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HIGHLIGHTS

« Developed PHLP, an explainable link prediction (LP) method using topology.
« Demonstrated close-to-SOTA LP performance with PHLP.

« PHLP enhanced existing LP models, including SOTA.

« First to achieve near-SOTA LP performance without GNN.

ARTICLE INFO ABSTRACT

Communicated by X. Yan Link prediction (LP), inferring the connectivity between nodes, is a significant research area in graph data, where
a link represents essential information about relationships between nodes. Although graph neural network (GNN)-
based models have achieved high performance in LP, understanding why they perform well is challenging because

Iéig}?ri;lysis most consist of complex neural networks. We employ persistent homology (PH), a topological data analysis
Link prediction method that helps analyze the topological information of graphs, to interpret the features used for prediction.
Persistent homology We propose a novel method that employs PH for LP (PHLP) focusing on how the presence or absence of target
Topological data analysis links influences the overall topology. The PHLP utilizes the angle hop subgraph and new node labeling method

called degree double radius node labeling (Degree DRNL), which distinguishes the information of graphs better than
DRNL. Using only a classifier, PHLP performs similarly to state-of-the-art (SOTA) models on most benchmark
datasets. Incorporating the outputs calculated using PHLP into the existing GNN-based SOTA models improves
performance across all benchmark datasets. To the best of our knowledge, PHLP is the first method to apply PH
to LP without GNNs. The proposed approach, employing PH while not relying on neural networks, enables the
identification of crucial factors for improving performance.

1. Introduction interactions can be applied to diverse domains, including friend rec-
ommendations on social networks [2,20,61], knowledge graph com-
pletion [28,38], identification of potential drug—protein interactions in
bioinformatics [37,47], prediction of protein interactions [31,33,37],
and optimization of supply chain logistics [10,11].

The link prediction (LP) problem has been categorized into three
major paradigms: heuristic methods, embedding methods, and graph
neural network (GNN)-based methods, which are explored in detail in

Graph data pervade numerous domains such as social networks,
biological systems, recommendation engines, and e-commerce net-
works [59,69]. The graph is well-suited for modeling complex real-world
relationships.

Predicting missing or potential connections within a graph is es-
sential for many applications, unlocking valuable insights and facilitat-
ing intelligent decision-making. The ability to predict future network
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GNN-based Method: Proposed Method
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Fig. 1. Difference between the GNN-based and proposed methods. (Left) The
GNN-based method extracts feature vectors through optimization (dashed area),
making it difficult to interpret what these vectors represent. (Right) The pro-
posed method extracts feature vectors through the designed analysis process,
resulting in interpretable vectors.

Section 2. Recently, compared to heuristic [2,4,9,26,35,72] and em-
bedding methods [22,30,43,50], GNN-based models have achieved sig-
nificant score improvements in capturing intricate relationships within
graphs [29,36,42,60,64,67].

However, GNN-based methods are composed of neural networks,
making it challenging to understand the reasons for their performance.
To explore these reasons, we employ persistent homology (PH), a
mathematical tool in topological data analysis (TDA) that enables the
inference of topological information regarding the manifold approxi-
mating the data [17,24] by quantifying the persistence of topological
features across multiple scales. Various research has had successful out-
comes in applying PH to graph classification and node classification
tasks [13,15,23,25,49,58,62,63,70,71]. In contrast, relatively few stud-
ies have explored using PH for LP. The topological loop-counting (TLC)
GNN [60] is a notable example that uses PH. The TLC-GNN injects topo-
logical information into a GNN, and experiments were conducted on
benchmark data where node attributes are available.

In this context, as illustrated in Fig. 1, we present a novel approach to
LP, called PHLP, which calculates the topological information of a graph.
The main difference between GNN-based methods and our method is
described in Section 3.6. To use the topological information of sub-
graphs for LP, we measure how the topological information changes
depending on the existence of the target link, as illustrated in Fig. 2.
To extract topological information from various perspectives, we utilize
angle hop subgraphs for each target node. Additionally, we propose new
node labeling method called degree double radius node labeling (Degree
DRNL), which incorporates degree information for each node, using
DRNL [67].

The contributions are summarized as follows:

« We develop an explainable LP method, PHLP, that employs the topo-
logical information for LP through PH without relying on neural
networks, as illustrated in Fig. 1.

« We demonstrate that the proposed method, even with a simple
classifier such as a multilayer perceptron (MLP), can achieve LP
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performance close to that of state-of-the-art (SOTA) models. This
method surpasses the SOTA performance for the Power dataset.

« We reveal that merely incorporating vectors computed by PHLP
into existing LP models, including SOTA models, can improve their
performance.

« To the best of our knowledge, the proposed method using PH with-
out a GNN is the first to achieve performance close to that of SOTA
models.

2. Related work
2.1. Link prediction

Heuristic methods. Heuristic-based approaches to LP compute the
predefined structural features within the observed nodes and edges of
the graph. Classic methods, such as common neighbors [2], Adamic-
Adar [2], Jaccard coefficient [35], and preferential attachment [4],
rely on simple heuristics that capture certain aspects of node rela-
tionships. Zhou et al. [72] proposed a local random walk method,
whereas Jeh and Widom [26] developed SimRank to quantify similarity
based on the structural context. Although heuristic methods provide
a preliminary understanding of LP, they are limited by their inability
to capture complex relationships within graphs. Furthermore, heuristic
methods are effective only when the defined heuristics align with the
graph structure; therefore, applying heuristic methods across all graph
datasets can be challenging.

Embedding methods. Embedding methods map nodes from the graph
into a low-dimensional vector space where geometric relationships mir-
ror the graph structure. Koren et al. [30] demonstrated the power of
matrix factorization for collaborative filtering. Perozzi et al. [43] intro-
duced DeepWalk, using random walks to generate node sequences and
employing the skip-gram model to produce embeddings. Tang et al. [50]
developed large-scale information network embedding (LINE), which
preserves local and global structures. Grover and Leskovec [22] fur-
ther advanced this approach with Node2Vec (N2V), proposing a flexible
notion of the neighborhood to capture diverse node relationships.

Embedding methods are advantageous due to their applicability
regardless of the data characteristics using optimization. Node repre-
sentations capture global properties and long-range effects through the
learning process. However, these methods often require significantly
large dimensions to express basic heuristics, resulting in lower perfor-
mance compared to heuristic methods [40]. Moreover, in embedding
methods, Ribeiro et al. [44] explained that two nodes with similar
neighborhood structures may have vastly different embedded vectors,
especially when they are far apart in the graph, leading to incorrect
predictions.

GNN-based methods. The GNN has become a pivotal approach to LP
due to its ability to grasp graph-structured data. By effectively incor-
porating local and global information through message passing and
graph aggregation layers, GNNs enhance LP performance. The model
by Zhang et al. [67] uses subgraphs as the primary structural units to
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Fig. 2. Topological features in subgraphs with and without a target link (u, v). The diagram illustrates the topological information extraction process for the subgraph
N, as described in Section 3.3. The presence (top) or absence (bottom) of the target link changes the topological structure of the graph. Top row: When the target
link is connected, three features (C,, C,, and C;) are detected as shown in the persistence image (PI) in the right column. The PI represents the topological features
of the subgraph N (Section 3.3). Bottom row: When the target link is absent, only two features (C, and C;) are detected as depicted in the corresponding PI.
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Fig. 3. Overall structure of persistent homology for link prediction (PHLP) and multiangle PHLP (MA-PHLP). (a) PHLP calculates the topological information based
on the existence of target links in angle hop subgraphs for each target node. (b) With a classifier, MA-PHLP integrates topological information across various angles

to perform LP.

learn and predict connections, resulting in significant improvement. This
paradigm shift led to research focusing on refining and advancing sub-
graph methods in the context of GNNs [12,14,34,36,41,42,56,64,65].
However, despite their superior performance, GNN-based methods pose
a challenge in comprehending the underlying mechanisms driving their
predictions. Within this context, we develop the PHLP, based on PH,
with performance comparable to GNN-based models.

2.2. Persistent homology on graph data

In recent years, PH, a method of analyzing the topological features of
data, has been widely used to analyze graph data. It has demonstrated its
effectiveness in graph classification tasks by analyzing the topology of
graphs [13,23,25,49,58,62,63,70] and has been applied to node classifi-
cation tasks [15,23,71]. Bhatia et al. [6] successfully proposed applying
PH to LP problem. However, its suitability for LP tasks has been limited,
and research on applying PH for LP has progressed slowly. Yan et al. [60]
proposed an intriguing approach by integrating PH with GNNs. While
their model demonstrates the potential of PH for capturing topologi-
cal features of graph data, it relies on GNN structures. Additionally, the
TLC-GNN requires further research on datasets without node attributes.

Although PH has demonstrated success in graph and node classifica-
tion tasks, its filtration technique, tailored to analyzing the entire graph
structure, might not be optimal for LP as the role of each node in LP
differs from that in graph or node classification tasks. To address this
challenge and advance research in LP, we develop a filtration method
tailored explicitly to LP tasks.

3. Method
3.1. Outline of the proposed methods

We propose (a) PHLP and (b) multiangle PHLP (MA-PHLP) as de-
scribed in Fig. 3. The PHLP method analyzes the topological structure
of the graph, focusing on target links. First, PHLP samples a (k, /)-angle
hop subgraph for the given target nodes (Section 3.2). Then, PHLP com-
putes persistence images (PIs; Section 3.3) for cases with and without
the target link. To calculate PIs, we introduce the node labeling and
define the edge-weight function (Section 3.3). Through PHLP, each tar-
get node is transformed into a vector comprising PIs. In addition, LP is
performed using the calculated vectors with a classifier (Section 3.5).
To reflect diverse topological information, we also propose MA-PHLP,
which analyzes data from various angles (Section 3.7).

