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ABSTRACT ARTICLE HISTORY

The Poisson factor model is a powerful tool for dimension reduction and visualization of large-scale count Received July 2024

datasets across diverse domains. Despite the availability of efficient algorithms for estimating factors and Accepted July 2025

loadings, existing methods either require prior knowledge of the number of factors, or resort to ad hoc

criteria for its determination. This article proposes a novel data-driven criterion called Information Criterion ~ KEYWORDS

via Data Thinning (ICDT), leveraging the thinning property of the Poisson distribution. Unlike traditional data Degrees of freedom; Factor
. 2 . . . L. . . analysis; Model selection;

splitting, data thinning partitions the count matrix into training and validation sets while preserving both the Poisson thinning; Supervised

distribution and the underlying data structure. Interestingly, the validation error can be decomposed into dimension reduction

the training error plus a covariance penalty. A simple estimator of the covariance penalty is obtained, leading

to the development of ICDT. The selection consistency of ICDT is derived when both the sample size and the

number of variables diverge to infinity. The proposed methodology is extended to dimension reduction

in regression by incorporating the response inversely into the Poisson factor model. Extensive simulated

examples and two real data applications are used to evaluate the performance of ICDT and compare it

with existing criteria. Supplementary materials for this article are available online, including a standardized

description of the materials available for reproducing the work.

1. Introduction counts, it is more suitable to model them using the Poisson or
negative binomial distribution.

Some progress has been made in the framework of gener-
alized factor models (GFMs, also known as generalized latent
variable models), which extend linear factor models to non-
Gaussian data (Chen and Li 2022; Kidzinski et al. 2022; Wang
2022). To estimate parameters in GFMs, one can integrate the
random factors out and maximize the marginal log-likelihood
function. Approximating the marginal likelihood using penal-
ized quasi-likelihood, Kidzinski et al. (2022) introduced two
efficient algorithms for fitting large-scale GFMs and proposed
using nuclear norm regularization and cross-validation to select
the number of latent variables or factors. Nevertheless, the theo-
retical properties of parameter estimation and model selection
have not been established. On the other hand, treating the
latent variables as fixed model parameters, Chen and Li (2022)
introduced a joint-likelihood-based information criterion for
determining the number of factors in GFMs, and developed
an alternating optimization procedure for maximizing the joint
likelihood. Under mild conditions, they proved the consistency
of the proposed criterion when both the numbers of samples and
variables grow to infinity. A similar approach was independently
proposed by Liu et al. (2023) in a more general setting where the
observed variables are of mixed types. A different line of research
employs Bayesian methods, as explored in Bhattacharya and

Count data, representing the frequency of events or occurrences,
are prevalent across diverse fields such as life sciences, social
sciences, finance, and marketing. With the expanding scope
and scale of data collection, researchers are increasingly using
count data to uncover interesting insights, reveal patterns and
trends, and inform decision-making processes (Wang et al. 2018;
Kelly, Manela, and Moreira 2021; Cohn, Liu, and Wardlaw 2022).
However, in modern practice, count data typically involve a
large number of observations on numerous variables, posing
challenges in statistical modeling, computational efficiency, and
interpretation.

Factor analysis, a versatile statistical method with applica-
tions across various disciplines (Bartholomew, Knott, and Mous-
taki 2011), explains patterns of correlations among observed
variables by reducing the dimensionality of data, representing
a large number of variables with a smaller number of factors.
While various methods have been proposed for factor extraction
and determining the number of factors, existing approaches
have primarily focused on continuous data and linear factor
models (e.g., Bai and Li 2012; Li et al. 2018; Fan, Guo, and Zheng
2022). However, these methods, typically based on a squared
loss or the Gaussian distribution, may encounter computational
and interpretational challenges when applied to count data. To
account for the non-negativity and discreteness of observed
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Dunson (2011), Srivastava, Engelhardt, and Dunson (2017), and
Legramanti, Durante, and Dunson (2020).

In a seminal work, Bai and Ng (2002) suggested several infor-
mation criteria for use in linear factor models, each employing
an ad hoc penalty term. These criteria have since been adopted
for generalized factor models. Let n, p, and k denote the numbers
of samples, variables, and factors, respectively. Two candidate
penalty terms take the form k {(n \V p)/np} In {np/(n v p)} and
k{(n+p)/np}In{np/(n+ p)}. The former was recommended
by Chen and Li (2022), while the latter was adopted by Liu et al.
(2023), and both were considered by Jentsch, Lee, and Mammen
(2021). However, despite their widespread application, there is
currently no theoretical guidance on how to differentiate or
choose among them. In linear factor models, an alternative way
of consistently selecting the number of factors is the ratio-based
rule (Lam, Yao, and Bathia 2011; Ahn and Horenstein 2013).
The extension of such a rule to generalized factor models was
recently examined by Jentsch, Lee, and Mammen (2021), but
without a theoretical guarantee.

In this article, we consider the Poisson factor model for
extracting meaningful insights from large-scale count datasets,
and propose two data-driven criteria for model selection by
leveraging the thinning property of the Poisson distribution
(Last and Penrose 2017). Loosely speaking, the technique of data
thinning decomposes a random variable into two independent
variables, each of which, up to a known parameter scaling,
follows the same distribution as the original variable (refer to
Leiner et al. 2023, Neufeld et al. 2024, and the references therein
for further details).

The first criterion, Validation Set via Data Thinning (VSDT),
involves decomposing the observed count matrix into two
matrices, fitting a Poisson factor model to one matrix, and
evaluating the fitted model using the other matrix. However,
theoretical analysis shows that VSDT has a tendency to over-
estimate the true number of factors under the assumption of its
existence. As a by-product of VSDT, an unbiased estimator of
the covariance penalty for the Poisson factor model is obtained,
which, to our knowledge, represents a novel contribution to
the factor analysis literature. The asymptotic property of the
estimator is derived under mild conditions. This leads directly to
the second criterion, Information Criterion via Data Thinning
(ICDT), which takes the form of a generalized information
criterion. The selection consistency of ICDT is established as
both the sample size and the number of variables grow to infinity.

Factor analysis serves as a technique for extracting a few
factors that explain a large proportion of the variability in
the data. Typically, these factors are treated as predictors and
are connected to a response variable in a forward regression.
However, factor analysis is an unsupervised technique because
the response is not used. Model-based inverse regression
provides a framework of dimension reduction in regression,
wherein the conditional distribution of the predictors given the
response is modeled to construct low-dimensional substitutes
for the predictors (Cook and Forzani 2008). Although some
progress has been made for count-valued predictors (Taddy
2013, 2015; Pang, Zhao, and Wang 2024), the theoretical
properties of these methods are either lacking or limited to
the setting where the number of predictors diverges slowly
as the sample size increases. To make the factors relevant for

predicting the response, the Poisson factor inverse regression
model is introduced, which inversely incorporates the response
into the Poisson factor model. The proposed methodology is
then extended to the inverse regression model. Theoretical
properties of the estimates, as well as the selection consistency
of ICDT, are derived under more relaxed assumptions on the
relationship between the number of predictors and the sample
size.

2. Poisson Factor Model for Multivariate Count Data

Let X = (x;) denote an n x p matrix of observed counts, where
rows i = 1,...,n are samples and columns j = 1,...,p are
variables or features. The Poisson factor model assumes that,
conditionally on a vector of g < p latent variables or factors,
f;» all components of the ith row, Xj1, . .., Xjp, are independent,
and each follows a Poisson distribution,

{ Xj; ~ Poisson (%), (1)
1

Aij = exp (lef, + Otj) ,

where o; denotes a feature-specific intercept and J; is a g-vector
of factor loadings.

As mentioned previously, the Poisson factor model, widely
used across diverse domains, is a prominent tool for extracting
meaningful insights from multivariate count data. For example,
the factors f; are not only useful for data visualization but can
also serve as inputs for downstream tasks, such as clustering and
supervised learning (Kidzinski et al. 2022; Zhang, Xu, and Zhu
2022).

LetF = (f,....f,) e R"™%andL=(L,...,I,)" € RP¥4.
Neither L nor F is identifiable. Indeed, for any g x q nonsingular
matrix V, model (1) remains unchanged if we rotate F and LT
to FV and V™ILT, respectively. To avoid rotation invariance
and ensure parameter identifiability, we impose the following
assumptions:

(A1) 7' Y0 f; = 0gand n 'FTF = I, where 0y is the g-
vector of zeros, and I is the g x g identity matrix;

(A2) LTL is a diagonal matrix with decreasing diagonal ele-
ments;

(A3) The element with maximum absolute value in each col-
umn of L is positive.

Bai and Li (2012) summarized several sets of identifiability
conditions for linear factor models. These conditions have been
adopted or modified for generalized factor models (Jentsch,
Lee, and Mammen 2021; Chen and Li 2022; Liu et al. 2023).
Therefore, the assumptions (A1)-(A3) are just one set of con-
ditions that achieve identifiability for Poisson factor models.
In the latent variable modeling literature, where the factors are
random, it is common to assume that the vector of factors has a
zero mean vector and an identity covariance matrix. Assump-
tion (A1), which imposes a set of constraints on factors, is a
sample counterpart. Given (A1), assumptions (A2) and (A3)
on loadings are natural, as the factor matrix F and the loading
matrix L can be uniquely determined up to a diagonal matrix
whose entries are 1 or —1 on the diagonals. Specifically, (A2)
accommodates varying signal strengths across different factors,
while (A3) imposes a sign constraint on one element in each



column of the loading matrix. Note that in this article, we assume
that the factors are nonrandom. If they were assumed to be
random, then our method could be interpreted as conditioning
on them. See the supplementary material for a proof of the
following proposition.

