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Abstract

This work explores the feature learning capabil-
ities of deep reinforcement learning algorithms
in the pursuit of optimal policy determination.
We particularly examine an over-parameterized
neural actor-critic framework within the mean-
field regime, where both actor and critic compo-
nents undergo updates via policy gradient and
temporal-difference (TD) learning, respectively.
We introduce the mean-field Langevin TD learn-
ing (MFLTD) method, enhancing mean-field
Langevin dynamics with proximal TD updates
for critic policy evaluation, and assess its perfor-
mance against conventional approaches through
numerical analysis. Additionally, for actor pol-
icy updates, we present the mean-field Langevin
policy gradient (MFLPG), employing policy gra-
dient techniques augmented by Wasserstein gra-
dient flows for parameter space exploration. Our
findings demonstrate that MFLTD accurately iden-
tifies the true value function, while MFLPG en-
sures linear convergence of actor sequences to-
wards the globally optimal policy, considering a
Kullback-Leibler divergence regularized frame-
work. Through both time particle and discretized
analysis, we substantiate the linear convergence
guarantees of our neural actor-critic algorithms,
representing a notable contribution to neural rein-
forcement learning focusing on global optimality
and feature learning, extending the existing under-
standing beyond the conventional scope of lazy
training.
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1. Introduction

In recent years, the field of reinforcement learning (RL) (Sut-
ton & Barto, 2018) including the policy gradient method
(Williams, 1992; Baxter et al., 1999; Sutton et al., 1999) and
the temporal-difference (TD) learning (Sutton, 1988) has
made tremendous progress, with deep reinforcement learn-
ing methods. The combination of the actor-critic method
(Konda & Tsitsiklis, 1999) and neural networks has demon-
strated significant empirical success in challenging applica-
tions, such as the game of Go (Silver et al., 2016; 2017) or
the human-like feedback alignment (Ouyang et al., 2022).
In these empirical successes, the employment of deep neural
networks plays an indispensable role — their expressivity
enable learning meaningful features that benefit decision-
making. However, despite the impressive empirical results,
there remain many open questions about the theoretical
foundations of these methods. In particular, when viewing
deep RL methods as optimization algorithms in the space
of neural network policies, it remains elusive how deep RL
algorithms learn features during the course of finding the
optimal policy.

One source of difficulty in the analysis of neural policy opti-
mization comes from the nonconvexity of the expected total
reward over the policy space. Also, TD learning used in
the policy evaluation subproblem faces classic challenges
(Baird, 1995; Tsitsiklis & Van Roy, 1996) stemming from
the bias of semi-gradient optimization (Sutton, 1988). An-
other source of difficulty is the nonlinearity associated with
the neural networks parameterizing both the policy and state-
action value functions. The tremendous success of deep RL
is attributed to its rich expressive power, which is backed
by the nonlinearity of neural networks, which at the same
time brings a considerable challenge to the optimization
aspect. Unfortunately, the advantages of data-dependent
learning of neural networks in the context of RL have only
a limited theoretical understanding. Classical theoretical
studies of policy optimization and policy evaluation prob-
lems, including the actor-critic method, limit their analysis
to the case of linear function approximation in both the actor
and the critic, where the feature mapping is fixed during
learning (Sutton et al., 1999; Kakade, 2001; Bhatnagar et al.,
2007; 2009). Recently, some analyses based on the theory
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of Neural Tangent Kernel (NTK) (Jacot et al., 2018) are
established, which state that an infinite-width neural net-
work is well approximated by a linear function of random
features determined by initial parameters under certain con-
ditions (Cai et al., 2019; Wang et al., 2020; Liu et al., 2019).
More recent works (Zhang et al., 2020; 2021) establish the
study of convergence and optimality of over-parameterized
neural networks over lazy training (Chizat et al., 2019), in-
corporating a mean-field perspective corresponding to NTK.
Specifically, by letting the network width be sufficiently
large under appropriate conditions in NTK or lazy train-
ing regimes, optimality is guaranteed based on the fact that
the neural network features are as close as possible to the
data-independent initial feature representation. Leahy et al.
(2022) In other words, these existing analyses do not fully
capture the representation learning aspect of neural RL em-
powered by the expressivity of neural networks. Thus, in
this paper, we aim to address the following question:

Does neural actor-critic provably learn features on the way
to the global optima?

We provide an affirmative answer to this question by focus-
ing on the case where both the actor and the critic are repre-
sented by an over-parameterized two-layer neural network
in the mean-field regime. Under this setting, we propose to
update the actor and critic by a variant of policy gradient and
TD learning tailored to mean-field neural networks, based
on Langevin dynamics. We prove that the critic converges
to the correct value function sublinearly and the sequence of
actors converges to the globally optimal policy of a Kullback
Leibler (KL) divergence regularized objective. More im-
portantly, our theory is beyond the lazy training regime and
provably shows that the actor and critic networks perform
feature learning in the algorithm.

Our Contributions The main contribution of this paper
is to propose the Mean-field Langevin actor-critic algorithm
and prove linear convergence and global optimality with
feature learning (Suzuki, 2019; Ghorbani et al., 2019). We
treat the problem of policy improvement and policy evalu-
ation as an optimization over a probability distribution of
network parameters with KL-divergence regularization and
build convergence analysis based on mean field Langevin
dynamics (MFLD). Specifically,

1. We introduce the mean-field Langevin TD learning
(MFLTD) as the policy evaluation component (critic)
and show that it converges to the true value function at
a sublinear rate. In this algorithm, we employ a double-
loop proximity gradient algorithm to resolve the difficul-
ties posed by having semi-gradients. Compared to the
existing TD(1) in a basic benchmark, we experimentally
test the practicality of this new method.

2. We introduce the mean-field Langevin policy gradient

(MFLPQ) as the policy improvement component (actor)
and prove that it converges to the globally optimal pol-
icy at a linear convergence rate under KL-divergence
regularization, in continuous and discretization case, rep.
This algorithm is equivalent to the standard policy gra-
dient in the parameter space with additional injected
noises.

At the core of our analysis are (1) the over-parameterization
of two-layer neural networks to represent policies and ap-
proximate state-action value functions in the mean-field
regime, (2) the log-Sobolev-inequality argument to control
the local convergence, (3) Techniques for simultaneously
controlling the global optimal error and the KL divergence
error, an inherent problem arising from the Wasserstein gra-
dient flow in nonconvex objective functions (See the proof
of Lemma 9 and Theorem 3), (4) the proximal gradient algo-
rithm for TD learning to prevent convergence breakdown by
using the semi-gradient of the mean squared Bellman error.
In particular, (1) attributes the problem to the Wasserstein
gradient flow and enables the utilization of the convexity
of the loss function in the measure space. Furthermore, to-
gether with (2), it guarantees linear convergence speed in
the presence of globally convergent solutions. Note here
that, our whole results are valid with arbitrary regulariza-
tion parameters. It is worth noting that (3) directly induces
global optimality in distribution space, which eliminates
constraints on regularization and (4) allows the Bellman
error bias not to depend on the scale of the neural network
as in lazy training for the first time. To the best of our
knowledge, our analysis gives the first global optimality and
linear convergence guarantees for the neural policy gradient
methods with feature learning, confirming their consider-
able empirical success. Leahy et al. (2022) analyzed an
entropy-regularized policy gradient similar to ours using the
Wasserstein gradient flow, but the essence of their analysis
is strong convexity due to sufficiently large regularization
parameter A > ¢ > (. On the other hand, our convergence
analysis allows arbitrary regularization parameters A > 0.

Related Works Regarding the convergence and optimal-
ity of the actor-critic, there is a need to encompass the two
optimization problems of the actor component and the critic
component, and in terms of the complexity of each problem,
the theoretical research is limited. Regarding TD learning,
various approaches mainly utilizing linear function approxi-
mation have been made to address the divergence and non-
convergence issues arising from semi-gradient (Baird, 1995;
Tsitsiklis & Van Roy, 1996). In particular, Capturing neural
networks in the NTK regime, Cai et al. (2019) demonstrated
sublinear convergence to the true value function, and Zhang
et al. (2020) showed such sublinear convergence by attribut-
ing this optimization to lazy training. On the other hand,
the global convergence of policy gradient methods is lim-
ited due to the non-convexity of the objective function, but
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Fazel et al. (2018); Yang & Wang (2019) proved the con-
vergence of policy gradient methods to the globally optimal
policy in the LQR setting (Fazel et al., 2018; Zhou & Lu,
2023), and Bhandari & Russo (2019); Agarwal et al. (2020)
proved convergence to the globally optimal policy in tabular
and their own linear settings. Along the line of research,
Wang et al. (2020) incorporated Cai et al. (2019) as the critic
component, assuming that both the actor and critic are well
approximated by linear functions of random features deter-
mined by initial parameters. They provided convergence
to the globally optimal policy at a sublinear rate. However,
these analyses over NTK or lazy training regimes assume
that the neural network does not learn features from the
input data.

As opposed to the linearization analysis above, we use the
following tools of mean-field Langevin theory. In general,
gradient method analysis of mean-field neural networks
uses the convexity of the objective in the space of prob-
ability measures to show its global optimality (Nitanda
& Suzuki, 2017; Chizat & Bach, 2018; Mei et al., 2018),
MFLD yields to an entropy regularization term in the objec-
tive by adding Gaussian noises to the gradient. Within this
research stream, our work is closely related to Nitanda et al.
(2022); Chen et al. (2023) using convex analysis focusing
on the log-Sobolev inequality starting from the Nitanda et al.
(2021). There is also a large body of literature analyzing
the optimization analysis of supervised learning with over-
parameterized neural networks in the mean-field regime (Hu
et al., 2021; Chen et al., 2020; Nitanda et al., 2022; Chizat,
2022; Suzuki et al., 2023).

2. Background

The agent interacts with the environment in a discounted
Markov decision process (MDP) (Puterman, 2014) given
by a tuple (S, A,~, P,r). The policy 7 : § x A — Z(S)
represents the probability at which the agent takes a specific
action a € A at a given state s € S, with the agent receiving
a reward r(s,a) when taking an action « at state s, and
transitioning to a new state s’ € S according to the transition
probability P(-|s,a) € Z(S). v € (0,1) is the discount
factor. Here, we denote the state value function and the
state-action value function (Q-function) associated with m
by

Va(s) =(1 —7)E

o0
ZVT"'(SH ar)| so = 5] )
7=0

o0
ZVTT(SHGT) | so = s,a0 = a‘| )

7=0

Qn(s,a) =(1 = 7)E

where a; ~ 7(s;), S7+1 ~ P(sr,a,) forall 7 € Z~,.

Note that policy 7 with the transition kernel P induces a

Markov chain over state space S, and we make the assump-
tion that every policy = is ergodic, i.e. has a well-defined sta-
tionary state distribution o, and the stationary state-action
distribution ¢, = m(als) - 0x(s). Moreover, we define the
state visitation measure and the state-action visitation mea-
sure induced by policy , respectively, as

vr(s) =(1 =) Z’VTP (sr =),
7=0
ox(s,a) =m(als) - vz (s),

where a, ~ 7(s;), 8741 ~ P(s;,a,) forall T € Z~. The
visitation measures count the discounted number of steps
that the agent visits each s or (s, a) in expectation.

