Efficient Adaptive Federated Optimization

Su Hyeong Lee! Sidharth Sharma’ Manzil Zaheer® Tian Li*

Abstract

Adaptive optimization plays a pivotal role in fed-
erated learning, where simultaneous server and
client-side adaptivity have been shown to be es-
sential for maximizing its performance. However,
the scalability of jointly adaptive systems are of-
ten constrained by limited resources in communi-
cation and memory. In this paper, we introduce
a class of efficient adaptive algorithms, named
FedAda?, designed specifically for large-scale,
cross-device federated environments. FedAda?
optimizes communication efficiency by avoid-
ing the transfer of preconditioners between the
server and clients, while simultaneously utiliz-
ing memory-efficient adaptive optimizers on the
client-side to reduce extra on-device memory cost.
Theoretically, we demonstrate that FedAda?
achieves the same convergence rates for gen-
eral, non-convex objectives as its more resource-
intensive counterparts that directly integrate joint
adaptivity. Empirically, we showcase the bene-
fits of joint adaptivity and the effectiveness of
FedAda? on several image datasets.

1. Introduction

Federated learning is a distributed learning paradigm which
aims to train statistical models across multiple clients with-
out transmitting raw data (McMahan et al., 2017; Li et al.,
2020a; Wang et al., 2021a). In vanilla federated learning, a
central server orchestrates the training process by distribut-
ing the global model to a subsample of thousands or even
millions of clients. These clients collaboratively perform
local stochastic gradient descent while drawing from their
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private data streams. After several epochs have elapsed,
each client communicates their aggregate updates to the
server, which averages this information to make an informed
adjustment to the global model. This algorithm, using non-
adaptive weight updates, is called FedAvg (McMahan et al.,
2017). A recent trend is to investigate utilizing adaptive
optimizers to support federated learning (Reddi et al., 2021).
Adaptivity can be employed in either the server-side or the
client-side, where joint adaptivity (consisting of global and
local adaptive updates) has been shown to play a pivotal role
in accelerating convergence and enhancing accuracy (Wang
et al., 2021b).

Nevertheless, efficiency challenges remain for the success-
ful deployment of jointly adaptive algorithms in practice,
especially in cross-device federated settings (Kairouz et al.,
2021). The server, which collects pseudogradients pushed
by participating clients, consolidates a global approximation
of the preconditioners for adaptive model updates. Typically,
the server sends the preconditioners back to the clients to
precondition local adaptive updates. This could lead to
significant communication overhead that detracts from the
advantages offered by adaptivity (Wang et al., 2022). Fur-
thermore, dynamically varying client resource limitations
restrict the reliability of client-side adaptive optimizers to be
deployed in practice, especially when additional memory is
required to maintain gradient statistics for preconditioning
throughout each local training round.

In this work, we propose a class of efficient jointly adaptive
distributed training algorithms, called FedAda?, to mitigate
the aforementioned communication and memory restric-
tions while retaining the benefits of adaptivity. FedAda?
maintains an identical communication complexity as the
vanilla FedAvg algorithm. Instead of transmitting global
server-side preconditioners from the server to the selected
clients, we propose the simple strategy of allowing each
client to initialize local preconditioners from constants (such
as zero), without any extra communication of precondition-
ers. In addition, when running local updates, we adopt
existing memory-efficient optimizers that factorize the gra-
dient statistics to reduced dimensions to save on-device
memory. We prove that for the general, non-convex set-
ting, FedAda? achieves the same convergence rate as prior
federated adaptive optimizers (e.g., Reddi et al. 2021).
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Contributions. Motivated by the importance of client-
side adaptivity both empirically and theoretically (Sec-
tion 3), we propose a simple and effective algorithm
FedAda? to avoid extra communication cost and reduce
on-device memory while retaining the benefits of joint
server- and client-side adaptive optimization (Section 4).
We provide convergence analyses for a class of FedAda?
algorithms instantiated with different server-side and client-
side adaptive methods (Section 5). To the very best of
our knowledge, there are no known convergence results on
joint adaptive federated optimization in the general con-
vex or non-convex setting. Empirically, we demonstrate
that FedAda?, without transmitting preconditioners and
employing on-device preconditioner compression, matches
the performance of its more expensive counterparts and
outperforms baselines without client or server adaptivity
(Section 6).

2. Related Work

We now provide a brief overview of related work in adaptive
federated learning and efficient' preconditioning.

Adaptive Federated Optimization. Adaptive gradient
methods are designed to dynamically adjust the learning
rate for each model parameter to address update sparsity
or scale imbalance, leveraging historical gradient data to
enhance optimization efficacy (Duchi et al., 2011). Recent
developments in Federated Learning have harnessed adap-
tivity to augment the selection of server and client model
parameter updates. Frameworks such as FedAdam (Reddi
et al., 2021) and Federated AGM (Tong et al., 2020) focus
primarily on server-side adaptivity while enforcing a con-
stant learning rate for the clients. Additionally, FedCAMS
(Wang et al., 2022) delves into communication-efficient
adaptive optimization by implementing error feedback com-
pression to manage client updates while maintaining adap-
tivity solely on the server-side. Conversely, methodologies
such as FedLALR (Sun et al., 2023), Local AdaAlter (Xie
et al., 2019), and Local AMSGrad (Chen et al., 2020) have
adopted client-side adaptivity exclusively. These approaches
involve transmitting both client preconditioners and model
parameters for global aggregation in the server. Moreover,
some frameworks have embraced joint adaptivity. Local
Adaptive FedOPT (Wang et al., 2021b) implements joint
adaptivity while incorporating an additional client correc-
tion term. These terms, along with transmitted client pseudo-
gradients, are aggregated on the server to construct a global

!There are various notions of ‘efficiency’ of adaptive methods
in the context of the federated learning, two of them being commu-
nication efficiency and client memory efficiency. Our contribution
specifically targets at reducing communication and memory costs
incurred by local preconditioners, complementary with works
that reduce communication by repeated local updates or gradient
compression.

preconditioner used to synthesize the subsequent model
update. In contrast with all these approaches, FedAda?
avoids the transmission of any local/global preconditioners
and optimizer states entirely, maintaining identical commu-
nication complexity as vanilla FedAvg despite leveraging
joint adaptivity.

Memory-Efficient Adaptive Optimizers. The implemen-
tation of local adaptive methods substantially increases
client memory requirements, as it necessitates the mainte-
nance of local preconditioners. For some language models,
it has been noted that the gradients combined with optimizer
states consume significantly more memory than the actual
model parameters themselves (Raffel et al., 2020). Algo-
rithms such as Adafactor (Shazeer & Stern, 2018) address
memory reduction by tracking moving averages of the re-
duction sums of squared gradients along a singular tensor
axis, attaining a low-rank projection of the exponentially
smoothed preconditioners. Galore (Zhao et al., 2024) ex-
tends this line of work by targeting the low-rank nature of the
gradient tensor (possessing an identical shape as the weight
tensor) and further projects the gradients into a reduced
rank. Similarly, Shampoo (Gupta et al., 2018) collapses
gradient statistics into separate preconditioning matrices for
each tensor dimension, which is extended by Chen et al.
(2019) via extreme tensoring. Due to significant empirical
enhancement in wall time and convergence speed, we fo-
cus on SM3 (Anil et al., 2019) in our implementation and
experiments; however, our theoretical framework covers a
broad class of memory-efficient optimizers applied on the
client-side (Section 5 and Appendix C).

3. Utility of Client-Side Adaptivity

In this section, we motivate our work by providing a theo-
retical description of how leveraging client-side adaptivity
improves distributed learning, which is later validated in
experiments (Section 6). Our analyses are motivated by
prior works that uncover critical conditions under which
centralized SGD can diverge, specifically in settings involv-
ing heavy-tailed gradient noise (Zhang et al., 2020). We
begin by providing a definition of heavy-tailed noise previ-
ously reported in the literature for completeness, which is
further motivated in Appendix A.2.

Definition 3.1. A random variable £ ~ D follows a heavy-
tailed distribution if the c-moment is infinite for o« > 2.

We may now present the following proposition.

Proposition 3.2. There exists a federated optimization prob-
lem with heavy-tailed client-side gradient noise such that the
following arguments hold (where an appropriate learning
rate schedule is chosen for (ii)):

(i) For vanilla FedAvg, given any client sampling strategy, if
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the probability pt of client i with heavy-tailed gradient noise
being sampled at step t is non-zero, then E||V f (z441)||* =
oo for any nontrivial learning rate schedule 1}, > 0.

(ii) FedAvg with local adaptivity (i.e., via client-side Ada-
Grad) bounds the error in expectation as

2V/3
1-¢

where x* is the global optimum.

lim E|lz, — 2% < forsome £ =0,
t—o0

A proof is given by construction in Appendix A, which re-
veals a vulnerability in non-adaptive federated learning. We
show that even a single client with heavy-tailed gradient
noise is able to instantaneously propagate their volatility to
the global model, which severely destabilizes distributed
learning in expectation. Unfortunately, recent works have
confirmed that heavy-tailed gradient distributions are em-
pirically observed (Nguyen et al., 2019; Simsekli et al.,
2019; 2020), especially within model architectures utilizing
attention mechanisms, including transformer-based mod-
els (Devlin et al., 2018; Zhang et al., 2020; Brown et al.,
2020; Dosovitskiy et al., 2021). Proposition 3.2 suggests
that client-side adaptivity has the potential to stabilize lo-
cal model updates pushed from diverse and large-scale dis-
tributed sources, if communication bottlenecks and memory
efficiency can be addressed.

The construction of the federated problem in Proposition 3.2
draws gradient noise from the Student ¢-distribution which
is heavy-tailed depending on the parameter regime, but
whose moments are relatively controlled nevertheless. We
may exacerbate the severity of gradient stochasticity by
inserting a singular client with Cauchy-distributed noise,
while enforcing all other clients to follow non-heavy-tailed
Gaussian gradient noise. We further detail this setting in
Proposition A.2, Appendix A.

3.1. Deep Remorse of FedAvg and SGD

So far, we have examined two problems in which heavy-
tailed gradient noise is guaranteed to destabilize distributed
training in expectation. We now prove that this is an instan-
tiation of a more general phenomenon in federated learning
where a family of online y-strongly convex global objectives
collapses to the identical failure mode. To our knowledge,
this provable limitation of distributed training resultant from
the heavy-tailed noise of a singular client has not previously
been established within the literature. The proofs of all
results are given in the appendix.

Definition 3.3. A learning algorithm A4 is deeply remorse-
ful if it incurs infinite or undefined regret in expectation. If
A is guaranteed to instantly incur such regret due to sam-
pling even a single client with a heavy-tailed stochastic
gradient distribution, then we say A is resentful of heavy-
tailed noise.

We present the following theorem.

Theorem 3.4. Let the global objectives fi(x) of a dis-
tributed training problem satisfy p-strong convexity for
t=1,...,T. Assume that the participation probability of
a client with a heavy-tailed stochastic gradient distribution
is non-zero. Then, FedAvg becomes a deeply remorseful al-
gorithm and is resentful of heavy-tailed noise. Furthermore,
if the probability of the heavy-tailed client being sampled at
step t is nontrivial, then the variance of the global objective
att + 1 satisfies B|| fry1(w¢11)]|* = oo.

In federated learning, we typically have f;(z) = f(z) for
allt =1,...,T. Proposition 3.2 intuits that inserting local
adaptivity successfully breaks the generality of remorse and
heavy-tailed resent for FedAvg. A high-level overview is
that client-side AdaGrad clips the local updates of each iter-
ation, which mollifies the impact of stochasticity in perturb-
ing the weight updates. This gives Proposition 3.5, which
is formulated loosely without utilizing any advantages pro-
vided by local adaptivity except for clipping. Given that
adaptive methods inherently include a clipping mechanism
while also offering the benefits of adaptivity, we consider
them to be preferable to clipped SGD for large-scale applica-
tions. This preference holds, provided that the memory and
computational constraints of the clients can be adequately
managed.

Proposition 3.5. Let f; € C(R?) fort = 1,...,T for f;
not necessarily convex. Introducing client-side adaptivity
via AdaGrad for the setting in Theorem 3.4 produces a
non-remorseful and a non-resentful algorithm.

Note that Proposition 3.5 can be straightforwardly extended
to jointly adaptive methods. An advantage of federated
learning is that when done tactfully, the large supply of
clients enable the trainer to draw from a virtually unlimited
stream of computational power. The downside is that the
global model may be strongly influenced by the various gra-
dient distributions induced by the private client data shards.
In this paper, we focus specifically on adaptive optimiza-
tion as a countermeasure to stabilize learning. In Section 4,
we propose FedAda?, which utilizes joint adaptivity in an
efficient and scalable manner for distributed or federated
training.

4. FedAda?: Efficient Joint Server- and
Client-Side Adaptivity

In federated learning, a server-side objective is formed by
taking a balanced average of all client objectives F;(x) for
i € [N],

1 N
fa) = D Fila).
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In the case of unbalanced client data sizes, we note that
rescaling the local objectives appropriately gives an equiva-
lent formulation to the balanced case. With a slight abuse
of notation, we denote F;(z) = E,.p, [F;(z,z)] where
F;(x, z) is the stochastically realized local objective and
D; is the data distribution of client ¢. For analytical pur-
poses, we assume that the global objective does not diverge
to negative infinity and admits a minimzer z*. To realize
joint adaptivity in federated systems, one natural baseline
is to estimate (pseudo)gradient statistics on the server (i.e.,
server-side preconditioners or global preconditioners) be-
fore transmitting them to all participating clients at the start
of every communication round. And then each selected
client performs local adaptive steps with preconditioners
starting from the global ones. This approach enables clients
to utilize historical gradient information to make informed
adjustments to their respective local models. However, trans-
mitting (pseudo)gradient statistics, such as the second mo-
ment, at each round significantly increases the communi-
cation cost. In addition, running adaptive updates locally
based on the local data introduces memory overheads.

Scalar Preconditioner Initialization. To enhance the
feasibility of joint federated learning in cross-device set-
tings, we first address extra major communication bottle-
neck brought by server-side preconditioners. We propose
a simple strategy of uniformly initializing local precondi-
tioners to zero (or some constant, as discussed later) at the
beginning of each training round, thus eliminating the need
for preconditioner transmission between server and clients.
In addition to communication reduction, this approach en-
ables the use of different optimizers on the server and clients,
as the server and client can maintain independent gradient
statistics estimates.

