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ABSTRACT

Feature learning (FL), where neural networks adapt their internal representa-
tions during training, remains poorly understood. Using methods from statisti-
cal physics, we derive a tractable, self-consistent mean-field (MF) theory for the
Bayesian posterior of two-layer non-linear networks trained with stochastic gra-
dient Langevin dynamics (SGLD). At infinite width, this theory reduces to kernel
ridge regression, but at finite width it predicts a symmetry breaking phase tran-
sition where networks abruptly align with target functions. While the basic MF
theory provides theoretical insight into the emergence of FL in the finite-width
regime, semi-quantitatively predicting the onset of FL with noise or sample size,
it substantially underestimates the improvements in generalisation after the tran-
sition. We trace this discrepancy to a key mechanism absent from the plain MF
description: self-reinforcing input feature selection. Incorporating this mecha-
nism into the MF theory allows us to quantitatively match the learning curves of
SGLD-trained networks and provides mechanistic insight into FL.

1 INTRODUCTION

The ability of deep neural networks to automatically learn useful features during training is widely
regarded as a central factor in their success (Bengio et al., 2014; LeCun et al., 2015). The best
understood theories of generalisation work in the infinite-width limit (Jacot et al., 2018; Lee et al.,
2018). These yield valuable insights but cannot account for key finite-width phenomena. In partic-
ular, finite networks exhibit feature learning (FL) effects such as improved sample complexity (e.g.,
sparse parity (Damian et al., 2022; Daniely & Malach, 2020) and (multi-)index functions (Bietti
et al., 2022)) and task-aligned changes in hidden representations (Papyan et al., 2020; Chizat et al.,
2019; Corti et al., 2025; Nam et al., 2024). This gap highlights the need for theoretical frameworks
that capture the mechanisms underlying FL.

1.1 RELATED WORK

Attempts to bridge this theoretical gap fall into two main categories. (1) Dynamical theories describe
the evolution of network properties during training via integro-differential equations (Bordelon &
Pehlevan, 2022; 2023; Mei et al., 2018; Montanari & Urbani, 2025; Celentano et al., 2025; Lauditi
et al., 2025; Shi et al., 2022). These approaches, often centered on the transition from lazy to rich
regimes, can yield accurate empirical predictions but are mathematically complex. (2) Static theories
analyze ensembles of neural networks trained with stochastic gradient Langevin dynamics (SGLD),
a process equivalent to sampling from the Bayesian posterior that simplifies the analysis of the final
state after training (Welling & Teh, 2011; Teh et al., 2015). By focusing on the stationary distri-
bution of the posterior, these theories capture feature learning (FL) through data-dependent kernel
adaptations, often in asymptotic limits of data and width (Pacelli et al., 2023; Baglioni et al., 2024;
Fischer et al., 2024; Rubin et al., 2025; Ringel et al., 2025) or via kernel renormalization (Howard
et al., 2025; Aiudi et al., 2025). Removed sentence.

Here, we offer a complementary perspective, prioritizing simplicity and mechanistic interpretability.
We begin by employing standard methods from statistical physics to derive a self-consistent mean-
field (MF) theory for the posterior of a two-layer non-linear network trained with SGLD (building
on Rubin et al. (2024)). This MF model can be viewed as a minimal extension beyond the fixed-
kernel NNGP limit (see Figure 1 b)). It predicts the onset of FL with increasing dataset size P
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Figure 1: a) Generalisation error vs. training set size P for 2-layer N = 512 width RELU networks
trained with SGLD on k-sparse parity compared to the predicted error of the 3 theories presented in
the paper (training details in Section F). b) Hierarchy of theories presented in this paper.

or decreasing noise strength κ as a symmetry breaking phase transition where the initial isotropy
of the weights is broken towards task-relevant directions given by the data. The symmetry is bro-
ken in the input coordinates, unlike symmetry breaking between neurons observed in van Meegen &
Sompolinsky. While this MF theory predicts a mechanism for the onset of FL, it substantially under-
estimates the generalization gains of SGLD-trained networks after FL kicks in (see Figure 1 a). We
trace this discrepancy to a missing mechanism eliminated by our simple MF approximation: input
feature selection (IFS), where networks dynamically amplify weights for relevant input dimensions,
specializing subsets of neurons while leaving others inactive (see Figure 3 b)). The homogeneity
assumption in the basic MF model cannot capture these effects.

Our key contribution is to show that incorporating this IFS mechanism requires only a minimal,
principled modification to the MF theory: endowing the weight prior with a learnable, coordinate-
wise variance. The resulting model, which we call MF-ARD (Automatic Relevance Determination),
preserves the simplicity and tractability of the MF framework while capturing the essence of FL.

Our contributions are:

• Interpretable MF theory: We derive a simple, self-consistent MF theory for the posterior of a
non-linear two-layer NN. We show that this model captures the onset of FL as a phase transition
but fails to predict the full learning curve of SGLD-trained networks.

• Identification of a core FL mechanism: We identify IFS as the key missing mechanism in
standard MF theory and introduce MF-ARD, which captures this mechanism while preserving
the simplicity of the MF form. We prove (Theorem 4.1) that this ARD extension eliminates
the O(d) penalty in input dimension d inherent in standard MF theory, providing a mechanistic
understanding of how FL can overcome the curse of dimensionality.

• Quantitative prediction of generalisation error: We demonstrate that MF-ARD quantitatively
predicts the generalisation error of SGLD-trained networks across varying dataset sizes and noise
levels (see Figure 1 a), Figure 5).

2 THEORY: A HIERARCHY OF MODELS (SGLD→ MF→ NNGP)

SGLD is the limit of full-batch GD with weight decay and injected Gaussian noise. It links op-
timisation and Bayesian inference by viewing parameter trajectories as samples from a posterior
distribution (Welling & Teh, 2011; Teh et al., 2015). Given a neural network described by fθ(xµ),
a dataset D = {(xµ,yµ)}Pµ=1, drawn from an input distribution q(x,y), the SGLD update equation
is:

∆θi,t := − η

[
γi θi,t +∇θi

(
1

P

P∑
µ=1

(
fθ(xµ)− yµ

)2)]
+
√
2T η ξi,t, ξi,t ∼ N (0, 1), (1)

with full-batch gradients on parameters θi, batch noise replaced by Gaussian noise ξ, learning rate
η, weight decay γi, and noise strength set by T . The stationary posterior pGD of Equation (1) as

2



108
109
110
111
112
113
114
115
116
117
118
119
120
121
122
123
124
125
126
127
128
129
130
131
132
133
134
135
136
137
138
139
140
141
142
143
144
145
146
147
148
149
150
151
152
153
154
155
156
157
158
159
160
161

Under review as a conference paper at ICLR 2026

η → 0 for an L-layer network (widths Nl) is

− ln pGD(θ|D) ∝
L∑

l=1

1

2σ2
i

Nl∑
i=1

∥θi∥2︸ ︷︷ ︸
− ln pprior

+
1

2κ2P

P∑
µ=1

(fθ(xµ)− yµ)
2

︸ ︷︷ ︸
− ln pL

, (2)

where θi are weight matrices, and σ2
i = T/γi is related to noise κ2 = T/2. Training with SGLD

can be viewed as sampling from the posterior in Equation (2) (see Section A.1 for more details).

2.1 SGLD POSTERIOR: FULLY INTERACTING THEORY

In this paper, we focus on two-layer fully-connected networks with input dimension d, hidden width
N , input weights wi ∈ Rd, output weights ai, output dimension 1, and nonlinearity ϕ:

fθ(x) =
1

Nγ

N∑
i=1

ai ϕ(w
⊤
i x), wij ∼ N

(
0,

σ2
w

d

)
, ai ∼ N (0, σ2

a). (3)

The initial parameters are set with Gaussians. The scale factor N−γ on the output layer enables
interpolation between γ = 1/2 (NTK scaling) and γ = 1 (mean field scaling, not to be confused
with MF theory, see e.g. Mei et al. (2019) for details). Using the explicit form of fθ in Equation (3) to
rewrite Equation (2) by expanding the square inside− ln pL yields (see Section A.2 for the algebra):

SGLD-posterior

−ln pGD=
1

2σ2
a

N∑
i=1

a2i+
d

2σ2
w

N∑
i=1

∥wi∥2+
1

2κ2N2γ

N∑
i=1

a2iΣ(wi)

+
1

2κ2N2γ

∑
i̸=i′

aiai′G(wi,wi′)−
1

κ2Nγ

N∑
i=1

aiJY(wi)+const.,

(4)

where pGD → pGD({wi}Ni=1,a|D) with wi ∈ Rd, and output weights a ∈ RN .

Interpretation
> Σ(w) = 1

P

∑
µ ϕ(w⊤xµ)

2 : Self-energy preventing infinite activations, penalizing large weights.
> JY(w) = 1

P

∑
µ[ϕ(w

⊤xµ)y(xµ)] : Neuron–data alignment drives learning (breaks symmetry).
> G(wi,wi′) :=

1
P

∑P
µ=1 ϕ(w

⊤
i xµ)ϕ(wi′xµ)

⊤ : Neuron-neuron interaction.

FL mechanism as complex neuron-neuron interaction The following competing forces shape
the posterior: The self-energy Σ acts as a regularizer, keeping neurons from becoming too large.
The data coupling term JY is the learning signal: it rewards neurons when they align with the target
function. Finally, the interaction kernel G captures how neurons influence each other. As P increases
(or κ decreases), the likelihood tilts the posterior away from the isotropic Gaussian prior, creating
anisotropy along task-relevant directions and cooperative alignment across neurons via G. This can
yield a transition to a non-Gaussian posterior concentrated on low-rank, task-aligned structures.

This posterior is not analytically tractable due to the neuron-neuron coupling via G: every neuron’s
optimal weight is a function of every other neuron (see Figure 2 for an illustration). From a Bayesian
perspective, this means we cannot write the posterior distribution as a simple product of independent
terms; it is instead a complex, high-dimensional distribution.

2.2 MF THEORY: REMOVING OFF-DIAGONAL COUPLINGS

One of the simplest ways to make the posterior in Equation (4) tractable is inspired by statistical
physics and called self-consistent mean-field (MF) theory. The main idea is to replace the highly-
correlated posterior over the entire weight matrix, p(W |D), with a fully factorized approximation
where each of the N neurons is independent: p(W |D) ≈

∏N
i=1 pMF(wi) (see Figure 2 for an

illustration). Instead of interacting with all other neurons, each interacts with the average behavior

3
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> >

Figure 2: SGLD Posterior: The model is a fully interacting system where every neuron (row wi) is
coupled to every other neuron (wi′ ) through the interaction kernel G. This results in a complex, high-
dimensional posterior that is computationally intractable. MF theory: The pairwise interactions
are replaced by an effective field that represents the average influence of all other neurons. Each
neuron is now treated as an independent sample from a single, shared, data-dependent distribution,
pMF(w). NNGP Limit: All interactions are removed. Each neuron is an independent and identically
distributed sample drawn from the fixed prior distribution.

of all other neurons. Take any neuron wi, replace the interaction term
∑

i′ ̸=i ajG(wi,w
′
i), which

couples neuron wi to other neurons wi′ , with their collective average effect, the ‘mean field’ ⟨f⟩:

∑
i′ ̸=i

ai′ G(wi,wi′) =
1

P

∑
µ

ϕ(w⊤
i xµ)

MF closure∑
i′ ̸=i

ai′ ϕ(w
⊤
i′ xµ)

MF−−−→ Nγ⟨f(x)⟩ . (5)

For the approximation to be valid, it must be self-consistent: the average behavior of a neu-
ron drawn from our approximate posterior pMF(w) must exactly reproduce the mean field that
we assumed in the first place, giving rise to the following self-consistency equation: ⟨f(x)⟩ =
N1−γ · E(w,a)∼p(w,a)

[
aϕ
(
w⊤x

)]
.

The posterior is best understood in terms of an orthonormal basis {χA} w.r.t. the input distribution
q(x,y), where A indexes the basis. Expanding the MF ⟨f(x)⟩ =

∑
A mAχA(x) in said basis,

where the feature coefficients are mA = Ex

[
⟨f(x)⟩χA(x)

]
, gives the following theory:

MF theory (fixed point equations)

−ln pMF =
a2

2σ2
a

+
d

2σ2
w

d∑
j=1

w2
j+

a2

2κ2N2γ
Σ(w)− a

κ2Nγ

(
JY(w)−

∑
A

mAJA(w)

)
(6)

mA=N1−γ⟨aJA(w)⟩pMF
∀ A (7)

where pMF → p (w, a|{mA},D), w ∈ Rd, a ∈ R and JA(w) = Ex[ϕ(w
⊤x)χA(x)].

Interpretation
> mA: Feature coefficients measure how strongly the average neuron aligns with a certain basis function.
> G →

∑
A mAJA: Coupling of the single neuron to the effective field from all the other neurons.

The core simplification of the MF theory is that each neuron is treated as an independent sample
drawn from the same distribution, which is a function of the prior and the data. This strongly
simplifies the problem. We replace the intractable problem over the entire interacting N × d weight
matrix with a much simpler, self-consistent problem for a single d-dimensional weight vector.

These fixed-point equations can easily be solved by iterating to self-consistency, enabling the com-
putation of all statistics Σ(w), JA(w), JY(w) directly from the finite training dataset of size P . In
this way, we naturally capture the effects of training with limited samples (see Section E for details).

2.3 NNGP LIMIT: NO INTERACTIONS

The MF model can be simplified even further in the infinite-width limit with γ = 1/2 (NTK-scaling).
For this scaling the limit is well-behaved, the self-energy term in Equation (6) vanishes as well as
any mA-dependent tilt, resulting in p(w) collapsing to its prior (see Section D.2 for a proof ).
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NNGP limit (fixed point equations)
−ln p∞ =

d

2σ2
w

∥w∥2 (8)

m∞
A =

σ2
a

κ2

(
⟨JY(w)JA(w)⟩p∞−

∑
B

m∞
B ⟨JB(w)JA(w)⟩p∞

)
(9)

where p∞ → p∞ (w), w ∈ Rd.

Kernel picture We can define the kernel: KAB := Ew∼p∞

[
JA(w) JB(w)

]
reducing the solution

above to kernel ridge regression:
m∞ = K (K + τ1)−1y, τ = κ2/σ2

a, yA = Ex[y(x)χA(x)]. (10)

This NNGP limit represents the most restrictive limit in our approximation hierarchy. While MF
theory eliminates inter-neuron interactions (wij ↔ wi′j), the NNGP limit additionally removes
intra-neuron coordinate coupling (wij ↔ wij′ ), see Figure 2 for an illustration. Every weight is
sampled from the same distribution (the prior).

