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Abstract

When training an unregularized denoising feedforward neural network, we show that the
generalization error versus the number of training data points is a double descent curve.
We formalize the question of how many training data points should be used by looking
at the generalization error for denoising noisy test data. Prior work on computing the
generalization error focuses on adding noise to target outputs. However, adding noise to
the input is more in line with current pre-training practices. In the linear (in the inputs)
regime, we provide an asymptotically exact formula for the generalization error for rank 1
data and an approximation for the generalization error for rank r data. From this, we derive
a formula for the amount of noise that needs to be added to the training data to minimize
the denoising error. This results in the emergence of a shrinkage phenomenon for improving
the performance of denoising DNNs by making the training SNR smaller than the test SNR.
Further, we see that the amount of shrinkage (ratio of the train to test SNR) also follows a
double descent curve.

1 Introduction

Denoising noisy training data is a widely used technique for pretraining networks to learn good data
representations. Two extremely common examples of pretraining via denoising are Masked Language
Modelling (MLM) (Devlin et al., 2019) and Stacked Denoising Autoencoders (SDAE) (Vincent et al., 2010).
For many modern problems, we work at large scales in terms of the number of parameters and the number
of training samples. Recently there has been significant work in understanding the effect of scaling the
number of parameters in a neural network. This resulted in the discovery of the much celebrated double
descent phenomena (Belkin et al., 2019). However, we have a weaker understanding of the effect of scaling
the number of data points. Classical works such as Krogh & Hertz (1991); Geman et al. (1992); Opper
(2002) and more recent work such as Gerace et al. (2020); Nakkiran et al. (2020); Nakkiran (2020); d'Ascoli
et al. (2020); Adlam & Pennington (2020) show either empirically or via theoretical analysis that sample
wise double descent exists. However, these were in the regime of supervised learning. On the other hand,
our motivation comes from understanding denoising neural networks. For MLM and SDAEs, denoising is a
pretraining procedure, in which case the generalization error would depend on the downstream task. As a
first step, we shall instead look at the generalization error for denoising test data. The difference between the
prior supervised learning setup and our denoising setup can be seen in Figure 1.

To understand the denoising setting, we empirically show that sample-wise double descent exists for denoising
feedforward neural networks (Section 3). We show that shrinking the training data Signal to Noise Ratio
(SNR) (i.e., increasing the amount of training data noise) for fixed test data SNR can mitigate this double
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Figure 1: Figure showing the difference in the noise placement between the traditional supervised learning
setup for which empirical and theoretical double descent curves have been found versus our denoising setup
for which we recover double descent curves.

descent. Moreover, we show that the curve for the ratio of the best training data SNR to the test data
SNR also has sample-wise double descent (Section 3). To theoretically understand the phenomena, we look
at the simplest setting. Specifically, we look at the case when we have a one-layer linear network, and we
are denoising data that lies on a line embedded in high dimensional space (Section 4). In this setting, we
derive the exact asymptotics for the generalization error (Section 5). We show that the generalization error
and optimal training noise level spike at the interpolation threshold. From the theoretical analysis, we see
that the spike occurs due to the variance of the model increasing. We use the rank one result to derive an
approximation for general (low) rank r data.

Contributions.
The main contributions of the paper are as follows.

1. We empirically show that when denoising data using a feedforward network, the curve for the
generalization error versus the number of training data points Ntrn and the curve for the ratio of the
test data SNR to the optimal training data SNR has double descent. Further changing the training
data SNR can mitigate the double descent in the generalization error curve. Thus the noise level
acts as a regularizer.

2. Assuming we have mean zero, bounded variance, and rotational invariant noise, we derive an
analytical formula for the expected mean-squared generalization error for denoising data that lives in
a one-dimensional linear subspace by a linear model. Further, we use the same method to present
a heuristic for higher-rank data and experimentally determine the formula’s accuracy for general
low-rank data.

3. We show that sample-wise double descent exists for the generalization error and the amount of noise
that should be added, even in this simple model.

1.1 Related work

Understanding deep neural networks is a currently active area of research with many exciting theoretical
results. The discovery that fixed depth infinite width (under certain limits) neural networks can be thought
of as kernel regression (Jacot et al., 2018) and the discovery of double descent for neural networks (Belkin
et al., 2019) has sparked significant research into understanding the generalization error in the linear regime
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(in parameters, not inputs). The exact asymptotic for the generalization error was first understood for ridge
regression (Bartlett et al., 2020; Hastie et al., 2022; Belkin et al., 2020; Advani & Saxe, 2020; Mel & Ganguli,
2021; Dobriban & Wager, 2018). Following this, many papers have studied the situation for the Random
Features model and the Neural Tangent Kernel (NTK) model (Jacot et al., 2020; Mei & Montanari, 2019;
Ghorbani et al., 2021; Adlam & Pennington, 2020; Geiger et al., 2020). Other recent work for supervised
learning includes work on multiple descents (Derezinski et al., 2020; d'Ascoli et al., 2020; Liang et al., 2020),
transfer learning (Lampinen & Ganguli, 2019), and Gaussian mixture models (Loureiro et al., 2021). However,
to our knowledge, there has yet to be any work that looks at the problem for the denoising setup.

The idea of adding noise to improve generalization has been seen before. One popular strategy is to use
Dropout (Hinton et al., 2012; Wan et al., 2013; Srivastava et al., 2014), where we randomly zero out either
neurons or connections. Another idea that is commonly used is data augmentation. In a revolutionary
paper, Krizhevsky et al. (2012) showed that augmenting the dataset with noisy versions of the images greatly
improved the accuracy. Another area where noise is useful is adversarial learning. Dong et al. (2021) shows
epoch-wise double descent for adversarial training. In recent theoretical work related to SDAESs, Pretorius
et al. (2018) derived the learning dynamics of a linear autoencoder in the presence of noise. They also
establish some relationships between the noise added and weight decay. However, they do not look at the
generalization error or quantify the optimal amount of noise that should be added. Gnansambandam & Chan
(2020) looked at the problem of determining the optimal amount of noise that should be added. However,
they studied this from the perspective of minimizing the variance of the generalization error.

Additionally, there has been significant progress in understanding the Bayes optimal solution when denoising
via matrix factorization (Lelarge & Miolane, 2017; Lesieur et al., 2017; Maillard et al., 2022; Troiani et al.,
2022; Nadakuditi, 2014). It is important to note that these works do not think of the noise as a regularizer
and do not consider the effect of noise on parametric models such as neural networks.

2 Problem Set Up

Our goal is to understand the impact of training noise on the generalization error in the context of
denoising neural networks. Concretely, suppose we have access to noisy data yi,...yn,., € RM such that
Yi = O + &, where 2; € RM is sampled from an unknown data distribution D, & € RM is sampled from
some noise distribution D, pise, and :5; € R is a known scalar which controls or models how noisy the data
is. We study the classic denoising problem of recovering z; from y; (James & Stein, 1992; Wiener, 1949;
Banham & Katsaggelos, 1997; Benesty et al., 2010; Takeda et al., 2007; Buades et al., 2005). One approach
to solving this problem is to learn a function that removes the noise from a set of examples, for instance,
using a neural network (Tian et al., 2020). To this end, suppose the noise distribution Dj,p;se is known, then
given noiseless data z{™, ...,z we can create noisy versions y{"" = 0., z{"™ + &' of our training data.
Now consider a neural network denoted f, which is trained to minimize the following ¢, loss function

Nirn

™ 1 ™ ™m ™
U fs ):WZM — fOernaf™ + &) (1)

i=1

We are then interested in the following mean squared generalization error.

Ntst,
1 5 S S
N E 25 = f (O™ + &) (2)
tst i—1

The major question we want to answer is the following. Given noisy test data, such that
0:st is known, what is the optimal value of 6;,., such that a neural network trained using the
loss function in Equation 1, minimizes the generalization error in Equation 27 We are also
interested in the effect the number of training data points N, has on the optimal 60,,,.
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2.1 Signal to Noise Ratio (SNR)

A quantity of interest to us will be the SNR. To properly account for this, if p44se is the expected norm of
the data points and fineise is the expected norm of the noise vectors, then we shall call

é o atrn,udata d é L atstﬂdata
trn -— , all tst -—
/ffnoise ,Ufnoise
to be the training and test data signal to noise ratios.
3 Empirical Double Descent
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Figure 2: Figure showing the empirical double descent phenomena for the generalization error versus 1/C
(Number of training samples Ntrn /number of features M). The top row is for a linear (with respect to the
inputs) network, and the bottom row is for a three-layer ReLU network with width equal to the dimension of
the data. The networks were trained with the mean squared denoising error. Here the training data SNR
and the test data SNR both equal 6. The solid line in Figure (a) is our theoretical line from Theorem 1.

We run two experiments to better empirically understand the interaction between 65, N¢pp, 04, and the
generalization error (Eq. 2). First, we show that sample-wise double descent occurs for denoising neural
networks empirically. That is, if we fix 05, 04rn, then as we vary Ny.,, we get that the Ny., versus
generalization error curve has double descent. Second, we explore the role of the amount of training noise
and show that optimally picking 6., can mitigate the previously seen double descent.

