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Abstract

In this paper, we provide the first investiga-
tion into adaptive combinatorial experimental
design, focusing on the trade-off between re-
gret minimization and statistical power in
combinatorial multi-armed bandits (CMAB).
While minimizing regret requires repeated ex-
ploitation of high-reward arms, accurate infer-
ence on reward gaps requires sufficient explo-
ration of suboptimal actions. We formalize
this trade-off through the concept of Pareto
optimality and establish equivalent conditions
for Pareto-efficient learning in CMAB. We
consider two relevant cases under different
information structures, i.e., full-bandit feed-
back and semi-bandit feedback, and propose
two algorithms MixCombKL and MixCombUCB
respectively for these two cases. We provide
theoretical guarantees showing that both al-
gorithms are Pareto optimal, achieving finite-
time guarantees on both regret and estimation
error of arm gaps. Our results further reveal
that richer feedback significantly tightens the
attainable Pareto frontier, with the primary
gains arising from improved estimation ac-
curacy under our proposed methods. Taken
together, these findings establish a principled
framework for adaptive combinatorial experi-
mentation in multi-objective decision-making.

1 INTRODUCTION

Combinatorial multi-armed bandits (CMAB) general-
ize the classical multi-armed bandit (MAB) framework
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to settings where the learner selects a structured com-
bination of basic actions, referred to as a “super arm,”
at each round. This setup models many real-world
problems, such as online advertising, sensor selection,
network routing, and recommendation systems (Cesa-
Bianchi and Lugosi, 2012; Chen et al., 2013), where
multiple actions are taken jointly and rewards depend
on the combination, and many of them require accu-
rate estimation of reward gaps between combinatorial
arms as well as regret minimization. For example, em-
pirical evidence from a major video-sharing platform
shows that joint treatment effects can be strongly non-
additive (Ye et al., 2023). This setting is inherently
combinatorial: at each round the platform selects a
set of interventions (a super-arm) and observes only
session-level outcomes (e.g., total watch time), align-
ing with the regret–inference trade-offs studied in our
combinatorial bandit models. In such combinatorial
problems, this tension is exacerbated by the large action
space and dependencies between arms. The combinato-
rial nature of the action space increases the complexity
of both exploration and optimization. We investigate
the problem of deriving Pareto optimal policies for
combinatorial bandits, where the learner must jointly
minimize regret and accurately estimate reward gaps
between combinatorial arms. A policy is Pareto opti-
mal if no alternative policy can be better off in both
regret and estimation error. Our goal is to identify a
class of Pareto optimal algorithms that strike proper
balance between regret control and inference accuracy.

To the best of our knowledge, our work provides the first
systematic study of Pareto optimality in the context
of combinatorial bandit feedback. We summarize our
main contributions as follows:

1. Pareto-Optimal Algorithms for Combinato-
rial Bandits. We develop two Pareto optimal
algorithms for two different combinatorial bandit
settings – i.e., MixCombKL for full-bandit feedback
and MixCombUCB for semi-bandit feedback. Our
algorithms dynamically calibrate exploration to
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preserve both estimation accuracy and regret per-
formance to maintain Pareto optimality, regardless
of the complexity of combinatorial action spaces.

2. Theoretical Guarantees under Different
Bandit Feedback Models. We derive finite-
sample regret bounds and estimation error guar-
antees for both bandit settings, and establish their
Pareto optimality. Our analysis shows that semi-
bandit feedback yields a sharper Pareto frontier
than full-bandit feedback, with the improvement
arising from reduced estimation error. Meanwhile,
the regret under the two feedback regimes remains
of the same order when using proposed algorithms.

2 RELATED LITERATURE

Our paper is related to the stochastic multi-armed ban-
dit (MAB) literature of regret minimization and best-
arm identification (BAI). Regret minimization seeks
to reduce cumulative loss (Slivkins, 2019; Kuleshov
and Precup, 2014), while BAI targets high-confidence
identification of the optimal arm under fixed-budget or
fixed-confidence settings (Audibert and Bubeck, 2010;
Garivier and Kaufmann, 2016). The combinatorial
multi-armed bandit (CMAB) problem generalizes the
classical bandit setting by allowing the learner to select
a subset of base arms at each round. The literature
distinguishes between semi-bandit feedback, revealing
individual rewards for basic actions (Kveton et al., 2015;
Wang and Chen, 2018), and full-bandit feedback, reveal-
ing only total reward for super arms (Cesa-Bianchi and
Lugosi, 2012; Combes et al., 2015). CMAB variants
include contextual (Qin et al., 2014; Chen et al., 2018;
Li et al., 2016), knapsack (Sankararaman and Slivkins,
2018), fairness (Li et al., 2019), relative-feedback set-
tings (Saha and Gopalan, 2019) and pure exploration
(Chen et al., 2014).

The goals of regret minimization and arms inference are
inherently misaligned: better inference requires more
exploration, and thus may increase regret. Prior work
focuses primarily on classical K-arm bandits. Chen
et al. (2017); Kaufmann et al. (2016); Degenne et al.
(2019) study this trade-off, showing no single algorithm
achieves optimal rates for both simultaneously. Similar-
ily, this tradeoff is further studied in Faruk et al. (2025)
for linear contextual bandit settings. Pareto frontiers
for MAB problem were first developed in Zhong et al.
(2023). Simchi-Levi and Wang (2025) then prove a
sufficient and necessary condition of Pareto optimality
and propose a Pareto optimal algorithm. Zuo and Qin
(2025) extend this notion to multinomial logistic bandit
problems and Zhang and Wang (2025) extended this
framework to network inference problems. However, to
the best of our knowledge, the trade-off between regret

minimization and arms inference remains unexplored
for CMAB problems.

Inspired from the Pareto optimality on classical MAB
framework of Simchi-Levi and Wang (2025), our work
characterized the regret-inference tradeoff through an-
alyzing the Pareto optimality of CMAB problems. Ap-
plying the existing methods is computationally infeasi-
ble due to the exponential super-arm space in CMAB
settings. Therefore, we design two different Pareto-
optimal algorithms for bandit problems with different
information structures, i.e., full-bandit and semi-bandit
settings. Additionally, we show how feedback richness
governs trade-offs, comparing the two regimes. We
further overcome the challenge of CMAB problems on
the concentration of information in super arm subspace,
completing a unified Pareto-optimal framework.

3 PROBLEM FORMULATION

3.1 Models

We consider the stochastic CMAB problem and define
a bandit instance as a tuple (A,M, ν). In particular,
A = {1, 2, . . . , d} is the set of base arms, M ⊆ 2A is
the set of super arms that contains the feasible subsets
of A, and ν is the distribution of the reward vector wt
where Ewt∼ν [wt] = µ = [µ(1), . . . , µ(d)]⊤ ∈ [0, 1]d. V0

is the set of all admissible CMAB instances ν. The basic
actions in A are associated with a random reward vector
wt at time t, drawn i.i.d. from a distribution ν over
[0, 1]d, i.e., wt ∼ ν. For each base arm e ∈ A, its reward
is the e-th coordinate denoted wt(e) ∈ [0, 1]. Define
the mapping f : 2A × Rd → R, f(G,ϖ) =

∑
e∈Gϖ(e)

as the total weight of the elements in an arbitrary set
G ⊆ A under d-dimensional vector ϖ with entries ϖ(e);
then, f(M(t), wt) =

∑
e∈M(t) wt(e) denotes the reward

at time t for playing super arm M(t).

The time horizon is set to be n. At each round
t ≤ n, the decision maker observes the history
Ht = (M(1);w1, . . . ,M(t);wt), and selects a super
arm M(t) ⊆ M. An admissible policy π = {πt}t≥1

maps the history Ht−1 to a super arm Mπ(t) ∈ M,
where πt(M) = P(M(t) = M | Ht−1) denotes the
probability of selecting M at time t. We define
M∗ := argmaxM∈M

∑
e∈M µ(e) to be the arm with the

maximum true reward, and the performance of a policy
π is evaluated via cumulative regret, which measures
the expected loss relative to the optimal super arm M∗:
Rν(n, π) =

∑n
t=1[E[f(M∗, wt)]− Eπ [f(Mπ(t), wt)]].

We also want to quantify estimation errors for both
base arms and super arms for any algorithm. We define
the gap between any two super arms M(τi) and M(τj)

as ∆
(i,j)
M := f(M(τi),µ)− f(M(τj),µ),∀i ≠ j ∈ [|M|];

here τi, τj are indexes of super arms. In particular,
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the gap to the optimal super arm M∗ for every M is
∆M = f(M∗,µ) − f(M,µ). We also define the gap
between base arms as ∆

(i,j)
µ := µ(i) − µ(j) for any

i ̸= j ∈ [d]. In addition, we assume each super arm sat-
isfies the constraint |M | = m for all M ∈ M. For any
algorithm that outputs estimation for bandit features,
an algorithm-specific admissible adaptive estimator
∆̂(i,j) = {∆̂(i,j)

t }t≥1 maps Ht to an estimate of the pair-
wise gap ∆(i,j) at time t in our stochastic CMAB set-
ting, where ∆(i,j) can be either ∆(i,j)

M or ∆(i,j)
µ . The es-

timation quality is quantified by the expected distance
of ∆(i,j) and ∆̂(i,j) (i.e., E(t, ∆̂(i,j)) = E[|∆(i,j)−∆̂

(i,j)
t |]

for ∆
(i,j)
t = ∆

(i,j)
M,t or ∆

(i,j)
µ,t ), which is treated as the

estimation error.

The richness of the bandit feedback influences the regret
and estimation error and thus the Pareto frontier. To
that end, we consider the two bandit feedback regimes
upon selecting super arm M(t) at time t: (i) full-bandit
feedback, where only the aggregate reward f(M(t), wt)
is revealed with no information about the contributions
of individual basic actions, and (ii) semi-bandit feed-
back, where the individual component reward wt(e) is
observed for e ∈M (when the respective basic action
is chosen) and provides rich item-level information.

3.2 Pareto Optimality

To balance regret and estimation accuracy in combina-
torial bandits, we begin by formalizing the notion of
Pareto optimality. Because combinatorial feedback gen-
erally prevents estimation of all basic actions in A (see
Appendix G for an example of such a restricted bandit
structure), we define Aad as the subset of actions in A
that can be reliably estimated.

Consider a policy (π, ∆̂), where π denotes the learning
algorithm and ∆̂ is an estimator of the reward gap
between combinatorial super arms. The policy is said
to be Pareto optimal if there is no alternative admissible
policy (π′, ∆̂′) that performs at least as well in both
cumulative regret and estimation error, and strictly
better in at least one of them.

Definition 3.1 (Pareto Optimality). (π, ∆̂) is Pareto
optimal if there does not exist (π′, ∆̂′) such that:

Rν(n, π
′) ⪯ Rν(n, π),max

i≤j
E
(
∆̂′(i,j)

)
⪯ max

i≤j
E
(
∆̂(i,j)

)
with at least one inequality 1 being strict.

1In our paper, for any two positive functions f(n) and
g(n), we write f(n) ⪯ g(n) if f(n)

g(n)
is bounded by a positive

constant for all n; specifically, the inequality holds true
if and only if there exist constants C1, C2 > 0 such that
C1 ≤ f(n)

g(n)
≤ C2 for all n.

Here we denote Rν(n, π) as the cumulative regret under
the reward distribution ν. The estimation error ∆ in
the combinatorial bandit setting will refer either to
a base-arm gap, defined as ∆

(i,j)
µ = µ(i) − µ(j);∀i ̸=

j ∈ [|Aad|], or to a super-arm gap, defined as ∆
(i,j)
M :=

f
(
M(τi),µ

)
− f

(
M(τj),µ

)
,∀i ̸= j ∈ [|M|].

The choice of ignoring constant or logarithmic factors
is standard in bandit asymptotics as bandit asymp-
totics is about identifying the fundamental scaling of
regret with problem parameters, and proof-dependent
artifacts would not change the underlying rate of opti-
mality. Similar factor choice is also seen in Simchi-Levi
and Wang (2025).

We further define the Pareto frontier Pf to comprise all
policies that are not strictly dominated in both regret
and estimation accuracy:
Definition 3.2 (Pareto Frontier). The Pareto Frontier
Pf is defined as

Pf =

{
(π, ∆̂)

∣∣∣∣ ∄(π′, ∆̂′) s.t. Rν(n, π
′) ⪯ Rν(n, π),

max
i≤j

E
(
∆̂′(i,j)

)
⪯ max

i≤j
E
(
∆̂(i,j)

)}
.

Policies in Pf represent efficient trade-offs — any policy
outside this set can be improved upon in at least one
dimension without sacrificing the other. The search
for Pareto optimal solutions can be cast as a multi-
objective optimization problem:

min
(π,∆̂)

max
ν∈V0

(
Rν(n, π),max

i≤j
E
(
∆̂(i,j)

))
.

