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Abstract

We present the first provable method for identifying symmetric linear dynamical
systems (LDS) with accuracy guarantees that are independent of the systems’ state
dimension or effective memory. Our approach builds upon recent work that repre-
sents symmetric LDSs as convolutions learnable via fixed spectral transformations.
We show how to invert this representation, thereby recovering an LDS model from
its spectral transform and yielding an end-to-end convex optimization procedure.
This distillation preserves predictive accuracy while enabling constant-time and
constant-space inference per token, independent of sequence length. We evaluate
our method, SpectralLDS, as a component in sequence prediction architectures and
demonstrate that accuracy is preserved while inference efficiency is improved on
tasks such as language modeling.

1 Introduction

The emergence of attention-based transformer architectures has revolutionized sequence modeling
tasks, particularly in natural language processing [37] and large-scale sequence-to-sequence learning
[L6}129]. These transformer models rely on the self-attention mechanism, which allows each token in
a sequence to attend to every other token, enabling strong contextual understanding. However, this
approach suffers from quadratic complexity in sequence length, making it computationally expensive
for longer sequences. Recent research has thus explored alternative, more efficient architectures that
preserve expressiveness while reducing computational costs for long sequences. Among these are
attention-free approaches such as convolution-based or state-space models (SSMs) [9, 2} 22} [28]],
which can offer sub-quadratic or even near-linear time generation.

The most basic SSM, which is the starting point for all aforementioned models, are linear dynamical
systems (LDS), a foundational framework for modeling sequential dependencies in control theory,
signal processing, and learning theory [20, [13]):

vy = Azy 1 + Buy, ¢ = Cwy + Duy. (D

Here u; represents the input sequence, z; encodes the past state information, and ¢; approximates
the target sequence. By maintaining a fixed latent state, LDSs enable efficient inference and allow
for efficient memory utilization. However, gradient-based approaches for learning LDSs suffer from
exploding or vanishing gradients, particularly when modeling systems with long-term memory or
large hidden state dimension [[14]].

To address these limitations, Agarwal et al. [2] leveraged the spectral filtering method [14] and
introduced the Spectral Transform Unit (STU), a convex relaxation that shifts from learning the hidden
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transition matrixA directly to a reparameterization of the LDS impulse response that learns how
input signals convolve with xed spectral Iters. This approach provably preserves the expressiveness

of an LDS with symmetridA while making the training problem far more tractable. In practice, it has
proven robust for systems requiring long-range memory and empirical results show that hybrid STU
models—with alternating attention and STU layers—can match or even surpass purely attention-
based architectures, as well as other popular hybrid state-space models, on long-context tasks such as
language modeling and time-series predicti®?] [ Furthermore, unlike self-attention, which requires

O(L?) operations pek tokens during training and identically for inference with KV-caching, the

STU operates iD(L logL) operations pet. tokens during training an@(L log® L) operations per

L tokens during inference through algorithms based on the Fast Fourier Transform [1, 22].

However, although STUs capture LDS-like dynamics using spectral ltering, there has been no
straightforward way to convert (or “distill”) a trained STU layer back into explicit LDS form.
Moreover, it has remained unclear whether every STU layer can be represented as a LDS with
provably small error. Such a distillation from an STU layer to an LDS layer with hidden-dimehsion
would permit recurrent inference in place of convolution operations, reducing the cost of generating
L tokens during inference ©©(h L), while maintaining the training robustness guarantees of the
STU.

Such a distillation is especially desirable in the light of the resurgence of SSMs as scalable alternatives
to Transformers in long-context task8, I[IL, [34]. Thus, our work allows one to retain the STU's
performance on long sequences while enabliiggrithmic-time per-token generation—providing

an appealing alternative to both long convolutions and Transformer-based self-attention caching.