3.2. Extracting angle hop subgraph

Given a graph G = (V, E) and two nodes u, v € V, a k-hop enclosing
subgraph for (u, v) is defined as N’ u’fv = (V', E') such that

V' ={zeV |duz) <kord(z,v) <k}, 1
={(zzwyeE|zeV'andweV'}, 2

‘@W
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(1,1) - hop
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Fig. 4. The motivation of (k, /)-angle hop subgraph. Just as viewing photographs
of an apple from multiple angles provides a comprehensive understanding. This
figure illustrates the capability to extract subgraphs from various perspectives.

where d(z, w) is the minimum number of edges in any path from z to w
in G. We define a (k, /)-angle hop enclosing subgraph, where the term
“angle” signifies viewing the subgraph from multiple perspectives. When
defining the (k, /)-angle hop subgraph, we were motivated by the obser-
vation in Fig. 4 that the information captured in a photograph varies
depending on the angle from which it is taken. To confirm features like
scratches on an apple, photographs from multiple angles are needed for a
comprehensive understanding. Similarly, we hypothesized that a multi-
perspective approach is necessary to predict the connections between
nodes u and v in a graph. Therefore, we devised a method to extract sub-
graphs by varying the degrees of separation between u and v, enabling
us to capture different views of the graph.

Given a graph G = (V, E) and two nodes u,v € V, a (k, [)-angle hop
enclosing subgraph for (u, v) is defined as W, u(kLl) (V', E') such that

V' ={zeV |du,z)<kord(z,v) <}, 3)
={zw)€EE|zeV'andweV'}. 4)

Thus, the angle hop can generate subgraphs in various forms, provid-
ing flexibility to adapt to various graph characteristics. The variation in
prediction due to angle is discussed in Section 4.3.

3.3. Topology-aware representation of subgraphs with persistence images

To extract topological information around the target nodes, we con-
vert each local subgraph into PIs, which serve as input to the classifier.
This section presents the three-step process involved in generating PIs
from a subgraph: (1) assigning node labels and edge weights to sub-
graphs, (2) computing a persistence diagram from an edge-weighted
subgraph, and (3) transforming the persistence diagram into a fixed-size
vector representation through a PI method.

Assigning node labels and edge weights to subgraphs. For a given
subgraph extracted from a pair of target nodes, we construct the filtra-
tion to calculate the topology using PH. Existing filtration methods for
graphs do not differentiate the target link, which is crucial for predict-
ing the presence of the target link. To extract topological features from
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Fig. 5. Node labeling on graphs. (a) Node label values without considering the

graph structure cannot distinguish between G, and G, using DRNL. (b) Applying
Degree DRNL allows G, and G, to be distinguished solely by node label values.
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Fig. 6. Persistence images (PIs) for two node labeling methods for the graphs in
Fig. 5. (a) DRNL exhibits identical zero-dimensional PIs for G, and G,, (b) Degree
DRNL produces distinct outcomes, effectively distinguishing between the two.

graphs for this purpose, the filtration process must distinguish the tar-
get link. To address this challenge, we utilize a node labeling that marks
nodes based on their relative positions to the target nodes, emphasiz-
ing the importance of the target link within the graph’s topology. Based
on this labeling, we define an edge-weight function that is subsequently
used to construct the filtration.

Zhang et al. [67] introduced DRNL, which computes the distance
from any node to two fixed nodes. For any subgraph N' = (V', E’) of G
and two nodes a,b € V', the DRNL fé’i’:l) : V' - N based on (a,b) of G
for any vertex w in V”, is defined as

S0 ) = 1+ min(d(w, @), d(w, b)) + 4, (4, + 7 — 1), 6))
where g, € Z and r,, € {0, 1} are integers representing the quotient and
remainder, respectively, such that d(w, a) + d(w, b) = 2q,, + r,,. We call
these two nodes, a and b, center nodes. These center nodes do not need
to be the target nodes used when extracting the subgraph.

However, DRNL encounters limitations when the graph is trans-
formed into node label information. As depicted in Fig. 5(a) DRNL
assigns the same node labels to different graphs, resulting in identical
zero-dimensional PIs (Fig. 6a). To incorporate the local topology of each
node with the effects of DRNL, we introduced Degree DRNL. For a given
subgraph N' = (V/, E’) of G and center nodes a, b € V', the Degree DRNL
fé’;’g)dml : V! = R based on (a, b), for all vertices w in V', is defined as
M — deg(w)

gm0 = S () + ———=— (6)

degdrnl
where M denotes the maximum degree of nodes in N'. The (M —
deg(w))/M term above assigns larger values for lower degrees of w.
When M = deg(w) for some vertex w, the value of Degree DRNL
matches the original DRNL, ensuring that the edges connected to nodes
with higher degrees are assigned smaller values, promoting their earlier
emergence in the filtration. Fig. 5(b) demonstrates various node labels
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obtained using Degree DRNL, resulting in PIs that can be distinguished
from each other (Fig. 6b).

For a given subgraph N = (V/,E’), let f : V' - R be a node
labeling function. The edge-weight function W (f) : E' — R, for any
edge (w, z) in E', is defined as W (f)(w, z) = max(f(w), f(z)).

Computing persistence diagram from an edge-weighted subgraph.
Given an edge-weighted subgraph N = (V’, E',W), we construct
a Rips filtration [19,21,54] and compute its PH. First, we create
a sequence of subgraphs {N,}.g, where each N, = (V',E!) and
E! = {e € E' | W(e) < ¢}. Second, we convert each subgraph W, into
the Rips complex K, = {r € X | (w, z) € E!for any two vertices w, z € 7},
where X is the power set of V'. In K, a simplex 7 is formed when the
vertices in 7 are pairwise connected by edges in V. Then, the Rips fil-
tration is obtained as Kel 5 Ke2 (SRR ON Ke,,, =Xfore <e < <¢g,.
Third, we compute the p-dimensional homology group H,(K,) for
each complex K, and track how these groups change as ¢ increases.
The persistence diagram D [19] comprises persistence pairs (b,d)
representing the e values at which a homological feature appears » and
disappears d, respectively, in the filtration.

Transforming the persistence diagram into a fixed-size vector rep-
resentation. We convert the persistence diagram into a PI [3]. For a
given persistence diagram D, consider a linear transform L : R? — R?
defined by L(x, y) = (x, y—x). The image set of D under this transforma-
tion is denoted as L(D). For each point (b,d’) in L(D), a weight function
®esary : R? > R is defined that assigns a weight to each point in the per-
sistence diagram. A common choice for ¢, ;, is the Gaussian function
centered at (b, d’). The nonnegative function is defined as 4 : R?> — R, as
h(x,y) = 1/log(1+]y|). The function 4 is zero along the horizontal x-axis,
and is continuous and piecewise differentiable, satisfying the conditions
presented in [3]. The persistence surface p,, : R* — R is defined as

@@= Y

(b,d")eL(D)

h(b, d’)d’(b,d')(z)- )

The continuous surface pj, is discretized into a finite-dimensional
representation over a predefined grid. This grid consists of » cells, each
corresponding to a specific region in the plane. The PI is defined as an ar-
ray of values I(pp) » for each cell p. Each I(pp) » in this array is computed
by integrating the persistence surface p;, over the area of cell p:

I(pp), =///)D dydx. ®)
p

The resulting vector I(pp), generated from the diagram D, is used as the
input feature for link prediction.

3.4. Theoretical analysis of the proposed filtration method

We construct filtrations of graphs to compute persistence diagrams
and extract topological features. Existing filtrations do not explicitly
consider the target link in a graph. We propose a novel filtration
method as explained in Section 3.3 based on node labeling. The pro-
posed construction demonstrates stability for node labeling functions,
providing a strong theoretical foundation for validity. Empirical valida-
tion of this theoretical stability under noisy node labeling is provided in
Appendix D.

Definition 1 (Graph isomorphism). A graph isomorphism between two
graphs G, = (V}, E)) and G, = (V,, E,) is a bijection between the vertex
sets f : V| —= V, such that any two vertices u and v of V; are adjacent in
G, if and only if f(u) and f(v) are adjacent in G,.

When representing graphs as vectors, the goal is to ensure that the
same vector represents isomorphic graphs. However, in the context of
the LP problem, two isomorphic graphs G, and G, can be represented
by different vectors, depending on the placement of the target node. To
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address this, we redefine graph isomorphism to account for target nodes
explicitly. Originally, the target node is needed for calculating the node
label, but we denote the target nodes (4, v) in graph G as G*Y).

Definition 2 (Graph isomorphism with target nodes). A graph isomor-
phism with target nodes between two graphs Gi"' 1) and G(Z“Z’"z) is a graph
isomorphism f between G, and G, such that f({u;,uy}) = {v,,0,}.

To guarantee the robustness of our approach under minor pertur-
bations, we present a stability theorem that quantifies the impact of
changes in node labeling on the persistence diagrams.

Theorem 1 (Stability theorem). Let G = (V, E) be a graph with tar-
get nodes u,v in V and let f® and g*" be two node labeling functions
defined on G™V). Denote the p-dimensional persistence diagrams of G“) ob-
tained from the filtrations constructed by f“*) and g“ as dgm,(f“") and
dgm,(g“), respectively. Then, the following stability inequality holds:

Dy(dgm,(f“),dgm,(g“?)) < || f@ - g,
where Dy is bottleneck distance, |||, is infinity norm.

The proof of the theorem is in Appendix A. This theorem aligns with
the general framework of stability results for persistence diagrams [16],
as established in the context of sub-level set filtrations. Our result ex-
tends this framework to node labeling-based filtrations we designed in
the context of graphs, addressing the challenges of incorporating target
nodes in LP tasks. It guarantees that small changes in the node labeling
function lead to bounded changes in the resulting persistence diagrams,
measured by the bottleneck distance. This result validates the robustness
of persistence diagrams derived from node labeling functions, ensuring
their reliability for LP tasks. In particular, this theorem applies when

the node labeling functions are defined as DRNL f;':’n”,) and Degree DRNL

f;':gzml, as shown in the following corollary.

Corollary 1. Let G™Y) = (V, E) be a graph with target nodes u,v in V.
: : : (u,0)
Then, the bottleneck distance between two persistence diagrams dgm o gt

rnl
and dgml,(f;;’;gml) is bounded by 1.