No FL mechanism In the infinite-width limit, there is no FL in the sense above. With no data-
dependent term (JY ) to break symmetry, all neurons remain frozen at their prior. The feature co-
efficients m∞

A are now determined purely by the fixed kernel KAB = Ew∼p∞ [JA(w)JB(w)] (see
Section A.5 how this connects to the usual kernel formulation of the NNGP limit).

3 PROBLEM: SIMPLE MF DOES NOT CAPTURE A CENTRAL FL MECHANISM

In the following section, we will argue that FL in 2-layer finite-width networks is a two-stage pro-
cess:

(i) Onset (phase transition): The signal from the data is strong enough to overcome the isotropic
prior/self-energy, so the feature coefficients mA = Ex[⟨f(x)⟩pχA(x)] turn nonzero.

(ii) Specialization through self-reinforcing input feature selection (IFS): After the symmetry
breaking, the neurons aligning with the target receive disproportionately larger updates, produc-
ing heavy-tailed weight marginals on task-relevant coordinates and neuron-wise sparsification.

Plain MF captures (i) but largely misses (ii), which is why for a target y(x) = χS(x), it underesti-
mates the growth of mS and the post-transition generalisation (e.g., Figure 1 a), Figure 3 a)).

3.1 STAGE 1: THE ONSET OF FEATURE LEARNING AS A PHASE TRANSITION

The simplicity of the MF theory allows us to interpret FL as a self-consistent symmetry breaking in
the posterior pMF, where learning emerges from a competition between two opposing forces. Below
a critical (Pc, κc) the only stable fixed point solution of Equations (6) and (7) is mA = 0 ∀A and
pMF corresponds to the Gaussian prior. The Gaussian weight prior and the self-energy term Σ(w)
act as regularizing forces, favouring an isotropic, high-entropy state that penalizes large weights
and encourages neurons to remain small, unaligned and near their initialization. Upon crossing
the critical values (Pc, κc) when the signal from the data (controlled by dataset size P and noise
κ) becomes strong enough, the mA = 0 fixed point becomes unstable (see Theorem D.8 for a
proof of the phase transition in κ and an explicit formula for κc). pMF becomes non-Gaussian,
as the neuron-data coupling term (JY ), which acts like an external field, rewards neurons whose
activations ϕ(w⊤x) correlate with the target function y(x), breaking the prior’s symmetry and
pulling the weights toward a task-aligned configuration. For the case where the target function is a
single basis function y(x) = χS(x), the relevant order parameter is the feature coefficient mS of
the target function. In this case, equation 7 becomes (see Section D.6 for the derivation):

mS =
N1−2γ

κ2
(1−mS)

〈
JS(w)2

σ−2
a +

Σ(w)

κ2N2γ

〉
w∼p(w|mS)︸ ︷︷ ︸

ω0

. (11)

5



270
271
272
273
274
275
276
277
278
279
280
281
282
283
284
285
286
287
288
289
290
291
292
293
294
295
296
297
298
299
300
301
302
303
304
305
306
307
308
309
310
311
312
313
314
315
316
317
318
319
320
321
322
323

Under review as a conference paper at ICLR 2026

The phase transition occurs when ω0 > 1, as shown in Figure 3a): for the SGLD-trained network
and MF theory, the order parameter mS = 0 until the critical dataset size Pc, when it increases
abruptly. The NNGP model, lacking this non-linear feedback, shows only a smooth, continuous
rise. In Section A.4 we link this FL phase transition to the emergence of an outlier eigenvalue in the
Gram kernel G(wi,wi′).

However, Figure 1 a) reveals the limitation: after the transition, the SGLD-trained network’s gen-
eralisation error decreases rapidly, while the MF model’s error decreases much more slowly. This
discrepancy reveals a second powerful mechanism at play that MF theory misses.

3.2 STAGE 2: SPECIALIZATION VIA IFS (WHAT SIMPLE MF MISSES)

What enables the SGLD-trained network to improve so rapidly post-transition? The answer lies in
a self-reinforcing dynamic that is lost in the MF approximation.

Hypothesis: Input feature selection as central FL mechanism
Consider the weight gradient of the SLGD posterior:

∇wi
(− ln pGD) =

d

σ2
w

wi +
ai

κ2P Nγ

P∑
µ=1

rµ ϕ
′(w⊤

i xµ)xµ, rµ := fθ(xµ)− yµ. (12)

All neurons wi observe the same residual rµ, but differ in their alignment ϕ′(w⊤
i xµ)xµ. Some

neurons wi′ achieve better alignment at initialization, thus receiving proportionally larger gradi-
ent updates, strengthening this alignment further. Simultaneously, the improved prediction from
wi′ reduces the residual rµ for all neurons, weakening the gradient signal for less-aligned neu-
rons whose dynamics become dominated by weight decay. This creates the self-reinforcing input
feature selection: weak initial signals amplify into strong coordinate-wise symmetry breaking.
While this is a dynamical effect, it leaves its traces in the static posterior, in particular in the
heavy-tailed structure of p(wi) (see Figure 4 a) and in Figure 3 b)) where only a few neurons in
the SGLD-trained NN pick up a strong target correlation.

A consequence of IFS is sparsification: only a small number of neurons strongly align with the
target while others remain near initialization. We quantify this through neuron specialization m̃S =
⟨aJS(w)⟩pGD

, measuring how strongly individual neurons couple to the target function (see Figure 4
b)). Before the phase transition P = 100 < Pc, p(m̃) is sharply peaked at zero. After the transition
P = 1000 > Pc, p(m̃) develops pronounced tails, most neurons remain unspecialized while a
few become strongly task-aligned (Also, see the plot of WW⊤ in Figure 6 where task-relevant
coordinates (j = 0, 1, 2, 3) have much higher norm.).

0

35 0
102

409
512

0

2.5

0

35 0
102

409
512

0

2.5

Figure 3: k-sparse parity target y(x) = χS(x) = Πj∈Sxj with index S = {0, 1, 2, 3} in d = 35
with a ReLU network (N = 512, see Section A.3 and Section F for more details.). a) mS vs. P :
SGLD, MF and MF-ARD exhibit a phase transition at Pc, NNGP grows smoothly (no FL). b)
Weight matrix plotted for the SGLD-trained NN: After the phase transition, only a very small
set of neurons (9 out of 512) pick up a high correlation with the target (mS is color coded) and
only for these neurons there is a strong symmetry breaking where the norm of the first j = 0, 1, 2, 3
coordinates is much larger than for the rest d− k coordinates (coded as the height in the plot).
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3.3 WHY PLAIN MF MISSES SPECIALIZATION

MF replaces the neuron–neuron interaction by a single effective field. As a result, all neurons are
sampled from the same single-neuron distribution p(w, a) and are pushed to align in the same aver-
age way. This homogeneity suppresses the greedy dynamics that drive IFS and sparsification: The
marginals p(wj) for MF theory in Figure 4 b) show very weak tails compared to SGLD (Figure 4
a)) ⇒ weak IFS. Similarly, the lack of heavy-tailed specialization ⇒ weak sparsification. Hence,
the simplification of removing neuron-neuron interaction weakens IFS. We hypothesize that this
explains the persistent generalization error gap we observed relative to SGLD in many settings.

Figure 4: Setup as in Figure 3. a) Coordinate-wise weight marginals p(wj): For SGLD, p(wj)
has high variance and strong non-Gaussianity on input relevant coordinates j = 0, 1, 2, 3 (symmetry
breaking with IFS). Plain MF also shows symmetry breaking for coordinates j = 0, 1, 2, 3, but
much weaker, while MF-ARD restores the strong anisotropy. b) Distribution of specialization
m̃=aJS(w) before vs. after phase transition: SGLD develops heavy tails after the transition
(sparsification), MF remains narrow, MF-ARD produces the heavy-tailed specialization. Together,
MF-ARD qualitatively recovers the two mechanisms, IFS and sparsification, that MF misses.

4 A MINIMAL MF MODEL OF FEATURE LEARNING

This is new: How can we capture IFS within the tractable MF framework given that it emerges
from neuron-neuron interactions that MF explicitly removes? In the full SGLD dynamics, the gra-
dient ∇w(− ln pGD) creates anisotropy: the likelihood term couples coordinates, driving weights
along relevant dimensions j further than irrelevant ones. Standard MF theory misses this be-
cause it assumes an isotropic prior, resulting in an identical restoring force for every coordinate
j = 1, . . . , d.To reintroduce this crucial coordinate dependence, we apply a linear response approx-
imation to the stationary state. We posit that the complex interaction gradients can be modeled as an
effective quadratic potential with a coordinate-specific stiffness ρ̃j :

E
[
wj∇wj

(− ln pL)
]
≈ ρ̃jE[w2

j ]. (13)

Since the effective stiffness ρ̃j varies across input dimensions in real SGLD (high for noise, low for
signal), we promote it to a learnable order parameter within the MF theory.

4.1 MODEL - ARD AS THE SMALLEST CHANGE THAT ENABLES IFS

In Theorem D.1, we rigorously derive this update by enforcing a physical consistency condition: in
the limit of data-free dynamics (where the likelihood gradient vanishes and the data-induced stiffness
ρ̃j → 0), the system must revert to the ‘free’ SGLD dynamics governed solely by the prior. Under
this constraint, we prove that the total effective stiffness ρj must satisfy the following fixed-point
conditions.

end of the new text
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MF-ARD theory (fixed point equations)

−ln pARD =
a2

2σ2
a

+
1

2

d∑
j=1

ρjw
2
j+

a2

2κ2N2γ
Σ(w)− a

κ2Nγ

(
JY(w)−

∑
A

mAJA(w)

)
(14)

mA = N1−γ⟨aJA(w)⟩pARD
∀ A and ρj =

α0+
N
2

α0

d +N
2 ⟨w

2
j ⟩pARD

(15)

where pARD → pARD (w, a|{mA, ρi},D) and w ∈ Rd, ρ ∈ Rd, a ∈ R.

The MF-ARD theory is still a MF theory, as neurons remain independent and interact only through
the self-consistent averages {mA} and {ρi}. The crucial difference is the introduction of the new
order parameters {ρj}, which allow the model to learn the relevance of each input feature.

How ARD induces IFS We assume a target y(x) = χS(x). The map ⟨w2
j ⟩pARD 7→ ρj 7→

pARD(w) realises IFS: if coordinate j aligns with the target (j ∈ S), the term JY(w) −∑
A mAJA(w) increases, making ⟨w2

j∈S⟩pARD
↑ larger, which decreases ρj∈S ↓ via Equation (15),

thereby reducing shrinkage on wj∈S and further increasing ⟨w2
j∈S⟩pARD

↑. Conversely, for non-
aligned coordinates j /∈ S, ⟨wj⟩2 remains small, which increases ρj and strengthens shrinkage. This
positive feedback realises IFS and leads to sparsification of the posterior (see Figure 4 a) and b)).
Accordingly, in w = (w1, ..., wk, wk+1, ..., wd) the first k weights are much larger than the remain-
ing d − k. This increases JS(w) while decreasing JA(w) ∀A ̸= S, driving mS up strongly after
the phase transition while decreasing mA ∀A ̸= S. This explains the strong generalisation error
drop of MF-ARD after the phase transition (unlike MF). Note that MF-ARD is still a static theory.
The mechanism above reflects how the fixed point map contracts to its solution (via Equations (14)
and (15)), not a model of the actual training dynamics. See Section A.7 for a discussion of the
infinite width limit of the MF-ARD model.

4.2 HOW MF-ARD BEATS THE CURSE OF DIMENSIONALITY

Let y(x) = χS(x) with |S| = k in d dimensions and ϕ = ReLU. Write κ2
c for the critical noise at

onset of the phase transition. We assume the infinite data limit and focus on the phase transition in
the critical noise as it is analytically more tractable than critical data size.
Theorem 4.1. There exists an outer iteration t0 = O(1) of the fixed point algorithm and a
constant ε0 > 0 (independent of d such that we get ε0-level symmetry breaking towards S:
minj∈S⟨w2

j ⟩t0pARD
− maxj /∈S⟨w2

j ⟩t0pARD
≥ c · ε0 (see Section D.7 for details). Then, the criti-

cal noise scales as:

κ2
c ≍

{
Θ
(√

1/(dk)
)

(plain MF),

Θ
(√

1/k
)

(MF–ARD).
(16)

Proof. See Section D.7 for a proof and exact constants. Here we summarize the scaling.

ε-symmetry breaking assumes that there is already a very small difference in the variance for weights
that are relevant vs. irrelevant for learning the target. Given this asymmetry, MF-ARD can amplify it
far more effectively than plain MF. For plain MF, the noise threshold required to transition from high
to low generalisation error (equivalently mS = 0 → mS ̸= 0) scales with the ambient dimension
d, requiring noise levels 1/

√
d times smaller than MF-ARD. This dimensional dependence is elim-

inated in MF-ARD. Consequently, the phase boundary scales with the intrinsic problem dimension
k rather than the ambient dimension d.

4.3 RESULTS- NUMERICAL PREDICTION OF LEARNING CURVES

We evaluate on k-sparse parity, a setting where fixed kernels are known to require super-polynomial
samples in d, k, while finite-width networks can have lower sample complexity due to FL (Daniely
& Malach, 2020; Damian et al., 2022; Barak et al., 2022). Figure 5 shows test-MSE heatmaps over
dataset size P and noise κ for (a) SGLD-trained networks, (b) plain MF, and (c) MF–ARD. All
three display a transition from high to low error as P increases or κ decreases. Plain MF detects
when learning starts but yields a diffuse, shifted boundary and overestimates post-transition error.
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Figure 5: Generalisation phase diagram (Test MSE) vs. dataset size P and noise κ for k-sparse
parity target y(x) = χS(x) with S = {0, 1, 2, 3} in d = 35. a) SGLD, b) MF, c) MF-ARD:
All panels show a transition from high to low test error as P increases or κ decreases. However, the
plain MF theory strongly underestimates the sharpness of the transition while the MF-ARD theory
largely reproduces the shape/location of this boundary. Training details are in Section F.

MF–ARD, with a single additional set of order parameters {ρj}, closely tracks both the location
and the sharpness of the SGLD phase boundary and reproduces the “helpful noise” regime in which
moderate κ lowers the critical sample size Pc (the kink around κ = 0.05).

In Figure 7 in the appendix we present the same phase diagram analysis for a single index-model
task (Bietti et al., 2022), where the target function takes the form y(x) = g(vTx). Here, v,x ∈ Rd,
the input x follows a standard multivariate normal distribution N (0,1), vj∈S = 1/

√
k, vj /∈S = 0

for an index set with |S| = k and g is a non-linear function (Hermitian polynomial in our case).