1.1 Our Contribution

We present a novel technique for distilling STU lters into LDS form, achieving a substantial reduction
in operations—fronD(log® L) to O(log L) per tokeE| during generation—while preserving the
STU's expressivity and performance. Moreover, due to the training stability guarantees of the
STU architecture, even when learning a marginally stable symmetric LDS or an LDS with large
hidden dimension, this distillation procedure provides teeprovable method to directly learn the
parameters of aymmetric LDS of arbitrarily high effective memory and with bounded noise

Speci cally:

* In Algorithm[2, we show how to convert a learned STU into explicit system matrix parame-
ters whose recurrence can be computed in logarithmic time.

* We provide a theoretical analysis of this distillation in Theofém 1, and empirically demon-
strate that the new LDS form incurs negligible degradation in modeling quality while
improving the autoregressive generation speed.

» We demonstrate in Sectiph 6 that by applying SpectralL DS to trained STUs, we maintain the
same accuracy and attai(log L) per-token computational generation cost.

* As a consequence of our theoretical analysis, we show in S¢ction 5.4 how we can ef ciently
convert a symmetric LDS drbitrary high dimension, via an intermediate STU learning
step, to one 0O(log L) dimension with minimal error.

We open-source the SpectralL DS codatibs://github.com/dshah02/SpectraLDS

2 Related Work

State-space models have long been a cornerstone of control theory and signal processing. The
simplest variants, linear dynamical systems, provide a succinct way to capture temporal dependencies
via a hidden state that evolves with linear transitions. Classical methods include the Kalman lter
[2Q], which remains widely used due to its robust theoretical properties and computational ef ciency.

In recent years, a new wave of SSMs have emerged as ef cient alternatives to attention-based
methods for long-sequence tasks, promising sub-quadratic or even near-linear complexity without

We expect the actual reduction to be much larger: fPoEw, which is a practical method for generation, as
opposed tdog® L, which is a complex algorithm, especially to implement ef ciently on a GPU.
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compromising expressive power. Models like 38][and its diagonal variantd[l] exploit structured

state matrices to learn long-range dependencies, while works such as Hyena, Mega, and Mamba
[34, 24, 9] incorporate gating or convolution-based parameterizations to compete against (and
sometimes outperform) transformers in language modeling, time-series analysis, and other long-
context applications. Their growing popularity and the challenges of training SSMs underscore the
need for methods with greater training robustness, ef ciency, and performance guarantees. The
Spectral Transform Unit (STUY] lies squarely in this tradition, offering a powerful convex relaxation

for training LDS-like systems that achieves impressive empirical results on long-context tasks. Our
work builds directly on this line of research, introducing the rst method to distill a learned STU
layer into an explicit LDS with provable guarantees, thereby unifying the convex training advantages
of spectral Itering with the real-time inference bene ts of a recurrent LDS.

Our contributions also align with the long tradition of system identi cation for LDSs, where the
aim is to learn the hidden transition and output matrige<®B; C; D ) from observed sequences.
Early in uential approaches—such as the Ho—Kalman algorithm [15], Kung's method [21], and the
Eigensystem Realization Algorithm (ERA)§] —rely on linear-algebraic decompositions (e.g.,
SVD) of Hankel matrices consistent with observations. Modern variants allow for single-trajectory
identi cation [31], and subsequent re nements like MOESP and N4S1[j added stochastic
noise modeling, while prediction-error and maximum-likelihood methods improved estimation
accuracy and statistical ef ciency. More recent lines of work incorporate regularization and spectral
methods (e.g., stable-spline kernels, sparse identi cation) to yield more robust or interpretable LDS
representations. In the context of distillation, these methods still require matrix decompositions that
scale super-linearly in the problem size.

In contrast to many previous approaches, since the STU's parameterization avoids direct recon-
struction of the system matri4, distillation from a STU layer into an LDS remains agnostic to
hidden dimension. Moreover, as our method uses a xed and abstract Hankel matrix—rather than
having to construct it anew from observed data— we can perform a signi cant part of the distillation
computation of ine.