Proof of Corollary 1. By Theorem 1, we have DB(dgmp(fL(i’:’nUl)),

dgmy(fee) ) < I fgo) = fies lloo = max, (M — deg(w))/M < 1. This

completes the proof.
The boundedness established in Corollary 1 demonstrates that DRNL
and Degree DRNL yield similar persistence diagrams. This finding

confirms that degree information is included while maintaining the
information extracted using the DRNL.

Corollary 2. Suppose there exists a graph isomorphism with target nodes
between two graphs Gi""”l) and G;"Z’U”. Then, the persistence diagrams of

Gi""”‘) and G(z“z’vz), obtained from filtrations constructed using the same
fixed node labeling function, are identical.

The result guarantees consistency in the representation of isomor-
phic graphs that preserve target nodes, ensuring they produce identical
persistence diagrams under the same node labeling function.

3.5. Predicting the existence of the target link

For the given target nodes (u, v), we sample the (k, /)-angle hop sub-
graph W, ,ff‘u”) , denoted as N~ (Section 3.2), assuming that the target link
does not exist during this process. On this subgraph, we extract topo-
logical features by calculating PH and its vectorization (i.e., the PI, as
described in Section 3.3). The vectorization is calculated for each di-
mension and concatenated. If k # [, for symmetry, we repeat the same
process with the (/, k)-angle hop subgraph once and consider the average
of the two vectors, denoting this vector as x~. To observe the difference
in topological features, we consider a subgraph N+ obtained by connect-
ing the target link to A/ ~. For this graph, x* denotes the vector obtained
using this method.
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To predict the existence of the target link with the vectors x~ and x*,
we employ an MLP classifier ® : R2¢+D"* _, R where n represents the
resolution of the PI, and d denotes the maximal dimension of PH. The
model predicts the existence of a link between two target nodes with the
following probability:

z, = 6(®(x)), 9

where x is the concatenation of x~ and x*, and o is the activation
function. For the training dataset X C V x V, comprising positive and
negative links corresponding to the elements of E and (V' x V) \ E,
respectively, we define the loss function as follows:

Y, BCE(G v, 10
(u,v)EX

where BCE(-, -) represents the binary cross-entropy loss and y,,, denotes
the label of the target link (u,v), which is 0 for negative links or 1 for
positive links.

3.6. The interpretability of the feature extraction

Our method enhances the interpretability of feature extraction com-
pared to GNN-based methods. While GNNs can extract feature vectors
and visualize them using dimensional reduction techniques, understand-
ing the specific reasons behind the values of these features remains
challenging. This difficulty stems from the complex and uncertain nature
of the training process, which involves various factors such as opti-
mization methods, learning rates, batch sizes, loss functions, and data
distributions. In contrast, our method employs a predefined feature ex-
traction process that operates independently of any training phase, as
illustrated in Fig. 1. This approach not only eliminates the ambiguities
associated with training but also allows us to precisely understand what
each component of the extracted feature vector represents and identify
the critical aspects of our method that influence these values. This level
of clarity is particularly valuable for applications requiring transparent
and accountable decision-making processes.

For example, the development of the Degree DRNL node labeling
was enabled by the inherent interpretability of our method. Initially,
we utilized the DRNL to construct filtrations but noticed that the Power
dataset exhibited the lowest accuracy among our benchmark datasets.
This observation led us to conduct an extensive analysis of the subgraphs
and their corresponding feature vectors within the Power dataset. As
depicted in Fig. 5(a) we identified instances where structurally distinct
subgraphs produced identical feature vectors, highlighting a limitation
when utilizing DRNL. Despite one subgraph being labeled as 1 and the
other being labeled as 0 according to the presence or absence of a target
link, our method resulted in identical feature vectors for both subgraphs.
We easily identified the reasons behind these identical vectors, which
were straightforward since feature extraction does not involve a train-
ing process. To address this, we incorporated degree information into the
node labeling, as detailed in Eq. (6). We refined the labeling by adding
a fractional value between 0 and 1 based on the degree. This enhance-
ment complements the DRNL by assigning an order according to degree,
thereby prioritizing simplexes during their simultaneous addition in the
filtration process. Furthermore, we established a stability theorem that
guarantees minor perturbations in node labelings result in bounded
variations in persistence diagrams, thus enhancing the robustness and
reliability of our method.

Our methodology not only facilitates a deep understanding of the fea-
ture extraction process but also allows for targeted modifications based
on specific needs. This adaptability ensures that our approach can be
finely tuned to enhance performance or address specific characteristics
of the data set.

3.7. Multiangle PHLP

The MA-PHLP maximizes the advantages of PHLP by examining data
from various angles through the extraction of subgraphs based on a
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Table 1
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Link prediction performance measured by the AUC on benchmark datasets (90 % observed links). The top three scores for each dataset are

highlighted as follows: First (red), Second (blue), and Third (violet).

Dataset ‘ USAir NS PB Yeast C. ele Power Router E. coli
AA 95.06 + 1.03 94.45 +0.93 92.36 £0.34  89.43 +0.62 86.95 + 1.40 58.79 £ 0.88 56.43 +0.51 95.36 + 0.34
Katz 92.88 + 1.42 9485+ 1.10 9292+0.35 92.24 +0.61 86.34 + 1.89 65.39 + 1.59 38.62 + 1.35 93.50 + 0.44
PR 94.67 +1.08 94.89 + 1.08 93.54 +0.41 92.76 +0.55 90.32 + 1.49 66.00 + 1.59 38.76 +1.39 9557 +0.44
WLK 96.63 +0.73 98.57 +£0.51 93.83 +£0.59 95.86 +0.54 89.72 + 1.67 82.41+3.43 87.42 +2.08 96.94 +0.29
WLNM 95.95 +1.10 98.61 +0.49  93.49 +0.47 95.62 +0.52 86.18 +1.72 84.76 + 0.98 94.41 +0.88 97.21 +£0.27
N2V 9144 +1.78 91.52+1.28 85.79 +0.78 93.67 +0.46 84.11+1.27 76.22 +£0.92 65.46+0.86 90.82+1.49
SPC 7422 +3.11 89.94 +2.39 83.96+0.86 9325+040  51.90+2.57 91.78 £ 0.61 68.79 +242 9492 +0.32
MF 94.08+0.80  7455+4.34 9430+0.53 9028 +0.69 8590+ 1.74 50.63 +1.10 78.03+1.63  93.76 +0.56
LINE 81.47+10.71 80.63+190 7695+276 87.45+3.33 69.21+3.14 55.63 + 1.47 67.15+2.10  82.38 +2.19
SEAL 97.10 + 0.87 98.25 £ 0.61 95.07 £0.39 97.60 +0.33 89.54 +1.23 86.21 +2.89 95.07 + 1.63 97.57 £0.30
WP 98.20 + 0.57 99.12 +0.45 95.42 +0.25 98.21 +0.17 93.30+0.91 92.11 £0.76 97.15+0.29 98.54 +0.19
LGLP 97.09 +0.13 99.12+0.00 9470 +0.04 97.53+0.13  88.64+0.29 85.63 +0.07 9551 +£0.07  98.39 +0.08
MPLP 97.01 +£0.54 96.17 £0.84  94.06 +0.58 94.25+0.43 90.48 + 0.87 73.71 £ 1.08 91.90 £0.50  96.67 +0.14
MA-PHLP 97.10 + 0.69 98.88 + 0.45 95.10£026 97.98+0.22 9033 +1.16 93.05 +0.45 96.30 + 0.43 97.64 +0.20
MA-PHLP (dim 0) | 97.10+0.73 98.78 + 0.65 95.06 + 0.28 97.98 +0.23 89.88 +1.22 9337+ 041 9637043 97.72 +£0.17
hyperparameter, the maximum hop (max hop, denoted as k). The Table 2
types of angles are elements of all combinations of k and / within the set Statistics of the datasets.
{(k,)) e z? [0 <1 <k < kpax, k> 0}. If we define the prediction proba- Dataset #Nodes #Edges Avg. node deg. Density
bility of a PHLI.’ for eac'h ty'pe of angle h'op as Z for i = 1,2,...,N, tl?en USAir 332 2126 12.81 3.860.2
MA-PHLP predicts the likelihood of the link existence with the following NS 1589 2742 3.45 2.17e-3
probability: PB 1222 16,714 27.36 2.24e-2
Yeast 2375 11,693 9.85 4.15e-3
N C.ele 297 2148 14.46 4.87e-2
p= Z @;z;, a1 Power 4941 6594 2.67 5.40e-4
i=1 Router 5022 6258 2.49 4.96e-4
E.coli 1805 15,660 16.24 9.61e-3
where @ = (a, ..., ay) € RV is a trainable parameter. We apply the soft-

max function to the parameter « to ensure that the sum of all elements
equals 1. Moreover, MA-PHLP is trained using the binary cross-entropy
loss.

3.8. Hybrid method

The proposed approach easily integrates with existing subgraph
methods. Subgraph methods treat the LP task as a binary classification
problem comprising two components: a feature extractor F and classifier
P. Vectors with PH information calculated using the proposed meth-
ods are incorporated through concatenation before the classifier. The
detailed process of the hybrid method is outlined as follows:

1. Subgraph extraction: For the given graph G and target nodes
(u, v), k-hop subgraph N qu is extracted.

2. Feature extraction: Existing methods extract features Z =
F(NF)) from the subgraph.

3. Persistent image calculation: The methods described in
Section 3.3 are applied to N ,jfu, where I denotes the PI vector.
An MLP @ : R™ — R” transforms the PI into a format similar
to Z. For the hybrid method of MA-PHLP, N} is replaced with
multiangle subgraphs, concatenating their PI vectors.

4. Classification: Next, ¢; Z and a,®(/) are concatenated, where «,
and a, are trainable parameters. The softmax function is applied
to the parameter a = (a;, a,), ensuring that the sum of elements
equals 1, denoted by J. This concatenated vector is classified using
the existing method’s classifier, P(J).