Assuming Adagrad is selected as the server-side opti-
mizer (Reddi et al., 2021) for expository purposes, we have
the following server update rule (SU) for —A! the accumu-
lated pseudogradient from client i at step ¢,

iy = By + (1- El)Au

_ 1 t
At = 157 Diest A
v g

Uy = Vg1 + A,
(SU)
Here, v; acts as the second moment statistic for the server-
side pseudogradient —A;. An extension to the case when
Adam is selected as the server optimizer is given in Ap-
pendix B.2. At each communication round, the server does
not communicate v; to the participating clients; instead,
each client only receives z; and initializes the local precon-
ditioners from zero. The variant of FedAda? where the
client and server utilizes differing optimizers may also be re-
alized as a special case of blended optimization (Section 5.1,
Appendix C).

Addressing Client-Side Resource Constraints. To ac-
commodate local memory restrictions, we employ memory-
efficient optimizers for all clients. Our framework allows
any such optimizer to be used, including a heterogeneous
mixture within each communication round, and we provide
a convergence guarantee for a very broad class of optimizer
strategies in Theorem C.1. In this paper, we specifically
focus on SM3 (Anil et al., 2019) adaptations of Adam and
Adagrad.

Intuitively, SM3 exploits natural activation patterns ob-
served in model gradients to accumulate approximate
parameter-wise statistics for preconditioning. More pre-
cisely, the gradient information in each coordinate element
{1,...,d} is blanketed by a cover {51, ..., S,} satisfying
Ui_; Sy = {1,...,d} for which an auxiliary p(b) is as-
signed for each b € [q]. The g (b) then act to form vy as a
coordinate ascent upper bound to the squared gradient sum
Z?Zl(gf’Z)Q as SM3 iterates over each j € [d]. A more
in-depth explanation is given in Appendix B.

As an add-on, utilizing the staleness of gradients to con-
struct preconditioners has previously been suggested as a
strategy to accelerate adaptive optimization without hurt-
ing the performance (Gupta et al., 2018; Li et al., 2023).
Therefore, we may optionally further mollify the burden of
client-side adaptive optimizers by enforcing delayed pre-
conditioner updates. This is given by the following client
update rule (DCU) which incorporates delay step z,

2
0c(5) = mingas,s; 1 (6) + (91405))
pi(b) < max{pr(d), vk (4)}, forVb: Sy, > 5

(DCU)

for (k —1)/z € Z and v (j) < vi—1(j) otherwise, where
k is the local iteration.

These methodologies are consolidated into Algorithm 1,
which we call FedAda?. For simplicity, we describe the
variant in which both the client and server employ AdaGrad.
However, we present other instantiations of FedAda? in
Appendix C.

5. Convergence Analyses

One of the challenges in proving the convergence bound for
jointly adaptive systems lies in handling gradient mixing on
the client-side. In typical convergence proofs in non-convex
settings (e.g., Zhang et al. 2020; Reddi et al. 2021), an upper
bound on the global objective is formed using L-smoothness,
on which expectation is taken. When local SGD is used, the
expectation independently acts on each localized stochastic
gradient due to linearity. However, in the case of local adap-
tive methods that maintain second-order stochastic gradient
histories, the individual gradients may not be isolated due to
dependencies between client gradients in the model update.
Furthermore, server adaptivity actively interferes with the
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Algorithm 1 FedAda?: SM3-ADAGRAD Variant

Require:
(SM3) A full cover {S1,...,S5,} C P([d]).
(Main) Initializations z9,79 > 72 and mg = O.

Smoothing terms €4,¢,7 > 0. Global decay param-
eter 5, € [0, 1).
(Optional) Update delay step size z € Z>1.
1: fort=1,...,Tdo
2:  Sample subset S* C [N] of clients
3:  for each client i € S? (in parallel) do
4 Initialize vy > 0 (default vy < 0), 2} 5 < 211
5: fork=1,...,Kdo
6 Draw unbiased gradient g} , ~ D(z} ;)
7 my, <= g > () <= 0for Vb e {1,...,q}
8 forj=1,...,ddo
9: Delayed Client Update (DCU)
10: end for

11: if 0 < ||my/(v/vr +¢)|| < es, domy <0
12: Ti g & Tipo1 — e M/ (VOr +€)

13: end for

14: Al =at o — a9

15:  endfor

16:  Server Update (SU)

17: end for

application of techniques introduced in singularly client-
side adaptive works such as Xie et al. 2019. To address
these issues, we transition to the gradient descent setting
and employ gradient clipping as a key technique, detailed
below.

We encounter additional challenges with subsampling,
which we manage by uniformly bounding the relevant terms
(Appendix B.1). In typical gradient descent proofs, sub-
sampling or random initialization introduces randomness,
necessitating the formation of upper bounds via expecta-
tions. However, we provide a stronger result by proving a
uniform upper bound for any arbitrary initial weight xy and
client sampling scheme, thereby eliminating the need for
expectation bounds related to initialization or subsampling
randomness. To proceed with the convergence analysis, we
make the following assumptions where the /5 norm is taken
by default.

Assumption 1 (L-smoothness). The local objectives are
L-smooth and satisfy | VF;(x)— VF;(y)| < L||x — y|| for
allz,y € X and i € [N].

Assumption 2 (Bounded Gradients). The local objective
gradient is bounded by ’[VFi(x, 2)] j’ < Gforj € [d.

These assumptions are standard within the literature and
have been used in previous works (e.g. Xie et al. 2020;

Wang et al. 2020; Li et al. 2020b; Reddi et al. 2021). We
note that Assumption 2 implies |VF;(z)| < G forz € X
via Jensen and integrating over z ~ D;. In particular, this
delineates an L-Lipschitz family of client objectives given
that the arguments are 7y¢,-bounded away from each other,

2/dG

NeEs

IVFi(z) = VFj(y)ll < Lllz -yl := =yl
for,j € [N] and |lz — y|| = nees. Here, &5 is an ep-
silon smoothing term that activates on the client-side. This
quantity is used in a gradient clipping step in FedAda? (Al-
gorithm 1), where if the local gradient update is negligibly
small in magnitude, the gradient is autonomously clipped
t0 0.7, >0 is the local learning rate, and in particular, we
note that L = O(n, !). By taking £5 — 0, our algorithm re-
covers federated algorithms that do not utilize local gradient
clipping. Therefore to remain consistent with most feder-
ated learning implementations, we take € to be a negligible
value during the experiment section.

‘We now provide a convergence bound for the general, non-
convex case under gradient descent which holds for both full
and partial client participation. The full theorem statement
as well as the generalization to the case where Adam is
selected for the choice of adaptive optimizer is provided in
Appendices B.1, B.2. We note that the convergence bound
for the variant of FedAda? with SM3 inactive trivially
follows from the analysis.

Theorem 5.1. Let Assumptions 1, 2 hold. Then given any
choice of initialization o, Algorithm 1 deterministically
satisfies

U+ U+ U3+ U4+
te(T) Ve

where asymptotically,

Yy =0O(1), o =’ T, Y3 =T, thy = nnelog(1 + Tn})
and

_ {n%?T if One) < O(1)
if O(ne) > Q1) ’

if O(Tn;)

o = mmeT o(1)
T T e

<
>Q(1)

0T

In particular, we make no other assumptions on local or
global learning rates to extract the most general use of The-
orem 5.1. We have the following two corollaries:

Corollary 5.2. Any of the following conditions are sufficient
to ensure convergence of Algorithm 1:

1

(A): n <O 2) for Q(T*I) < < O(1),
(B): me= @(T_%) for Q(T_%) <n< (’)(T%).

Corollary 5.3. Algorithm I converges at rate O(T~1/?).
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In particular, 77, must necessarily decay to establish conver-
gence in Theorem 5.1. However, striking a balance between
local and global learning rates provably allows for greater
than Q(T'/3) divergence in the server learning rate without
nullifying the desirable convergence property. This theo-
retically demonstrates the enhanced resilience of adaptive
client-side federated learning algorithms to mitigate subop-
timal choices of server learning rates.

5.1. Discussion of Convergence Bound

There have been several recent works exploring adaptivity
and communication efficiency in federated learning. The
convergence rate in Corollary 5.3 matches the state of the art
for federated non-convex optimization methods (Xie et al.,
2019; Chen et al., 2020; Tong et al., 2020; Reddi et al., 2021;
Wang et al., 2022; Sun et al., 2023). However, to the best
of our knowledge, there are no known convergence results
of jointly adaptive federated systems, in either the GD nor
SGD setting. Previous work most related to ours is given
in Wang et al. 2021b, Theorem 1, which presents a decaying
bound on the distance between the realized weights ¢ of
their federated algorithm to the fixed point & of a contrac-
tive operator for strongly convex objectives. However, the
authors are unable to derive a closed form expression for the
h; term that appears on the right hand side for client-side
Adam and Adagrad, opting for a numerical approximation
instead®. Our analysis holds for both these optimizers, while
additionally incorporating the elements of delayed updates
and memory efficiency.

Generality of FedAda?: Blended Optimization. The
gradient descent setting used in the analysis of Theorem 5.1
is conceptually equivalent to accessing oracle client work-
ers capable of drawing their entire localized empirical data
stream. While this constraint is a limitation of our theory
(we refer to Section 7), it enables us to derive stronger re-
sults and induce additional adaptive frameworks for which
our analysis generalizes. For instance, our bound determin-
istically guarantees asymptotic stabilization of the minimum
gradient, regardless of initialization or client subsampling
procedure. Furthermore, in Appendix C, we prove that our
analysis can be extended to form a flexible framework for
federated learning which we call Federated Blended Opti-
mization (Algorithm 4).

Blended optimization distributes local optimizer strategies
during the subsampling process, which are formalized as
functions that take as input the availability of client re-
sources and outputs hyperparameters such as delay step
size z or choice of optimizer (Adam, AdaGrad, SGD, etc).
These may be chosen to streamline model training based

2Moreover, we have discovered unrecoverable issues with their
Lemma 2 via a counterexample, which forms a central backbone
in developing their theory.

on a variety of factors, such as straggler mitigation or low
availability of local resources. Under certain non-restrictive
conditions on optimizer choices contained in the strate-
gies, this dynamic hyperparameter allocation scheme allows
for guaranteed convergence of the global gradient objec-
tive (Theorem C.1). In particular, this framework permits
the deployment of different adaptive optimizers for each
round per device, enhancing the utility of communication-
efficient frameworks that do not retain preconditioners be-
tween clients or between the server and client. This flexi-
bility is especially beneficial in scenarios where there is a
mismatch between adaptive optimizer choices.

6. Experiments and Discussion

In this section, we conduct experiments to empirically vali-
date the benefits of joint adaptivity motivated by communi-
cation and memory efficiency, which accumulates to an em-
pirical derivation of FedAda?. Our study aims to contrast
FedAda? with frameworks that lack adaptivity on either
the server or client-sides. In the pre-trained transformer
setting below, we have discovered that adaptivity induces
qualitatively varying model dynamics, leading to significant
performance improvements after hyperparameter tuning.

Evaluation Setup and Dataset Splits. We explore the
impact of joint adaptivity on a small vision transformer
(ViT-S), introduced in Sharir et al. 2021 and pre-trained on
the ImageNet-21K dataset (Ridnik et al., 2021). FedAda?,
along with its partially non-adaptive counterparts, are evalu-
ated by fine-tuning the pre-trained model on the GLD-23K
subset of the Google Landmarks dataset (Weyand et al.,
2020), which represents a domain shift onto natural user-
split pictorial data. Analogous experiments are carried out
using CIFAR-10 (Krizhevsky, 2009), involving 1000 clients
with a subsampling rate of 0.01. Data partitioning was
achieved using LDA (Blei et al., 2003) with = 0.5. In
ViT experiments, images are resized to 224 x 224 pixels,
and 30 communication rounds are conducted for CIFAR-10
and 200 rounds for GLD-23K. For the latter dataset, the
client optimizer employed a learning rate schedule that be-
gan with a 15-step linear warm-up phase, followed by a
step-function decay where the learning rate was reduced by
a factor of 0.1 every 15 backpropagation steps. We set the
local training batch size to 32 for both datasets. Details for
hyperparameter selection along with compute resources are
provided in Appendix G.

Benefits of Joint Adaptivity. We briefly verify that a natu-
ral, expensive implementation of joint client- and server-side
Adam with transmitted global preconditioners, supersedes
the performance of FedAvg (McMahan et al., 2017) and sin-
gularly server-side adaptivity (FedAdam Reddi et al. 2021),
as shown in Figure 1. Intuitively, these results are expected
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GLD-23K Test Accuracy GLD-23K Test Loss

e Naive Jint Adaptivy e Noive Joint Adaptiviy
0.6 FedAdam FedAdam
—— FedAvg 6 —— FedAvg
0.5
004 5
%]
503 3
g =
0.2
<
0.1 3
0.0 )
0 50 100 150 200 0 50 100 150 200
Rounds Rounds

CIFAR-10 Test Accuracy CIFAR-10 Test Loss

1.0 25 —— Naive Joint Adaptivity
/W FedAdam
20 —— FedAvg

>‘0.8
€]
e m 1.5
3 0.6 o
o] 3
b 1.0
P

0.41 —— Naive Joint Adaptivity 0.5

FedAdam
| D ey
0.2 0.0
5 10 15 20 25 30 5 10 15 20 25 30
Rounds Rounds

Figure 1. Naive joint adaptivity performs better than FedAdam and
FedAvg on both GLD-23K and CIFAR-10 datasets. The shadows
represent the moving averages of the accuracy.

as Section 3 confirms that adaptivity aids the stabilization
of gradient updates. However, note that full gradient trans-
mission incurs significant communication cost, as noted
in Section 1. Moreover, the adaptive optimizer substan-
tially increases the memory demand on the client, due to
the maintenance of auxiliary second order statistics used
to synthesize model updates in every local iteration. This
motivates the communication-efficient and low-memory pre-
conditioning design of FedAda?, and we report the results
below.

Communication-Efficiency of FedAda®. To address the
issue of additional communication overhead introduced by
joint adaptivity, we propose to simply initialize the local
preconditioners from zero (or a constant) at each round. In
Figure 2, we compare the performance with and without
preconditioner communication. We find that initializing
from zero does not underperform the more complicated
algorithm (naive joint adaptivity). To our surprise, on some
datasets (GLD-23k), such a compromise for the purpose
of reducing communication can even achieve better test
performance than the more expensive baseline.