This formulation captures the dual learning objective
of minimizing regret while maintaining accurate reward
gap estimations under worst-case scenarios.

4 ALGORITHMS AND THEORY

Because of the differences in information structure, our
algorithmic design is tailored to the feedback model.
In the full-bandit setting, the exponential size of the
super-arm space renders classical UCB-style confidence
construction impractical. Traditional UCB methods
rely on per-arm play counts to form confidence in-
tervals, but in this setting the rewards of individual
base arms are not directly observed. Constructing
valid confidence bounds requires projecting super-arm
rewards into a high-dimensional linear space, which
is statistically costly. KL-divergence-based methods
bypass this issue by working on the probability sim-
plex over super arms and using divergence constraints
to guide exploration, enabling regret analysis without
enumerating exponentially many actions. In contrast,
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the semi-bandit feedback setting reveals feedback for
each base arm, which makes per-action confidence in-
tervals easy to compute and super-arm bounds deriv-
able with only a single call to the optimization oracle.
Here, applying KL-divergence methods adds computa-
tional overhead without improving statistical perfor-
mance, while UCB-style algorithms already provide
distribution-independent guarantees. Hence, our al-
gorithm design adopts KL-divergence-based methods
for full-bandit feedback and UCB-based approaches for
semi-bandit, aligning algorithm design with feedback
richness and computational feasibility. We explicitly
analyze the computational efficiency of our algorithms
in Appendix B.

4.1 Full-Bandit Feedback

Before introducing our algorithm, we first define some
additional notation. We vectorize the super arm
M ∈ M by setting θM = [I{1 ∈ M}, ..., I{d ∈ M}]⊤,
where |M | = m implies that ∥θM∥1 = m. The
vectorization trick helps us construct matrix-based
super-arm features for computation. Notice that
maxM∈M θ⊤

MX = maxρ∈Co(θ) ρ
⊤X, where Co(θ) de-

notes the convex hull of {θM : M ∈ M}. Next, by
dividing each vector in the vectorized set M by m,
we embed it into the d-dimensional simplex and de-
fine Q as the corresponding scaled convex set. Here
and throughout, the notation Õ(·) hides factors poly-
logarithmic in the time horizon T and the dimension
parameters m, d.

Building on the Online Stochastic Mirror Descent
(OSMD) (Audibert et al., 2014) framework, we pro-
pose the MixCombKL algorithm (Algorithm 1), which
uses the Kullback–Leibler (KL) divergence as the Breg-
man divergence for projection onto Q. The KL diver-
gence between two distributions p, q ∈ Q is defined
as KL(p, q) =

∑d
i=1 p(i) log

p(i)
q(i) . The projection of q

onto a closed convex set Ξ of distributions is given by
p∗ = argminp∈Ξ KL(p, q).

We set parameters C = λminm
− 3

2 , γ = [
√
m log ρ−1

min +√
C
(
Cm2d+m

)
n]−1

√
m log ρ−1

min, η = γC, and we de-
fine the problem-dependent constants λmin and ρmin

as follows: Let λmin be the smallest nonzero eigenvalue
of E[θMθ⊤

M ], where M is uniformly distributed over
M. We define the exploration-inducing distribution
ρ0 ∈ P : ρ0e = 1

m|M|
∑
M∈M I(e ∈ M), ∀e ∈ A, and

let ρmin = mine∈Amρ0e; ρ0 is the distribution over
basic actions A induced by the uniform distribution
over M. We view the estimable basic actions under
full-combinatorial feedback as special super arms M
with |M | = 1, so we can define the set of basic actions
covered by the span of all θM (written as span(θ)) as

MKL = {M ∈ A : θM ∈ span(θ)}.
The MixCombKL algorithm proceeds as follows. First, at
each round t, compute a probability distribution pt−1

over the super arms by decomposing it onto the pre-
determined distribution q′t−1, mixed through q′t−1 =
(1− γ)qt−1 + γρ0.

Algorithm 1: Mixture-Based Combinatorial
KL-divergence Algorithm (MixCombKL)

Input: α ∈ [0, 12 ],M, n;
1 Initialization: Set q0 = ρ0, R0(M(τk)) =

0,∀k ∈ [|M|], R0(M(l)) = 0,∀l ∈ [|MKL|];
2 for t = 1, ..., n do
3 Let q′t−1 = (1− γ)qt−1 + γρ0;
4 Decompose distribution pt−1 over M so

that
∑
M∈M pt−1(M)θM = mq′t−1;

5 Set random variable Ut where
P(Ut = 0) = 1− 1

2tα and P(Ut = 1) = 1
2tα ;

6 Select arm M(t) with distribution
∀M ∈ M, πt(M) = pt−1(M)I{Ut =
0}+ I{Ut = 1}/|M|;

7 Observe reward f(M(t), wt);
8 Let Σt−1 = E[θMθ⊤

M ], where M has law
pt−1;

9 Set w̃t(e) = f(M(t), wt)Σ
+
t−1θM , where

Σ+
t−1 is the pseudo-inverse of matrix Σt−1;

10 Set q̃t(e) =
qt−1(i) exp(ηw̃t(e))∑d

j=1 qt−1(j) exp(ηw̃t(e))
, ∀e ∈ A;

11 Compute qt = I{Ut = 1}qt−1 + I{Ut = 0}
argminp∈Q

∑
e∈A p(e) log

p(e)
q̃t(e)

;
12 Set Rt(M(τk)) = 2tαI{Ut = 1}θ⊤

M(τk)
w̃t

+Rt−1(M(τk)),∀k ∈ [|M|];
13 Set Rt(M(l)) = 2tαI{Ut = 1}θ⊤

M(l)w̃t

+Rt−1(M(l)),∀k ∈ [|MKL|];
Output: ∆̂

(i,j)
M,n = 1

n (Rn(M(τi))−Rn(M(τj)),
for i, j ∈ [|M|] and i ̸= j;
∆̂

(i,j)
µ,n = 1

n (Rn(M(i))−Rn(M(j)),
for i, j ∈ [|MKL|] and i ̸= j;

The KL projection in MixCombKL ensures that mqt−1 ∈
Co(θ), and there exists ψ, a distribution over M, such
that mqt−1 =

∑
M ψ(M)θM . This guarantees that the

system of linear equations in the decomposition step is
consistent. The algorithm of Sherali (1987) also demon-
strates that the decomposition step can be efficiently
implemented.

Second, to ensure the balance between exploration for
inference and regret minimization, we set a random
variable Ut independently of previous history and the
reward distribution, with probability P(Ut = 0) =
1 − 1

2tα and P(Ut = 1) = 1
2tα . The pre-set parameter

α ∈ [0, 12 ] quantifies the decay of exploration. We select
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a distribution: for all M ∈ M,

πt(M) = pt−1(M)I{Ut = 0}+ |M|−1I{Ut = 1},

and sample a super arm according to pt−1. When
choosing α = 0, the algorithm has equal probability
at each time of choosing a uniform distribution or the
KL-divergence-based distribution, and as α grows the
algorithm tends to focus more on regret. Thus, we can
observe the full combinatorial feedback for the chosen
super arm. Third, we update the empirical estimates of
the reward parameters based on the observed feedback
and compute an offline approximation oracle

qt = I{Ut=1}qt−1 + I{Ut=0} argmin
p∈Q

∑
e∈α

p(e) log
p(e)

q̃t(e)

in order to find our pre-determined distribution qt. We
also compute Rt for future estimation of arms. Finally,
we repeat the above steps for n rounds, dynamically
refining the estimates and adjusting the distribution
pt to approach the Pareto-optimal trade-off between
regret and estimation accuracy, and the estimation of
basic actions and super arms is presented at the end.

Our algorithm departs from Combes et al. (2015) in
that it improves inference accuracy by using a mixture
of distributions as the super-arm sampling distribution,
whereas prior work selects super arms solely based on
distributions derived from KL-divergence properties.

Now, the following theorem provides an upper bound
for the estimation error of super-arm gaps of MixCombKL
through constructing a series of martingales.

Theorem 4.1. With probability at least 1− δ, it holds

|∆̂(i,j)
M,n −∆

(i,j)
M | ≤ 6

λmin

√
m3d

n1−α
ln(

2d

δ
)

where ∆
(i,j)
M = E[∆̂(i,j)

M,n] for any i, j ∈ [|M|] and i ̸= j.

Note that, when taking δ = 1
n2 , we have

maxi<j≤|M| E(n, ∆̂(i,j)
M,n) = Õ(

√
nα−1). Similarly, we

can derive an upper bound for the inference of ∆(i,j)
µ .

Corollary 4.2. With probability at least 1− δ, it holds

|∆̂(i,j)
µ,n −∆(i,j)

µ | ≤ 6m

λmin

√
d

n1−α
ln(

2d

δ
),

where ∆
(i,j)
µ = E[∆̂(i,j)

µ,n ] for any i, j ∈ [|MKL|] and
i ̸= j.

Similarly, we have maxi<j≤|MKL| E(n, ∆̂(i,j)
µ,n ) =

Õ(
√
nα−1) by taking δ = 1

n2 .

We now turn to establishing the regret upper bound.
Our algorithm introduces a sequence of independent

Bernoulli random variables Ut, with P(Ut = 1) = 1
2tα .

When Ut = 1, the algorithm performs uniform explo-
ration over all super arms, ensuring equal sampling.
This uniform exploration step contributes an additional
O(n1−α) term to the regret bound originally derived
in Combes et al. (2015).

For the case when Ut = 0, we establish a lemma of
“triangle inequality” type, analogous to Lemma 4 in
Combes et al. (2015), which relates the KL divergence
to the difference in expected reward between the op-
timal super arm and the arm selected by MixCombKL.
This lemma allows us to effectively bound the regret
and leads to the final regret guarantee for MixCombKL.
Theorem 4.3. The regret satisfies

Rν(n, π) ≤ 2

√
m3n

(
d+

m1/2

λmin

)
log ρ−1

min

+
mn1−α

2(1− α)
+
m5/2

λmin
log ρ−1

min.

For most classes of M, we can observe that ρ−1
min =

O(poly(d)) and m(dλmin)
−1 = O(1) (Csiszar and

Shields, 2004). In these cases, we can derive that
our MixCombKL algorithm has a regret bound of
O(
√
m3dn log(d/m) +mn1−α). This result indicates

the effectiveness of our algorithm in tackling the intrin-
sic combinatorial nature of the full-bandit problem.

4.2 Semi-Bandit Feedback

For the semi-bandit setting, we relax the constraint on
M to |M | ≤ m. The MixCombUCB algorithm (Algorithm
3) starts with the initialization procedure InitUCB (Al-
gorithm 2), which returns two variables. The first is
a weight vector ŵ ∈ [0, 1]d, where ŵ(e) is a single ob-
servation from the e-th marginal distribution ν. The
second variable is the initialization step count plus one.
InitUCB also outputs a set E of observed basic actions
and m0 pairs of corresponding super arms for every
e ∈ E as (e,Me).

To compute ŵ, InitUCB repeatedly calls the optimiza-
tion oracleM(t) = argmaxM∈M

∑
e∈M u(e) on an aux-

iliary binary weight vector u ∈ {0, 1}d whose entries
are initially set to all ones. When an item e is observed,
ŵ(e) is set to the observed reward from arm e, while
the respective u(e) is set to zero, and a correspond-
ing super arm Me is recorded for future observations.
The procedure terminates once all entries of u are zero.
Since at least one coordinate of u switches from one to
zero in each iteration, InitUCB terminates in at most
d steps. The number of initialization steps, denoted by
m0, corresponds to the number of basic arms included
in M, which we denote by MUCB—the estimable basic
actions under the semi-bandit feedback regime.
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At each time step t, MixCombUCB proceeds in four
phases. First, it computes the UCB for the expected
weight of each item e: Ut(e) = ŵTt−1(e)(e)+ct−1,Tt−1(e),
where ŵs(e) is the average of s observed weights for
item e, Tt(e) is the number of times item e has been

observed up to time t, and ct,s =
√

2 log t
s is the confi-

dence radius such that µ(e) ∈ [ŵs(e)− ct,s, ŵs(e)+ ct,s]
holds with high probability.

Algorithm 2: InitUCB: MixCombUCB Initial-
ization
Input: M;

1 ω̂(e) = 0, u(e) = 1,Me = ∅, ∀e ∈ A;E = ∅, t =
1;

2 while ∃e ∈ A : u(e) = 1 do
3 M(t) = argmaxM∈M

∑
e∈M u(e);

4 Observe {(e, wt(e)) : e ∈M(t)} where
wt ∼ ν;

5 forall e ∈M(t) do
6 ω̂(e) = ωt(e), u(e) = 0, E = E ∪ {e};
7 Me =M(t), t = t+ 1;

Output: E, ω̂, t, ∀e ∈ E, (e,Me);

Second, MixCombUCB queries the optimization oracle to
solve the combinatorial maximization problem over the
UCB super arm M̃(t) = argmaxM∈M f(M,Ut).