5 CONCLUSION

We present a MF theory for the posterior of SGLD-trained two-layer networks that is simple to
interpret, with a clear infinite-width NNGP limit. Extending it via Automatic Relevance Determi-
nation (MF-ARD) to include coordinate-dependent weight variances preserves this simplicity while
quantitatively matching network performance as a function of data set size and noise on tasks such
as k-sparse parity and index models, where feature learning is essential.

Our framework characterises feature learning as a two-stage process: a data-driven phase transition
mechanism that initiates feature learning, followed by a self-reinforing input feature selection mech-
anism that leads to sparsification and drives improved generalisation. This explains why finite-width
networks outperform kernel methods: they reshape their feature space in a self-reinforcing way that
amplifies task-relevant signals and dramatically improves sample complexity. Standard MF theories
capture only the transition, but MF-ARD captures both mechanisms.

Limitations of our approach include the focus on two-layer networks and tasks with sparse structures
for which the ARD mechanism may be best suited. Extending to deeper architectures (e.g., convo-
lutional or attention layers), and settings requiring distributed or smooth representations remains an
open challenge (Petrini et al., 2022), as does connecting the static posterior view to training dynam-
ics.
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A ADDITIONAL BACKGROUND

A.1 EQUIVALENCE OF LANGEVIN DYNAMICS AND BAYESIAN INFERENCE

In this section, we provide a detailed derivation for the equivalence between the stationary distribu-
tion of a network trained with Stochastic Gradient Langevin Dynamics (SGLD) and the posterior
distribution of a corresponding Bayesian model.

Network and Priors We analyze a two-layer neural network with the functional form:

f(x) =
1

Nγ

N∑
i=1

aiϕ(w
⊤
i x). (17)

The parameters are drawn from independent Gaussian priors, which corresponds to choosing a spe-
cific prior in a Bayesian model. The initializations are given by:

• Weights: wij ∼ N (0, g2w) with g2w = σw

d . This implies a prior probability p(wi) ∝
exp(− 1

2g2
w
∥wi∥2).

• Amplitudes: ai ∼ N (0, g2a) with g2a = σ2
a. This implies a prior probability p(ai) ∝

exp(− 1
2g2

a
∥ai∥2).

Let θi = (wi, ai) denote the parameters for the i-th neuron.

Stochastic Gradient Langevin Dynamics We consider a full-batch Gradient Descent (GD) up-
date for a parameter set θi, which includes a weight decay term with coefficient γ and injected
isotropic Gaussian noise ξt ∼ N (0, I). This algorithm is known as Stochastic Gradient Langevin
Dynamics (SGLD):

∆θi,t := θi,t+1 − θi,t (18)

= −η
(
γ θi,t +∇θiℓ(fθ)

)
+
√

2Tη ξt . (19)

Here, η is the learning rate, T is a scalar temperature that controls the noise magnitude, and ℓ(fθ) =
1
P

∑P
µ=1(yµ − f(xµ))

2 is the mean squared error loss over the dataset of size P .

In the continuous-time limit (η → 0), this discrete update equation corresponds to a Langevin
stochastic differential equation. The stationary distribution of this process, reached as t → ∞, is
given by the Gibbs-Boltzmann distribution:

p(θi) ∝ exp
(
− 1

T

(γ
2
∥θi∥2 + ℓ(fθ)

))
(20)

We can separate the weight decay terms γ into two separate parameters for weights and amplitudes,
γw and γa, respectively. The stationary distribution for the parameters of a single neuron (wi, ai) is
then:

p(wi, ai) ∝ exp

(
− 1

T

(
γw
2
∥wi∥2 +

γa
2
∥ai∥2 +

1

P

P∑
µ=1

(yµ − f(xµ))
2

))
. (21)

Bayesian Posterior Distribution From a Bayesian perspective, we aim to find the posterior dis-
tribution of the parameters given the data D = {(xµ, yµ)}Pµ=1. The posterior is given by Bayes’
theorem: p(θ|D) ∝ p(D|θ)p(θ).

• The prior p(θ) is defined by our choice of initialization: p(θ) =
∏

i p(wi)p(ai) ∝
exp

(
−
∑

i

(
1

2g2
w
∥wi∥2 + 1

2g2
a
∥ai∥2

))
.

• The likelihood p(D|θ) is chosen to be a Gaussian distribution with variance κ2, corre-
sponding to the mean squared error loss: p(D|θ) ∝ exp

(
− 1

2κ2P

∑P
µ=1(yµ − f(xµ))

2
)

.
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Combining these, the log-posterior is proportional to the negative of an energy function E(θ,D).
The posterior distribution for a single neuron’s parameters is:

p(wi, ai|D) ∝ exp

(
−

(
1

2g2w
∥wi∥2 +

1

2g2a
∥ai∥2 +

1

2κ2P

P∑
µ=1

(yµ − f(xµ))
2

))
. (22)

Identifying the Distributions To establish the equivalence, we equate the functional forms of the
SGLD stationary distribution and the Bayesian posterior. By comparing the exponents term-by-term,
we find the following correspondences:

• Weights: γw

2T ∥wi∥2 = 1
2g2

w
∥wi∥2 =⇒ γw

T = 1
g2
w

• Amplitudes: γa

2T ∥ai∥
2 = 1

2g2
a
∥ai∥2 =⇒ γa

T = 1
g2
a

• Loss Term: 1
TP

∑
µ ℓµ = 1

2κ2P

∑
µ ℓµ =⇒ T = 2κ2

This implies that the SGLD algorithm with temperature T effectively samples from a Bayesian
posterior with data noise variance κ2 = T/2, and with prior variances g2w = T/γw and g2a = T/γa.

Final Update Equations By substituting these relations back into the SGLD update rules, we
obtain the dynamics for sampling from the desired posterior:

∆at,i = −η

(
T

g2a
at,i +∇ai

(
1

P

∑
µ

ℓµ

))
+
√
2Tη ξt,a (23)

∆wt,i = −η

(
T

g2w
wt,i +∇wi

(
1

P

∑
µ

ℓµ

))
+
√
2Tη ξt,w. (24)

For training, this means we must set the temperature to T = 2κ2.

A.2 DERIVATION OF EQUATION 4

We start from the negative log posterior in Eq. equation 2 and the two–layer model in Eq. equation 3:

− ln pGD(θ | D) =
∑
l

1

2σ2
l

∑
j

∥θl,j∥2︸ ︷︷ ︸
− ln pprior

+
1

2κ2P

P∑
µ=1

(
fθ(xµ)− yµ

)2
︸ ︷︷ ︸

− ln pL

.

For our two–layer network, fθ(x) = 1
Nγ

∑N
i=1 ai ϕ(w

⊤
i x). Define the shorthand ϕiµ :=

ϕ(w⊤
i xµ). Then the data term expands as

− ln pL =
1

2κ2P

P∑
µ=1

(
1

Nγ

N∑
i=1

aiϕiµ − yµ

)2

=
1

2κ2P

P∑
µ=1

 1

N2γ

N∑
i=1

N∑
j=1

aiaj ϕiµϕjµ −
2

Nγ

N∑
i=1

ai ϕiµyµ + y2µ

 . (25)

Introduce the dataset–averaged quantities

Σ(w) :=
1

P

P∑
µ=1

ϕ(w⊤xµ)
2, G(w,w′) :=

1

P

P∑
µ=1

ϕ(w⊤xµ)ϕ(w
′⊤xµ),

JY(w) :=
1

P

P∑
µ=1

ϕ(w⊤xµ) yµ. (26)
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Using
∑

i,j =
∑

i=j +
∑

i̸=j in equation 25, we obtain

− ln pL =
1

2κ2N2γ


N∑
i=1

a2i
1

P

∑
µ

ϕ2
iµ︸ ︷︷ ︸

Σ(wi)

+
∑
i̸=j

aiaj
1

P

∑
µ

ϕiµϕjµ︸ ︷︷ ︸
G(wi,wj)


− 1

κ2Nγ

N∑
i=1

ai
1

P

∑
µ

ϕiµyµ︸ ︷︷ ︸
JY(wi)

+
1

2κ2P

P∑
µ=1

y2µ︸ ︷︷ ︸
const.

. (27)

The prior part for our parameterization wij ∼ N (0, σ2
w/d) and ai ∼ N (0, σ2

a) is

− ln pprior =
1

2σ2
a

N∑
i=1

a2i +
d

2σ2
w

N∑
i=1

∥wi∥2. (28)

Combining equation 27 and equation 28, and discarding the θ-independent constant, yields
Eq. equation 4:

− ln pGD(W ,a | D) = 1

2σ2
a

N∑
i=1

a2i +
d

2σ2
w

N∑
i=1

∥wi∥2 +
1

2κ2N2γ

N∑
i=1

a2i Σ(wi)

+
1

2κ2N2γ

∑
i̸=j

aiaj G(wi,wj)−
1

κ2Nγ

N∑
i=1

ai JY(wi) + const.

This derivation holds for any nonlinearity ϕ.

A.3 k-SPARSE PARITY TARGET FUNCTION

A k-sparse parity target function teacher is a single Walsh basis function on the Boolean hypercube.
Let S ⊆ [d] with |S| = k. The Walsh function indexed by S is

χS(x) =
∏
j∈S

xj , x ∈ {±1}d,

(and, if x ∈ [−1, 1]d, one may use χS(x) =
∏

j∈S sign(xj)). The family {χS}S⊆[d] forms an
orthonormal basis under the uniform product measure, i.e. E[χS(x)χT (x)] = 1{S = T}. In our
experiments the teacher is y(x) = χS(x), when |S| = k this is exactly the k-parity problem.

A.4 RELATION TO KERNEL EIGENVALUE OUTLIERS

The transition from mS = 0 to mS > 0 manifests as an outlier eigenvalue in the learned kernel.
Recall that mS = N1−γ⟨aJS(w)⟩ measures the mean alignment between neurons and the target
mode, where JS(w) = E[ϕ(w⊤x)χS(x)] quantifies how well a single neuron with weights w
correlates with χS . When mS becomes non-zero, it indicates that neurons have collectively aligned
their weights to capture the target structure. Their JS(wi) values have grown large. This alignment
directly impacts the empirical kernel through

R̂
(a)
S =

χ⊤
SKχS

tr(K)
=

∑N
i=1 a

2
i JS(wi)

2∑N
i=1 a

2
i Σ(wi)

, (29)

where Kµν = 1
N

∑N
i=1 ϕ(w

⊤
i xµ)ϕ(w

⊤
i xν) is the learned kernel. The numerator

∑
i a

2
iJS(wi)

2

grows quadratically with the alignment strengths JS(wi), while the denominator (trace) remains
roughly constant. In the kernel regime (mS = 0), neurons remain randomly oriented so JS(wi) ∼
O(N−1/2) and the ratio stays O(1/P ). However, when FL occurs (mS > 0), the enhanced JS(wi)
values cause χ⊤

SKχS to grow substantially, making χS an outlying eigendirection of K. This
anisotropic deformation, from the isotropic NNGP to a low-rank, plus isotropic structure, provides
a direct spectral signature of the FL phase transition.
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A.5 CONNECTION TO THE STANDARD NNGP FORMULATION

The kernel representation in the function basis {χA} can be transformed to recover the standard
NNGP formulation in input space. We start with the function-basis kernel

KAB = Ew∼p∞ [JA(w)JB(w)], (30)

where JA(w) = Ex[ϕ(w
⊤x)χA(x)] projects the neuron’s output onto basis function χA. Expand-

ing this definition:

KAB = Ew

[
Ex[ϕ(w

⊤x)χA(x)] · Ex′ [ϕ(w⊤x′)χB(x
′)]
]

(31)

= EwEx,x′
[
ϕ(w⊤x)ϕ(w⊤x′)χA(x)χB(x

′)
]

(32)

= Ex,x′

χA(x)χB(x
′) · σ2

aEw[ϕ(w⊤x)ϕ(w⊤x′)]︸ ︷︷ ︸
=:K(x,x′)

 , (33)

where K(x,x′) is the standard NNGP kernel in input space. The fixed-point equation mA =
σ2
a

κ2 (ΞA −
∑

B KABmB) with ΞA =
∑

S ySKAS becomes

m = K(K + τI)−1y, τ = κ2/σ2
a. (34)

To see this explicitly, consider data points {xµ}Pµ=1 with labels yµ. The predictor in the function
basis is f(x) =

∑
A mAχA(x), while in the input basis it becomes f(xµ) =

∑P
ν=1 ανK(xµ,xν)

where α = (K + τI)−1y. The equivalence follows from the change of basis: if χA(x) = δx,xA

(point evaluation basis), then KAB = K(xA,xB) directly recovers the Gram matrix. For general
orthogonal bases, the kernel ridge regression solution remains invariant under this transformation.

A.6 DERIVATION OF THE ARD PRECISION FIXED POINT

Recall the ARD prior on per-coordinate precisions ρ = (ρ1, . . . , ρd) and weights:

p(w | ρ) =
d∏

j=1

N
(
wj | 0, ρ−1

j

)
, p(ρ) =

d∏
j=1

Γ(ρj | α0, β0), (35)

and the single-neuron MF–ARD action (Equation (14) in the main text)

− ln pARD(w, a | {mA},ρ,D) =
a2

2σ2
a

+
1

2

d∑
j=1

ρj w
2
j +

a2

2κ2N2γ
Σ(w)− a

κ2Nγ

(
JY(w)−

∑
A

mAJA(w)

)
.

(36)
For a width-N two-layer network, the joint action is the sum over neurons i = 1, . . . , N of Equa-
tion (36), and the (negative) log-evidence (free energy) for fixed {mA} is

F(ρ; {mA}) = − lnZ(ρ; {mA})− ln p(ρ) with Z(ρ; {mA}) =
∫ N∏

i=1

dwi dai e
−

∑N
i=1SARD(wi,ai).