Proposition 1. Let (F, L,a) and (F/,L’,ot’) be two set of param-
eters satisfying model (1) and Assumptions (A1)-(A3), then we
have F=F,L=L,anda =o'

We adopt a joint likelihood approach for fitting the Pois-
son factor model, due to the availability of efficient algorithms
that can scale to large datasets, as well as the established the-
oretical results applicable in high-dimensional settings where
both n and p diverge to infinity (Chen and Li 2022; Kidzinski
et al. 2022; Liu et al. 2023). Let §; = (aj,le)T e Rt and
© = (#1,...,0,)" € RP*@D The joint log-likelihood of the
observed data is

n p
YD 1(f- 05 x5)

i=1 j=1

=33 [ (i+) - 0 71+

i=1 j=1

_ 1n(x,~jz)] :

I(F,0;X) =

We maximize the joint log-likelihood via an alternating two-
step procedure. In Step 1, conditional on F®, we update ® by
solving

0(t+1) = argmaxz (

0],x,])

0 i=1
forj=1,...,p, and then we adjust @ "V to meet Assumptions
(A2)-(A3). In Step 2, conditional on @“*Y, we update F by
solving

P
ﬁt+1) = arg max Z l (fi, g](t+1);x,j> ,
fi =1

fori=1,...,n, and then we adjust F**1 to fulfill Assumption
(Al). In our algorithm, we iterate through Step 1 and Step 2
until the change in log-likelihood relative to the updated log-
likelihood becomes sufficiently small. Additional implementa-
tion details, including the pseudo code, can be found in the
supplementary material.

3. Determining the Number of Factors

In this section, we introduce two novel criteria for determining
the number of factors, both leveraging the data thinning tech-
nique (Last and Penrose 2017; Neufeld et al. 2024).

3.1. Validation Set via Data Thinning

We begin this subsection by presenting the thinning property of
the Poisson distribution.

JOURNAL OF THE AMERICAN STATISTICAL ASSOCIATION e 3

Proposition 2 (Theorem 5.8 in Last and Penrose 2017). If X ~
Poisson (A) and Z | X ~ Binomial(X,7), where 0 < 7w <
1, then Z ~ Poisson (7A) and X — Z ~ Poisson ((1 — m)A).
Furthermore, Z and X — Z are independent.

The thinning property is not limited to the Poisson distri-
bution. It also holds for the normal, multinomial, and gamma
distributions, and more generally, for convolution-closed distri-
butions (Neufeld et al. 2024). More recently, the concept of data
thinning has been extended to natural and general exponential
families, as well as to distributions beyond both the convolution-
closed and exponential families; see Dharamshi et al. (2025)
for more details. According to Proposition 2, for 7 = 0.5, the
observed data matrix X can be thinned into two independent
and identically distributed parts, X and X5. Consequently, for
a candidate set of models, we can perform model assessment
and selection by applying each model to X4, and then validate
it using X5. This leads to a Validation Set via Data Thinning
(VSDT) criterion for choosing the number of factors.

For a Poisson factor model containing k factors, denote by

~A, ~ Ak
" and @™ the factor matrix and loading matrix obtained
by fitting the model to X. We measure the quality of fit of the

model on X? by evaluating the log-likelihood of X® at 7" and
~ Ak

(S
Z(A gtk )=Zi|x1? (AI}A,kT}.iA,k_I_&JA,k)

i=1 j=1
1 AAKTAAK
——exp (1;4 f? +otjA’k)} >

where terms independent of k have been omitted. The VSDT
criterion is given by

=

g1 = argmax; (ﬁA’k, @A’k;XB)

n P
~AKTAAK
= argmax;, Z Z {xg ([]A .+ a].A’k>

i=1 j=1
__exp< kaAk AAk)}

Data thinning bears similarity to data splitting, as both are
resampling methods rooted in the concept of randomization.
While data splitting has gained considerable popularity and can
be applied to various statistical problems (Rinaldo, Wasserman,
and Gsell 2019; Dai et al. 2023), its utility within the framework
of factor analysis is limited due to the disruption of the data
structure when dividing either the samples or features into two
(or more) parts (Owen and Wang 2016). In contrast, data thin-
ning offers an advantage in this regard by partitioning the data
matrix into two (or more) parts while preserving not only the
distribution but also the underlying data structure.

Theorem 1. Assume that Conditions (C1)-(C3) in the supple-
mentary material hold. If n = o(p*) and Inp = o(n), then we
have P(q; > q) — l,asn,p — oo.

The VSDT criterion evaluates a candidate set of models based
on their predictive ability, similar in spirit to cross-validation
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(Hastie et al. 2009). It is known that traditional cross-validation,
which is based on sample splitting, tends to overfit the model
(Shao 1993; Jin, Miao, and Su 2021). Similarly, VSDT can be
susceptible to over-selection; see Section 5 for details.

It is generally a good idea to set a random seed when per-
forming a resampling procedure that contains an element of
randomness, so that the results obtained can be reproduced
precisely at a later time. This is the case for the VSDT criterion.
Alternatively, we can repeat VSDT a couple of times, and then
aggregate the results by taking a majority vote.

3.2. Covariance Penalty

The following proposition regarding VSDT is both simple and
powerful, offering an insightful characteristic of this criterion.

Proposition 3. Let E(-) indicate expectation over both X4 and
X8, Then

B {1 (6" x|
_ B|-1(# 6" x)]

n p
+ 33 Cov (o THTH  a).

i=1 j=1

If we treat X as the training dataset and X® as the validation
dataset, then, on average, the first term on the right-hand side
is the training error, while the second term takes the form of a
covariance penalty (Efron and Hastie 2016). Proposition 3 then
says that the training error underestimates the true error by the
covariance penalty.

The covariance penalty is a fundamental concept in statis-
tics, closely linked to the notion of degrees of freedom (Efron
and Hastie 2016). However, despite their importance, there is
a lack of available results regarding either covariance penalty
or degrees of freedom in the context of the Poisson factor
model. In general, the form of the covariance penalty depends
on the context assumed for the prediction problem. While it can
sometimes be determined analytically, more often, it necessitates
computationally intensive methods such as the bootstrap (Efron
and Hastie 2016). Let

n p
dfy = Z Z cov (x?, A[]-A’ijA‘?’k + &]A’k) ,
i=1 j=1
and

i, = l(ﬁ“"", éA’k;XA) - l(ﬁ“"", éA’k;XB) .

Somewhat miraculously, Proposition 3 shows that, for the Pois-

son factor model, df k is an unbiased estimate of df. The follow-
ing proposition analyzes dfj asymptotically.

Proposition 4. Assume that Conditions (C1)-(C3) in the sup-
plementary material hold. For k > g, omitting terms that are
independent of k, we have

dfi = (k+ Dp + kn + 0p(n + p).

As previously mentioned, data thinning involves an element
of randomness. An improved stable estimate of dfy can be
obtained by repeating thinning M > 1 times and then aggregat-
ing the results by calculating the mean. Let X4 and X2 denote
the data matrices from the mth repetition, for m = 1,..., M.
We propose to estimate dfy by

i 3 o) 121t
m=1

3.3. Information Criterion via Data Thinning

A criterion for selecting the number of factors is considered con-
sistent when, in the scenario where the true model is included
among the candidate models, the probability of selecting the
true model approaches one. According to Theorem 1, the VSDT
criterion may not be consistent without additional stringent
conditions. Several information criteria have been proposed for
generalized factor models, and the consistency of some is estab-
lished as both the sample size (n) and the number of variables (p)
grow to infinity (Jentsch, Lee, and Mammen 2021; Chen and Li
2022; Liu et al. 2023). However, these criteria often employ an ad
hoc penalty term without theoretical support and interpretation.

To address this issue, we introduce an Information Criterion
via Data thinning (ICDT) by leveraging the unbiasedness of dfj
as an estimate for dfy. Specifically, the criterion has the form

Q@ = arglrcnax {l (ﬁ‘k, (:)k;X) — dfy xf(n,p)} ,

where f(n,p) > 0 is a penalty function, and needs to be
specified.

The following theorem asserts the selection consistency of
ICDT.

Theorem 2. Assume that Conditions (C1)-(C3) in the supple-
mentary material hold. If n = o(p*), Inp = o (n3/4),f(n,p) =
(0] (min(f, ﬁ)), andf_l(n,p) = 0(1), then we have P(g, =

q) — l,sn,p — oo.

The condition f~!(n,p) = o(1), or equivalently f(n,p) —
00, ensures that when the working number of factors exceeds
the true number, the penalty term dominates and the probabil-
ity of overestimating the number of factors converges to zero.
Besides, the condition f(n,p) = O (min(f , ﬁ)) guarantees
that when the working number of factors is smaller than the true
number, the difference in the likelihood function becomes the
dominant term, ensuring that the probability of underestimating
the number of factors tends to zero. These two conditions on
the penalty function f (s, p) are mild and commonly assumed to
ensure the consistency of information criteria for selecting the
number of factors (Bai and Ng 2002; Liu et al. 2023). We take
f(n,p) =1In{np/(n+ p)} in our numerical studies.

4. Poisson Factor Augmented Inverse Regression

In this section, we consider the regression or classification set-
ting where, alongside the high-dimensional count vector X =
X1, XP)T, there is a response variable of interest, denoted by



Y. We are interested in understanding the relationship between
X and Y. The Poisson factor model (1), along with the proposed
criteria, serves as a method for extracting a few factors that
explain alarge proportion of the variability in the count vector X.
However, the factors are identified in an unsupervised manner,
as the response Y is not used to determine them. Consequently,
the Poisson factor model suffers from a limitation: there is no
guarantee that the extracted factors will be relevant for pre-
dicting the response. One way of addressing this issue is to
incorporate the response inversely into the Poisson factor model,
leading to the Poisson factor inverse regression model:

Xijj | Yi = yi ~ Poisson (Aij) R
T T ()
ry = exp (17, + b, + ).
where s, € R9 is a known function of the response and b; € R4
is the corresponding coefficient vector.

Similar to the Poisson factor model, the inverse regression
model is used to identify factors that explain the count vector.
However, in this model, the response variable supervises the
identification of these factors, resulting in factors that explain
both the count vector and the response. Let B = (by, . . ., bp)T €

R?*4, This claim is made precise in the following proposition.