Memory-Efficiency of FedAda®. Here, we investigate
the performance of using approximated, memory-efficient
local adaptive optimizers in FedAda?. We implement SM3
on the client-side, which is a sublinear method to reduce
memory consumption. In Figure 3 (top), the difference be-
tween FedAda? and joint adaptivity without preconditioner
communication is the usage of SM3 as an approximation
of the full client-side preconditioners during local updates.
We see that FedAda? still retains the competitive perfor-
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e Fedhdam
—— FedAvg
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o
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o
>
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o
o

o
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Figure 2. Effects of joint adaptivity without preconditioner com-
munication compared with the more expensive baseline of naive
joint adaptivity with server-client preconditioner synchronization.
We see that initializing from zero (as opposed to a global pre-
conditioner as in naive joint adaptivity) does not meaningfully
degrade performance and sometimes can even achieve higher test
accuracies in certain applications.

mance of naive joint adaptivity, while being communication-
and memory-efficient. As an optional add-on, we provide
a sample result for the delayed preconditioner update strat-
egy detailed in Section 4, which may further reduce local
computation. As intuitively expected in cases where pre-
conditioners remain generally stable across local iterations,
only updating them periodically on the client-side does not
substantively affect the performance (Figure 3, bottom).

In addition to convergence plots, we provide accuracy num-
bers of FedAda? and the baselines in Table 1. We see that
naive joint adaptivity (NJA) is superior to side-side adaptiv-
ity (FedAdam) as well as FedAvg. Empirically, avoiding
preconditioner transmission and leveraging client-side pre-
conditioner approximations (i.e., FedAda?) does not harm
the performance of its more expensive variants.

Table 1. Test accuracies of different methods. NJA stands for Naive
Joint Adaptivity, JAPC for naive Joint Adaptivity without Precon-
ditioner Communication, and DU for Delayed Updates.

FedAda? + DU

97.2
49.338

Datasets

CIFAR-10
GLD-23K

FedAvg FedAdam NJA JAPC FedAda®

95.59 92.80 964  97.2 96.4
29.94 41.22 51.02  59.79 52.75

7. Extensions and Future Work

Our convergence analysis studies full gradient descent,
whereas experiments are conducted using stochastic gra-
dient descent for better industrial scalability. Although our
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Figure 3. (Top) Performance of joint adaptivity with memory-
efficient client preconditioners. We compare our communication-
and memory-efficient adaptive algorithm (FedAda?) with base-
lines of naive joint adaptivity (i.e., using server-side pre-
conditioners to initialize client-side preconditioners) and only
communication-efficient joint adaptivity (i.e., without transmit-
ting server-preconditioners but using full preconditioners for local
updates). We observe that using memory-efficient approximated
local preconditioners does not materially harm performance. (Bot-
tom) To further reduce computation costs on the client-side, we
optionally add delayed preconditioner updates on top of FedAda?
(FedAda? with Delayed Updates). We observe that the overall
accuracy remains competitive with FedAda?. Similar results for
CIFAR-10 are given in Appendix F.2, Figure 6.

work provides a first convergence guarantee for a jointly
adaptive system matching the state of the art (e.g. Xie et al.
2019; Li et al. 2020b; Reddi et al. 2021; Wang et al. 2022),
moving to the stochastic gradient setting motivates addi-
tional challenges left for future research.

Another extension is to study the performance of Feder-
ated Blended Optimization (Section 5.1, Appendix C), a
naturally induced framework discovered by generalizing
our nonconvex convergence analysis. Blended optimizaton
allows the trainer to utilize the unique strengths of each indi-
vidual optimizer, balancing compute limitations and client
noise. Generally, drawing from noisy local data streams
will benefit more from adaptive methods in return for higher
computational cost. Furthermore, each client has the option
to run different optimizer strategies as the training rounds
progress, adapting to individual resource constraints and dis-
tribution shifts in the data stream. We note that this approach
faithfully mirrors real-world settings where the availability
of local resources are actively dynamic. Future work will
provide empirical results on the performance of blended
optimization, including identifying the settings in which

mixing optimizer strategies are advantageous for distributed
learning.

8. Conclusion

In this work, we introduce FedaAda?, a class of jointly
adaptive algorithms designed to enhance scalability and
performance in large-scale, cross-device federated environ-
ments. FedAda? is conceptually simple and straightfor-
ward to implement. By optimizing communication effi-
ciency and employing localized memory-efficient adaptive
optimizers, FedAda? significantly reduces the overhead
associated with transferring preconditioners and extra on-
device memory cost without degrading model performance.
Our empirical results demonstrate the practical benefits of
FedAda? in real-world federated learning scenarios. Future
research could explore extensions of FedAda? to accommo-
date more diverse and large-scale federated learning tasks,
such as by blending varied client optimizer strategies.
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A. Utility of Client-Side Apdaptivity

Overview of Student’s z-distribution For the convenience of the reader, we provide a brief summary of basic properties
of the Student’s t-distribution. Intuitively, the ¢-distribution can be understood as an approximation of the Gaussian with
heavier tails. The density is given by

Ty e\
ity = Sz (1)

where v € R is the degree of freedom (or normality parameter), and I" is the gamma function. We recover the normalized
Gaussian as the degree of freedom tends to infinity. The first moment is O for ¥ > 1, and the second moment satisfies
v/(v — 2) for v > 2 while being infinite for 1 < v < 2, where the heavy-tails are most pronounced. Following the
convention of Zhang et al. 2020, we refer to a distribution as being heavy-tailed if the second moment is infinite.

The following proposition showcases the utility of local adaptivity in federated learning.

Proposition A.1. There exists a federated optimization problem with heavy-tailed client noise which satisfies the following
under FedAvg (where appropriate learning rate schedules are chosen for (ii-iv)):

(i) Given any client sampling strategy, if the probability p! of client i with heavy-tailed gradient noise being sampled at step
t is non-zero, then E||V f (z¢41)||* = oo for any nontrivial learning rate schedule n}, > 0.

(it) Local adaptivity via client-side AdaGrad bounds the error in expectation as

2v/3
lim E|lz, — 2*|| < iA forsome € =0,
t—o0 1-¢

where x* is the global optimum.

(iii) Furthermore, local adaptivity implicitly constructs a critical Lyapunov stable region which stabilizes the gradient
variance via the following inequality which holds once any learned weight enters the region:

geony

1
in_E[V <0 =]
min EIVF)IP< 0 (1)
(iv) The global gradient variance of the federated problem with heavy-tailed client noise is fully stabilized via
© q 2
E[|V f(z)]]?] < 2||zo* + 2 (/ e dx) for Vte{l,...,T}.
1

This proposition demonstrates that even a single client with heavy-tailed gradient noise is able to instantaneously propagate
their volatility to the global model, which destabilizes federated training in expectation. However, recent work (Zhang
et al., 2020) has shown that heavy-tailed gradient distributions appear frequently in language model applications, and more
generally within model architectures utilizing any kind of attention mechanism, including transformers. To our knowledge,
this provable failure mode of distributed training resultant from the unbiased, yet heavy-tailed noise of a singular client has
not previously been reported within the literature.

Proof of (i). Let the local stochastic objectives be given by Fj(z,&;) = 22/2 + & where gradient noise follows a
t-distribution with ¢ 4 1 degrees of freedom, §; ~ t;11 for Vi € {1,..., N}. Minibatches are sampled with replacement,
which ensures that gradient noise in each client epoch are independent amongst and in between any two (possibly identical)
clients, and further identically distributed conditional on the client ID i. Clearly, the global objective is

N
N 2 1 2

For global step ¢, we subsample clients S? following any sampling strategy, where C* is the collection of all possible multisets
S! whose elements indicate (possibly repeated) client selection, with associated probabilities p (1) > 0 of realization for
r € [|Ct|]. Assume that 1 € S?, for some m.

1 N 1
fz) = N ZE& [fi(x,&)] = N]E
i=1

11
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Then, FedAvg updates may be written

T+1 Zﬂct— t| ZZ!JM

€St (=1

which gives the squared length of the global gradient under expectation as

Ei||V f(z141)]? = E

Ty — f|zz Vf(@te—1) +&emr)

€St 4=1
X 2
1
= E¢Estig,s |70 — |‘s]‘7l;| Z Z (Vf(xip1) + & o1)
€St =1
e ?
:ZE5|tpE~(r) Ty — \St\ ZZ Vf(@ie—1) + & eor)
r=1 1€St =1
2
P (m)Eepy ||z — |St| Z Z o1+ &)
€St 0=

m

where in the second equality we have conditioned on local gradient noise £ and stochastic realizations up to timestep ¢, using
the law of iterated expectations. Recursively unravelling 2% ,_; in terms of sampled noise and 5”5,0 = x,; gives

t ot
Tip—1 = L po— Wgzz 2= :v — e E gzp

-2
=al,—m (Z Vi(at,)+ %)
p=0

{—2
—MNe ( xﬁ,p + 5;,;0)
p=0

02
_ t et
= 4Tt — Z ai,pgi,p
p=0

where a;, a';p € Q[ny] are polynomial functions of the learning rate with rational coefficients. Therefore, we have for

b, € Q[ne]

2
K
s e = gy 33 ( IR

1€SE, L=

n = 2

/4
st (1 g 3 3 ) ove ey 55 (Sl i )

mliest =1 1€SE, {=

e = 2 n;pe(m) — 2
— ph(m)Eepe ||| 1 - 5 Sap |z + WEﬂt DD b ek

mliest =1 m i€St, \p=0

where we have used that «Efy ¢ ~ tiy1 independently with mean 0, for all permissible ¢, £, and .
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Proof of (ii). We specialize to the setting with client-side AdaGrad with K = 1. Assume that clients S have been selected
to participate in the round, which gives the update as

gz
Tipr = — - (M
€St (=1
ZO)+€’Ll
=Tt TS Z
ISI frayed HVf o) Tl +e
= xt —_— —_—
( ST 2 Twral +s> IS 2 thwn e
where we have gradually simplified notation. Noting that
1 1
T p&)ds < -,
/\\xt+fi||+€ (&) di < 2
setting 17y < € gives
e &l
Vif(x = |z < |z - — | + o T TE— 2
H f( t+1)|| || t+1H = H tH |St‘ Z ||xt+€z|+5 ‘St| Z ||xt+§i||+5 2
i€S?t i€St

Using E; to denote expectation conditional over realizations up to step ¢, we have

I
Etuxmnznxtlr( 5 lz ||xt+@+€> 157 22 [lw+£ll+}

€St ieSt

To further bound the right hand side, consider the functional

1
€) :/Wpi+l(§i) déi,

where clearly . .
o 1 O pia (=)
1;(0) > i i) d& ~ dzr =00
02 [ pggreteris [

and I;(1) < 1. By continuity and strict decay of I;(¢), there exists 1 > &; > 0 and ¢; € (0, 1] such that for all i € [N], we
have 1 > I;(e) > 1 — &; for ¢ € [g;, 1]. Taking € € [max;c[n] €i, 1] and € := max;¢|n) &;, we thus obtain

Byl|zesr]| < flaell - (1= me(1 - |5t| > _E [ngn] 3)

ieSt |xt+£z|+€

To bound the remaining term, it is easy to show that ||&; ||p;+1(&;) is symmetric around the origin O, and strictly increases
from 0 to (3/2 + 2/(i + 1)) /2 while strictly decreasing afterwards. Defining the even extension of

. 3
~ GGz T SUPger [&illpi41(&) +€ for0 <& < ( + m) .

hiv1(&i) = +1
1&illpit1(&) for & > ( n le) 3

to be h;y1(&;) for small 1 > € > 0, we note that 1/(||x; 4 &|| + €) analogously is symmetric around §; = —x; while
decaying with respect to the argument ||z; + &;||. As h;41(&;) is symmetric around O and decays moving to the left and
right of O, by matching monotonicity and maxima with 1/(||z: + &|| + €), we conclude that the left hand side of (4) is

maximized for z; = 0:
E, { 1€l } < hiv1(&i)

d¢;, = B;. 4
oo v &l el =) Talve © @
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Asymptotically as £; — oo, we have

hiv1(&)
DAY <) ,
~ Pit+1 (fz)a
1€l + ¢
which gives that B; < co. Letting B := max;¢|y] B; and scheduling the learning rate 1) = 1/((t +to)(1 — )) where ¢ is
the smallest positive integer satisfying 7} < ¢ for all ¢, we thus conclude

t+to—1 B
E < —F _—
||x75+1||— t+to th||+(t+t0)(1*é)
t+tg—2 2B
——E|x:— +
S gt Ty
t t+1)B
<. <0 IE|| oll + (—)A
t+to (t+1to)(1—2)

B
<o(-= .
= (t>+1—é

As this bound holds for any choice of client subsample S%, we are done. It is easy to show by straightforward integration
that B < 2/3.

Proof of (iii). Our strategy is to locate a 1-shot stabilization regime of the gradient norm that is formed via local client
adaptivity, which may be viewed as a Lyapunov stable region of the optimum z*. From (2) and Jensen,

2 2
27 1|
2 <9 2 v
||It+1|| > HIfH < |St| Z ||33t+§z||+€> ‘St|2 (Z ||$t+§z|+6

€St cSt
2
L 2 &l ?
<2a? (1 - = Y ———— ¢ ( :
|St|ezy||xt+az||+s \St|§, e + &l + ¢

We now impose 7y < 2¢, while letting ||x;|| < J for some § € R~ (. Taking expectations gives

el Y’
Bulecall” < 20l? + a1 ,
o1 = (el

and by similar arguments to the proof of (ii), the summands of the second term are bounded uniformly by B which yields
Ellzi1 ) < 26% + 207 B.

Setting 6, 7¢ < O(1/v/T) immediately gives the desired inequality.