(37)
Stationarity of the negative log-evidence w.r.t. ρj gives the ARD FP:

0 =
∂F
∂ρj

=
〈 ∂

∂ρj

N∑
i=1

SARD(wi, ai)
〉
pARD︸ ︷︷ ︸

energy term

− N

2

1

ρj︸ ︷︷ ︸
Gaussian normalizer

− ∂ ln p(ρ)

∂ρj︸ ︷︷ ︸
prior term

=
1

2

N∑
i=1

〈
w2

ij

〉
pARD

− N

2

1

ρj
− α0 − 1

ρj
+ β0,

(38)

where we used ∂SARD/∂ρj =
1
2

∑
i w

2
ij and ∂ ln Γ(ρj | α0, β0)/∂ρj = (α0 − 1)/ρj − β0. By MF

symmetry, all neurons are i.i.d. under pARD, so
∑N

i=1⟨w2
ij⟩pARD

= N ⟨w2
j ⟩pARD

, and Equation (38)
yields the closed-form FP update

ρ⋆j =
α0 − 1 + N

2

β0 +
N
2 ⟨w

2
j ⟩pARD

MAP corr.
≈

α0 +
N
2

β0 +
N
2 ⟨w

2
j ⟩pARD

, (39)
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where the MAP conjugacy correction (absorbing the −1 in α0) gives the form used in the main text
(Equation (15)). With the scale-matching choice β0 = α0/d, Equation (39) becomes

ρ⋆j =
α0 +

N
2

α0

d + N
2 ⟨w

2
j ⟩pARD

. (40)

A.7 NNGP LIMIT OF THE MF-ARD MODEL

NNGP-limit of MF-ARD

SFL∞ (w|ρ)=1

2

d∑
j=1

ρjw
2
j , p∞,ρ(w)=

1

Z
exp
(
−SFL∞ (w|ρ)

)
, (41)

m∞
A (ρ)=

σ2
a

κ2

〈(
JY(w)−

∑
B

m∞
B (ρ)JB(w)

)
JA(w)

〉
p∞,ρ

, ∀A. (42)

0=
1

2
tr
[
(A−(Ay)(Ay)⊤)∂ρjKρ

]
+β0−

α0−1
ρj

, A=(Kρ+τI)−1 (43)

Kernel picture We can define the kernel : Kρ,AB = Ew∼p∞,ρ [JA(w)JB(w)] reducing the solution
above to KRR

m∞(ρ) = Kρ(Kρ + τI)−1y, τ = κ2/σ2
a (44)

Usual (kernel) form Let Cρ = diag(ρ)−1 and Kρ(x,x
′) = σ2

a Ew∼N (0,Cρ)[ϕ(w
⊤x)ϕ(w⊤x′)].

Then

m∞(ρ) = Kρ(Kρ + τI)−1y, KρχA = λA(ρ)χA ⇒ m∞
A (ρ) =

λA(ρ)

λA(ρ) + τ
yA. (45)

This shows that ρ rescales coordinates before the nonlinearity, so Kρ = Ez[JA(C
1/2
ρ z) JB(C

1/2
ρ z)]

is a nonlinear deformation of the isotropic kernel. Any nontrivial change in ρ therefore produces
an O(1) change in the Gaussian measure over w, hence an O(1) change in K (it does not vanish
with width). ARD improves spectral alignment by increasing λA(ρ) along task-aligned directions.
When λA(ρ) crosses the scale τ , m∞

A exhibits a jump, yielding the leading-order FL effect at infinite
width.

B ADDITIONAL FIGURES

Figure 6: Plot of WW⊤ for a ReLU N = 512 network, trained with SGLD on the same setting as
Figure 3.
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Figure 7: Same plot as Figure 5 a) SGLD, b) MF-ARD, but for a single-index model with Gaussian
inputs x! ∼!N (0,1) and teacher y = Hep(w

⊤x), where wj = 1/
√
k on a k-sized support and 0

otherwise, here d = 18, k = 2, p = 4.

C RELATED WORK: FURTHER DETAILS

Motivated by the observation that existing theories of deep learning are often neither simple nor
mutually consistent, recent work seeks a unified account that (i) retains analytical simplicity, (ii)
captures the essential structure of learning curves , and (iii) explains when and how finite networks
escape the curse of dimensionality. The objective across these efforts is to develop theories that
consistently cover both “lazy” kernel regimes and genuine FL. A recurring result is that a small
number of control parameters, most notably an effective learning rate, organize the transition be-
tween regimes while preserving MF tractability. The emerging conclusion is that appropriately
reduced MF or Bayesian descriptions can remain simple yet accurately capture kernel evolution,
alignment to target structure, and the finite-width mechanisms by which deep networks surpass their
infinite-width kernel limits.

As mentioned in the main text, attempts to bridge the theoretical gap between infinite-width ker-
nel limits and finite-width FL largely fall into two categories. (1) Dynamical theories derive inte-
gro–differential or MF equations that track how representations, kernels, and losses evolve during
training (Bordelon & Pehlevan, 2022; 2023; Mei et al., 2018; Montanari & Urbani, 2025; Celentano
et al., 2025; Lauditi et al., 2025). (2) Static theories analyze the learned posterior after training,
connecting finite-width learning to data-dependent kernel adaptation (Pacelli et al., 2023; Baglioni
et al., 2024; Fischer et al., 2024; Rubin et al., 2025), or to explicit renormalization of the kernel
(Howard et al., 2025; Aiudi et al., 2025).

Dynamical (training-time) theories A central line of work develops dynamical MF theory
(DMFT) for deep networks, showing that a single control parameter, the effective learning rate, gov-
erns whether training remains in the lazy NNGP/NTK regime or enters a FL regime with evolving
kernels. Lauditi et al. (2025) formalize this for deep architectures, proving exact analytic solutions
in the deep linear case and introducing numerical solvers for nonlinear activations. Comparisons on
synthetic Gaussian data and real networks (including CIFAR tasks) demonstrate close agreement be-
tween DMFT predictions and observed training, confirming that the MF reduction captures genuine
FL even beyond linear models.

Earlier, Bordelon & Pehlevan (2022) derived DMFT saddle-point equations intended for broad
classes of infinite-width networks. These equations are solvable in closed form for deep linear net-
works, while nonlinear cases require numerical approximation; experiments on deep linear models
and wide CNNs trained on two-class CIFAR tasks showed that both loss dynamics and feature-
kernel evolution match theory across widths and scaling laws. The same line of work identifies
the effective learning rate as the parameter driving faster training, larger kernel movement, and
stronger alignment to target functions, with Bordelon & Pehlevan (2023) extending these predic-
tions to finite-width networks. Complementing this, Fischer et al. (2024) provide a DMFT descrip-
tion for two-layer nonlinear networks trained by SGD, yielding closed equations for kernels and
fields (exact for linear networks; Monte-Carlo DMFT for nonlinear activations). Their experiments
on Gaussian-mixture single-index tasks and binary CIFAR subsets again validate the MF predic-
tions and the regime split controlled by effective learning rate. Rubin et al. (2025) generalize the
framework to arbitrary depth, retaining exact solutions for deep linear networks and approximate
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numerical solutions for nonlinear activations; experiments on Gaussian-mixture and single-index
tasks and CIFAR subsets show that DMFT tracks real training behavior across regimes.

Orthogonal to DMFT but still dynamical, Mei et al. (2018) show that, in the infinite-width MF limit,
SGD on two-layer networks follows a distributional-dynamics PDE in Wasserstein space. With
noise or regularization this becomes a free-energy flow that guarantees global convergence. Unlike
later DMFT work, they do not analyze NTK limits or a kernel–feature phase transition, instead
they establish propagation-of-chaos, convergence of noisy SGD, and stability of fixed points in
the noiseless case. Experiments on Gaussian classification and ReLU models show the PDE tracks
SGD closely and diagnose when poor activations cause failure. In closely related simplified settings,
Montanari & Urbani (2025) analyze single-index models with targets such as h(z) = 0.9z + z3/6.
Here neurons become exchangeable samples from a common evolving distribution that aligns with
the latent direction, the DMFT equations admit exact analytic solutions (as in linear networks),
and test error converges to the Bayes limit, with experiments confirming the theory’s accuracy.
Additional high-dimensional analyses further develop these dynamics (Celentano et al., 2025).

Static (posterior-time) theories A complementary direction studies the learned posterior and re-
frames FL as kernel adaptation. Pacelli et al. (2023) reduce FL to layerwise rescaling of the kernel.
Because the Bayesian predictor involves a matrix inverse, these rescalings act as mode-specific
changes to the effective regularization of every kernel eigenmode, without rotating or performing
relative scaling of feature directions. They derive analytic saddle-point equations for a pair of scalar
descriptors per layer and, by solving them, obtain test-error predictions. On MNIST and CIFAR-
10, where fully connected networks are not believed to do in strong representation learning, this
coarse description already matches the observed bias–variance trade-off and the generalization error
of SGLD-trained networks. Pushing this simplification further, Baglioni et al. (2024) collapse all
finite-width effects into a single global rescaling of the infinite-width kernel, the resulting Bayesian
effective action closely matches numerical experiments across MNIST and CIFAR-10.

Static renormalization viewpoints make the same idea explicit. Howard et al. (2025) interpret learn-
ing as a Wilsonian renormalization of the kernel, while Aiudi et al. (2025) show that architectural
inductive bias matters: fully connected networks can be captured by a scalar kernel rescaling, but
convolutional networks induce a spatially indexed local kernel. Training then learns a matrix Q∗

ij
that reweights patch–patch correlations, enabling selective emphasis or suppression of local inter-
actions, this richer, weight-sharing–enabled mechanism provides a genuine route to FL that can
outperform infinite-width kernel counterparts.

Summary Across both dynamical and static perspectives, a coherent picture emerges. DMFT and
related dynamical theories identify an effective learning-rate control parameter that cleanly separates
lazy NTK behavior from FL with evolving kernels, with exact solutions in linear (and certain single-
index) settings and accurate numerical solvers for nonlinear networks (Bordelon & Pehlevan, 2022;
2023; Lauditi et al., 2025; Fischer et al., 2024; Rubin et al., 2025; Mei et al., 2018; Montanari
& Urbani, 2025; Celentano et al., 2025). Static Bayesian and renormalization accounts show that
much of finite-width generalization can be captured by low-dimensional kernel rescalings, global,
layerwise, or spatially local, without tracking full feature rotations (Pacelli et al., 2023; Baglioni
et al., 2024; Howard et al., 2025; Aiudi et al., 2025). Together, these results support a simple,
consistent theory that reproduces the characteristic shape and offsets of learning curves and clarifies
how finite networks can break the apparent curse of dimensionality via structured kernel adaptation
and alignment.

Below is new:

C.1 COMPARISON WITH RECENT MEAN-FIELD WORKS

In this section, we clarify the relationship and fundamental differences between our MF-ARD frame-
work and the recent work by van Meegen & Sompolinsky. While both works utilize mean-field
approximations to study the posterior of neural networks, they address fundamentally different phe-
nomena occurring at different levels of the network hierarchy. The confusion often stems from the
term "sparsification," which refers to distinct mechanisms in the two papers.
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C.2 COORDINATE-WISE VS. NEURON-WISE SPARSIFICATION

The most critical distinction lies in the domain where symmetry breaking occurs:

• (Neuron-wise Sparsification): van Meegen & Sompolinsky investigates how the popula-
tion of N neurons organizes to represent the target. They find that the posterior distribution
over the weight vectors {w1, . . . ,wN} breaks permutation symmetry, resulting in a so-
lution where only a subset of neurons (O(1) out of N ) strongly correlate with the target,
while others remain agnostic or redundant. This is a
textitinter-neuron phenomenon.

• Our Work (Coordinate-wise Sparsification / IFS): Our theory models the posterior of a
single representative neuron w = [w1, . . . , wd] ∈ Rd. We investigate how the symmetry
between input coordinates j = 1, . . . , d is broken. We find that for tasks with isotropic
data but low-dimensional targets, the posterior marginals p(wj) become heavy-tailed and
high-variance only for task-relevant coordinates (j ∈ S), while remaining Gaussian and
narrow for irrelevant coordinates (j /∈ S). This is an intra-neuron phenomenon.

Standard mean-field theories (including the base model in van Meegen & Sompolinsky) typically
assume that the weight distribution is isotropic over input coordinates unless the prior enforces
otherwise. Consequently, while van Meegen & Sompolinsky successfully predicts that some neurons
become "active" and others "dormant," it does not explicitly model the self-reinforcing mechanism
that allows an active neuron to selectively amplify specific input coordinates to overcome the curse
of dimensionality.

C.3 UNIVERSALITY OF IFS VS. NONLINEARITY-DEPENDENT CODING SCHEMES

van Meegen & Sompolinsky emphasizes that the nature of the population code depends strongly on
the nonlinearity (e.g., ReLU leads to sparse coding, Sigmoid leads to redundant coding).

In contrast, our Input Feature Selection (IFS) mechanism is largely agnostic to the specific choice
of nonlinearity, provided the nonlinearity allows for feature learning. As shown in Figure 8 (repro-
duced from our rebuttal experiments), networks trained with Sigmoid activations exhibit the same
coordinate-wise heavy-tailed distributions on relevant input dimensions as ReLU networks. While
the population-level organization (sparse vs. redundant neurons) may differ as predicted by van
Meegen & Sompolinsky, the fundamental mechanism of discovering the relevant input subspace via
IFS remains the same.

Figure 8: IFS with Sigmoid Activations. Similar to the ReLU results in the main text, SGLD
training with Sigmoid activations leads to strong coordinate-wise symmetry breaking (high variance
on relevant features j ∈ S). This demonstrates that IFS is a fundamental mechanism for subspace
discovery, distinct from the neuron-level coding schemes discussed in van Meegen & Sompolinsky.

C.4 THE NECESSITY OF COORDINATE ANISOTROPY: A CONTROL EXPERIMENT

To rigorously prove that coordinate-wise symmetry breaking (the core of our MF-ARD theory) is
the causal mechanism for beating the kernel regime, we performed a control experiment enforcing
coordinate homogeneity.
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We trained networks on the k-sparse parity task using a modified loss function that penalizes
anisotropy within neurons, without penalizing sparsity across neurons:

ℓtotal = ℓMSE + λh

N∑
j=1

1
d

d∑
i=1

(
|wij | −

(
1

d

d∑
k=1

|wkj |

))2
 . (46)

Result: As λh increases, the learning curve of the neural network reverts to the NNGP learning
curve (see Figure 9). Even if the network is allowed to sparsify at the neuron level (some neurons
large, some small), suppressing the variance between coordinates wij prevents the network from
learning the target efficiently.

This confirms that the performance gap between Finite-Width NNs and Kernels on isotropic data
is driven by the mechanism modeled in this paper (IFS/Coordinate Anisotropy), a mechanism that
is distinct from and complementary to the population-level phenomena described in van Meegen &
Sompolinsky.

101 102 103 104

Training size P

10−1

100

T
es

t 
M

S
E

λh=0

λh=0.1

λh=0.5

λh=1

λh=2

λh=10

NNGP

Figure 9: Suppressing IFS kills performance. Generalization error for k-sparse parity. As we in-
crease the regularization λh that forces coordinates within a neuron to be homogeneous (preventing
IFS), the NN performance degrades back to the Kernel (NNGP) limit. This confirms that coordinate-
wise anisotropy is the necessary condition for sample-efficient learning in this setting.

D PROOFS

This is new

D.1 MECHANISM: INPUT FEATURE SELECTION VIA DYNAMIC ANISOTROPY

Standard MF theory suffers from a ‘homogeneity gap’: it imposes an isotropic priorN (0, σ2
w/d · I)

that distributes regularization pressure uniformly across all d input dimensions. In contrast, SGLD
dynamics are inherently anisotropic. Gradients along task-relevant directions (j ∈ S) accumulate
constructively, reducing the effective local curvature of the potential and allowing weights to diffuse
away from the origin. Conversely, along noise directions (j /∈ S), gradients effectively average to
zero, leaving the restoring force of the weight decay to dominate.