3.1 Double Descent for Denoising Networks

For our first experiment, we show that the N versus generalization error curve has double descent in
simple cases. To do this, we train two feedforward networks (one-layer and three-layer) on three different
datasets. The first data set is a line embedded in high-dimensional space. The second data set is a synthetic
dataset using a teacher network. That is, the data is generated by sampling latent variables from a Gaussian
distribution and then using the outputs from a randomly initialized untrained 2-layer neural network as our
data. Finally, the third dataset is MNIST.
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Figure 2 shows that if we train a (one-layer and three-layer) feedforward network to denoise data such that
the training data signal to noise ratio (SNR) O, is the same SNR as that of the test data set (étst), then
double descent occurs in the curve for the denoising generalization error vs. the number of training samples.
However, unlike other hyperparameters, such as the number of features and the number of training epochs,
we cannot arbitrarily change the number of data points as we are limited by our data set. Hence it could be
the case that our maximum number of data points corresponds to the peak of the generalization error curve.
To get around this, we can look at the amount of noise we add to the training data. Note that we could have
also added other forms of regularization, but the noise level is a natural hyper-parameter here.

3.2 Role of Training Noise Level

To see the effect of training data SNR, étrn, for a variety of different ratios étm / ém, we compute the denoising
generalization error versus the number of data points curve. Figures 3a and 3b show that if we optimally pick
the ratio O, / étst, then double descent can be mitigated. We do this for the MNIST and CIFAR datasets.
We create test data by taking the test data for each and then adding Gaussian noise. We fix the test SNR
étst to be 1 for both datasets. Hence we know the test data SNR. We then take various different fractions of
the training data and train a three-layer ReLU neural network (without bias) for various levels of training
data SNR 6,,,,. For each pair of parameters (number of training data points and the level of training noise),
we compute the generalization error averaged over twenty trials for MNIST and five trials for CIFAR. Here
the test noise and training noise are resampled for each trial. The plots for the generalization error can be
seen in Figures 3a (MNIST) and 3b (CIFAR10), and the plots for the optimal ratio can be seen in Figure 4.

We see five interesting and exciting phenomena from this experiment.!

1. For most values of the ratio ém / étrn, we see sample-wise double descent for the generalization error.

2. We see that the optimal denoising error does not occur when the train SNR is equal to the test
SNR. We need to shrink the train SNR (i.e., increase the test to train SNR ratio). This shrinkage
is reminiscent of other shrinkage phenomena such as James & Stein (1992); Tibshirani (1996);
Nadakuditi (2014).

3. As seen in Figures 4a and 4b, the optimal ratio depends on the number of data points.

Figure 4 shows that the curve for the best étm / étst also has sample wise double descent.

5. Picking the optimal amount of noise can mitigate sample-wise double descent of the generalization
error. This mitigation is reminiscent of how optimal regularization can mitigate double descent in
the supervised setting (Nakkiran et al., 2020).

>

We postulate that spike in generalization error is due to the variance of the model increasing. Hence when we
increase the amount of noise, we implicitly regularize the model (Bishop, 1995). This increased regularization
results in a decrease in the variance and improves the generalization error.

4 Theoretical Problem Assumptions

To be able to provide a theoretical understanding of the five phenomena discovered in Section 3, we consider
a simple model that can be theoretically analyzed.

4.1 Assumptions about the data

First, we detail assumptions about the data generation process. Specifically, we assume that the data lies in
some low-dimensional linear space.

Assumption 1. Let U € RM*" such that the columns of U have unit norm and are pairwise orthogonal. To
generate data, we sample latent variables VT € R™N and ¥ € R:_XT such that V' has columns that have unit
norm and are pairwise orthogonal and ¥ is a diagonal matrix with non-negative entries on the diagonal such
that |2||p = 1. Then a data matriz X, in which each column is a data point, is given by X = UXVT.

1Other forms of regularization could remove some of these features. However, we look at the effect of the level of noise by
itself.
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Figure 3: Figure showing the empirical denoising generalization error for a three-layer neural network with
the width the same as the dimension of the data trained for various different values of étm / étst and number
of training data points. Each neural network was trained for 1500 epochs, using MSE loss and gradient
descent with a learning rate of 1073, For MNIST, we averaged over twenty trials, and for CIFARI10, we
averaged over five trials.
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Figure 4: Figure showing the sample-wise double descent for the empirically optimal amount of training noise.
The figure displays the optimal ;4 /0y, ratio seen empirically versus 1/c¢ = Ny, /M. The ratios plotted here
correspond to the ratio for the red line in Figure 3.

Hence, we see that we generate data that lives in a dimension r subspace. Note that we make no assumptions
about the distribution of the latent variables V or ¥. We have two matrices, X, and Xy, corresponding
to the train and test data sets. Hence we have corresponding VI, € R™Nern VI € RNt and %y, Tygy.

We make no other assumptions on U, Vi, Xt Vist, 2st-

4.2 Assumptions about the noise

Next, we detail our assumptions about the noise added to the data. For that, we need the following definitions.
Definition 1. A matriz Z € R™*™ sampled from a distribution is rotationally bi-invariant if for all orthogonal
Uy € R™*™ and all orthogonal Us € R™"*"™ U, ZUs has the same distribution as Z.

Another way to phrase rotational bi-invariance is if A = UsX V7 is the SVD, then Uy and V4 are uniformly
random orthogonal matrices and are independent of ¥ 4 and each other.
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Definition 2. Let ¢ € (0,00) be a shape paramter. Then the Marchenko Pastur distribution with shape c is
the measure ji. supported on [c_,c], where cx = (1 £ +/c)? is such that

=D+ rv e>1
fe = v c<1

where v has density
1
dv(z) = Vi(ey —x)(xz—co).

2mxc

With these definitions, we have the following assumptions about the noise matrices Aspp, Asst-

Assumption 2. Let A € RMXN guch that A is sampled from a distribution Dpeise such that

1. For alli,j, Ep Ayl = 0.

noise [

2. Foralli,j, Ep [Afj] =1/M.

noise

3. For all iy,19, j1, and jo such that iy # iz or ji1 # ja, we have that A; j, and As,j, are uncorrelated.
Tha't Z.S, EDnoise [Ailjl Ai2j2] = EDnoise [Ailjl]EDnoise [A7f2]2}

4. A is rotationally bi-invariant.
5. With probability 1, A has full rank.

Assumption 3. Suppose AMN is a sequence of matrices that satisfy Assumptions 2 such that M, N — oo
with M/N — c. Let )\iM’N, ceey )\ﬁ’é\(’M’N) be the eigenvalues and let ppy v =), (5>\£VI,N be the sum of dirac
delta measures for the eigenvalues. Then we shall assume that py N converges weakly in probability to the

Marchenko-Pastur measure p. with shape c.

From here onwards, we shall suppress the superscripts. While such assumptions on the noise may seem
restrictive, this encompasses a large family of noise distributions that include Gaussian noise.

Proposition 1 (Proof in Appendix A). If B is a random matriz that has full rank with probability one and
its entries are independent, have mean 0, have variance 1/M, and bounded fourth moment, and P,Q are
uniformly random orthogonal matrices. Then A = PBQ satisfies Assumptions 2 and 3.

Note that when we sample matrices as detailed in Assumption 1, we have that || X ||r = || Xise]lr = 1. to
account for this, let 0;4¢, 01, € Ry be scalars that will scale the norms of Xy, Xts: so that we can control
the SNR of the matrices.

Assumption 4. We assume that 0;s is fixed and known and that we have control over Oy, .
Given data Xy, Xis satisfying Assumption 1, noise matrices Agpp, Assr satisfying Assumptions 2, 3, and

Oirn, Orst that satisfy Assumption 4, then noisy data is given by Yirn = Open Xern + Atpn and Yige = Ope Xisr +
Atst-

4.3 Assumption about the Model and Training Algorithm

Finally, we shall make assumptions about the denoiser f from Equation 1.

Assumption 5. We shall assume f is a linear model W that is the solution to the following least squares
problem.
minW HetrnXtv'n - W(HtrnXtrn + Atrn)”%
—_———
}/t'r'n

3)

That is, given data Xt that satisfies Assumption 1, noise matric Ay, that satisfies Assumptions 2, 3, Orp
that satisfies Assumption 4, and noisy data Vi = Ot Xirn + Atrn, we have that f(x) = W = GththT x.

trn
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Here for a matrix T, TT is the Moore-Penrose pseudoinverse. Note here that we are not assuming access to
the denoised test data. We rewrite Equation 2 for this denoiser and data generation model.

1015t Xist — W (0rst Xist + Atst)”%
Ntst

Rtest—error = EAtTW,,AtSt (4)
Remark 1. We analyze this setup instead of the standard Gaussian or Spherical data model since if both
our data and noise are isotropic, then the denoising problem can be degenerate. Hence we assume that our
data has a low rank.

Remark 2. While many double descent analyses look at the role of ridge reqularization, in this case, since
we are looking at the denoising setup, we look at the role of the amount of noise. However, our method can
be adapted to include a ridge regularizer.> Note that Bishop (1995) shows that adding noise to the input
1s equivalent to Tikhonov regularization.

4.4 Signal to Noise Ratio (SNR)

A quantity of interest to us will be the SNR, given by || X||r/||Alr. Hence, we need to normalize everything
by ||A||#. Due to our assumptions, we have that E[||A]|%] = N. Hence, for any variables and constants, if it
has a hat, then that refers to that variable or constant normalized by v N. For example, given 64, X¢pn,

||9t7‘nXtrn ||F etrn etrn A
and Ay, then we have that = R~ =: 0.
n HAtm ||F HAtm ||F VNirn n

5 Theoretical Results and Consequences

In this section, we analyze the model presented in Section 4. The main theoretical result of the paper is sum-
marized below in Theorem 1. In Theorem 1, for » = 1, we exactly characterize the asymptotic generation error.