Policy Gradient Here, we define the expected total reward
function J; for all 7 as

Jr=(1—-")E lz YT (s, aT)] :
7=0

where a; ~ m(8;),8741 ~ P(s;,a,) forall 7 € Z-y.
The goal of the policy gradient ascent is to maximize J;
by controlling policy 7 under the reinforcement learning
setting defined above, where the optimal policy is denoted
by 7*. We parameterize the policy as mg with the vector
parameter © C R? and we further define Jg = Jre for
simplicity. The gradient of Jg over O is introduced by the
policy gradient theorem (Sutton et al., 1999) as Vo Jo =
E,., [/ Veme(dals) - Qxe (s,a)]. The state-action value
function in the above gradient is estimated by the policy
evaluation problem.

Temporal-Difference Learning In temporal-difference
(TD) learning, we parameterize a Q-function as () and aim
to estimate (), by minimizing the mean-squared Bellman
error (MSBE):

min MSBE(Q) =E, |(Qa(s,a) - T"Qa(s,a))* |,

where 77 is the Bellman evaluation operator associ-
ated with policy m, which is defined by 7T7Q(s,a) =
E[(1—=~v)r(s,a) +7vQ(s',a’)| s’ ~ P(s,a),a’ ~ w(s')],
and Qq is a Q-function parameterized with pa-
rameter 2 C R< The most common TD-
learning algorithm is TD(0), which, in the pop-
ulation version, updates () via the semi-gradient

E., [(Qa(s,a) = T™Qa(s,a)) - VaQal(s, a)].

3. Mean-field Langevin Actor Critic

In this section, we introduce a particle-based double-loop
neural actor-critic method with the policy and Q-function
parameterized by neural networks in discrete time and the
convergence analysis in the mean-field limit. We first intro-
duce the parameterization of actor and critic below.
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Parameterization of Policy and Q-Function For nota-
tional simplicity, we assume that S x A € RP with D > 2
and that ||(s,a)|| < 1forall (s,a) € S x A without loss of
generality. We parameterize a function i : Sx.A — R using
a two-layer neural network with width m and d-dimentional
parameters © = (01,...,0™) € R?*™ where it holds that
d = D + 2, which is denoted by NN(©; m),

fo(s,a) :% Z hgi(s,a),
i=1

he(saa) =R- /B(b) 'U(wT(S’av 1))7 0= (w,b), (1

where hg(s, a) : S X A — Ris the nonlinear transformation
function, o : R — R is the activation function, 5 : R —
(—1,1) is a bounded function that represents the second
layer weights with the bound R > 0. We now introduce the
parameterization of the policy 7 and the Q-function ) with
neural networks in the mean-field regimes respectively. Let
fo = NN(©;m), fo = NN(Q; M). Then we denote the
policy and Q-function by mg and (QQq, which are given by

QQ(Sa a/) :fQ(S7 a)7
where the definition yields [ 7o (a|s)da = 1forall s € S.

7o(als) occexp (—fe(s,a)),

Mean-field Limit By taking mean-field limit m — oo,
we obtain the policy 7, and the Q-function (), induced by
the weight distributions p, g € Ps, respectively:

mp(als) oc exp (=Elhg(s; a)]), Qq(s, a) = Elhy (s, a)],

where the expectations are evaluated over 6 ~ p, w ~ g,
resp. We now impose the following assumption on the
two-layer neural network hyg.

Assumption 1 (Regularity of the neural network.). For
the neural network hy defined in Eq. (1), we assume the
activation function o : R — R is uniformly bounded, L-
Lipschitz continuous, and Lo-smooth. Besides, we assume
the second weight function § : R — (—=1,1) is an odd
function which is Ls-Lipschitz continuous and L4-smooth.

Without loss of generality, we can assume o € (—1,1),
which implies that the neural network hy is bounded by
R > 0. Assumption 1 is a mild regularity condition except
for the boundary of the neural network. Assumption 1 can
be satisfied by a wide range of neural networks, e.g., 5(+) =
tanh(-/R) and o(-) = tanh(-). We further define J : p —
Jlp] := Jx, as a functional over p.

Remark 1. Assumptions I and 3 ensure our neural net-
work model class is sufficiently rich, covering widely used
activation functions like a sigmoid and hyperbolic tangent.
This approach aligns with common practices in analytical
research Agazzi & Lu (2020); Zhang et al. (2020; 2021);
Leahy et al. (2022) Additionally, this assumption is vali-
dated in cases where kernels are smooth and light-tailed,
like the RBF kernel as mentioned in Suzuki et al. (2023) for
applications such as MMD and KSD estimation.

3.1. Actor Update: Mean-field Langevin Policy
Gradient

We aim to minimize the regularized negative expected total
rewards J|[p] over the probability distribution together. The
regularized objective can be written as follows:

min{F[g] = — J1g] + SE,[I013] + ABntlg] + A2},

where A > 0 is a regularization parameter, and Z =
1 In(2n) is the normalization constant.

Remark 2. The L?-regularization E ,[||0||3] helps to induce
log-Sobolev inequality. This is due to the fact that ||0||3 is
strongly convex, see Section B.1 especially Proposition 2
for details over log-Sobolev inequality. The entropy reg-
ularization term is required by adding Gaussian noise to
the gradient, allowing global convergence analysis under
less restrictive settings (Mei et al., 2019b). Adding these
terms introduces a slight optimization bias of order O()\).
These regularization terms also have statistical benefits to
smooth the problem. Note that we can rewrite the objective
functional F as min,{F[p] = —J[p]+A-KL(p||v)} where
v =N(0,1y) is a standard Gaussian distribution.

In the sequel, we introduce the policy gradient over the
measure space to construct the MFLD. Let the objective
subtracted by the entropy be F'[p] := —J[p] + 5 - E,[[|0]|3].

Proposition 1 (Policy Gradient). For the distribution p over
the policy parameter 0, we have

F B Ao
5, [P0 =Eo_ [An, - hol + 51101l (2)

where % [0](0) is the first-variation of F'[p] in Definition 1,

and Ay, is the advantage function defined by A (s,a) =
Qx,(s,a) — [m,(dd’[s) - Qr,(s,a’).

See Appendix D.1 for the proof. In practice, we do not get
the true advantage function A,rp, but instead use the estima-
tor A (s,a) = Qi(s,a)— [ m(da’|s)-Q(s, a’) with Q; ob-
tained from critic. Let the initial distribution py = N(0, I).
Then we update p; according to the following McKean-
Vlasov stochastic differential equation, which solves the
following Fokker-Planck equation over time ¢ € Rx:

OF
SF

where %[pt](ﬁ) =E,, [A: - ho] + 20|13 is the approxi-
mated policy gradient and {W; }+>¢ is the Brownian motion
in R? with Wy = 0.
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Time and Space Discretization To implement our ap-
proach, we represent pg = % >t 0p: as a mixture of
m particles © = {6"},c|,,, which corresponds to a neural
network with m neurons. Let 7" be the number of iterations.
We perform a discrete-time update at each k-th step of a
noisy policy gradient method, where the policy parameter
O = {0} }icjm) is updated for all k € [T] as

O = (L=1\) i — By [AxVhg:] +v/2X0E](5)

where we define p, = pe,, Tk = Te, and denote a learning
rate by n > 0. Aj is an approximation of an advantage
function A,, and & is an i.i.d. random variable &} ~
N (0, I). Note that, for each k-step, the agent uniformly
sample L € [T'rp] and adopt Q) as Q, from the estimated
Q-functions {Q®"} le[Trp] Obtained by MFLTD (Algorithm
2). See Algorithm 1 for more detail. We denote a learning
rate by n > 0. The discrete version of the MFLPG can be
attributed to the MFLDs in Eq. (3) by taking the mean-field
limit m, k — oo, n — 0 being t = nk.

Algorithm 1 Mean-field Langevin Policy Gradient

Input: 0} < N(0,1,) forall i € [m]and 7o(-) + 7e,.
I: fork=0toT —1do
2:  Given the current policy 7, run Algorithm 2 and
uniformly sample L € [Trp]: Qg <+ Q)
3:  Calculate Ay = Qi — (mk, Q) and update with
the i.i.d. noise & ~ N(0,1;) for all i € [m] by
Ohr — (L=1A) 0, =1 By, [Ay-Vhe | +v/2M0E}
4: Tht1 ¢ TOp11
5: end for
Output: 7

3.2. Critic Update: Mean-field Langevin TD Learning

In this section, we introduce the Mean Field Langevin Tem-
poral Difference (MFLTD) method to address the challenges
of TD learning in the mean-field regime, especially for
optimizing two-layer neural networks. The core issue in
TD learning is the semi-gradient of the mean-square Bell-
man error, which may not always converge due to its non-
monotonic descent in the mean-field context. This com-
plexity arises from optimizing over probability measures
rather than direct parameter adjustments, similar to navigat-
ing a Wasserstein gradient flow instead of a conventional
Lo descent.

MFLTD is a novel double-loop algorithm designed to ensure
monotonic objective reduction in each outer loop iteration,
akin to proximal gradient methods. The inner loop approx-
imates the true value function by solving a majorization
problem that overestimates the mean squared error. This
guarantees that the objective function, £;, is convex over
the space of probability distributions. As a result, stationary
points of the inner objective yield values at least a constant

factor of the expected squared error 1_?”I[*Z[(Qq —Qx)?] plus
an error term bounded by O(\). This structure systemati-
cally reduces the expected squared error with each iteration,
enhancing the algorithm’s efficiency and clarity.

Inner Loop Update The inner loop is based on the KL-
divergence regularized MFLD analysis in (Nitanda et al.,
2022; Chizat, 2022). In the mean-field view, we minimize
the objective min,{£;[g] = Li[q] + Arp Ent[¢]} where

Arp is a regularization parameter and L;[q] is defined, for
l €0, Trp], by

Lilg) = B [(Q"-T"Q"Y) - (Qs~@x)] ©)
1 O] ATD
t 5=y B l@ Y — Q)1+ “FPE[|w]3] + Arp Z,

where Z = % In(27) is the normalization constant and, on the
right-hand side, the first term is the linearized surrogate TD error
and the second one is the proximal control term. We obtain the
MFLD at time s as

dw, = — V%[qsm) -dt +v2hrp - AW,

where {W;}s>0 is the Brownian motion in R? with Wy = 0.
Let 2’ = (s',a’) be the next state and action of z = (s, a). To
understand the intuition behind the proximal semi-gradient, we
have the gradient of first variation of L; as

5L
Vg @)

—E.. [(@;”(w) (1= () — WQ(”(I’)) Vhw(m)] 4 Arpw,

where we define the averaged Q-function by @fj) =(Qq —
vQ®)/(1 — ~) and the expectation is obtained under
(z,2) ~ G-

Outer Loop Update The last iterate (), of the previ-
ous inner loop is given in the outer loop as QT See
Algorithm 2 for the discretization algorithm of MFLTD.
We remark that considering that the inner-loop algorithm

Algorithm 2 Mean-field Langevin TD Learning

Input: «j, < N(0, 1) for all j € [M] and the policy .
1: forl=0toTrp —1do
2: forn=0to N —1do

3: Average Q-function: @S) = ﬁ(QQ —vQWM)
4: Update with the i.i.d. noise &, ~ N(0, 1) for all
Jj € [M]:

Wiy € W —UTD~V%[qn](w%) ++v2ArpnTDé),
5:  end for

6: Q(l) +— Qay
7: end for

Output: {QV}1ci7,]

converges to the optimum at the exponential rate, the com-
putational complexity of the inner-loop does not become a
bottleneck in implementation. In this regard, the results in
Section 5 offer valuable insights.
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4. Main Results

In this section, we present the results of our investigation
into the theoretical support of the mean-field Langevin actor-
critic. First of all, we base our analysis on the regularity
condition that the reward is bounded.