Our first-principles derivation (Theorem D.1) captures this symmetry breaking by identifying the
effective stiffness ρj as a dynamical variable rather than a fixed hyperparameter. The resulting fixed-
point condition, ρj ∝ (β0+

N
2 ⟨w

2
j ⟩)−1, induces a self-reinforcing feedback loop that we term Input

Feature Selection (IFS):

• Signal Amplification: For relevant features, the gradient signal increases the second moment
⟨w2

j ⟩. This decreases the effective stiffness ρj , locally relaxing the regularization penalty and
allowing further weight growth.

• Noise Suppression: For irrelevant features, the lack of gradient signal keeps ⟨w2
j ⟩ small. This

maintains a high stiffness ρj ≈ d/σ2
w, aggressively confining these weights to the origin via an

Ornstein-Uhlenbeck-like process.
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Crucially, this mechanism enables the network to overcome the curse of dimensionality. By effec-
tively setting ρj /∈S →∞, the posterior mass collapses onto the task-relevant subspace, reducing the
effective problem dimension from the ambient d to the intrinsic k ≪ d.
Theorem D.1 (Derivation of ARD Updates via Regularized SGLD Stationarity). Consider a one-
hidden-layer network with weights wi for neuron i ∈ {1, . . . , N}. We posit that the update equation
for the effective precision ρj is the unique minimizer of the effective free energy defined by SGLD
stationarity, subject to finite-width corrections and consistency with the free dynamics of the opti-
mizer.

We make the following assumptions:

(A1) SGLD Dynamics. The parameters evolve via the stochastic differential equation governed
by the posterior pGD(θ|D):

dwij(t) = −∇wij (− ln pGD(θ)) dt+
√
2 dBij(t), (47)

where − ln pGD = − ln pprior − ln pL.

(A2) Effective Quadratic Potential (Linear Response). In the stationary state, we assume the
gradient of the likelihood term (the data interaction) can be approximated by an effective
coordinate-wise stiffness ρ̃j . Specifically, we assume the linear response relation:

E
[
wij∇wij

(− ln pL)
]
≈ ρ̃E[w2

ij ], (48)

where Qj := E[w2
ij ] is the stationary second moment and − ln pL = 1

2κ2P

∑
µ(fθ(xµ) −

yµ)
2.

(A3) Consistency with Free Dynamics. The effective free energy F(ρj) includes a One-Loop
entropy correction (−N

2 ln ρj) accounting for finite-width fluctuations. Crucially, we im-
pose a boundary condition: in the limit where the data signal vanishes (ρ̃j → 0), the fixed
point of the effective theory must recover the exact stationary variance of the free dynamics
(the Ornstein-Uhlenbeck process governed solely by the prior pprior).

Result: The optimal effective precision ρj satisfies the fixed-point equation:

ρj =
α0 +

N
2

β0 +
N
2 Qj

, (49)

where α0 is a stiffness hyperparameter and β0 is calibrated to the isotropic initialization variance
σ2
w/d.

Proof. The proof proceeds by constructing the effective free energy from the dynamical stationarity
conditions and solving for its minimizer.

1. Dynamical Stationarity (The Energy Term). By Itô’s Lemma, the evolution of the squared
weight w2

ij is given by d(w2
ij) = 2wijdwij + (dwij)

2. Substituting the SGLD dynamics (A1):

d(w2
ij) = 2wij

(
−∇wij

(− ln pGD)dt+
√
2dBij

)
+ 2dt. (50)

Taking the expectation with respect to the stationary distribution, the drift vanishes ( d
dtE[w

2] = 0),
and the stochastic increment averages to zero, yielding the equipartition identity:

E
[
wij∇wij (− ln pGD)

]
= 1. (51)

We decompose the gradients into prior and likelihood components. Using the Gaussian prior form
from Eq. 4, − ln pprior =

∑
i,k

d
2σ2

w
w2

ik:

E
[
wij

(
d

σ2
w

wij +∇wij (− ln pL)

)]
= 1. (52)

Applying the Linear Response assumption (A2) to the likelihood term:
d

σ2
w

E[w2
ij ] + ρ̃jE[w2

ij ] = 1 =⇒ Qj

(
d

σ2
w

+ ρ̃j

)
= 1. (53)

This identifies the effective precision contribution from the potential as ρeff = d
σ2
w
+ ρ̃j = Q−1

j .

Summed over N neurons, the energetic cost associated with precision ρj is Eweights(ρj) =
N
2 ρjQj .
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2. Consistency with Free Dynamics (The Regularization). To determine the entropic and reg-
ularization terms, we consider the "free dynamics" limit where the likelihood is flat (pL = const,
ρ̃j = 0). In this case, the SGLD equation decouples into a standard Ornstein-Uhlenbeck process
driven only by the prior:

dwij(t) = −
d

σ2
w

wijdt+
√
2dBij(t). (54)

The exact stationary solution of this process is a Gaussian with variance σ2
w/d. Any valid effective

theory for ρj must possess a stable minimum at ρfree = d/σ2
w in this limit. We construct the free

energy F(ρj) by adding the One-Loop entropy correction S = −N
2 ln ρj (Assumption A3) and a

convex regularization potential R(ρj) = β0ρj − α0 ln ρj . The coefficients α0, β0 are calibrated to
match the free dynamics.

3. Free Energy Minimization. The total effective free energy is:

F(ρj) =
N

2
ρjQj −

N

2
ln ρj + β0ρj − α0 ln ρj . (55)

Minimizing with respect to ρj (∂ρjF = 0) yields:

N

2
Qj −

N

2ρj
+ β0 −

α0

ρj
= 0 =⇒ ρj

(
N

2
Qj + β0

)
=

N

2
+ α0. (56)

Solving for ρj :

ρj =
α0 +

N
2

β0 +
N
2 Qj

. (57)

Finally, applying the consistency condition: when ρ̃j → 0, Qj → σ2
w/d. The fixed point must be

ρfree = d/σ2
w. This requires fixing the ratio α0/β0 = d/σ2

w (or β0 = α0σ
2
w/d), which ensures the

ARD prior matches the isotropic initialization in expectation.

D.2 KERNEL LIMIT

Theorem D.2. With γ = 1/2 the infinite width limit has the following FP equations:

m∞
A =

σ2
a

κ2

(
Ew∼p∞ [JA(w)JY(w)]−

∑
B

Ew∼p∞ [JA(w)JB(w)]m∞
B

)
. (58)

Proof. The proof proceeds by taking the N → ∞ limit of the self-consistency equations derived
from the cavity method’s free energy.

1. Self-Consistency from Free Energy. We begin with the MF free energy functional derived
from the cavity method:

F({mA}) =
1

2κ2

∑
A

(yA −mA)
2 −N lnZ1({mA}) (59)

where Z1({mA}) =
∫
dw e−S̄

(∞)
eff (w;{mA}) is the single-neuron partition function. The effective

action for a single weight vector w, after integrating out the amplitude a, is:

S̄
(∞)
eff (w; {mA}) =

d

2σ2
w

∥w∥2 + 1

2
ln

(
1

σ2
a

+
Σ(w)

N2γκ2

)
−

(JY(w)−
∑

A mAJA(w))
2

2κ4N2γ
(

1
σ2
a
+ Σ(w)

N2γκ2

) (60)

The equilibrium state is found by the stationarity condition ∂F/∂mA = 0, which yields the self-
consistency equation:

mA = N1−γ ⟨µ(w)JA(w)⟩p(w|{mB}) (61)
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where p(w|{mB}) = 1
Z1

e−S̄
(∞)
eff is the posterior distribution on a single neuron’s weights, and µ(w)

is the posterior mean of its amplitude a:

µ(w) =
1

κ2Nγ (JY(w)−
∑

B mBJB(w))
1
σ2
a
+ Σ(w)

N2γκ2

(62)

2. The Infinite-Width Limit with Critical Scaling. To obtain a non-trivial limit as N →∞, we
must set the scaling to the critical value γ = 1/2. For γ > 1/2, the prefactor N1−γ → 0, decoupling
the neurons and leading to mA → 0. For γ < 1/2, the interaction term diverges. With γ = 1/2, the
terms of order 1/N in the effective action S̄

(∞)
eff vanish. Specifically:

Σ(w)

N2γκ2
=

Σ(w)

Nκ2

N→∞−−−−→ 0 (63)

As a result, the data-dependent and mA-dependent terms in the exponent of p(w|{mA}) vanish.
The distribution over weights collapses to its prior:

p(w|{mA})
N→∞−−−−→ p∞(w) ∝ exp

(
− d

2σ2
w

∥w∥2
)

(64)

Simultaneously, the denominator in µ(w) simplifies to 1/σ2
a. The expression for the posterior mean

amplitude becomes:

µ(w)
N→∞−−−−→ σ2

a

κ2N1/2

(
JY(w)−

∑
B

mBJB(w)

)
(65)

3. Deriving the Linear System. We now substitute these limiting forms back into the self-
consistency equation, using m∞

A to denote the solution in this limit:

m∞
A = N1−1/2

〈[
σ2
a

κ2N1/2

(
JY(w)−

∑
B

m∞
B JB(w)

)]
JA(w)

〉
p∞(w)

(66)

m∞
A =

σ2
a

κ2

〈(
JY(w)−

∑
B

m∞
B JB(w)

)
JA(w)

〉
p∞(w)

(67)

m∞
A =

σ2
a

κ2

(
Ew∼p∞ [JA(w)JY(w)]−

∑
B

Ew∼p∞ [JA(w)JB(w)]m∞
B

)
(68)

Let us define the NNGP kernel matrix K with elements KAB := Ew∼p∞ [JA(w)JB(w)] and the
data-kernel coupling vector Ξ with elements ΞA := Ew∼p∞ [JA(w)JY(w)] =

∑
S ySKAS . The

equation becomes a linear system for the vector m∞:

m∞ =
σ2
a

κ2
(Ξ−Km∞) =

σ2
a

κ2
(Ky −Km∞) (69)

4. Solution as Kernel Ridge Regression. Rearranging the linear system, we get:(
I +

σ2
a

κ2
K

)
m∞ =

σ2
a

κ2
Ky (70)(

κ2

2σ2
a

I +
1

2
K

)
m∞ =

1

2
Ky (71)

Let the ridge be τ = κ2/(2σ2
a). The equation is (τI + K)m∞ = Ky. Solving for m∞ gives the

final KRR solution:
m∞ = K(K + τI)−1y (72)

This completes the proof. The solution depends only on the NNGP kernel K, which is fixed by the
network architecture and priors, not the training data labels. This demonstrates the absence of FL in
this specific infinite-width limit.
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D.3 INTEGRATING OUT a

As the action is quadratic in a we can integrate it out.

Theorem D.3. The distribution is given by

SMF(w, {mA}) = const.+
1

2
ln

(
1

σ2
a

+
Σ(w)

N2γκ2

)
−

(JY(w)−
∑

A mAJA(w))
2

2N2γκ4
(

1
σ2
a
+ Σ(w)

N2γκ2

) (73)

+
d

2σ2
w

∥w∥2 (74)

p(a|w) = N (µ(w), σ2(w)) (75)

σ(w)2 =
1

2α
=

(
1

σ2
a

+
Σ(w)

N2γκ2

)−1

(76)

µ(w) = σ2β =
β

2α
=

1
Nγκ2 (JY(w)−

∑
A mAJA(w))(

1
σ2
a
+ Σ(w)

N2γκ2

) (77)

Proof. We start with the standard Gaussian integral∫
dadwe−[α·a2−β·a+c] =

∫
dw

√
π

α
e

β2

4α−c (78)

We have

SMF(w, a, {mA}) =
1

2σ2
a

N∑
i=1

a2i +
d

2σ2
w

d∑
i=1

∥wi∥2 +
a2

2κ2N2γ
Σ(w) (79)

− a

κ2Nγ

(
JY(w)−

∑
A

mAJA(w)

)
(80)

For 1 neuron we get

SMF(w, a, {mA}) = a2(
1

2σ2
a

+
Σ(w)

2κ2N2γ
)− a

κ2Nγ

(
JY(w)−

∑
A

mAJA(w)

)
+

d

2σ2
w

∥w∥2

(81)

with

α :=
1

2σ2
a

+
Σ(w)

2N2γκ2
, (82)

β :=
JY(w)−

∑
A mAJA(w)

Nγκ2
. (83)

c =
d

2σ2
w

∥w∥2 (84)

and α(a − β
2α )

2 − β2

4α + c comparing to −(a−µ)2

2σ2 we get α = 1
2σ2 and µ = β

2α for the Gaussian
identification. This gives∫

dw

√
π

α
e

β2

4α−c =

∫
dwe−[ 12 ln(π)− 1

2 ln(α)+ β2

4α−c] (85)

where the exponent is identified as the effective action.
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D.4 MF- FP EQUATION

Lemma D.4. Consider a single target mode y(x) = χS(x) and assume other overlaps vanish.
Using the self–consistency mA = N1−γ ⟨a JA(w)⟩ and the conditional mean µ(w) above, we
obtain

mS = N1−γ
〈
µ(w)JS(w)

〉
=

N1−2γ

κ2
(1−mS)

〈
JS(w)2

σ−2
a +

Σ(w)

κ2N2γ

〉
w∼p(w|mS)

. (86)

and in the κ→ 0 limit it is

mS ≈ (1−mS)N
〈JS(w)2

Σ(w)

〉
w∼p(w|mS)

(87)

Proof. Consider a single target mode y(x) = χS(x) and assume other overlaps vanish. Using the
self–consistency mA = N1−γ ⟨a JA(w)⟩ and the conditional mean µ(w) above, we obtain

mS = N1−γ
〈
µ(w)JS(w)

〉
=

N1−2γ

κ2
(1−mS)

〈
JS(w)2

σ−2
a +

Σ(w)

κ2N2γ

〉
w∼p(w|mS)

.

In the small–noise regime κ → 0 (with Σ(w) > 0), the denominator simplifies as σ−2
a + Σ(w)

κ2N2γ ≈
Σ(w)
κ2N2γ , so that

mS ≈ (1−mS)N
〈JS(w)2

Σ(w)

〉
w∼p(w|mS)

=⇒ mS ≈
N
〈
JS(w)2/Σ(w)

〉
1 +N

〈
JS(w)2/Σ(w)

〉
By Cauchy–Schwarz, JS(w)2 ≤ Σ(w), so 0 ≤ mS < 1 unless all mass concentrates on perfectly
aligned w.