Theorem 1. Let r =1 and ¢ = M /Ny, be fized. Let W be such that it satisfies Assumption 5 for training
data Otrrn, Xirn, Yirn that satisfy Assumptions (1-5). Further suppose that 0y, 18 O(\/Nipn). Then for test
data Ost, Xist, Yise that satisfy Assumptions (1-5) such that ;s is O(v/Nist) the mean squared generalization
error (Equation 4) can written as follows. If ¢ < 1,

62 62 (92 + g4 ) 1
R esterror = tst 4o ( tst > + trn trn +o0 <) 5
e = e G O\ N ) T W 0,02 —0) PO\ ®)

and if ¢ > 1, we have that

62 6? ch? 1
R est-error — Lst + ( Lst ) + trn + (> . 6
e = ir g 0\ M) P i F e 0 \ar )

The o ( Lol ) ,0 (%) error terms go to 0 as Nypp, M — 00.

Theorem 1 is only for rank one data. We do not have the exact generalization error for general low-rank data.
However, we can consider the heuristic formulas in Equations 7, 8.3 Here, the ith term in the summation is
the rank one formula for the rank one matrix o;u;v} corresponding to the it" singular value o;. Here u;,v;
are the i*" singular vectors.

01: to.tst)2 62((9t7_n0.¢rn)2 + (etrnatrn)ét)
3 7 1
Z N+ G202 M+ o221 )+ )
(Bustof™')? c(Oprmot™™)?
1).
Z Nl G PP M+ Gt —1) + ®)

2See Appendix B for more details.
3More details for the heuristic can be found in the Appendix D.1. Here we provide some assumptions under which this is a
reasonable formula.
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Figure 5: Figure showing the accuracy of the heuristic formula for low rank matrices. The figure shows
the heatmap of the relative empirical error ([true generalization error - predicted generalization error|/|true
generalization error|) when changing ¢ and the rank of the data. Here M = 2500 and c is changed by changing
Nipn. We average over ten trials for low SNR, and for high rank, we average over 100.

Before proceeding, we experimentally determine the accuracy of our formula for general rank r data.
To do so, we calculate the relative error. That is, if the empirical generalization error is Re,,, and our

Rem - R eor
theoretical predicition is Ripeory, then we calculate | T 7 t|h y| Here for low SNR (041, 0is¢ are O(1)),
emp

we sample /™, o!* LLD. from the squared standard Gaussian and for high SNR, we multiply the previous
by v/ Nerns vV Nist (Otrn, Orst are O(v/ Nipp), ©(v/ Nist)). As we can see from Figure 5, our formula is accurate
for low rank data where we have a relative error of around 0.01. However, we see that the approximation
breaks down for higher rank data, especially near ¢ = 1.

5.1 Data Distributions

While Theorem 1 is only for rank 1 data, the current setup has some general components. In particular, it
shows the surprising result that there can be two different types of mismatch between the training data and
the test data that do not affect the generalization error.

Noise Distribution Mismatch. The first type of mismatch corresponds to the distribution of the noise.
Besides the general assumptions on the noise distribution, we note that the distribution for the entries of
Ay, and the distribution for the entries of A;g; need not be the same. Our only restriction is that A, and
Ay satisfy our noise distribution assumptions independently. So, for example, Theorem 1 would apply if
we have that the entries of Ay, are I.I.D. Gaussian with mean 0 and variance 1/M and A is sampled by
sampling P, @ uniformly from the space of orthogonal matrices and sampling B with I.I.D. entries uniformly
on [—4/6/M,/6/M] (so that entries have mean 0 and variance 1/M) and setting A:s+ = PBQ.

Data Distribution Mismatch. The next type of mismatch concerns the distribution of V#) and V()
In particular, we are not assuming that they came from any distribution, just that they satisfy certain
assumptions.

In the rank one case, we note that due to our assumptions, we must have that ¢{™ = ¢!s* = 1. Thus, we see
that our i** training data point is given by UV}™ where U is the feature vector and V"™ is a latent scalar
variable. Hence in such a setup, we can imagine the entries of V" and V! being drawn independently
from some distribution. The only assumption we need to account for is that ||V = ||V = 1. To
account for this, suppose we first sample entries of Vitm in an I.I.D. manner from some distribution Dy,
that has mean 0 and variance 1 and that the entries of V¢ are sampled from some distribution Dy, that
has mean 0 and variance 1. Then if N, Nist are large, then due to the law of large numbers, we have
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1 1

_ 1 - _
that with high probability V™2 =14 0(1) = — VD |%. Thus, if we let V'™ = ——— i
Nipn Nist Vi | e
1 - PO PO
and Vst = T, VP with Oprn = Open V™| 5 and Oy = Opst||V*! || then we see that the Vs satisfy
F

the general assumptions and with high probability the fs satisfy the assumptions for Theorem 1.

5.2 Insights and Phenomena
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(a) Rank 1 Theory Generalization Error (b) Rank 1 Theory Test SNR / Optimal training SNR

Figure 6: Plot showing the theoretical double descent curves for the generalization error and the ratio of the
test SNR to the optimal training SNR. Here M = 1000 and 6;s; = 1 and ¢ was changed by changing N, .

Now that we have Theorem 1, we extract a few insights. Specifically, we are interested in insights in the
context of the experiments run in Section 3.

5.2.1 Optimal Amount of Noise.

If we ignore the error term, we can differentiate the formula to get the following formula for the optimal
training SNR. Here 27 = max(0, z).

07, 2(1—c) c +
egptftrn L (ﬁ 2—c M(Q*C)) c<l
N, T (o0 S ‘ ®)
trn (2ﬁ(0 — 1) - ) c>1

Our theoretical model captures the surprising result that the optimal training SNR and the test SNR are
unequal. Moreover, we see that the optimal training distribution depends on c. Further, the formula in
Equation 9 also describes a double descent curve for éfst / égpt_tm versus ¢ curve as shown in Figure 6b. Thus,
we see that our model captures phenomena 2, 3, and 4 from Section 3.

5.2.2 Double Descent Curves.

We have already seen that the optimal amount of training noise follows a double decent curve. This double
descent is due to the double descent for the generalization error. To understand this phenomenon, we first
note that the first term gives the bias of our model in the formula in Theorem 1, and the second term gives
the variance. We can see that the variance formulas have a singularity at ¢ = 1. Since we have a linear
model, ¢ = 1 is the interpolation threshold (i.e., the point after which we have 0 training error). Hence,
as we approach the interpolation threshold, the model’s variance increases, increasing the generalization error.
Thus our model captures phenomenon 1. Further, we can see that decreasing 6., decreases the model’s
variance. Since the variance increases near the interpolation threshold, we try to mitigate this by increasing
the amount of noise (or reducing 6y,,,). Hence sample wise double descent for the optimal noise level occurs
as a result of trying to reduce the variance of the model. Thus, our model captures the first four phenomena
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Decompose into Bias and Variance Derive a formula for W
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Matrix Theory ' trace terms
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T o)) p>g F Rk s

Figure 7: Figure showing the major steps used to derive the formula for the generalization error.

observed in Section 3. Phenomena 5 from Section 3 was that optimally picking the amount of training noise
mitigated double descent. However, our theoretical model still has double descent even if we optimally pick
the amount of training noise. This is an avenue for future work.

We also compare Theorem 1 to Theorem 1 from Hastie et al. (2022). In Hastie et al. (2022), they assume
that they have data z; € RM from some distribution D, and response y; = z1 3 + &;, where 8 € RM is fixed
and & ~ N(0,02). Then they have the following risk

x(B; 8) = Epyun[(z B — 2L 8) Xirn)-

This is the conditional excess risk given the training data. Under some assumptions, they show that

A o c<1
X(B’B)_){”B (1 ) o % C>1.

First, we note the similarities between the two. In both cases, we see that the peak is at ¢ = 1 and is due to
a term of the same order, i.e. both have (¢ —1)~!, and not (¢ — 1)~ for some other a > 0.

However, there are differences. First, as detailed in the introduction, they look at the supervised setting,
whereas we look at the unsupervised setting. Second, they have input noise, whereas we have output noise.
Third, they have zero bias in the under-parameterized regime. However, we have a non-zero bias term in
both the over and under-parameterized regimes.

5.2.3 Noise as a Regularizer.

Finally, we see that noise level explicitly regularizes ||W||r. Specifically, from Lemmas 1 and 3, the second
term in Theorem 1 corresponds to ||W||p. The formula shows that increasing the amount of noise, which
corresponds to decreasing 0y, decreases |[W||p.

6 Proof of Theorem 1

We prove Theorem 1 via the steps shown in Figure 7. The proofs for all of the lemmas have been moved to
Appendix C. Here we present a proof sketch that details the high-level ideas.

6.1 Step 1: Decompose the error into bias and variance terms.

First, we decompose the error. Since we are not in the supervised learning setup, we do not have standard
definitions of bias/variance. However, we will call the following terms the bias/variance of the model.

