0d(py (1), Xy (1)) _
o) = (PO A1) - ) .
hs(t) = <W, 2A (2,(t) — 21)>F ,

where (-,-) and (-,-)p are the Euclidean and Frobenius
inner products respectively. Additionally, v, (x, 00 | £1) =
Oandv,(z,00 |z1) =0 forall k € [1,00).

Proof. See Appendix A.3. O

Remark 4.6 (Choosing A). The form of Fsple in Defini-
tion 4.4 grants one freedom to design conditional CNFs by
manipulating A. In contexts where data describes physically
stable states, A could be used to incorporate local dynamics
information. It is well-known that linearizing a VF about a
hyperbolic equilibrium point yields a locally topologically
conjugate approximation to the nonlinear dynamics (see e.g.
Section 5 of (Ozaki, 1993; Meiss, 2007)). Thus, we could
choose model A as the Jacobian of a VF or the Hessian of
a potential function. However, it is well-known that these
quantities will have zero eigenvalues when the VF is equiv-
ariant or the potential is invariant to some group action, see
(Carr, 1981; Keenig, 1997; Chossat & Lauterbach, 2000).
Using a non-scalar form of A to incorporate local informa-
tion in generative models has been suggested in (Yu et al.,
2024; Singhal et al., 2024).

The conditional CNFs defined so far satisfy the invariance
principle; however, since they stabilize to the stationary
PDF at t = oo, it is unclear what the time window should
be for computing the likelihood of data samples under the
model (see App. C of (Lipman et al., 2022)). One approach
is to enforce the decay rate of the flow (via the eigenval-
ues) to guarantee convergence to y; within some epsilon
distance and some consistent time window. A more exact
way is to define a transformation of the VF that describes
the dynamics of the data state w.r.t. the interpolant state. We
can do this by inverting the distance metric, i.e. instead of
thinking of the data mean being y; when ¢t = oo, we can
think of it when the interpolant mean is z;. We identify this
transformation in Theorem 4.7.

Theorem 4.7. There exists a subset

gFinite C gAuto (26)

s.t. forall (-, (p,v,*)) € Ssaple there exists a transformation
(-, (r,w,)) € SFrinite 5-1.
r(@,t| ) =plx,7(t) | 21) 27)

st 7(t) =h~! (h(o) (;O__Zzll )) (28)

where r(x,z1 | €1) = p(x, 00 | 1) and furthermore

vy(z,7(t) | 21)
v (2, 7(t) | 21)’

wy(z,t|z) = w,(x,t | 21) = 1.

Proof. See Appendix A.4. O

We will now consider the simple case of the above CNFs
when the chosen metric is the the Euclidean distance be-
tween the mean and the stationary mean. Note that the
stable VF in Lemma 4.5 requires the distance metric to be
invertible. To satisfy this, we use the bound (Kagstrom,
1977; Van Loan, 1977; Moler & Van Loan, 1978)

h(t) =|lpy(t) — py(0)[l2 = e (o — y1)l2
<le= 2 llyo — y1ll2 < ey — y1 |2,

to characterize the worst-case distance, and define such a
CNF in Definition 4.8.

Definition 4.8 (u-Stable CNF Pair Space). A subset
h(t) = et lyo — a2 (30)

S.t. Qmin € Rsq is the minimum non-zero eigenvalue of A.

(29)

Su-stable C Fstable  S-L.

With a stable CNF based on this mean distance bound, we
can apply the transformation in Theorem 4.7, and then get
the autonomous forms from Theorem 4.2 for both the stable
and finite versions, see Lemma 4.9.

Lemma 4.9. For all (-, (p,v,")) € §u-stavle:

o@lz)=-A(y-u-55%,'C) @ -5,)

UZ(.’II | xl) = —ROmnin (Z - Zl) 5
(31)

and there exists a subset §,_rinite C S Finire -t for all corre-
sponding transformations (-, (r,w, ) € § u-Finite:

Aly-y -5 () v~ ,(2) )

KQmin (2 — 21)

wy(z | 2,) =

wy(z|z1) =1

(32)
where py(x | Y1) = 7y (2 | Y1) are equivalently given by
A
_ . zZ—21 K%min _
By (2) =y1 + (ZO — 21> (yo —y1)

(33)