Proposition 5. Under model (2), Y 1L X | (L, B)" X. Fur-
thermore, (L, B) " X is minimal sufficient for the regression of
Y on X.

In scenarios with high-dimensional predictors, conducting
forward regressions can be challenging, especially in the absence
of a pre-specified model. In contrast, fitting an inverse regression
model of the predictors on the response is more manageable and
facilitates the construction of low-dimensional summaries of the
predictors relevant to the forward regression. In particular, for
multivariate counts, the multinomial inverse regression serves
as a tool for supervised dimension reduction (Taddy 2013; Pang,
Zhao, and Wang 2024). Given that the multinomial distribution
can be approximated by a product of independent Poisson distri-
butions (Taddy 2015), model (2) can be regarded as an extension
of the multinomial inverse regression model.

While classical sufficient dimension reduction methods also
employ the idea of inverse regression, they are largely moment-
based, making them unsuitable for count predictors (Li 2018).
Moreover, in contrast to the proposed method, they are typically
designed for low-dimensional settings and often rely on sparsity
assumptions when extended to high-dimensional data (Li 2018).

4.1. Estimation

From the perspective of dimension reduction in regression,
only the subspace spanned by the columns of (L, B) is identi-
fiable. Such a space is called a dimension-reduction subspace
(Cook and Forzani 2008). Nevertheless, as with model (1), the
parameters in model (2) can still be identified under certain
assumptions.

Assumption (A1) n' Y"1, f.
Yimisfy=0qfor1 <l<gq.

Proposition 6. Let (F,L,B,a) and (F/,L/,B’,ot’) be two sets
of parameters satisfying model (2). Then, under Assumptions

05, n'FTF = I, and

JOURNAL OF THE AMERICAN STATISTICAL ASSOCIATION e 5

(A1), (A2), and (A3), we have F =
a=a.

F,L=1L,B = B, and

As before, we use a joint likelihood approach to fitting the

T
inverse regression model. Let ¢; = <aj, lJT,bJT) and @ =

(¢1,...,

LE®:X9) = 3 3" 1(F b 71)

i=1 j=1

= Z Z [{x,] (l]Tfl + bJTsy,. + oej)

i=1 j=1
—exp (lj—rf; + b]Tsy,. + ot]-) ” ,

where terms independent of F and @ have been omitted.

Let F* and ®* denote the true values of F and ®, respectively.
To obtain the maximum joint likelihood estimates of F* and
®*, we develop an alternative maximization algorithm; see the
supplementary material for further details. We establish the
asymptotic behavior of F and @ in the following theorem.

T
¢p> . The joint log-likelihood function is

S

S
]

Theorem 3. Assume that Conditions (C1’)-(C3’) in the supple-
mentary material hold. Then we have

1
= (c—np)’
ol =0 5)
ool =old)
i~ o]} = 0p (1+122),
j 2 p n

where C,, = min{\/n, /p}.

Interestingly, according to Theorem 3, there is a “blessing of
dimensionality;” that is, the larger the p, the more precise the
estimates of factors and loadings. Under stronger conditions,
such as the boundedness of factors, one can show that

See, for example, Chen and Li (2022).

4.2. Determining the Number of Sufficient Predictors

Just like the factors in an unsupervised factor model, the suf-
ficient reduction scores, (L,B) X, in the inverse regression
model (2), are valuable for visualization and can be used as
inputs in a forward regression. Consequently, the selection of
the structural dimension, g + d, becomes crucial. In certain
scenarios, there may exist a natural choice for sy, and henced.In
this article, for regression tasks, we simply take s, = y, resulting
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ind = 1, while for classifications involving g categories, we set s,
to be the vector of indicator functions, yielding d = g. It remains
to determine the number of factors, g.

Under a supervised learning framework, there are many
methods for choosing the appropriate value of g Cook and
Forzani (2008). In this article, we adapt the ICDT method to
the inverse regression model. Specifically, let

n p
AAKTAAK S AKT .
dfy = Z Z Cov (353, I;A ]‘,A +b s+ oz]{“,k)

i=1 j=1
and
= (8 x0) 1 (.60 ).
We consider the criterion
~ ~k A~k N
q = arg max {l(F , P ;X,y) — dfy xf(n,p)} .
k

Theorem 4. Assume that Conditions (C1’)-(C3’) in the supple-
mentary material hold. If n = o(p*), Inp = o (n3/4),f(n,p) =
o] (min(f, ﬁ)), and f~1(n,p) = o(1), then we have P(§ =

q) — l,asn,p — oc.

5. Simulation Studies

In this section, we use simulated examples to assess the finite
sample performance of VSDT and ICDT in choosing the num-
ber of factors. To keep the space concise, we focus on a simula-
tion study for the Poisson factor model and defer the simulations
for the Poisson factor inverse regression model to the supple-
mentary material. Both VSDT and ICDT were based on running
data thinning 10 times. We compared ICDT with five alternative
information criteria proposed by Bai and Ng (2002), labeled IC,
through ICs. Unlike ICDT, which is data-driven, these criteria
are ad hoc and use the following penalty terms:

Py = kln(n)/n, P, = kln(p)/p, Pz=k(n+p—k)In(np)/np,
Py =k{(nvp)/np}n{(np)/(nvp)},
Ps = k{(n+p)/np}in {(np)/(n + p)}.

Chen and Li (2022) recommended P4, while Liu et al. (2023)
preferred Ps. We selected the true number of factors from the
candidate set {1, . .., 8} for each information criterion.

While traditional cross-validation based on sample splitting
cannot be directly applied to factor models, several variants have
been proposed. Three of these are included for comparison:
(a) CV;: bi-cross-validation (Owen and Wang 2016), which
involves holding out some rows and columns of the data matrix,
fitting a factor model to the held-in data, and comparing the
held-out data to the corresponding fitted values in terms of

Table 1. Performance of factor selection based on 100 data repetitions for various criteria in Example 1.

ICq 1Cy IC3 1C4 ICs RR v, (@' V3 adaGibbs VSDT ICDT
n p Frequency of correct (over|under) selection
100 100 93 (7]0) 93(7|0) 82(0[18) 93(7|0) 97 (3]0) 26(12|62)  0(100/0) 0(100|0) 64 (36|0) 54 (46|0) 95 (5/0) 99 (1/0)
200 93 (7]0) 90 (10]0) 98 (1]1) 93 (7(0) 94 (6/0) 21(30/49)  0(100/0) 0(100]0) 66 (34/0) 52 (480) 94 (6/0) 97 (3]0)
500 92 (8|0) 83 (17|0) 98 (2]0) 92 (8|0) 93 (7/0) 3(39]58)  0(100[0) 0(100/0)  75(25/0) 58 (42|0) 95 (5]0) 97 (3/0)
2000 90 (10|0) 0(100]0) 95 (5/0) 90 (10]0) 90 (10]0) 3(2869) 0(100]0) 0(100]0) 64 (36/0) / 87 (13]0) 93(7]0)
200 100 93 (7]0) 96 (4|0) 99 (0[1) 96 (4/0) 99 (1]0) 61(21]18)  0(100/0) 0(100]0) 75 (25]0) 66 (34]0) 97 (3|0) 99 (1]0)
200 94 (6]0) 94 (6|0) 99 (1]0) 94 (6]0) 96 (4/0)  45(29|26) 0(100[0) 0(100/0) 69(31|0)  62(38|0) 96 (4/0) 98 (2|0)
500 92 (8/0) 88(12]0) 96 (4|0) 92 (8|0) 93(7/0) 26 (40[34)  0(100/0) 0(100]0) 63 (37/0) 63 (37]0) 90 (10]0) 94 (6]0)
2000 95 (5]0) 14 (86/0) 99 (1]0) 95 (5[0) 97 (3|0) 14(57]29)  0(100/0) 0(100]0) 61 (39/0) / 95 (5/0) 97 (3]0)
500 100 90(10]0) 99 (1]0) 100 (0]0) 99 (1]0) 99 (1|0) 81(10]9)  0(100[0) 0(100/0)  75(25/0) 55 (45|0) 98 (2]0) 99 (1(0)
200 92 (8/0) 98 (2|0) 100 (0]0) 98 (2|0) 98 (2|0) 58(23|19)  0(100/0) 0(100]0) 70 (30/0) 64 (36|0) 96 (4|0) 100 (0[0)
500 96 (4]0) 96 (4|0) 100 (0]0) 96 (4(0) 96 (4|0) 70 (26]4) 0(100]0) 0(100]0) 56 (44/0) 58 (42/0) 94 (6/0) 100 (0[0)
2000 94 (6|0) 86 (14/0) 98 (2|0) 94 (6|0) 95 (5/0) 52 (48]0) 0(100]0) 0(100|0) 41 (59|0) / 90 (10]0) 99 (1]0)
2000 100 0(100|0) 100 (0[0) 100 (0]0) 100 (0|0) 100 (0[0) 89(10]1) 0(100]0) 0(100]0) 63 (37/0) 50 (50]0) 100 (0[0) 100 (0]0)
200 10(90]0) 99 (110) 99 (1]0) 99 (110) 99 (1]0) 90 (8]2) 0(100j0)  0(100]0)  31(69]0)  48(52|0) 98 (2]0) 100 (0]0)
500 77 (2310) 93(7|0) 96 (4/0) 93(7|0) 93(7/0) 98 (2|0) 0(100]0) 0(100|0) 11(89|0) 50 (50/0) 88(12]0) 95 (5/0)
2000 83(17]0) 83(17]0)  98(2/0)  83(17/0) 90(10/0)  94(3[]3)  0(100[0) 0(100[0)  8(92[0) / 77(230)  93(7|0)
n p Mean of the number of over|under selected factors
100 100 1.00/0.00  1.00/0.00  0.00[1.00 1.00/0.00  1.00/0.00 1.17(3.81 1.26/0.00  1.00/0.00  1.14/0.00  1.00[0.00  1.00/0.00  1.00/0.00
200  1.00/0.00 1.00/0.00 1.00/1.00 1.000.00  1.00/0.00  1.50[3.71 1.59/0.00  1.03]0.00  1.12/0.00  1.00/0.00  1.00/0.00  1.00/0.00
500 1.12/0.00  1.12|0.00  1.00/0.00  1.12|0.00  1.14/0.00 1.33[3.76 2.82|0.00 1.27/0.00  1.08/0.00  1.00/0.00  1.20/0.00  1.00|0.00
2000 1.10[0.00  2.83|0.00 1.00[0.00 1.10/0.00  1.10/0.00 1.75[3.62 3.00[0.00 2.25|0.00 1.17|0.00 / 1.15[0.00  1.00/0.00
200 100 1.00/0.00 1.00/0.00 0.00[1.00 1.00/0.00 1.00/0.00  1.24[3.78  1.52/0.00 1.02]0.00 1.16/0.00  1.00/0.00  1.00/0.00  1.00|0.00
200 1.00/0.00  1.00/0.00  1.00[/0.00  1.00/0.00  1.00/0.00 1.17/4.00 2.63|0.00 1.44/0.00 1.00/0.00  1.00[0.00  1.00/0.00  1.00|0.00
500 1.25/0.00  1.33|0.00 1.00[0.00  1.25|0.00  1.00/0.00 1.35/4.00 3.00/0.00 2.86/0.00  1.05/0.00  1.00/0.00  1.00/0.00  1.00|0.00
2000 1.00/0.00 1.81/0.00  1.00[0.00  1.00/0.00 1.00/0.00 1.61/3.66  3.00/0.00  3.00/0.00  1.08/0.00 / 1.00/0.00  1.00/0.00
500 100 1.10/0.00  1.00/0.00  0.00/0.00  1.00/0.00  1.00/0.00 1.10[4.00 2.81/0.00 1.18/0.00  1.04/0.00  1.00/0.00  1.00/0.00  1.00|0.00
200 1.00/0.00  1.00/0.00  0.00/0.00 1.00/0.00  1.00/0.00 1.09(4.00 3.00/0.00 2.80/0.00 1.00/0.00  1.00/0.00  1.00/0.00  0.00|0.00
500 1.00/0.00  1.00/0.00  0.00/0.00 1.00/0.00 1.00/0.00 1.15/4.00 3.00[0.00 3.00/0.00 1.00/0.00  1.00/0.00  1.00/0.00  0.00|0.00
2000 1.00[0.00 1.00/0.00 1.00[0.00 1.00/0.00 1.00/0.00 1.29(0.00 3.00/0.00 3.00/0.00 1.05|0.00 / 1.00[0.00  1.00|0.00
2000 100  2.89/0.00  0.00/0.00  0.00[0.00  0.00/0.00 0.00/0.00  1.00[4.00  3.00[0.00 2.35[0.00 1.030.00  1.00/0.00  0.00/0.00  0.00/0.00
200 2.48(0.00 2.00/0.00 1.00/0.00 2.00/0.00 2.00/0.00 1.00(4.00 3.00[0.00 3.00/0.00 1.04/0.00  1.00/0.00  1.00/0.00  0.00|0.00
500 1.17/0.00  1.00/0.00  1.00[/0.00  1.00/0.00  1.00/0.00 1.00(0.00 3.00[0.00  3.00/0.00 1.09]0.00  1.00/0.00  1.00/0.00  1.00|0.00
2000 1.06/0.00 1.06/0.00 1.00/0.00 1.06/0.00 1.10/0.00  1.00/4.00  3.00/0.00  3.00/0.00  1.20/0.00 / 1.00/0.00  1.14/0.00