11
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Lemma 1. If Ay has mean 0 entries and Aisy is independent of Xisi and W, then

Ea,. 105t Xtst — WYestl|F] = 07 Ea,,, [ Xest — WXeat 7] + Ea,, [[IW Aese|| 7] -

Bias Variance

6.2 Step 2: Formula for W

In our current setup, W is the solution to a least-squares problem. Hence W = GtTnXthtm Expanding
this out, we get the following formula for W. Let u be the left singular vector and v¢y,, vs¢ the right singular
vectors. Let h = oL, Al k=Al u, 5= — AynAl)u, t = vgn(I — Al Apn), B =1+ 0pnvl, Al u,

= 05 lItlP1%]* + B2, and 7> = 07, [|s]|[|A]|* + 5.

trn

eiTn/Buh+ tm;_“tH kTAT c< 1
efrnﬁuh+ tr‘n“hH us c>1 ’

Proposition 2. If 8 # 0 and Ay has full rank then W = {

For Gaussian noise, Ay, has full rank with probability one, and 5 is a random variable whose expected value
equals 1, and the distribution is highly concentrated. Thus, Proposition 2 applies when A, is isotropic
Gaussian noise. Here we restricted ourselves to rank 1, as using Meyer (1973), we can expand formulas of the
form (A + zy?)T where z,y are vectors. For the higher rank case, we apply the formula iteratively. This
is the main difficulty of the method. Previous work on deriving asymptotics for the generalization error
had noise on the output. Hence would take the pseudoinverse of a matrix that only depended on the data.
However, in our case, we are taking the pseudoinverse of a matrix that depends on the noise.

6.3 Step 3: Decompose the terms into a sum of various trace terms.

For the bias and variance terms, we have the following two Lemmas.

Xy ife<1
Lemma 2. If W is the solution to Equation 3, then Xy — W X4t = Tﬂl bt z'fc .
EXtSt Zf c>1
Lemma 3. If the entries of At are independent with mean 0, and variance 1/M, then we have that
Ea,., (W Aust|?] = St [|W|2.

Note that this did not need assumptions on W or X;. All that was needed were the assumptions on A;g.
Thus, this holds more generally. This decomposition also follows from Bishop (1995). In light of Lemmas 1, 2,
3, and the fact that || X;s||% = 67,;, we see that the expected mean squared generalization error is given by,

1015 Xest — WYie||2] 1 B2
Ntst Nts

EAtst 9t25t HW||2F7

where 7; depends on whether ¢ < 1 or ¢ > 1. Finally, let us look at the ||| term.
Lemma 4. If 5 # 0 and A has full rank, then we have that if ¢ < 1,

W _ trn/B2 hTh 9 ZtrnllZll 2 trn” ” ﬁ th,TAT t7n||tH4 A’r Tk_kTAT
W% = —=5—Tr(h"h) + Tr( trn) + =5 Tr((A4) trn)
1 1
and if ¢ > 1, then we have that
2 4
HWHF — trnﬁ (hTh)+2 trn”hH 6 (hTST)—‘r trn”h” T’I“(SS )
5 73

6.4 Step 4: Estimate using random matrix theory.

While the formula given by Lemmas 1, 3, and 4 is correct, we need a simpler formula to analyze the situation.
Using ideas from random matrix theory, we can simplify the expression for ||[W||%. To do so, we first need to
prove Lemmas 5 and 6. The main idea behind Lemmas 5 and 6 is that due to the rotational invariance of Ay,
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the expectation of the trace of products of various matrices derived from Ay, is determined by the expected
value of some function x of the eigenvalues of A;.,,. However, instead of directly computing this expected value,
we note that for any matrix A that satisfies the noise assumptions, if we let M, N — oo, with M /N — ¢, then
the eigenvalue distribution converges to the Marchenko - Pastur distribution (Marcenko & Pastur, 1967; Gotze
& Tikhomirov, 2011; 2003; 2004; 2005; Bai et al., 2003). Gotze & Tikhomirov (2004) showed that the distribu-
tion of the eigenvalues converged almost surely with a rate of at least O(N ~1/2€) for any € > 0. Thus, we can
use the expected value of the x()) for A sampled from the Marchenko - Pastur distribution as an approximation.

Lemma 5. Suppose A is an p by q matriz such that the entries of A are independent and have mean 0,
variance 1/q, and bounded fourth moment. Let W, = AAT and let W, = AT A. Let C = p/q. Suppose Ay, \q
are a random eigenvalue of W,,, W,. Then

1. Ifp<gq, then E i =15 +o(1). 5 Ifp>gq, then E i = % +o(1).

2. If p<gq, then E % = ﬁ +0o(1). 6. If p>gq, then E % = % +o(1).

3. If p<gq, then E é = ﬁ +o(1). 7. If p > q, then E % = % +o(1).
4. Ifp<gq, then E % = CHECH o). 8. Ifp>gq, then B % = CHOTHECTHD

o(1).

Lemma 6. Suppose A is an p by q matriz such that the entries of A are independent and have mean 0,
variance 1/q, and bounded fourth moment. Let C' = p/q and let x,y be unit vectors in p, then

ﬁ +0(1) p<q

4.0 +0(1) p>q

ey tol)  p<g

Lo +ol) p>d

1. B[Tr(zT(AAT)T2)] = {
2. E[Tr(a™ (AAT)T(AAT)2)] = {

Using these technical lemmas, we can now deal with all of the terms in the expressions in Lemma 4.

Lemma 7. If Ay, satisfies the noise assumptions, then we have that

1. E[B/0trn] = 1/0trn + o(1) and Var(8/04n) = 4. E[HkHQ] = 17; + o(1) and Var(Hk||2) =
a0 e ey + 001+ ) A2+ (1)
— o .
2. Ifc < 1, then E[||h|?] = 10 +0(1) and M- T
—c c—
) A2+ 5. E[lls|”] = +o(1) and Var(|s|*) =
trn(l—c) ¢ 2—— +o(1)
3. If ¢ > 1, then E[||h]|?] = —— + o(1) and Mec
) c—1 6. E[|t]*] =1 —c+ o(1), Var(||t]?) = 2— +
Var(?) = 5= o) o
Ntm(c _ 1)3 ‘ 0(1).

Lemma 8. Under the noise assumptions, we have that E[Tr(hTkT A],,)] = 0 and Var(Tr(hTkT A],,)) =
x3(¢)/Nirn, where x3(c) = E[1/\%], X is an eigenvalue for AAT and A is as in Lemma 6.

Lemma 9. Under the noise assumptions, we have that

2

(1—¢)?

where x4(c) = E[1/\*], X is an eigenvalue for AAT and A is as in Lemma 6.

Tr((A},,) kET ALL,,) = +o(1), Var(Tr((A},,)"kkT A],,)) =

xa(e) —

3
M

Lemma 10. Under the same assumptions as Proposition 2, we have that Tr(hTsT) = 0.

Lemmas 7, 8, 9, and 10 tell us that all of the terms are highly concentrated. Thus, even though such terms may
not be uncorrelated, we can use the fact that |E[XY] — E[X]E[Y]| < \/Var(X)Var(Y), to treat the terms as
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if they are uncorrelated. Since these variances have now been shown to be o(1), we have that for each of these
terms E[XY] = E[X]E[Y]+40(1). For example, since 71 = 324602, |/t]|?||k||>+0(1), using Lemmas 1, 4, and 6, we

have that E[r1] = 1+602,,,c+o(1). Similarly, E[r2] = 1+62,,,+0(1). Finally, using these lemmas, we can simplify
the expressions in Lemma 4 to get the formulas for the expected generalization error shown in Equations 5 and 6.

7 Conclusion

In this paper, we switch focus from a supervised setup to an unsupervised setup. Specifically, we look at the
problem of denoising data. We empirically show five interesting phenomena in our given setup. First, we see
sample-wise double descent for the generalization error for denoising feedforward neural networks. Second, we
see that, under certain circumstances, the optimal denoising error does not occur when the training data SNR
is equal to the test data SNR. Third, we see that the optimal ratio depends on the number of data points.
Fourth, we see that curve also has sample-wise double descent, and fifth, picking the correct training noise
level mitigates sample-wise double descent of the generalization error. To provide theoretical analysis for this
model, we look at a theoretical model where our data has a low rank. Here we derive the exact asymptotics
for the generalization error for rank 1 data and a general noise model. Our analysis demonstrates that this
simple model captures most of the phenomena seen empirically.
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In this section we present all of the proofs for the results in the main text. Here we present the proofs in the
same order they appear in the text.

A Noise Assumptions

Proposition 1. If B is a random matriz that has full rank with probability 1 and its entries are independent,
have mean 0, and have variance 1/M and P,Q are uniformly random orthogonal matrices. Then A = PBQ
satisfies all of our noise assumptions.

Proof. Since P, are a uniformly random orthogonal matrices, and A = PBQ), then it is clear that A is
rotationally bi-invariant and has full rank.

Since each entry of B has mean 0 and each entry of A is a linear combination of entries of B where the
coefficients (i.e., the entries from P, @ are independent of B), we have that each entry of B have mean 0.
Due to the orthogonal nature of P, (@, we have the variance for an entry of A is the same as the variance of
entry in B.