4. Experiments

This section evaluates the performance of MA-PHLP. The exper-
iments were also conducted using only zero-dimensional homology
(MA-PHLP (dim 0)). We used the area under the curve (AUC) [7] as an
evaluation metric. We repeated all experiments 10 times and reported
the mean and standard deviation of the AUC values. Computation time

and memory usage results are provided in Appendix E. The code for
our implementation is available at https://github.com/Al-hew-math/
MA-PHLP.

4.1. Experimental settings

Baselines. To evaluate the effectiveness of PHLP, we compared the
proposed model with five heuristic methods, four embedding-based
methods, and two GNN-based models. The heuristic methods include
the Adamic-Adar (AA) [2], Katz index (Katz) [27], PageRank (PR) [8],
Weisfeiler-Lehman graph kernel (WLK) [45], and Weisfeiler-Lehman
neural machine (WLNM) [66]. For the embedding-based methods, we
applied N2V [22], spectral clustering (SPC) [51], matrix factorization
(MF) [30], and LINE [50]. Moreover, SEAL [67], WP [42], LGLP [12]
and MPLP [18] represent the GNN-based methods.

Datasets. In line with previous studies [67] and [42], we evaluate the
performance of our MA-PHLP on the eight datasets in Table 2 without
node attributes: USAir [5], NS [39], PB [1], Yeast [55], C. elegans
(C. ele) [57], Power [57], Router [46], and E. coli [68]. The detailed
statistics for each dataset are summarized in Table 2.

Implementation details. All edges in the datasets were split into train-
ing, validation, and testing datasets with proportions of 0.85, 0.05, and
0.1, respectively, ensuring a fair comparison with previous studies. The
max hop ka.x Was set to 3 for most datasets (Table 1). We empiri-
cally observed that increasing the number of hops beyond 3 did not
lead to significant improvements in performance. Therefore, we adopted
a max hop setting of 3 as a general rule. However, for the E. coli
dataset, it was reduced to 2 when employing one-dimensional homol-
ogy due to memory constraints. Conversely, for the Power dataset, the
max hop was set to 7. This decision was motivated by the extremely
sparse connectivity of the Power graph, which results in very small lo-
cal subgraphs even at 3 hops. We empirically observed that increasing
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Table 3

AUC scores for SEAL with and without TDA features.
Dataset SEAL MA-PHLP + SEAL
USAir 97.10 +0.87 97.41 + 0.62
NS 98.25 +0.61 98.97 + 0.30
PB 95.07 +£0.39 95.14 + 0.39
Yeast 97.60 +0.33 97.93 +0.18
C.ele 89.54 +1.23 89.61 +1.12
Power 86.21 +2.89 95.53 +0.33
Router 95.07 £ 1.63 96.15 + 1.26
E.coli 97.57 +0.30 97.93 +0.34

the hop size enabled the model to capture more informative topological
patterns, leading to meaningful performance gains, as shown in Table 9.
Moreover, despite the larger hop size, the resulting subgraph sizes re-
mained comparable to those of other datasets at 3 hops. Therefore, this
setting did not incur significant computational or memory overhead.
Details regarding computational time and memory usage are provided in
Appendix E.

The MLP configurations are fixed across all datasets, since the per-
formance was insensitive to the choice of hyperparameters, such as the
number of hidden layers or units. The sigmoid function was employed
for the activation function of the PHLP classifier. Tables 3 and 4 present
the results of the hybrid methods using SEAL [67] and WP [42], re-
spectively. We choose them because SEAL is simple and powerful GNN
method and WP shows the highest scores on 7 datasets. For these experi-
ments, a two-layer MLP was used for the MLP @ in Step 3 of Section 3.8.
We set the k-hops following the original methods, SEAL and WP, and
the max hops k5, of MA-PHLP were set as the k, except for the Power
dataset. For the Power dataset, we set the k-hop to 1-hop and max hop
kmax to 7, respectively, which is discussed in detail in Section 4.4.

4.2. Results

Results of MA-PHLP. Table 1 presents the AUC scores for each model
on the benchmark datasets. The top three scores for each dataset are
highlighted as follows: First (red), Second (blue), and Third (violet).
The results of AA, Katz, WLK, WLNM, N2V, SPC, MF, and LINE are
copied from SEAL [67] for comparison. Basically, we followed the ex-
perimental setup used in SEAL, including the data split ratio and AUC
evaluation. The process of splitting positive and negative samples in-
volves randomness. To ensure statistical reliability and fair comparison,
we fixed the random seed from 1 to 10, which consistently determined
both the dataset splits and the negative sampling process. The MA-PHLP
demonstrates high performance across most datasets, achieving compet-
itive scores. The proposed model outperforms several baselines, falling
between the GNN-based models in terms of the AUC score. Notably, for
the Power dataset, MA-PHLP achieves the highest AUC score, indicat-
ing its effectiveness in capturing link patterns. Experiments with 50 %
observed links can be found in Appendix D.

We also investigated whether incorporating higher dimen-
sional topological features would further enhance the performance.
Specifically, we compared the MA-PHLP (using both zero- and
one-dimensional PH) with the MA-PHLP (dim 0) that uses only
zero-dimensional features. As reported in Table 1, the inclusion
of one-dimensional PH led to only marginal improvement (around
0.015 % on average), while substantially increasing computational
cost. This suggests that zero-dimensional features sufficiently capture
the topological information for link prediction in our framework. Given
this trade-off, we employed the MA-PHLP (dim 0) for all subsequent
ablation and hybrid experiments.

Results of hybrid methods. Simply concatenating the PI vector calcu-
lated using PHLP with the final output of the SEAL model increases AUC
scores for all datasets, as listed in Table 3. This outcome suggests that
when the SEAL model lacks topological information for inference, the
vectors calculated using PHLP can serve as additional inputs.
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Table 4
AUC scores for WALKPOOL (WP) with and without TDA fea-
tures.
Dataset WP MA-PHLP + WP
USAir 98.20 +0.57 98.27 +0.53
NS 99.12 +0.45 99.24 +0.32
PB 95.42 +0.25 95.58 +0.32
Yeast 98.21 +0.17 98.25+0.18
C.ele 93.30 +0.91 93.32+0.71
Power 92.11 +£0.76 96.09 +0.38
Router 97.15+0.29 97.18 +0.24
E.coli 98.54 +0.19 98.57 +0.20
Table 5

AUC scores for MA-PHLP (dim 0) by node labeling.

Dataset DRNL Degree DRNL
USAir 96.73 +0.64 97.10 +0.73
NS 98.35 +0.58 98.78 + 0.65
PB 94.49 +0.27 95.06 + 0.28
Yeast 97.42 +0.27 97.98 +0.23
C.ele 88.97 + 1.37 89.88 +1.22
Power 88.51 +0.81 92.77 + 0.47
Router 96.21 +0.53 96.37 +0.43
E.coli 97.15+0.18 9772 +0.17
Table 6
AUC scores for PHLP (dim 0) with various (k, /)-angle hops.
Dataset (1,0) (1,1
USAir 96.15 + 0.83 95.87 + 0.83
NS 98.28 + 0.55 98.66 + 0.66
PB 93.95 + 0.34 94.46 + 0.36
Yeast 95.52 + 0.32 97.31 + 0.20
C.ele 86.18 + 2.12 87.57 + 1.20
Power 73.39 + 0.99 77.83 + 1.44
Router 92.09 + 0.57 93.25 + 0.47
E.coli 96.94 + 0.24 96.95 + 0.28
Dataset (2,0) 2,1 (2,2)
USAir 96.69 + 0.92 96.74 + 0.84 96.85 + 0.83
NS 98.72 + 0.51 98.59 + 0.65 98.56 + 0.47
PB 94.78 + 0.30 94.73 + 0.30 94.82 + 0.24
Yeast 97.71 + 0.18 97.66 + 0.27 97.58 + 0.28
C.ele 88.86 + 1.48 89.16 + 1.31 89.08 + 1.07
Power 80.27 + 1.07 83.90 +1.29 86.12 + 0.86
Router 95.65 + 0.44 95.71 + 0.39 94.51 + 0.69
E.coli 97.26 + 0.16 97.29 + 0.24 97.41 + 0.21
1.004
0.95+
0.90+
O
-]
<o.851 :
—w— USAir -+ Celegans
0.80+ NS —— Power
¢ —+- PB Router
0.751 ¥ Yeast ~ —e— Ecoli
2 4 8 16 32

Pl Resolution

Fig. 7. Sensitivity analysis of MA-PHLP (dim 0) to persistence image resolution
size mx m form € {2/ | i = 1,2,...,5}. The AUC scores are averaged over 10
runs. The shaded regions denote the range of one standard deviation around the
average.
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Table 7

Ablation study on the use of persistence images computed with (w/) and without
(w/0) the target link. A indicates the performance gap relative to the full setting
(MA-PHLP (dim 0)), which utilizes both features jointly.

Dataset MA-PHLP (dim 0) w/ targetonly w/o targetonly A (w/) A (w/0)
USAir 97.10 + 0.73 96.59 +0.75 96.56 + 0.68 -0.51 —0.54
NS 98.78 + 0.65 98.01 +0.79 97.53 +£0.66 -0.77 -1.25
PB 95.06 + 0.28 94.71 +£0.30 94.63 +0.31 -0.35 —0.43
Yeast 97.98 + 0.23 97.38 +0.43 97.04 +0.28 —0.60 —0.94
C.ele 89.88 + 1.22 88.86 +1.43 89.42 +1.39 -1.02 -0.46
Power 93.37 + 0.41 91.30 + 1.94 92.51 +£0.95 -2.07 -0.86
Router 96.37 + 0.43 95.39 +0.76 94.81 +0.55 -0.98 -1.56
E.coli 97.72 + 0.17 97.30 £0.23 97.25 +£0.25 —0.42 —0.47
Table 8
Comparison of AUC scores with TLC-GNN.
Dataset GCN TLC-GNN MA-PHLP-GNN
Cora 92.20 +0.83 93.16 + 0.56 93.14 +0.93
CiteSeer 86.52 +1.29 87.38 +£0.97 92.08 +0.53
PubMed 96.63 +0.15 96.30 +0.25 98.07 +0.07

Similarly, we attempted to hybridize PHLP with the current SOTA
model, WP. As presented in Table 4, a slight increase in AUC scores is
observed for all datasets. The Power dataset demonstrates significant
improvement. Detailed statistical significance analyses of these hybrid
results, including paired t-tests [48] and 95 % bootstrap confidence
intervals [53], are provided in Appendix C.