2A

_ z2—z RQmin
£, (2) =% + ( : ) (50— %))
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Lipschitz constants Note that the autonomous form of
Su-Finite can be simply obtained by dividing the VF of
S u-stable DY its own interpolant state’s VF. Thus, one could
learn with §,-stble and straightforwardly attain the attributes
of § .-Finite; however the converse is not true. Aside from sta-
bility, learning with §,_sple Mmay present some advantages
in terms of its VF’s Lipschitz constant (LC). The LC of the
drift of the SDE for §,.-suple yields max {umax, KQmin }»
while for §,suble the LC depends on y;. Since the
marginal VF is a convex combination of conditional VFs
(see Lemma 4.10), the LC for the marginal VF will be the
greatest LC of all the conditional VFs. Thus, for §-Finite.
its marginal VF’s LC depends on the scale of the dataset,
while for §,-subie it does not, unless A is chosen based on
Y1 (see Remark 4.6).

Lemma 4.10 (Differential
((p7’l)7 ¢)a (p17 v17¢1>) € 'SFM:

'U(mvt) € co {’Ul(x7t ‘ xl) ‘ T € Supp(q)}7 (34)

Inclusion). For all

where co is the convex hull operator.

Proof. The statement is evident from the fact that

/ pi(e,t|z1)q(@)dzy 1. (35)
x p(""?t)

O

Remark 4.11. Differential inclusions (Filippov, 1960) oc-
cur frequently in the hybrid dynamical systems literature
(Goebel et al., 2009; Sanfelice, 2021). E.g. in switched
systems (Liberzon & Morse, 1999), it represents arbitrary
switching between different VFs. In discontinuous dynam-
ical systems (Cortes, 2008; Sprague & ()gren, 2021), it
represents sliding dynamics between VFs. Stability results
for differential inclusions have been explored in (Boyd et al.,
1994; Molchanov & Pyatnitskiy, 1989), and in (Hafez &
Broucke, 2022; Veer & Poulakakis, 2019; Alpcan & Basar,
2010) when multiple equilibria are present. These results
are highly relevant as the marignal VF is a convex combi-
nation of linear VFs (see Lemma 4.10). At present, these
ideas have only appeared in (Zhu & Lin, 2024).

We will now make a direct comparison to OT FM of (Lip-
man et al., 2022). We start by defining an adaptation of OT
FM in Definition 4.12.

Definition 4.12 (OT CNF Pair Space). A subset

Sor C FAuto (36)

s.t. forall (+, (p,v,-)) € For we have u,(t) =t and

) =ty, T,0)=01—-(1—-0omu)t)’T (37

and furthermore:

Y1 - (1= 0omin)y

vy(z,t|z1) = = (1= omm)t vo(z,t | x1) =1
min

(38)

In Lemma 4.13 we show that the mean of the autonomous
conditional PDF path (see Theorem 4.2) of §,Finice 15 the
same as for For, while the covariances differ slightly but
are the same at the endpoints zg, 21 .

Lemma 4.13 (Optimal Transport FM Comparison). For all
('7 (p7 Yy )) S gu-Fini[e s.1.

A=al,

21 = 0'2

min

So=1I, (39
z=1 (40)

Kzlv yOZOa

I, 20:0,

with py given by i, (z) and £,,(z) and for all (-, (r,-,-)) €
Sor with T, given by ju (2) and flly (2), we have that

(41)
and furthermore
ma Hg (z)-% (Z)H Omin|Omin — 1] (42)
X — =
zefoa] 117 AP 2
atz =1/2.

Note that a Guassian PDF path can be described by a linear
time-varying SDE (see Sec. 6.1 of (Sdarkkd & Solin, 2019)).
Thus, it may be possible to identify a different diffusion
coefficient in the SDE in Equation (19) by matching Eq. 6.2
in (Sarkkéd & Solin, 2019) with the time-derivative of the
mean and covariance of §ot.

4.3. Experiments and Discussion

Conditional Flows In this work, we first consider stable
CNF flow with the mean distance metric (referred to as
Stable-FM), §-stwble from Equation (31) in Lemma 4.9 with
A= ol, o = 4,y0 =0, 20 :I,El = (1075)21, 20 =0,
z1 = 1. Note that & = 4 is chosen so that ||z, (1) —
y1]]2 < 107 to converge at roughly the same time as the
OT flow. We consider OT FM For flow (referred to as
OT-FM) from Definition 4.12 with oy, = 1075, meaning
¥, = (107°)21, as in (Lipman et al., 2022).