Proof of (iv). An advantage of client-side adaptive optimization is the autonomous normalization and clipping of the
stochastic gradients. Let } := 1/t>. Telescoping (1) gives

9
r=n- 3 S A

2 2l v e
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which implies

gzZ
||xT+1 I'OH = | t|
1E€St =1
9ie
= H|wT+1H_||$OH|< Z| t| ZZH zH+€
€St t=1 g%f
9 ‘
= llzrsall < llzoll + s t| T e
i€St £=1
2
Jie
— Elrral? < 2ol + 28 Z| % ZZH i
ieSt =1 gz@

Substituting the learning rate schedule gives

2
gzl

It\

T 2
<E|> Kn
t=1

*1
SEHK/ — dx
1

1€St (=1
2

2

Therefore, we conclude that for any ¢,
(oo} 1 2
Ellee|> < 2o + 2K ( / de) .
1 X

A.1. Exacerbation of singular client noise

Overview of Cauchy-Lorentz distribution For the convenience of the reader, we provide a brief description of the
Cauchy distribution CL (o, 7). The density is given by

G e B

where z is the location parameter and v > 0 the scale parameter. Note that the Cauchy distribution is an example of “worst
case gradient noise” that a federated problem may encounter in its clients. That is, the tails are so heavy that the distribution,
despite being symmetric around the origin O, does not admit a mean due to being non-(Lebesgue) integrable. In particular,
this indicates that the law of large numbers cannot be applied due to uncontrolled stochasticity, which lethally destabilizes
pure stochastic gradient descent. Despite this limitation, we provide an example demonstrating that local adaptivity can be
utilized to successfully mollify extreme client noise even in this “worst case” setting.

Proposition A.2. There exists a generalized federated optimization problem which satisfies the following under FedAvg:

(i) Given any client sampling strategy without replacement, if the probability p of client i with heavy-tailed gradient noise
being sampled at each step t is non-zero, then E||V f(x141)|| = 0o or E|V f(x¢)|| = oo for any t € Z>1 and nontrivial
learning rate 0}, > 0.

(ii) Under local adaptivity via client-side AdaGrad, we have bounded gradient length as

tlim E|Vf(z)| < Jor some & =~ 0.

1-—

™)y

Proof of (i). We provide a similar construction as in the proof of Theorem A.1. Let all local stochastic objectives be given
by Fi(x, &) = 2%/2 + &z where client gradient noise mostly models a Gaussian, &; ~ N(0,02) for Vi € {2,..., N} and
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o; € R. For the first client, we let & ~ CL(0, ) for any v € (0,1/3). We sample minibatches with replacement, but clients
are selected without replacement. In this case, we must consider a generalized version of the federated objective as strictly
speaking, the deterministic local objective

B, [Fi(e.6)] = 5o* 4o [ 6 de

does not exist due to extreme stochasticity. That is, even though CL(0, ) is symmetric around O, E, [¢;] is not Lebesgue
integrable. Most importantly, this implies that the law of large numbers cannot be applied. Note that such a construction
dislocates this example from the vast majority of convergence results, as most assume bounded variance or controlled
gradient noise which sidesteps the consideration of the kind of stochasticity that we explore here entirely. To proceed with
the analysis, we use symmetry to define the reasonable objective

ElR (2, 6)] = 50°

which is consistent with the desired population objective that is distributed across all other clients, though with less noise.
As before, we have the convex global objective f(z) = 22/2. Note that it can be shown that the empirical mean of the
Cauchy distribution follows the Cauchy distribution, that is, the CL-distribution is stable.

As the general case has been handled in Theorem A.1 (i), we specialize to K = 1. To simplify notation, assume that
participating clients have been selected as S¢, where client 1 participates. Then, the FedAvg update may be written

Ti+1 = Tt — \St| Zgn

€St

which gives the length of the global gradient under expectation as

B (ren)l| = oo = g 3 (VS (aio) +€00)
€St
e e
>E tfll —E (1 t)l‘ o Z (Vi(xio) + 1)
51 s1) 7 s 2
>E %fil —E|(1-n)x | Z 3
zGSt\{l}
ZE |St‘£11 _E”( — e xtH ‘ t| Z EH§ IH
ieSt\{1}

Note that we allow 7; = 1. As E ||¢! || < oo fori € {2,..., N}, we thus have
E[Vf (@) + L = ne B[V f ()] = 00

which gives the desired result.

Proof of (ii). As we intervened only on gradient noise while preserving client objectives, an analogous proof strategy used
in Theorem A.1 (ii) carries through. The only difference is the value of B, which may be computed as being upper bounded
by 2 fory < 1/3.

A.2. FedAvg and Stochastic Gradient Descent are deeply remorseful

In Appendix A, we have provided two localized examples of how heavy-tailed gradient noise can destabilize distributed
training. In this subsection, we prove that this is an instantiation of a more general phenomenon in which federated learning
with a p-strongly convex global objective collapses to an analogous failure mode. We begin by motivating a precise
definition of heavy-tailed noise previously reported in the literature (Zhang et al., 2020) for completeness.
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Definition A.3. A random variable £ ~ D follows a heavy-tailed distribution if the a-moment is infinite for o > 2.

Intuitively, this expresses that the a-moment is not sparsely supported outside a compact interval. That is,
f” ¢l>R l€l|*p(€) d€ < oo indicates a dense support integrating to infinity in the closed ball By(R), and a light tail

for By(R)°. Definition 3.1 enforces that the noise must not decay rapidly outside said compact ball, i.e. that light tails
must be excluded. This follows from the observation that f\l ¢lI>R I€NI*p(€) d€ = oo for all @ > 2 and any R > 0 because
f” ¢ll<R €]1%p(€) dé < R* < oo via continuity and the extremal value theorem. By equivalence of norms on R and hence
their preserved continuity, we analogously have for || - ||, the supremum norm,

/ €8 ple) de > / €112 p(€) dé = oo
[[€lloc>R [[€lloe>R

for some ¢ > 0. To proceed with the analysis, we impose an integrability condition on the mean, which gives E[¢] = p € RY,

Problem Setup. The local objectives are determined by F;(x) = E,[F;(x, z)], where z integrates over the randomness
in the stochastic objective. The gradient noise ¢ is additively modeled via a possibly uncentered random variable with
E(¢) = p. Minibatches are sampled with replacement, implying that gradient noise in each client epoch are independent
amongst and in between any two possibly identical clients. We analyze the case where noise is identically distributed
conditional on client ID 7. The global objective is given as the expected client objective under the uniform sampling prior,

f(@) =i Fi(x)/N.
We now present the following definition.

Definition A.4. A learning algorithm A is deeply remorseful if it incurs infinite or undefined regret in expectation. If
A is guaranteed to instantly incur such regret due to sampling even a single client with a heavy-tailed stochastic gradient
distribution, then we say A is resentful of heavy-tailed noise.

We are now ready to prove the following theorem.

Theorem A.5. Let the global objectives fi(x) of a distributed training problem satisfy p-strong convexity fort = 1,...,T.
Assume that the participation probability of a client with a heavy-tailed stochastic gradient distribution is non-zero. Then,
FedAvg becomes a deeply remorseful algorithm and is resentful of heavy-tailed noise. Furthermore, if the probability of
the heavy tailed client being sampled at step t is nontrivial, then the variance of the global objective at t + 1 satisfies

Ell fg1(ze41)]? = oo

Proof. Assuming that a heavy-tailed client may be subsampled at step ¢ with non-zero probability, let us show that the regret

T T
=Y filw) =D fula")

is infinite under expectation, assuming it is well-defined. Here, z* is taken to be the argument uniformly minimizing the
materialized global objectives up to step 7', * := arg min,, Zle f+(x). For notational simplicity, we carry out the analysis
conditioned on the event that the heavy-tailed client has been subsampled. We aim to show that E[f11(2¢11)] — fe41(2*) =
oo where x* is arbitrarily fixed and f;; satisfies p-strong convexity. Clearly,

2

fer1(@e41) = fegr(ze) — <Vft+1 (1), 157 t| Z Z ze> 2/|f5~77f|2 Z Zgz@

zesté 1 i€t =1
> fer1(xe) <Vft+1 t), 157 t| ZZ V(@ e-1) + & o 1)>
€St I=1
K 2
0
2|Ste|2 ZZ 'LZ 1 +£z€ 1)
est =
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Denoting E,+ [-] to be the expectation conditional over all stochastic realizations up to step ¢ and £ = K — 1, we have

Eer [fer1(me41)] 2 franr(ze) — <Vft+1 ), |St| > ((Z Vf(@fe-1) + & e 1) + Vf(z] )>>
€St

K 2

Z ZZ 1 +§z€ 1)

th=

&)

0
<Vft+1<.’17t ‘St| Z Ef+ z K 1]> + 2|Sf‘2]Ef+

€St

As the means of all gradient noise are finite (typically centered at O), it suffices to show that

K
SN (Vi )+ € )

€St =1

2

= Q.

However, this is clear as expanding the norm gives

K K-
ZZ(Vf(IE,e—1)+§f,e 1 ip1) + & 1) va Ti k1)
iest =1 est €St
K1
+ 2<Z Z (Vf(ahe ) +8& )+ Z Vil g 1), Z B €] k1 > + Z El& k1%
iest 1=1 iest iest €St

where in the final line we used the independence of the noise random variables. As there exists i € S? that satisfies
heavy-tailed noise, we obtain

Eet [fer1(z41)] > o0

Taking expectations on both sides gives that E[f:11(2++1)] > oo under the law of iterated expectations, assuming that the
expectation is well-defined. Thus, FedAvg is deeply resentful of the influence of heavy-tailed noise.

Now, we change perspectives and write the general form of (5) as

ferr) = fia (@) + (Ve @),y —2) + Sy — al)

d
tg 2w’

For any arbitrarily fixed z, there exists a;41,; > 0, ; > 0, and bt“’j < 0 such that

M\t

d
= finn (@) + > (Vi (@);(y; — ;)
=1

) e, (y; — Ry) for  y; > R,
fra15(y;) =0 for |y;| < Ry, (©)
biy1;(y; + R;) for y; < —Ry,
and

0 < firr(y;) < ft%(m) + (Vir(2)(y; — x5) + %(yj —x;)°

for |y;| > R;. Without loss of generality, we may substitute ;41 ; < @ = min; ;41 ;, lN)H_l,j — b= max; Bt+1,j, and
Rj < R := max;¢[q) R;. We thus have

Eet [l ferr (@) [IP] = Ber [x{wr41 € BF(0) | frr (ze41) %]
where x is the indicator and B (0) is the closed ball in R? under the infinity norm centered at 0. As fiy1(y) >
o1 fir1s(ys) fory € B (0),

d
Ep+ [l ferr (@) IP] 2 Bor x{@e1 € BF(0)M Y frrrg (@) ]?]

j*l
d
> Et"’[X{‘rtJrl € B%O(O)c}||z.ﬂ+1,] <|St| Z Z Vf zf 1 ( i,0— 1) )) || ]
j=1 €St £=1
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The integrand on the final line is non-negatively lower bounded given z;11 € B (0)° by

d K-1
CZ |gi‘ Z <<Z Vf($§,e-1)+ff,e—1> + V(i gy ) |Sf| Z ix-1)i TR,
e

1€S? (=1 ieSt
d n K-1 2
i
= 32 5 (5 Wt )+ 0) g i
j=1 €St (=1 lESt

2

Ju

d K—
> 262 % Z ((; Vf(fﬁ,e—1)+§f,z—1> + V(g g 1)) + R;
= J

€St

=1 1
d K-1
+2 Z < t|Z ((va zé 1 +§z€ 1>+Vf( zK 1)) :I:RJ7| t|Z i, K—1 >
j=1 ieSt 1 j iest
4 2n2 2
+Z| 77|€2 <Z(ff,}<1)j>
j=1

€St

where ¢ = min{|al, || }. The sign on R; is determined by the sign of the value (z;.1); and equation (6).

Clearly, there exists compact intervals [@; ;, b; ;] such that with non-zero probability, (& k1)) € laig, b; ;]. For the
setminus operation subtracting only one selection of client ¢ from the multiset S t and 1 € S* being the heavy-tailed client,
let IR be equal to

St ne max{|a; ;, |bi ;
|W| R+ ma ¢ {||St|1| bisl} \5t| 3 <<Z Vi, +§f’€1>+Vf( o 1))

€St

j
Then as
x{zer1 € BE(0)} > x{@e41 € BF (0) HMicsn 1y x{(& x-1); € @i, b}
2 Xj = X{|(§1 Kk-1)jl > R}Hzest\{l}X{( ik—1)j € [@ij, i3]},

we may conclude

d
Et+[|‘ft+1($t+1)||2} > Kyt Xj||zﬁ+17j <|8t| Z Z Vf ZZ 1 ( i,0— 1) )) ||
j=1

€St (=1
2

d K-1
ZCQEHXJ \St| Z <<va Tig1) + & 1>+Vf( Ti K- 1)) T R;
j

Jj=1 1€St
‘ — e
+2ZC2<| t| Z ((va(x§,€—1)+§f,é—l> +Vf(x§,K—l)> iR]? |St‘ ZEt+ Xj lK 1) ]>
j=1 iest \ \ (=1 €St
d 22 2
+Z |St‘[2]Et+ Z(gz K*l)]
j=1 i€St
d 22 2
> C1(t7) + Z |87"/|£2Et+ X7 Z( fK-1)i
Jj=1 ieSt
Noting that )
biyj
Et+[X;_(§;K—1)j] = [ (fz K-1)j dp(fz K—1)s
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we deduce that the existence of E({f ;- ;); € R (from all noise having finite mean) enforces that E; [Xj' (& k—1);] must
also exist and be finite. Thus, C; (t"’) is finite and well-defined given ¢ . It remains to analyze the final term

d 2 p
ZEH X? (Z(fqu)j) = ZEH
= P

Z &k 1)7| + 2By X;r Z (& x-1)i (€ r-1);
icSt icSt i1 <is
d
ZZEH XJ 1K1 +22Et+ Xj(leK 1)]Et+[Xj(§ng 1)]

Jj=1ieSt i1 <ig

where we used the independence of &! ‘ which is preserved across coordinate projections. Finally, note that for Cy :=
minje g Miesn (13 PE c_1); € [a1,bi 5]) # 0, we have

Z Y B [ (€ ko1)3] 2 Cs Z/ (€1, —1)511” dp(&f r—1)

] 1/Le$t (51 JK— 1)J|>R
> 02/ X Hfi,qu dp(&l 1) =

Thus, we have as before
Ept [[| fr1(ze41)]?] = o0

As the variance is well-defined, we conclude that E[|| f;+1(z¢+1)||?] = oo under the tower law of expectation. O

For federated learning, we typically have f;(x) = f(x) forallt = 1,...,T. We saw from Proposition A.1 that inserting
local adaptivity successfully breaks the generality of remorse and heavy-tailed resent for FedAvg. A high-level, intuitive
overview is that client-side AdaGrad clips the local updates of each iteration, which mollifies the impact of stochasticity in
perturbing the weight updates. We present the following proposition, formulated loosely without utilizing any advantages
provided via local adaptivity except for clipping which leaves room for far sharper generalization. For this reason, we view
local adaptive methods to be more desirable than clipped SGD in large-scale applications, if memory and computation
constraints of the clients can be addressed.