NOTE: The upper panel shows the frequencies of correct selection, over-selection, and under-selection, while the lower panel reports the mean of the numbers of over-

selected and under-selected factors.



mean squared error. (b) CV,: Wold-style cross-validation (Wold
1978), which randomly partitions entries of the data matrix
into folds. It treats the entries in the held-out data as missing
and imputes them using a singular value decomposition-based
method (Troyanskaya et al. 2001). It then fits the model to the
imputed data and calculates the mean squared error on the held-
out data. (c) CV3: modified Wold-style cross-validation, which
is similar to CV but uses the algorithm proposed by Chen and
Li (2022) for training on the held-in data and then evaluate the
performance in terms of the likelihood function on the held-
out data. For CVy, we partitioned the data matrix into four
submatrices (i.e., 4 folds) by dividing the rows and columns
into two folds each, and for both CV, and CV3, we adopted
the standard 5-fold partitioning. Also included are a ratio-based
selection rule (RR) from Jentsch, Lee, and Mammen (2021) and
the Gibbs sampling-based adaptive method for selecting the
number of factors (adaGibbs) proposed by Bhattacharya and
Dunson (2011). Implementation details of these criteria can be
found in the supplementary material.

Example 1. Data were generated from the Poisson factor model
(1). The true number of factors was set to 5. The factors fi; were
generated independently from the standard normal distribution,
N(0,1), and the intercepts ; and loadings [jx were indepen-
dently drawn uniformly on the interval (—1, 1).
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Example 2. The same as Example 1, except that the fifth factor
fis was generated from N(0,0.5), making its detection more
challenging than the first four factors.

Example 3. The same as Example 1, except that 30% of the
counts were generated from a negative binomial distribu-
tion. The dispersion parameter was randomly selected from
{0.1,1,10}. This example examines the robustness of each
criterion against model mis-specification.

Example 4. The same as Example 1, except that 10% of the fea-
tures underwent contamination by doubling the natural param-
eter of the corresponding Poisson distribution. This introduces
difficulty in distinguishing between true signals and noise.

Example 5. The same as Example 1, except that the observed
values x;; are subject to random missingness with a missing
probability of 50%. This explores the potential effect of miss-
ing data. Currently, the estimation procedure we employ can-
not handle missing observations. Directly addressing this issue
would require extending both the estimation procedure and
the proposed criteria, as well as establishing their theoretical
results in the presence of missing data. While this represents an
important and interesting direction of future work, it is beyond
the scope of the current study. We simply imputed missing values
with zeros, as suggested by Jin, Miao, and Su (2021).

Table 2. Performance of factor selection based on 100 data repetitions for various criteria in Example 2.