Assumption 2 (Regularity Condition on Reward). We
assume that there exists an absolute constant R, > 0
such that R, = sup(, ,yesxa|r(s,a)l. As a result, we
have |Vi(s)| < Ry,|Qx(s,a)] < Ry,|Jz| < R, and
|Az(s,a)| < 2R, forall wand (s,a) € S x A.

Combining Assumption 1 and 2 yields that 2R, < R by
setting R > 0 large enough. Such a regularity condition
is commonly used in the literature (Liu et al., 2019; Wang
et al., 2020). In what follows, we introduce the following
regularity condition on the state-action value function Q).

Assumption 3 (Value Function Class). We define for
R,M >0

Frar = { [ 5ot (.01 @ dw)

KL(p'|v) < M, p' € 2((-R,R) x R 1)} (7)

which is equivalent to the function class of Eg~.,[hg) for
p € Po. We assume that Q(x), Ax(z) € Fr a for any .

As will be further explained in Appendix B.2, we note that
Assumption 3 is a natural regularity condition on Q, A, as
Fr,m captures a rich family of functions, which is a subset
of the Barron class (Barron, 1993). Indeed, by making
the neural network radius R, M sufficiently large, Fr p
asymptotically approaches the Barron class and captures a
rich function class by the universal approximation theorem
(Barron, 1993; Pinkus, 1999). Also, as long as smoothness
and boundedness of networks are assumed (Assumption 1),
every network can be included in the above class at least
with a small modification. Similar regularity condition is
a commonly used concept in literature (Farahmand et al.,
2016; Yang & Wang, 2019; Liu et al., 2019; Wang et al.,
2020).

4.1. Mean-field Langevin TD Learning

In the continuous-time limit, the next step is obtained by
¢+ = g where we define S as the inner-loop run-time.
Regarding the outer-loop update, we obtain the following
one-step descent lemma.

Lemma 1 (One-Step Descent Lemma for MFLTD). Let
qu*” be the inner-loop optimal distribution for any inner
step l. For {Q(Z)}le[TTD] in Algorithm 2 with the TD update

in Line 2, it holds that

12=Yp
(7)

<- 7||AQ“+”||<W

[(AQ”*”) - (2Q"y’]

2R
— VIIQ“*” - QU

+ Arp KL(g"™" |\qil+1)) + Arp KL(gx||v),
(8)

where we define that AQW) = Q) — Q.., and denote by
Q* D the Q-function Q ), and ¢tV .- are the weight

distributions inducing Q(H'l), Qr, resp.

See Appendix C.1 for the proof. The existence of ¢, is
guaranteed by Assumption 3. Lemma 1 illustrates the one-
step descent behavior. The second and third terms of the
right-hand side of Eq. (8) represent non-asymptotic errors
obtained through the inner loop, and it exponentially de-
creases with an increase in the run-time .S of the inner loop.
The key to the proof of Lemma 1 is the use of geometric
features related to the norm of the Bellman equation opera-
tor in Lemma 11. The shrinking norm suppresses errors in
the semi-gradient direction that deviates from the true gra-
dient direction. In what follows, Combining Proposition 5
and Lemma 1 allows us to establish the global convergence
theorem for the MFLTD as

Theorem 1 (Global Convergence of the MFLTD). Under
Assumption 1, 2, and 3, the outputs {Q(l)}le[TTD] of Algo-
rithm 2 satisfies, for Arp > 0 and the inner runtime S > 0,
that

Trp 2
8vR
E E ) _ .
TTD Sw Q Q ) ] (1 _ )2TTD

—|-01A 2 ( OLATDS)_;'_C e 2aATDS)+C3)\TD;

where C, Cy, C3 > 0 are the absolute constants such that
C, = %,C %,ng and we define o

as a LSI constant in Definition 2.

_ 2M
=iy

See Appendix C.2 for the proof. Theorem 1 implies that
if the inner-loop error goes to zero, then Q-function con-
verges to the true state-action value function () at the time-
averaged sublinear rate O(1/Trp) with the regularization
bias O(Arp). Therefore, setting the parameters suitably
yields the following corollary.

Corollary 1. Under the same conditions as Theorem 1,

_ 3log Atp _ —1 . .
let S = — e and Arp = Tipp, uniform sampling

L € [Trp) yields that

Co+C1+Cs Cy
A )
TS
TD

EL,%[(Q(L) - QW)2] <

Ttp

2
where we denote Cy = (SWR iR




Mean Field Langevin Actor-Critic: Faster Convergence and Global Optimality beyond Lazy Learning

See the Appendix C.4 for the proof. Corollary 1 shows
that, given a policy m, Q") — Q as Trp — oo at rate
O(1/Trp). This result is in perfect agreement with the con-
vergence rate O(1/Trp) that Cai et al. (2019) obtains from
TD learning in the NTK regime. Note that the previous work
on TD learning in the mean-field regime has the 1/«-rate
bias with « being the network scaling factor (Zhang et al.,
2020). Thus, this is the first time that global convergence
has been demonstrated in a domain that takes advantage of
the data-dependent advantage of neural networks.

4.2. Mean-field Langevin Policy Gradient

We introduce the analysis of global convergence of the
MFLPG, under the mean-field limit and the discretized set-
ting, rep. First, we lay out a moment condition as

Assumption 4 (Moment Condition on Radon-Nikodym
Derivative). We assume that there exists absolute constants
K, t > 0 such that for any t € Rxq

() doe/dsill, o < ¢, (i) [|do™/do],, 5 < &,

01,2 —
where i%: and % are the Radon-Nikodym derivatives.
Note that when the MDP starts at the stationary distribution
Gt, the state-action visitation measures o; are identical to ;.
Regarding Assumption 4-(i), if the induced Markov state-
action chain rapidly reaches equilibrium, this assumption
also holds true. The same requirement is imposed by Liu
et al. (2019); Wang et al. (2020). Meanwhile, the optimal
moment condition in Assumption 4-(ii) asserts that the con-
centrability coefficients are upper-bounded. This regularity
condition is a commonly used concept in literature (Farah-
mand et al., 2016; Chen & Jiang, 2019; Liu et al., 2019;
Wang et al., 2020) and is utilized to guarantee the global
optimality in Theorem 2.

What we follow, since MFLD can be basically attributed
to the Wasserstein gradient flow, the convergence to the
stationary point is guaranteed. We define the proximal Gibbs
distribution p; by

~ 10F o]

xexp|———

Pt p 2\ 6/7 Pt )
which the Wasserstein gradient flow in Eq. (4) goes to-
ward unless we have critic errors. Motivated by the log-
Sobolev-inequality argument in (Nitanda et al., 2022), the
convergence in KL divergence between p;, p; are yielded as
Lemma 2 (Convergence to Stationary Point of MFLPG).
Under Assumption 1,2, 3, and 4-(i) we obtain for any t > 0
that

d ~
a}-[Pt] < —aX’ - KL(pt|[ )

+2R*(Ly + L3)**E, [(Qr — Qr,)7),

where o > 0 is the LSI constant of py and Qy is the Q-
function estimator given by the critic.

©))

See Appendix D.2 for the proof. The second term on the
right-hand side of Eq. (9) is the policy evaluation error
given by the result in Corollary 1. Lemma 2 implies that,
if the critic error is zero, then p, goes toward p; as t — oo.
The Entropy-sandwich-argument (derived from Lemma 3.4
(Chizat, 2022)) yields that if J is the convex functional
then the performance difference F[p;] — min,ep, F[p] is
upper-bounded by KL(p||p;), which concludes the global
optimality of the stationary point. By contrast, we obtain
the global convergence by utilizing the one-point convexity
of J, at the global optimum 7*, which is established by
Proposition 3 in Kakade & Langford (2002).

Lemma 3 (Global Optimality of Stationary Point). Assume
the same conditions as Lemma 2 and Assumption 4-(ii), and
under KL(v||p:) < M forall t > 0, we have for allt > 0
and A > 0 that

max Jr — J[p] < AKL(pe||p0) + CLrVA, - (10)

_ 2
where we denote C; = i (R + ﬁ) +2M.

See Appendix D.3 for the proof. Lemma 3 implies that
J[p:] — max, J, with a regularization bias O(v/\) as p;
gets much closer to p;. In what follows, we establish the
global optimality and the convergence rate of the MFLPG.

Theorem 2 (Global Optimality and Convergence of the
MFLPG). We set Irp = ﬁ Under the same conditions
as Lemma 3, the continuous MFLPG yields for allt € Rx>g
and \ > 0 that

max J; — J[ps] < 2Rexp(—at) + O(A\/?).

See Appendix D.4 for the proof. Theorem 2 demonstrates
that the MFLPG achieves linear convergence in continuous
time with regularization bias (9()\1/ 2), significantly over-
whelming the O(t~'/2) convergence rate typical of NTK
regime (Wang et al., 2020). Furthermore, we highlight an
enhanced convergence without bias through a time-varying
A+ = O(1/ logt) strategy, given in the annealing argument
in Chizat (2022).

Theorem 3 (The Convergence Analysis for Fully Dis-
cretized Particle). Suppose that %[p](@, o' )’ < L(1+
c([|011> + 16'11?)) for any 6,0" € R? and define 62, =
O(E, [(Qk — Qx,)?]). Under the same conditions as The-
orem 2, run Algorithm 1, where the actor update is given
in Eq. (5). It holds for allm € Z>o, T € Z>o, 1 > 0, and
A > 0 that

max J; — E[Jo,] < 2Rexp(—ainT/2) (11)

~ 1 ~ ~ .
+1 (C*lm + Cr2(n® + An) + CaX®/? + 59rr>> ’



Mean Field Langevin Actor-Critic: Faster Convergence and Global Optimality beyond Lazy Learning

where 6,\71 =0 (1 \Y, %) CN’,\,Q =0 (% \Y, %) and C =
O(1). Especially, setting n < A\ = O(=), Trp = Q(m),

and T = Q(m3e™) yields for any m € Zx particles that
1
max Jr — E[Jo,] <O <m2> . (12)

See Appendix E for the proof. Eq. (11) implies that the
expected Jg, goes toward max, J, biased by the finite
width error O(A\/mVn/m) and the time-discretization error
depending on n, as T' — oo. In addition, Eq. (12) demon-
strates that we can evaluate the expected performance error
max, J, — E[Jo,] = O(m™?2) with the suitable parameter
setting. This result is an indicator of how well the neural
network performs as its width is increased, i.e., m — oo,
and it is faster than the rate O(m~'/16) derived from the
existing policy gradient research in NTK regime (Wang
et al., 2020). Although it is hard to understand explicitly
the impact of training in the mean-field regime on feature
learning, training relies on a fixed set of features in NTK
scaling, limiting expressiveness to the network’s width. In
contrast, MF scaling allows feature bases in the first layer
to adjust dynamically, enhancing the training data’s adapt-
ability. In fact, MF networks have a superior representation
ability over finite-width NTK networks, which struggle to
approximate characteristic functions (Suzuki, 2019; Ghor-
bani et al., 2019; Damian et al., 2022). See Appendix B.3
for more detail.