Proposition A.6. Let f; € C(R?) fort = 1,...,T for f; not necessarily convex. Introducing client-side adaptivity via
AdaGrad into the setting in Theorem 3.4 produces a non-remorseful and a non-resentful algorithm.

Proof. By Jensen, we have that |[Ef(x;)|| < E| f(z)|. Thus, it is enough to show E|| f(z;)|| < oo which guarantees that
the ¢-th regret update E[f;(x;)] — fi(z*) is finite for any =* arbitrarily fixed. However, this is immediate as z; € Bg (o),
where K is the number of local SGD iterations prior to server synchronization. Thus, by the extremal value theorem, there
exists an M € Ry such that

0 < Bl f(z)]| < E[M] < oo.

Similarly, we may also show that the variance E|| f(z;)|* < oo. O

B. SM3 with Delayed Preconditioner Updates

We now present a description of SM3-I/II with delayed preconditioner updates as Algorithms 2 and 3. SM3-II capitalizes on
a tighter approximation of the second moment, and empirically demonstrates better results. We have opted to implement a
smoothing term ¢ instead of treating any zero denominator as zero as done in the original work. We provide the analysis for
SM3-II which generalizes the analysis for SM3-1.

To enhance clarity, we present several lemmas before giving the proof of Theorem 5.1. Note that Lemma B.1 is written in
broadcasting notation, where the scalars in the right hand side have 1 € R implicitly multiplied and the inequality holds
coordinatewise. For notational convenience, we will view @{( s ‘Dé( as vectors.

t] is bounded by

K7 2 K
Al < of = m( Fﬂ log? (1+ {ZELG ) + W(I\(/%E:J)G> .
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Algorithm 2 Delayed preconditioner SM3-1

Require: Client learning rate 7),, step delay 2 € Z>1, and e-smoothing term ¢ > 0
Require: A full cover {51, ..., S} C P([d]) where U?Zl Se=A{1,...,d}

1: Initialize: x; = 0 and po(r) = 0 for Vr € {1,...,k}

2. fort=1,...,K do

3: gt < Vﬁ(wt)

4: if (t —1)/z € Z then

5: forr=1,...,kdo

6: pue (1) = pe—1(r) + maxes, g7 (j)
7: end for

8: endif

9: forj=1,...,ddo

10: v (j) ¢ min,.g,.5; () (minimum taken over all r such that j € S,.)
W a(f)  alf) - L

12:  end for

13: end for

Algorithm 3 Delayed preconditioner SM3-11

Require: Client learning rate 7y, step delay z € Z>1, and e-smoothing term € > 0
Require: A full cover {S1,...,S;} C P([d]) where U?:1 Se=A{1,...,d}
1: Initialize: x; = 0 and u((r) = 0forvVr € {1,...,k}
2: fort=1,...,K do
3: gt < Vf(xt)
4: pi(r) < 0 for Vr € [k]
5 forj=1,...,ddo
6: if (t —1)/z € Z then
7: vi(j) < ming.s, 55 5 (r) + g7 (5)
8 forallr: S, > jdo
9: set 14 (1) = max{p;(r), v(j)}
10: end for

11: else

12: vi(§) < i1 ()

13: end if .
e wpa(f) o)) -
15:  end for '

16: end for
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Proof. Forming a bound for the pseudogradients is not trivial due to delayed preconditioner updates. We begin by noting
that delayed gradient updates are initiated at local timesteps k = nz + 1 for n € Z>,. We now split cases k/z ¢ Z and
k/z € Z. In the first case, there exists n € Z>o suchthatnz + 1 < k < (n + 1)z, and the latest preconditioner update by
client step k is given at timestep ([k/z] — 1)z + 1 = |k/z]z + 1. In the second case, if z # 1, then step k is just one step
shy of a preconditioner update. The latest update is therefore held at step ([k/z] — 1)z + 1 which is no longer identical to
|k/z|z + 1.

With this observation, it is easy to show by induction that

1

2
ve(5) = vo(j) + (g;(z,l)zﬂ(j)) for je{l,....,d} and ke{l,..., K}
=1

NES

Recall that A; = 1/|S*[ 3,50 Af and A} = af ;- — 2} ;. By telescoping for K local steps and the definition of gradient
updates in AdaSquare-SM3, we obtain

i 9t
< 776 Z ,p

A}l =
p=1 \/U0+Zr 1(9 S(r— 1)z+1) te

\F—i—e

For F = {0,1,...,[K/z] — 1}z + 1, we thus have that

At |g§»p|
|AG] < ne E
pEF ’Uo—FE (L(r 1)z+1) +e€

|gi,p

+ e

PE[KI\F 1/ Vo + Z ( 9i (7"—1)z+1)2 +e

To obtain a deterministic bound, we cannot ignore the worst-case stochastic realization that g (r—1)241 = 0 for vr € [[2]],

p € [K] \ F. Therefore, we form the upper bound (where 2(1) := 0 by definition)

|9§ | [
INEEDS — vind QDO LM g
pEF vo + |gi,p|2 Z (gi,('r‘fl)z+l)2 +e€ PE[KN\F
T
K- [E)Ha
SWTl-l-—W( (Z]) .
Voo +¢€

As 0 is trivially bounded by any non-negative upper bound, we may without loss of generality assume that gf (r—1)241 #0
for at least one 7 € [[2]]. We further bound 77 as follows:

t|2

19 | |9
< P < 4
= Vigt, 2+ X ! P P S S

gi,(rfl)erl) +e  per

|9; 17
NI

peEF e+ Zre[p NF |g§,r|2

K 1 |9
< 1 3 1710
< [ p, og 1+ E
pEF

Note the use of Cauchy Schwartz in the third inequality. A detailed proof of the log inequality used in the third line may be
found as part of the proof of Theorem 5.1, equation (12) which uses similar techniques. By Assumption 2, we are done. [
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The server-side pseudogradient updates may also be bounded as follows.

Lemma B.2. Under Algorithm 1, each server step size is bounded in absolute value by

ot s min {in/(0 1 - 37, Lt}

T

Proof. Without loss of generality, we may let 7 = 0 when forming the first upper bound for expository purposes.
me| (- B1) Yo B 1A
n NGA > ;
VT Y AT T
n(t= B (it B 1A) s B
VEl A3 Th, B

<n\1-Bi\/1-3
= /1 - Biy/1— B2

Note that the final inequality is obtained using Cauchy-Schwartz, while the second bound in the lemma statement follows
from the first inequality and Lemma B.1. O

Finally, we form a loose upper bound for the gradient variance.

Lemma B.3. Fork € {1,..., K}, the uncentered variance estimate vy, as well as py, in Algorithm 1 are bounded by

(B1): 0 < ux(b) <dkG* for and be{l,...,q},
(B2): 0<wp(j) <dkG* for je{l,...,d}.

Proof. Non-negativity of the variance estimates vy, is trivial and implies the non-negativity of uy, thus we focus on the
upper bound for which we use dual induction. The case k = 1 is satisfied by zero initialization. Assuming the inequality
holds for k + k — 1, we have for each j

v (j) = brgbng pr—1(b) + (gf,k(j))Q <d(k-1)G* + G* < dkG”.

Now, uy is initialized to zero at the start of each step k and its entries are increased while broadcasting over each coordinate
je{l,...,d} by
wr (D) < max{ur(b),vk(j)} for Vb:je S

For j = 1, it is clear that
pr(b) < v (j) < dkG* for Vbe {l,...,q}.

For j > 2, inductively, we have
g (b) <= max{py,(b), vx ()} < dkG?

as both arguments of the maximum function are upper bounded by dkG?. This completes the proof. O

B.1. Precompact Convergence Analysis

We aim to analyze the convergence of learning algorithms under the general, non-convex setting. However, extremely
popular and well known adaptive optimizers such as Adam whose efficacy is strongly supported by empirical evidence have
been shown to fail to converge even for convex settings (Reddi et al., 2018). Therefore, recent works have investigated the
asymptotic stabilization of gradients, instead of requiring strict convergence to local or global optima of the objective (Xie
et al., 2019; Tong et al., 2020; Chen et al., 2020; Zhang et al., 2020; Reddi et al., 2021; Wang et al., 2022; Sun et al., 2023).
Such convergence bounds are of the form min, |V f(z;)|| < O(T~%), and are interpreted via the following lemma:
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Lemma B.4. For x; the t-step parameters of any objective f(x) learned by an algorithm, let mini << ||V f(z:)]| <
O(T~%) for a > 0. Then, there exists a learning algorithm which outputs parameters {T1, Ta, . ..} such that |V f(Z,)|| — 0
ast — oo.

Proof. Assuming otherwise gives that ||V f(z;)|| is e-bounded away from 0 for some ¢ > 0, for any parameter x; realized
by the algorithm. Clearly, miny<;<7 [|[VF(z,)|| — 0 as T" — oo gives a contradiction. More constructively, note that
Ve >0, 3T(c) € Nsuch that T > T(e) —> miny<i<7 ||V f(a¢)|| < €. Lettinge = 1/n forn € Nand T,, := T(1/n),
we have that there exists ¢, € [T,] such that |V f(z,)|| < 1/n. Letting ¥; := =, extracts the desired parameter
sequence. O

This notion of convergence can be formalized as precompact convergence which is consistent with sequence properties
of precompact normed sets. In this paper, we explicitly formalize the conventions used in prior works, and take the term
convergence to mean precompact convergence unless stated otherwise.

Definition B.5 (Precompact convergence). A sequence {y, }nen in a normed space ) is said to converge precompactly to
y € Y if there exists ¢ : N — N such that y,,) — y.

Our goal is to develop principled federated algorithms whose global gradients are guaranteed to converge precompactly to 0
regardless of parameter initialization, in the general, non-convex setting. Note that precompact convergence must allow for
convergence to each element y,, of the sequence. Now, we are ready to present the following theorem.

Theorem 5.1. In Algorithm 1, we have that

)\ Y )\ )\ Y
min |V f(z_y)|? < 22t ¥s Bt %5
te(T) ‘1’6

where

Uy = f(xo) — f(z¥),
217d|| DK ||2
U, = n ! 1 ||
T
1— BD)yme KLT || @1 |2
ar7(\/vo + )2 ’
(1 — B1)mme K LTe(By)]| 5 |2

)

gy =

v, = = ,
4 a1 7(y/vg + €)?
nd| )G (1= B +log (1+ TZLY)
5 = - )
1-— T
U = 3(1 — Bi)nm

4 (VTTOFT? +7 + 7)

Here, the constant c is defined with respect to Bl as
o (B1) 00
] nu, 2 1 ~ 5 . ~v 2 1
e(Br) = Z Biu’ + _ —dz for up(B1) =inf{u € N: gjv° < — for Vv > u}
u=0 To(B1) T v
and the intermediary 71, &y values are defined as

- K - 1
= , Q= .
n W\/Uo—i—dKGQ—i—e ! 2v/vg + dKG? + 2¢

Proof. To enhance readability, we use both coordinatewise and broadcasting notation, where a [-],; subscript is attached
for the j-th coordinate. In particular, the arguments are detailed mostly in the latter notation as it significantly clarifies the
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intuitions behind the proof. By L-smoothness, we have

Fl@e) < F@n) +{V fer)s o= mia) + o lae — e

Biio + (1= B) 3, 55_7'A7-> L Bimo + (1= B1) Sy BL7A,
2

N

—f(l‘t—1)+77<vf($t—l)a Vor 4T

Bimg +(1—B1) Yt , BITA,
Vi + 7

¢
= f(xs—1) + nToo+ (1 — E1)UZT0 r

®

where for r € [t],

_ A, piim
To,=pi" <Vf(xt1)7 \/,UTH_T> and Tpo = <Vf(xt1) \/inj_OT> ®)

Note that T} ¢ can only decay exponentially as training progresses, as /7 is monotonically increasing with respect to ¢ and
V f(x¢—1) is coordinatewise bounded by G. We decompose Ty ,- further by

~ A A ~ A
Tor=B""( Vf(xie1), —m—o — z + B85 V(mi—1), — —— ).
o ! < f@-) Vo + 1 Vg1 +T> g f@e) Vg1 + T

Ty, r T2,

A bound for 7' ,- can be obtained as:

Ve, (\F"‘T)( Vi1 +T)>

= BTT <Vf(xt1), — = A = >

(VUi + 1) (V/0r—1 + 7)(\/0r—1 + VOr)

A A7
V(i
| f(t 1)| ’Ut+7' \/ﬁ"‘T

d
t— |A7|A§
<BTTY G|—= =
! ; (U + 72)(\/Vt—1 + T)

[E3 el [A]
< - — .
- T 32:21 Ve |

J

J

Lemma E.2 is used to obtain the final inequality. For 75 ,., we apply a further decomposition for -, > 0 allowed to be
arbitrary within a compact interval en,-bounded away from 0,

Ty, = Bi~ <Vf(xt1)7AT+%vf(xt1)> B Vf(me-1)

Vi1 T \/ VU—1+T

For expository purposes, we present the case in which local gradient clipping is not triggered. The analysis directly
generalizes to the setting where clipping activates. Unraveling the definition of A, gives

— gz
Ar ‘577’7 Z Z e

1€ST p=1

2

1
T,
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which intuits the following value

= |5r| ZZfﬂ

1€ST p=1
We have by Assumption 2 and Lemma B.3 that

- neK
r € , =
7 € [l lmzx/v FdAdKG? +¢ Juot+e

Expanding T3 ,. for o, > 0 to be fixed,

at—r Vf(l't_l
1 <M+ TaAT + ’Yrvf(l"t—1)>

1 Vf Ti_ 1 Me (Vf(zt—l)ig:,p)
Hry NN =

€S p=1

2

< BT o K Z Vf(xi1)
- 2|7 est |/ Vi1 + T
nfﬂ Zi vf Tt— 1 VF( 'Lp 1))
ST, ies p=1{ /-1 +7 (Vo +¢)
- 2
< B K || Vf(2e-1)

a 2 \/\/5t_1+T

neBL
+ T T S 9 - VAL,

1€ST p=1

2

where in the first inequality we drew the deterministic gradient instead of accessing the stochastic sample via full gradient
descent. The first term is controlled by setting

Y [ 1 1
oy = a1, = 5
2ne K 1o 2Vvg + dKG? 4+ 2 2\/vg + 2¢

We aim to bound the second term via majorization and telescoping arguments. We have by L-smoothness, Lemmas B.1, B.2,
and Assumption 2 that

194 @es) = VAL, ) < 5 3 N(VF (@) = VA, )|

t'€[N]

1
N Z H(VFZ‘/(.”L},H —VFZ‘/(SL‘T,1) +VFZ‘/(SL’T,1) VF( i,p— 1))H2
i/ €[N]

S% Z (HVFi/(Zt—l)*VFi/(l’T_l)HQ«I»HVFi/(.TT_l) VF(z}, || )

i/ €[N]

Z 211 — 201 JF Z [

i/ €[N]

| /\

—QLHJR 1= Tp— 1H +2LHx1p 1 i,OH
t—1
<2L(t—r) Z 2o — o1 ||* + 2L @Y 2

O=T

< 2L(t — r)?||0K|* + 2L||0f|1%.
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Note that the first inequality was obtained by Jensen, while the third inequality uses that the client weights 7, are
synchronized to the global weights x,._; for Vi € [N] at the start of training. Now, we have

ngir ( K2 K )
2L t— b, 2L d
2|87, 7(y/vo + €)2 Z Z r) ” 1"+ 2L| 1"

1€EST p=1
WBTKL 0K | B P
ar7(y/V0 + €)? a,7(y/vg+¢€)?