Finally, we highlight the recent closely related work 28], which distills state-space-like recurrences

from convolution-based sequence models. Thairghing Hyenanethod accelerates long convolu-
tional Iters by approximating them with a diagonal LDS, thus allowing constant-time generation

at inference. While this approach generalizes to any convolution-based model (e.g., Bdjena [

it does not provide formal guarantees on distillation quality. In contrast, we focus on the STU's
spectral lters, which have expressive power comparable to a symmetric LDS with real eigenvalues,
and present the rst theoretical framework to convert the lters into such an LDS with provable
bounds on distillation quality. By leveraging the STU's xed bank of spectral lters, our method pre-
serves long-sequence expressiveness while achieving a symmetric LDS realization with a guaranteed
approximation error (see Section 5).

3 Token Generation and Complexity for Language Modeling

In this section, we summarize the autoregressive generation costs for three model classes, Transform-
ers, Convolutional Models, and RNNs, considering a prompt lengtharid the generation &

tokens by each model, with the length of the convolutional lters (i.e., the maximum sequence
length). We show the runtimes and memory requirements for each of the listed models in Table 1.

Attention.  Processing a prompt requir€¥T?) time. However, token-by-token generation
can be accelerated ©(T + K) for each generated token via key-value caching, with a total of
O(T?+ K (T + K)) = O(T? + K ?) operations and requirinQ(T + K ) space [37, 28].

Convolutional Model. A Convolutional Model withk convolutional Iters will requireO(kN )
operations to autoregressively generate a new output glverputs, and thus a naive autoregressive
convolutional implementation will requi®(k K (T + K)) operations to generake tokens. A
more re ned “Epocheg Future Fill" algorithm with prompt pre lling can reduce this to

O(k (TlogT + K 372" TogK)) to generat& tokens. The "Continuous Future Fill" algorithm has
theoretical guarantees 6k (T logT + K log? K )) operations, although it suffers from numerical
instability and has not been implemented or used in practiceHor the guarantees of the STU
architecture, we requide = O(log L) and in practice we chooge= 24 [22].



RNN (LDS). For an RNN with state dimensidn autoregressive generation requi@) operations
per token generated ar@(h) memory, allowing generation & tokens withO(h (T + K))
operations. As we will prove, for an LDS with representation capacity comparable to an STK with
Iters, we requireh = O(k) = O(logL).

Method Pre Il + Generation Runtime Cache Size Runtime withK; T = O(L)
Standard Conv (TK + TlogT + K?)k T+K L ?logL
Standard Attn. T2+ K2 T+K L?
EpochedFF (TlogT + K 32 logk )k K L 322(log L)3=2
ContinuousFF (TlogT + K log? K )k K L log®L
SpectraLDS (ours) (T+K)h h L logL

Table 1: Comparison of architecture runtime and memory requirements for gend¢ataoigns from
a lengthT prompt withk; h = O(log L), whereO( ) is omitted for brevity.

4 Problem Background

In this section, we survey the fundamentals relevant to our approach. First, we discuss linear
dynamical systems and the inherent challenges of training them directly on tasks requiring long
memory. We then present the main theoretical results of spectral ltering and outline how the Spectral
Transform Unit (STU) leverages xed spectral lters to model linear recurrences without explicitly
learning the transition matri&. Finally, we set the stage for our method of distilling STUs back into
linear dynamical systems.

4.1 Linear Dynamical Systems

Linear dynamical systems (LDS) have been widely used in control theory to represent time-dependent
processes, forming the basis of classical state-space formulations and optimal control methods
[20, 23, 3, 19, 6]. Concretely, we consider an input sequengeu,;:::;u; 2 R"; and the

system's memory of past inputs, with the evolution of the system being represented as
Xy = AX¢ 1+ Bug;  yr = Cx¢ + Duy: 7))

whereA 2 R4 4 B2 RY " C2R™ 9 andD 2 R™ ". We omit dynamics and observation
noise terms for simplicity with this derivation, although we test our methods on signals with noise.