5. Numerical Analysis

In this section, we conducted a numerical experiment to
compare the Critic component, which is based on the pro-
posed MFLTD, against the existing TD(1) algorithm that
utilizes the Bellman error semi-gradient. Additionally, we
demonstrated how the learning performance differs when
using a neural network that follows the NTK with a repre-
sentation that is independent of input data and dependent
on initial values. Specifically, we performed learning on the
CartPole-v1 environment provided by OpenAI’s Gym and
implemented the estimation of the state-action value func-
tion during optimal policy selection. In this experiment, we
used a neural network with 256 neurons, ran 4000 episodes
with a discounted factor of v = 0.99, and employed a
learning rate of n = 0.0001 for MFLTD. Notably, we con-
ducted MFLTD’s inner loop with a step size of K = 10,
repeated it Tp = 400 times in the outer loop, and sampled
using one episode for each inner step. Furthermore, we ap-
plied Gaussian noise of magnitude induced by the entropy
regularization parameter A = 0.001, following Algorithm
2, along with Ly regularization. To assess the difference
in performance due to representation learning covered by
Mean-field analysis, we also implemented NTK-TD with
a double-loop setup where representations are fixed at ini-
tial values, similar to MFLTD. Additionally, to address the

primary weakness of our proposed algorithm, the double-
loop, we examined its impact on computational complexity
compared to single-loop TD(1).

Figure 1 presents the average and standard deviation of each
learning process conducted ten times. From this figure, we
observe that MF training with features independent of initial
values outperforms when compared with an equal number of
neurons, primarily due to increased expressiveness gained
through feature learning. Furthermore, while the single-loop
results are faster in regions of lower accuracy under the same
computational load and time, they exhibit decreased speed
in regions of higher accuracy, ultimately demonstrating that
our proposed double-loop method approximates the true
value function more effectively.
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Figure 1. Comparison of Time Evolution of Mean Squared Bell-
man Error Between Algorithms for TD Learning Near the Optimal
Policy in the Game Model ~CartPole-v1”.

6. Conclusion

We studied neural policy optimization in the mean-field
regime and provided the first global optimality guarantee
and the linear convergence rate for a neural actor-critic algo-
rithm in the presence of feature learning. For both actor and
critic, we attributed their updates to the MFLD and analyzed
their evolutions as the optimization of corresponding proba-
bility measures under mean-field limit and time-and-particle
discretized version, resp. We provide theoretical guarantees
for global convergence to global optimality, and empirical
experiments that validate the superiority of the proposed
algorithm in policy evaluation.
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A. Notations

We denote by &?(2) the set of distribution measures over the measurable space .2". Given a distribution measure function
pu e Z(Z), the expectation with respect to y as Eg~,,[-] or simply E,[-], Eg[-] when the random variable and distribution
are obvious from the context. In addition, for u € Z(2°) and p > 0, we define || f()[|., = (fg |f|pdu)% as the
LP(p)-norm of f. We define || f(-)|| 4,00 = inf{C > 0 : | f(2)| < C for p-almost every =} as the L>°(y)-norm of f. We
write || f]| .., for notational simplicity when the variable of f is obvious from the context. Especially, the Lo (x)-norm is

denoted by || - || .. For a vector v € R? and p > 0, we denote by ||v||, the LP-norm of v. Given two distribution measures
W, p € P(X), we denote the Radon—Nikodym derivative between y and p by g—g. KL(-||-) stands for the Kullbuck-Leibler

divergence as KL(pp) = [duln ?TZ’ and also I(-||-) stands for the Fisher divergence as I(u||p) = [ du||Veln 3—‘; 2. Also,

we define the entropy Ent[-] by Ent[u] = [ duln p. Let P, C 2(R?) be the space of probability density functions such
that both the entropy and second moment are finite.

B. Additional Remarks
B.1. Logarithmic Sobolev Inequality

In this paper, we extend the convergence analysis of a nonlinear Fokker-Planck equation, mean-field Langevin dynamics to
the context of reinforcement learning. The analysis is based on the KL-divergence regularization (Mei et al., 2019a; Hu
et al., 2021; Chen et al., 2020) and the induced log-Sobolev inequality (Nitanda et al., 2022; Chizat, 2022). Below are some
mathematical tools necessary for them. Particularly, in the MFLD convergence analysis, it is important to make use of the
following proximal Gibbs distribution defined as follows. To define the MFLD of functional F', we first introduce the first
variation of functionals as

Definition 1 (First-variation of Functionals). Let F' : P, — R and we suppose there is a functional % : Py x RY S

(p,0) — %[p](&) € R such that for any p, p’ € Po,

dF(p+e-(p' = p))
de

_ [oF
e=0 5P

[p)(0)(p" — p)(dB),

for all p € P,. If there exists a functional ‘Z—i [p](0), we say that F is differentiable at p.
Note that any first variation of a functional is invariant with respect to a constant shift. In what follows, we define the
proximal Gibbs distribution (PGD) with a first variation, as

Definition 2 (Proximal Gibbs Distribution (PGD)). Let p € P5 and A > 0 the temperature. We define the Gibbs distribution

with potential function —%% around p for any § € R? by

p(6 ———1pl(0) ).
p(0) xexp (~5 5 100
We call p(6) the proximal Gibbs distribution of the functional F around p.

The convergence analysis of p; over the objective F' heavily depends on the relationship between the PGD around p;, p;
and the optimal distribution p*. Regarding the convergence rate of MFLDs, the key analysis is depending on the following
logarithmic Sobolev inequality.

Definition 3 (Logarithmic Sobolev Inequality (LSI)). We define that a distribution measure p € P, satisfies a logarithmic
Sobolev inequality with constant a > 0, which is called LSI(«) in short, if and only if, for any smooth function ¥ : R¢ — R
with E,[¥?] < oo, it holds that

2
E, (W2 In(¥?)] - E,[¥?] - In(E,[¥?]) < ~E,[||V¥|3],
which is equivalent to the condition that for all ;. € Py absolutely continuous w.r.t. p, it holds

KL(ullp) < 5-1(ullp).
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In particular, the LSI holds uniformly for the PGD over the mean-field neural network condition, given some appropriate
boundedness assumptions. The result is achieved by leveraging two well-known facts. Firstly, it is established that strongly
log-concave densities satisfy the LSI with a dimension-free constant, up to the spectral norm of the covariance. For instance,
Bakry & Emery (1985) showed the following lemma:

Lemma 4 (Bakry & Emery (1985)). If p o< exp(—f(8)) is a smooth probability density with f : R® — R and there exists
¢ > 0 such that the Hessian matrix of f satisfies V> f = c - Iy, then the distribution p(0)d0 satisfies the LSI with constant c.

It is worth noting that, for example, the Gaussian distribution v ~ A(0, I;) satisfies Lemma 4 with the LSI constant
c¢=1. Thatis, v ~ N(0, 1) satisfies LSI(1). In addition to that, preservation of LSI under bounded perturbation has been
demonstrated in Holley & Stroock (1987) as

Lemma 5 (Holley & Stroock (1987)). If p is a distribution on R? that satisfies the LSI with constant ¢ > 0, and for a
bounded function f : R* — R, the distribution p ¢ is defined as

ps(0) < exp(f(0)) - p(0),
then py satisfies the LSI with a constant ¢/ exp (4] f|oo).

Combined with the previous example of Lemma 4, v¢ with some uniformly bounded potential function f satisfies Lemma 5.
These lemmas lead to the important fact that follows. Under the definition of the two-layer neural network in mean-field
regime and Assumption 1, the PGD of each function appearing in this paper satisfies the LSI with an absolute constant c.
Specifically, we have

Proposition 2 (LSI Constant of PGD). Let the first-variation of a function L, % be uniformly bound by C' > 0, and

F =L+ % E,[|0]|3] with A > 0. Then we have that the PGD around p, p satisfies the LSI with a constant o: = exp(l

=y

In our case, the boundness of each first-variation is guaranteed by the neural network’s boundness in Assumption 1 and
the reward’s boundness in Assumption 2. It is worth noting that the exponential dependence on the LSI constant may be
inevitable in the most general setting (Menz & Schlichting, 2014).

Definition 4 (Inequalities of Poincaré and Talagrand). Consider a probability measure p within the space P,. It fulfills the

Poincaré inequality with a constant o > 0 if, for any function f : R? — R that is smoothly defined, the variance under p is
given by

Var,(f) = Bl — (B,[)? < ~E,[IV/13]

Additionally, p adheres to Talagrand’s inequality with a constant o > 0 when, for every measure u € P that is absolutely
continuous relative to p, the squared 2-Wasserstein distance between w and p is constrained by

(6%
SWE (1, p) < KL(sllp)

If v is in compliance with the Logarithmic Sobolev Inequality (LSI) characterized by a constant c, then it inherently satisfies
the Poincaré inequality with the identical constant.

B.2. On the Function Class

In Assumption 3, we considered the class of measures with the bounded KL divergence and some regularity condition. We
first note that, as we let M and R large, then Fg js contain a wider class of neural networks. What is worth mentioning is
the relation to the so-called Barron class. As we increase M and R, we can approximate a neural network in the Barron
class with arbitrary accuracy.

Barron (1993; 1994) showed that a neural network with a sigmoid activation function can avoid the curse of dimensionality
(Weinan et al., 2019) if the Fourier transform of the function f satisfies certain integrability conditions, and he defined a
function class with good properties that can be approximated universally (Barron, 1993; Pinkus, 1999). Particularly, we
name the function class as the Barron class and denote it as 5z, such that

L el 1Fwldes < o,
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where f is the Fourier transform of a function f.

One pleasant aspect of considering the Barron class is that one of the biggest contributions of feature learning, the avoidance
of the curse of dimensionality inherent in neural networks, theoretically arises (Weinan et al., 2019). The Barron class is
also closely related to the avoidance of the curse of dimensionality in other function spaces such as in the mixed Besov
space (Suzuki, 2019).

A similar analysis of function classes has been developed (Klusowski & Barron, 2016; E et al., 2019) and, in particular, the
following derivations of the Barron class are known:

Definition 5 (Barron Class (Li et al., 2020)). The Barron class is defined as
Bos { y (w)-o(w' (z,1)) - p(dw) : p € P(R?), it |B(w) - (wll +llpee < OO},

The Barron norm for any f € B is defined by || f||5.. = inf, || 3(w) - (|[w]]1 + 1) p,cc. In addition, we define the R-Barron
space by R’ > 0 by

Br ={f € B : |flls.. < R'}.

Note that the R-Barron space Br/ corresponds to the function class Fr as targeted by our neural network. That is, our
function class can approximate an element of the Barron class with any degree of accuracy as a set. Although the R-Barron
space and the Barron class cannot be directly compared, they are closely related and can be adequately covered by a
sufficiently large R'.

Finally, we remark that based on Assumption 1, which guarantees the smoothness and boundedness of neural networks, it is
very easy for such a network to satisfy Eq. (7) with some R and M at least with a small modification. For any such neural
network, if we consider convolution of the corresponding measure with a Gaussian of small variance, this does not change
the output of the network very much due to the smoothness and boundedness, this smoothens the distribution and as a result,
guarantees that the modified neural network belongs to our class of measures.