Thus, the only thing left to prove is that the entries of A are uncorrelated. To do this, we note that

N M
a;j = E E Ditbikqr; -
k=11=1

Consider two entries a;,;, and a;,;,. Then we have that

N M N M
(Z szllblek]1> (Z Zp@lbm%jz)}
k=1 1=1

k=11=1

E[ailh aiz]z =E

N M
DD Elpipii BB Elgr, axs.]

k=1 1=1

N
Zpilz]%l E lz qkjlqkj2‘| .
=1 k=1

The second inequality follows from the fact that P, @, B are independent from each other, and that fact that
the entries of B are independent and have mean 0. Hence the cross terms have expectation 0. If we have that
i1 = i9 and ji # ja, then we have that since @ is an orthogonal matrix

N N
> Bl aria) =B | gy ho
P k=1

Thus, the entries are uncorrelated. Similarly when i1 # i5 since P is orthogonal matrix, we get that the
entries are uncorrelated. O

1
= —F
M

Convergence to Marchenko-Pastur. If we strengthened the uncorrelated condition, to the entries
being independent. Then due to the mean and variance assumptions (along with an assumption that the
fourth moment is bounded), we would have convergence to Marchenko-Pastur distribution. However, the
independence along with the bi-invariance would then force our noise distribution to be i.i.d. Gaussian.

In general however, with relaxed assumption of the entries only being uncorrelated, convergence is not known.
However, in our case, we have a much simpler proof for matrices formed by Proposition 1. In our case,
the noise matrices B satisfy the standard assumptions for convergence. We then multiply B by orthogonal
matrices that are independent to B. Hence this has no effect on the eigenvalue distribution. Thus, the
eigenvalues distribution for these matrices also converge to the Marchenko-Pastur distribution.
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B Ridge Regularization

Here we are now interested in minimizing
1070 Xtrn = W (Otrn Xirn + Aten) |7 + 12 [[W ] -
This problem is equivalent to minimizing
100 [Xern O] =W (Ora [Xer 0] + [Aer AI])[.

Thus using / P— [Atm A } This is the same problem as before but with different assumptions on the
noise matrix. Note that Lemma 1 still applies. As does Proposition 2 but with Ay, instead of Ay, and vy
has appended zeros. Hence the rest of the proof is similar and we need to look at eigenvalues of AL A,

trn
instead of Al Ay.,. Here we note that

AT
Atrn

Atrn = Ag;nAtrn + MZI

Thus we have that the eigenvalues are shifted by u?. We need to explicitly deal with this during calculation
and will need to modify Lemma 5, and need to adjust our calculations accordingly.

C Proofs

Due to our data generation assumptions that || X |lp = ||Ztstllr = 1 for rank 1 data, we have that

trn _ tst _
oi" =0 =1

C.1 Step 1: Decompose into bias and Varaince

Lemma 1. If A;s; has mean 0 entries and Aug is independent of X5y and W, then

Ea,.. (105t Xest — WYastl| %] = 07 Ba,., [ Xest — WXt 7]+ Ea,,, [IW A ||7] -

Bias Variance

Proof. Using the fact that for any two matrices |G — H||% = ||G||% + || H||% — 2Tr(GT H), we get that

||9tsttht - Wy;fstHQ = Hetsttht - Wetsttht - WAtstH%‘
= 02| Xest — WXtst| % + W Apst||? — 2T0((Orst Xtst — Wst Xest)T W Asr).

Then since the trace is linear, and X;s¢, W are independent of As;, and Ags has mean 0 entries, we see that
By [Tr((Ors Xest — W05t Xost) " W Ayr)] = 0.

Thus, we have the needed result. O

C.2 Step 2: Formula for W,

Proposition 2. Let h = vtTmAIm, k = Azmu, s = (I - AthIm)u, t = V(I — AImAtm), 8 =
14 4ol Al u, 1 = 62

2 WP NENZ + B2, and 72 = 02, ||s||?I|kl1? + B%. If B # 0 and Ayp has full rank then

(Y 071> 7.7 4t
W = = uh + Z L 2uk A <1 .
et;:Buh + G”"T!hu usT c>1
Proof. Let us first proof the case when ¢ > 1. Here we know that u is arbitrary. Here we have that A;., has
full rank. Thus, since ¢ > 1, we have that M > Ny, thus A, has rank N,.,. Thus, the rows of A;., span
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the whole space. Thus, vy, lives in the range of AL . Finally, since 8 # 0, we want Theorem 5 from Meyer
(1973).

Here let us further define

2 2
trn“ H AT hT gtrnk and qT _ _otTth” ST

B trn —h

and finally 7 = 62, ||s/|%||h||*> + 3%. Then we have from Meyer (1973) that

trn

4 B
(Atrn + atrnuvg;n)T = AIrn tﬂrn AzrnhT T 2P2Q2T

In our case, we only care about Otmuvg;n(Atm + GtTnuv;j’;n)T. Thus let us multiply this through and see what
we get.

0
etrnuvg-n(Atrn + etrnuv;ﬁl;n) = etrnuvtrn(AIrn tg” ATpT T — :%pzqg)
hl|? 0
_ etrnuh + trnH ” S + trnﬁ uvtj;n t'rn” “ A;nhT + Htrnk qg
B T2 B
-0 uh—|— trth”2 _|_ trnH || ||h||2 _|_ afrnﬂuhun
trn ﬂ T T 2
Then we have that L2 m L2
Bl U p O P, .
T2 7'26 T2
and
92 h 2 92
fT’TIB h T trn” || trnﬂ huh (12)
To T2 T2
Using that § — 1 = 9tmvtTmAImu = Opnhu, we get that
ggrnﬂ h T trn”h” ( ) ST o atrnﬂ(ﬂ — 1)’LLh (]_3)

T2 T2 T2

Substituting back in and collecting like terms we get that

O llsIIRl? BB — 1)) et

etrnuvtj;n(Atrn + etrnuvg«n)t = Oy <1
T2 T2

02 <||h||2 07, lIs)I*[|h]|* ||h||2(51)>ST
rnt B 723 To

We can then simplify the constants as follows.

L GeallslPIP® B(B—=1) _ 72— Oullsl®IPI* =B+ 8 _ B

T2 T2 T2 2

and

12012 Ogallsl* NPt (IBIP(B = 1) _ 1Al (72 = 624 lIsIP1A1* = BB =1) _ [IAl*8 _ [IAl*
5 725 T2 B2 572 T2
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This gives us the result for ¢ > 1.

If ¢ < 1, then we have that M < Ni.,. Thus, the rank of A, is M the range of Ay, is the whole space.
Thus, u lives in the range of Ay.,. In this case, we then want Theorem 3 from Meyer (1973). In this case, we
define

k||? Orrn |t
fT'n‘ || tT k quTif t H || kTAT

- B 1 — /B trn
Then in this case, we have that
0
(Atrﬂ + atrnuvtrn) AIrn g" tTkTAITn - Tiiplq?
Then we simplify the equation as we did before! O

C.3 Step 3: Expand into trace terms

Lemma 3. If the entries of Aist are independent with mean 0, and variance 1/M, then we have that
Ea, W Aws|?] = S [WJ°.

Proof. To see this, we note if we look at A; AL, then this is a M by M, for which the expected value of
the off diagonal entries is equal to 0, while the expected value of each diagonal entry is Nyg /M. That is,
EAtst [AtStAz;t} = Ntét IIW

Then note that

WA ||? = Te(ALWITW A, y) = Ti(WTW Ay AL,) = Te(WTW A AL).
Using the fact that the trace is linear again, we see that

Ntst Ntst

EAtst [T‘I.<WTWAtStAz.;t)] (WTW]EAtbt [AtStAtst]) ’I‘I‘(WTW)

~ WIlE

Lemma 2. If W is the solution to Equation 3, then

ﬁ .
Xy = WXy = { ot o<t
Etht ZfC > 1

Proof. To see this, we have the following calculation for when Ny, > M.

0 t||?
tht — Wtht = tht — trnﬁuhuvg;t — LHH kTAT U/Ug;t

t
T1 T1 n

OB, 1 40 1 it 1 7
= XtSt - 7_1 trnAtrn Vist — T?;l uk Atrnuvtst'

u. Thus, we have that v’ Al

trn trnAtrn U

First, we note that 5 =1+ Htmvtj;nA
into the second term, we get that

= [ — 1. Thus, substituting this

B(B6—1 t
Xist — WXy = Xpot — 7( pn )U”tht 7”7;_" ” kTAImU”tht-
1 1

u. Thus, we have that kT Al

trn

For the third term, we note that k = Al
into the expression, we get that

u = kTk = ||k||?>. Substituting this

trn

BB—=1) ¢ Otk
p UVgt — p, Utst-

tht - Wtht = tht -
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Noting that X5 = uvgg“ we get that

—1 t)|%(1k))?
tht - Wtht = tht (]_ _ ﬂ(ﬂ ) t'r‘n | || || || )

T1 1
2t )% + 2. Thus, we get that
n+ 8= 82— 6tk _ B

T T

To simplify the constants, we note that 7, = 62

For the case when Ny,.,, < M, we note that the first term of W is the same (modulo replacing 71 for 75) as it
is for the case when ¢ > 1. Thus, we just need to deal with the last term. Here we see that the last term is

Orst | 1n]|*
trn :2 STU’Ug;t

Here we note that s = (I — A;nAJ,,)u. Thus, in particular, s is the pI"OJeCthH of u onto the kernel of AL .
Thus, we have that u = s + 8, where s L 5. This then tells us that s”u = ||s||2. Thus, for this term, we get
that it is equal to
02||n))?(|s]|?
(L

T2

For this term we note that 7, = 82 + 62, ||h||*||u||?>. Thus, doing the same simplification as before, we see
that for the case when NVy., < M, we have that

B

tht - Wtht = *tht'
T2

O

In light of Lemma 2 and the fact that ||0;5 X[ % = 0%,. We see that if we look at the expected MSE, we
have that,

GSXS* esXs AS 1
E4,, 005t Xtst — W(0rst Xest + Asst)||] B ﬂtzst+M||W||%a

Nist NiotTs

where 7; depends on whether ¢ < 1 or ¢ > 1.