Expanding the LDS to the Convolutional Form. In a noiseless environment wigy = 0, we can
expand the LDS equations as follows:

X1
Yyt = Cx¢y+ Duy = C Axy 1+ Bu; + Duy = = CA'Bu; i + Duy:
i=0

Note that if any eigenvalue i (A)j > 1; the system becomes unstable gnanay tend to in nity
in magnitude. Even for i (A)j < 1; systems wittkAk 1 are prone to failure due to largé
powers in backpropagation, as a noisy algorithm may approxifkatéh spectral radius greater
thanl during training. Ifj j(A)j < 1 for some spectral gap> 0, then

X .
Y= CABu i+ "; Kk %
i=0

where = O llogi and the effective memory is thus on the ordef2]. As ! 0, learning

A directly becomes unstable for large contexds 32, 30|, highlighting the need for methods
such as spectral ltering. Since th2 matrix serves as a skip connection that does not affect the
representation capacity, we X it to@matrix and omit its consideration for the remainder of this
paper. We will sometimes use the shortham5(C; A; B) to refer to a linear dynamical system
with those parameters afi=0.



Additionally, for the remainder of this paper, we restrict our attention to systems wherea
symmetric real matrix. An LDS with symmetr# can be diagonalized over the real numbers, making
it equivalent to an LDS with a diagon&l. Without loss of generality, we therefore assufés
diagonal with eigenvalues;;:::; g4.

Spectral Filtering. With initial statex, = 0, dening ( )= (1;; 2;:::), and indexing the
columns ofC asc and the rows oB asb, we can extend the convolutional representation:
I

X1 _ X1 x ' xd Xt .
Vi = CA'Buy i = C ‘(e e) Buri= (¢ b) ()(0) U in

i=0 i=0 =1 =1 i=1
To circumvent the non-convex optimization problem of ndinghat best t an LDS, 4] propose
the spectral Itering algorithm, which learns an approximation 6f) in a convex manner. They
prove that given eigenvalue-eigenvector péirs; jg; of the Hankel matrixZ,

Z = d; Zy = —
, VO (R (ES DR (R

any ( )withO 1 can be approximated by the t&eigenvectors 1;:::; xgofZ with
an exponentially decreasing errorkinThus, ify; is generated by a PSD linear dynamical system,
we have the following result:

xd X | ¥ X
Vi (c b) ~()) U i = Mj p(1) Ut v
=1 i=1 j=1 i=1

P
where we de ne~( ) ;= :(:1 h (), ii ; and learn suitable parametévls 2 R™ ". Rather
than depending on powers Af learning an LDS with this parameterization remains convebMn g,
since eigenvectorfs g from the matrixZ are computed of ine.

The Spectral Transform Unit. To account for learning negative eigenvalueg\othe spectral
Itering construction can be adapted by introducing positive and negative sets of feature maps. If
f j; jgare the eigenvalue-eigenvector pairZofthen for each timeé and each respective lter;,

we de ne the projections of the inputs onto the spectral basis:

uf:xtu i i (i); u.:xtu i (DN )
tj ti+l Uy tj t i+l i (1)
i=1 i=1

One then forms the output by learning linear combinations of bkj;handut;k and an optional
autoregressive term [12, 2]:

SF X + o+ X S
Yo = MJ- U, 2 t Mj U, 2 +4 o + M Upsr (3)
i=1 i=1 i=
1 {z— y o —{z }
Spectral Filtering component AR component
. . P k + + P k
Without the autoregressive component we compgite= izs MU+ o My Uy The

above expression is considered 8gectral Transform Unjtwheref M| g is the set of parameters
to be learned using a differentiable algorithm. Followi@g][ we consider the STU without the
autoregressive component. Empirical evider® ghows that hybrid STU models can compete with
or even outperform purely attention-based architectures.

Error Bounds for Spectral Approximation. We repeat the result fronifl] (see also2, 26, 27])
stating that given any LDS parameterizedAyB; C whereA is a symmetric matrix wittkAk 1,
there exist matriced!; *;:::;M, " ;M; ;:::;M, such that for alL and for all input sequences
ug;:i:;up, withkugk 1, the following holds for alt 2 [L]:

k
kytP>  yFk e ®mr:



wherek is the number of spectral Iterg,-°S is the sequence generated by the LDS, gtidis the
sequence generated by spectral ltering.