B.3. More Related Works on Feature Learning: MF vs. NTK

(1) The performance difference due to representational capabilities In NTK scaling, training relies on a fixed set
of features, limiting expressiveness to the network’s width. In contrast, MF scaling allows feature bases in the first layer
to dynamically adjust, enhancing adaptability to the training data. For instance, representing specific polynomials in a
high-dimensional space requires exponentially more neurons in NTK scaling, as initial layer weights may not align with key
dimensions. However, in MF scaling, the network’s width need not increase with the dimensionality of the data, sidestepping
this optimization issue, as discussed by Damian et al. (2022). This adaptability gives MF networks a superior representation
ability over finite-width NTK networks, which struggle to approximate common learning theory functions.

(2) Sample complexity with respect to the dimension. The MF network with infinite width also has an advantage over
the NTK network with infinite width in terms of sample complexity in high-dimensional problems. If you look at the learned
network in MF, the first layer parameters typically align with the important directions. But not in NTK, because NTK
weight is not allowed to travel so much. As a result, the MF learned network typically has low dimensionality and, therefore,
requires fewer samples. Specific examples are parity function (Telgarsky, 2023), polynomials of few relevant dimensions
(Damian et al., 2022), low dimensionality (Mousavi-Hosseini et al., 2023), hierarchical functions (Abbe et al., 2023), and
single-index models(Ba et al., 2022). For example, in order to learn the 2-parity in a d-dimensional space, O(d?/¢) sample
is required for NTK but O(d/¢) for MF (Telgarsky, 2023) to achieve the accuracy. However, the dimension dependency will
be absorbed by just looking at T" or Trp. This is not because MF has less (or more) representation ability and the whole
hypothesis class is smaller (or larger) but because the parameters can gain the aligned structure as a result of training.

(3) Reinforcement learning unique feature learning trends. Feature learning is very useful in the context of RL. In
particular, RL agents often encounter state-action samples possessing low-dimensional structures. For instance, when
training a reinforcement learning model to control a robotic arm, the feasible states are not uniformly distributed across
the entire space but are constrained to specific subspaces due to their mechanical limitations. Additionally, in cases where
images are used as state inputs, the learning data can often be projected onto lower-dimensional spaces. This reduction
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in dimensionality plays a crucial role not only in the implicit learning within NN but is also explicitly addressed in some
recent studies (Dayan, 1993; Yang et al., 2021; Huang et al., 2022; Le Lan et al., 2022). In response to these research trends,
recent studies (Zhang et al., 2020; 2021) confront the implicit representation learning optimization in neural networks
through the utilization of Lazy training. On the other hand, our study aims to revisit the significance of MF networks in this
context. Through our research, we expect to demonstrate how the efficiency of representation learning, already established
in supervised learning paradigms as mentioned earlier, can similarly benefit reinforcement learning.

C. Mean-field Langevin TD Learning
C.1. Proof of Lemma 1

Proof. From the definition of L;[-] in Eq. (6), for s € [0, Trp] we have

Li[q] =Lilq] + Arp - Ent|q]
“E,[(QY ~ TQY) - (Qy — Qa)] + =—

- O _ 2 )
51 = ) e (@7 = Qo)+ A - KL(g[lv), (13)

where we ignore a constant without loss of generality. The inner algorithm performs a gradient descent of £; over Wasserstein
metric. We evaluate the difference of the objective function L; between the optimum of the true objective function ¢, and
¢+ which is ideally the optimum of the majorization problem, from above and below, respectively. For I € N we have

L
2(1-7)
E., [(QY — Q""™V)*] + Arp - KL(gxlv) — Ao - KL(¢"V||v).

Lilge] — Li[g"T] = —E [(QY = TQ™) - Q"™ — Qn)] + E.. [(Q" — Qx)’]

1
2(1—7)

(14)

In what follows, we upper bound the first term on the right-hand side of Eq. (14) by each difference of Q-functions
without any transition kernels. For simplicity, we define that AQ() = Q ) — Q,, I'is an identity operator, and P :
L%(¢x)(S x A) = L?(sx)(S x A) as the linear operator such that PQ(s,a) = [ ds'P(s|s,a) [da'm(d'|s")Q(s,a), Q €
L?(s;)(S x A). Focusing on the fact that we can reformulate the first term on the right-hand side of Eq. (14) as
E. [(QW —T7QW) . (QUHY — Q)] = E, [AQUHD (I — vP)AQW], it holds that

E, [(AQUT) — AQW)(I — 4P)(AQUTY — AQW)]
=K [AQ(H—U(I _ 773)AQ(Z+1)] +E. [AQ(Z)([ . fyP)AQ(”]
— B [AQU(I — yP)AQY] — K, [AQW (I — 4P)AQ ]
=K [AQ(Z—H)(I _ 773>AQ(Z+1)] +E. [AQ(Z)(I _ WP)AQ(”]
E. [AQW(T —yP*)AQUHV] — B [AQW(I —P)AQUHY)]
— 2B [AQUH(I — yP)AQW]
=E, [AQUT(I — yP)AQU V] + K, [AQW (I —vP)AQY)]

, 15
+9 - B, [AQUTV (P = P)AQY] — 2B, [AQUTI(I - yP)AQY)] "
where P* is the adjoint operator of P. As for each term of Eq. (15), we have the following inequalities:
E, [(AQUH — AQW)(T — yP)(AQUY — AQW)]
=E_ [(QU) — Q)T —P)(Q"Y — Q"))
—Ecﬂ (@Y — Q)] — 4 E [(QUT — QW) - P(QUH — @W)]
Eo (@Y = QW) ++ - E_[(QUTY = @W)*1V2 - |P(QUY — QW) 2
E, [(Q"™ = QW) ++ E [(QUTY — QW)?V/2 . E, [(QUHY — QW)2]!/2
=(1 +7) - B, (UMY — Q1)?, (16)
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where the first inequality follows from Holder’s inequality and the second one follows from Lemma 11. In exactly the same
way, we have

—E,, [AQUI(I — yP)AQU Y]
E. [(AQU+D)2] 4 4. E. [AQUHD . PAQUHD]
< = B, [(AQU)?] 44 - E [(AQUHD))/2 | P(AQU V), 2
E. [(AQU+D)?] 4~ E._[(AQU+D)2]1/2 . E_ [(AQU+V)2]1/2
== (1-7) E. [(AQU)?], (17)
where the first inequality follows from Holder’s inequality and the second one follows from Lemma 11. From the same
discussions, we also have —E._[AQW (I — vP)AQY] < —(1 — ) - E_[(AQ®)?]. In addition, from the fact that
E. [Q(P* —P)Q] = 0 forall Q € L?(s;)(S x A), it holds that
—E. [AQUV (P — P)AQY)
= —E_ [AQD(P* —P)AQU] + B, [AQ) (P* — P)AQY)]
=E [AQUTV (P = P)(Q"Y — Q“>>]

1200-7) (EEVCIN 1) _ o))

<5 TR [aQ >1+2 e )n( —PQUY - QU

< (AQU + T2 P@) - QO

B [(AQUY + ﬁl& (@D — Q)2 (18)

where the first inequality follows from Young’s inequality with an arbitrary constant @ > 0, and the last one follows
from Lemma 11. Combining Eq. (16), (17), (18), and (15), we obtain that

_Ecw[(Q(l) - TQ(l)) ’ (Q (+1) QW)]
= - E, [AQ"V (I - yP)AQY)]

= - JELAQU (I — yP)AQU] - [ [AQV(T ~4P)AQU]

— 2B [AQUD (P — P)AQY)]

+SEL[AQUY — AQU)(T —P) (2@ — AQY)

_1-n 0 1 +1) _ o
<= 5 B lAQU)T+ 5B (@Y - 1), (19)

Plugging Eq. (19) into Eq. (14), we obtain the following upper-bound of Eq. (14) as

(2 —17)
Lilgx) — La[qg" V] SmEgﬂ [(AQW)?] 20)

+ Ao - KL(gx||v) = Ao - KL(¢“V|v),

In what follows, we give a lower bound on the difference for majorization objectives using the strong convexity of L;. From
the definition of £; in Eq. (13), it holds that

oL,

dq

lg)(w) =B, [(Q" = TQW) - hu] + ﬁng (Qq = QM) hu] + Arp - In 2. @1
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In what we follow, we control the error induced by the difference between the last iterate of inner-loop dynamics, ¢(+1),

and the optimal distribution of £, qilﬂ).lt holds from Eq. (21) that
OLi, 1) (14+1) (14+1)
— [ —1a""V)(dgx — dg"") = Arp - KL(gx[l¢" ")
1

dq
_ O _ 700y . (OU+D) _ L +1) _ oMy . (OU+D) _
=E. [(QY —TQW) - (Q"F Qw)Hl_WEcW[(Q T —QW) - (QMY — Qr)]

Q(ZH) (141) I+1
—ATD-/ln —(dgr — g™ ~ Arp - KL (g g +)

“E,[QU = TQY) - (@) = Qo] + =B, Q") = ") - (@) - Q)

(22)
— Arp - KL(gx|[v) + Arp - KL(¢"V||v).
Plugging Eq. (22) into Eq. (14), we have
Lilgs] = Lifg"V] = — Ec [(QY = TQ) - (QUTY — Qx)]
1 1
I, ) O _0.)2-—"F M) _ oU+1)y2
+ 1o - KL(gr|[v) = Ap - KL(¢"|v)
1
N ) ) Q(l) _ Qﬂ_ 21 S ) ; Q(Z) _ Q(l+1) 2
1
15 B l@MY =09 (@Y - )l
oL
+ (qu[q(l“)}(dqw —dg™*Y) + Arp - KL(g[lg"+)
1
=~ | +1) _.)?
5C . (23)
+ qu[q(l“)}(dqﬂ —dg™) + Arp - KL(gallg"+)
We evaluate the inner-loop error bound in the sequel by establishing Lemma 6.
Lemma 6 (Inner-Loop Error Bound). Under assumptions of Proposition 5, for any | € N, s > 0, we have
oL
- | S las)(dar = das) = Arn - KL(gas)
2R (+1)r27) 2 (1+1)
< (B [Qe = Q")) + Aap - KL(g.[la™ ).
-7
Proof. See Appendix C.3 for a detailed proof. O

Lemma 6 guarantees that the optimality error — | %—qu [¢5](dg-—dgs) is biased by at most the KL divergence Arp-KL(gx||gs)-

Recall that the inner dynamics is stopped at the time s = S > 0 when we set the next outer iterate ¢('*'1) as that (‘1) = ¢g.
Combining Eq. (20), Eq. (23), and Lemma 6, we finish the proof of Lemma 1. O

C.2. Proof of Theorem 1

Proof. Before jumping to the proof of Theorem 1, we evaluate the mean-squared error between the Q-function Q)

induced by ¢, and the global optimal Q-function qﬁl“) = @~ over the L?-norm. In the sequel, we provide the following

convergence lemma about the mean squared error of Q-functions.
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Lemma 7 (Linear Convergence of the Mean Squared Error of Q-functions). Under the same assumption of Theorem 1, for
l € N we have

4(3 —2v)R*
(1—=7)Atp

where we denote QS}H) = qu with the global optimal distribution q£l+1) of the inner objective L and the definition of

each variable follows that of Proposition 5.