Third, we set αt = 1
m0tα

, then construct a probability
distribution over super arms: for all M ∈ M,

πt(M) = (1−m0αt)I{M = M̃(t)}+
m0∑
e=1

αtI{M =Me}.

Then the algorithm selects Mt according to πt(M).
Unlike the fully combinatorial case, the range of α is
selected with respect to different classes of available
action spaces M, and we explain the α selection range
based on different basic action gap properties below.

For each suboptimal basic action e ∈ Ã, where Ã =
A \M∗ denotes the set of items not included in any
optimal super arm, we define the minimum gap ∆e,min:

∆e,min = f(M∗,µ)− max
M∈M:e∈M, ∆M>0

f(M,µ). (1)

We say the large-gap property holds when ∆e,min =
Θ(1) for all e ∈ A. This means that no suboptimal
action is “nearly optimal”: the performance gap be-
tween any suboptimal action and the optimal choice
is bounded away from zero by a constant, indepen-
dent of the time horizon n or the problem size. In
our algorithm, α can be chosen between [0, 1] when
the large-gap property holds, and α ∈ [0, 12 ] when the
large-gap property does not hold.

Fourth, MixCombUCB observes the weights of all selected
items and then updates the estimates ŵ(e) and arms es-
timator Rt accordingly. The estimation of basic actions
and super arms is finally given after running for n time
steps. The pseudocode for MixCombUCB is presented in
Algorithm 3.

Our algorithmic framework differs from Kveton et al.
(2015), where the UCB-optimal super arm is always
selected. By introducing randomness in the selection
process, our approach achieves a better balance between
minimizing inference error and regret. We begin by
presenting a theorem on estimation quality, derived
through a martingale construction.

Algorithm 3: Mixture-Based Combinatorial
UCB Algorithm (MixCombUCB)
Input: α,M, n;

1 {E1, ω̂1,m0, (1,M1), ..., (m0,Mm0
)}=InitUCB(M),

Tm0−1(e) = 1, Rm0−1(e) = 0,∀e ∈ A;
2 for t = m0, ..., n do
3 Set αt = 1

m0tα
;

4 Ut(e) = ŵTt−1(e)(e) + ct−1,Tt−1(e),∀e ∈ A;
5 Solve optimization problem

M̃(t) = argmaxM∈M f(M,Ut);
6 Set πt(M) = (1−m0αt)I{M =

M̃(t)}+∑m0

e=1 αtI{M =Me},∀M ∈ M;
7 Select M(t) according to πt, Observe

{(e, wt(e)) : e ∈M(t)};
8 Rt(e) = Rt−1(e) + wt(e)

I{e∈M(t)}
P(e∈M(t)) ,∀e ∈ A;

9 Set Tt(e) = Tt−1(e),∀e ∈ A, Tt(e) =
Tt−1(e) + 1,∀e ∈M(t);

10 ŵTt(e)(e) =
Tt−1(e)ŵTt−1(e)(e)+wt(e)

Tt(e)
,∀e ∈

M(t);

Output: ∆̂
(i,j)
M,n =

1
n (
∑
e∈M(τi)

Rt(e)−
∑
e∈M(τj)

Rt(e))

for i, j ∈ [|M|] and i ̸= j; ∆̂(i,j)
µ,n =

1
n (
∑
e∈M(i)Rt(e)−

∑
e∈M(j)Rt(e))

for i, j ∈ [|MUCB |] and i ̸= j;

Theorem 4.4. With probability at least 1− δ, it holds

|∆̂(i,j)
M,n −∆

(i,j)
M | ≤ 6md

√
nα−1 ln(

2d

δ
),

where E[∆̂(i,j)
M,n] = ∆

(i,j)
M for any i, j ∈ [|M|] and i ̸= j.

We have maxi<j≤|M| E(n, ∆̂(i,j)
M,n) = Õ(

√
nα−1) after

taking δ = 1
n2 . The corresponding error bound on

the inference of ∆(i,j)
µ is characterized in the following

Corollary.
Corollary 4.5. With probability at least 1− δ, it holds

|∆̂(i,j)
µ,n −∆(i,j)

µ | ≤ 6d
√
nα−1 ln(

2d

δ
),
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where E[∆̂(i,j)
µ,n ] = ∆

(i,j)
µ , ∀i, j ∈ [|MUCB |] and i ̸= j.

It implies that when taking δ = 1
n2 , we have

maxi<j≤|MUCB | E(t, ∆̂(i,j)
µ,n ) = Õ(

√
nα−1).

Now we proceed with the regret analysis. Given the
large-gap property result, we can derive a sharper regret
bound, since a non-vanishing gap allows the algorithm
to distinguish suboptimal actions more quickly. We
formalize this in the following theorem:

Theorem 4.6. Given the knowledge of gaps between
basic actions, the regret of our algorithm is bounded by

Rν(n, π) ≤
∑
e∈Ã

712m

∆e,min
log n+ 5md+

mn1−α

2(1− α)
,

where ∆e,min is the minimum gap of suboptimal super
arms that contain item e, which is defined in (1).

It shows that if for all e ∈ A, we have ∆e,min =
Θ(1), then the regret of MixCombUCB is bounded by
O(md log n+mn1−α). There’s also a gap-free bound:

Proposition 4.7. For all classes of M, the regret of
our algorithm is bounded as:

Rν(n, π) ≤ 54
√
mdn log n+ 5md+

mn1−α

2(1− α)
.

This result demostrates that even without the large-gap
property, an Õ(

√
n + n1−α) regret is still achievable,

and it guarantees the exploration of basic action distri-
butions even without assumptions on arms behaviors.

5 PARETO OPTIMAL CONDITION

We now present the conditions for Pareto optimality
and verify that our algorithm achieves it. Our results
in this section do not differentiate full- and semi-bandit
settings, as our proofs are agnostic to the feedback
model. We present the sufficient and necessary condi-
tions for Pareto optimality for any CMAB algorithm.
We first establish the equivalent condition of Pareto op-
timality based on super arm M . This setting is compa-
rable to the classic K-arm MAB problem (Simchi-Levi
and Wang, 2025); here each super arm M has reward∑
e∈M µ(e).

Theorem 5.1. The necessary and sufficient condition
for an admissible pair (π, ∆̂M ) to be Pareto optimal is

max
ν∈V0

[
( max
i<j≤|M|

E(n, ∆̂(i,j)
M,n))

√
Rν(n, π)

]
= Õ(1)

We also extend the trade-off to inference for base arms,
where we consider the estimable basic actions set Aad

as aforementioned. Note that in full-bandit setting,

Aad = MKL and in semi-bandit setting, Aad = MUCB .
Formally, the correponding sufficient and necessary
condition can be characterized as follows.
Theorem 5.2. The necessary and sufficient condition
for an admissible pair (π, ∆̂µ) to be Pareto optimal is

max
ν

(
max

i<j≤|Aad|
E(n, ∆̂(i,j)

µ )

)√
Rν(n, π) = Õ(1).

We provide the proof sketch for our Theorem 5.2. We
start with the simple case of |Aad| = 2 by proving
the information-theoretic bound (in Lemma 5.3), then
extend to general case (in Lemma 5.5).
Lemma 5.3. When |Aad| = 2, the lower bound for all
admissible pair (π, ∆̂µ) has

inf
(π,∆̂µ)

max
ν∈V0

[
E(n, ∆̂µ)

√
Rν(n, π)

]
= Ω(1), (2)

for any selected algorithm.

Above lemma demostrates that E(n, ∆̂µ)
√

Rν(n, π)
will not perform better than a constant order in the
worse case, no matter how the solution is chosen. Par-
ticularily, we are interested in how the upper bound
of E(n, ∆̂µ)

√
Rν(n, π) influence our Pareto optimal-

ity condition. The following lemma shows that the
sufficient condition for Pareto optimality holds when
E(n, ∆̂µ)

√
Rν(n, π) achieves a constant order.

Lemma 5.4. When |Aad| = 2, the sufficient condition
for an admissible pair (π, ∆̂µ) to be Pareto optimal is

max
ν∈V0

[
E(n, ∆̂µ)

√
Rν(n, π)

]
= Õ(1).

Now we extend our results to the general setting. We
have maxi<j≤|Aad| E(n,∆

(i,j)
µ ) = Õ

(√
nα−1

)
from 4.2

and 4.5. Combining this with Theorem 4.3 and 4.7,
it follows that for any combinatorial bandit instance
ν,
(
maxi<j≤|Aad| E(n, ∆̂

(i,j)
µ )

)
·
√
Rν(n, π) = Õ(1).

This observation allows us to generalize Lemma 5.4,
yielding a sufficient condition for the general case:
maxν

(
maxi<j≤|Aad| E(n, ∆̂

(i,j)
µ )

)√
Rν(n, π) = Õ(1).

Moreover, combining the sufficient condition with the
definition of Pareto optimality, we can proceed to the
following lemma that demostrates the necessary condi-
tion for Pareto optimality by contradiction:
Lemma 5.5. The necessary condition for an admis-
sible pair (π, ∆̂µ) to be Pareto optimal is equivalent
to

max
ν

(
max

i<j≤|Aad|
E(n, ∆̂(i,j)

µ )

)√
Rν(n, π) = Õ(1). (3)

Having Lemma 5.4 and 5.5, the proof for Theorem 5.2
follows directly. Finally, given Theorem 5.2 and 5.2, we
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Table 1: Pareto Frontier restrictions for fully and semi-bandit feedback models. We consider the estimation for
both super arms and basic actions and we set λmin for most instances of M so that λ−1

min = O(dm−1) (Cesa-Bianchi
and Lugosi, 2012). The parameter α is chosen within the admissible range for each algorithm.

Feedback model Full-Bandit Semi-Bandit
Admissible pair (π, ∆̂M,n) (π, ∆̂µ,n) (π, ∆̂M,n) (π, ∆̂µ,n)

Inference error e(n, ∆̂) Õ(
√
md3nα−1) Õ(

√
d3nα−1) Õ(md

√
nα−1) Õ(d

√
nα−1)

Regret bound Rν(π, n) Õ(mn1−α) Õ(mn1−α) Õ(mn1−α) Õ(mn1−α)
Pareto Frontier SPF Õ(m

√
d3) Õ(

√
md3) Õ(d

√
m3) Õ(d

√
m)

are now able to state that our algorithms MixCombKL
and MixCombUCB are Pareto optimal:
Theorem 5.6. MixCombKL and MixCombUCB are Pareto
optimal when choosing α ∈ [0, 12 ] in full- and semi-
bandit settings. Specifically, MixCombUCB is Pareto
optimal for all α ∈ [0, 1] if the large gap property
∆e,min = Θ(1),∀e ∈ A holds.

It is clear that the decision-maker has no incentive to se-
lect an α exceeding the specified upper bound, as doing
so increases estimation error while offering negligible
statistical benefit in terms of the regret upper bound.
Thus, we successfully prove that our algorithms are
Pareto optimal. Moreover, while the proofs of Pareto
optimality in the full- and semi-bandit settings share
a high-level structure, the differences in feedback lead
to notable variations in parameter constraints. The
reason is that the range of the exploration parameter α
depends on the amount of information available from
feedback. In the full-bandit case, only the total reward
of super arms is observed. Over-exploring (choosing
a large α) can significantly increase estimation error
relative to any gains in regret reduction, limiting α to
the range [0, 12 ]. In contrast, in the semi-bandit case,
the reward of each basic action is observed directly,
providing richer and more precise feedback. This al-
lows α to safely increase up to 1 when the large-gap
property holds, enhancing regret performance, while
still maintaining a conservative range of α ∈ [0, 12 ] if
the large-gap property does not hold.

6 PARETO FRONTIER AND
FEEDBACK STRUCTURES

We consider the Pareto frontiers achieved by MixCombKL
and MixCombUCB in the two bandit feedback settings.
From Theorems 4.1, 4.3, 4.4, and 4.6, for any admissible
pair (π, ∆̂M ), (π, ∆̂µ) and reward distribution ν ∈ V0,
MixCombKL and MixCombUCB can achieve Pareto opti-
mality. We can generally write their respective Pareto
frontier Pf (Alg, π, ∆̂) with respective algorithm and
admissible pair (π, ∆̂n) in the following form:{

(π, ∆̂n)

∣∣∣∣ (max
i<j

eν(n, ∆̂
(i,j)
n )

)√
Rν(n, π) = SPF

}
,

where SPF is the rate of the Pareto frontier for each
algorithm and admissible pair.