Therefore, one can approximate any LDS that meets these speci cations up to leyreelecting

k = OlogL log + spectral Iters. Thus, the STU can capture LDS dynamics with only a
logarithmic number of Itersk, providing a compact and stable representation even for systems with
high effective memorykAk 1).

4.2 Distilling STU into an LDS

While the STU avoids direct learning 8, it stillimplements LDS-like dynamics via spectral Itering.

A natural question is whether we can recover explicit paramég&r®; €) from the learned STU,
enabling an equivalent recurrence rather t@gh) costs when convolving spectral Iters with input
sequences. This can be achieved by approximating the convolution kernel of the STU by the implicit
convolution kernel of an LDS. Such a distillation would bridge the gap between the stable convex
training of the STU and the fast inference of a recurrent LDS.

5 Algorithm and Main Result

We now present our main theoretical result and accompanying algorithm, which shows how to recover
an accurate LDS representation from the learned spectral Iters. Concretely, we demonstrate that
each STU lter j can be approximated by a linear combination of geometrically decaying LDS
impulse response lters (i.e., the LDS implicit convolutional kernel).

5.1 A General Transformation from Spectral Filters to LDS

Our main result is given in Algorithm 2. For the dynamid3S(1  ; ; 1), we denote the impulse
response lter by

L()=@ )i 2o B
Notethat | ( ) upL = iL:l (1 )y "1 u. 1=LDS@A ;; 1)(uiL), and thus inference

with the LDS is the same as convolution with its impulse response lter. Let::; ¢ 2 R be the
spectral Iters of length_. We write the rstk Iters in matrix form as 1.« 2 R* b, such that the
i-throwis ;.

A rst observation is that we can write any LDS impulse Iter approximately in the spectral basis.
This is a direct consequence of the spectral ltering methodology for learning an LDS [14].

Algorithm 1 FindSpectralRepresentation

1: Input: Scalar LDS parameter 2 R, representation side
2: Output: Spectral parameters 2 R,
3: Construct the impulse response vectp{ )2 R as ()= )L i; 0 14
4: return best spectral t of the system over random input® R" using gradient descent
i
. 2
m=argmn E m”> U u’ o
g m2Rk u2RL Lk L)

As a consequence of results from spectral Itering for learning LDSs, we show in Appendix A.4 that
the procedure FindSpectralRepresentation returns a vector which, for some constart> 0,

>

m” 1k L() ce @mT:

We proceed to use this subroutine to nd a distillation to the spectral lters.
Our main performance guarantee is given in the following theorem.
Theorem 1. As long ash k, Algorithm 2 returns w.h.p. a matrifd such that

_k
1:k M L 2y:esy h) Cc maxhe gL ;

where max is the largest eigenvalue of the Penrose-Moore pseudo inverse of the iMatrix



Algorithm 2 Spectral Filters to LDS Filters

1: Input: The rst k spectral lters matrix 1., 2 R¥ ; and parameten > k .

Output: The transformation matrif .

Sampleh randomly chosen independent scalags:::;  with each 2 [0;1].

Construct the matrix_ ( 1.p) 2 R" Y withithrow (( )=@  )[A; i3 & B4
For each scalar impulse response, nd the spectral representation by

aRwn

m; = FindSpectralRepresentation):

6: LetM be theh k matrix whose rows arm;.
7:retun @ ;=M 12RkK h

The signi cance of Theorem 1 is that it allows us to translate between the representation of spectral
Iters and linear dynamical systems.

We note that it is not immediate to upper bounghx . Indeed, folh Kk, this can be exponentially
large ink, as it corresponds to the condition number of a Vandermonde mdjriklpwever, we note
experimentally, under the distribution described in the practical algorithm below, thagrasvs,

max quickly becomes smaller. This is an overparametrization effect, which we show experimentally
in Appendix A.3. We provide analysis of Theorem 1 in Appendix A.4.