4.3. Ablation study

Effects of Degree DRNL. To assess the proposed Degree DRNL re-
garding the influence of incorporating degree information on model
performance, we conducted experiments using DRNL and Degree
DRNL and compared the results. We used MA-PHLP (dim 0) for the
experiments. Table 5 presents the AUC scores of MA-PHLP (dim 0) with
DRNL and Degree DRNL. Across all datasets, MA-PHLP (dim 0) yields
higher AUC scores when used with Degree DRNL than with DRNL. The
substantial improvement observed in the Power dataset is noteworthy,
where Degree DRNL yields an increase of over 4 points in the AUC score.
These experiments demonstrate the importance of incorporating degree
information into node labeling, revealing its efficacy in enhancing the
performance of MA-PHLP.

Angles of PHLP. Table 6 presents the performance of PHLP (dim 0)
concerning various (k,/)-angle hop subgraphs. Section 3.2 proposed

Table 9
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angle hop subgraphs as an alternative to the k-hop subgraphs to
capture information from various perspectives. Moreover, MA-PHLP is
proposed to aggregate information from multiple angles. To investigate
performance when extracting information from specific angles, we
conducted experiments using PHLP at different angles. We used only
zero-dimensional PIs for the experiments. Overall, the results demon-
strate that the performance is favorable for cases corresponding to the
k-hop subgraph (where k and !/ are the same). Some datasets perform
better when k and / differ, highlighting the importance of varying
angles to achieve the best performance. Therefore, using MA-PHLP is
recommended to maximize performance consistently across datasets.

PI resolution. We conducted experiments to examine how the perfor-
mance of MA-PHLP (dim 0) varies with respect to the PI resolution
grid size m x m form € {2/ | i = 1,2,...,5}, as shown in Fig. 7. The
figure demonstrates that, as long as the resolution is not too small, the
performance remains stable, suggesting that PI resolution is not a highly
sensitive hyperparameter. Based on these results, we chose m = 16 for
all experiments in this paper as a balanced choice between computa-
tional cost and performance. All experimental settings, except for the
PI resolution, are the same as those used for MA-PHLP (dim 0) in Table 1.

Effectiveness of PIs from the subgraphs A+ and N ~. We conducted
experiments to investigate the individual contributions of features de-
rived from the subgraph ' containing the target link and the subgraph
N~ without it (notation used in Section 3.5). While MA-PHLP (dim 0)
uses both PI features x* and x~ computed from M+ and N~ respec-
tively, this experiment evaluates MA-PHLP (dim 0) when only one of
these representations is used. The results are presented in Table 7.
Across all datasets, the joint use of both PI features consistently
outperforms the use of either feature alone. This highlights the effec-
tiveness of combining both features in better capturing the topological
information relevant to link prediction. The largest performance gaps
were observed in the Power and Router datasets, with decreases of 2.07
and 1.56, respectively. These datasets also exhibit the lowest densities
as shown in Table 2, suggesting that incorporating both x* and x~ is
particularly valuable when structural information is limited.

Comparison with TLC-GNN. To demonstrate that the proposed method
extracts superior topological information compared to the conventional
TLC-GNN approach, we conducted further experiments. The TLC-GNN
was constructed by augmenting the graph convolutional network (GCN)
with PI vectors, followed by an MLP classifier that takes the concatena-
tion of GCN embeddings and PI vectors as input.

AUC scores on the power dataset varying k-hop and max hop k,,, of the hybrid methods.

MA-PHLP (with max hop k)

Kmax 1 2 3 4 5 6 7

SEAL (with k-hop) k not robust to k robust to k
1 86.66 + 0.56 90.22 +£0.79 92.63 +£0.54 94.50 £ 0.41 95.12 £ 0.40 95.46 +£0.38 95.53 + 0.33
2 91.40 +0.88 90.20 + 0.80 92.50 +0.59 94.39 +0.39 95.00 + 0.46 95.31 +0.40 95.39 + 0.36
3 93.21 +£0.64 92.79 + 0.60 92.57 +£0.58 94.22 +0.43 94.86 +0.42 95.21 + 0.45 95.19 £0.44
4 94.51 +£0.58 94.23 +0.34 94.21 £0.41 94.31 £ 0.40 94.80 £ 0.37 95.10+£0.33 95.27 + 0.36
5 94.73 +0.56 94.45 +0.44 94.61 +0.51 94.80 +0.53 94.91 +0.54 95.13 +£0.51 95.19 + 0.46
6 94.58 +0.94 94.81 +0.32 94.87 +0.42 95.06 + 0.50 95.11 +£0.46 95.25 + 0.45 95.25+0.46
7 93.97+0.73 94.22 +0.35 94.43 +£0.44 94.78 £ 0.45 94.92 +£0.39 94.99 + 0.52 94.98 +0.39

WP (with k-hop) k not robust to k robust to k
1 87.53+0.73 91.48 +0.64 93.55 +0.48 94.84 +0.43 95.53 +£0.46 95.88 +0.31 96.09 + 0.38
2 92.51 +£0.58 91.59 +£0.77 93.49 £0.58 94.83 +£0.53 95.56 +£0.59 95.88 +£0.38 96.06 + 0.45
3 94.04 + 0.46 93.07 +0.67 93.61 +0.52 94.86 +0.54 95.61 +0.60 95.86 +0.40 96.00 + 0.52
4 93.55 +0.71 92.61 +0.76 93.68 + 0.55 94.85 +0.55 95.59 +0.58 95.87 +£0.38 96.03 + 0.45
5 93.40 +£0.70 92.64 +0.69 93.66 +0.53 94.84 +0.54 95.55+0.59 95.85+0.39 96.04 + 0.52
6 93.34+0.75 92.66 +0.72 93.64 +£0.55 94.91 £0.57 95.55+0.58 95.85+0.44 95.98 + 0.55
7 93.30+0.73 92.61 +0.69 93.65 +0.56 94.87 +0.56 95.56 +0.58 95.90 +0.39 96.01 + 0.52
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Fig. 8. Visualization of vectors calculated using MA-PHLP (dim 0). For each dataset, the first and second columns depict the projections of persistence images when
double radius node labeling (DRNL) is applied for node labeling, and the third and fourth columns represent the values obtained when Degree DRNL is applied. The
first and third columns plot the values produced from positive edges (i.e., target nodes labeled 1), and the second and fourth columns plot the values produced from

negative edges (i.e., target nodes labeled 0).

To ensure a fair and isolated comparison of topological features,
we replaced the PI component of the TLC-GNN model with the PI
vector produced by MA-PHLP, resulting in the MA-PHLP-GNN model.
Both TLC-GNN and MA-PHLP-GNN use the same GCN backbone and
node attributes to compute the base representations, and differ only in
how the PI vectors are computed. Therefore, any observed performance

difference directly reflects the effect of topological feature construction.
The zero-dimensional PH was employed in this study for fair compar-
ison because TLC-GNN used only zero-dimensional PH. Additionally,
we conducted experiments where the PI vectors were replaced with
zero vectors, denoted as GCN. Table 8 presents the experimental
results.
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Fig. 9. Visualization of vectors calculated using MA-PHLP (dim 0).

TLC-GNN is designed for attributed datasets. Hence, we conducted
experiments using the following widely used benchmark datasets with
node attributes: Cora [37], CiteSeer [21], and PubMed [38]. It is im-
portant to emphasize that all models, including GCN, TLC-GNN, and
MA-PHLP-GNN, utilized node attributes in the same way to ensure a
controlled comparison. The only difference between the models lies in
whether and how topological features are generated. The MA-PHLP-
GNN outperformed the TLC-GNN significantly on the CiteSeer and
PubMed datasets while achieving similar performance on the Cora
dataset. The TLC-GNN does not exhibit performance improvement for
the PubMed dataset despite adding topological information. However,
the proposed MA-PHLP-GNN demonstrates substantial performance en-
hancement. Although the proposed model is developed for datasets
without node attributes, it exhibits effective performance on datasets
with node attributes through hybridization with the existing meth-
ods: SEAL+PHLP, WP +PHLP, and MA-PHLP-GNN. These experiments
verify the versatility and effectiveness of this approach across diverse
datasets.

4.4. The hops and max hops of the hybrid methods

Determining the hyperparameters such as “hop” and “max hop”
is crucial for the performance of the hybrid method. We conducted
experiments to explore the effects of different combinations of these pa-
rameters. Given that the hybrid methods (e.g., MA-PHLP + SEAL and
MA-PHLP + WP) exhibited the highest performance improvement on
the Power dataset, we conducted experiments on the Power dataset.
Table 9 presents the AUC scores for varying hop (SEAL or WP) and max
hop (MA-PHLP). For each target node, while the SEAL and WP extract
a k-hop subgraph, the MA-PHLP calculates the PIs based on a subgraph
with max hop k. When the parameter ki, is 1 or 2, the AUC scores

10

are not robust to k, showing large variations; however, when k,,,, is 3,
although MA-PHLP + SEAL still exhibits variations up to 2, MA-PHLP
+ WP shows only minor variations. As k,,,, exceeds 3, the AUC scores
of MA-PHLP + SEAL and MA-PHLP + WP are robust to k, exhibiting
little sensitivity (maximum 0.84) to variations. This suggests that setting
both the hop and the max hop to identical values may be permissible
without further searching for optimal hyperparameters.