Finally, let us look at the ||W|| term.
Lemma 4. If § # 0 and Ay has full rank, then we have that if ¢ < 1,

trn”tH4 AT TkkTAT
) (( trn) t'rn)

2
t
”WHF _ trnﬁ (hTh)+2 trn” || ﬁ (thTAT 7_
1

trn

and if ¢ > 1, then we have that

Tn/BQ Tn h /B TN h 4
HWHF: t (hTh)+2 t ” H (hT T)+ t || ” 1"(88 )

7'2 7'2

Proof. To deal with the term Tr(W7TW) we are again going to have to look at whether Ny, is bigger than
or smaller than M. First, let us start by looking at the case when N,., > M. Here we have that

W% = Te(WTW)

2 T 2
:ﬂ<@m%h 020 t] H%ﬁ @m%h 020 1] ﬂ%0>
1 1 1 71

2
trnﬂ (hT T h)+2 trn”tll 6 (hT T kTAT )Tk kTAIrn)

7_1 1 trn 1 trn
2 t t 4
t:-nﬂ (hTh) +9 trnq'_‘ || ﬂ (thTAITn) tr'r;H || ((Airn)TkkTAIrn)
1 1
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Where the last inequality is true due to the fact that ||ul|?> = 1. How about when Ny, < M. Then we have
the following string of equalities instead.

W% = Te(WTW)

2 2
5 <<etmﬁuh Ol ) (22 O] ))
T2 T2 T2 T2

92 h 2 4
trnﬁ TI'(hT T h)+2 trnH || ﬁTr(hTUT’U,ST)—‘r trn||2 || TT(S’LLT’LLST)
73 T3 Ti
2 2 h 4
_ trnﬁ (hTh)+2 trn” H 5 (hTST) t'r‘n” H TI'(SST)
& TS

C.4 Step 4: Estimate using random matrix theory.

Lemma 5. Suppose A is an p by q matriz such that the entries of A are independent and have mean 0,
variance 1/q, and bounded fourth moment. Let W, = AAT and let W, = AT A. Let C =p/q. Suppose \p, \q
are a random eigenvalue of Wy, W,. Then

L Ifp<q, thenE[L] = g +o(1).

2. If p<gq, then E % = ﬁ +o(1).

3. Ifp<gq, then E % = ﬁ +o(1).

4. If p < q, then E % = % +o(1).

5. Ifp>gq, then E /\%1 = % +o(1).

6. Ifp>q, then E % = % +o(1).

7. Ifp>q, then E AA - % +o(1).

8. Ifp>gq, then E /\—13 = 4(% 2221)07 SR +o(1).

Proof. Suppose A is an p by ¢ matrix such that the entries of A are independent and have mean 0, variance
1/q, and bounded fourth moment. Then we know that W, = AAT is an p by p Wishart matrix with ¢ = C. If
we send p, ¢ to infinity such that p/q remains constant, then we have the eigenvalue distribution F), converges
to the Marchenko Pastur distribution F' in probability.

From Rao & Edelman (2008), we know there exists a bi variate polynomial L(m, 2) = czm? — (1 —c—2)m+1
such that the zeros of L(m, z) given by L(m(z), z) are such that

m(z):/)\iZdF(/\):E,\ [;J

For the Marchenko-Pastur distribution, we have that for z = 0, we get that m(z) = 1/(1 — ¢). Thus, for A, is
an eigenvalue value of W),, we have that
1 1
E [} = +o(1).

Ap 1—c¢

For Ey [ﬁ} we need to calculate m’(0). Using the implicit function theorem, we know that
oL oL
/ = 1 —_ .
() =1 (Getm.9)  Ghm).
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Here we can see that OL/0m = 2czm + ¢+ z — 1. Thus, at (1/(1 —c), 0) this is equal to ¢ — 1. Also
OL/0z = cm? + m. Again at (1/(1 — ¢),0) this is equal to T T 1 = o2 C) Thus, we have that

—C

1
(1-¢?

Similarly, using the implicit function formulation, we can calculate m”(0) and m'”(0).

m'(0) =

On the other hand if ¢ < p, then W, := AT A is not a Wishart matrix here, because it is scaled by the wrong
constant. However, multiplying it by 1/C gives us the correct scaling. Thus, ATA/C is a Wishart matrix
with ¢ = 1/C Thus, for ), is an eigenvalue value of W, we have that

1 c1!

We can obtain the rest in a similar manner from the previous results. O

Lemma 6. Suppose A is an p by q matriz such that the entries of A are independent and have mean 0,
variance 1/q, and bounded fourth moment. Let C = p/q and let x,y be unit vectors in p, then

1 <
1. E[Tr(zT(AAT) 2)] = ;gio() p=q
p1-C-T T +o0 (1) p>q
m‘ﬂ?(l) p<gq
Ty )
%(100771)34'0(1) pP>q
Pie+o(l) p<g
c! :
T—o— 1+0(1) p>q
p(1 c)3+0(1) p<gq

2. B[Tr(zT (AAT)T(AAT)T2)] = {

3. E[Tr(y" (AT A)ty)] = {

Proof. Let A = UXVT be the SVD. Then we have that (AAT)T = U(X2)TUT. Then since A is bi-unitary
invariant, we have that U is a uniformly random unitary matrix. Thus, a = 27U is a uniformly random unit
vector. Note with probability 1, the rank of A is full and that the non-zero eigenvalues of AT A and AAT are
the same.

If p < q, then we have that

E[Tr(z” (AAT)T i

Using Lemma 5, we have that E[1/0?] = 1/(1 — C) + o(1). Thus, we have that

NN\H

P11

BT (e (447 '0)] = 32— +ol0):

On the other hand, if p > ¢, from Lemma 5, we have that E[1/0?] = C~1/(1 — C~!) + o(1). Thus,

T B
E[Tr(27 (AAT) 2)] f_z]f)l_ic_l+o(1).

Similarly, if we had we looking at Tr(zT (AAT)T(AAT) z), we would have a 1/} term instead. Thus, if p < g,

we would have that 1

E[TT@T(AAT) (AAT) z)] = m

+ o(1).
A similar calculation holds for the others. O
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Now we have the following Lemma in the main text. However, here instead of having one big proof, we will
separate each term out into its own lemma.

Lemma 7. If Ay, satisfies the standard noise assumptions, then we have that

1. E[f] =1+ o0(1) and Var(g); sy + o(L). 3

2. Ife< 1, then E[[|h]|] = i +0(1) and Var(||h])?) = m +o(1).
3. If ¢ > 1, then E[||h]]*] = i +0(1) and Var(||h||?) = m +o(1).
4o BIIKIP) = 15 o(1) and Var(IK%) = 2Dk o)

5. Ellsl’) = <= +0(1) and Var(|s|?) = 27— + (1)

6. E[||t||2] =1—-c+o(1), Var(||t||2) = 2Ntcm +o(1).

Lemma 11. 8 term.

Proof. First, we calculate the expected value of 8. To do so, let Ay = USVT be the SVD. Then since Ayp
is bi-unitarily invariant, we have that U,V are uniformly random unitary matrices. Since u, v¢-, are fixed.
We have that a := vl V € RV and b := UTu € RM are uniformly random unit vectors. In particular, we
have that E[a;] = 0,E[b;] = 0, Var(a;) = 1/Ngp, Var(b;) = 1/M.

Thus, if o; are the singular values for A.,, then we have that

min(M,N¢pr) 1

ﬁ =1+ etrn Z ;azbz

i=1 '
Thus, if you take the expectation you get that
E[§] = 1.

On the other hand, lets look at the variance. For the variance, we need to compute E[3?]. Now if we let
T := OtmvtTmAImu. Then we have that
B2 =14+T2%+2T.

Thus, again if we take the expectation, we get that

E[3%] = 1+ E[T?].

Again due to the fact that a,b are independent have have mean 0 entries, the cross terms in E[T2]. Thus, we
have that
min(M,N¢yr) 1 min(M,N¢rn) 1
2 2 272 2
E[T?] = 6trnE > — b} | = 6trn MNtmE o=

(o
i=1 4 i=1 2

Now we need to case on whether M > Ny, or M < Nyp,. Now to use Lemma 5, we note that ¢ = M and
b= Ntrn'

Suppose we have that M > Ny,.,, then in this case, we have that ¢ > p. Thus, we have that

where C' = p/q = Ny /M = 1/c. Thus, we have that

0;

E{g]l_ll/c+o(l) © 4o
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Thus, we have that
1
E[T?] = 62 c = .
[ } trn M( ) +o M
Thus, we have

Var(f) = ame(C )+o<1\14>.

On the other hand, if M < Ny.,. Then we have that ¢ < p. Thus, we have that

1 c!
. H =i e

(2

where C'= p/q = Nypn/M = 1/c. Thus, we have that

JEFQ]Z ©1o).

o; 1—c

Thus, we have that

1 c c 1
E[T?] = 60} ——+o(l)) = —ri—— — .
[ ] etTnNtrn (1 —C +0( >> Ntrn(lfc) +0(Ntrn>

Thus, we have

2 ¢ !
Var(ﬁ) etrn Ntrn(l _ C) +o <Ntrn) '

Lemma 12. ||h||? term.