Marginal Flows With the autonomous form in Theo-
rem 4.2, we model the marginal VF vy : X — R" as both
an arbitrary function with a feed-forward architecture (re-
ferred to as simple) and a gradient field vg(x) = —V 4 Hp(x)
where Hy : X — Ry>q is an energy function (using H
in spirit of the Hamiltonian). Note that the gradient field
model is curl-free, and thus is unique in the context of the
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continuity equation (does not add any redundant divergence-
free components). Also note that the gradient field model
straightforwardly satisfies the invariance principle in Theo-
rem 3.5 with

By=X, Bi={xzecX|V,H(x)=0}, (43)

where ¢(xg,00) € B; for all zy € By. The simple model
does not possess these guarantees, although it is easier to
train.

Experiments We test the combinations of the aforemen-
tioned conditional and marginal flow models on generating
data from the moons distribution. As can be seen in Fig-
ure 1 and Figure 2 the invariance principle of Theorem 3.5
is strongly reflected: after t = 1 the OT-FM flow diverges,
while the Stable-FM remains stable. We also plot the max-
imum mean discrepancy (MMD) between inference flows
and the dataset over time in Figure 3. As can be seen, the
MMD of both Stable-FM and OT-FM approach zero; how-
ever, OT-FM only does so momentarily, while Stable-FM
approaches zero MMD asymptotically. One can also see
that the MMD curves are similar for both marginal flow
models (simple and gradient field), however the invariance
guarantees of the gradient field still stand.

Note on invariance If we modeled the marginal VF as
a non-autonomous gradient field vy(z,t) = —VyHp(z, 1)
we would need to establish conditions on 0Hy(x,t)/0t
to satisfy the invariance principles (see Sec. 2 of (Mao,
1999)). To ensure non-positivity of dHy(x,t)/0t we ini-
tially explored using partially input-convex neural networks
(ICNNs) (Amos et al., 2017), but did not have success.

Note on energy Recall from Remark 4.6 that A could be
defined based on each data sample y; However, if A is held
constant for every y, then the VF for the interpolant state v,
will be constant for all data samples. In this case, one may

consider simply setting —V,H(y,2) = —amin(z — 21);
however, this would imply separability of the form
Omin
Holy,2) = Hy(y) + 5= (z—=1)" (44

which would imply the inability to correlate y and z.

Note on idempotence Due to the invariance principle, the
flow map of the conditional flows queried at t = oo always
yields the same result, i.e. @(xg,00 | 1) € By for all
xo € By almost surely (see Theorem 3.5), where B O {1}
is an ellipsoid centered at z; described by the stationary
distribution N (z1,X1) and the eigenvectors of A. Thus the
flow map may be seen as stochastically indempotent w.r.t.
the starting set By: ¢oo(Poo(T0)) € By for all zg € By,
where ¢ () = ¢(x,00 | 21). This result is relevant to
Idempotent Generative Networks (Shocher et al., 2023) and
Consistency Models (Song et al., 2023).

014 —— OT-FM Simple
’ OT-FM Gradient Field
0124 — Stable-FM Simple
' —— Stable-FM Gradient Field
0.101
o 0.08 -
=
=
0.06 -
0.04 1
0.02 1
0.00
0.0 0.5 1.0 1.5 2.0 2.5 3.0

Time

Figure 3. Maximum mean discrepancy (MMD) between the gen-
erated samples and the moons dataset over time. The models were
trained with 500 data points. The MMD was computed for 200
time steps between t = 0 and ¢ = 3 with 1000 generated sam-
ples and 10000 dataset samples. ”Simple” refers to an arbitrary
architecture as described above. “Gradient field” refers to when
the architecture is the gradient of a scalar function. Here, the time
input to OT-FM is clipped at t = 1.

5. Conclusion

In this paper we applied a stochastic version of La Salle’s
invariance principle (La Salle, 1966; Mao, 1999) to FM
(Lipman et al., 2022) to enforce stability of the model’s
flows to the support of the target distribution, a desirable
property when the data represents a physically stable state.
In doing so, we showed how to render CNFs autonomous
by introducing an extra state variable z and performing in-
terpolation over it instead of time. Additionally, we showed
how to construct stable CNFs and we showed how they and
their PDF trajectories compare to the OT CNF from (Lip-
man et al., 2022). Lastly, we have made several connections
from control theory to generative modeling. Overall, we
demonstrated that our approach is effective with theoretical
and experimental results.
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A. Proofs
A.1. Proof of Theorem 4.2