ICq 1Cy IC3 1C4 ICs RR v, (@' V3 adaGibbs VSDT ICDT
n p Frequency of correct (over|under) selection
100 100 96 (3|1) 96 (3|1) 14 (0|86) 96 (3]1) 97 (2|1) 24(23|53)  0(100/0) 0(100|0) 58 (42|0) 63 (36|1) 97 (2|1) 98 (0[2)
200 95 (5]0) 87(13]0) 66 (0[34) 95 (5/0) 96 (4[0) 15(30[55)  0(1000) 0(100]0) 60 (40/0) 59 (41]0) 96 (4|0) 99 (0[1)
500 95 (5/0) 86 (140)  87(0[13) 95 (5|0) 95 (5/0) 14(34/52) 0(100[0) 0(100[0)  49(51|0)  52(48|0) 94 (6/0) 100 (0]0)
2000 92 (8]0) 0(100]0) 90 (0[10) 92 (8/0) 94 (6/0) 4 (40|56) 0(100]0) 0(100]0) 54 (460) / 94 (6/0) 97 (3]0)
200 100 96 (4]0) 100 (0[0) 76 (0|24) 100 (0|0) 100 (0]0) 54 (25]21)  0(100/0) 0(100]0) 56 (44/0) 51 (49|0) 98 (2|0) 100 (0[0)
200 96 (4|0) 96 (4/0) 100 (0]0) 96 (4/0) 97 (3/0) 53(27|20) 0(100[0) 0(100/0) 56 (44/0) 58 (42|0) 96 (4/0) 99 (1(0)
500 97 (3]0) 95 (5/0) 98 (2|0) 97 (3|0) 97 (3|0) 26(45/29)  0(100/0) 0(100]0) 39(61|0) 58 (42/0) 96 (4|0) 98 (2]0)
2000 95 (5]0) 26 (74|0) 97 (3]0) 95 (5/0) 95 (5[0) 9(60[31) 0(100]0) 0(100]0) 46 (54/0) / 94 (6/0) 97 (3]0)
500 100 96 (4|0) 100 (0]0) 96 (0[4) 100 (0j0) 100 (0[0) 70(25/5)  0(100/0) 0(100/0)  51(49|0)  56(44/0)  100(0[0) 100 (0|0)
200 97 (3]0) 99 (1|0) 100 (0]0) 99 (1|0) 100 (0[0) 84 (88) 0(100]0) 0(100]0) 42 (58|0) 57 (43]0) 100 (0[0) 100 (0]0)
500 95 (5]0) 95 (5/0) 98 (2|0) 95 (5/0) 96 (4|0) 64 (28|8) 0(100]0) 0(100]0) 41 (59|0) 53 (47]0) 95 (5/0) 98 (2|0)
2000  87(13|0) 61(39]0) 98 (2|0) 87(13)0) 97 (3]0) 60 (319) 0(100]0) 0(100|0) 24 (76)0) / 94 (6/0) 97 (3|0)
2000 100 0(100|0) 99 (0[1) 99 (0[1) 99 (0|1) 99 (0[1) 90 (10]0) 0(100]0) 0(100]0) 30(70]0) 64 (36]0) 100 (0[0) 99 (0]1)
200 2(98]0) 96 (4/0) 97 (3|0) 96 (4/0) 96 (4|0) 96 (2]2) 0(100/0) 0(100[0) 18(82|0)  51(49]0) 97 (3|0) 98 (2|0)
500 92 (8/0) 96 (4|0) 97 (3/0) 96 (4|0) 96 (4/0) 96 (3]1) 0(100]0) 0(100|0) 15 (85(0) 54 (46|0) 98 (2|0) 99 (1/0)
2000 90 (10|0) 90 (10]0) 93(7]0) 90 (10]0) 92 (8|0) 91 (9|0) 0(100]0) 0(100]0) 16 (84|0) / 87 (13]|0) 93 (7]0)
n p Mean of the number of over|under selected factors
100 100 1.00{1.00  1.00/1.00 0.00[1.06 1.00/1.00  1.00|1.00 1.22(3.72 1.110.00  1.01J0.00  1.14/0.00  1.00[1.00  1.00[1.00  0.00|1.00
200  1.00/0.00  1.00/0.00 0.00]1.00  1.00/0.00  1.00[0.00  1.37|3.80  1.40[0.00 1.01/0.00  1.10/0.00  1.00/0.00  1.00/0.00  0.00|1.00
500 1.00/0.00  1.14/0.00 0.00{1.00  1.00/0.00  1.00/0.00 1.53(3.60 2.57|0.00  1.12/0.00  1.120.00  1.00/0.00  1.00/0.00  0.00|0.00
2000 1.00[0.00 2.80/0.00 0.00[1.00 1.00/0.00 1.00/0.00 1.65[3.71 3.00[0.00 1.90/0.00 1.15|0.00 / 1.00[0.00  1.00|0.00
200 100 1.00/0.00 0.00]0.00 0.00[1.00 0.00[0.00 0.00/0.00  1.08/3.95  1.38/0.00 1.00/0.00 1.14/0.00  1.00/0.00  1.00/0.00  0.00|0.00
200 1.00/0.00  1.00/0.00  0.00/0.00  1.00/0.00  1.00/0.00 1.30(3.90 238/0.00 1.27/0.00  1.20/0.00  1.00/0.00  1.00[0.00  1.00|0.00
500 1.00/0.00  1.20/0.00  1.00[/0.00  1.00/0.00  1.00/0.00 1.31[3.97 3.00[0.00 2.62/0.00 1.07|0.00  1.00/0.00  1.00[0.00  1.00|0.00
2000 1.00/0.00 1.82/0.00  1.00[0.00  1.00/0.00 1.00/0.00  1.50|3.84  3.00/0.00 3.00/0.00  1.11|0.00 / 1.00/0.00  1.00/0.00
500 100 1.00/0.00  0.00/0.00 0.00[1.00 0.00/0.00 0.00/0.00 1.16[4.00 2.60[0.00 1.13/0.00  1.04/0.00  1.00/0.00  0.00/0.00  0.00|0.00
200 1.00/0.00  1.00/0.00  0.00/0.00 1.00/0.00  0.00/0.00 1.00(4.00 3.00[0.00 2.67]0.00 1.05/0.00  1.00/0.00  0.00/0.00  0.00|0.00
500 1.00/0.00  1.00/0.00  1.00[/0.00  1.00/0.00  1.00/0.00 1.11/4.00 3.00[0.00 3.00/0.00 1.020.00  1.00/0.00  1.00/0.00  1.00|0.00
2000 1.15/0.00 1.38/0.00 1.00[0.00 1.15|0.00  1.33|0.00 1.13[4.00 3.00/0.00 3.00/0.00 1.18|0.00 / 1.33/0.00  1.33]0.00
2000 100  2.96/0.00 0.00[1.00 0.00|1.00 0.00/1.00 0.00[1.00  1.00/0.00  3.00[0.00 1.98/0.00 1.010.00  1.00/0.00  0.00/0.00  0.00|1.00
200 2.70[0.00 1.00/0.00 1.00/0.00 1.00/0.00 1.00/0.00 1.00(4.00 3.00[0.00 3.00/0.00 1.10/0.00  1.00/0.00  1.00/0.00  1.00|0.00
500 1.12/0.00  1.00/0.00  1.00[/0.00  1.00/0.00  1.00/0.00 1.00[4.00 3.00[0.00  3.00/0.00 1.08/0.00  1.00/0.00  1.00[0.00  1.00|0.00
2000 1.10/0.00  1.10/0.00  1.14[0.00  1.10/0.00 1.12|/0.00  1.00/0.00  3.00/0.00  3.00[0.00  1.07|0.00 / 1.08/0.00  1.14/0.00

NOTE: The upper panel shows the frequencies of correct selection, over-selection, and under-selection, while the lower panel reports the mean of the numbers of over-
selected and under-selected factors.
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For each example, we set 1, p € {100, 200, 500, 2000}, result-
ing in a total of 16 data configurations. For each configura-
tion, we generated 100 simulated datasets. We evaluated the
performance of each criterion by calculating the frequencies of
correct selection, under-selection, and over-selection of the true
number of factors as well as the mean of the numbers of over-
selected and under-selected factors.

The simulation results are shown in Tables 1-5. From Tables 1
and 2, it is evident that when the model was correctly specified,
ICDT consistently had the best performance. The VSDT crite-
rion tended to slightly over-select the number of factors. There
was a clear tendency of over-selection for IC; and IC; for certain
configurations of # and p. In contrast, the behavior of IC3 was
different, with a tendency to under-select the factors in the pres-
ence of a weak factor. On the other hand, IC4 and IC5 performed
slightly worse than ICDT. From Tables 3 and 4, it is apparent
that the performance of all criteria deteriorated in the presence
of model mis-specification or data contamination. Nevertheless,
ICDT displayed a certain level of robustness and demonstrated
superior or competitive performance compared to other criteria.
ICy, IC,, and the VSDT criterion all had a strong tendency
toward over-selection. This trend was also observed for ICy
when the model was incorrectly specified. From Table 5, we
see that while the presence of missing data deteriorates the
performance of all methods, ICDT demonstrates a clear advan-

tage in controlling factor overestimation compared to traditional
information criteria and VSDT.

The simulation results show that CV3 and adaGibbs exhibited
performance characteristics similar to VSDT, though slightly
inferior. Meanwhile, CV; and CV, overestimated the number
of factors in most settings, and the ratio-based rule performed
poorly, with unstable performance across different configura-
tions of n and p.

We also examined additional simulated examples: (a) the true
number of factors was set to 2, (b) the factors were sampled
independently from a uniform distribution over (—2,2), and
(c) 10% of the samples underwent contamination by doubling
the natural parameter of the corresponding Poisson distribution.
The observations from these additional examples were quali-
tatively the same. See the supplementary material for detailed
results.

In the supplementary material, we further assessed the per-
formance of various methods in estimating factors and loadings.
Simulation results show that under-selection results in signifi-
cantly greater estimation error than over-selection. Additionally,
to explore the impact of the number of data repetitions, we
increased it from 100 to 1000. The conclusions remain consistent
with those obtained using only 100 repetitions.

So far, we adopted f(n, p) = In{np/(n + p)}, as proposed by
Bai and Ng (2002), which has demonstrated good performance
in empirical applications (Hallin and Liska 2007; Jentsch, Lee,

Table 3. Performance of factor selection based on 100 data repetitions for various criteria in Example 3.