Proof. We want to do a calculation similar to that in Lemma 1. Here we have that

IR]* = Te(h" h) = Tr((A]

trn

)T’UtT’ﬂUtrnAI'rn) = (vtrnAIrn(Atrn)TvtT’ﬂ) = ’I‘r(vtrn(AtrnAt”‘n)Tvt”‘n)‘

To use Lemma 6, we note that A = AL . ¢ = M, p = Ny.,. Let us now suppose that M < Ni,.,,. Then again
taking the expectation, we see that

BlIAIE] = g (55 + o)) = 7 + ot

For the expectation of ||h[|4, let A4, = USXVT be the svd. Then h = v}, VETUT. Let a = v{,,V and note
that a is a uniformly random unit vector. Thus, we have that

N
P =0 S
i=1 1
For the expectation of ||h||*, we note that

b = ZZJI a2a? Z%a4+2%
3 i 3

i=1 j=1 =

S

—

Taking the expectation of the first term, we get

Sk 3M c c
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Taking the expectation of the second term, we get

11? 1 c? ct 3
M(M—-1)E {?] Elaja3] = M(M_l)Ntm(Ntm 9 ((1 o + 0(1)> S A— N o? +o(1).
Thus, we have that .,
BIIAIY = g + g + o0
Thus, the variance is
Var(IA) = 3= ko)

For M > Ny, we instead have that

BfIAIP] = 2% (55 + o)) = 5 + o)

For the expectation of ||h||%, we note that

Ntrn Ntrn Ntrn
1 1 11
|h||* = E E a?a? = —at+ E — —a’a?
0202 % oA o2 o2 1%
i=1 j=1 1] i=1 ¢ itj

Taking the expectation of the first term, we get

Nz”:n]E Ll‘;] Ela;] = 3JJ\;72trn <(C 231)3 + o(l)) = 3}\%(05_1)3 +o(1).

i=1 [ trn

Taking the expectation of the second term, we get

2 2
1 212 1 c
Ntrn(Ntrn — 1)E |:0_Z2:| E[ai] = Ntrn(Ntrn — 1)@ <(01)2 + 0(1))
2 2
= — 1).
=17 Nomte—1p "W
Thus, we have that
c? 3 c? c? 2(2c—1)
E[|A*] = 3 - 1) = 1).
IRl = e 3N e—1p ™ Momte— 12 "W = o T Moo —1pp oW
Thus, the variance is
2(2c—1)
Var(||h||?) = ——= +o(1).
(141 = 75 + ()

Lemma 13. ||k||? term.

Proof. First note that k only appears in the formula when ¢ < 1. Thus, we can focus on this case. As with h,
we have that
k][> = Tr(u" (Af

trn

)TAL u) = Tr(u” (A AL, ) ).

trn trn

Again using Lemma 6, with ¢ = M,p = Nypn, A = Ay, y = u. Thus, since we have ¢ = M < Ny = p, We
get that

B[] = - +o0(1)-
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To calculate the variance, we need to calculate the expectation of ||k||%. Here be again let A = USV7T be the
SVD. Then let b := UTu. Then we have that

Mo
K= 3" 82,
=1 ?

Thus, we see that
k| = Z%4Zfﬂ%
i=1 i i#£] 95 9

Taking the expectation of the first term we get

M c? 3c?
3—-——= )= ———= 1).
wEa—op W= s o oW
Taking the expectation of the second term we get
M(M—-1) 2 c? c?
1) = — 1
o a-cz W= T maoae oW
Thus, we have that
c? A2+c¢)
E[ll&)*] = 1).
1M1 = o + 7 + o

Thus, we have that

Var(||k]|*) =

Lemma 14. ||s||? term.

Proof. First, we note that s only appears when M > N.,. Thus, we only need to deal with that case. For
this term, we note that (I — At,.nAI,.n) is a projection matrix onto a uniformly random M — Ny,.,, dimensional
subspace. Here be again let A = UX VT be the SVD. Then let b := UTu.

Nirn
T _ T INtrn 1
E[||s|?] = E[u"u —u A,‘mAtmu]_]E{lb { 0 ] } Z—+o )=1-—+o(1)

Similarly, we have that

Ntrn
Isll* = <1 - Z b2)

2 Nuw

Nirn
=1+ (be) -2y b}
i=1 i=1

Nirn Nirn Nirn
=14 b+ > B -2> b
=1 i#] i=1
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Taking the expectation, we get that

1 1
E[|s]|*] —1+3Z Zm—2ZM+0(1)
i#£] i=1
3 Ntrn(Ntrn 1)
=14 — —2- 401
T 2 +o(1)
3 1 1 1
=1+ + = - —2—+4+o0(1)

Thus, we have that

1
V; ) =2— +o0(1

Lemma 15. ||t||? term.

Proof. First, we note that ¢ only appears when M < Ny.,. Thus, we only need to deal with that case. For
this term, we note that (I — Athtm) is a projection matrix onto a uniformly random Ny,.,, — M dimensional
subspace. Then similar to ||s||2, we have that

Inyg O
B{I] = Bl — v Al Airntir] =E 1= o |13 (o] =1 Z T o) = 1= e+ o)
Similarly, we have that
M 2
= (- 3t
i=1
M 2 M
-1+ (zaf) DW
_1+Za +Za —QZa
i=1 i#j
Taking the expectation, we get that
BN = 1+33 -+ Y 5 -
trn i#£] trn
3c Ntrn(Ntrn - 1)
=1+ N + e —2c+o0(1)
c
=1+ +c% - —2c+o(1
trn Ntrn ( )
2
=(1-0c)+ = +o(1
A=)+ 7 +ol)
Thus, we have that
c
Var(|[t]?) = 1
ar([[Hl%) = 25— + o(1)
O
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Now we could just use the the fact that |E[XY] — E[X]E[Y]| < y/Var(X)Var(Y). Another way to do this is
via using big O in probability. Which is defined as follows:

Definition 3. We save that a sequence of random variables X,, is Op(ay,), if there exists an N such that for
all € > 0, there exists a constant L such that for all n > N, we have that Pr[|X,| > La,] < e.

Then the trace terms.

Lemma 8. Under standard noise assumptions, we have that
E[Tr(hTET A],,)] =0

and
Var(Tr(h" k" A},,.)) = x3(c)/Newn + o(1),

where x3(c) = E[1/A3], X is an eigenvalue for AAT and A is as in Lemma 6.

Proof. First we note that

Tr(h" kT A]

trn

) = TI‘( (AIML)T’UW”UT (AITTL)TAT

trn

) =’ (4],,)" (AL, Al

T
trn trn)

Utrn)~
Again let Ay, = ULV be the SVD. Then, we have the middle terms depending on A;,, simplifies to

(Al T A (A]

trn

7 =uEhTsixhTvT.

Thus, again letting b = «”U and a = V' vy,,,. We see that
Moo
T71.T AT — E
Tr(h k At’l’n) = o aibi;?.

Now if take the expectation, since a,b are independent and mean 0, we see that

Ea,,. [Tr(h"k" ALl = 0.
Let us also compute the variance. Here we have that
Mor1
E[Tr(h"kT Al,,)% =Y "E | = | E[a?]E[6?] + 0.
[ I‘( t7n) ] p 0—? [az] [ z] +

Now for the Marchenko Pastur distribution we have that the expectation of 1/A3 = y3(c). where 3 is some
function. Thus, we have that

E[Te(hT k7 41,,)%) = —xs(e) +o(1).

Lemma 9. Under standard noise assumptions, we have that

Tr((AITn)TkkTAIrn) = (1 . 6)3 + 0(1)
and .
Var(Tr((Al,, ) BT AL,) = - xale) - ﬁﬁ +o(1)

where x4(c) = E[1/XY], \ is an eigenvalue for AAT and A is as in Lemma 6.
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Proof. Now using Lemma 6, we see that

[ TR AL )] = g+ 0(1)
Similar to proofs before, we have that
X3
B [T (Al TR A1) = Y- 30 + 3 3 g + 0l
i=1 i#£]

Where x4(c) = E[1/A%] for the Marchenko Pastur distribution. Thus, we have that

3 1 ct
Var(Tx((AL,) KK A1) = 700) + 37 o (1)
O
Lemma 10. Under the same assumptions as Proposition 2, we have that Tr(hTs™) = 0.
Proof. Here we note that h” = (A}, )Tvn and s7 = uT (I — Apn Al )T. Thus, we have that
Tr(hTST) = TI‘(( trn)TUt’f"nuT (Ajt‘rn)T’Ut?”"u (AtTnAtmz)T)
= Tr(vtrn trn W ) - ( (AtTnAIrn) (Airn)TvtTn)
= T‘r<vtrn trn W )_ (’UtrnAIrnAtT’ﬂAtrnu)
= Tr(vtrn trnU ) - TI‘(U?;,,LAIMLU)
=0
O

As we can see that if we take the expectation of |W|| over Ay, since the variance of each of the terms is
small, we can approximate E[XY] with E[X]E[Y]. Then we get the following.

If M < Ny, we have that

02, c? ot (1—c)? 2
E W trn +O+ trn
W = 56 =0 O W o (o
2 9t2rn + etrn
(1+0trn ) (1—0).
On the other hand, M > Ny,,, we have that
0? c o4 2 -1

trn + trn

(1+9trn) c—1 (1+0trn) (C_ 1)2 c
_ C 9t27‘n(1 + etrn)
B c—1 (1+0trn)

Ea,,., (W[ =

0., c
T 1462, c—1
Now combining everything together, we get that
07, 07t 0trn
Ea,. ., 05t Xtst — W (05t Xtst + Atst)|] _ W + CQW c<1 .
Nest Nom (62 o7 + a7 467 o1 c>1
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C.5 Proof of Theorem

We can see that the main text has how to put all of the pieces together to prove the main Theorem. We
don’t replicate that here.