We start with the definition of the marginal PDF trajectory from Definition 3.2:

pat) = [ ple.t|wa(wn)dn. (45)
With Definition 4.1 and recallingz = [y, 2] and 1 = [y , z1] we can write
p(,t) = /y [ ptwt Lot | 20atw a1 (46)
- /y Pyt | 31)a(w1)dys /Z P2t | 21)a(z1)dz (47)
- /y Pyt | 91)a(n)dysd(z — 6 (20,1 | 21)) (48)

where the data state’s marginal PDF path and the interpolant state’s marginal PDF path are independent. Since the mean of
the interpolant state’s marginal PDF path is bijective in time ¢ = ¢, (20, ¢.(20,t | 21) | 21), we can write

p(@) =p(x, 6. " (20,2 | 21)) (49)
= /ypy(% 07 (20,2 | 21) | y1)a(y1)dys (50)
— [ nife [y)atwn) . (51)
N
We continue with the definition of the marginal VF from Definition 3.2:
1
vat) = s [ vt lom et 2a@)de, (52)
With Definition 4.1 we can write
1
vat) = [ [ @t @m, @t [90p(ot | 20a)alz0dndn (53)
p(x,t) Jy )z
1
- / v1(@,t | 22)py (@, ¢ | ¥1)a(y1)dy10(z — 62 (20, | 21)) (54)
p(.’II, t) y

where the data state’s marginal VF and the interpolant state’s marginal VF are decoupled. Using the bijectivity of the mean
of the interpolant state’s marginal PDF path, we can write

¥(x) =v(z, ¢, (20,2 | 21)) (55)
—p(lm)/yvl(x’@f’zl(zmz | z1) | @1)py (Y, 02 (20,2 | 21) | y1)a(y1)dya (56)
:l% /ym(w | z1)py (x| y1)q(y1)dya, (57)

where p(z) is given above.

A.2. Lemma A.1
Lemma A.1 (Transformed CNF Loss). For allvg € C(X,R") and (-, (p1,v1,01)) € Fauw:

[v6(2) — 01 (x | 21)|

Ly (0) = 58
FM( ) zr~U[z0,21) ’172(25 | Z]) (58)
y1~q(z1)
Y~y (yly1)
o vy(x) = '09(:1:,(;5;1(20,,2 | 21)) (59)

20 = ¢Z(ZQ,O | Zl) 21 = ¢Z(Z07T I Zl)'
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Proof. We start with the loss function in Theorem 3.3:

Loi®) = | E ool ) —vi(a,t 2]
$1Nq(7$1)
T~p(z,t|e,)

1 T
:T/ / / lvo(z,t) —vi(a,t | :1:1)||2p1(:1:,t | £1)q(z1)dedz, dt.
o JxJx

With Definition 4.1 we can write

1 T
Lon®) =g [ [ ][ [ Imote.0) -t 1o oy 190t L)oo )dydsdyraziar

T
:%/0 /y/z/yva(x,t)—m(x,t|x1)|2py(y,t|y1)q(y1)5(z_¢z(20,t|zl))dydzdyldt
_ 1 - [v9(2) —v1(z | 21)[1*Py (y | y1)a(y1)
_2120/ZO /y/y dydyd=.

(2| 21)

In expectation form, we can write

[vg(z) — o1 (2 | 21)|?
z~U[z0,21) U, (Z | Zl)
y1~q(z1)

y~by (Y|y1)

Lem(0) =

A.3. Proof of Lemma 4.5

Proof. We start by verifying

vy(@,t|z1) = —A(y —y1 - Z12; (1) (y — py (1)) -

Consider a linear time-invariant SDE given by

dy = —A(y —y1)dt + /24X, dw(t).

(60)

(61)

(62)

(63)

(64)

(65)

(66)

(67)

Section 6.2 of (Sdrkkd & Solin, 2019) (Eq. 6.19-6.20) gives us the closed-form solution to the PDF path of this SDE as

py(y,t | y1) = N(y | py(t),X,(t)), where the mean is given as

At(

py(t) =y1+e (yo —y1).

(63)

and, assuming A, ¥y, ¥; commute with each other (i.e. simultaneously diagonalizable) and B = /2A%.;, the covariance is

given as

t
Tyt = e Alse Al —I—/ e~ Alt=5)g2,—AT(t=5) ¢
0

t
:206—2At+32/ 6—2A(t—s)d8
0

B’A™! (672At 71)
2
_ 20672At - (672At _ I)

=% +e (2, - %))

_ 20672/\15 _

The score of a Gaussian PDF path is (see e.g. Section 3.1 of (Hyvérinen, 2005))

aln@ygfj ) _ sty (g — 1)
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(70)

(71)

(72)
(73)

(74)
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and hence the probability flow ODE (Maoutsa et al., 2020; Song et al., 2020) verifies the result.