5. Analysis
5.1. Analysis of the PHLP

Figs. 8 and 9 visualize concatenated PIs to illustrate how MA-PHLP
(dim 0) extracts topological features for LP. We let Z C R2kx” he a
set of vectors calculated by MA-PHLP, where k is the number of angles,
and r denotes the PI resolution. For (z,,z,) € Z, z; € RK s the con-
catenation of PIs for all angles with a target link, and z, € R s the
concatenation for cases without a target link. We consider a function
h : R 5 R defined as oy, ..., 0) = i Zf.‘zl [15;l;, where 7; € R are
PIs, and ||-||, denotes the L,-norm. For visualization, we transform Z into
points in R? using the function G, defined as G(z,, z,) = (A(z,), h(z,)) for
each (z;,z,) € Z.

Unlike dimensionality reduction techniques such as t-SNE or PCA,
which rely on optimization-based procedures, we visualize the PI vectors
using the explicitly defined function G. This approach avoids the opacity
associated with black-box embeddings and provides a deterministic and
interpretable projection. By directly mapping the high-dimensional PI
vectors onto a 2D plane, our method allows a transparent understand-
ing of how filtration and homology information influence the resulting
vectors. The visualizations using t-SNE and PCA are in Appendix F.

We plot distributions of points separately for positive and negative
links, considering both DRNL and Degree DRNL. The distributions of
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Table 10
Average number of nodes in subgraphs for the Power and
Router datasets.

Power Router

positive negative positive negative
1-hop 8.03 9.12 5.11 6.72
2-hop 22.26 24.85 29.21 13.94
3-hop 43.11 49.50 120.35 55.22
4-hop 71.72 82.16 411.87 176.34
5-hop 99.28 116.75 740.80 411.35
6-hop 136.23 158.27 1272.42 852.13
7-hop 182.22 210.35 1835.46 1498.58

the NS and Yeast datasets between positive and negative links display
significant differences, supporting the highest performance in Table 5. In
contrast, the distributions for the C. ele and Power datasets are the most
similar when using Degree DRNL, correlating with the lowest scores in
Table 5.

5.2. Analysis of the power dataset

In most LP models, including the SOTA models SEAL and WP, the
Power dataset tends to have the lowest AUC scores among the datasets.
In Table 1, the Power dataset is at the bottom in terms of scores across
models (e.g., WLK, WLNM, MF, LINE, SEAL, and WP). However, the
proposed model achieves the highest AUC scores on the Power dataset
among baseline models, prompting an analysis of the reasons for this
performance.

In Fig. 9, for DRNL, the Power dataset exhibits horizontal lines, indi-
cating that the values A(z,) have a limited range of outcomes for vectors
z, in cases without the target link; thus, the set of values h(z,) with
the same value should be spread out. This observation implies that, for
numerous subgraphs the calculation of PIs yields similar outcomes de-
spite the differences in their topological structures, posing a challenge
in distinguishing between them. To address this problem, we applied
Degree DRNL, which incorporates degree information. The points in
Fig. 9 are distributed without horizontal lines, leading to the highest
score increase, as listed in Table 5.

The performance of heuristic methods, such as AA, Katz, and PR,
tends to be similar to random guessing on datasets with low density,
particularly in the cases of the Power and Router datasets. Embedding
methods also display low performance. In contrast, the GNN-based
methods demonstrate improved performance using subgraphs and the
network learning ability. However, the performance for the Power
dataset is significantly lower than that for the Router dataset.

To bridge this gap, we analyzed subgraphs with node labeling. The
number of nodes within the selected subgraphs between positive and
negative links was significantly different in the Router dataset but not
in the Power dataset (Table 10). This difference is attributed to the pres-
ence of the hub nodes in the Router dataset, which are connected to
numerous nodes. Thus, the subgraphs corresponding to positive links
tend to have more nodes than those corresponding to negative links.

However, the Power dataset does not have hub nodes, and the
number of nodes in the subgraph of positive links remains small.

We randomly changed the center nodes (a,b) for node labeling
fé:g)dml(w) increasing the performance, as listed in Table 11. This out-
come highlights that setting target nodes as the center nodes may not
effectively analyze the topological structure in the case of small graphs.
Furthermore, the performance for the Power dataset continues to in-
crease with increasing hops (Table 11), achieving an AUC score of 95.87,
which is significantly better than 92.11 for WP.

6. Limitations and future work

MA-PHLP generates graph features without any training process.
However, it achieves the highest performance only on the Power

11
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Table 11
Comparison of models by Max hop settings on the Power and Router datasets.

Model MA-PHLP MA-PHLP WP MA-PHLP + WP
Center  target random - random
Power 1-hop 78.05+1.20 85.66 + 0.86 80.24 £ 0.95 87.53+0.73
2-hop 86.34+1.04 90.52+0.73  89.40+1.00 91.59+0.77
3-hop 89.65 +0.64 91.90 £0.58 92.11+0.77 93.61 +£0.52
4-hop 91.38£0.53 92.67 £0.55 91.67 + 0.80 94.85+£0.55
5-hop 9227040  93.06+044  91.39+0.78  95.55+0.59
6-hop 92.77 £0.47 93.16 £ 0.49 91.55+0.83 95.85+0.44
7-hop 93.06+043 9337+041 91.50+0.89  96.01+0.52
Router 1-hop 93.12+ 045 93.40 +0.46 94.48 +0.36 94.83 +0.41
2-hop 95.96 + 0.40 95.70 £ 0.45 97.15+0.27 97.22+0.23
3-hop 96.38 +0.41 96.11 £0.43 97.28 +0.24 9742 +0.27
4-hop 96.45+0.40  9622+043  OOM! OOM
5-hop 96.46 + 0.42 96.24 + 0.48 OOM OOM
6-hop 96.44 +£0.45 96.23 +£0.47 OOM OOM
7-hop 96.43+045  96.19+049 OOM OOM

1 OOM denotes “out of GPU memory”.

dataset. In addition, while hybrid methods consistently lead to per-
formance improvements, such approaches often sacrifice interpretabil-
ity. Our future work will focus on designing hybrid frameworks that
can improve predictive accuracy while preserving interpretability.
Furthermore, we plan to extend our approach to directed and multi-
relational graphs, such as knowledge graphs, as well as to dynamic
graphs.

7. Conclusion

This paper proposes PHLP, an explainable method that applies PH to
analyze the topological structure of graphs to overcome the limitations
of GNN-based methods for LP. By employing the proposed methods,
such as angle hop subgraphs and Degree DRNL, PHLP improves the
analysis of the topological structure of graphs. The experimental re-
sults demonstrate that the proposed PHLP method achieves competitive
performance across benchmark datasets, even SOTA performance, espe-
cially on the Power dataset. Additionally, when integrated with existing
GNN-based methods, PHLP improves performance across all datasets.
By analyzing the topological information of the given graphs, PHLP
addresses the limitations of GNN-based methods and enhances overall
performance. As demonstrated, PHLP provides explainable algorithms
without relying on complex deep learning techniques, providing in-
sight into the factors that significantly influence performance for the
LP problem of graph data.
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Appendix A. The proof of theorem

Proof of Theorem 1. Let G® = (V, E) be a graph with target nodes u, v in V and let f® and g™ be two node labeling functions based on
(u, v) defined on G*Y), For simplicity, we denote these functions as f and g, respectively. Denote the edge-weight functions derived from f and g as
W (f) and W (g), respectively. The power set X of the vertex set V' is an abstract simplicial complex. Consider the Rips filtration function 2, : X - R
defined as

hy(o) = max{W(f)(w, z) | edge {w, z} C o}

whenever p > 1 for p-simplex o € X, and defined as h,(z) = 0 for any 0-simplex z. Denote h;'((—oo,e]) as K, for ¢ € R. Then, the Rips filtration
is obtained as K, < K, < - & K, = Xfore < e < - < ¢, By the stability theorem of the persistence diagram [16], we know that
Dg(dgm,(f),dgm,(g)) < lhy — hyllo-

Now, we have ||k, — h,|lo, = |(h; — h,)(o,)| for a p-simplex o, € X. By the maximality of 4, and h,, there are edges (w,,z,) and (w,.z,) C o,
such that h,(s,) = W(f)wy,z;) and h,(c,) = W(g)(w,, z,). Consider an interpolation map Z(r) = (1 — HW (f) + tW (g) for a real number 7, where
I(0) = W(f) and I(1) = W(g). Then, define a function H(t) = Z(t)(wy, z) — L(t)(w,, z,) for real number ¢. By the maximality of the functions /1, and
hy, we have H(0) > 0 and H(1) < 0. Given that H is continuous on the closed interval [0, 1], the intermediate value theorem guarantees the existence
of a real number ¢, within [0, 1] such that H(#;) = 0. That is, if we write I(¢,) as W,, we have W, (w, z;) = W, (w,, z,). Now, observe that

Iy = hyll = |(hy = h)E)]
= (W (N wy.z7) = W(g)wg. 2,)]
< Wy zp) = Walwy.zp)|
+ W, (g, ) = W ()W, 2,)|
<IW ) = Wil + IW, = W (D)l
= IW () - W©ll

The last equality is derived from the expression W, = (1 — t))W (f) + t, W(g).
By the definition of infinity norm, there exist two vertices w and z such that |W(f) - W(®)ll, = [W(f)w,z) — W(g)(w, z)|. Without loss of
generality, we can assume f(w) > f(z). Suppose g(w) > g(z). Then we have ||W (f) =W (&)l = [W (/) (w,z)-W (g)(w, z)| = | f(w)—gw)| < If ~&lleo-
Next, suppose g(w) < g(z). Then we have |[W (f)-W (9)ll,, = | f(w)—g(2)|. If f(w)—g(z) > 0, then | f(w)—g(z)| = f(w)—g(2) < f(w)—gw) < || f =gl -
If f(w) — g(z) <0, then |f(w) — g(z)| = g(z) — f(w) < g(2) — f(z) £ |If - gllo- Thus we have [W(f) - W(®)ll, < IIf - gll, and conclude
Dpg(dgm,(f),dgm,(g)) < ||f - glle- This concludes the proof.

Appendix B. Algorithm of PHLP

We present the training algorithms for the PHLP and MA-PHLP, as shown in Algorithms 1 and 2.