E. (@) — V)] < - exp(—2aA 1D ).

Proof. For any parameter distributions q, ¢’ € Ps, we first upper bound the Q-function difference with the Wasserstein
distance.

2
(Qq(z) — Qq(x))? = ( / heo (2)(dg(w) — dq’(w)))
<R* |lg—d}
<2R*-KL(qll¢"), (24)

where R > 0 is an absolute constant defined in Assumption 1 and the last inequality follows from Pinsker’s inequality.
Combining eq. (24) and Proposition 5, we obtain that

B, [(Qq — Q)% <2 KL(g, ")

2R?
=1 exp(—2adps) - (Lilao] - Lilg ™)) -
D
To control the right-hand side of the inequality, we evaluate the objective difference £;[go] — El[qgﬂ)]. It holds from

Assumption 1, 2, that
Lilgo] = Lalg] =B, [(QY = TQW) - (@0 — Q)]

1
o=y (@Y = Q0)*] + Ap - KL(go|[v)
1
= =y e @ = Q) = - KL )
1
<4R? + ——4R?
2(1—7)
23— 2v)R?
=4
where we use KL(qo||~) = 0. We conclude the proof of Lemma 7. O

By Lemma 1, we have

12 -7) )
B (@Y - Qe S [(AQ1) - (AQUHY]

4R I+1)\27\ 1

+ E. [(QU) - Q! :

o B )

2AtD I+1 2AtD
CKL(qUD 0Dy 4 22D gy :
g (@ lq )+1_7 (qxlv)

Combining Lemma 7 and Proposition 5, by the same argument of the proof of Lemma 7, it holds that

E, [(Q(Z—H) - Qw)Q] SHE% [(AQ(Z))Q _ (AQ(1+1))2]
—7)*AD
24R* 2 Atp M

= wexp (—2aATpS) + — . (25)
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Telescoping (25) for s =0, ...,TTp — 1, we obtain

T
— (2 —7)

0 2 (0) (Trp)\2
TTDZE%Q Qe Sy Ber [(AQ0) - (AQTm))?]
8V3R3
L exp (—aArpS)
(1- )2 /\%D
24R* 2Arp M
_— —2aATpS
+(177)2 exp (—2aArpS) + T
1(2-1)
<" Y R |[(AQ)?
8V3R3
L - exp (—aATpS)
(1- )iy
24R* 2 rp M
_— —2aArpS .
+(1_7)2 exp (—2aArpS) + [
Recall that @) < R for any Q-function () from Assumption 1 and 3, we have
E [(AQ)*) = E [(Q" - Qn)*) < 4R”.
Therefore, we have
TTp 2 3
1 8YR 8V3R
— S E QY- Q) S+ ~— - exp (—aArpS)
Tro 15 (L=2"To (1 - y)8ag,
24R* 2Arp M
—_— —2aATpS
+(1_7)2 exp (—2aArpS) + =
which concludes the proof of Theorem 1. O

C.3. Proof of Lemma 6

Proof. We first present some lemmas on convergence properties. In specific, we prove the convergence of the parameter
distribution g, to the global optimal distribution ¢* in the inner-loop MFLD and also Using the two convergence lemmas
above, we evaluate the error derived from the inner-loop algorithm.

7/ o [qs}(dQﬂ' - qu) — ArD - KL(qﬂHqs)

dq
5[,1 5£l 1
- / —*a)) = =[a"V] ) (dgr — dgs) — Ao - KL(gxg.), (26)
oq oq
where the last equality follows from the optimal condition with the stationary point q(lH) as
oL
T;[q,(f“)] = const.

For the first term on the right-hand side of Eq. (26), the difference of the first-variations of £; satisfies from the definition in
Eq. (6) that

oL oL 1
qu[qs] l[q(Hl)] iEcw (Qqs - Qngl)) ' } +Arp - In ——

5q 1- @7

q(z+1) :

*
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Plugging Eq. (27) into Eq. (26), we have

0L,

6 [q‘;](dQTr dqle) — ATD 'KL(QWHQS)

1

ZEE% [(Qqs - >('<l+1)) : (Qqs - QW)}

— ATD /111 (z+1) (dgr — dgs) — Atp - KL(gx|lgs)

1 3
ST [(@u — @] 1@, — sl

<=
+dp - KL(gflgt"™) = Xap - KL(qﬂanf“’)
2R
<2 e [(Qu = QU] + Ao - KL(au o) = Ao - KL
2R
< 2B @0 - Q) A KLa )

where the second inequality follows from Assumption 1 and 2.

C.4. Proof of Corollary 1

Proof. The results of Corollary | naturally follows from the convergence rate of Theorem 1, which concludes that

Ttp

C

T } :ng Q)% < T—O F O AppelmeMDS) | 0e(=20A0S) 4 a1
TD TD

letting S = —M yields that

)‘T2 —aArpS _ >\TD7
—2aATp S 3
)\TD.

Since we set the regularization parameter for the inner loop as Atp = ﬁ sampling L € [Trp| uniformly, it holds that
Er [(Q") = Qr)*) = O(Tp A T O
D. Mean-field Langevin Policy Gradient

D.1. Proof of Proposition 1

Proof. By Proposition 4, we have for all 7, that

A1) =B, | [ dnylaa)- Qs (o)

V7r

[ (s + [ maans @) i) -n, @)
B |- [ w05, Q@)+ ([ mtaian@)) - ([ mia0en, )]

Qnr
— .., | [mtaas) - (s, 0~ [ e, @)]

- E‘T”ﬂ [dfp ’ A'“'p}

_ / Ap(A0)E,, [~ho- An)].
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In addition, we have

A(E, [10]1%]) = / dp(a)||o]>.

Recalling F[p] = —J[p] + 3E,[[|0]|?], we obtain that

AFp] =~ ]+ A 017D = [ dptad) (o, [1o-4c,] + 5101°). e8)

From the definition of the first-variation of F'[p] in Definition 1, it holds that
aFlp) = [ dp(as) -l )
Comparing Eq. (28) and Eq. (29), we obtain Eq. (2). ]

D.2. Proof of Lemma 2

Proof. First of all, we define the proximal Gibbs distribution of F around p; by p; o exp ( X ‘;—F[ t}) We can obtain the
time derivative of F:

d
AT Flpi] /6 [pt]0cpi(d). (30)
Since we have F[p] = F[p] + X - Ent|p], it holds that
OF oF
— Al
5pH 5p[]+ np
16F
:—)vlnexp(—)\(S[ ])—F)\'lnp
-2 -\ 2z, G1)
D

where we define by Z, > 0 the normalization constant of p; o< exp (—%‘;—i [pt]), i.e., we have

16F
Zy = /exp <_)\5p[pt]) dé.

We note that the first variance can ignore the shift of constants. On the other hand, from the definitions we have the following
Fokker-Planck equation about the time evolution of p;:

6F
Opr =X - Apy +V - (Pt ‘ V(;p[ﬂt])

OF §F
=A-V (Pt -Vin Et) Vel | V=lp) = V—Ip] | | (32)
Pt op op

Plugging Eq. (31) and (32) into Eq. (30), it holds that

d A’ Pt
—_ < ot
dtf[pt] =75 /Pt(de) HVIH B

9 2
1 6}" oOF
by [ @ H REAR (33)

2

For the first term on the right-hand side of Eq. (33), it holds from the LSI of p; with the LSI constant o > 0 that

——/ptdé’ H 1’”

22

)\2
= — —I D
9 (Pt”ﬂt)

< — ar? - KL(p||r)-
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Note that « depends on A at the order O(exp(—1/)\)). See Proposition 2 for the detail of the construction of the LSI
constant.

In the sequel, to bound the second term on the right-hand side of Eq. (33),
Lemma 8. Under Assumption 1, and 4-(I), it holds for any 6 € R that

[ putat)

Proof. We obtain the difference of advantage functions as

v p0) - v%

op [p:](0)

2
<A4R*(Ly + L3)** K, [(Qt - Qm)z} :

VO o] = L (9] = Eu [Vho(s,a) - (As(s,0) — An,(s,a)],

op op
— By, [Vho(s,0) - (Qu(s5,0) — @r.(5,a)]
~Er, [ Tha(s.0) - ([ mlaa)@i(s,a) - V29|

where we denote by A, (s, a) = Q(s,a) — [ m(da’)Q¢(s,a’) the advantage function estimator with the Q-function given
by the critic at time ¢. The second term in the right-hand side can be transformed as

o, [Vhola) - ([ miaa)@uta) = V2, )| =B [ [ i) ¥hato) - ([ m(a0) @) - @) |

=5, | [ m(d0) (@) - Qua) - ([ mlaa)vma(a))|

~ &, ([ a9 - @uta) ~ Qe

where we exchange a with a’ in the second equality. Since the neural network hy is assumed to be R(L; + L3)-Lipschitz
continuous in Assumption 1, we can evaluate the squared expectation as

/ pe(d0) T / pe(d6) ' E,, Kvm, - / m(dd)%) Q- Qm)}

<AR*(Ly + L3) By, [|Q: — Qn, |,
where the inequality follows from Holder’s inequality. Assumption 4-(i) bounds the moment of the Radon-Nikodim
derivative, it holds that

2

V(Tp[pt] - V%[Pt]

‘57 5F

do 2
B [Q - QI = B | 5210~ Qi
doy 2 2
< ‘ Wl B (@0~ @x)’]

< ’E,, [(Qt - ert)z] )

where i—‘:: is the Radon-Nikodim derivative between the state-action visitation measure o; and the stationary state-action
distribution ¢; corresponding to the same policy 7, and the first inequality follow from Holder’s inequality. Combining the

inequalities yields the proof of Lemma 8. O
Combining all of them, we have

d ~

S Flpi] < —aN? KL(pil[3) + 2R3 (Ly + Lo Eq, [(Qr — Qn,)?]
which concludes the proof of Lemma 2. O
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D.3. Proof of Lemma 3

Proof. Ttis well known that the expected total reward function J[r| has non-convexity, which makes the optimization of the
expected total rewards much more difficult. To access the problem, we make use of a proposition to prove the one-point
convexity of J[x| at the global optimum 7*. This proposition is established by Kakade & Langford (2002).

Proposition 3 (Expected Total Rewards Difference (Kakade & Langford, 2002)). For all 7, 7', it holds that

(1 =7) - (J[x'] = Jln]) = o, [Ax]
where o and vy are the state-action visitation measure and the state visitation measure induced by policy 7', respectively.
In our analysis, we utilize Proposition 3 as a one-point convexity of the expected total rewards to prove the global optimality
of the stationary point of the MFLPG. In specific, we first evaluate the left-hand side of Eq. (10), the performance difference.

Let 7* = argmax J, be the globally optimal policy of the expected total reward function J and further define the globally
optimal expected total reward by J* = J . By Proposition 3, it holds for any ¢ € R>( that

do.
dO’t

I~ Tlpd =(1 ) "'Ey. [An] = (1 —7)"'Ey, [ A} , (34)

where E,_[-] = E,_. [-], hereafter.