In Table 1, we compare the rate differences of Pareto
frontiers of our algorithms under feedback models
with different information structures. We consider
the Pareto frontiers for both super arms and base
arms. For fair comparison, we set λ−1

min = O(dm−1)
(Cesa-Bianchi and Lugosi, 2012). These results in-
dicate that the Pareto frontier of the pair (π, ∆̂M )
achieved by MixCombUCB is Õ(

√
d/m) tighter than that

of MixCombKL.

√
md3n−1 md

√
n−1

√
md3n−1/2 md

√
n−1/2

m
√
n

mn

Semi-Bandit

Pareto Frontier

SPF ≃ m
√
d3

Full-Bandit

Pareto Frontier

SPF ≃ d
√
m3

Example fronts of Pareto

optimal solution

Example front of non

Pareto optimal solutions

max
i<j≤|M|

E(n, ∆̂(i,j))

Rν(n, π)

Figure 1: Summary of ∆̂M,n Pareto Frontier Results
with Feedback Difference.

Figure 1 shows the Pareto frontier results under differ-
ent feedback models. This difference stems from the
richness of the bandit feedback. In the semi-bandit
case, access to individual arm rewards provides more
precise information, yielding a more favorable trade-off
between regret and estimation error. In contrast, in the
full-bandit case, limited feedback drives a worse Pareto
frontier and constrains achievable trade-offs. Thus,
semi-bandit algorithms attain more accurate estima-
tions due to improved access to arm information. Yet,
the regret in both cases is largely driven by random
exploration under appropriate α, and in expectation
this step occurs O(n1−α) times under both algorithms,
overshadowing the regret from arm estimation and
keeping both cases at the O(mn1−α) level.
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7 EXPERIEMENT

We evaluate the empirical performance of MixCombKL
and MixCombUCB under synthetic full-bandit and semi-
bandit feedback settings with time horizon n. We use
the following metrics to evaluate the algorithms:

• R(n) =
∑n
t=1[E[f(M∗, wt)]− Eπ [f(Mπ(t), wt)]]

• MSEµ = 2
d(d−1)

∑
1≤i<j≤d(∆̂

(i,j)
µ,n −∆

(i,j)
µ )2

• MSEM = 2
|M|2−|M|

∑
1≤i<j≤|M|(∆̂

(i,j)
M,n−∆

(i,j)
M )2

Here R(n),MSEµ and MSEM represent the cumula-
tive regret, mean square error of base arms and super
arms. For each trial, we draw the expected reward
µ(e) ∼ U(0.1, 0.9) for all e ∈ [d] independently and
allow any non-empty super-arm size at m. We repeat
over 20 independent sampling trials for regret and gap
estimation error analysis.

Result of MixCombKL Experiment Our method
applies forced sampling with decay αt = 1

2tα , α ∈
{0, 0.25, 0.5, 1}. As the KL-projection based algorithm
is harder to converge, we set d = 8,m = 3 and have
in total

(
8
3

)
= 56 super arms. We run experiments for

n = 5000 steps.

Figure 2: The regret and MSE plot of MixCombKL.

Result of MixCombUCB Experiment Similarily,
our method applies forced sampling with decay αt =

1
m0tα

, α ∈ {0, 0.25, 0.5, 1}. Here we set d = 9,m = 4

and we have in total
(
9
4

)
= 126 super arms. We run

experiments for n = 2000 steps.

Figure 3: The regret and MSE plot of MixCombUCB.

8 CONCLUSION

In this paper, we investigate the concept of Pareto
optimality for combinatorial bandits, framing it as the
fundamental trade-off between minimizing cumulative
regret and reducing average estimation errors of both
base and super arm reward gaps. We characterize the
sufficient and necessary conditions for achieving Pareto
optimality in both full- and semi-bandit feedback set-
tings. We propose two novel algorithms MixCombKL for
the full-bandit setting and MixCombUCB for the semi-
bandit case, and show that both algorithms are prov-
ably Pareto optimal. Looking ahead, future work could
extend our Pareto-optimal framework to dynamic com-
binatorial settings and investigate Pareto optimality
under alternative performance metrics, such as regret
variants or average treatment effect (ATE), that better
capture practical considerations in complex environ-
ments. Another valuable direction is to incorporate
constraints (e.g., budgets or fairness) into the trade-off
analysis, broadening the framework’s applicability to
real-world decision systems.
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Checklist

1. For all models and algorithms presented, check if
you include:

(a) A clear description of the mathematical set-
ting, assumptions, algorithm, and/or model.
[Yes]

(b) An analysis of the properties and complexity
(time, space, sample size) of any algorithm.
[Not Applicable]

(c) (Optional) Anonymized source code, with
specification of all dependencies, including
external libraries. [Not Applicable]

2. For any theoretical claim, check if you include:

(a) Statements of the full set of assumptions of
all theoretical results. [Yes]

(b) Complete proofs of all theoretical results.
[Yes]

(c) Clear explanations of any assumptions. [Yes]

3. For all figures and tables that present empirical
results, check if you include:

(a) The code, data, and instructions needed to re-
produce the main experimental results (either
in the supplemental material or as a URL).
[Not Applicable]

(b) All the training details (e.g., data splits, hy-
perparameters, how they were chosen). [Not
Applicable]

(c) A clear definition of the specific measure or
statistics and error bars (e.g., with respect to
the random seed after running experiments
multiple times). [Not Applicable]

(d) A description of the computing infrastructure
used. (e.g., type of GPUs, internal cluster, or
cloud provider). [Not Applicable]

4. If you are using existing assets (e.g., code, data,
models) or curating/releasing new assets, check if
you include:

(a) Citations of the creator If your work uses
existing assets. [Not Applicable]

(b) The license information of the assets, if appli-
cable. [Not Applicable]

(c) New assets either in the supplemental material
or as a URL, if applicable. [Not Applicable]

(d) Information about consent from data
providers/curators. [Not Applicable]

(e) Discussion of sensible content if applicable,
e.g., personally identifiable information or of-
fensive content. [Not Applicable]

5. If you used crowdsourcing or conducted research
with human subjects, check if you include:

(a) The full text of instructions given to partici-
pants and screenshots. [Not Applicable]

(b) Descriptions of potential participant risks,
with links to Institutional Review Board (IRB)
approvals if applicable. [Not Applicable]

(c) The estimated hourly wage paid to partici-
pants and the total amount spent on partici-
pant compensation. [Not Applicable]
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A Table of Notations

Notation Description
[i] The set{1, ..., i}, given a positive integer i
n Time horizon length
E[X] Expectation of random variable X
d Total number of base arms
e The base arms
m Numbers of based arms in a super arm M
M(t) The super arm chosen at time t
A The set of base arms
M The set of super arms
ω Feedback vector of the model
µ Expectation of feedback vector
ν Distribution of Feedback
f(G,ϖ) Mapping f : 2A × Rd → R such that f(G,ϖ) =

∑
e∈Gϖ(e)

πt(M) Policy probability at time t choosing super arm M
Ht History (M(1);w1, . . . ,M(t);wt) at time t
M∗ The super arm with maximun expected reward argmaxM∈M

∑
e∈M µ(e)

Rν(n, π) The expected regret with time horizon n and policy π
∆

(i,j)
M Super arm gap f(M(τi),µ)− f(M(τj),µ),∀i ̸= j ∈ [|M|]

∆
(i,j)
µ Base arm gap µ(i)− µ(j),∀i ̸= j ∈ [d]

∆M The gap to best super arm f(M∗,µ)− f(M,µ)

∆̂
(i,j)
µ,t The adaptive base arm gap at time t

∆̂
(i,j)
M,t The adaptive super arm gap at time t

E(t, ∆̂(i,j)
t ) The estimation quality E[|∆(i,j) − ∆̂

(i,j)
t |] of estimator ∆̂

(i,j)
t at time t

Pf The Pareto Frontier defined in 3.2
f(n) ⪯ g(n) f(n)/g(n) bounded above and below by constant independent of n
θM Vectorized M as [I{1 ∈M}, ..., I{d ∈M}]⊺
KL(p, q) KL-divergence of distribution p, q
λmin Smallest nonzero eigenvalue of E[θMθ⊤

M ] with M uniformly distributed
ρ0 Distribution on A induced by uniform M
ρmin mine∈Amρ0e
C Acuteness of super arms set C = λminm

− 3
2

γ Mixing parameter γ = [
√
m log ρ−1

min +
√
C
(
Cm2d+m

)
n]−1

√
m log ρ−1

min

η Exponential control parameter η = γC

Table 2: Summary of notations used in this paper.

B Computational Results

We define an algorithm as computationally efficient if it can be implemented efficiently whenever the offline version
of the problem has an efficient solution (i.e., implementable up to polynomial factors). We now consider the
computational problem of our algorithms MixCombKL and MixCombUCB. In this section, we demonstrate that our
algorithms can achieve computational feasibility while maintaining a decent regret upper bound, thus retaining
Pareto optimality even with limited computational resources.

B.1 Discussion on Full-Bandit Feedback

We first present Proposition B.1, which shows the computational efficiency of offline MixCombKL:
Proposition B.1. MixCombKL is computationally efficient for any stochastic combinatorial bandits where the
offline optimization oracle argminp∈Q KL(p, q) can be implemented efficiently for any probability distribution
q : q(i) ∈ R+,∀i ∈ [d],

∑d
j=1 q(j) = 1.
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Proof. At each iteration t, the vector mq′t−1 can be expressed as a convex combination of at most d+ 1 arms. By
Carathéodory’s theorem, such a representation always exists and can be found within O(d4) time. Consequently,
the probability vector pt−1 has at most d + 1 non-zero entries. Constructing the matrix Σt−1 then requires
O(d2) time, since it is based on the weighted sum of at most d+ 1 rank-1 matrices θMθ⊤

M , each computed in
O(d) time. Computing the pseudo-inverse of Σt−1 incurs a computational cost of O(d3). Aside from the offline
optimization oracle, all other operations in the MixCombKL algorithm run in polynomial time with respect to m
and d, establishing that MixCombKL is computationally efficient.

The above proposition demonstrates that the offline version of MixCombKL can be implemented up to polynomial
factors. For the online optimization step, one might argue that it may not be possible to compute the projection
step exactly, as we are solving an optimization problem on a continuous space. Thus, we are interested in
the case where the projection step can be solved up to accuracy ϵt in round t, namely, we find qt such that
KL(qt, q̃t) − minp∈Ξ KL(p, q̃t) ≤ ϵt. Proposition B.2 shows that for ϵt = O(t−2 log−3(t)), the approximate
projection gives the same regret as when the projection is computed exactly, and its computational complexity
will be revealed later.

Proposition B.2. If the projection step of MixCombKL is solved up to accuracy ϵt = O(t−2 log−3(t)), the regret
has

Rν(n, π) ≤ 2

√
2m3n

(
d+

m1/2

λmin

)
log ρ−1

min +
mn1−α

2(1− α)
+

2m5/2

λmin
log ρ−1

min.

The proof of the above proposition is shown in Section C.3. Our focus is to verify the computational efficiency of
our algorithm when solving the KL-divergence projection step up to a certain accuracy. Suppose the convex set
Co(θ) is characterized by c linear equalities and r linear inequalities. The projection step corresponds to solving
a convex optimization problem to an accuracy of ϵt = O(t−2 log−3(t)). We employ the Interior-Point Method
(specifically, the barrier method) to solve this.

The total number of Newton iterations required to achieve accuracy ϵt is O(
√
r log(r/ϵt)), and each iteration

incurs a computational cost of O((d+ c)3) (Boyd and Vandenberghe, 2004, Ch. 10 and 11). Therefore, the overall
complexity of the projection step at iteration t is O(

√
r(c+ d)3 log(r/ϵt)). By substituting ϵt = O(t−2 log−3(t)),

we see that the cumulative cost across n iterations becomes O(
√
r(c+d)3n log n). Hence, when Co(θ) is described

by polynomially many linear constraints, the projection step can be implemented within polynomial factors.

Combining the results above shows that MixCombKL can be implemented within polynomial factors if the KL
divergence is solved up to accuracy ϵt = O(t−2 log−3(t)). Proposition B.2 further shows that the regret remains
the same as when the projection is computed exactly, and since the accuracy of arm estimation is unaffected by
KL projection errors, it follows from the analysis in Section 5 that MixCombKL attains Pareto optimality even
under limited computational resources.

B.2 Discussion on Semi-Bandit Feedback

Similarly, we have the following result for computational efficiency in the semi-bandit context:

Proposition B.3. MixCombUCB is computationally efficient in any stochastic semi-bandit where the offline
optimization oracle argmaxM∈M f(M,w) can be implemented efficiently for any w ∈ (R+)d.

Proof. In each step t, MixCombUCB calls the oracle once, and all of its remaining operations are polynomial in m
and d. Therefore, MixCombUCB is guaranteed to be computationally efficient when the oracle is computationally
efficient.