D.5 SOLUTION TO THE FIXED POINT EQUATION

Lemma D.5. Consider ϕ = ReLU. Let the inputs xj ∈ {±1} be i.i.d. and y(x) = χS(x) =∏
j∈S xj with S = {0, 1, ..., k − 1}. We define Rk(w) = JS(w)2

Σ(w) . It holds that

w∗ = max
w

Rk(w) (88)

is given by w∗ = (

k︷ ︸︸ ︷
α, . . . , α, 0, ..., 0).

Proof. Decompose wS = α 1S√
k
+u, u ⊥ 1S and keep arbitrary wC . Because the data distribution

is invariant to permutations of the k coordinates in S the only S-dependent statistic that survives in
χS-weighted expectations is the sum s(x) =

∑
j∈S xj . Any component orthogonal to 1S averages

out inJS but increases Σ(w) (by convexity of x 7→ ϕ(x)2 ). Likewise, weights in SC contribute
variance to Σ but contribute nothing to JS (they are independent of χS . and average to zero under
the sign symmetry). Thus the maximizer of Rk(w) lives in the span of 1S and wC .

Lemma D.6. Consider ϕ = ReLU. Let the inputs xj ∈ {±1} be i.i.d. and y(x) = χS(x) =∏
j∈S xj with |S| = k. We assume w∗ from Theorem D.5. Then, the ratio of the squared neuron-

target coupling JS(w)2 to the neuron’s self-energy Σ(w) is a constant Rk independent of the scale
α.

Proof. Let r ∼ Binomial(k, 1/2) be the number of components xj = −1 for j ∈ S. The inner
product is s(x) = w⊤x = α

∑
j∈S xj = α(k − 2r), and the target function is χS(x) = (−1)r.
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The neuron-target coupling JS(w) is the expectation E[ϕ(w⊤x)χS(x)].

JS(w) = E [α · [k − 2r]+ · (−1)r] (89)

= α

k∑
r=0

P (r) · [k − 2r]+ · (−1)r (90)

= α · 2−k

⌊(k−1)/2⌋∑
r=0

(
k

r

)
(k − 2r)(−1)r (91)

where [z]+ = max(0, z), and the sum is restricted to the terms where k − 2r > 0.

The neuron’s self-energy Σ(w) is the expectation E[ϕ(w⊤x)2].

Σ(w) = E
[
(α · [k − 2r]+)

2
]

(92)

= α2
k∑

r=0

P (r) · [k − 2r]2+ (93)

= α2 · 2−k

⌊(k−1)/2⌋∑
r=0

(
k

r

)
(k − 2r)2 (94)

We define the scale-independent constants Dk and Ck:

Dk := 2−k

⌊(k−1)/2⌋∑
r=0

(
k

r

)
(k − 2r)(−1)r (95)

Ck := 2−k

⌊(k−1)/2⌋∑
r=0

(
k

r

)
(k − 2r)2 (96)

such that JS(w) = αDk and Σ(w) = α2Ck. The ratio is then

Rk :=
JS(w)2

Σ(w)
=

(αDk)
2

α2Ck
=

D2
k

Ck

which is independent of α, thus proving the proposition.

D.6 EXACT SOLUTION OF THE FP EQUATION

Theorem D.7. Using the setup from Theorem D.6, espeically the proposed w∗, the FP is given by

mS = (1−mS)NRk

(
1− σ−2

a

A⋆(mS)

)
, A⋆(mS) =

−Ck +

√
C2

k + 4
(

dk
σ2
w

)
N2γ (1−mS)2D2

k σ
−2
a

2
(

dk
σ2
w

)
κ2N2γ

(97)

Proof. From Theorem D.4, we know:

mS =
N1−2γ

κ2
(1−mS)

〈
JS(w)2

σ−2
a +Σ(w)/(κ2N2γ)

〉
w|mS

Assuming the posterior distribution of weights is sharply peaked around the optimal direction given
by the ansatz in Theorem D.6, the expectation ⟨·⟩w|mS

reduces to an evaluation at the optimal weight
scale α⋆. The value of α⋆ is determined by minimizing the single-neuron effective action Seff(α):

Seff(α) =
dk

2σ2
w

α2︸ ︷︷ ︸
Weight Prior

+
1

2
lnA(α)︸ ︷︷ ︸

Normalizer

− 1

2

[(1−mS)JS(α)]
2
/(κ2N2γ)

A(α)︸ ︷︷ ︸
Data Gain
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where A(α) = σ−2
a +Σ(α)/(κ2N2γ) = σ−2

a + α2Ck/(κ
2N2γ).

Setting ∂Seff
∂α = 0 yields a quadratic equation for the optimal value A⋆ = A(α⋆):(

dk

σ2
w

)
κ2N2γ (A⋆)2 + Ck A

⋆ − (1−mS)
2D2

k σ
−2
a

κ2
= 0

The positive root of this equation gives the solution for A⋆(mS):

A⋆(mS) =

−Ck +

√
C2

k + 4
(

dk
σ2
w

)
N2γ (1−mS)2D2

k σ
−2
a

2
(

dk
σ2
w

)
κ2N2γ

We now substitute this back into the self-consistency equation. Using the definitions of JS , Σ, and
A⋆, we have (α⋆)2 = κ2N2γ

Ck
(A⋆ − σ−2

a ).

mS = (1−mS)
N1−2γ

κ2

JS(α
⋆)2

A⋆
(98)

= (1−mS)
N1−2γ

κ2

(α⋆)2D2
k

A⋆
(99)

= (1−mS)
N1−2γ

κ2

1

A⋆

[
κ2N2γ

Ck
(A⋆ − σ−2

a )

]
D2

k (100)

= (1−mS)N
D2

k

Ck

A⋆ − σ−2
a

A⋆
(101)

= (1−mS)NRk

(
1− σ−2

a

A⋆(mS)

)
(102)

This gives the final fixed-point equation for the order parameter mS .

Theorem D.8. Consider the fixed–point equation in the infinite P -limit

mS = (1−mS)NRk

(
1− σ−2

a

A⋆(mS)

)
, (103)

with A⋆(mS) given implicitly as the positive root of(
dk
σ2
w

)
κ2N2γ

(
A⋆
)2

+ Ck A
⋆ − (1−mS)

2D2
k σ

−2
a = 0, (104)

and define C := dk
σ2
w

. Then the critical noise level

κ2
c =

√
C2

k + 4C N2γD2
kσ

−2
a − Ck

2C σ−2
a N2γ

(105)

marks a phase transition:

(i) If κ2 ≥ κ2
c , then A⋆(0) ≤ σ−2

a and mS = 0 is a fixed point; in particular for κ2 = κ2
c we have

A⋆(0) = σ−2
a and the only solution is mS = 0.

(ii) If κ2 < κ2
c , then A⋆(0) > σ−2

a and there exists a unique nontrivial solution mS ∈ (0, 1), thus
the system exhibits symmetry breaking mS : 0→ mS > 0 as κ crosses κc from above.

Proof. Set mS = 0 in equation 104 to get

C κ2N2γ (A⋆)2 + CkA
⋆ −D2

kσ
−2
a = 0. (106)

At the onset of FL the trivial fixed point mS = 0 changes stability precisely when the right–hand
side of the FP map ceases to vanish at mS = 0, i.e. when

NRk

(
1− σ−2

a

A⋆(0)

)
= 0 ⇐⇒ A⋆(0) = σ−2

a . (107)
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Plugging A⋆ = σ−2
a into the quadratic and solving for κ2 gives

C κ2
cN

2γσ−4
a + Ckσ

−2
a −D2

kσ
−2
a = 0, (108)

which, after rearrangement, yields

κ2
c =

√
C2

k + 4C N2γD2
kσ

−2
a − Ck

2C σ−2
a N2γ

, (109)

the stated expression.

For κ2 > κ2
c the quadratic gives A⋆(0) ≤ σ−2

a , hence 1−σ−2
a /A⋆(0) ≤ 0 and the FP map evaluates

to 0 at mS = 0, so mS = 0 is a (and in fact the only) solution. For κ2 < κ2
c we have A⋆(0) > σ−2

a so
the FP map at mS = 0 is strictly positive, continuity and the fact that the map is strictly decreasing
in mS (because (1−mS) and A⋆(mS) both decrease with mS) imply a unique intersection with the
diagonal in (0, 1), i.e. a unique mS ∈ (0, 1) solves the FP equation.
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D.7 HOW MF-ARD BEATS THE CURSE OF DIMENSIONALITY

We use the following notation. Let S ⊂ [d] with |S| = k denote the (unknown) support. For a
weight coordinate wj at a given outer iterate, write

vj := ⟨w2
j ⟩p, v′j(ρ) := Epρ

[w2
j ] (110)

for the current and next second moments, respectively. For a vector of ARD precisions ρ ∈ Rd
+

define the explicit ARD map

ρj(vj) =
α0 +

N
2

α0

d + N
2 vj

=:
A

B(vj)
, A := α0 +

N

2
, B(v) :=

α0

d
+

N

2
v. (111)

We write w−j := (w1, . . . , wj−1, wj+1, . . . , wd) for all coordinates except j and write pρ for the
posterior pARD to make the ρ dependence explicit.

Assumption Here, we will state the assumption that is needed to prove the theorem: ε symmetry
breaking towards S. There exists an outer iterate t0 = O(1) and a constant ε0 > 0 (independent
of d) such that

min
j∈S

v t0
j − max

j /∈S
v t0
j ≥ c ε0, v t

j := ⟨w2
j ⟩p at outer time t. (112)

We need to establish the following global bound.

Lemma D.9. Fix j ∈ [d] and w−j . Assume ∥x∥∞ ≤ 1 (e.g. x ∈ {±1}d) and ϕ(z) = max(0, z), as
well as mS ≤ 1 Let

g(w) =
1

2
ln
(
σ−2
a +

Σ(w)

κ2N2γ

)
−
(
JY(w)−mSJS(w)

)2
2κ4N2γ

(
σ−2
a + Σ(w)

κ2N2γ

) . (113)

Then there exists L⋆ > 0, independent of d and w−j , such that the map t 7→ g(w−j , t) satisfies∣∣∂2
t g(w−j , t)

∣∣ ≤ L⋆ for a.e. t ∈ R. (114)

Consequently, for all t ∈ R,

g(w−j , t) ≥ g(w−j , 0)−
L⋆

2
t2. (115)

Proof. Fix j ∈ [d] and w−j . Write t := wj and, for each input x, set z(t, x) := w⊤x = t xj + cx
with cx := w⊤

−jx−j . Throughout, ϕ(z) = max(0, z) and ∥x∥∞ ≤ 1.

1. Derivative of Σ and JA

For Σ(w) = Ex[ϕ(z)
2] = Ex[z(t, x)

2 1{z(t, x) > 0}] we have, for a.e. t,

∂tΣ = 2Ex

[
z1{z>0} xj

]
, ∂2

tΣ = 2Ex

[
x2
j 1{z>0}

]
≤ 2, (116)

because |xj | ≤ 1. By Cauchy–Schwarz,

|∂tΣ| ≤ 2
(
Ex[z

21{z>0}]
)1/2(Ex[x

2
j1{z>0}]

)1/2 ≤ 2
√
Σ. (117)

For JA(w) = Ex[ϕ(z)χA(x)] (with |χA| ≤ 1), we get for a.e. t:

∂tJA = Ex[1{z>0} xj χA(x)] , ∂2
t JA = 0 (a.e.), |∂tJA| ≤ E|xj | ≤ 1, (118)

and by Cauchy–Schwarz again

|JA| ≤
(
Ex[ϕ(z)

2]
)1/2(Ex[χA(x)

2]
)1/2

=
√
Σ. (119)

2. Decompose g and bound each second derivative
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Let

a := σ−2
a , c :=

1

κ2N2γ
, J∆ := JY −mSJS , q := J2

∆, (120)

so

g(w) = 1
2 log

(
a+ cΣ

)︸ ︷︷ ︸
=:g1(Σ)

− q

2κ4N2γ (a+ cΣ)︸ ︷︷ ︸
=:g2(Σ,J∆)

. (121)

Term 1: Set h1(s) :=
1
2 log(a+ cs), so h′

1(s) =
c

2(a+cs) and h′′
1(s) = − c2

2(a+cs)2 . By the chain rule,

∂2
t g1 = h′′

1(Σ) (∂tΣ)
2 + h′

1(Σ) ∂
2
tΣ. (122)

Using equation 117 and ∂2
tΣ ≤ 2,∣∣∣h′′

1(Σ) (∂tΣ)
2
∣∣∣ ≤ c2

2(a+ cΣ)2
· 4Σ = 2c2

Σ

(a+ cΣ)2
≤ c σ2

a

2
, (123)

where the last inequality follows by maximizing u 7→ u
(a+cu)2 at u = a/c. Also

∣∣h′
1(Σ) ∂

2
tΣ
∣∣ ≤

c
2(a+cΣ) · 2 ≤ c σ2

a. Hence ∣∣∂2
t g1
∣∣ ≤ 3

2
c σ2

a . (124)

Term 2: Write g2 = −α q
a+cΣ with α := 1

2κ4N2γ . Differentiating twice and grouping terms gives
(for a.e. t):

∂2
t g2 = −α

[
q′′

a+ cΣ
− 2 q′ cΣ′

(a+ cΣ)2
− q cΣ′′

(a+ cΣ)2
+

2 q (cΣ′)2

(a+ cΣ)3

]
,

where primes denote ∂t. We now bound q, q′, q′′ with step 1 and using equation 119 and |∂tJA| ≤ 1.

• q: Using |J∆| ≤ |JY |+ |mS | |JS | ≤ (1+ |mS |)
√
Σ =: C∆

√
Σ we get q = J2

∆ ≤ C2
∆Σ.

• |q′|: We get

|q′| = 2|J∆||∂tJ∆| ≤ 2C∆

√
Σ ·
(
|∂tJY |+ |mS ||∂tJS |

)
≤ 2C∆

√
Σ(1 + |mS |)

≤ 2C2
∆

√
Σ

• |q′′|: We get q′′ = 2(∂tJ∆)
2 ≤ 2C2

∆

Together with Σ′ ≤ 2
√
Σ and Σ′′ ≤ 2, we get∣∣∣ q′′

a+cΣ

∣∣∣ ≤ 2C2
∆

a
, (125)∣∣∣ 2 q′ cΣ′

(a+cΣ)2

∣∣∣ ≤ 2 · 2C2
∆

√
Σ · c · 2

√
Σ

(a+ cΣ)2
= 8C2

∆c
Σ

(a+ cΣ)2
≤ 2C2

∆

a
, (126)∣∣∣ q cΣ′′

(a+cΣ)2

∣∣∣ ≤ C2
∆Σ · c · 2

(a+ cΣ)2
≤ C2

∆

a
, (127)∣∣∣ 2 q (cΣ′)2

(a+cΣ)3

∣∣∣ ≤ 2C2
∆Σ · c2 · 4Σ
(a+ cΣ)3

= 8C2
∆c

2 Σ2

(a+ cΣ)3
≤ 32C2

∆

27 a
, (128)

where in the last two lines we used that u 7→ u
(a+cu)2 and u 7→ u2

(a+cu)3 are maximized at u = a
c

and u = 2a
c , respectively, with finite maxima depending only on a, c. Therefore

∣∣∂2
t g2
∣∣ ≤ αK2 for

a constant K2 depending only on (a, c,mS), and independent of d, w−j and t.