On the other hand, we evaluate the first term on the right-hand side of Eq. (10) as
AKL(p[7) =X [ p(d6) 2

L / pt( pt>de VAKL (illpr)

To bound the right-hand side, consider the following functional for any p € Ps:

- f1n ”t( . pt)de VAKL (ollps) = —V3 KL(pllp1) + A KL(pil|50),

whose maximizer is explicitly p = p;. Then we have

ARL(alp) 2 mage {3 [0 (Jop 1) a0 - VAKL Gl |

Pt

> A/l pt( = pt)de—fKupHpt)

=/]Eat [Ar, - hol (pt _ \/1Xp> do — (VX=X InZ,
_ / In 2 (V= Api) 40 = VAKL (pllp)

where you set p € P, arbitrarily. Recall 4 - [)(0) = Eg, [Ax, ho] — AInv/(6), then it holds that

KL(v||p) = /dylnu—/dl/lnﬁt

= %]E l:Aﬂ-t /hgdl/:| +1n Z),

=1In Z,\7

(35)

where we use f hedr = 0, since hy is an odd function. On the right-hand side of Eq. (35), The first term holds that

/ Eo, [Ar, ho) (pt - \})\p) 6 =E,, [Aﬂ < / hopi(d6) — \F hgp(dﬁ)ﬂ
o o (- )
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where f, = [ hop(d).
On the other hand, the rest on the right-hand side of Eq. (35) can be evaluated by

—/ln% (\/Xp—)\pt) 49 — VXKL (p]lpe) :—/m% (\/X,O—)\pt> (d6) — ﬁ/p(de)lni

:)\/dptln& —\/X/dplng
v v
=\ KL(p:|v) — VAKL(p|v).
Combining all of them, we can evaluate the left-hand side of Eq. (35) by

/s

A KL(ptHﬁt) > Eo, |:A7Tt (ft \/X

)] +AKL(pi|lv) — VAKL(p|lv) — VAKL(v ), (36)

where we can take any p € P arbitrarily.

Lemma 9 (Error of Global Optimality). Under the same conditions as Theorem 2, for t > 0, there exists f, € Fr a such
as

2
J*_J[pt]_Eot |:A7Tt <ft_jpx>:| <i<R+1/_€7> \f)\ (37)

Especially, f, = —Ay, € Fr um satisfies the inequality above.

Proof. Plugging Eq. (34) to Eq. (37), the left-hand side of Eq. (37)

st o (1) <o (g 10 )

do,
A oo — (Amss fi)on + (1 — 7)1 <A d°'> 39
o o

1
VA
where (-, -),, denotes inner product which introduces L, o norm. Recall that we have A,, € Fg s from Assumption 3

and that the second weight function 3(-) is an odd function given by Assumption 1, then we can adapt f, = —A,,. it holds
for the first term on the right-hand side in Eq. (38) that

1 1
N Aﬂm oy — T T~ Aﬂf 3‘
\/X< t fP> \/X” || +,2

The second term on the right-hand side in Eq. (38) can be bounded by

_<A7rt7ft>0't S |<A7rt7ft>at|
< HATFt”Ut,Q : ||ft||0't72

< R[4z, [lo02, (39)
where R > 0 is an absolute constant defined in Assumption 1. Meanwhile, the third term on the right-hand side in Eq. (38)
can be bounded by
do do
1- -1 A‘n';i* <(1- _1A7T o -
=7 (A S ) < 0= el G2
K
S 1 HAWtHUuQ? (40)
-7

where the first inequality follows from Jensen’s inequality, the second inequality follows from Assumption 4, and £ > 0 is
an absolute constant defined in Assumption 4-(ii). By plugging Eq. (39) and (40) into Eq. (38), we have

fp lda-*):| 1 2 < K )
E,, [Ar, - | & - fi +(1— < ——=|lAn 2 o+ [ R+ —— | | An, |l 2- 41
Jan (- rr a0 )] < - anl o+ (R 1) e @
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Considering that the right-hand side of Eq. (41) is a quadratic function for || A, |5, 2 as —az? + bz < % forany z,a,b > 0,
it can be bounded by

_\%HAmH?,hQ + (R+ - fv> 1Ar, oy 2 < @ <R+ l’jy)z.
O
Combining Eq. (36) and (37), we finish the proof of Lemma 3 as
J* = Jpt) < AKL(pe|Ipr) + % <R+ - f/y)Q + 2VAM — AKL(pe||v), (42)
where we use KL(p||v) < M from the definition of p € Fg p. O

D.4. Proof of Theorem 2

Proof. Combining Lemma 2 and Eq. (42) in the proof of Lemma 3, we have

C Flod < X KL(pi||7) + 2B2(Ln + L) By, [(Qr — @n,)?]

dt
< —ah (J* = Jlpi] = ? (R+ : f7> —2VAM + A KL(/J‘tIV)) +2R*(Ly + L3)* 2 Ky, [(Qt — Qmﬂ
< —aA (F[pt] +J - ? (R+ — 7) - 2\f/\M> +2R*(Ly + L3)** E, [(Qt - th)ﬂ :

According to Corollary 1 with Trp = Q(1/a3/?), the last term on the right-hand side can be bounded by
2R3 (Ly + Ly)** B, [(Q1 = Qr,)?] = O(aX*2),

and define £(\) as

VA
4

oy (R N 1,%7)2 VM 4 2R*(Ly + L3)2L2E§t [(Qt B QM)Q} — O(/N).

a

Hence, we have

€ Flpd < oA (Flp + 7 — (V).
We obtain from a straightforward application of the Gronwall’s inequality that
J* = Jlpt] <exp(—2aAt) - (Flpo] + J* —e(N)) +e(A) — AKL(pe||v).
Recalling po = v ~ N(0, I;) yields that
Flpol = =J[po] + A KL(pollv) = —J[po].
Considering (), A KL(p¢||v) > 0, we obtain that
J* = Tlpi] < exp(—2at) (J* — J[po]) + V),

which concludes the proof of Theorem 2 with |J| < R given by Assumption 2. O
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E. Time and Space Discretized Mean-field Langevin Policy Gradient: Proof of Theorem 3

We control the discretization error by the argument analogous to Chen et al. (2023). For the finite particle setting, we analyse
the dynamics under the distribution space P3* of m particles © = {Gi}ie[m} € R?*™ instead of the conventional single
distribution space on § € R9.

Hereafter, we denote the distribution of © = {6},¢(,,) € R*™ by p™ € P3". Corresponding to P3", we introduce the
following objective:

A A
Flp"] = Bann [~Jo+ J101F] + 2But(s),

We also define two types of proximal distribution for pg as

po(®) xexp (5 5 7el®)) .

7"(©) < exp (=5 Flpe])

We have the continuous dynamics to consider the discretized update of each step for any ' € [0, 7] as

5F . ‘
46}, = — Vs, o) dt’ + V2N - AW, (43)

where 0} , = 0} and 0}, = 6} ,, and {W} . };/c[o,, is an i.i.d. Brownian motion with W} = 0. Note that the dynamics
correspond to the McKean-Vlasov SDE with the bias term fixed in Eq. (4). We define py 1+ € P> and pi’y, € P3" as
distributions induced by Oy 1+ = {0};775,}@46[7”]. In addition, we define ©~% = {#7},_; and p*(-|©~%) as the conditioned
distribution of ¢ conditioned by ©~*. Hence, the time derivative of F™ [p}ft,] can be evaluated as

d o
afm[p;@‘nt’ = _7iz/pk t d@ H k.t (("‘)) ) (443)
= 2
LS [ OF i SOF
+ m;/pk,t’(dg) V%[Pk](e ) 7Vg[ﬂk](9) 2 (44b)

OF ;
+ = Z/pk +(dO)pr’o( (dO") (H —[prp](6") — Vi(;*p[ﬂk,o}(en)

2
> , (44c¢)

which follows from a similar argument as one in the proof in Theorem 2. The first term (44a) is the main term to decide the
convergence rate. By the leave-one-out argument in the proof of Theorem 2.1 of Chen et al.(2022), the first term of the
right-hand side can be upper bounded by

m

m ) R 1 ~
—fZ/pkt/ (dO) Hv In p’” H —fZ/p,”, (dO) KL (p' ‘@_Z)Hp@—i>+EC)\73, (45)

where 5,\73 = O(A=2 Vv A~1n~1). This inequality is given by Proposition 6. To control the first term on the right-hand side
of Eq. (45), we use the following lemma.

Lemma 10 (Global Optimal Error for Discretized MFLPG). Under the same conditions as Theorem 3, it holds for all
ke [T],t' €[0,n],i € [m], and X > O that

‘%Z / P (d0) KL (p'(107)[| o)

1 2
“(r+-") +om
)

< —J" +Eengp, [lpell + VA

|u™)

1 ~
—Cy\4— XKL (p1,,
+m A4 (pk,t

where Cy 4 = O(A~5/2 v \=3/2)~1),
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See Appendix E.1 for the proof. Combining Eq. (45) and Lemma 10 finishes the upper-bound of the term (44a).

The second term (44b) can be evaluated with Lemma 8 for continuous version of MFLPG as

— 2
L= [ §F ; 6F ;
=3 [ oo Hvap[pk]w )= V(09| | SARPLILECEC, [(Qn—Qn)’] = 0,
=1

dp )

which corresponds to the policy evaluation error given by MFLTD.

Moreover, the third term (44c) can be bounded by

: SF .
7Z/pk + d@ pkO d@ (H Pkt l) vi%[pk,0]<9”)

2
) < Cho(n” + M),

with constant C \2 = O(A~1 v y~1). The bound follows from Proposition 7, which controls the time discretization error.

um)>

Combining all of them, we have

1 ~
—Cya— XKL (p,
+ 7 (pk,t

d a\ 1 £\’
—F [y 1< — | —J" +Eg.,m - — 2
el < 5 ( J* 4 Bonpp, [lpo]l + VA 4<R+1_7) +2M

A2Chs ~
+ - +61p. + Cr2(n” + An)

A 2
S_% (.Fm[Pth/]-ﬁ-J*)-i-a/\?’/Q <R+ 1—’7) + M

2 4+ 6% 5, + Cr2(n? + M)

+

220,
m

A ~ Ohi &
< =S (o] 4+ ) + Can¥’? 4+ 2L 4 G0 + An) + 5 .,

where we define each constants as follows

~ 1 K 2

= ~ A~ A
Cr1 = )\20)\73 + %CAA =0 (1 V T]) ,

~ 1 1
Crh2=0<-V-].
2 ( A )
By applying the Gronwall’s lemma, we obtain the following one-step update:

F ol +J7 < exp(=adn/2) (F™[pf'] + J7)

1 —exp(—aAn/2) ([ ~ C ) ~
+ a&/Q /2) (Ca)\3/2 + 5 O (0 + M) + 5%]3,,6)

< exp(—an/2) (F™pi] + J*) +1 <5aA3/ 24 22 4 Cra(n? + M) + 5%D,k> :

where the second inequality follows from the fact that 1 — e™® < z for any = € R. This reduction holds at every iteration k.
Hence, if 0%, ,, = 04, then we arrive at the desired result for all k € [T:

J* = EonpplJo] < exp(—adnk/2) (J* = Eonpp[Jo]) +1 (&mw + 22 4 Coan® + M) + 5%1)) .
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Recall that Jg < R from Assumption 2, we have for all T’ € Z> that

J* —E[Jo,] < 2Rexp(—a T/2) + 1 (5@3/2 + 2L 4 Cra(n? + M) + 5%]3) :

which concludes the result of Theorem 3.