Collecting terms gathered thus far gives

~ t t % A2 _
(L=Bu)n)y Tor<(1- Z lof G HGB Z[J]_sml v
r=1 J

v
r=1 j=1 L7t

2

Utl

t at—r 216K 112 r K2
3 neBi "KLt — )% P3| mﬁl LK| K|
+(1—51)7IZ< a,7(y/vo +€)? * 7(\/0o +€)? )

Now, let us bound the final term in equation (8),

2

Blig + (1= B1) Xy B A ™ || Biio || | (L=B)3, i A7,
N TVt NOE
~ 2 2
<9 Bimo ) (1_51)Zr 1 i Tmaxre[t]|Ar|
T Vot Vit
~ 2 ~ 12
Bimo (1-p1) K2
= \/E“FT \/E"‘T || 1 H
<o B | 21
| Voe T 72
Substituting into equation (8) gives that
Biing P’ Ld| @] . ||<I>K\|Gﬁ [A]
21) < f(zi—1) + 00,0 + 7L | —= =
fze) < f(ze1) +nToo +n N 2 Z ;vtj
‘ ~ o~
AT Bt rKL(t—?“) 12512 +m5§ "LK||®f|?
= (Vi £ 2 0 r(/T5 + o)?

2
377’ - Vf(SCt_ 1)

\/\/ﬁ“rT

Note that the exponential decay caused by 51 in the third term will expectedly dominate the effect of first order moment
initialization mg as training progresses, and summation over ¢ € [T'] gives O(1). We initialize g < 0 to further simplify
the equations. We also further exacerbate the upper bound by substituting 71, & into ~,., ai,. respectively, which achieves
independence from r. Telescoping equation (10) then gives

+ (1= Bi)n

(10)

HM

2

<1—51 Ul v/ (o) o (1—51)77H<I>KHG N e [AF
;;ﬂ | < ) - S+ Sy AT &l

2 K2 2 T t
n-LTd| @71 || (1 — B1)mme K t—r 21a K12 | Tat—r &K |2
L t— P L d . 11

2 + a17(Vio + )2 ;:1: ;:1( By "t —1)7[| @y |7 + LB (|97 || ) (1D
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To complete the proof, we aim to ease a logarithm out from the third term on the right hand side. For this purpose, we
induce a recursion with a log bound

T A0 R RS R N
1 = ——— < =
t=1 r=1 22=1 A%,j +7* O 25:1 A%,j + 72
<ar+ecrlog(1+br). (12)

Setting T = 1 gives
2

1- 5B Ay log(1+b
( _ﬂl)w <ap+c Og( + 1),
and setting ap = 1 — 51 satisfies this inequality (among other choices). Assuming formula (12) holds for T, let us explore
the induction condition for 7" + 1, which is

T 2 2
- AZ . ~ A ]
Y-8 L—+-p") T+L

—————— < ar+1 +crplog (L4 brgq).
t 2 T+1
=1 D=1 A+ T3 =1 A%j + 72

For simplicity, we impose that ¢, is a monotonically increasing non-negative sequence of t. We intend to contain the increase
in the left hand side as 7" grows in the log argument only, in the right hand side. Therefore, we select ary; = ar. For a
suitable choice of by, satisfying strong induction, it is enough to resolve

~ AZ 1+ bro1 —b
1 _ BT+t T+1,j < ] T+1) _ ] 1 T+1 T
( 1 )—z“:_;'_ll A%j T Cr+1 108 EE Y or CT+1 108 + b tbr

Here, we used monotonicity of ¢;. Noting that log(1 + z) > /(1 4 ), it is again enough to resolve

2
ATy < cr41(bry1 — br)
T+1 A2 2 =
o AF 4T bri1+1
2 2
B c= PR DR == RN P
T+ A2 2 +UT = + T+1 A2 2 +i
-1 Af,j +7 1 Ai,j +7

By positivity of b; for ¢ > 1, a necessary condition is therefore that

2
ATiv;

CTJrl Z T
+1 2 2
AV

In order to enhance the tightness of our bound, we choose the minimal permissible value c; = 1 uniformly, which is attained
as a suprema. In this setting, we are left with a recursion

2
ATy ~ bryr —br
T+1 A2 2 ’
o A 4T bry1+1

and collecting the terms in the form byy; = brwi(A) 4+ wa(A) would provide an optimal recursive bound given our
simplifying assumptions, starting with b; = 0. A less optimal but simpler bound can be formed by selecting bry; =
br + A%, ;/7% for by = A7 ; /7>, Therefore, we arrive at

SO - A2 - T A2
(1—51)225f_rm§1—51—|—1og<1+ (;) )
»J (=

t=1 r=1 =1 =1
T||@{(||2)
T2 '

<1-F +1og (1+ (13)

The remaining term to be bounded in equation (11) is given

T t

S o0 (B e ).
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The trick is to notice that the explosion of the series caused by double summation is culled selectively in reverse chronological
order by the exponential, rendering the tail end asymptotically vacuous. Note that (1 — ;) stabilizes the divergence as
£1 — 17 in the limit. By a change of variable u = ¢ — 7,

T t T-1
(L=B)Y > B t—r)=(1-5) ) B’ (T -
u=0

t=1 r=1
Defining
SO ~ 1
Uo(B1) = inf{u € N: Biv? < e for Vv > u},
let
o (B1)
ﬁ%uQ —l—/ —dx
Z (B *2
Then, I claim that
T
(1-5) ZZB (t—=r)? < (1= B)e(B)T
t=1r=1

We prove this by induction. The case 7' = 1 is trivial. Now, assume the desired inequality holds until 7. For 7"+ 1, we
want to show

T
(1=B1) > B’ (T —u+1) < (1= B)e(B)(T +1)

u=0

= (1-5) Z B (T —u) + (1= B1) Y Biu® < (1= B1)e(B)(T +1)
u=0 u=0

and thus by the inductive hypothesis it is enough to show

T
> Biu? < c(By).

However, this is trivial by the definition of c(ﬁl). Upon substitution into equation (11) and noting that

2 ~ ~
31 3(1 =B ZZB Vf(zi—1) S 3(1 = Bu)nn T min ||V f(z_1)]|?

t=1r=1 \/ﬁ N ( T||(I)K||2+U0+T) te[T)

we simplify as

3(1 — B T 2LTd|| DK ||2
S PIPNT i |9 f ()P < flao) — fla) + TEEAPTIE
( T||<I>K||2+UO+T) te[T] T
L (= BDme KTLIOf | (1= By KTLe(B1) | @F a4
&17‘(?]0—"-5)2 5217'(1]0—"-5)2
nd||®X||G (1 _ B +log (1 + T”‘PK“Z’))
+

T

Therefore, we immediately conclude that

) \\ )\ ) \\
min |V (1) | < 1T B Bt s
te[T] \IIG
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where

lI/1 = f(.To) - f(x*)v

2LTd|| K2
y, = LTI
T
v, = (=B K LT[0 P
at(yoo+e)?
0, — (1- Bl)UWKLTC(El)H(Dg”Q
4 a17(y/v0 + )2 ’
nd| |G (1= By +log (1+ TIZFLY)
lI/S )
T
1— T
Wg — 3(1 = B1)mn

4 (VTTOFT? + 50 + 7)
Here, the constant c is defined with respect to 51 as

o (B1)
1 o . ~ 1
Z ﬂlu +/ —dx for wg(f1) = inf{u € N: g¥0? < — for Vo > u}
o (B1) v
and the intermediary 71, &y values are defined as

- K - 1
= , Q= .
n m\/vo—i—dKGQ—i—E ! 2v/vg + dKG? + 2¢

This concludes the proof.

Note that we have also shown the following two useful lemmas:

Lemma B.6. For 3, € [0,1) and T € Z>, let

(1) = inf{u € N: fVv? < —forVU > u},

and B
Ug (ﬁl) [e'e)

) = Z B’IHUQ + / _ 7dx
wu—0 0(B1) T
Then, we have that
T
DN BT —r)? < (BT

t=1r=1

Lemma B.7. Let Ay ; € R, By € [0,1), and T € Zo. Then,
T 2
3 Afj T||ef”?
(1- O PR RN ( )
Br) ;;51 22:1 AQ T e g >

We present the following corollary.

Corollary B.8. Any of the following conditions are sufficient to ensure convergence of Algorithm 1:

(A): e <OTY2) for QT < e < O1),
(B): me= @(T_%) for Q(T_%) <n< (’)(T%)_
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Proof. The proof is formed by comparing orders of T'. Recall that 7; = O(7,) and L=0m"). AsdX =0 ¢) and
p y paring Y n Mg 1 n

O = © (min {n,nm,}), we have for n =

©(T?t) and n, = O(TP2),

Y1 =06(1)
by =i T
Y3 = T
Gy = {nSn?T if O(ne) < O(1)
nnT  if O(ny) > Q1)
s = nnelog(1 + Tny)
el if O(Tng) < O(1)
Ve = {n\/f ifO(T?) > Q)

If O(Tn?) < O(1), then O(n,) < O(1) which implies

Y1 . -1 _ —(p1+p2+1)
ol (meT)~" =6 (T )
Y2 cqne=© (Tp1+p2>
(s
3
:mp = O (TP
s n ™)
77[]4 . 772773 -0 (T2p1+2p2)
s
Y5 log(1+Tnp)

—o(r )

e T

This implies that we must have that po < —1/2 and —1 < p; + py < 0 for guaranteed convergence. Thus, 7, < O(T’l/ 2)

such that Q(T~1) < nmy < O(1) is a suffic
Now, assume ©(Tn?) > Q(1). If O(n,) >

ient condition. For instance, let 7, = ©(T~'/2) and Q(T~1/2) < n < O(T'/?).
(1), U3/ ¥e diverges. Therefore, let n, < O(1). We have

%: (VT)~ = (T}
%: m]gﬁ - @(TP1+2PQ+%)
%: miVT = O(T%2+ %)
%: 77277?\/? — @(T2p1+3p2+é)
2
%: e log(\l/%‘ TW) < O(T_%erz)
6
Therefore, it suffices to satisfy
1<<11< +2<12+3<1
2 b2 = 4’ 2 b1, P1 P2 2’ D1 D2 9
An example satisfying these conditions are
ne=O(T~10), QT %) <n<O(TH).
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Note that for all cases, iy must decay to establish convergence. However, striking a balance between local and global
learning rates provably allows for greater than Q(T'/3) divergence in the server learning rate without nullifying desirable
convergence properties. This theoretically demonstrates the enhanced robustness properties of adaptive client-side federated
learning algorithms to mitigate suboptimal choices of server learning rates.

Corollary B.9. Algorithm 1 converges at rate O(T~1/2).

Proof. 1t O(Tn?) < O(1), then we juxtapose 11 /16 and 2 /1. It is clear that the minimax value of the respective powers
are attained at p; + py = —1/2, realized by po = —1/2 and p; = 0. In this case, clearly O(z;/1s) < O(T~/2) for
1 <4 <5 IfO(Tn?) > Q(1), then our strategy should be to minimize p> due to positive coefficients in the powers
; /1e. Thus, let pg = —1/2 + € for 1 > € > 0. Then, the order of decay in 12 /1)s is p1 — 1/2 + 2¢, which is once again
matched against —p; — 1/2, the power of 11 /1)g. Taking the limit e — 0", minimax{p; — 1/2, —p; — 1/2} for the range
—1/2 < p; is attained at p; = 0. This sets the maximal decay rate to O(T~'/?) for the second case. O

B.2. Extension to Adam

The extension to the case where Adam is selected as the optimizer for the server, or for both the server and client is
straightforward. We present the latter as it generalizes the former analysis. As in Lemma B.1, we have the following bound
for the compressed SM3 estimates of the second moment,

[: 2
ve(5) = vo(j) + (g;(z,l)zﬂ(j)) for je{l,....,d} and ke{l,... K},
=1

NES
—

~

which allows bounds to be established for the local and global pseudogradients following analogous logic as Lemmas B.2, D.2.
As before, we arrive at equation (9) where due to exponential moving averaging on the server-side, we have

t
B = B0 + (1 - fa) Z BT A

=1
Now, decompose 1 , as
~ A, A, ~ A,
S S ST S U8 S S |
ver T BaUs—1 + T Bals—1 + T
Tl,r,v Tgy,,w

where T ,, may be bounded via

Ay (\/ BoBii—1 — V) >
(Vor +7)(y/ Bty +7)

—AA2(1 = Bo) >
(Vo + T)(\/ 525715—1 +7)(1/ 52177:—1 +V/0r)

|OF GBI (1 — Ba) d[Aq
< - .