Algorithm 1 PHLP Training algorithm.
1: Input: Observed graph G = (V, E);
Classifier ® with He-initialized weights 0;
Angle hop parameters (k, /), maximum epoch Epochs, batch size m;
: Output: Trained classifier ® with optimized weights 6;
: Sample true target links {x,, x,, ..., x,} from observed links E and label them as 1;
: Sample false target links {x,, |, x,,5....,%,,} from V' X V' \ E and label them as 0;
: fori=1--2ndo
Extract (k, /)-angle hop subgraph WV, )ff‘”) for target link x;;
Compute Degree DRNL and assign edge weights to graphs with and without the target link, N'* and N'~;
Compute persistence diagrams Dt and D~ for N'* and N~ using edge weights as filtration values;
Vectorize Dt and D~ into persistence images PI* and PI~;
10: If k # 1, repeat the process for (/, k)-angle hop subgraph and average the two vectors;
11: Concatenate PI* and PI~ to form the final vector PI;;
12: end for
13: Form training dataset X = { PI,, PI,,..., PI,,} and corresponding labels Y = {1,...,1,0,...,0};
14: for e = 1--- Epochs do
15: Sample a random batch {pi,, pis, ..., pi,} from X and corresponding labels {y,, y,,....y,};
16: Predict labels from classifier ®: p;, p,,...,p,;

© XN DA WN

17: Train the classifier using binary cross-entropy loss BCE and update weights 6:
Vo( Z BCE(p;, y));
pi;EX
18: end for

12
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Algorithm 2 MA-PHLP Training algorithm.

1: Input: Observed graph G = (V, E);

Max hop k45, maximum epochs Epochs, batch size m;
Classifiers ® = (®,, ..., ®,) with He-initialized weights 6 = (6, ...,0y);
Trainable parameter a = (a;, ...,ay), where N = |{(k,]) € Z* : 0 <1 < k < kppax> k > 0} ;

2: Output: Trained classifiers ® with optimized weights 6;
Optimized parameter «;

3: Sample true target links {x,, x,, ..., x,} from observed links E and label them as 1;

4: Sample false target links {x,,,X,2,...,Xs,} from V x V \ E and label them as 0;

5: fori=1--2ndo

6: for k =1k, do

7: for I = k- kpay do

8: Extract (k,/)-angle hop subgraph V. ,ff’[) for target link x;;

9: Compute Degree DRNL and assign edge weights to graphs with and without the target link, At and N'~;
10: Compute persistence diagrams D and D~ for N'* and N~ using edge weights as filtration values;
11: Vectorize D™ and D~ into persistence images PI* and PI~;

12: If k # 1, repeat the same process with the (/, k)-angle hop subgraph and average the two vectors;
13: Concatenate PI* and PI~ to form Pl ;
14: end for
15: end for
160 PIS; = {Ply : 0 <1 <k <kmak>0)={(PI,,PL,,....PIy};
17: end for
18: Form training dataset X = { PIS|, PIS,, ..., PIS,,} and corresponding labels Y = {1,...,1,0,...,0};
19: for e =1--- Epochs do
20: Sample a random batch {pis,, pis,, ..., pis,,} from X and corresponding labels {y,, 5, ..., ¥, };
21 Predict labels from classifiers as p; = Zf’:l a;®;(pi;), where pis; = (piy, ..., pin);
22 Train the classifiers and update a using binary cross-entropy loss BCE:

Vol X BCE(p;,y));

pis;€X

23: end for

Appendix C. Statistical significance analyses of hybrid methods

We computed paired t-test p-values [48] and 95 % bootstrap confidence intervals [53] between the base models (SEAL / WP) and their hybrid

variants incorporating our topological features (MA-PHLP + SEAL/WP), as reported in Tables 12 and 13. When the topological features were added
to SEAL, most datasets (e.g., USAir, NS, Yeast, Power, Router, E.coli) exhibited p-values below 0.05, indicating statistically significant improvements.
In particular, the Power dataset achieved a confidence interval of (7.118,10.786) and p < 107>, demonstrating a strong effect of the topological
features. Only PB and C.elegans showed non-significant differences (p > 0.05), implying that the improvement is not consistent across all datasets.
Similarly, when applied to WP, the improvements were smaller in magnitude. While most datasets yielded p-values above 0.05, both PB and Power

Table 12
Statistical significance analysis between SEAL and MA-PHLP + SEAL (Paired ¢t-test and 95 % CI).

Dataset SEAL MA-PHLP + SEAL paired t-test (p) Confidence intervals
USAir 97.10 +0.87 97.41 + 0.62 0.05 (0.08,0.59)

NS 98.25 +0.61 98.97 + 0.30 3.1e-03 (0.39,1.05)

PB 95.07 £0.39 95.14+0.39 0.12 (=0.01,0.14)

Yeast 97.60 +0.33 97.93+0.18 0.05 (0.05,0.59)

C.ele 89.54 +1.23 89.61+1.12 0.83 (—0.52,0.59)

Power 86.21 +2.89 9553 +0.33 9.3e-06 (7.12,10.79)

Router 95.07 £ 1.63 96.15 +1.26 4.7e-03 (0.83,2.48)

E.coli 97.57 +0.30 97.93 +0.34 1.8e-03 (0.21,0.51)

Table 13

Statistical significance analysis between WP and MA-PHLP + WP (Paired t-test and 95 % CI).

Dataset WP MA-PHLP + WP paired t-test (p) Confidence intervals
USAir 98.20 +0.57 98.27 +0.53 0.57 (=0.12,0.29)

NS 99.12+0.45 99.24 +0.32 0.13 (0.00,0.23)

PB 95.42+£0.25 95.58 +0.32 2.3e-03 (0.08,0.22)

Yeast 98.21+0.17 98.25+0.18 0.12 (=0.0,0.1)

C.ele 93.30 + 091 93.32+0.71 0.64 (=0.13,0.21)

Power 92.11£0.76 96.09 + 0.38 1.4e-08 (3.64,4.42)

Router 97.15+£0.29 97.18 £0.24 0.43 (=0.05,0.13)

E.coli 98.54 +0.19 98.57 +0.20 0.40 (=0.02,0.07)

13
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again demonstrated statistically significant gains (p < 0.01). These results suggest that the proposed topological features provide statistically verifiable
performance enhancements in particular datasets.

Appendix D. Robustness analysis of the proposed method

Experiments with a reduced percentage of observed links. Following prior work, we conducted additional experiments with only 50 % of
the links observed. The results are presented in Table 14. Except for the results of LGLP, MPLP, and MA-PHLP (dim 0), which we reproduce, all
others are directly taken from the WP paper. Below each score, we report the drop in AUC scores (v) from the 90 % to the 50 % observed setting.
Reducing the number of observed links substantially degrades the performance of all models. Notably, MA-PHLP (dim 0) continues to achieve the
best performance on the Power dataset, even under the reduced setting, demonstrating strong robustness.

Gaussian noise on node labeling. Theoretically, the stability of persistent homology under variations in the filtration function on simplicial com-
plexes is well established. In this paper, we further prove that similar stability results can be extended to perturbations in the node labeling. This
theoretical guarantee is formalized in Theorem 1, with a detailed proof provided in Appendix A.

Our model computes edge weights based on node labels obtained via the Degree DRNL function. As such, perturbing node labels directly affects
the computed edge weights and hence the persistent homology computations. To test the model’s robustness to this kind of noise, we add Gaussian
noise to each node label individually. Formally, given the Degree DRNL labeling function f : V — R, we define the perturbed labeling f; as

fi)=fW)+21-¢, e,~N(©O1 (12)

for each vertex v € V, where 4 € {0.1,0.5,1,5,10} is a scalar coefficient controlling the noise level.

Table 15 reports the results of this experiment, where we evaluate MA-PHLP (dim 0) across all benchmark datasets under 5 different random
seeds 1,2, ...,5. The performance remains stable for small scalar coefficients 4 = 0.1,0.5, 1, while a gradual performance degradation is observed in
most cases as the scalar coefficients increase to A =5 and A = 10, suggesting that the model is robust to moderate label perturbations.