E.1. Proof of Lemma 10

Proof. We bound the KL divergence KL (pi (-|07%) H ﬁ@_i) with the same argument as the proof of Theorem 2 as

)\KL(pi(~\®*i)||ﬁ@4):/\/ (60 In pp(jl@(e))

010 . R -
o [0 208 (g o) g0 ) a0 - VRKL (o @) 010

Po-i(
To bound the right-hand side, consider the following functional for any p € Ps:

(8|07 ( 1 4 . ) . .

—)\/lnAi —p—p' (007" ) do — VAKL (p||p' (8]0~

@) \xP e (ollo'(0107%))
= —VAKL (p[po-:(0)) + AKL (p'(0]07")|| o (6)) ,

whose maximizer is explicitly p = pg—i(#). Then we have for © € R?*™ that

AKL (5107 o)

2 max {A/m’m (\%p - pi(9|®i)> df — VAKL (p ||pi(9@i))}

P00~ ; 4 / '
A/ s (ﬁ _p2(9|@—1)) d0 — VXKL (p||p'(0|©7"))
1 ~
5 AP ](‘)( ACCRE \AP) 40 = (VA= NKL(1Po-) (46)
[0 (5, si0-) a8~ VKL (o 107

where we can set p € Py arbitrarily and we denote 7% = Tp,_,; for simple notation. On the right-hand side of Eq. (46),
The first term holds that

57 o
Slvo-100) (6107 - ﬁp) a6

> - [ i) (sl - o) 0o~ [ ]pe - a0 (#0107 + Jp) a0, @)

The first term on the right-hand side can be evaluated as
1 & §J : , 1
— - | = 0) | p'(0|07") — —=p | db ¢ dpi', (dO
w2 [ {5l (peem - o) a0} i tae)
oJ 1
= - — 0 0) — —p | do dp;, (dO
| [ Svelte) (o0 ﬁp) Pl (00)
— [ [ Bl il (e = o) a0 )
= /Egm {AWO (/ hgpo d6 — —/hgp dﬂ)] dp' (dO)

_ / E,.. {AW@ (f@ - % f,,)} dpf, (dO).
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To control the error of global optimality, the same argument as Lemma 9 yields that

1 VA K 2
[ e (1= 580) | atuta0) 2 5~ Boryp el - P (R 2) L 6w
The third term on the right-hand side of Eq. (47) can be bounded as
0J ; w 1
[ [5e10) - Sope-10)] (50107 + 5p) a0

1627 1 527 ; N
// m5p pel(0,6") + T’m_l)j#(;pg[e](aﬁ)df(ﬁ'(ﬂ@ )+\[\p>d0

. » 1
< 2 e (20 + 102+ L S0 ) | (5010 + 2p) a0
J#i
1+1/VA)L ; 1 , ;
< CLPE Lave 1o+ oy S0+ 2 (5 [ 1602 do e 162)
A

where we define p, as a connecting distribution p, = epg + (1 — €)pg-i for Ve € [0, 1] and use the assumption on the
second variation of J[p]. By taking the averaged expectation over each i € [m] and the randomness of © ~ p;,, we have

Lo (1+1/VA)L - 1 o 2L [ 1 ) -
—> T ey~ j 2L (1 ’ "
mi_l/ - e | 1017 + —— D711 | ¢+ = ﬁ/neu dp+ 16712 b dop, (d©)

i
1+1/VAL i 2L (1 LS g
_ 4+ 1/YDE G+ZEWH> <ﬁ/WW@+m;mwm>

where we take the expectation over © ~ pi,,. We can bound the moment of each particle E[||67]|?] as

i §F
E[[|6}410*] = E 9k+77v(5 [px] (0%) + /21 fk

: 112
=E [H(l =)0, —n K, [Ag Vhe',g] + 1/ 20\ }
1
< 1oy (R (16 ]+—IE M_UE"” (A The ] + V€L

|+ 2 {lei)]

]

IN

u—mmnmﬂ+fEﬂ

Eo,, [Ar Vhe]

< (1= M)E [[l6]*] + (R2L1L3) +4d,
where the first inequality follows from the fact that (a + b)? < 1“—_20 + % for any a, b, ¢ € R and the last inequality follows
from Assumption | and 2. Applying the Gronwall’s inequality, we obtain that
4d

2
+ 72(R2L1L3)2 + 7,'77

E(I641%) < (1 = w)"E [165)°] +

2RALLE  4d
<d+ 5=+ = Cxs, (49)
A2 Y 5

where we use the initial distribution being a normal standard distribution 6} ~ N(0, I). In the sequel, we bound the
moment over p. Note that f, € Fg s yields that KL(p||v) < M. From Lemma 4 and Definition 4, it holds that

WZ(p,v) :: 1nf /||9 0'|%¢(df,do") < 2KL(p|jv) < 2M,

30



Mean Field Langevin Actor-Critic: Faster Convergence and Global Optimality beyond Lazy Learning

where ®(p, ) denotes the set of joint distributions on R% x R? with marginal laws p and v on the first and second factors,
respectively. Recall |0 < 2||0'||? + 2|6 — €’||, then taking the expectation over such a p € ®(p, v) yields that

EaplI617] < 2B 112) + 2 [ 16 = 816,06
< 2(1+2M). (50)
Combining Eq. (49) and (50), it holds that

““Q@LG+32MWM> <f/WW®+ ZEWI>

§;(1+\1ﬁ\) (2—|—260)\5) 2L (2(1;7\2]\4)4—@,5>7

; (D

where we define 5),4 =2L (1 + %) (1 +c 6’59\) + 2L (2(1+7¢§M) + 5‘57)\) = (9()\’5/2 \Y, )\*3/27]’1).

On the other hand, the rest on the right-hand side of Eq. (46) can be evaluated under the averaged expectation taken over all
i € [m] and the randomness of © ~ p};, by

Z]E{ / ﬁ(ﬁp*Api(eleﬂ')) df — VAKL (p||pi(,@i))}

—ZE [KL (p'(-|67%)||v)] = VAKL(p|lv).

The first term on the right-hand side can be bounded as

—ZE [KL ( _i)Hu)]:%ZE[En‘c[ (e Zlnyw]
i=1
> KL (py || n™) .

where the inequality follows from Lemma 3.6 in Chen et al. (2023). In addition, p, pg-: € Fr,a yields that

2N BKL(5(1079)]|v)] - VAKL(pw) = KL (s

i=1

1™ +2vA M. (52)

Combining Eq. (48), (51), and (52) yields that

m

—*Z/Pk #(d©) KL (p'(-107")|| pe-+)

. VA
< =J7+Eenpr, [J[pe]] + e (

6
) +2VAM + === — XKL (o},

"),

which concludes the proof of Lemma 10. O

F. Auxiliary Lemmas

This section is devoted to presenting the related propositions and lemmas used in the proof.

First of all, we present the policy gradient theorem presented by Sutton et al. (1999) as Proposition 4, which provides the
gradient of the expected total reward function J with a policy mg parameterized by ©. Refer to the original paper for the
proof.
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Proposition 4 (Policy Gradient Theorem (Sutton et al., 1999)). For any MDP, it holds that

VJre] =Ko, {/ Vre(dals) - Qre(s,a)] ,
where o, is the state visitation measure.

Second, we provide the basic proposition to access the inner-loop convergence of MFLTD. For [-th outer step, we define the
global optimal distribution of an inner-loop MFLD by qilH). It holds that

Proposition 5 (Linear Convergence of Inner-Loop MFLD). Under Assumption 1, 2, and 3, if we run the noisy gradient
descent which is the inner-loop algorithm in Algorithm 2 for all l-step, we obtain for all s > 0,1 € [0, Trp — 1] and
Atp > 0 that

ATD KL(QqugH)) < Lilgs) — L [(Iilﬂ)] <exp (—2aATps) - (ﬁl[%] - L [qilﬂ)]) ,

where « is the LSI constant induced by Arp.

Proof. For the proof of Proposition 5, we apply Nitanda et al. (2022)’s convex optimization analysis. First of all, we prove
the convexity of L; over the parameter distribution. From the definition of L;, we can reformulate L; as

Li[q] :/qu+ </qu)2, (53)

where U, V' do not depend on ¢ but only 6. Eq. (53) results that the objective function L; is convex in terms of a functional
with a probability distribution q as a variable, where we define the convexity condition for functional F’ and ¢, ¢’ € P as

Fla) = Flo + [ ‘;—f[qwxdq' —dg).

Therefore, Noting that the MFLD used in the inner algorithm of the MFLTD is a simple Wasserstein gradient flow with the
convex objective functional L;, it holds from Theorem 1 in (Nitanda et al., 2022) that

L) — £68) <exp (~2ares) - (Cilaol — Lifg*))

where « is the LSI constant induced by Atp, which is given in Proposition 2. In addition, the proof of the first inequality of
the statement Proposition 5 follows from Proposition 1. in (Nitanda et al., 2022), from which we have

Ao KL(gsllt ™) < Lifa,] = Lafa™).
We finish the proof of Proposition 5. O

In the sequel, we introduce the following basic lemma about the norm of the transition operator, which is useful for a
geometric property of the semi-gradient of the Bellman error.

Lemma 11 (Transition Operator Norm). Let the linear operator P : L*(s;)(S x A) — L?(s;)(S x \A) be the transition
operator satisfying PQ(s,a) = [ds'P(s'|s,a) [ da'w(d'|s")Q(s,a), Q € L?(sx)(S x A). Then the operator norm of
P is no more than 1.

Proof. Forall Q(x) € L?(¢)(S x A),z = (s,a) € S x A, we have that
2
PR =Eone [( [ e Pl ]

<Eoes, | [ Ao P I0)Q ]

:Exrvcw [Q(CC)ﬂ
=[1Q@)lls.2,

where the inequality follows Jensen’s inequality and the second equality follows the fact that ¢ is the stationary distribution
under the transition probability. O
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What we follow, we introduce some propositions to control each error given in the proof of Theorem 3.

Proposition 6 (Log-Sobolev Inequality for Discretized Mean-field Langevin Dynamics). We define © % = {67} j#i and
p'(-|07%) as the conditioned distribution of §° conditioned by ©~". Under the same conditions as Theorem 3, it holds that

1 m
Z/p}c”t,(dG))HViln Pyt
m i=1 7

whereC~'>\73=(9()\ Vv ATigTh,

2 m
o m 1= 5. . Crs
), =0 2 [ etao KL (o o) + 2.

Proof. The proof of Proposition 6 is analogous to Chen et al. (2023). See the proof of Theorem 2.6 in Chen et al. (2023) for
more detail. O

Proposition 7 (Time Discretization Error for MFLD). The distribution contour pj,, for t" € [0, 7] follows the dynamics in
Eq. (43). Under the same conditions as Theorem 3, it holds that

—Z/pw d@pkodm(

where 5‘)\’2 =0\ tvph.

v, %mt 1(6) - vi%[pk,o]w“)

2
) < Cro(n® + M)

Proof. The proof of Proposition 7 is given by Suzuki et al. (2023). See the proof of Lemma 2 in Suzuki et al. (2023) for
more detail. [
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