3: Uniform bound on ∂2
t g
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Combining equation 124 and the bound for ∂2
t g2, there exists

L⋆ :=
3

2
c σ2

a + αK2 (129)

such that |∂2
t g(w−j , t)| ≤ L⋆ for a.e. t ∈ R. This proves the first claim.

4: Standard taylor expansion

For any twice–differentiable h with |h′′| ≤ L⋆ a.e., the 1D Taylor inequality gives

h(t) ≥ h(0) + h′(0) t − L⋆

2 t2 (∀t ∈ R).

Applying this to h(t) = g(w−j , t) yields

g(w−j , t) ≥ g(w−j , 0) + ∂tg(w−j , 0) t −
L⋆

2
t2.

In the parity setting and for j /∈ S (off–support), symmetry implies ∂tg(w−j , 0) = 0, giving the
stated global quadratic lower bound g(w−j , t) ≥ g(w−j , 0)− L⋆

2 t2.

This lemma provides a precise bound on the conditional second moment of off-support wj . The key
insight is that when the precision parameter ρj is large enough to dominate the coupling term, the
second moment behaves essentially like that of a Gaussian with precision ρj , up to small corrections.
Lemma D.10. Let j /∈ S be an off-support coordinate and condition on w−j . Given Lemma D.9,
there exists L⋆ > 0 (independent of d and w−j) such that the coupling function t 7→ g(w−j , t)
satisfies:

|∂2
t g(w−j , t)| ≤ L⋆ for a.e. t ∈ R.

Assume furthermore the off-support symmetry condition:

∂jg(w−j , 0) = 0.

Consider the conditional distribution for wj:

p(wj | w−j , ρ) ∝ exp
(
− Uj(wj)

)
,

where the potential is given by:

Uj(wj) =
1

2
ρjw

2
j + g(wj , w−j).

If ρj > L⋆, then for every fixed θ ∈ (0, 1], there exist constants C, c > 0 (depending only on L⋆ and
θ, but independent of d and w−j) such that:

E
[
w2

j | w−j

]
≤ eL⋆θ

2

ρj − L⋆
+ C e−c (ρj−L⋆) θ

2

.

In particular, for any ε > 0, one can choose θ ∈ (0, 1] small enough so that eL⋆θ
2 ≤ 1+ε, yielding:

E[w2
j | w−j ] ≤

1 + ε

ρj − L⋆
+ C e−c (ρj−L⋆).

Hence, if ρj = Ω(d), then:

E[w2
j | w−j ] ≤

1 + od(1)

ρj

with the od(1) term uniform in w−j .

Proof. The proof uses a careful splitting argument to handle the near-Gaussian behavior in the core
region while controlling exponential tails. The key is to leverage the smoothness bound to create
uniform upper and lower envelopes for the potential function.
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Fix j /∈ S and condition on w−j . For notational simplicity, write w := wj , ρ := ρj , and define:

U(w) =
1

2
ρw2 + g(w),

where g(w) := g(w,w−j) is the coupling term.

Step 1: Establishing potential envelopes

By Lemma D.9, we have |g′′(t)| ≤ L⋆ for almost every t, and the off-support symmetry gives
g′(0) = 0.

Using Taylor expansion with integral remainder, for all w ∈ R:

−L⋆

2
w2 ≤ g(w)− g(0) ≤ L⋆

2
w2. (130)

Define the effective precision m := ρ − L⋆ > 0. From equation 130, we obtain two crucial
envelopes:

Global lower envelope:
U(w) ≥ U(0) +

m

2
w2 for all w ∈ R. (131)

Local upper envelope: For any θ > 0 and |w| ≤ θ:

U(w) ≤ U(0) +
ρ

2
w2 +

L⋆

2
w2 ≤ U(0) +

m

2
w2 + L⋆θ

2. (132)

The global lower envelope ensures integrability, while the local upper envelope allows us to approx-
imate the distribution by a Gaussian in the core region.

Step 2: Setting up the moment computation

Let µ be the conditional measure with density proportional to e−U(w). Define the normalization and
second moment integrals:

Z :=

∫
R
e−U(w) dw, N :=

∫
R
w2e−U(w) dw,

so that Eµ[w
2] = N/Z.

We partition R into the inside region I := {|w| ≤ θ} and the outside region O := {|w| > θ},
writing Z = ZI + ZO and N = NI +NO.

Step 3: Bounding the inside region contribution

Using the local upper envelope equation 132:

ZI =

∫
|w|≤θ

e−U(w) dw ≥ e−U(0)e−L⋆θ
2

∫
|w|≤θ

e−
m
2 w2

dw.

Using the global lower envelope equation 131:

NI =

∫
|w|≤θ

w2e−U(w) dw ≤ e−U(0)

∫
|w|≤θ

w2e−
m
2 w2

dw.

Combining these bounds:

NI

Z
≤ NI

ZI
≤ eL⋆θ

2

·

∫
|w|≤θ

w2e−
m
2 w2

dw∫
|w|≤θ

e−
m
2 w2

dw
≤ eL⋆θ

2

m
. (133)

The final inequality follows because the ratio represents the truncated second moment of a zero-
mean Gaussian with precision m, which is bounded by the untruncated value 1/m.

Step 4: Controlling the outside region contribution
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For the tail contribution, we use the global lower envelope equation 131:

NO =

∫
|w|>θ

w2e−U(w) dw ≤ e−U(0)

∫
|w|>θ

w2e−
m
2 w2

dw.

A standard Gaussian tail bound (obtained by integration by parts) gives, for a > 0 and θ > 0:∫ ∞

θ

t2e−at2 dt ≤
(

θ

2a
+

1

4a2θ

)
e−aθ2

.

Applying this with a = m/2 and doubling for both tails:∫
|w|>θ

w2e−
m
2 w2

dw ≤ 2

m

(
θ +

1

mθ

)
e−

m
2 θ2

. (134)

Using the lower bound on ZI from Step 3 and equation 134:

NO

Z
≤ NO

ZI
≤ eL⋆θ

2

c0
· 2
m

(
θ +

1

mθ

)
e−

m
2 θ2√

m ≤ C1e
−c1mθ2

,

where c0, C1, c1 > 0 are absolute constants depending only on L⋆ and θ. The polynomial factors in
m are absorbed into the constant since the exponential term dominates for m > 0.

Step 5: Combining the contributions

From equation 133 and the outside region bound:

Eµ[w
2] =

N

Z
=

NI

Z
+

NO

Z
≤ eL⋆θ

2

m
+ Ce−cmθ2

,

which establishes the main inequality with m = ρj − L⋆.

For the refined bound, choosing θ > 0 small enough so that eL⋆θ
2 ≤ 1 + ε gives the result.

Finally, if ρj = Ω(d), then m = ρj − L⋆ = Ω(d), so the exponential tail term is e−Ω(d) uniformly
in w−j , and:

1 + ε

ρj − L⋆
=

1 + ε

ρj

(
1− L⋆

ρj

) =
1 + od(1)

ρj
.

The next lemma establishes that off-support wj contract towards equilibrium values of order O(1/d)
when initialized in a suitable bootstrap region. The key insight is that by controlling the initialization
within O(1/d), we can ensure the dynamics remain stable and converge.
Lemma D.11. Let r > 0 be a radius parameter and let L⋆ be the global smoothness constant from
Lemma D.9. We define the following key quantities:

A := α0 +
N

2
, (total prior mass) (135)

B(v) :=
α0

d
+

N

2
· v, (effective local prior) (136)

For any threshold K⋆ > 0 and dimension d ∈ N, we introduce the bootstrap parameters:

Ud(K⋆) :=
α0 +

N
2 K⋆

d
, (maximum local prior) (137)

ad(r,K⋆) :=
eL⋆r

2 · α0

A− L⋆ · Ud(K⋆)
, (affine drift term) (138)

bd(r,K⋆) :=
eL⋆r

2 · (N/2)

A− L⋆ · Ud(K⋆)
. (contraction coefficient) (139)
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Note that as d→∞, we have the asymptotic behavior:

bd(r,K⋆)→ b∞(r) :=
eL⋆r

2 · (N/2)

A
.

Choose r > 0 sufficiently small so that b∞(r) < 1. This ensures asymptotic contraction. Then there
exist d0 ∈ N, a finite threshold K⋆ > 0 (both independent of d), and positive constants C, c, c′ > 0
such that for all d ≥ d0:

1. One-step contraction bound: If vtoff ≤ K⋆/d, then with ρtoff = A/B(vtoff),

vt+1
off ≤

eL⋆r
2 ·B(vtoff)

A− L⋆B(vtoff)
+ C e−c (ρt

off−L⋆) r
2

(140)

≤ ad(r,K⋆)

d
+ bd(r,K⋆) · vtoff + ηd, (141)

where the exponential tail satisfies ηd ≤ Ce−c′d.

2. Bootstrap invariance: There exists a finite K⋆ such that

vtoff ≤
K⋆

d
=⇒ vt+1

off ≤
K⋆

d
for all t ≥ 0.

In particular, any initialization with v0off ≤ K⋆/d remains within the bootstrap region for
all time.

3. Equilibrium bound: Along any trajectory that remains in the bootstrap region,

v⋆off ≤
ad(r,K⋆)

(1− bd(r,K⋆)) · d
+O(e−c′d) = Θ

(
1

d

)
.

Proof. The proof proceeds in four main steps: establishing a one-step bound, deriving an affine
upper bound, proving bootstrap invariance, and analyzing convergence.

Fix r > 0 and let L⋆ be the smoothness constant from Lemma D.9. Consider an off-support co-
ordinate at outer iteration t. We write v := vtoff , B(v) = α0

d + N
2 v, and ρ := ρtoff = A

B(v) with
A = α0 +

N
2 (see equation 111).

Throughout, we assume v ≤ K⋆/d for some threshold K⋆ > 0 to be determined.

Step 1: Establishing the one-step bound

We begin by applying the second moment bound from Lemma D.10. For any r > 0 and whenever
ρ > L⋆, this yields:

vt+1
off = E[w2

j ] ≤
eL⋆r

2

ρ− L⋆
+ C e−c (ρ−L⋆) r

2

. (142)

Substituting ρ = A
B(v) , the main term becomes:

eL⋆r
2

ρ− L⋆
= eL⋆r

2

· B(v)

A− L⋆B(v)
.

Since we assume v ≤ K⋆/d, we have the upper bound:

B(v) ≤ Ud(K⋆) :=
α0 +

N
2 K⋆

d
=:

CB

d
,

which implies ρ = A
B(v) ≥

A·d
CB

. This lower bound on ρ allows us to control the exponential tail:

C e−c (ρ−L⋆) r
2

≤ C e−c′d =: ηd (143)

for some c′ = c′(A,CB , L⋆, r) > 0 that depends only on the fixed parameters.
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Step 2: Deriving the affine upper bound

To obtain a tractable recursion, we upper bound the main term using convexity. Define the function:

f(u) :=
u

A− L⋆u
,

which is convex on the interval [0, A/L⋆).

For all u ∈ [0, Ud(K⋆)], monotonicity of the denominator gives:

f(u) =
u

A− L⋆u
≤ u

A− L⋆Ud(K⋆)
.

Applying this with u = B(v), we obtain the key affine upper bound:

eL⋆r
2

· B(v)

A− L⋆B(v)
≤ eL⋆r

2

A− L⋆Ud(K⋆)

(
α0

d
+

N

2
v

)
=:

ad(r,K⋆)

d
+ bd(r,K⋆) · v, (144)

where we have defined:

ad(r,K⋆) :=
eL⋆r

2 · α0

A− L⋆CB

d

, (145)

bd(r,K⋆) :=
eL⋆r

2 · (N/2)

A− L⋆CB

d

. (146)

Note that ad(r,K⋆) = Θ(1) and bd(r,K⋆)→ b∞(r) = eL⋆r2 ·(N/2)
A as d→∞.

Step 3: Establishing bootstrap invariance

The key is to choose parameters ensuring contraction. First, pick r > 0 small enough so that:

b∞(r) =
eL⋆r

2 · (N/2)

A
< 1.

This is possible because N/2
A < 1 (since α0 > 0) and eL⋆r

2 → 1 as r → 0.

With r fixed, there exists d0 such that for all d ≥ d0:

bd(r,K⋆) ≤
b∞(r) + 1

2
< 1.

The bound is uniform in K⋆ because Ud(K⋆) = O(1/d).

Combining equations equation 142, equation 144, and equation 143, for d ≥ d0 and v ≤ K⋆/d:

vt+1
off ≤

ad(r,K⋆)

d
+ bd(r,K⋆) · v + ηd.

Now choose K⋆ large enough so that:

K⋆ ≥ sup
d≥d0

ad(r,K⋆)

1− bd(r,K⋆)
<∞.

The supremum is finite because ad(r,K⋆) = Θ(1) and 1 − bd(r,K⋆) is bounded away from zero
for d ≥ d0.

Finally, enlarge d0 if necessary so that ηd ≤ 1
2 (1 − bd(r,K⋆))

K⋆

d for all d ≥ d0. This ensures
bootstrap invariance:

vtoff ≤
K⋆

d
=⇒ vt+1

off ≤
K⋆

d
.

Step 4: Convergence analysis

Within the invariant bootstrap region, the affine recursion:

vt+1
off ≤

ad(r,K⋆)

d
+ bd(r,K⋆) · vtoff + ηd
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contracts towards its fixed point. Since bd(r,K⋆) < 1, the equilibrium value satisfies:

v⋆off ≤
ad(r,K⋆)

(1− bd(r,K⋆)) · d
+O(e−c′d) = Θ

(
1

d

)
.

Lemma D.12. Assume Theorem D.11 3. For all sufficiently large d,

min
j∈S

v t0
j ≥ c ε0 +max

j /∈S
v t0
j ≥ c ε0 −O(d−1) ≥ c

2ε0 = Θ(1).

Consequently, at (and after) time t0, the ARD precisions satisfy ρon = Θ(1) while ρoff = Θ(d).