T (7

Ty, =B <Vf(xt—1)a

=g <Vf(xt—1)a

j=1
Due to the exponential decay parameter in the first pseudogradient moment, we have
T t

@K G,vtir ) d A2 T ¢t (I)K 3G~t77‘ 7
”ZZH 1l ﬁlT (1 ﬂz)Z[J]_<” Z” 1l 512 (1—52)
1r=1

v T
t=1r=1 j=1 L7t d; t=

_ alBEIPGT( - By)

= 7_2 .
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An analogue of the arguments made in the proof of Theorem 5.1 with appropriate modifications, e.g.,

Z (1- m) /Y
-
i€ST p=1 \/( )Ze 1 2[ i (97 (0-1y11)? T €

gives the main change as the asymptotic behavior of W5, which now satisfies

)

e ISTI

Us; =0 (nn?T) .

The convergence rate is still dominated by ¥y, W5 as in Corollary B.9, which gives O(T~1/2).

C. Federated Blended Optimization

In federated blended optimization, we distribute local optimizer strategies during the subsampling process which may be
formalized as functions that take as input the availability of client resources, and outputs the number of local epochs, K (O5),
as well as additional hyperparameters such as delay step size z or preconditioner initialization. These may be chosen to
streamline model training based on a variety of factors, such as straggler mitigation or dynamically restricted availability of
local resources.

Algorithm 4 Server-side ADAGRAD and client-side optimizer mixture (Blended Optimization)

Require: Local optimizer strategies Oq, ..., Oop (e.g. Adam, AdaGrad, SGD...)
Require: Initializations zo, 7o > 72 and mg < 0
Require: Global decay parameter 31 € [0, 1)

1. fort=1,...,7 do

2:  Sample participating client multiset S} for each optimizer strategy [ € [Op]
3:  for each sampled client collection I € [Op] (in parallel) do

4: for each client i € S} (in parallel) do

5 xfé — Ty

6 xf ZK(O < Optimize(Oy, i Z,l‘z 0, Clip = True)

7: Atl =w(0y) ( i K(01) It—l)

8: end for

9: end for
100 S Yiciop 971

y
1: At = %Ele[Op EZES’” At

12: 51mt 1+ (1= ﬂl)At
13: ’Ut = ’l}t 1+ A

14: T = Tp_ 1+77\ﬁ+7

15: end for

Federated blended optimization allows the trainer to utilize the unique strengths of each individual optimizer, balancing
resource constraints and client noise. Each client has the option to run different optimizer strategies as the training rounds
progress, depending on varying individual resource constraints or distribution shift in the local data stream. This faithfully
corresponds to real-world settings where the availability of local resources are actively dynamic. Future work will provide
empirical results on the performance of blended optimization, including identifying the settings in which mixing optimizer
strategies are advantageous for distributed learning. The following theorem shows that under certain non-restrictive
conditions, blended optimization still allows for convergence of the global gradient objective.

Theorem C.1. Given client i € [N], strategy | € [Op), global timestep r, and local timestep p, assume that the optimizer
strategies satisfy the parameter update rule

rd rl

xrl_ _ z€g7i
i,p ,p 1 Zz : rl Tl
19 (95 1v~~~»gi,e)
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where
0<m < ﬁfé(g:f, . ,gZ’é) <M, and 0<aq < a::é < A

for all possible values of i, £, r,1. If 1 < K(O}) < K and 0 < £~ < w(O}) < EF, then Algorithm 4 admits an identical
convergence bound as Theorem 5.1, with W3, U4 replaced by

Vs = (1 - B )ymmeCTL| @52,
Uy = (1= B1)mmeCTLe(B)]| 2517,
o= (ET)?K(K + 1)(max;e[op) A7)

2&17’ minle[op] ml2
The intermediary 71, &1 values are defined as

== minle[op] ap - mian[Op] aj

max;e[Op] M’ te K(K+1) maxe[Op] My

V1=

We have opted to provide a looser bound for expository purposes, and the proof straightforwardly generalizes to finer bounds
that depend on the individual characteristics of the optimizer strategy (e.g. m;, M;, A;, etc). The extension to server-side
Adam updates follows analogous steps to Section B.2.

It is easy to show that under the bounded gradient assumption (Assumption 2), Adam, AdaGrad, and SGD all satisfy the
optimizer condition depicted in Theorem C.1. In Appendix D and E, we materialize two realizations of this framework as an
example, using client-side Adam and AdaGrad with delayed preconditioner updates. Note that delayed updates require the
debiasing term in Adam to be adjusted accordingly. To prove Theorem C.1, we begin with the following lemma.

Lemma C.2. Under Algorithm 4, |A§’l| is bounded by

K .— W:+ K(K+1) maxje[op] AG
1 =M=

2 minle[op] my

and the server-side pseudogradient is bounded in absolute value by

of = win {1 By - ). Lt |

Proof. Unraveling the definition of Aﬁ’l, we have

K(O}) p ol orl
AtJ o (O ) L ai,fgi,l
i = T hewlty E:ﬁr,l i r,l) )
p=1 r=1 i,f(gi,h"'?gi,é

which immediately gives

For the server bound, the proof is identical to Lemma B.2. O
We are now ready to prove Theorem C.1.

Proof. As the proof follows a similar structure to Theorem 5.1, we provide only an outline for repetitive steps while focusing
on differing aspects. As before, L-smoothness gives that

~ ~ ~ 2
Bing + (1 — B1) Y0y Bi"A,

Vo + 7

~ ¢ 2
F(xe) < Flaemy) +0Too + (1= B1)n > To, + %

15)

r=1
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where for r € [t],

~ ~f~
To, = B " <Vf($t1)>\/§r+7_> and  To = <vf(wt1) ﬁnlor>

Decomposing T , as

T, is bounded by
Kiagt-r 4 2
T, < H(bl ||G51 Z {%t} )
’ T - vt |
7=1 J
For T5 ,., we aim to apply a further decomposition for ~y, > 0,

2

T2,r = Ni_T < Vf(];t_l) yAr + ’Yrvf(-rt—l)> ’Yr - Vf(xt_l)

Vo1 T \/ V-1 + T

1
T2,r

Unraveling the definition of A,. gives

K(O}) p rlgrl

rd - z@ i,
T OO D 3D 9B 353
iejop] 191 le[Op] iEST L€[Op] le[Op] i€S] p=1 (=1 14(9117 -+ 9i)

which induces the following value

K(O))

p
e _ L
byt 22 D > 2

1€[Op] ieSt p=1 £=1 ,(911’--"9@6) 1€[Op]

w(Or)aly

For the purposes of the proof, we shall consider a local device to have been dropped and unsampled if any runs less than 1
epoch. Then, we have

E™ mingejop) @ ETK(K +1) max;c[op)]

€ [Y1,72) = |me s 1e .
o ['7 FY] maxle[op] Ml 2m1nl€[op] Ml
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Expanding T3 ,. for o. > 0 to be fixed,

i <W,Ar +Wf(xt1)>

Vg1 + T

5> Z <w 20 1) mw(Oz)af’é(Vf(xt1)—9£’§)>
rl, 7l rl
ZZE Op]| l‘lE[Op i€ST p=1 ¢=1 ﬂii(gz 17""gi,€)
2

\PACTEY
\/5157—1-&- T
w(O)afy (VS (wi1) = V()

neBT 1 L
N o T 2o ol X X |
€[Op] lelop] T €Sy p=1 (=1 ?9M(gi’17 e 7gm) \/vtj + 7

2

~
< ne51 "

< K(O}) +1)
4Zl€[op] |Sf| lE[Op]

mM

_ neBi " maxjepop ALK (K +1) | Vf(zi 1)

! \/ V0147

neBi " (E1)? Af 3
+ T
27 ZlE[OP] |57 lG[ZOp] anmy zé: Z Z

p=1 ¢=1

Ns

Vi) - vEEG)|

We aim to control the first term by setting for all [ € [Op]

ol Yy mine oy a1 ETK(K +1) max;c|op) al}

— "l a] = = : :
neK (K + 1) @1, @] L{(KJr 1) max;co, M;" 2K (K + 1) mincjo, M
Via gradient clipping as before, we have
2 ~
[V#@en) = VEGEE | < 200 - 2ok )2 + 2Lk
Noting that

K(0))

N._.

st - vt

p=1 /(=1

WAET s ALy
27 Yrcion 1571 Gor @ 12 sy
_ mED)E(K A+ 1)(maXze[0p1

2001 mlnle[Op] ml

D (151w - rPlok | + T |oK ),

collecting terms into equation (15) gives that

=i~ St d
Bl ?Ld|of | = - [ lefGB [A]
< f(zi—1) +nTo0 +1°L +(1— —_—1 —
flx) < flze-1) +n 0,0 ™17 N oA 72 ( 51)77; - ; T ],
K(K +1)(maxiecjop A7) [, % MaRK (2 | T at—rak (2
(1- LB "(t — P LB ®
A nmz Mlmmlemml (LB (¢ = 2 0f |12 + LB of 1)
C
‘ 2
3'77’ - vf(wtfl)
+(1=Bmy : (16)
r=1 \/\/615_1 + 7
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By initializing mg <— 0 and enhancing the upper bound by substituting 7; into .., telescoping gives

2

Te-1 —Bi) i S t— %
ﬁl mlzzﬂ Lt) Sf(xo)—f(x*)—i—(l ﬁ 77H(I) HGZZZBI r [i]

t=1r=1 A A Vi1 +T t=1r=1j=1

2LTd|| K2 .
ST | B3T3 (LB P+ T (1)
t=1r=1
Again by noting that
2 ~
Vf (e 3(1 = BT
3(1 61 ) 25 flr1) | o 3(1 = B win [V £ (2|2

=1 r—=1 A/ V1 + T B ( T||‘I>K||2+?Jo+7’) te[T]

Lemmas B.6 and B.7 give that

1— BT 21 7d|| K ||2
( 51)77’}’1 min ||Vf(-’15t 1)”2 < f(mo) _ f(l'*) + n ! 1 ||
( T||<I>K||2+UO+T) te[T] T

+ (1= BT )ymeCTL|@F |2 + (1 — B1)mmeCT Le(By)]| 5 |12
nd||<I>KHG (1 — 51 + log (1 + T”(I)KHQ))

T

This implies that
Uy + Uy 4+ U3+ U, 4+
min [V f(ze_1)||2 < 1+ Wo+ Wy + Wy + 5
te[T) Ug

where

Wi = fwo) = (),
LT oK |2
7-2
U3 = (1- B ) CTL| o2,
Uy = (1 - B)nCTLe(B)]| X |2,
nd| 246 (1~ 5y + log (1 -+ 1))

5 = )
T

3(1 = BT
( TIeFT + 5 + 7)
(E QK(K + 1)(maxl€[op] Al2)

~ . 2
201 T mingg[op) M

7

C:

The intermediary 71, &1 values are defined as

—_

SR =7 minejop) @1 G ET minejop @
1 e f—, 1 e .
max;e(op M K(K + 1) max;cjop M;

D. Adam Delayed Moment Updates (ADMU)
We begin with a brief description of ADAM (Kingma & Ba, 2015).
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Algorithm 5 Adam Optimization Algorithm

Require: 7,: Step size
Require: /31,2 € [0, 1): Exponential decay rates for the moment estimates
Require: f(z): Stochastic objective function with parameters x
Require: € > 0: Smoothing term
Require: z(: Initial parameter vector
1: Initialize mg < 0 (1st moment vector)

2: Initialize vy < 0 (2nd moment vector)
3: Initialize ¢ <— O (Timestep)

4: while not converged do

5: t+—t+1

6: g Vafi(xi—1)

7o omy < fromy—r+ (1= 581) g
8 v Barvm1+ (1= B2) g}
9: 1y < my/(1— BY)

10: ’lA)t — 'Ut/(]. — Bé)

11: @y <241 — e/ (Vo + )
12: end while

13: return x;

Algorithm 6 Adam with Delayed Moment Updates (ADMU)

Require: 7;: Step size
Require: z € Z>: Step delay for second moment estimate updates (where z = 1 gives no delay)
Require: 31,32 € [0, 1): Exponential decay rates for the moment estimates
Require: f(z): Stochastic objective function with parameters x
Require: z(: Initial parameter vector
Require: ¢ > 0: Smoothing term
1: Initialize mg < 0 (1st moment vector)
2: Initialize vg < 0 (2nd moment vector)
3: Initialize ¢ <— 0 (Timestep)
4: while not converged do
t—t+1
gt < Vafi(zi1)
my < B1-my_1+(1—B1) - g
1y < my/(1 = BY)
9: if(t—1)/z € Z then

R A

10: vp 4 Bovi_1 + (1= B2) - g7
A | &2 ]+1

11: ’l}t<—’0t/(1—ﬁ2 )

12:  else

13: Vg — Vy_1

14:  end if

15: Ty < Tp—1 *ﬂg'mt/(\/ﬁt +€)
16: end while
17: return x;
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Considering client-side resource constraints in the federated setting, we propose an adapted version of Adam with delayed
precondtioner updates aimed at relieving the cost of moment estimate computation in Algorithm 6 which we call ADMU.

Following (Kingma & Ba, 2015), we provide an intuitive justification for the initialization bias correction employed in
ADMU. Recall that the motivation for adaptive step-size in ADAM is updating the parameters via empirical estimates of the
pseudo-gradient E[g]/+/E[g?], which allows for both momentum and autonomous annealing near steady states. The square
root is taken in the denominator to homogenize the degree of the gradient. Bias correction for ADMU adheres to the same
principle, while requiring an additional assumption of gradient stabilization during the z-step preconditioner update delay.
An equivalent formulation of the moment estimates in Algorithm 6 for general ¢ is given

=mofB] + (1— 1) Zﬁ

t
=141 t—1
vy = o3y * Iy (1-p52) Zﬁ% g7 2241 O g[z]a—
r=1
= 1J+1 [£1
= 0oy Z (r=1)2+1 © G(r—1)241- (18)
We work with v; as the proof for m; is analogous with z = 1. Assume that the gradients g1, . .., g; are drawn from a latent

gradient distribution g; ~ D(g;). We aim to extract a relation between the expected delayed exponential moving average of
the second moment E[v;] and the true gradient expectation E[g?]. Taking expectation of both sides in equation (18),

E[’Ut] = 'U()Bll-tzlj ZB[ :1- T |:g(2r—1)z+1:|

[
~ ¢+ (1- B)E [¢2] Zﬁ” ’

~ Elg?] (1—5!”“).