We proceed to verify (hu(t) + hs(t))
K m t)+ > t
h(t)

v (x,t | 21) = — (z — 21) (75)

where h(t) = d(py(t),X,(t)) and

hat) = <W,Amy<w —y1>>

op(t 76)
po(t) = ( 2O Az, 0 -1)
where (-, -) and (-, -) p are the Euclidean and Frobenius inner products respectively. Start with
_ d(py (1), By (1) \"
et <o+ (oG o) (o) 7
B h(t)\"
=z1 + ((0)> (Z() — Zl) (78)
from Definition 4.4. The time derivative of this is
dp.(t) _ k(20 — 1) (h(t) )“‘1 dh(t) )
dt h(0) h(0) dt
nlzo— ) (R Y[/ 0dmy(0,Z,(1) duy(D)\ |/ 0d(m,(£),Z,(1) 5, ()
St (i) (@ )+ (et 5),) @

where the chain rule is applied. Eq. 6.2 in (Sirkkd & Solin, 2019) gives the dynamics of the mean and covariance for the
above SDE, and hence we can write

du jt(t) = — Ay (t) — 1) (81)
dcht(t) — 2A(S,(1) - 5. (82)

Thus, we can write

dp.(t) k(20 —21) (h(t)
dt 1(0)

- o) o+ nsto) )

To simplify further, and remove dependence on zg, we solve (i, (t) for zg — z1 = (u2(t) — z1)(h(¢)/h(0)) " and substitute
it in to get

dﬂgt(t) _ n(uzlit()o)— 1) (Z((é)) ) ) (hu(t) + hs(t)) 84)
=" (h"(% P20 (1,4 — ) (85)

Note that since h(co) = 0 (the distance to the stationary distribution goes to zero), having € [1,0) in the expression
before substitution prevents d”d#t(t) from becoming undefined. Eq. 6.2 in (Sédrkkéd & Solin, 2019) shows that d“%p describes

the dynamics of the mean of a linear time-varying SDE without a diffusion coefficient

K (hu(t) + hs(t))
h(t)

dz = — (z — z1)dt + 0dw(t) (86)

Hence the probability flow ODE gives the result. O
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A.4. Proof of Theorem 4.7

Proof. Consider the expression

W (t) =21 + (Z((S))Y (z0 — 21) -

Assuming the h is bijective, we can solve for the inverse mapping of . (t) as

(z)=h"t (h(o) <Zzo_zzll)1/“> )

Plugging this into p, (t) gives its solution in terms of . (t):

By (t) = y1 + exp (=AT(p:(t)) (yo — y1)

which is a solution to
dllly(t) _ dl"y(t) dt _ A(l‘y(t) -y1)

dp-(t) —dt dps(t)  f(T(p(t)) (e (t) — 21)
where (see Lemma 4.5)
(1) + h(®)

Similarly, for the covariance ¥, (¢) we have

By (1= (1)) = X + exp (=247 (2 (1)) (Xo — X)),

which is a solution to
() _ dg,(t) dt 24(S,(t) - )

dﬂz(t) dt dﬂz(t) B f (T(,uz (t)) (/‘z(t) - Zl).

Inserting the expression for ¢ into p (¢) yields

1z (T (1= () = pa(t)
by definition.
Thus, by taking 1 (t) as a new time, we obtain a new system
py () =y1 + exp (A7) (yo — y1) = py(7(1))
X, (1) =%1 + exp (—247(t)) (o — B1) = By (7(t))

ul(t) =21 + (h&ét)))> (20— 21) =t = p(7(¢))

which are solutions to

dpy (8)  Alpy(t) — 1)
(

&t~ Fre) (=)
dxi(t) 24X () — 1)
dt - f(r() (t - =)
dt
Now let
G = -

fa@®))(t —z1)
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(87)

(88)

(89)

(90)

oD

92)

(93)

(94)

95)
(96)

o7

(98)

99)

(100)

(101)
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Then the above dynamics describe a linear time-varying SDE

dy =G(t)(y — y1)dt + /2G () S1dw(t) (102)
dz =1dt + 0dw(t). (103)

Applying the formula for the probability flow ODE then gives us

% —G(1)(y — 1) — GOSE, (1) (y — (1)) = ”y(—l —w,(z,t | 1), (104)
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