We now see that the offline version of MixCombUCB can be implemented up to polynomial factors. Unlike the
full-bandit feedback case in Section B.1, we can assume that the offline optimization oracle is exactly solved,
as argmaxM∈M f(M,w) operates on a discrete space M, thus keeping the regret bound and estimation error
unchanged. Following the analysis of Section 5, MixCombUCB can achieve Pareto optimality under polynomial
computational resources.
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B.3 Computational Example on Problem-Dependent Constants

In this subsection, we discuss about the computational results of certain problem dependent constants with
specific super arms set structure.

For example, when the super-arms set M consist of all subsets up to size m, we can compute that ρmin =
m
d , λmin = m(d−m)

d(d−1) , and when M is the set of perfect matchings, where d = m2 and |M| = m!, we can compute
that ρmin = 1

m , λmin = 1
m−1 .

These concrete examples echos with the observation in Csiszar and Shields (2004) that for most classes of
M, there is ρ−1

min = O(poly(d)) and m(dλmin)
−1 = O(1). Thus, the MixCombKL algorithm have a regret of

O(
√
m3dn log(d/m) +mn1−α) on these problem classes.

C Analysis of Algorithm 1

C.1 Proof of Theorem 4.1.

We first prove a simple result:

Lemma C.1. For all x ∈ Rd, we have Σ+
t−1Σt−1x = x, where x is the orthogonal projection of x onto span(θ),

the linear space spanned by θM .

Proof. Note that for all y ∈ Rd, if Σt−1y = 0, then we have

y⊤Σt−1y = E
[
y⊤θM(t)θ

⊤
M(t)y

]
= E

[
(y⊤M(t))2

]
= 0, (4)

(i) If θM(t) has law pt−1 such that
∑
M∈M θM(t)(i)pt−1(M) = q′t−1(i), ∀i ∈ [d] and q′t−1 = (1− γ)qt−1 + γµ0. By

definition of µ0, each M(t) ∈ M has a positive probability. (ii) If M(t) is uniformly distributed, of course each
M(t) ∈ M has a positive probability. Thus we conclude that ∀t ∈ [n], each M(t) ∈ M has a positive probability.
Hence, by 4, y⊤θM = 0 for all M ∈ M. In particular, we see that the linear application Σt−1 restricted to span(θ)
is invertible and is zero on span(θ)⊥, hence we have Σ+

t−1Σt−1x = x.

We consider fillteration Fn = σ(w1, w2, ..., wn) , we define the follow martingales

ri(τ) =

τ∑
t=1

d∑
j=1

2ταI{Ut = 1}I{i ∈M}I{j ∈M}wt(j)− τ

τ∑
t=1

d∑
j=1

E[I{i ∈M}I{j ∈M}]E[wt(j)], ∀i ∈ [d], τ ∈ [n].

It’s easy to see that

|ri(t)− ri(t− 1)| ≤ |
d∑
j=1

2tαI{Ut = 1}I{i ∈M}I{j ∈M}wt(j)|+ |
d∑
j=1

E[I{i ∈M}I{j ∈M}]E[wt(j)]|

≤
d∑
j=1

2tα|I{i ∈M}I{j ∈M}wt(j)|+
d∑
j=1

E|I{i ∈M}I{j ∈M}|E|wt(j)|

≤
d∑
j=1

2tα|I{j ∈M}|+
d∑
i=1

E|I{j ∈M}| ≤ 3mtα ≤ 3mt
α+1
2

the third equality holds as |I{e ∈M}|, |wt(e)| ≤ 1, ∀e ∈ A. we denote si =
∑d
j=1 E[I{i ∈M}I{j ∈M}]E[wt(j)],

for all i ∈ [d], We write Vi,t =
∑τ
t=1 E[(ri(t)− ri(t− 1))2|Ft−1] and we have:
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τ∑
t=1

E[(ri(t)− ri(t− 1))2|Ft−1] =

τ∑
t=1

E[(2tαI{Ut = 1}
d∑
j=1

I{i ∈M}I{j ∈M}wt(j))2|Ft−1]− τs2i

≤
τ∑
t=1

E[(2tαI{Ut = 1}
d∑
j=1

|I{i ∈M}I{j ∈M}wt(j)|)2|Ft−1]

≤
τ∑
t=1

2tαE[(
d∑
j=1

|I{j ∈M}|)2|Ft−1] ≤
2m2(τ + 1)α+1

α+ 1

Now with δ ∈ (0, 1], we have determistic upper bound V̂t =
4m2(τ+1)2α+1

2α+1 ≥ Vi,t,∀i ∈ [d] such that

V̂t ≤
2m2(τ + 1)α+1

α+ 1
∨ 9m2τα+1 ln(2/δ)

e− 2
≤ 9m2τα+1 ln(2/δ)

e− 2
.

by Bernstein’s Inequality, we know that with possibility more than 1− δ, we have

|ri(t)| ≤
√
(e− 2)

9m2tα+1(ln(2/δ))2

e− 2
= 3m ln(

2

δ
)t

α+1
2 , ∀t ∈ [n].

Applying union bound, we can see with probability more than 1−δ, there is |ri(t)| ≤ 3m ln( 2δ )t
α+1
2 , ∀t ∈ [n], i ∈ [d].

we write r(t) = (r1(t), ..., rd(t))
⊤ and we can find that

τ∑
t=1

(w̃t − E[w̃t]) = Σ+
t−1r(τ),∀τ ∈ [n].

By our update rule we know that all Σ+
t−1 in the above equality is the pseudo-inverse of Σt−1 = E

[
θMθ⊤

M

]
where

M has uniform distribution on M. Now we can find everytime we update Rt(M(τk)), there is

||
τ∑
t=1

(w̃t − E[w̃t])||2 ≤ ||Σ+
t−1||op||r(t)||2 ≤ 1

λmin
||r(t)||2 ≤ 3m

√
dtα+1

λmin
ln(

2d

δ
).

We use Et(Z) = E(Z|wt) for any random variable Z to denote conditional probability on wt and we have

Et [w̃t] = Et
[
f(M(t), wt)Σt−1θM(t)

]
= Et

[
Σ+
t−1θM(t)θ

⊤
M(t)wt

]
= Σ+

t−1Σt−1wt = wt, (5)

where the last equality follows from Lemma C.1 and wt is the orthogonal projection of wt onto span(θ), therefore,
we have E(wt) ∈ span(θ),∀t ∈ [n]. We can derive

θ⊤
M(τk)

E(wt) = E(θ⊤
M(τk)

wt) = E(θ⊤
M(τk)

wt) = θ⊤
M(τk)

µ = f(M(τk),µ),∀k ∈ [|M|]

In particular, for any mq′ ∈ Co(θ),we have Et
[
mq′⊤w̃t

]
= mq′⊤wt = mq′⊤wt.

We now can find that

Rt(M(τk))− tf(M(τk),µ) = θ⊤
M(τk)

τ∑
t=1

(w̃t − E[w̃t]) = R̂t(M(τk))

≤ ||θM(τk)||2||
τ∑
t=1

(w̃t − E[w̃t])||2 ≤ 3
√
m3dtα+1

λmin
ln

(
2d

δ

)
.

(6)

6 shows that
|∆̂(i,j)

n −∆(i,j)| = E[|(θ⊤
M(τi)

µ̂− θ⊤
M(τi)

µ)− (θM(τj))
⊤µ̂− θ⊤

M(τj)
µ)|]

≤ E[
|R̂t(M(τi))|+ |R̂t(M(τj))|

n
] ≤ 6

λmin

√
m3d

n1−α
ln

(
2d

δ

)
.

Taking δ = 1
n2 and we can achieve that E(n, ∆̂(i,j)

n ) = O(
√
nα−1).
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C.2 Proof of Theorem 4.3.

For simplicity, we consider two class of time period denoted as Vn = {t : Ut = 0, t = 1, ..., n} and Wn = {t : Ut =
1, t = 1, ..., n}, assume we have mq∗ =M∗ as the optimal arm, i.e. q∗(i) = 1

m if M∗
i = 1, we can write our regret

as follows:

Rν(n, π) = E
[ n∑
t=1

mq⋆⊤w̃t −
n∑
t=1

mq′⊤t−1w̃t

]
= E

[ ∑
t∈Vn

mq⋆⊤w̃t −
∑
t∈Vn

mq′⊤t−1w̃t

]
+ E

[ ∑
t∈Wn

mq⋆⊤w̃t −
∑
t∈Wn

mq′⊤t−1w̃t

]
≤ E

[ ∑
t∈Vn

mq⋆⊤w̃t −
∑
t∈Vn

mq′⊤t−1w̃t

]
+mE|Wn| ≤ RComb

ν (n, π) +
mn1−α

2(1− α)
.

(7)

the first equality holds because of 5 and we use RComb
ν (n, π) to denote the regret caused by sample throught pt−1.

We first proceed with the following lemma:
Lemma C.2. We have for any η ≤ γλmin

m3/2 and any q ∈ P,∑
t∈Vn

q⊤w̃t −
∑
t∈Vn

q⊤t−1w̃t ≤ η
∑
t∈Vn

q⊤t−1w̃
2
t +

KL(q, q0)

η
,

where w̃2
t is the vector that is the coordinate-wise square of w̃t.

We have:

Et
[
q⊤t−1w̃

2
t

]
=
∑
i∈[d]

qt−1(i)Et
[
w̃2
t (i)

]
=
∑
i∈[d]

q′t−1(i)− γµ0(i)

1− γ
Et
[
w̃2
t (i)

]
≤ 1

m(1− γ)

∑
i∈[d]

mq′t−1(i)Et
[
w̃2
t (i)

]
=

1

m(1− γ)
Et
[ ∑
i∈[d]

θM̃(t)(i)w̃
2
t (i)

]
,

where M̃(t) is a random arm with the same law as M(t) and independent of M(t). Note that θ2
M̃(t)

= θM̃(t), so
that we have

Et
[∑
i∈[d]

θM̃(t)(i)w̃
2
t (i)

]
= Et

[
w⊤
t θM(t)θ

⊤
M(t)Σ

+
t−1θM̃(t)θ

⊤
M̃(t)

Σ+
t−1θM(t)θ

⊤
M(t)wt

]
≤ m2Et[θ⊤

M(t)Σ
+
t−1θM(t)],

where we used the bound θ⊤
M(t)wt ≤ m. By the Lemma 15 of Cesa-Bianchi and Lugosi (2012),

Et[θ⊤
M(t)Σ

+
t−1θM(t)] ≤ d, so that we have:

Et
[
q⊤t−1w̃

2
t

]
≤ md

1− γ
.

Observe that
Et
[
q⋆⊤w̃t − q′⊤t−1w̃t

]
= Et

[
q⋆⊤w̃t − (1− γ)q⊤t−1w̃t − γµ0⊤w̃t

]
= Et

[
q⋆⊤w̃t − q⊤t−1w̃t

]
+ γq⊤t−1X(t)− γµ0⊤X(t)

≤ Et
[
q⋆⊤w̃t − q⊤t−1w̃t

]
+ γq⊤t−1X(t)

≤ Et
[
q⋆⊤w̃t − q⊤t−1w̃t

]
+ γ.

Using Lemma and the above bounds, we get with mq⋆ the optimal arm, i.e. q⋆(i) = 1
m iff M⋆

i = 1,

RComb
ν (n, π) = E

[ ∑
t∈Vn

mq⋆⊤w̃t −
∑
t∈Vn

mq′⊤t−1w̃t

]
≤ E

[ ∑
t∈Vn

mq⋆⊤w̃t −
∑
t∈Vn

mq⊤t−1w̃t

]
+mnγ

≤ ηm2dn

1− γ
+
m log ρ−1

min

η
+mγn,
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Since
KL(q∗, q0) = − 1

m

∑
i∈M∗

logmρ0i ≤ log ρ−1
min.

Choosing η = γC with C = λmin

m3/2 gives

RComb
ν (n, π) ≤ γCm2dn

1− γ
+
m log ρ−1

min

γC
+mγn

=
Cm2d+m−mγ

1− γ
γn+

m log ρ−1
min

γC

≤ (Cm2d+m)γn

1− γ
+
m log ρ−1

min

γC
.

Set γ =

√
m log ρ−1

min√
m log ρ−1

min+
√
C(Cm2d+m)n

and by 7, we can see that

∀n ≥ 1 : Rν(n, π) ≤ 2

√
m3n

(
d+

m1/2

λmin

)
log ρ−1

min +
mn1−α

2(1− α)
+
m5/2

λmin
log ρ−1

min.

C.3 Proof of Proposition B.2

We first introduce a simple result from Lemma 5 of Combes et al. (2015):

Lemma C.3. The KL-divergence z 7→KL(z, q) is 1-strongly convex with respect to the ∥ · ∥1 norm.

Recall that ut = I{Ut = 1}qt−1 + I{Ut = 0} argminp∈Q KL(p, q̃t) and that qt is an ϵt-optimal solution for the
projection step, that is

KL(ut, q̃t) ≥ KL(qt, q̃t)− ϵt.