Here, we have used zero initialization for the first moment estimate, while accumulating any error terms in . Several
assumptions can lead to small . As in (Kingma & Ba, 2015), we assume that 3; is chosen small enough that the exponential
moving average decay undermines the influence of non-recent gradients g; for ¢ < {ﬂ z — z+ 1. A second assumption is
that the latent gradient distribution remains stable during the z-step delay as training progresses, allowing the approximation
E[g:] = E[g(ﬂ s +1}. This leaves the residual scaling of the true gradient second moment of the form 1 — 5%, which is

caused by (zero) initialization as setting vy = E[g?] eliminates 3%. Therefore, bias correction is enforced by scaling the
empirical v; estimate by the inverse. We note that vy need not be initialized to 0, in which case we should additionally

Lt;l +1

translate vy by —vof; prior to the inverse scaling.

D.1. Non-convex convergence analysis

A description of FedAdaAdam is given as Algorithm 7. A few remarks are in order. Firstly, to allow for straggler mitigation,
we allow the number of client ¢ epochs Ff at timestep ¢ to vary among the clients ¢ € S;. Although Algorithm 7 sets
a schedule for client epochs and pseudogradient weights for clarity of exposition, dynamic allocation still allows the
convergence proof to go through, as long as the schedule weights are bounded. By default, we set K =KandZt=B=1
to avoid tuning a large number of hyperparameters or having to sample from a client epoch count distribution for the client
subsampling case.

Secondly, for the purposes of the proof we shall consider a local device to have been dropped and unsampled if any runs less
than 1 epoch. We also enforce that pseudogradient weights are bounded positively from below, i.e. = > &, > 0. We now
provide a convergence bound for the general, non-convex case which holds for both full and partial cllent participation.
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Algorithm 7 Adaptive server-side ADAGRAD and client-sidle ADAM (FedAdaAdam)

Require: Update delay step size z € Z>1, initializations z, vg > 72 and mg < 0
Require: Global and local decay parameters 51, Bg, B1,P2 € [0,1)
Require: Pseudogradient weighting schedule Z' x --- x 27 € RIS'l x ... x RIS™| for ||2t||o, < B
Require: Client epoch schedule K x---xK € Zlflll X - X Z‘;SIT‘ for ||Ft||oo < K,VtelT]
Require: Local epsilon smoothing term £5 > 0

I: fort=1,...,7T do

2:  Sample subset S* C [N] of clients
3:  for each client i € S? (in parallel) do
4 ],‘2;)0 — Tp_q
5 Initialize mg, vg > 0 with default values mg, vg < 0
6 fork:l,...,?ﬁdo
7: Draw stochastic gradient g! , ~ D(x},_,) with mean VF;(z},_,) € R
8 my < Pr-mg_1+ (1= P1) - gi
9 mkemk/(l—ﬁ{“)
10 if (k —1)/z € Z then
11: O <= B vp—1 4+ (L= B2) - gt © gi 4,
) e
12: ’Uk<—’l)k/(1—52 )
13: else
14: Vg < Vp—1
15: end if
16: if 0 < |7k /(VOr + €)|| < €5 then
17: my < 0
18: end if
19: Th = xh = e/ (Vg + €)
20: end for
20 A== (xf = xt_l)
22:  end for o
23 A= ﬁ Siest A
240 my = Py + (1= 1)
25: U =041 + A2 -
26: Ty = T4—1 + nﬁ
27: end for
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Corollary D.1. For Algorithm 7, we have an identical bound to Theorem 5.1 with V3, U4 replaced by

o, = (= ADmm(1— B KLBT|@ff|*

2a17'52

D Bume(1 - BY)KLT B2 (51)||<I>K||2

2001 TE?
Here, the intermediary 71, iy values are defined for K

T i=min;, Fﬁ >1las

K~ K~

- 1—p5P ~ ew (1 =37

"= WEwZ Bi ,  Qpi= Z (p b) .
=1 G\/1- Bl +e p=1 (G\/l— 2U+e) (K +1)2

The proof is subsumed by or analogous to Theorems 5.1 and C.1, with changes summarized in the following lemma

Y] is bounded by

_, . f? 52(%%% _,
K. - 7 K
Al <ol =2 |k || Y 2 +p°
r=1 [=-1-r
2
where
—t t
(I)Kt K;Gne(1-5;7)
0l =
5
Proof. Recall that A; =

1/|8" 3 et Al and Al = =t
definition of gradient updates in ADMU, we obtain

(mf =~ l’z,o)- By telescoping for fﬁ local steps and the

el el .
o - —t mp _ —t - mOﬁf + (1 - ﬁl) ;70:1 6:10 i gfﬂ‘
M=) mE e = ED) :
_ — =141 P
= ,, = fusd - ) 2]

[21-r/ ¢ 2
27 () e
We assume my, vg < 0 for expository purposes, although vy > 0 also suffices for the analysis (ending in a slightly different
K. .
&7 ). This gives that

(1- 51) 2o P i

) Z’I" 1 g WﬁT(g;(r—l)z+1)2 te
I' —
S th )Z'r 1~1 =
\/1_62)Zr 152 (l (r-1)z41)? HE
~ i (1-B1) Zrzl B gl Xfezt gz
= NS PR
p= r= 1 2 9i,(r—1)z+1

To obtain a deterministic bound, we cannot ignore the worst-case stochastic realization that g (r—1)241
Therefore, we form the intermediary upper bound

" 9; ,(r—1)z+1

= 0 for Vr € [[Z]].

=BT B ot e
yNy<m|”t|Z o De

[E2]—r
\/1—ﬁ2)zr 1P2 (gé(r D) T E
K, »p
SHIGES
+77€| B1)

,Bp T |g” X{p 1§ZZ} (19)
p=1r=1
41



Efficient Adaptive Federated Optimization

Note that the first term is O in the worst-case scenario above, which implies that any non-negative upper bound is trivially
satisfied. Therefore, we may assume without loss of generality that at least one sampled gradient g (r—1)2+41 is nontrivial
and remove ¢ from the denominator to obtain an upper bound. By Cauchy-Schwartz, we have

2
[£1 ,2r2]—2r

Z/Bﬂrglrl)zﬂ)z Z 1 > ZBHT

Tlﬂ(]r

gz (r— 1)2+1‘

which implies

21 ,212]-2r P

R : WENA = 8) [ s |
A <m0 R | + 2 DI S 1 L
p=1 r=1 6 p=1r=1

K 2] orel_2r —t _ i
< WEHZ Z B K;Gne|=E[(1 — Br) i )
e\ R = ¢ (1-51)

[ wﬂ 2r
< me|ZEK; Z
r=1 52

—t — K
| EiGn=l - )
5 .

O

-t
It can be shown that case of no update delay z = 1 allows for <I>£( ¢ = 0, following a similar proof to the one given above.

Note that @O?i handles the superfluous gradient terms cemented by delaying preconditioner updates for the second moment,
while moving averaging is performed for the first moment estimate. It also follows that A, is also upper bounded by the
identical bound scaled by max; ||=!||» < B, as the average of the Al

E. AdaGrad with Delayed Updates (AGDU)

We present AdaGrad with delayed preconditioner as Algorithm 8 for completeness.

Algorithm 8 AdaGrad with Delayed Updates (AGDU)

Require: 7,: Step size
Require: z € Z>: Step delay for second moment estimate updates (where z = 1 gives no delay)
Require: f(z): Stochastic objective function with parameters x
Require: z(: Initial parameter vector
Require: € > 0: Smoothing term
1: Initialize vy < 0 (2nd moment vector)
2: Initialize ¢ <— O (Timestep)
3: while not converged do

4: t+—t+1

50 gi  Vafi(xi—1)

6: if(t—1)/z € Z then
7: Up < Vg1 + gf

8: else

9: UVt < Vi1

10:  end if

1y = xe1 — e g/ (Vo +€)
12: end while
13: return x;
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Note that due to delayed updates, local gradient updates are not necessarily elementwise bounded in absolute value by 7,.
We may expand the delayed updates for v, as

M4
v =g + Z I(r—1)z+1 O g(r—1)z+1-

r=1

Algorithm 9 Adaptive server and client-side ADAGRAD (FedAdaAdagrad)

Require: Update delay step size z € Z>1, initializations g, g > 72 and mg < 0

Require: Global decay parameter 51 €1[0,1)
Require: Pseudogradient weighting schedule 2! x --- x Z7 € RIS'l x ... x RIS"| for ||2¢||o. < B
Require: Client epoch schedule K x---xK € Zlflll X - X Z‘;SlT‘ for ||Ft||oo < K,Vte [T
Require: Local epsilon smoothing term &, > 0, global smoothing term 7 > 0

1: fort=1,...,7 do

2:  Sample subset S* C [N] of clients

3:  for each client i € S? (in parallel) do
4: Tho Ty
5: Initialize vg > 0 with default value vy <— 0 (what if use 7 here?)
6: forkzl,...,deo
7: Draw stochastic gradient g! , ~ D(«!,_,) with mean VF; (2!, ) € R?
8: my < gty
9: if (k —1)/z € Z then
10: Ok <= Vk—1 + gf O gf g
11: else
12: Vg $— Vp_1
13: end if
14: if 0 < ||my/(\/vx + €)|| < €5 then
15: my < 0
16: end if
17: T ey — e M/ (VO + €)
18: end for
19 A= (ol i)
20:  end for

21: At = ﬁ ZiES‘ Ai

22: my = fimy—1 + (1 - Bl)At
23 =01+ A}

2w =m0

25: end for

We have the following convergence bound.

Corollary E.1. Let K~ := min; , K, > 1 and

.
~ 1 ~ ewK™
Tii=nEw Y ay = =

= /vo—l—[g]GQ-i-E’ 2K(1/v0+(§]G2+5).

Then Algorithm 9 has an identical convergence bound to Theorem 5.1.

Similar to delayed Adam, the proof is analogous to Theorem 5.1 with changes summarized in the following lemma.
Lemma E.2. Under Algorithm 9, |Al| is bounded by

Al < &K ;:mBQK‘lJ +1+KG>.
z Vo +¢€
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Proof. Recall that A, = 1/|S* Y, 50 Al and Al = = (xf ot~ xﬁyo). By telescoping for %, local steps and the

definition of gradient updates in FedAdaAdagrad, we obtain

K K; ¢
i : qs
A=Y T =
i Z e ‘Ut e 12 M£1, ¢ 2
p—=1 p=1 4/ + Zr:1(gi,(r—1)z+1) +e

For F = {0,1,..., L(F: —1)/z]}z + 1, we thus have that

t
9ip

t __ =t
A = —mE;

P
peF v+ N0 _1ysgn)? T

)

t
=t Jip
— =5 E

21 ’
pe[E\F \/ Vo T Zr=1(9f,(r—1)z+1)2 te

To obtain a deterministic bound, we cannot ignore the worst-case stochastic realization that ng(Pl) = 0 for Vr € [[2]].

Therefore, we form the upper bound

z+1

- 19¢ |
Al <=l Y T
peF \Jvo +gf 12+ >0, (gf,(r71)2+1)2 te
ne| =] t
sl B DR (20)
Vo + € 2 P
PE[K;N\F

K-1 ne|ZHKG

<mlE (| 2= 4 1) 4 =T
<nil (|5 1) + 2R

where the last line uses that the local epoch schedules are upper bounded by K. Noting that ||=}|| < B, we are done. [

F. Dataset and Models

Below we summarize dataset statistics, the number of clients with each dataset, and models used to train.

Table 2. Summary of datasets

Datasets # Devices Data Partitions Models Tasks

CIFAR-10 (Krizhevsky, 2009) 1000 LDA ViT-S Image classification
GLD-23K (Weyand et al., 2020) 233 natural (each device is a photograher)  ViT-S  203-class classification

F.1. GLD-23K Dataset

The GLD-23k dataset is a subset of the GLD-160k dataset introduced in (Weyand et al., 2020). It contains 23,080 training
images, 203 landmark labels, and 233 clients. In Figure 4 we show the convergence of FedAda? as compared to FedAdam
and FedAvg GLD-23K dataset.

F.2. CIFAR-10 Dataset

The CIFAR-10 dataset (Krizhevsky, 2009) consists of 32 x 32 x 3 images with 10 labels. There are 50,000 training examples
and 10,000 test examples. In Figure 5 we show the convergence of FedAda? as compared to FedAdam and FedAvg using
CIFAR-10.
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Figure 4. GLD23K Dataset Training Accuracy and Loss.
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Figure 5. CIFAR10 Dataset Training Accuracy and Loss.
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Figure 6. An analogue of Figure 3 for the CIFAR-10 dataset, showing performance of low-memory preconditioned federated learning and

delayed updates.

G. Hyperparameters Selection

For both the CIFAR-10 and the GLD-23K dataset, we used Adam optimizer at the client and the server-side. At the
client-side /37 is set to 0.9 and [z is 0.999 whereas at the server, /31 is again 0.9 but 85 0.9 in accordance with Reddi et al.
2021. The hyperparameter grid utilized in the grid search to locate optimal parameters for the optimizers at both the server
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and the client-side for all our experiments are given as:

m € {107%,107°,...,10%}
ns € {107%,107%,...,10°}
n € {107%107°,...,107"}
T, €{107°,107°,...,107'}

In tables below we summarize the best performing hyperparameters specific to each dataset. The parameters are Log
Base-10 that achieve best accuracies.

Table 3. Sever Side Learning Rate (7))
FedAvg FedAdam FedAda’®

CIFAR-10 0 -2 -4
GLD-23K 0 -4 -4

Table 4. Client-Side Learning Rate (7);)
FedAvg FedAdam FedAda’®

CIFAR-10 -2 -2 -4
GLD-23K -1 -2 -3

Table 5. Sever Side Tau (75)
FedAvg FedAdam FedAda’®

CIFAR-10 0 -3 -5
GLD-23K 0 -5 -6

Table 6. Client-Side Tau (7;)
FedAvg FedAdam FedAda’

CIFAR-10 0 0 -5
GLD-23K 0 0 -2

G.1. Compute Resources

For our experiments, we utilized eight NVIDIA GeForce RTX 2080 Ti GPUs. The entire hyperparameter tuning process
along with the data creation process, encompassing both the CIFAR-10 and GLD-23k datasets, required approximately 80
hours of computation time.
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