Table 14
AUC scores at 50 % observed links (mean + std) and drop in AUC scores (v¥) across datasets.
Dataset USAir NS PB Yeast C. ele Power Router E. coli
AA 88.61 + 0.40 77.13 + 0.75 87.06 + 0.17 82.63 + 0.27 73.37 + 0.80 53.38 + 0.22 52.94 +0.28 87.66 + 0.56
v6.45 v17.32 v5.30 v6.80 v13.58 v5.41 v3.49 v7.70
Katz 88.91 + 0.51 82.30 + 0.93 91.25 + 0.22 88.87 +0.28 79.99 + 0.59 57.34 + 0.51 54.39 + 0.38 89.81 + 0.46
v3.97 v12.55 v1.67 v3.37 v6.35 v8.05 v15.77 v3.69
PR 90.57 + 0.62 82.32 + 0.94 92.23 + 0.21 89.35 + 0.29 84.95 + 0.58 57.34 + 0.52 54.44 + 0.38 92.96 + 0.43
v4.10 v12.57 v1.31 v3.41 v5.37 v8.66 v15.68 v2.61
WLK 91.93 + 0.71 87.27 +1.71 92.54 + 0.33 91.15 + 0.35 83.29 + 0.89 63.44 + 1.29 71.25 + 4.37 92.38 + 0.46
v4.70 v11.30 v1.29 v4.71 v6.43 v18.97 v16.17 v4.56
WLNM 91.42 + 0.95 87.61 + 1.63 90.93 + 0.23 92.22 + 0.32 75.72 + 1.33 64.09 + 0.76 86.10 + 0.52 92.81 + 0.30
v4.53 v11.00 v2.56 v3.40 v10.46 v20.67 v8.31 v4.40
N2v 84.63 + 1.58 80.29 + 1.20 79.29 + 0.67 90.18 + 0.17 75.53 +1.23 55.40 + 0.84 62.45 + 0.81 84.73 + 0.81
v6.81 v11.23 v6.50 v3.49 v8.58 v20.82 v3.01 v6.09
SPC 65.42 + 3.41 79.63 + 1.34 78.06 + 1.00 89.73 + 0.28 47.30 + 0.91 56.51 + 0.94 53.87 +1.33 92.00 + 0.50
v8.80 v10.31 v5.10 v3.52 v4.60 v9.33 v14.92 v2.92
MF 91.28 + 0.71 62.95 + 1.03 93.27 + 0.16 84.99 + 0.49 78.49 + 1.73 50.53 + 0.60 77.49 + 0.64 91.75 + 0.33
v2.80 v11.60 v1.03 v5.29 v7.41 v0.10 v0.54 v1.99
LINE 72.51 +12.19 65.96 + 1.60 75.53 +1.78 79.44 +7.90 59.46 + 7.08 53.44 +1.83 62.43 + 3.10 74.50 + 11.10
v8.96 v14.67 v1.42 v8.01 v9.75 v2.19 v4.72 v7.88
SEAL 93.36 + 0.67 90.88 +1.18 93.79 + 0.25 93.90 + 0.54 82.33 + 2.31 65.84 + 1.10 86.64 + 1.58 94.18 + 0.41
v3.73 v7.97 v1.22 v4.01 v7.97 v21.77 v9.74 v3.46
WP 95.16 + 0.70 90.68 + 1.04 94.50 + 0.20 94.89 + 0.22 87.83 +0.83 67.03 + 0.77 88.09 + 0.52 95.37 + 0.22
v3.18 v7.98 v1.03 v3.37 v5.17 v24.84 v9.14 v3.25
LGLP 94.97 + 0.12 91.19 + 0.11 94.15 + 0.05 94.61 + 0.13 83.53 + 0.12 66.48 + 0.27 85.88 + 0.26 95.01 + 0.09
v2.12 v7.93 v0.55 v2.92 v5.11 v19.15 v9.63 v3.38
MPLP 93.24 +1.36 86.98 + 0.77 93.15 + 0.47 90.34 + 0.30 86.55 + 0.88 58.06 + 0.70 85.91 + 0.58 94.09 + 0.24
v3.77 v9.19 v0.91 v3.91 v3.93 v15.65 v5.99 v2.58
MA-PHLP (dim 0) 93.79 + 0.71 89.14 + 0.89 94.32 + 0.14 94.07 + 0.32 83.62 + 1.44 72.32 +1.13 87.96 + 0.65 94.48 + 0.22
v3.31 v9.74 v0.78 v3.91 v6.71 v21.05 v8.41 v3.24
Table 15
AUC scores of MA-PHLP (dim 0) using noisy node labels 7 , with varying 4 € {0.1,0.5,1,5,10}.
Dataset Degree DRNL A=0.1 A=05 A=1 A=5 A=10
USAir 96.56 + 0.61 96.65 + 0.66 96.49 +0.57 96.30 + 0.56 93.71 £ 1.12 92.63 +1.32
NS 99.00 + 0.46 99.03 +0.47 99.07 +£ 0.41 98.94 +0.53 98.03 +0.41 97.65 +0.53
PB 94.96 +0.19 95.00 +0.21 94.94 +0.21 94.79 +£0.21 94.65 +0.25 9533 +£0.27
Yeast 97.93 +0.12 97.93 +0.15 97.84 +0.17 97.70 +0.20 96.91 +0.27 96.41 +0.18
C.ele 89.56 + 1.17 89.51 +1.30 89.47 +1.35 89.02 + 1.21 84.27 +1.02 82.73 +£2.09
Power 86.31 +1.03 86.29 + 1.08 85.86 +1.12 85.44 +1.10 83.95+1.26 83.18 + 1.25
Router 95.86 +£0.49 95.69 +0.48 95.60 +0.42 95.44 +0.49 93.52 +0.64 92.69 +0.49
E.coli 97.66 + 0.20 97.58 +0.17 97.49 +0.28 97.37 +0.31 96.30 +0.34 95.98 +0.37

14
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Appendix E. Computational efficiency, memory usage, and scalability analysis

This section presents the analysis of computational efficiency, memory usage, and performance scalability of our proposed models. All exper-
iments in this section were conducted on a server equipped with an AMD EPYC 7513 32-Core CPU and an NVIDIA A100 80GB PCle GPU. For
preprocessing and persistence image computation, we utilized all 32 CPU cores through multiprocessing.

Computation time and memory usage. While persistent homology is often considered computationally expensive, our implementation addresses
this cost using three different strategies.

First, the PI vectors are computed only once for each subgraph prior to training, as part of a preprocessing step. These features are fixed and
reused throughout training, avoiding repeated computations. Table 16 reports the computation time and memory usage required for generating PI
vectors in the MA-PHLP (dim 0) model, measured on the validation set of each benchmark. The first row, Avg. time per input (s), shows the average
time required to compute the PI vector for a single input, measured using a single CPU core. The second row, Total time (s), reports the total time
taken to compute PI vectors for the validation set of each benchmark, measured using 32 CPU cores with multiprocessing. The third row, Memory
per input (KB), indicates the fixed memory required to store the PI vector for one input. The last row, Total memory (MB), shows the total memory
usage for storing all PI vectors in the validation set.

Second, the trainable part of our model consists solely of an MLP classifier, rather than a GNN architecture with an MLP classifier. This significantly
reduces the computational complexity of our method. In contrast, WP uses attention during message passing, which makes it substantially more
computationally expensive. Table 17 presents the time required for one training epoch for both the GNN-based models and our proposed MA-PHLP
model.

Finally, we found that zero-dimensional features alone are sufficient to achieve strong performance. While persistent homology is generally
known to be computationally expensive, zero-dimensional homology can be computed efficiently using only Kruskal’s minimum spanning tree algo-
rithm [32] with a union-find [52], and is therefore not computationally heavy. Moreover, we parallelize the PI extraction process using CPU-based
multiprocessing, which significantly accelerates preprocessing and makes it practical even for large-scale datasets. Overall, the preprocessing time
remains acceptable in our experimental settings.

Performance scale. Regarding the effect of angle hops, Table 6 shows how varying the number of angle hops impacts performance within our
PHLP framework. We observe that performance improves with larger hops in some datasets. Furthermore, Table 9 illustrates a comparative analysis
on the Power dataset using a hybrid model. It shows that increasing the hop size in PHLP leads to a more significant performance gain than in
GNN-based models. For the Power dataset, we employed up to 7-hop neighborhoods. Thus, for this dataset, we measured the computation time for
each (i, j)-angle hop setting. Table 18 reports the average PI generation time (in seconds) per (i, j)-angle pair, measured over 100 input samples from
the Power dataset, computed using a single CPU core. Despite the increase in hop size, we observe a relatively moderate and predictable growth in
computation time. This behavior is expected, as zero-dimensional persistent homology is computed via the minimum spanning tree algorithm.

Table 16
Computation time and memory usage for persistence image extraction using MA-PHLP (dim 0) across
validation sets.

USAir NS PB Yeast C.ele Power Router E.coli
Avg. time per input (s) 2.08 0.09 3.18 1.64 1.87 0.9 0.34 4.62
Total time (s) 89.10 9.85 901.52 412.81 89.09 334.19 72.13 862.52
Memory per input (KB) 36 36 36 36 36 140 36 36
Total memory (MB) 7.45 9.63 58.71 41.06 7.52 89.96 21.94 51.54

T The max hop was set to 7 for Power dataset.

Table 17
Training time per epoch (in seconds) for each model on different datasets.
USAir NS PB Yeast C.ele Power’ Router E.coli

SEAL 2.48 2.18 63.65 12.45 2.41 4.82 5.52 59.86
WP 10.82 6.61 59.64 67.16 9.84 14.20 18.36 55.27
LGLP 6.92 1.02 35.74 31.85 1.86 2.25 2.67 65.90
MPLP 0.09 0.11 0.21 0.22 0.10 0.15 0.16 0.27
MA-PHLP 0.38 0.46 2.62 1.80 0.38 2.20 0.95 2.62
MA-PHLP (dim 0) 0.33 0.39 2.30 1.56 0.34 1.58 0.83 2.24

T The maximum hop was set to 7 for Power dataset.

Table 18
Average persistence image generation time (seconds) per (i, j)-angle pair over 100 input samples for the
Power dataset in the MA-PHLP (dim 0) model, computed using a single CPU core.

G, j) 0 1 2 3 4 5 6 7

0 - 0.1935 0.2728 0.4046 0.6266 0.9873 1.8200 2.3139
1 0.1962 0.2286 0.3082 0.4405 0.6642 1.0243 1.5635 2.3626
2 0.2725 0.3080 0.3979 0.5036 0.7449 1.0816 1.6356 2.4320
3 0.4215 0.4568 0.5493 0.6773 0.8646 1.2090 1.7544 2.5546
4 0.6574 0.7030 0.7640 0.8974 1.1934 1.4156 1.9698 2.7662
5 1.0201 1.0412 1.1135 1.2574 1.4329 1.7507 2.2819 3.1010
6 1.5325 1.5305 1.6013 1.7204 1.9350 2.2339 2.7658 3.5680
7 2.2194 2.2461 2.3202 2.4557 2.6504 2.9761 3.4822 4.3073
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Appendix F. Additional visualizations of persistence image features

We perform additional visualizations using standard visualization techniques, t-SNE (Figs. 10 and 11) and PCA (Figs. 12 and 13).
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Fig. 10. Visualization of persistence image (PI) vectors calculated using MA-PHLP (dim 0). For each dataset, the first and second columns depict the visualization of
PIs using t-SNE when double radius node labeling (DRNL) is applied for node labeling, and the third and fourth columns represent the values obtained when Degree
DRNL is applied. The first and third columns plot the values produced from positive links (i.e., target nodes labeled 1), and the second and fourth columns plot the
values produced from negative links (i.e., target nodes labeled 0).
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Fig. 11. Visualization of persistence image vectors calculated using MA-PHLP (dim 0) via t-SNE.
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Fig. 12. Visualization of persistence image vectors calculated using MA-PHLP (dim 0) via PCA.
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Fig. 13. Visualization of persistence image vectors calculated using MA-PHLP (dim 0) via PCA.

Data availability

Data will be made available on request.
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