Proof. The first display follows directly from the assumption D.7 and v t0
off = O(d−1) (bootstrap

entry). For j ∈ S, B(vj) =
α0

d + N
2 vj ≥

N
2 ·

c
2ε0 for large d, so ρj = A/B(vj) = Θ(1) uniformly

in d. For j /∈ S, by Theorem D.11 3), vj = Θ(d−1), hence B(vj) = Θ(d−1) and ρj = Θ(d).

Lemma D.13. For a neuron with equal weights on S:

CMF =
dk

σ2
w

and CARD(t) =
∑
j∈S

ρ t
j = Θ(k) for all t ≥ t0 under Theorem D.12.

Proof. MF: With prior penalty d
2σ2

w
∥w∥2, along w = α1S we get dk

2σ2
w
α2, hence CMF = dk

σ2
w

. ARD:
By Theorem D.12, ρ t

j = Θ(1) for j ∈ S and t ≥ t0, so CARD(t) = Θ(k).

Lemma D.14. At the symmetric initialization point mS = 0, the FL threshold satisfies:

κ2
c =

√
C2

k + 4CN2γD2
kσ

−2
a − Ck

2Cσ−2
a N2γ

, (147)

where:

• C is the quadratic curvature along the equal-weights S-direction,

• Ck, Dk are geometric constants depending only on the support size k,

• N is the number of training samples, γ is a scaling exponent,

• σa controls the output noise level.

For large curvature C (corresponding to strong regularization), the threshold simplifies to:

κ2
c ∼
|Dk|σa

Nγ
√
C

=:
Λk√
C
, (148)

where Λk := |Dk|σa/N
γ .

Proof. By Lemma D.5, the optimal weight configuration is w∗ = α1S . By Lemma D.6, this gives
scale-independent constants Ck = E[Z2

+] and Dk = E[Z+χS(x)] such that:

Σ(α) = Ckα
2, JS(α) = Dkα, Rk =

D2
k

Ck
.

From Theorem D.8, the critical threshold occurs when A∗(0) = σ−2
a , where A∗ solves the quadratic

equation at mS = 0.

Step 2: Taylor expansion analysis

We analyze the one-dimensional effective potential along w = α1S :

U(α) =
C

2
α2 + g(α),
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where C is the prior curvature (Lemma D.13) and g(α) is the coupling term from Lemma D.9.

At onset (mS = 0), we have J∆ = JS = Dkα. The coupling term becomes:

g(α) =
1

2
log
(
a+ cΣ(α)

)
− JS(α)

2

2κ4N2γ(a+ cΣ(α))
,

with a = σ−2
a , c = 1

κ2N2γ , Σ(α) = Ckα
2, and JS(α) = Dkα.

Step 3: Computing the Taylor expansion

Expanding around α = 0:

For the logarithmic term:

1

2
log
(
a+ cCkα

2
)
=

1

2
log a+

cCk

2a
α2 +O(α4).

For the rational term:

D2
kα

2

2κ4N2γ(a+ cCkα2)
=

D2
kα

2

2κ4N2γa
+O(α4) =

σ2
aD

2
k

2κ4N2γ
α2 +O(α4).

Therefore:

U(α) = const +
1

2

[
C +

σ2
aCk

κ2N2γ
− σ2

aD
2
k

κ4N2γ

]
α2 +O(α4).

Step 4: Onset condition and threshold

FL onset occurs when the quadratic coefficient vanishes:

C +
σ2
aCk

κ2N2γ
− σ2

aD
2
k

κ4N2γ
= 0.

Multiplying by κ4N2γ/σ2
a and rearranging:

CN2γσ−2
a κ4 + Ckκ

2 −D2
k = 0.

Solving this quadratic in κ2 gives:

κ2
c =

√
C2

k + 4CN2γD2
kσ

−2
a − Ck

2Cσ−2
a N2γ

.

Step 5: Asymptotic approximation

For large C, the square root is dominated by the term 4CN2γD2
kσ

−2
a , so:√

C2
k + 4CN2γD2

kσ
−2
a ≈ 2|Dk|σ−1

a

√
CN2γ .

This yields:

κ2
c ∼

2|Dk|σ−1
a

√
CN2γ

2Cσ−2
a N2γ

=
|Dk|σa

Nγ
√
C

=
Λk√
C
. (149)

Now the proof of Theorem 4.1 follows by the lemmata above.

Proof. MF: Combine CMF = dk
σ2
w

(Theorem D.13) with equation 149 to get κ2
c,MF ≍

Λk

√
σ2
w/(dk) = Θ(

√
1/(dk)). MF–ARD: By Theorem D.12, for t ≥ t0 we have CARD(t) = Θ(k),

hence κ2
c,ARD ≍ Λk/

√
k = Θ(

√
1/k) from equation 149.
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E ALGORITHMS

E.1 FP ALGORITHM

Model. Given (X, y) with X ∈ {±1}P×d and y ∈ RP×1, we approximate the predictor by a
particle ensemble,

f(x) = sf

B∑
b=1

ab ϕ(w
⊤
b x), sf =

N1−γ

B
. (150)

We draw a single dataset of size P once at initialization and keep it fixed for the entire run. On the
training set let fp = f(xp) and rp = yp − fp. The Langevin temperature is fixed by the likelihood
noise as T = 2κ2 (Section A.1). This choice makes SGLD asymptotically sample from the
Bayesian posterior. Because all objectives and gradients are computed as empirical averages over
this fixed sample (via 1/P factors), the dynamics naturally exhibit finite-P fluctuations.

Sufficient statistics We define the following low-rank statistics per particle b, with zpb = x⊤
p wb:

C1,b =

P∑
p=1

ϕ(zpb) rp, C2,b =

P∑
p=1

ϕ(zpb)
2, (151)

Gdata
b = − 2

P

P∑
p=1

(
rp − sfab ϕ(zpb)

)
ϕ′(zpb)

(
sfab

)
xp ∈ Rd. (152)

These quantities are the only per-pass summaries we need to form gradients for ab and wb.

Prior and SGLD potential We impose a diagonal (ARD) Gaussian prior on the weights and an
i.i.d. Gaussian prior on amplitudes:

Eprior =
1
2

B∑
b=1

ρ⊤(wb ⊙wb) +
1

2σ2
a

B∑
b=1

a2b , Ldata =
1

P

P∑
p=1

(yp − fp)
2, (153)

and update parameters by Langevin dynamics on the potential

U(W,a) = T Eprior + Ldata. (154)

Gradients used by SGLD From the streamed statistics we get closed-form gradients:

∇ab
U =

T

σ2
a

ab −
2 sf
P

C1,b +
2 s2f
P

C2,b ab, ∇wb
U = Gdata

b + T (ρ⊙wb). (155)

These are the only quantities used inside the inner SGLD loop.

SGLD updates We apply Euler–Maruyama steps with isotropic Gaussian noise:

wb ← wb − η∇wb
U +

√
2Tη ξwb

, ab ← ab − η∇ab
U +

√
2Tη ξab

, (156)

where ξwb
∼ N (0, Id) and ξab

∼ N (0, 1). We use polynomial decay on η always matching the
SGLD-trained full NNs.

ARD update The ARD update is:

αpost = α0 +
B
2 , βpost = β0 +

1
2

B∑
b=1

∥wb∥22, ρ← (1− λ) ρ+ λ
αpost

βpost
. (157)

Fixed-point view and the K inner steps The outer loop implements a fixed-point iteration on
the network f . Writing r = y − f , define the map GK as: (i) run K inner SGLD steps on (wb, a)
using the current residual r; (ii) recompute f new(xp) = sf

∑
b ab ϕ(w

⊤
b xp). As K→∞ and η→0

the inner Markov chain approaches its stationary law, and the iteration solves the MF FP equations
described in the theory sections.
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Algorithm 1 Simple streaming SGLD for (a,w) with optional ARD
Require: (X, y); B,N, γ, σa, σw, κ; activation ϕ; steps Tout, inner steps K, step size η; optional

ARD (α0, β0, λ)
Ensure: Final particles {(wb, ab)}Bb=1 and predictor f(x) = sf

∑
b abϕ(w

⊤
b x)

1: Init: wb ∼ N (0, σ2
wId/d), ab ∼ N (0, σ2

a); set ρ← d/σ2
w; set T ← 2κ2

2: for t = 1..Tout do
3: compute fp = sf

∑
b abϕ(x

⊤
p wb) and residuals rp = yp − fp

4: for k = 1..K do
5: compute {C1,b, C2,b, G

data
b } via formulas above

6: Form ∇ab
U,∇wb

U ; update wb ← wb − η∇wb
U +

√
2Tη ξwb

, ab ← ab − η∇ab
U +√

2Tη ξab

7: refresh fp, rp after the last inner step
8: end for
9: ARD update ρ: αpost = α0 +

B
2 , βpost = β0 +

1
2

∑
b ∥wb∥2, ρ← (1− λ)ρ+ λαpost/βpost

10: end for

Empirical calculation of mS and generalization error Let the teacher be a single Walsh mode
χS , so y(x) = χS(x). On a held-out set {xµ}Peval

µ=1 define the vector c ∈ RPeval by cµ = χS(xµ),
the empirical Gram scalar

g =
1

Peval
c⊤c, (158)

and the (scalar) empirical overlap

mS =
1

Peval

Peval∑
µ=1

χS(xµ) f(xµ) =
1

Peval
c⊤f. (159)

Let f̄2 = 1
Peval

∑
µ f(xµ)

2. Then the empirical test MSE decomposes as

Êtest =
1

2Peval

Peval∑
µ=1

(
f(xµ)− χS(xµ)

)2
= 1

2 (1−mS)
2︸ ︷︷ ︸

mode term

+ 1
2

(
f̄2 − 2m2

S + gm2
S

)︸ ︷︷ ︸
noise / orthogonal term

(160)

=
1

2

(
f̄2 − 2mS + g

)
, (161)

where the second line is the direct empirical expression. When the Walsh basis is orthonormal on
the evaluation set (g = 1), this reduces to Êtest = 1

2 (f̄
2 − 2mS + 1).

F TRAINING DETAILS (HYPERPARAMETERS)

Here, we present the hyperparameters for SGLD and MF-ARD for the different figures. The hyper-
parameters for Figure 5 are specified below.

• Data in Figure 1 is a slice of Figure 5 for κ = 5 · 10−3.

• Data in Figure 3 is a slice of Figure 5 for κ = 5 · 10−3.

• Figure 4 are averages over 3 trained models from the data of Figure 5 for κ = 5 · 10−3.
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Hyperparameter SGLD
d (input dimension) 35
P (train set sizes) {10, 100, 500, 750, 1000, 2133, 3666, 5000, 7500, 10000}
κ values {5×10−4, 10−3, 5×10−3, 7.5×10−3, 10−2, 5×10−2, 10−1}
E (experiments / config) 3
teacher set S {0, 1, 2, 3}
data distribution X∈{−1,+1}d, y =

∏
j∈S Xj

activation ReLU
N (hidden units) 512
γ (scaling exponent) 0.5
gw, ga (prior variances) 1.0, 1.0
initialization w∼N (0, gw/d), a∼N (0, ga)
temperature T 2κ2

epochs (max) 7,500,000
batch size full-batch
loss mean MSE
learning rate η (final) 5×10−4

start LR ηstart 5×10−3

LR scheduler polynomial (power 2): ηstart→η over 2×106 steps

Table 1: Algorithm outlined in Section A.1. Hyperparamters for Figure 5 a).

Hyperparameter MF-ARD
d (input dimension) 35
P (train set sizes) {10, 100, 500, 750, 1000, 2133, 3666, 5000, 7500, 10000}
κ values {5×10−4, 10−3, 5×10−3, 7.5×10−3, 10−2, 5×10−2, 10−1}
E (experiments / config) 3
teacher set S {0, 1, 2, 3}
data distribution X∈{−1,+1}d, y =

∏
j∈S Xj

activation ReLU
B (particles) 512
N 512
γ 0.5
σa, σw 1.0, 1.0
initialization w∼N (0, σ2

w/d), a∼N (0, σ2
a)

outer steps 7,500,000
learning rate scheduler poly-2 decay: 5× 10−3→5×10−4 over 2×106 steps
SGLD inner steps K K0=12 → Kmin=2 (decay over 6×105 steps)
temperature T 2κ2

ARD on: α0=4.0, β0=4/35, EMA 0.5, ρ∈ [0, 1018]

Table 2: Algorithm outlined in Section E.1. Hyperparamters for Figure 5 b) with ARD disabled
and c) with ARD enabled.

For the single index model we introduced a bias vector in the architecture.
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Hyperparameter SGLD (Hermite single-index)
d (input dimension) 18
P (train set sizes) {75,000, 50,000, 25,000, 10,000, 5,000, 1,000, 100, 50}
κ values {10−5, 10−4, 10−310−2, 10−1}
E (experiments / config) 4
teacher type single-index Hermite
Hermite degree p 4
support size k 2 (random per experiment)
data distribution X ∼ N (0, Id)
teacher w wi =

1√
k

on support, else 0

labels y = Hep(Xw)
activation ReLU
N 1024
γ 0.5
σa, σw, σb 1.0, 0.5, 1.0
initialization w∼N (0, σ2

w/d), a∼N (0, σ2
a), b∼N (0, σ2

b )
temperature T 2κ2

epochs (max) 4,000,000
batch size full-batch
loss mean MSE
learning rate η (final) 5×10−4

start LR ηstart 2×10−3

LR scheduler polynomial (power 2): ηstart→η over 2×106 steps

Table 3: Algorithm outlined in Section A.1. Hyperparamters for Figure 7 a).

Hyperparameter MF-ARD (Hermite single-index)
d (input dimension) 18
P (train set sizes) {75,000, 50,000, 25,000, 10,000, 5,000, 1,000, 100, 50}
κ values {10−5, 10−4, 10−310−2, 10−1}
E (experiments / config) 4
teacher type single-index Hermite
Hermite degree p 4
support size k 2 (random per experiment)
data distribution X ∼ N (0, Id)
teacher w wi =

1√
k

on support, else 0

labels y = Hep(Xw)
activation ReLU
B (particles) 1024
N 1024
γ 0.5
σa, σw, σb 1.0, 0.5, 1.0
initialization w∼N (0, σ2

w/d), a∼N (0, σ2
a), b∼N (0, σ2

b )
outer steps 4,000,000
learning rate scheduler poly-2 decay: 2× 10−3→5×10−4 over 2.5×106 steps
SGLD inner steps K K0=12 → Kmin=2 (decay over 6×105 steps)
temperature T 2κ2

ARD on: α0=0.1, β0=α0/d=0.1/18, EMA 0.5, ρ∈ [0, 1018]

Table 4: Algorithm outlined in Section E.1. Hyperparamters for Figure 7 b) with ARD enabled.
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