ICq 1Cy IC3 1C4 ICs RR v, (@' V3 adaGibbs VSDT ICDT
n p Frequency of correct (over|under) selection
100 100 9(91/0) 9(91|0) 78 (616) 9(91]0) 73 (27)0) 11(1376)  0(100(0) 0(100|0) 41 (59/|0) 66 (34/0) 46 (54|0) 90 (10|0)
200 25 (75]0) 0(100]0) 92(7|1) 25 (75]0) 64 (36/0) 10 (15|75)  0(100[0) 0(100]0) 52 (48]0) 62 (38|0) 22(78]0) 89(11]0)
500  57(43]0) 0(100/0) 88(10]2) 57(43]0) 68(32/0) 12(2167) 0(100[0) 0(100/0) 44(56|0) 57 (43]0)  43(57|0) 74 (26|0)
2000 63 (37/0) 0(100/0) 69 (27|14 63 (37]0) 64 (36/0) 17 (18|65)  0(100|0) 0(100]0) 54 (46/0) / 26 (73|1) 74 (25]1)
200 100 0(100]0) 14 (86|0) 87(11)2) 14 (86|0) 65 (35|0)  35(10|55) 0(100[0) 0(100]0) 50 (50/0) 65 (35]0) 13 (87|0) 82(18|0)
200 0(100/0) 0(100/0) 86(14/0) 0(100[0) 55(45/0) 29(20[51) 0(100[0) 0(100/0) 58(42|0) 52(48/0) 0(100/0) 83 (17|0)
500 31(69|0) 0(100/0) 84 (16|0) 31(69|0) 63(37|0) 22(25|53) 0(100[0) 0(100]0) 54 (460) 65 (35]0) 1(99/0) 80 (20|0)
2000  11(89|0) 0(100/0) 81(19]0) 11(89|0) 53 (47/0) 8(31/61) 0(100]0) 0(100]0) 60 (40/0) / 0(100]0) 76 (24/0)
500 100  0(100[0) 53 (47/0) 96 (4/0) 53(47|0) 77(23]0) 62(16/22) 0(100[0) 0(100/0) 69(31|0)  53(47]|0) 2(98|0) 94 (6]0)
200 0(100]0) 22 (78]0) 95 (5/0) 22 (78]0) 78(22|0)  48(21]|31)  0(100/[0) 0(100]0) 75 (250) 58 (42|0) 1(99/0) 93 (7/0)
500 8(92/0) 8(92|0) 93 (7|0) 8(92/0) 85(15|0) 54(20]26) 0(100[0) 0(100]0) 67 (33]0) 61 (39]0) 2(98/0) 92 (8|0)
2000 67(33|0) 2(98/0) 94 (6/0) 67 (33|0) 71(29]0)  70(11]19)  0(100]|0) 0(100|0) 55 (45]0) / 6 (94(0) 93 (7/0)
2000 100 0(100]0) 93(7|0) 97 (3|0) 93 (7]0) 93 (7|0) 89 (6[5) 0(100]0) 0(100]0) 83(17/0) 59 (41]0) 0(100]0) 94 (6|0)
200  0(100]0) 92 (8|0) 98 (2]0) 92 (8|0) 92 (8]0) 87 (9|4) 0(100[0) 0(100/0) 66(34/0)  65(35/0)  10(89|1) 92 (8]0)
500 2(980) 85(15]0) 88(12/0) 85 (15/0) 85(15]0) 79 (14|7) 0(100]0) 0(100|0) 38(62|0) 58 (42|0) 18 (82|0) 86 (14|0)
2000 66 (34/0) 66 (34/0) 84 (16]0) 66 (34|0) 72(28]0) 89 (7|4) 0(100]0) 0(100]0) 17 (83]0) / 31(69]0) 75 (25]0)
n p Mean of the number of over|under selected factors
100 100 1.91]0.00 1.91/0.00 1.00[1.00 1.91|0.00 1.15/0.00 1.54(3.68 1.06/0.00  1.00j0.00  1.63|0.00  1.00/0.00  1.09/0.00  1.00/0.00
200  1.47/0.00 2.730.00 1.00[1.00 1.47|0.00 1.17[0.00  1.07|3.65 1.02]0.00  1.00[0.00  1.58/0.00  1.00[0.00  1.38]0.00  1.09|0.00
500 1.33|0.00 2.87|0.00 1.20{1.00 1.33|0.00  1.34/0.00 1.19[3.75 1.35/0.00  1.00/0.00  1.50/0.00  1.00/0.00  1.67|0.00  1.27|0.00
2000 1.30[0.00 2.85/0.00 1.07|1.00 1.30/0.00 1.31/0.00 1.33[3.66 2.99(0.00 1.00/0.00 1.26|0.00 / 1.53[3.00 1.72|1.00
200 100  2.84/0.00 1.53|0.00 1.00[1.00 1.53]0.00 1.14/0.00  1.003.82  1.03]0.00 1.00/0.00 1.54/0.00 1.00/0.00  1.82/0.00  1.06/0.00
200 2.60[0.00 2.60/0.00 1.07|0.00 2.60/0.00 1.27|0.00 1.10(3.69 1.04/0.00  1.00/0.00  1.38/0.00  1.00/0.00  2.14/0.00  1.00/0.00
500 1.54/0.00 2.80/0.00 1.06/0.00  1.54/0.00 1.22/0.00 1.20(3.70 2.21/0.00  1.01/0.00 1.370.00  1.00/0.00  2.20[0.00  1.15/0.00
2000 1.43|0.00 2.80[0.00 1.05[0.00 1.43/|0.00 1.17/0.00  1.16/3.70  3.00/0.00  2.14[0.00  1.25/0.00 / 2.19]0.00  1.17/0.00
500 100 2.93(0.00 1.19/0.00 1.00/0.00 1.19/0.00  1.09|0.00 1.00[3.91 1.2110.00  1.00/0.00  1.19/0.00  1.00[0.00  2.73]0.00  1.17|0.00
200 291(0.00 1.97|0.00 1.20[/0.00 1.97/0.00  1.09|0.00 1.14[3.84 1.94/0.00 1.01/0.00  1.04/0.00  1.00/0.00  2.86/0.00  1.14|0.00
500 247(0.00 2.47/|0.00 1.00/0.00 2.47|0.00 1.00/0.00 1.10(3.88 3.00[0.00 2.58/0.00 1.09]0.00  1.00/0.00  2.58]0.00  1.12]|0.00
2000 1.48/0.00 2.78/0.00 2.00/0.00 1.48/|0.00  1.48/|0.00 1.00(4.00 3.00/0.00 3.00/0.00 1.16|0.00 / 2.13|0.00  1.57/0.00
2000 100  2.93/0.00 1.00/0.00 1.00[0.00  1.00/0.00 1.00/0.00  1.00[4.00  2.91/0.00 1.00/0.00 1.06/0.00  1.00/0.00  2.84/0.00  1.00/0.00
200 2.94/0.00 1.12|0.00 1.00/0.00  1.25|0.00  1.12|0.00 1.00(4.00 3.00/0.00 1.96/0.00 1.00/0.00  1.00[0.00  2.90[2.00  1.00|0.00
500 2.70[0.00 1.33|0.00 1.33/0.00 1.33|0.00 1.27|0.00 1.14/4.00 3.00[0.00  3.00/0.00 1.02]0.00  1.00/0.00  2.59|0.00  1.29]|0.00
2000 1.26/0.00 1.26/0.00  1.69[0.00  1.26/0.00 1.29|0.00  1.00/4.00  3.00/0.00  3.00/0.00  1.00/0.00 / 1.62/0.00  1.32|0.00

NOTE: The upper panel shows the frequencies of correct selection, over-selection, and under-selection, while the lower panel reports the mean of the numbers of over-

selected and under-selected factors.
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Table 4. Performance of factor selection based on 100 data repetitions for various criteria in Example 4.

ICy (@) IC3 IC4 ICs RR [ v, V3 adaGibbs VSDT ICDT
n p Frequency of correct (over|under) selection
100 100 94 (6]0) 94(6/0)  84(0[16)  94(6/0) 94(6/0)  40(19]41) 0(100[0) 0(100/0)  75(25/0) 56 (44[0) 96 (4|0) 98 (1]1)
200 96 (4]0) 94 (6/0) 97 (2|1) 96 (4|0) 97 (3|0) 23(24|53) 0(100[0) 0(100/0)  81(19]0) 56 (44/0) 97 (3|0) 98 (2|0)
500 94 (6|0) 83(17]0) 96 (4|0) 94 (6|0) 94 (6|0) 9 (42|49) 0(100/0) 0(100[0) 82(18/0)  65(35|0) 91 (9|0) 96 (4|0)
2000 87(13|0)  0(100/0) 96 (4/0) 87 (13|0)  89(11]0) 2(30/68) 0(100/0) 0(100/0)  72(28|0) / 88 (12|0) 93 (7]0)
200 100 93 (7]0) 95 (5/0) 98 (1]1) 95 (5/0) 98 (2|0) 57(27|]16)  0(100[0)  0(100[0)  79(21]0) 58 (42|0) 98 (2|0) 99 (1]0)
200 99(1/0) 99(110)  100(0[0)  99(1]0) 99(1]0)  56(2915)  0(100j0) 0(100[0) 85(150)  52(48|0) 97 (3|0) 99 (1]0)
500 81(19/0)  70(30]0) 94 (6]0) 81(19]0) 83(17|0) 27(49|24) 0(100/0) 0(100/0)  82(18]0) 56 (44/0) 78 (22|0) 92 (8|0)
2000 80(20[0) 16 (84/|0) 93 (7/0) 80(20]0)  81(19|0) 18(54/28) 0(100[0) 0(100[0) 72 (28|0) / 76 (24/0) 91(9/0)
500 100 92 (8]0) 98 (2/0) 99 (1/0) 98 (2/0) 98 (2]0) 82(12|6)  0(100j0) 0(100[0) 88(12/0)  56(44/0) 88(12[0)  98(2]|0)
200 75(25|0)  79(21/0) 97 (3/0) 79(2110)  89(11]0) 88(10/2) 0(100j0)  0(100]0) 80(20/0)  57(43]0)  78(22/0)  90(10|0)
500 85(15/0)  85(15]0) 97 (3/0) 85(15]0)  87(13/0) 65 (30]5) 0(100j0)  0(100]0)  77(23]|0) 53(47]0) 63(37|0) 88(12/0)
2000 64(36|0) 47(53]0) 86(14/0) 64(36/0) 64(36/0) 58(34/8)  0(100/0) 0(100]0) 65 (35]0) / 56 (44/0)  75(25/|0)
2000 100 0(100[0)  100(0j0)  100(0j0)  100(0[0) 100 (0]0) 91(7)2) 0(100[/0) 0(100[0) 85(15|0)  62(38|0) 99 (1/0) 100 (0]0)
200 1(99]0) 82(18]0) 95 (5/0) 82(18|0)  82(18|0) 75(23)2) 0(100j0)  0(100]0)  65(35/0) 62(38]0)  76(24/0) 89(11]0)
500 9(9110)  62(38|0) 85(15]0) 62(380) 67(33]0) 66(34[0) 0(100/0) 0(100/0) 55(45/0) 58(420)  61(39/0)  81(19|0)
2000 16(84/0) 16(84/0)  59(41|0) 16(84]0)  43(57|0) 73 (26|1) 0(100[0) 0(100[0)  28(72|0) / 32(68]0)  71(29]0)
n p Mean of the number of over|under selected factors
100 100 1.00/0.00  1.00/0.00  0.00{1.00  1.00/0.00 1.00]0.00  1.11|3.76  1.15/0.00  1.00/0.00  1.16/0.00  1.00/0.00  1.00/0.00  1.00]|1.00
200 1.00/0.00  1.00/0.00  1.00/1.00  1.00/0.00 1.00/0.00  1.42(3.72  1.53]|0.00 1.01/0.00 1.05/0.00 1.00/0.00  1.330.00 1.00|0.00
500  1.00/0.00 1.12/0.00 1.00[0.00 1.00/0.00 1.00/0.00 1.36/3.80  2.78/0.00  1.23|0.00  1.11/0.00  1.00/0.00  1.00/0.00  1.00/0.00
2000 1.00/0.00  2.73|0.00  1.00/0.00 1.00j0.00  1.00/0.00  1.73|3.85  3.00/0.00 2.18|0.00  1.14/0.00 / 1.00/0.00  1.00]0.00
200 100  1.00/0.00 1.00/0.00  1.00{1.00  1.00/0.00 1.00/0.00  1.11|3.94  1.40/0.00 1.00/0.00 1.190.00  1.00/0.00  1.00/0.00  1.00|0.00
200 1.00/0.00  1.00/0.00  0.00/0.00 1.00/0.00 1.00/0.00  1.10[3.87  2.59/|0.00  1.28/0.00 1.00/0.00  1.00/0.00  1.00/0.00 1.00|0.00
500 1.00/0.00  1.00/0.00  1.00/0.00  1.00/0.00 1.00/0.00  1.27|3.88  3.00/0.00  2.83|0.00  1.00/0.00  1.00/0.00  1.00/0.00  1.00|0.00
2000 1.00/0.00 1.73|0.00  1.00/0.00  1.00/0.00 1.00[0.00  1.46/3.89  3.00/0.00  3.00/0.00 1.18|0.00 / 1.04/0.00  1.11]0.00
500 100 1.00/0.00  1.00/0.00  1.00/0.00 1.00/0.00 1.00/0.00  1.00/4.00  2.74/0.00 1.26/0.00 1.00/0.00  1.00/0.00  1.00/0.00  1.00|0.00
200 1.00/0.00  1.00/0.00  1.00/0.00  1.00/0.00 1.00/0.00  1.00/4.00  3.00/0.00 2.74/0.00 1.10/0.00  1.00/0.00  1.00/0.00  1.00|0.00
500  1.07|0.00 1.07|0.00 1.00[0.00 1.07|0.00 1.00/0.00 1.07|3.80  3.00/0.00  3.00/0.00 1.17|0.00  1.00/0.00  1.00/0.00  1.00/0.00
2000 1.08/0.00  1.11/0.00  1.00/0.00 1.08|0.00  1.08/0.00  1.12|3.88  3.00/0.00 3.00/0.00  1.11/0.00 / 1.07/0.00  1.04/0.00
2000 100  2.94/0.00 0.00/0.00 0.00/0.00 0.00/0.00 0.00/0.00 1.00/400 3.00/0.00 2.31/0.00 1.07/0.00 1.00/0.00 1.00/0.00  0.00/0.00
200  2.53|0.00 1.06/0.00 1.00[0.00 1.06/0.00 1.06/0.00 1.13]4.00  3.00/0.00 3.00/0.00 1.06/0.00 1.00/0.00  1.04/0.00  1.09/0.00
500 1.58/0.00 1.11|0.00  1.00/0.00  1.11/0.00 1.06/0.00  1.09/0.00  3.00/0.00 3.00/0.00 1.16/0.00  1.00/0.00  1.18/0.00  1.00|0.00
2000  1.12/0.00  1.12/0.00  1.17[0.00  1.12|0.00  1.12/0.00  1.00]4.00  3.00/0.00 3.00/0.00  1.36/0.00 / 1.15/0.00  1.10]/0.00