5.2 Practical Algorithm

For improved practical performance we adopt the following procedureHFix h. As above, let
L( 1) 2 RY L denoteH impulse responses and let., 2 R b denote the rstk spectral

H , by running multi-target Orthogonal Matching Pursuit (OMP) [25, 36] on the regression

>

L( 1n)™ X 1k

OMP greedily sets one coef cient per step frdhto reduce the regression loss, with the selected
coef cients afterh steps providing the indices f&. GivenS, we solve the unregularized least-
squares problem

X? = argm)in L( s)”X Lk

toyield 1« M ( 1n), wherefd = (X )>.

Another change is the distribution from which the are drawn. We employ symmetric, near-
unit-radius sampling to emphasize long-memory behavior: for eadfawU;  Unif[0; 1] and
S Unif(f 1;1g), and set

i:Sil Ui42

Equivalently,j ij 41 U with an independent random sign. This deliberately skews mass toward

j il 1, improving reconstruction at a betteto H ratio. We ablate this choice in Appendix A.9.

For numerical stability we usioat64 arithmetic end-to-end and scale.x by sp,um > 0so that

kK L( z1)ke Kk sum  1:kke . To mitigate the impact of magnitude on OMP, we normalize the

columns of | ( 1:4)” . We later undo the scaling. In Figure 1 we report the reconstruction error of
1:k against an LDS of hidden dimensibmproduced by this practical method.

5.3 Convertinglf/l into an LDS.

As a result of Theorem 1, wit := Diag( 1;:::; n), := Diag(l ;0001 h) and
= ( 1;:::; h),we can replace the costly STU convolutions:



Figure 1: Reconstruction error of spectral lters as a function of LDS state dimension. For this
experimentH = 10000, but results are similar fdd = 1000 to 20000(see Appendix A.8).

Xt Xt X1
Ui = uia () B, @) u i =y A'1nu7 = LDS(M; 5 A; 1n)(u7,)
i=1 i=1 i=0
X1 _
Uj = o 0 B (A 1hu7 = LDS(M; ;5 AT 1p)(u7,)

i=1 i=0

This provides the basis of our autoregressive inference advantage: rather than corwguting
and U, as pure convolutions, we can maintain the hidden stateLmﬁ(lf/lj A T) and

LDS(Mj ; A; 1) for the O(h) computation during inference. For practical ef ciency, we can
compute aIUtj'l; i Ut’;'k ;Up 1 100Uy, simultaneously with a single LDS by leveraging the similari-
ties in the state updates (see Appendix A.7).

5.4 LDS to LDS Distillation

A direct consequence of our approach is that we can distill any high-dimensional symmetric LDS
into a low-dimensional LDS with a bounded error. For an LDS with input dimengjprand output
dimensiond,y: , spectral ltering provides af-approximation with onyO(din  dout logL log(}))
parameters regardless of the hidden dimension.

Accepting thah a isO(1) forh  k, as justi ed in Appendix A.3, we can then convert this
spectral representation by application of our distillation procedure into an LDS with state dimension
din h, where withh = O(k) = O(logL log % ) we maintain' error. Thus, the distilled LDS has

O(diy dout logL log(})) total parameters. In other words, the combination of spectral Itering
for LDS learning and the following distillation step yields a practical method to reduce the state
dimension while preserving the system's dynamics within tight error bounds. Empirically, for tasks
as dif cult as modeling language, we only requike 24 lters for strong performance, and the
state dimensioh 80 of the distilled LDS suf ces to retain performance.

6 Experiments

To demonstrate the effectiveness of our distillation algorithm, we begin by illustrating that a low-
dimensional LDS can effectively approximate the spectral Iters in Figure 3 and further examine
the eigenvalues of the resulting system in Appendix A.7. Building on this, to further quantify the
effectiveness of Algorithm 2 in tting the spectral lters with practically ef cient LDSs, we plot the
reconstruction error of the spectral Iters across different LDS state dimensions in Figure 1. These
results show that our algorithm, guided by Theorem 1 amply reduces the approximation error to a
suf ciently small level without an excessive increase in state dimension.
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