By Lemma C.3 we have

KL(qt, q̄t)−KL(ut, q̄t) ≥ (qt − ut)
⊤∇KL(ut, q̄t) +

1

2
∥qt − ut∥21 ≥ 1

2
∥qt − ut∥21,

where we used (qt − ut)
⊤ ∇KL(ut, q̃t) ≥ 0 due to first- order optimality condition for ut. Hence, KL(qt, q̃t) −

KL(ut, q̃t) ≤ ϵt implies that ∥qt − ut∥∞ ≤ ∥qt − ut∥1 ≤ √
2ϵt. Consider q⋆,the distribution over P for the optimal

arm, i.e. q⋆(i) = 1
m iff M⋆

i = 1. Recall that from proof of Lemma C.2 for q = q⋆ we have

KL(q⋆, q̄t)−KL(q⋆, qt−1) ≤ ηq⊤t−1wt − ηq⋆⊤wt + η2q⊤t−1w
2
t . (8)

Generalized Pythagorean inequality (see Theorem 3.1 in Csiszar and Shields (2004)) basically says that if Ut = 0
then

KL(q⋆, q̃t) ≥ KL(q⋆, ut) + KL(ut, q̃t). (9)

Let q
t
= mini∈[d] qt(i). Observe that for all t ≥ 1:

KL(q⋆, ut) =
∑
i∈[d]

q⋆(i) log
q⋆(i)

ut(i)
= − 1

m

∑
i∈M⋆

logmut(i)

≥ − 1

m

∑
i∈M⋆

logm(qt(i) +
√
2ϵt) ≥ − 1

m

∑
i∈M⋆

(
logmqt(i) +

√
2ϵt
q
t

)
≥ −

√
2ϵt
qt

− 1

m

∑
i∈M⋆

logmqt(i) = −
√
2ϵt
q
t

+KL(q⋆, qt),
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Plugging this into 9, we get that for all t that satisfy Ut = 0, there is:

KL(q⋆, q̃t) ≥ KL(q⋆, qt)−
√
2ϵt
q
t

+KL(ut, q̃t) ≥ KL(q⋆, qt)−
√
2ϵt
q
t

.

Putting this together with 8 yields that for all t that satisfy Ut = 0, there is:

KL(q⋆, qt)−KL(q⋆, qt−1) ≤ ηq⊤t−1wt − ηq⋆⊤wt + η2q⊤t−1w
2
t +

√
2ϵt
q
t

.

Finally, notice that qt = qt−1 for all t that have Ut = 0 and summing over t gives:

n∑
t=1

(
q⋆⊤w̃t − q⊤t−1w̃t

)
≤ η

n∑
t=1

q⊤t−1w̃
2
t +

KL(q⋆, q0)

η
+

1

η

n∑
t=1

√
2ϵt
q
t

.

Defining

ϵt =

(
q
t
log ρ−1

min

)2
32t2 log3(t)

, ∀t ≥ 1,

and recalling that KL(q⋆, q0) ≤ log ρ−1
min,we get

n∑
t=1

(
q⋆⊤w̃t − q⊤t−1w̃t

)
≤ η

n∑
t=1

q⊤t−1w̃
2
t +

log ρ−1
min

η
+

log ρ−1
min

η

T∑
t=1

√
2

32n2 log3(t+ 1)

≤ η

n∑
t=1

q⊤t−1w̃
2
t +

2 log ρ−1
min

η
,

where we used the fact
∑
t≥1 t

−1(log(t+ 1))−3/2 ≤ 4. We remark that by the properties of KL-divergence and
since q′t−1 ≥ γρ0 > 0, we have q

t
> 0 at every round t, so that ϵt > 0 at every round t.

Using the above result and following the same lines as in the proof of Theorem 4.3, we have

RComb
ν (n, π) ≤ ηm2dn

1− γ
+

2m log ρ−1
min

η
+mγn

Choosing η = γC with C = λmin

m3/2 gives

RComb
ν (n, π) ≤ (Cm2d+m)γn

1− γ
+

2m log ρ−1
min

γC
.

The proof is completed by setting γ =

√
2m log ρ−1

min√
2m log ρ−1

min+
√
C(Cm2d+m)n

.

D Analysis of Algorithm 2 and 3

D.1 Proof of Theorem 4.4.

Now we can establish a bound on the estimation error. We define the following martingales: Ht(e) = Rt(e)−
tµ(e),∀e ∈ A, t ≥ 1 with fillteration Fn = σ(w1, w2, ..., wn), we can verify that

E[Ht(e)|Ft−1] = Ht−1(e) + E[wt(e)
I{e ∈M(t)}
P(e ∈M(t))

|Ft−1]− tµ(e) = Ht−1(e) + E[
wt(e)

P(e ∈M(t))
|e ∈M(t)]− tµ(e)
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and we can conclude that E[Ht(e)|Ft−1] = Ht−1(e) and (Ht(e))t≥1 is martingale for all e ∈ A.

As P(e ∈M(t)) ≥ P(M(t) =Me) =
1

2m0tα
≥ 1

2dtα , we can see that for all t ≥ 1 and e ∈ A:

|Ht(e)−Ht−1(e)| ≤ |wt(e)
I{e ∈M(t)}
P(e ∈M(t))

|+ µ(e) ≤ |wt(e)||
1

P(e ∈M(t))
|+ µ(e) ≤ 2dtα + 1 ≤ 3dtα.

For all e ∈ A, we write Wt(e) =
∑τ
t=1 E[(Ht(e)−Ht−1(e))

2|Ft−1] and we have

τ∑
t=1

E[(Ht(e)−Ht−1(e))
2|Ft−1] ≤

τ∑
t=1

P(e ∈M(t))−2E[(wt(e)I{e ∈M(t)})2|Ft−1]− τµ(e)2

≤
τ∑
t=1

P(e ∈M(t))−2E[I{e ∈M(t)})2|Ft−1] ≤
τ∑
t=1

P(e ∈M(t))−1

where the second inequality holds due to |wt(e)| ≤ 1. now we have Wτ (e) ≤
∑τ
t=1 P(e ∈M(t))−1 ≤∑τ

t=1 2dt
α.

We let Ŵτ = 2d(τ+1)α+1

α+1 ≥Wτ (e),∀e ∈ A, τ ≥ 1 denote the determistic upper bound and we have for all δ ∈ (0, 1]:

Ŵt ≤
2d(τ + 1)α+1

α+ 1
∨ 9d2τα+1 ln(2/δ)

e− 2
≤ 9d2τα+1 ln(2/δ)

e− 2
.

by Bernstein’s Inequality, we know that with possibility more than 1− δ, we have

|Ht(e)| ≤
√
(e− 2)

9d2tα+1(ln(2/δ))2

e− 2
= 3d ln(

2

δ
)t

α+1
2 ,∀t ∈ [n].

Applying union bound, we can se with probability more than 1−δ, there is |Ht(e)| ≤ 3d ln( 2dδ )t
α+1
2 ,∀t ∈ [n], e ∈ A.

Now we can easily derive that

|∆̂(i,j)
t −∆(i,j)| = |1

t
(Rt(M(τi))− f(M(τi),µ))−

1

t
(Rt(M(τj)− f(M(τj),µ))|

≤ 1

t
(
∑

e1∈M(τi)

|Ht(e1)|+
∑

e2∈M(τj)

|Ht(e2)|) ≤ 6md ln(
2d

δ
)
√
tα−1

take δ = 1
n2 and we finished our proof.

D.2 Proof of Theorem 4.6.

Now we introduce our first lemma used in our proof.

Lemma D.1. Let:

Ft =

∆M(t) ≤ 2
∑

e∈M̂(t)

cn,Tt−1(e), ∆M(t) > 0

 (10)

be the event that suboptimal solution M(t) is "hard to distinguish" from M∗ at time t, where M̂(t) =M(t) \M∗.
Let Kt = {M(t) = M̃(t)} to denote the event that UCB best arm is chosen by algorithm. Then the regret of
MixCombUCB is bounded as:

Rν(n, π) ≤ E[R̂ν(n, π)] + 5md+
mn1−α

2(1− α)

where:

R̂ν(n, π) =

n∑
t=m0

∆M(t)I{Ft}I{Kt} . (11)



H. Xie, J. Cao, K. Xu

The key step in our analysis is that we define a cascade of infinitely-many mutually-exclusive events and then
bound the number of times that these events happen when a sub-optimal solution is chosen. The events are
parametrized by two decreasing sequences of constants:

1 = β0 > β1 > β2 > . . . > βk > . . . (12)

α1 > α2 > . . . > αk > . . . (13)

such that limi→∞ αi = limi→∞ βi = 0. We define:

mi,t =
αim

2

∆2
M(t)

log n

and assume that mi,t = ∞ when ∆M(t) = 0. The events at time t are defined as in Kveton et al. (2015):

G1,t = {at least β1m items in M̂(t) were observed at most m1,t times}

G2,t = {less than β1m items in M̂(t) were observed at most m1,t times,

at least β2m items in M̂(t) were observed at most m2,t times}
...

Gi,t = {less than β1m items in M̂(t) were observed at most m1,t times,
. . . ,

less than βi−1m items in M̂(t) were observed at most mi−1,t times,

at least βim items in M̂(t) were observed at most mi,t times}
...

The following lemma establishes a sufficient condition under which events Gi,t are exhaustive. This is the key
step in the proofs in this section. We firstly introduce an lemma from Lemma 3 of Kveton et al. (2015):
Lemma D.2. Let (αi) and (βi) be defined as in 12 and 13, respectively; and let:

2
√
2

∞∑
i=1

βi−1 − βi√
αi

≤ 1. (14)

Let event Ft happen. Then event Gi,t happens for some i.

Now we continue our proof. Let Ft be the event in 10. By Lemma D.1 and D.2, it remains to bound

R̂ν(n, π) =

n∑
t=m0

∆M(t)I{Ft}I{Kt} =

∞∑
i=1

n∑
t=m0

∆M(t)I{Gi,t,∆M(t) > 0}I{Kt} .

In the next step, we define item-specific variants of events Gi,t and associate the regret at time t with these events.
In particular, let:

Ge,i,t = Gi,t ∩
{
e ∈ M̂(t), Tt−1(e) ≤ mi,t

}
be the event that item e is not observed “sufficiently often” under event Gi,t. Then it follows that:

I{Gi,t,∆M(t) > 0} ≤ 1

βim

∑
e∈Ã

I{Ge,i,t,∆M(t) > 0} ,

because at least βim items are not observed “sufficiently often” under event Gi,t. Therefore, we can bound R̂ν(n, π)
as:
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R̂ν(n, π) ≤
∑
e∈Ã

∞∑
i=1

n∑
t=m0

I{Ge,i,t,∆M(t) > 0} ∆M(t)

βim
.

Let each item e be contained in Ne suboptimal super arms and ∆e,1 ≥ . . . ≥ ∆e,Ne
be the gaps of these super

arms, ordered from the largest gap to the smallest one, we denote those super arms as Me,1, . . . ,Me,Ne
. Then

R̂ν(n, π) can be further bounded as:

R̂ν(n, π) ≤
∑
e∈Ã

∞∑
i=1

n∑
t=m0

Ne∑
k=1

I {Ge,i,t,M(t) =Me,k} I{Kt}
∆e,k

βim

(a)

≤
∑
e∈Ã

∞∑
i=1

n∑
t=m0

Ne∑
k=1

I

{
e ∈ M̂(t), Ti−1(e) ≤ αi

m2

∆2
e,k

log n

}
I {M(t) =Me,k,Kt}

∆e,k

βim

(b)

≤
∑
e∈Ã

∞∑
i=1

αim log n

βi

[
∆e,1

1

∆2
e,1

+

Ne∑
k=2

∆e,k

(
1

∆2
e,k

− 1

∆2
e,k−1

)]

where inequality (a) is by the definition of event Ge,i,t, inequality (b) follows from the solution to:

max
M(m0),...,M(n)

n∑
t=m0

Ne∑
k=1

I

{
e ∈ M̂(t), Ti−1(e) ≤ αi

m2

∆2
e,k

log n

}
I {M(t) =Me,k,Kt}

∆e,k

βim
, (15)

The solution of 15 is based on three observations: First, the gaps have order ∆e,1 ≥ . . . ≥ ∆e,Ne
. Second, by the

design of our algorithm, the counter Te(t) increases when the event I {M(t) =Me,k,Kt} happens. Finally, it’s
easy to see that

∑Ne

k=1 I {M(t) =Me,k,Kt} ≤ 1 for any given e and t. Based on this facts, we can preceed with
inequality (b). From Lemma 3 of Kveton et al. (2014), we have that:

R̂ν(n, π) ≤
∑
e∈Ã

∞∑
i=1

αim log n

βi

2

∆e,min
=
∑
e∈Ã

2m

∆e,min

[ ∞∑
i=1

αi
βi

]
log n (16)

It remain to choose (αi) and (βi) such that:

• limi→∞ αi = limi→∞ βi = 0.