NOTE: The upper panel shows the frequencies of correct selection, over-selection, and under-selection, while the lower panel reports the mean of the numbers of over-

selected and under-selected factors.

and Mammen 2021; Liu et al. 2023). However, the choice of
f(n, p) remains somewhat ad hoc. On one hand, the consistency
of the proposed criterion ICDT holds under a wide range of
choices for f(n,p), as long as it diverges slowly as n and p
both tend to infinity. On the other hand, multiplying f(n, p)
by a constant ¢ does not affect the consistency of the resulting
criterion. With ¢ = 1, the reported results show that ICDT
performs comparably well with existing criteria. Furthermore,
the upper panel in Figure 1 demonstrates that ICDT remains
robust over a broad range of ¢ values, indicating relative insen-
sitivity to its choice. Inspired by Hallin and Liska (2007) and
Alessi, Barigozzi, and Capasso (2010), we explored a method for
determining ¢ and f(n, p) by treating data thinning as a form
of information splitting (Leiner et al. 2023; Neufeld et al. 2024).
Unlike sample splitting, which is a discrete process, data thin-
ning is a continuous process indexed by the thinning parameter
7, which takes continuous values between 0 and 1. This provides
a natural framework for adjusting data information. Specifically,
we examined the stability of the ICDT criterion with respect to
c and/or f(n, p) by varying the thinning parameter.
Consider a sequence of thinning parameters 7° = 0 < 7! <
< mfl = 1. For each h € {0,...,H}, we apply ICDT
and calculate the estimated number of factors 71, which is a
nonincreasing function of ¢. Clearly, different values of ¢ lead to
different behaviors of 7_1 as a function of 4. The stability of ICDT
with respect to ¢ can be measured by the empirical variance of

7.n as a function of h, defined as

H H 2
Se= 23 (= 2 Dot

h=1 h=1
In our implementation, we examined ¢ € {0,0.1,0.5,1,1.5,
2,5,10} and varied 7" from 0.3 to 1 in increments of 0.05.
The middle panel in Figure 1 displays the average estimated
number of factors across 100 simulations for different values
of ¢ as mw varies. We see that ¢ = 1 appears to be a good
choice, even with relatively limited information. The lower panel
in Figure 1 illustrates the stability and accuracy of the ICDT
criterion as ¢ varies. We observe that values of ¢ near 1 represent
arobust choice, as they provide both accurate estimates and high
stability.

6. Real Data Analysis

We illustrate the use of the ICDT criterion by applying it to two
real datasets.

6.1. BBC News Data

We applied the proposed criteria to a text corpus previously used
in the evaluation of document clustering algorithms (Greene
and Cunningham 2006; Greene, O’Callaghan, and Cunningham
2014). The corpus comprised 2225 general BBC news articles
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Table 5. Performance of factor selection based on 100 data repetitions for various criteria in Example 5. The upper panel shows the frequencies of correct selection,
over-selection, and under-selection, while the lower panel reports the mean of the numbers of over-selected and under-selected factors.

|C1 |C2 |C3 |C4 |C5 RR CV] CV2 CV3 adaGibbs VSDT ICDT
n p Frequency of correct (over|under) selection
100 100  0(100[0) 0(100[0)  9(0]91)  0(100/0) 17(83]0) 0(0[100) 39(23|38)  5(1|94)  24(24|52)  4(1|95)  58(27|]15)  33(2|65)
200 1(99/0) 0(100[0)  39(3|58) 1(99]0)  12(88|0) 1(0]99) 19(810) 38(43]19) 43(31)26) 11(1|88)  21(78|1)  57(18|25)
500 3(97[0) 0(100/0) 63(11)26) 3(97|0) 14(86/0)  5(2/93) 0(1000) 1(99|0) 48(47|5)  17(083)  10(90[0)  54(38|8)
2000 10(90[0)  1(99]0)  71(2]27) 10(90j0) 11(89|0)  3(1285)  0(100[0)  0(100]0)  37(60|3) / 10(90[0) 50 (45]5)
200 100  0(100/0) 0(100/0) 52(2]46) 0(100[0) 8(92/0) 0(1288)  13(86|1) 39(38|23) 34(48|18) 27(2|71) 9(91/0) 76 (15)9)
200 0(100/0) 0(100j0)  86(9]5)  0(100/0)  4(96|0) 1(17|182)  0(100[0)  0(1000)  35(62|3) 42(13]45) 0(100/0)  68(32]|0)
500 0(100]0) 0(100j0) 72(28/0) 0(100[0)  3(97|0) 1(10/89)  0(100[0)  0(1000)  36(64/0) 47(17|36) 0(100[0) 59 (41]|0)
2000 2(98|0)  0(100/0)  80(20[0)  2(98|0) 5(95/0) 7 (3]90) 0(100[0)  0(100[0)  41(59|0) / 0(98/2) 62 (38/0)
500 100 0(100/0) 2(980)  86(0|14)  2(98|0)  13(87]0) 4(34/62)  0(100/0) 3(97|0) 28(68]4)  41(23|136)  1(98|1) 82(18]0)
200 0(100]0) 0(100/0)  96(4[0)  0(100[0)  1(99]0)  5(49]46)  0(100/0)  0(100/0)  20(80j0) 48(41|11) 0(100|0) 76 (24|0)
500 0(100/0) 0(100/0)  91(9/0)  0(100/0) 0(100/0) 3(45[52)  0(100[0)  0(100[0)  27(73]0)  54(45|1) 0(99|1) 63 (37/0)
2000 1(97)2) 19712  84(14)2) 1(97)2) 1(97]2)  9(35/56)  0(100/0)  0(100/0)  28(72]|0) / 3(88(9) 42 (56|2)
2000 100  0(100j0) 12(88J0)  95(0|5) 12(88]0) 19(81/0) 10(68[22) 0(100[0)  0(100/0)  28(72|0) 55(28|17)  0(99|1) 88(12|0)
200 0(100/0) 0(100[0)  98(20)  0(100j0) 0(100[0) 53(42|5) 0(100/0) 0(100/0)  12(88/0) 64 (34]2) 1(954) 41(59/0)
500  1(99/0) 1(99]0) 94 (6|0) 1(99/0) 1(9910)  78(19]3)  0(100/0)  0(100|0) 6 (94|0) 57 (43]0) 2(94/4) 25 (75/0)
2000  6(89]5) 6(89]5)  73(22]5)  6(89|5) 6(89|5)  83(17/0)  0(100/0)  0(100/0) 7(93]0) / 8(48]44)  16(79]5)
n p Mean of the number of over|under selected factors
100 100  2.62/0.00 2.62/0.00 0.00]1.63 2.62/0.00 1.35/0.00 0.00[3.65 1.09]1.29 1.00[12.53 1.62|1.77 1.00]2.16  1.04/1.00  2.00|1.35
200 2.51/0.00 2.75/0.00 1.00[1.177  2.51]0.00 1.52/0.00 0.00[3.36  1.32/0.00  1.00|1.16 ~ 1.19]1.15  1.00]1.78  1.19|1.00  1.44{1.12
500 1.81/0.00 2.75/0.00 1.00[1.19  1.81]0.00 1.43/0.00 1.50[3.19  1.21]0.00  1.00/0.00  1.15/1.20  0.00]1.52  1.44/0.00  1.47|1.25
2000 1.64/0.00 2.73|0.00 1.00|1.07 1.64/0.00 1.58/0.00 1.08/2.80  1.76/0.00  1.00[0.00  1.08|1.00 / 1.94/0.00  2.38]1.00
200 100 2.87|0.00 2.64/0.00 1.00[1.13  2.64/0.00 1.51]0.00 1.50[3.72  1.40|1.00  1.00/1.17  1.54]1.06  1.00|1.62  1.54/0.00  1.00[1.00
200 2.79/0.00 2.79]0.00  1.00[1.00  2.79]0.00 1.90/0.00  1.35[3.59  1.19]0.00  1.00/0.00  1.29|1.00  1.00]1.20  2.46/0.00  1.06/0.00
500 2.72/0.00 2.91]0.00 1.07[0.00 2.72/0.00 2.01/0.00 1.60|3.54  1.01]0.00  1.00/0.00  1.16/0.00  1.00[1.06  2.17|0.00  1.12/|0.00
2000 2.12/0.00 2.91/0.00 1.00/0.00  2.12|0.00 1.76/0.00 1.67|3.47  1.10/0.00  1.00/0.00  1.10/0.00 / 2.311.00  1.66/|0.00
500 100  2.93|0.00 2.16/0.00 0.00[1.00 2.16/0.00 1.61]0.00 1.50|3.89  1.62|0.00  1.00/0.00  1.10[1.00  1.00|1.17  2.48/1.00  1.06/0.00
200  2.94/0.00 2.81/0.00 1.25/0.00 2.81]0.00 2.36/0.00 1.33|3.89  1.00[0.00  1.00[0.00  1.21/0.00  1.00[1.18  2.95/0.00  1.21/0.00
500 2.88/0.00 2.88/0.00 1.33]0.00 2.88/0.00 2.61/0.00 1.20/3.81  1.00[0.00  1.00[0.00  1.07|0.00  1.00]1.00  2.952.00  1.35/0.00
2000 2.79]2.50 2.89|2.50  1.36/2.50  2.79|2.50 2.60[2.50  1.60[3.82  1.00/0.00  1.00/0.00  1.04/0.00 / 293244  1.50|2.50
2000 100  2.98/0.00 1.520.00 0.00[1.00 1.520.00 1.42/0.00 1.51]4.00  2.08/0.00  1.00/0.00  1.17|0.00  1.00[1.06  2.61/3.00  1.17|0.00
200 2.89/0.00 2.57|0.00 1.50/0.00 2.57|0.00 2.22/0.00 1.14/4.00  1.01]0.00  1.00/0.00  1.07|0.00  1.00[1.00  2.99|2.00  1.54/0.00
500 2.92/0.00 2.85/0.00 1.33]0.00 2.85/0.00 2.82/0.00 1.05/4.00  1.00/0.00  1.00/0.00  1.05/0.00  1.00[0.00  2.95[2.25  1.55/|0.00
2000 2.76]2.00 2.76]2.00 1.73]2.00 2.76[2.00 2.65]2.00 1.06/0.00  2.15/0.00  1.00/0.00  1.03|0.00 / 279241 1.77]2.00