C.6 Formula for éopt_tm

As stated in the main text, we only need to take the derivative. So, we don’t present that calculation here as
it is fairly straightforward.

D Generalizations

In this section we discuss some possible generalizations of the method.

D.1 Higher rank

Let us present some heuristics for the higher rank formula. To do so we shall need some notation. Let
Xirn = iy 00 u;(vI™)T. Let A be the noise matrix. Then for 1 < j < r, define

<A + Z O_trn trn )

We shall now make some assumptions. Specifically, we assume that u;, v} vi™™ and A; are all such that for
i1 # i9, and for all j we have that

Eluf AjAlu;,] = E[(vir™)T ATA;0fm] = 0.

Additionally, we assume that for all iq,i2,j we have that E[(v t’"”)TATulz] = 0. We also assume that the
variance of these terms goes to 0 as Ny, M go to infinity.

Lemma 16. With the given assumptions, we have that for alli < j,

ot (0™ AL & ol (0T AL ~ o

¢ I~ trnul( trn)TAT ~ O_trnuz( trn)TAT

j2 e Uy i+1

Proof. Write Aj = Aj_1 + 0 u;(vj™)" and the use Meyer (1973) to expand the pseudoinverse of A;. When

we do this, we see that due to the assumption all terms expect o!""u; (v ”")TAT , are small. O
Define h; = (v ””)TAT kj = ot Aluy, t; = ( ) T(I — ALA)), s; = oI — AjAD)u;, B; =
Lt ot T Alug, 7 = It 12lk 12 + B2, 75" = lsslI?Ilhs 12 + B2, and similarly p<J>,pgﬂ>,q<ﬂ> and
qéj ), Now, we can write

Xtrn+A:O'£TnU ( trn) +Ar 1
Then we have that

W = X( trn ( trn) +A ) Zo_;?rnui(vfrn)T(o_f‘rnur( trn) +A )

Expanding and using the lemma, we get that

trn trn
S T Bh, 4 wu KTAT c<1
W E O_trn trn TA2'+1 _ tl (o trn) s H2
r oy
D im1 O Uihi + O UzSi c>1

2

Where the second equality comes from the rank 1 results.
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Now that we have an approximation for W (given our assumptions), we can now approximate the variance
and bias terms again. Let W; denote the ith factor (corresponding to u;) of W. First, for the bias, due to
the orthogonality of the u’s we get that

2
T

Htht _ WthtH%‘ — Z O,tstuz tst W Z O,tstuz tst
i=1 F

Again, using our assumptions, we see that the terms in the j summation dropout besides when j = i. Then
again using our rank 1 result, we get that

2
~( b
I Xest = W Xestl7 = ( ot

i=1 idx

For the variance, we again estimate the norm of W by expanding the trace. Here we see that the cross terms
are 0 due to factors of ugl u;,. For the diagonal terms, we again use the rank 1 results and get that

T

||W|%Z%Tr<h2m>+ (()(')'jﬂ T THT AT + ((2')" To((AD kT AD)
i=1 \T1 K5\

and if ¢ > 1, then we have that

r rn 2 rn 2 rn 4
W3 = 30 O gy ) 42 O I By iy o I gy,
i=1 7'2 ) (m9)? (m97)?

The final step would be to estimate each of these terms using random matrix theory. However, unfortunately
the A; may not satisfy all of the needed conditions. However, we know that A; is a perturbation of A and
A satisfies all of the needed conditions. Hence, if the perturbation is small, we can replace A; with A and
hopefully not incur too much cost. Note this is also the reason why the previous assumptions might be
reasonable. If we replace A;’s with A use our estimates from the rank 1 result. We then get our estimate for
the generalization error for general rank r data.

gt tO.tst)Q ((gtrno_trn) (etrnatrn)4)
97"717687 72,7"71,72,9 1 14
e Berts  Born, Do ZNMH (o™ PP WL+ ot e =) o0 (9

and if ¢ > 1, we have that

r

etsta <9trna
Ra’r'ruesa 7ZTTL7ZS
Brens o B Beo) = 2 5, ot ST Gt e =T)

t5t>2 t7n)2

+o(l).  (15)

In the experimental section, we see that for small values of r for ¢ bounded away from 1. This seems to be
good estimate for the generalization error.

E Experiments
Please see accompanying notebook for code to produce the data for all of the figures.

E.1 Low SNR and High SNR data

For low SNR data, we sample the 6 times singular values from a squared standard Gaussian. We do this
independently for all 2r singular values. We call this the low SNR region because 6 is not being scaled with
the number of data points. Hence as Ny, Nist — 00, the SNR goes to 0.

For the high rank data, we sample 6 times singular values from a squared Gaussian and then multiply by
V' Nirn, V' Nist. Hence here the SNR does not go to 0 as Nyypy,, Nigt — 00.
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F Generalization Error versus Training noise level plots

F.1 More Tests for Rank 1

Here we provide more examples of ¢ and how our theoretical formula matches the experimental performance
exactly.

Each empirical point is the average over 50 trials. These were run on a laptop with 8gb of RAM and an i3
processors. The average time to produce any of these plots is about 10 to 30 minutes.
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Figure 8: Figures (a) - (e) showing the accuracy of the formula for the expected mean squared error for
¢=0.1,0.5,0.9,2,10 for fixed value of Oyt Figure (f) empirically verifies the existence of a regime where
training on pure noise is optimal. Here the red and green lines represent E[éfst] and E[étzm] respectively. Each
empirical data point is averaged over at least 50 trials.

F.2 Rank 2 Data

Let us now demonstrate that the double descent shaped curve exists beyond rank 1 data and linear
autoencoders. We will do this by gradually making the set up more complicated until we can no longer
recreate this phenomena. First, we consider rank 2 data is of the following form. Let Wy, be some fixed
matrix, then our data is generated by

X = relu(Wdamrelu(uvT).
Where a different v is sampled for the training and test data. the results for this can be seen in Figure 9. As

we can from the figure, we have the exact same qualitative trend for ¢ that we saw before. That is, as ¢ goes
from 0 to 1, we have that 6,,., goes from 64 to 0, and then as ¢ — oo, we have that ;,., goes to infinity as

well.

F.3 MNIST Data

We now look at the linear network with MNIST data.

34



Published in Transactions on Machine Learning Research (04/2023)

Empiical Eror o Cpiica Eror o I
.
Tost Theta Tost Theta R . o
2000l 00100 -
oot @
° °
00095 |- o
oco °
acosf °
w w w
-] ] a L
s s ° = 0oos0
acorf ° o007, o
00085 -
° ° ° o
° °
° ° o
acos|- ° 0008 . .
py ° ° o 00080 |- @© Emprical Eror
. ° Test Theta
‘ s . ° s . ‘ s S e o © s . e
00z 008 3 008 010 01z o 3 008 [ 008 010 oz o oz oo o006 008 o1  on o1
etrn
tm 8tm
(a) c=0.3
°
so0s Tost Theta
° °
0008 0008 °
°
°
0007 °
w w
o] B o00s °
- o H o
0008
°
o °
°
0005 0004 °
° '..
° o
o004 5 00800000 %000,
| 9000000°009°¢" | 000k . .
I o 0z o3 os os o0 X] 0z o3 04 os
6tm otm
(d)ec=2 (e) c=10
Ntrn = 5000
NTFR = 20000 INLFN = LUUU
°
o o
o
00095 o
00095 oz | o
o0°”
00030 o 00030 o 5
o
o®
00085 ° 015 - o0
00085 o
w o w R " o
oo g ° w o
2 K
00080 010 - o
00075 4 o .o°
. o
o 00°
00070 N . 00075 o
o o0s |- o0
o Empirica Error . 40°
00065 . Test Theta 00070 . o 50°
° o o o o 009°°
002 004 006 008 010 (3% o 002 004 006 008 010 o1z 014 Ll
6trn 6trn 00 o1 02 03 oa 3
6trn
(a) c=0.04 (b) ¢c=0.16
Ntrn = 700
Ntrn = 200
00
KN K
K 0% . oon |
04 o0 o
o o
o
o0 o
o® K
o oo 4
o3l o® o 0010
o o°
o° o
u o0 w 0 &
2 o0 Qoo o g
02 ° o
50 °® 0009
o o
o o
K o015 o0°
o o
01 o® o
o® o
ot 0010 e o "
00 Loeo®” ©®00000000°°
00 01 02 03 04 05 00 o1 02 03 04 05 000 025 050 075 100
ot otm et

(d) c=1.12 (e) ¢ =3.92 (f) ¢ = 39.2

Figure 10: MNIST

F.3.1 Non-linear Network

Here, we trained each network for 1500 epochs. During each epoch we computed a gradient using the whole
data set. We used Adam as the optimizer with the code written in Pytorch. Each data point was generated
over 20 trials. These experiments take a little bit more time to run and the one with bigger amounts of data
can take upto 5 hours on a google cloud instance with 16gb RAM. Here we used a Telse P4 gpu. LRL is a
model with a reLU at the end of the first layer only.
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Figure 11: MNIST - LRL model
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