• Monotonicity conditions in Equations 13 and 12 hold.

• Inequality 14 holds: 2
√
2
∑∞
i=1

βi−1−βi√
αi

≤ 1.

•
∑∞
i=1

αi

βi
is minimized.

Similar to the proof of Lemma 3 in Kveton et al. (2015), we choose (αi) and (βi) to be geometric sequences,
βi = bi and αi = lai for 0 < a, b < 1 and l > 0. For this setting, αi → 0 and βi → 0, and the monotonicity
conditions are also satisfied. Moreover, if b ≤ √

a, we have:

2
√
2

∞∑
i=1

βi−1 − βi√
αi

= 2
√
2

∞∑
i=1

bi−1 − bi√
lai

= 2

√
2

l
· 1− b√

a− b
≤ 1

provided that l ≥ 8
(

1−b√
a−b

)2
. Furthermore, if a < b, we have:

∞∑
i=1

αi
βi

=

∞∑
i=1

lai

bi
=

la

b− a
.
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Given the above, the best choice of l is 8
(

1−b√
a−b

)2
, and the problem of minimizing the constant in our regret

bound can be written as:

inf
a,b

8

(
1− b√
a− b

)2

· a

b− a

s.t. 0 < a < b <
√
a < 1.

We find the solution to the above problem numerically, and determine it to be a = 0.1459 and b = 0.2360. For

these values of a and b, 8
(

1−b√
a−b

)2
· a
b−a < 356. We apply this upper bound to Equation 11 and 16, and it follows

that the regret is bounded as:

Rν(n, π) ≤ E[R̂ν(n, π)] + 5md+
mn1−α

2(1− α)
≤
∑
e∈Ã

712m

∆e,min
log n+ 5md+

mn1−α

2(1− α)

D.3 Proof of Proposition 4.7.

The key idea is to decompose the regret into two parts, where the gaps are larger than ϵ and at most ϵ. We
analyze each part separately and then set ϵ to get the desired result.

By D.1 ,it remains to bound R̂ν(n, π) =
∑n
t=m0

∆M(t)I{Ft}I{Kt}, where the event Ft is defined in 10. We
partition R̂ν(n, π) as:

R̂ν(n, π) =

n∑
t=m0

∆M(t)I{Ft,∆M(t) < ϵ}I{Kt}+
n∑

t=m0

∆M(t)I{Ft,∆M(t) ≥ ϵ}I{Kt}

≤ ϵn+

n∑
t=m0

∆M(t)I{Ft,∆M(t) ≥ ϵ}I{Kt}

and bound the first term trivially. The second term is bounded in the same way as R̂ν(n, π) in the proof of
Theorem 4.6, except that we only consider the gaps ∆e,k ≥ ϵ. Therefore, ∆e,min ≥ ϵ and we get:

n∑
t=m0

∆M(t)I{Ft,∆M(t) ≥ ϵ}I{Kt} ≤
∑
e∈Ã

712m

ϵ
log n ≤ 712

ϵ
md log n .

Based on the above inequalities:

Rν(n, π) ≤
712md

ϵ
log n+ ϵn+ 5md+

mn1−α

2(1− α)
.

Finally, we choose ϵ =
√

712md logn
n and get:

Rν(n, π) ≤ 2
√
712mdn log n+ 5md+

mn1−α

2(1− α)
< 54

√
mdn log n+ 5md+

mn1−α

2(1− α)
,

which concludes our proof.

E Analysis of Pareto Optimality

E.1 Proof of Theorem 5.1

First, let us consider the Pareto optimality defined in classic multi-armed bandit with K arms introduced in
Simchi-Levi and Wang (2025) which proposes the necessary and sufficient condition for Pareto optimality in MAB
with general K arms and time horizon T . Specifically, an admissible pair (π∗, ∆̂∗) is Pareto optimal if and only if
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max
ν∈V0

[(
max
i<j≤K

E
(
T,∆∗(i,j)))√Rν

(
T, π∗)] = Õ(1).

In the Combinatorial Bandit setting, we can see each super arm as an arm, thus we have |M| arms and each arm
has its own reward distribution. Speciafically, arm Mτ has a reward distribution with mean µτ =

∑
e∈Mτ

µ(e).
Therefore, it follows that there also exists Pareto optimality in the context of Combinatorial Bandit and the
necessary and sufficient condition is

max
ν∈V0

[(
max

i<j≤|M|
E
(
n,∆

(i,j)
M

))√
Rν

(
n, π

)]
= Ō(1).

where E(n,∆(i,j)
M ) is the estimation error of ATE between Mτi and Mτj with Rν

(
n, π

)
being the cumulative regret

within n time steps under policy π.

E.2 Proof of Lemma 5.3

We first come up with a lemma:
Lemma E.1. When |Aad| = 2, for any given online decision-making policy π, the error of any estimator of
parameter difference can be lower bounded as follows, for any function f : n→ [0, 18 ] and any u ∈ E .

inf
∆̂µ

max
ν∈V0

Pν
(
|∆̂µ −∆ν | ≥ g(t)

)
≥ 1

2

1−
√

16g(t)2Ru

(
n, π

)
3|∆u|

 .
Now we can proceed on our proof. Based on Lemma E.1, given policy π, and ∆̂n, if g(n) ≤

√
3|∆u|

64Ru

(
n,π
) for some

u ∈ V0, there is
max
ν∈V0

E
[
|∆̂µ −∆ν |

]
≥ g(n)max

ν∈V0

Pν
(
|∆̂µ −∆ν |2 ≥ g(n)

)
≥ g(n)

2

1−√16g(n)2

3∆u
Ru

(
n, π

) ≥ g(n)

4
,

where the second inequality holds because of Lemma E.1. We use νπ,∆̂µ
to denote argmaxν∈V0

E
[
|∆̂µ −∆ν |

]
given policy π and ∆̂µ, and thus we have eνπ,∆̂µ

(n, ∆̂µ) ≥ g(n)
4 . After choosing g(n) =

√
3|∆ν

π,∆̂µ
|

64Rν
π,∆̂v

(n,π) ,we retrieve

for any given policy π and ∆̂v,

max
ν∈V0

[
eν(n, ∆̂µ)

√
Rν(n, π)

]
≥ eνπ,∆̄µ

(n, ∆̂µ)
√
Rνπ,∆̄µ

(n, π)

≥ g(n)

4

√
Rνπ,∆̄µ

(n, π) = Θ(1),

where the last equation holds because we consider respective g(n) and ∆ν = Θ(1) for ν ∈ V0. Since the above
inequalities hold true for any policy π and ∆̂µ, we finish the proof.

E.3 Proof of Lemma 5.4

We proceed by contradiction. Suppose that (π0, ∆̂0) satisfies the above condition, but is not Pareto optimal.
Then, there exists a pair (π1, ∆̂1) that Pareto dominates (π0, ∆̂0). According to the lower bound established in
Theorem 5.3, there must exist a point on the Pareto front of (π1, ∆̂1), denoted as

(Eν1(n, ∆̂1),Rν1(n, π1)),
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such that

Eν1(n, ∆̂1)
√
Rν1(n, π1) = Ω(1).

By the definition of Pareto dominance, there must exist a point

(Eν2(n, ∆̂0),Rν2(n, π0)) ∈ F(π0, ∆̂0)

such that
Eν2(n, ∆̂0)

√
Rν2(n, π0) > Eν1(n, ∆̂1)

√
Rν1(n, π1) = Ω(1).

Note that the inequality above is strict with respect to the dependence on n. This implies that

Eν2(n, ∆̂0) ·
√

Rν2(n, π0) = Ω(np)

for some constant p > 0, which contradicts our original assumption.

F Proof of Technical Lemmas

F.1 Proof of Lemma C.2

We have
KL(q, q̃t)−KL(q, qt−1) =

∑
i∈[d]

q(i) log
qt−1(i)

q̃t(i)
= −η

∑
i∈[d]

q(i)w̃t(i) + logZt,

with
logZt = log

∑
i∈[d]

qt−1(i) exp (ηw̃t(i))

≤ log
∑
i∈[d]

qt−1(i)
(
1 + ηw̃t(i) + η2w̃2

t (i)
)

≤ ηq⊤t−1w̃t + η2q⊤t−1w̃
2
t ,

(17)

where we used exp(z) ≤ 1 + z + z2 for all |z| ≤ 1 in the first inequality and log(1 + z) ≤ z for all z > −1 in the
second inequality. Later we verify the condition for the former inequality.

Hence we have
KL(q, q̃t)−KL(q, qt−1) ≤ ηq⊤t−1w̃t − ηq⊤w̃t + η2q⊤t−1w̃

2
t .

Generalized Pythagorean inequality (see Theorem 3.1 in Csiszar and Shields (2004)) basically says that if Ut = 0

and qt = argminp∈Q
∑
i∈[d] p(i) log

p(i)
q̃t(i)

, there is

KL(q, qt) + KL(qt, q̃t) ≤ KL(q, q̃t).

Since KL(qt, q̃t) ≥ 0, we get if Ut = 0,

KL(q, qt)−KL(q, qt−1) ≤ ηq⊤t−1wt − ηq⊤wt + η2q⊤t−1w
2
t .

Obviously if Ut = 1, qt = qt−1, therefore, summing over t gives∑
t∈Vn

(
q⊤w̃t − q⊤t−1w̃t

)
≤ η

∑
t∈Vn

q⊤t−1w̃
2
t +

KL(q, q0)

η
.

To satisfy the inequality condition in 17, i.e., η|w̃t(i)| ≤ 1, ∀i ∈ [d], we find the upper bound for maxi∈[d] |w̃t(i)|
as follows:

max
i∈[d]

|w̃t(i)| ≤ ∥w̃t∥2 = ∥Σ+
t−1θM(t)f(M(t), wt)∥2 ≤ m∥Σ+

t−1θM(t)∥2

≤ m
√
θ⊤
M(t)Σ

+
t−1Σ

+
t−1θM(t) ≤ m∥θM(t)∥2

√
λmax

(
Σ+
t−1Σ

+
t−1

)
= m3/2

√
λmax

(
Σ+
t−1Σ

+
t−1

)
= m3/2 λmax

(
Σ+
t−1

)
=

m3/2

λmin (Σt−1)
,
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where λmax(A) and λmin(A) respectively denote the maximum and the minimum nonzero eigenvalue of matrix
A. Note that ρ0 induces uniform distribution over M. Thus by q′t−1 = (1− γ)qt−1 + γρ0 we see that pt−1 is a
mixture of uniform distribution and the distribution induced by qt−1. Note that, we have:

x⊤Σt−1x = E
[
x⊤θM(t)θ

⊤
M(t)x

]
= E

[(
θ⊤
M(t)x

)2]
≥ γE

[(
θ⊤
Mx
)2]

,

where in the last inequality M has law ρ0. By definition, we have for any x ∈ span(θ) with ∥x∥2 = 1, there is
E
[
(θ⊤
Mx)

2
]
≥ λmin, so that in the end, we get λmin(Σn−1) ≥ γλmin, and hence η|w̃t(i)| ≤ ηm3/2

γλmin
,∀i ∈ [d]. Finally,

we choose η ≤ γλmin

m3/2 to satisfy the condition for the inequality we used in 17.

F.2 Proof of Lemma D.1.

Let Rt = R(M(t), wt) be the stochastic regret of MixCombUCB at time t, where M(t) and wt are the super arm and
the weights of the items at time t, respectively. Furthermore, let Et = {∃e ∈ A :

∣∣µ(e)− ŵTt−1(e)(e)
∣∣≥ ct−1,Tt−1(e)}

be the event that µ(e) is outside of the high-probability confidence interval around ŵTt−1(e)(e) for some item e at
time t; Kt = {M(t) = M̃(t)} to denote the event that UCB best arm is chosen by algorithm; and let Ēt be the
complement of Et, µ(e) is in the high-probability confidence interval around ŵTt−1(e)(e) for all e at time t. Then
we can decompose the regret of CombUCB1 as:

Rν(n, π) = E

[
m0−1∑
t=1

Rt

]
+ E

[
n∑

t=m0

I {Et} I{Kt}Rt
]
+ E

[
n∑

t=m0

I
{
Ēt
}
I {Kt}Rt

]
+ E

[
n∑

t=m0

I{K̄t}Rt
]
.

Now we bound each term in our regret decomposition.