Table 6. A confusion matrix comparing the assigned classes, which maximize factor
scores, to the ground truth document labels for the 2225 articles in the BBC news
dataset.

Label Factor 1 Factor 2 Factor3 Factor4 Factor5
Business 135 48 0 160 167
Entertainmeni6 89 158 1 122
Politics 326 2 75 4 10
Sport 1 0 38 421 51
Tech 10 343 20 13 15
Top 10 govern mobile people game sale
words tax phone go Eng- bank
party music party land year
labour service play player price
elect technology BBC against film
plan firm lord com- econ-
min- company home pany omy
istry market net work club Eng-
Blair UK user Blair unit land
country say wale rate
nation 2004
Ireland growth

NOTE: The table also includes the top 10 words with the highest loadings for each
factor.

from 2004 to 2005. The raw dataset, along with additional details
about the corpus, is available at http://mlg.ucd.ie/datasets/bbc.
html. We pre-processed the dataset by employing standard stem-
ming and stop-word removal techniques, and excluded terms
occurring in fewer than 1% of the documents, resulting in 2913

terms. No further feature selection or term normalization was
performed on the term-document matrix.

We set the candidate values for the number of factors in the
range {1,2,...,20}, and applied ICDT, VSDT, IC4, and ICs to
determine the number of factors. Only ICDT suggested a five-
factor structure, which aligns with the fact that each of the 2225
documents corresponds to stories in five topical areas: business,
entertainment, politics, sport, and tech (Greene and Cunning-
ham 2006; Greene, O’Callaghan, and Cunningham 2014).

To further check the five-factor structure, we assigned the
news articles to five classes maximizing the factor score, and
compared the results to the five “ground truth” document labels,
resulting in the confusion matrix in Table 6. It is evident that the
factors correspond well to the pre-specified labels. Additionally,
Table 6 lists the top 10 words with the highest loadings for each
factor. The meanings of these words are consistent with the
document labels or topical areas.

6.2. Single-Cell RNA Sequencing Data

We further analyzed a dataset of Peripheral Blood Mononuclear
Cells (PBMC) freely available from 10X Genomics. This dataset
comprises 2700 single cells that were sequenced on the Illumina
NextSeq 500 platform. The raw data matrix consists of the
numbers of molecules for the genes detected in the cells and
can be downloaded from the Seurat tutorial https://satijalab.org/
seurat/articles/pbmc3k_tutorial.


http://mlg.ucd.ie/datasets/bbc.html
http://mlg.ucd.ie/datasets/bbc.html
https://satijalab.org/seurat/articles/pbmc3k_tutorial
https://satijalab.org/seurat/articles/pbmc3k_tutorial
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Figure 1. Robustness check of ICDT. The upper panel shows the proportion of correctly estimated, overestimated, and underestimated numbers of factors as a function of c.
The middle panel presents the mean of the estimated number of factors as a function of v across different values of c. The lower panel displays the mean estimated number
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with n = 200, p = 200, and the true number of factors set to 5, The results are based on 100 data repetitions.

We then followed the steps described in the tutorial to pre-
process the raw count matrix. Specifically, the steps encompass
the selection and filtration of cells based on quality control met-
rics, data normalization and scaling, and the detection of genes
that exhibit high cell-to-cell variation (Ilicic et al. 2016; Stuart
et al. 2019; Choudhary and Satija 2022). The pre-processed
count matrix contains 2638 cells and 2000 genes.

The maximum value of the number of factors was set to 20.
The results of applying ICDT, VSDT, ICy4, and ICs are presented
in Figure 2. We can observe that both ICDT and ICy4 suggest
using five factors, which is consistent with previous findings
(Neufeld et al. 2024). VSDT appears to be too liberal, retaining as
many as 11 factors. The performance of ICs is somewhat pecu-

liar because it peaks at 3, contrasting with its relatively liberal
behavior compared to ICDT, as observed in the simulations.

For data visualization purposes, we first log-transformed the
counts after adding a pseudo-count of one to avoid issues with
zeros. For each gene, we then standardized the transformed
expression values to have a mean of zero and unit norm. Addi-
tionally, for each factor, we ordered both cells and genes accord-
ing to their factor scores and loadings, respectively. Figure D1
in the supplementary material displays heatmaps for 500 cells
(250 most positive and 250 most negative) and 40 genes (20
most positive and 20 most negative). It is evident that the first
five factors explain a large proportion of the variability in the
data.
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Figure 2. ICDT, VSDT, IC4, and ICs5 are shown for the best models of each size for the PBMC single-cell RNA sequencing dataset. The criteria have been scaled for display

purposes.

7. Discussion

A number of methods have been developed to estimate the
factors and loadings in Poisson factor models, or generalized
factor models more broadly, with efficient algorithms designed
for large-scale applications. However, most existing methods
assume the number of factors is known. Although several cri-
teria have been proposed for determining this number, they are
often ad hoc or lack theoretical justification. To address this
issue, we have introduced two novel and principled criteria,
Validation Set via Data Thinning (VSDT) and Information Cri-
terion via Data Thinning (ICDT). These criteria use the thinning
property of the Poisson distribution. Unlike data splitting, the
advantage of data thinning is that the partition of the count
matrix into training and validation sets preserves both the dis-
tribution and the underlying data structure.

An important property of VSDT is that the error on the
validation dataset can be decomposed into the training error on
the training set plus a covariance penalty for the Poisson factor
model. This leads directly to a simple and unbiased estimator
of the covariance penalty and naturally motivates the devel-
opment of ICDT. We have derived the theoretical property of
the unbiased estimator as well as the selection consistency of
ICDT when both the sample size and the number of variables
grow to infinity. By incorporating the response inversely into
the Poisson factor model, we have introduced the Poisson factor
inverse regression model and extended the proposed methods
and theory to supervised dimension reduction. We have demon-
strated comprehensively the superior performance of ICDT over
existing criteria using simulated examples and real datasets.

The proposed methodology still has some limitations that
need to be addressed. First, our assumption of independent
samples may not always hold true. Relaxing this assumption
would broaden the applicability of our criteria, particularly
to longitudinal datasets. Second, although our focus has been
on large-scale count datasets, our criteria could potentially
be applied to other types of datasets, including those with
continuous, discrete, or mixed variables. However, this would
necessitate theoretical development within a unified frame-
work of generalized factor models, an area we are actively
exploring.

The thinning property is not limited to the Poisson distribu-
tion and also applies to a range of other distributions (Leiner
etal. 2023; Neufeld et al. 2024; Dharamshi et al. 2025). Extending
the proposed method to factor models under these distribu-
tions presents an interesting direction for future research. For
example, it is promising to extend our approach to the negative
binomial distribution for modeling count data, which offers
greater flexibility than the Poisson distribution and also enjoys
the thinning property (Neufeld et al. 2024). Two points are
noteworthy. First, both a distributional assumption, such as the
Poisson or the negative binomial, and the conditional inde-
pendence of observations given the latent factors are required.
While such assumptions are common in the statistical literature
(Chen and Li 2022; Liu et al. 2023), they are less prevalent in
the econometric literature (Bai 2003; Jin, Miao, and Su 2021).
Second, it would be interesting to explore whether the proposed
method can be extended to nonlinear and possibly dynamic
factor models (Forni et al. 2000; Wang 2022).



Supplementary Materials

Proofs of theoretical results are given in Section A, implementation details
of the algorithm, including pseudo code, are provided in Section B, simu-
lation details along with additional results are presented in Section C, and
further results from single-cell RNA sequencing data analysis are included
in Section D.
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