The regret of the initialization, E
[∑m0−1

t=1 Rt

]
, is bounded by md because Algorithm 2 terminates in at most d

steps, and Rt ≤ m for any M(t) and wt. The second term in our regret decomposition, E
[∑n

t=m0
I{Et}I{Kt}Rt

]
,

is small because all of our confidence intervals hold with high probability. In particular, for any e, s, and t:

P (|µ(e)− ŵs(e)| ≥ ct,s) ≤ 2 exp[−3 log t] ,

and therefore:

E

[
n∑

t=m0

I{Et}I{Kt}
]
≤
∑
e∈E

n∑
t=1

t∑
s=1

P (|µ(e)− ŵs(e)| ≥ ct,s) ≤ 2
∑
e∈E

n∑
t=1

t∑
s=1

exp[−3 log t] ≤ 2
∑
e∈E

n∑
t=1

t−2 .

Since Rt ≤ m for any M(t) and wt, E
[∑n

t=m0
I {Et} I{Kt}Rt

]
≤ 4md.

Finally, we rewrite the last term in our regret decomposition as:

E

[
n∑

t=m0

I
{
Et
}
I{Kt}Rt

]
(a)
=

n∑
t=m0

E
[
I
{
Et
}
I{Kt}E [Rt |M(t)]

] (b)
= E

[
n∑

t=m0

∆M(t)I
{
Et,∆M(t) > 0

}
I{Kt}

]
.

In equality (a), the outer expectation is over the history of the agent up to time t,which in turn determines M(t)
and Et; and E [Rt |M(t)]is the expected regret at time t conditioned on super arm M(t). Equality (b) follows
from ∆M(t) = E [Rt |M(t)] . Now we bound ∆M(t)1{Et,∆M(t) > 0} for any suboptimal M(t). The bound is
derived based on two facts. First, when MixCombUCB chooses M(t), f(M(t), Ut) ≥ f(M∗, Ut). This further implies
that

∑
e∈M(t)\M∗ Ut(e) ≥

∑
e∈M∗\M(t) Ut(e). Second, when event Et happens,

∣∣µ(e)− ŵTt−1(e)(e)
∣∣ < ct−1,Tt−1(e)

for all items e. Therefore:

∑
e∈M(t)\M∗

µ(e) + 2
∑

e∈M(t)\M∗

ct−1,Tt−1(e) ≥
∑

e∈M(t)\M∗

Ut(e) ≥
∑

e∈M∗\M(t)

Ut(e) ≥
∑

e∈M∗\M(t)

µ(e) ,
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and 2
∑
e∈M(t)\M∗ ct−1,Tt−1(e) ≥ ∆M(t) follows from the observation that ∆M(t) =

∑
e∈M∗\M(t) µ(e)

−∑e∈M(t)\M∗ µ(e). Now note that cn,Tt−1
(e) ≥ ct−1,Tt−1(e) for any time t ≤ n. Therefore, the event Ft

must happen and:

E

[
n∑

t=m0

∆M(t)I
{
Et,∆M(t) > 0

}
I{Kt}

]
≤ E

[
n∑

t=m0

∆M(t)I {Ft} I{Kt}
]
.

Noticed that

E

[
n∑

t=m0

I{K̄t}Rt
]
≤ mE

[
n∑

t=m0

I{K̄t}
]
=
m

2

n∑
t=m0

1

tα
≤ mn1−α

2(1− α)

This conclude our proof.

F.3 Proof of Lemma D.2.

We follow the proof framework of Kveton et al. (2015) and we firstly fix t such that ∆M(t) > 0. Because t is fixed,
we use shorthands Gi = Gi,t and mi = mi,t. Letr

Si =
{
e ∈ M̂(t) : Tt−1(e) ≤ mi

}
be the set of items in M̂(t) that are not observed “sufficiently often" under event Gi. Then event Gi can be
written as:

Gi =

i−1⋂
j=1

{|Sj | < βjm}

 ∩ {|Si| ≥ βim} .

Now we prove that event Gi happens for some i by showing that the event that none of our events happen cannot
happen. Note that this event can be written as:

Ḡ =

∞⋃
i=1

Gi =

∞⋂
i=1

i−1⋃
j=1

{|Sj | ≥ βjm}

 ∪ {|Si| < βim}

 =

∞⋂
i=1

{|Si| < βim} .

Let S̄i = M̂(t)\Si and S0 = M̂(t). Then by the definitions of S̄i and Si, ¯̄Si−1 ⊆ S̄i for all i > 0. Furthermore, note
that limi→∞mi = 0. So there must exist an integer j such that S̄i =M(t) for all i > j, and M̂(t) =

⋃∞
i=1(S̄i\ ¯̄Si−1).

Finally, by the definition of S̄i, Tt−1(e) > mi for all e ∈ S̄i. Now suppose that event Ḡ happens. Then:

∑
e∈M̂(t)

1√
Tt−1(e)

<

∞∑
i=1

∑
e∈S̄i\S̄i−1

1√
mi

=

∞∑
i=1

|S̄i \ S̄i−1|√
mi

,

We apply the basic properties of Si, S̄i and mi we can know:

∞∑
i=1

|S̄i \ S̄i−1|
1√
mi

=

∞∑
i=1

(|Si−1 \ Si|)
1√
mi

=

∞∑
i=1

(|Si−1| − |Si|)
1√
mi

=
|S0|√
m1

+

∞∑
i=1

|Si|
(

1√
mi+1

− 1√
mi

)

<
β0K√
m1

+

∞∑
i=1

βim

(
1√
mi+1

− 1√
mi

)
=

∞∑
i=1

(βi−1 − βi)m
1√
mi

.
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The first two equalities follow from the definitions of S̄i and Si. The inequality follows from the facts that
|Si| < βim for all i > 0 and |S0| ≤ β0m. In addition, let event Ft happen. Then:

∆M(t) ≤ 2
∑

e∈M̂(t)

√
2 log n

Tt−1(e)
< 2
√
2 log n

∞∑
i=1

(βi−1 − βi)m√
mi

= 2
√
2∆M(t)

∞∑
i=1

βi−1 − βi√
αi

≤ ∆M(t)

where the last inequality is due to our assumption in 14 The above is clearly a contradiction. As a result, Ḡ
cannot happen, and event Gi must happen for some i.

F.4 Proof of Lemma E.1

First, we define distribution B as if X ∼ B(p) then X = 1 with probability p and X = 0 with probability
1 − p Then we construct combinatorial model instance ν = (ν1, ν2) and two combinatorial bandit instance
ν1 = (B( 12 − ζ), B( 12 )) and ν2 = (B( 12 − ζ), B( 12 + 2g(t)).(we can ignore numbers of basic action d as we can
construct (X1, X2) = νi with i = 1, 2 and (X3, ..., Xd) = 0⃗ therefore for every super arm M ∈ M we can only
observe feedback from X1, X2)

Without loss of generality we can assume ζ ∈ [0, 1) and g(t) ∈ [0, 18 ]. Then we have the estimation error ∆µ being
∆ν1 = ζ and ∆ν2 = ζ + 2g(t) in two cases. We define the minimum distance test ψ(∆̂µ) that is associated to ∆̂µ

by
ψ(∆̂µ) = arg min

i=1,2
|∆̂µ −∆νi |.

If ψ(∆̂µ) = 1, there is obviously |∆̂µ−∆ν1 | ≤ |∆̂µ−∆ν2 |. By the triangle inequality, we know that, if ψ(∆̂µ) = 1,

|∆̂µ −∆ν2 | ≥ |∆ν1 −∆ν2 | − |∆̂µ −∆ν1 | ≥ |∆ν1 −∆ν2 | − |∆̂µ −∆ν2 |,

which directly implies that

|∆̂µ −∆ν2 | ≥
1

2
|∆ν1 −∆ν2 | = g(t).

Symmetrically, if ψ(∆̂µ) = 2, we wiil see

|∆̂µ −∆ν1 | ≥
1

2
|∆ν1 −∆ν2 | = g(t).

Therefore, we can apply the above to show

inf
∆̂µ

max
ν∈V0

Pν
(
|∆̂µ −∆ν | ≥ g(t)

)
≥ inf

∆̂µ

max
i∈{1,2}

Pνi
(
|∆̂µ −∆νi | ≥ g(t)

)
≥ inf

∆̂µ

max
i∈{1,2}

Pνi
(
ψ(∆̂µ) ̸= i

)
≥ inf

ψ
max
i∈{1,2}

Pνi (ψ ̸= i) .

where the last infimum is taken over all tests ψ based on Ht that take values in {1, 2}.

inf
∆̂µ

max
ν∈V0

Pν
(
|∆̂µ −∆ν | ≥ g(t)

)
≥ 1

2
inf
ψ

(Pν1(ψ = 2) + Pν2(ψ = 1)) =
1

2
[1− TV(Pν1 ,Pν2)]

≥ 1

2

[
1−

√
1

2
KL(Pν1 ,Pν2)

]
≥ 1

2

[
1−

√
16g(t)2

3∆ν1

Rν1

(
n, π

)]
.

where the equality holds due to Neyman-Pearson lemma and the second inequality holds due to Pinsker’s inequality,
and the third inequality holds due to the following:
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KL(Pν1 ,Pν2) =
n∑
t=1

Eν1 [KL(P1,At , P2,At)] =

2∑
i=1

Eν1 [Ti(n)]KL(P1,i, P2,i)

= KL(B(
1

2
), B(

1

2
+ 2g(t))) (Eν1 [T2(n)]) ≤

32(g(t))2

3∆ν1

Rν1

(
n, π

)
.

where we use

KL(B(
1

2
), B(

1

2
+ 2g(t))) =

1

2
· log

1
2

1
2 + 2g(t)

+
1

2
· log

1
2

1
2 − 2g(t)

=
1

2
· log

(
1

1− 16g(t)2

)
≤ 1

2
(

1

1− 16g(t)2
− 1) ≤ 8g(t)2

1− 16g(t)2
≤ 32

3
g(t)2.

As we know the history Ht is generated by selection rule π and ∆ν1Eν1 [T2(n)] is basically the expected regret of
ν1, which is just the definition of regret. It shows that the last inequality holds and thus we finish our proof.

G Construction of Restricted Bandit Structure

We consider the 2d0-th (d0 ∈ N∗) armed fully combinatorial bandit with super-arm set as

M = {{1}, {2}, {3, 4}, {5, 6}, ...., {2d0 − 1, 2d0}}

and we can see that for every basic action e ∈ {3, 4, ..., 2d0} ⊂ A, we can see that θe /∈ span{θM :M ∈ M}, that
means we cannot express the reward of basic action θewt within the linear space drawn by observable reward
{θMwt :M ∈ M}. This shows that only the reward of basic action {1}, {2} is estimable.

H Existing Techincal Results

In this section we state some well-known theorems used in our paper:

Theorem H.1. (Bernstein’s Inequality). Let X1, X2, · · · be a martingale difference sequence, such that |Xt| ≤ αt
for a non-decreasing deterministic sequence α1, α2, · · · with probability 1. Let Mt :=

∑t
τ=1Xτ be martingale. Let

V̄1, V̄2, · · · be a deterministic upper bounds on the variance Vt :=
∑t
τ=1 E[X2

τ |X1, · · · , Xτ−1] of the martingale

Mt, such that V̄t − s satisfy
√

ln( 2
δ )

(e−2)Vt
≤ 1

αt
. Then, with probability greater than 1− δ, for all t:

|Mt| ≤ 2

√
(e− 2)V̄t ln

2

δ
.

Theorem H.2. (Neyman-Pearson Lemma). Let P0 and P1 be two probability measures. Then for any test ψ, it
holds

P0(ψ = 1) + P1(ψ = 0) ≥
∫

min(p0, p1).

Moreover, the equality holds for the Likelihood Ratio test ψ⋆ = I(p1 ≥ p0).

An direct corollary is that:

Corollary H.3.

inf
ψ

[P0(ψ = 1) + P1(ψ = 0)] = 1− TV (P0,P1).

Proof. Denote that P0 and P1 are defined on the probability space (X ,A). By the definition of the total variation
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distance, we have
TV (P0,P1) = sup

R∈A
|P0(R)− P1(R)|

= sup
R∈A

∣∣∣∣∫
R

p0 − p1

∣∣∣∣
=

1

2

∫
|p0 − p1|

= 1−
∫

min(p0, p1)

= 1− inf
ψ

[P0(ψ = 1) + P1(ψ = 0)] .

where the last equality applies the Neyman-Pearson Lemma, and the fourth equality holds due to the fact that∫
|p0 − p1| =

∫
p1≥p0

(p1 − p0) +

∫
p1<p0

(p0 − p1)

=

∫
p1≥p0

p1 +

∫
p1<p0

p0 −
∫

min(p0, p1)

= 1−
∫
p1<p0

p1 + 1−
∫
p1≥p0

p0 −
∫

min(p0, p1)

= 2− 2

∫
min(p0, p1).

And we finished our proof.

Theorem H.4. (Pinsker’s inequality). Let P1 and P2 be two probability measures such that P1 ≪ P2. Then,

TV (P1,P2) ≤
√

1

2
KL(P1,P2).


