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Abstract

Inverse reinforcement learning (IRL) aims to
recover the reward function and the associated
optimal policy that best fits observed sequences
of states and actions implemented by an expert.
Many algorithms for IRL have an inherent
nested structure: the inner loop finds the
optimal policy given parametrized rewards while
the outer loop updates the estimates towards
optimizing a measure of fit. For high dimensional
environments such nested-loop structure entails
a significant computational burden. To reduce
the computational burden of a nested loop, novel
methods such as SQIL (Reddy et al., 2020) and
IQ-Learn (Garg et al., 2021) emphasize policy
estimation at the expense of reward estimation
accuracy. However, without accurate estimated
rewards, it is not possible to do counterfactual
analysis such as predicting the optimal policy
under different environment dynamics and/or
learning new tasks. In this paper we develop
a novel single-loop algorithm for IRL that does
not compromise reward estimation accuracy. In
the proposed algorithm, each policy improvement
step is followed by a stochastic gradient step
for likelihood maximization. We show that
the proposed algorithm provably converges to a
stationary solution with a finite-time guarantee.
If the reward is parameterized linearly, we
show the identified solution corresponds to the
solution of the maximum entropy IRL problem.
Finally, by using robotics control problems in
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Mujoco and their transfer settings, we show
that the proposed algorithm achieves superior
performance compared with other IRL and
imitation learning benchmarks.

1. Introduction

Given observed trajectories of states and actions
implemented by an expert, we consider the problem of
estimating the reinforcement learning environment in which
the expert was trained. This problem is generally referred
to as inverse reinforcement learning (IRL) (see (Osa et al.,
2018) for a recent survey). Assuming the environment
dynamics are known (or available online), the IRL problem
consists of estimating the reward function and the expert’s
policy (optimizing such rewards) that best fits the data.
While there are limitations on the identifiability of rewards
(Kim et al., 2021), the estimation of rewards based upon
expert trajectories enables important counterfactual analysis
such as the estimation of optimal policies under different
environment dynamics and/or reinforcement learning of
new tasks.

In the seminal work (Ziebart et al., 2008), the authors
developed an IRL formulation, in which the model for
the expert’s behavior is the policy that maximizes entropy
subject to a constraint requiring that the expected features
under such policy match the empirical averages in the
expert’s observation dataset. The algorithms developed for
MaxEnt-IRL (Ziebart et al., 2008; 2010; Wulfmeier et al.,
2015) have a nested loop structure, alternating between an
outer loop with a reward update step, and an inner loop that
calculates the explicit policy estimates. The computational
burden of this nested structure is manageable in tabular
environments, but it becomes significant in high dimensional
settings requiring function approximation.

Towards developing more efficient IRL algorithms, a
number of works (Finn et al., 2016a;b; Ho & Ermon, 2016;
Fu et al., 2017) propose to leverage the idea of adversarial
training (Goodfellow et al., 2014). These algorithms
learn a non-stationary reward function through training a
discriminator, which is then used to guide the policy to
match the behavior trajectories from the expert dataset.
However, (Ni et al., 2020) pointed out that the resulting
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discriminator (hence the reward function) typically cannot
be used in new learning tasks, since it is highly dependent on
the corresponding policy and current environment dynamics.
Moreover, due to the brittle approximation techniques and
sensitive hyperparameter choice in the adversarial training,
these IRL algorithms can be unstable. (Kurach et al., 2018;
Kostrikov et al., 2019).

More recent works (Reddy et al., 2020; Garg et al., 2021)
have developed algorithms to alleviate the computational
burden of the nested-loop training procedures. In (Reddy
et al., 2020), the authors propose to model the IRL using
certain maximum entropy RL problem with specific reward
function (which assigns r = +1 for matching expert
demonstrations and r = 0 for all other behaviors). Then
a soft Q imitation learning (SQIL) algorithm is developed.
In (Garg et al., 2021), the authors propose to transform
the standard formulation of IRL (discussed above) into a
single-level problem, through learning a soft Q-function
to implicitly represent the reward function and the policy.
An inverse soft-Q learning (IQ-Learn) algorithm is then
developed, which is shown to be effective in estimating the
policy for the environment that it is trained on. Despite being
computational efficient, IQ-Learn sacrifices the accuracy in
estimating the rewards since it indirectly recovers rewards
from a soft Q-function approximator which is highly
dependent upon the environment dynamics and does not
strictly satisfy the soft-Bellman equation. Therefore it is not
well-suited for counterfactual prediction or transfer learning
setting.

In f-IRL (Ni et al., 2020) the authors consider an approach
for estimating rewards based on the minimization of
several measures of divergence with respect to the expert’s
state visitation measure. The approach is limited to
estimating rewards that only depend on state. Moreover,
while the results reported are based upon a single-loop
implementation, the paper does not provide a convergence
guarantee to support performance.

In the end, we introduce several related works which
focus on developing “robust” algorithms and enable the
agent to adapt to new environment with different dynamics.
There is a line of works focusing on disentangling the
reward function from the environment dynamics, so that
the recovered reward functions could be transferred across
environments with different dynamics. In (Fu et al.,
2017), the authors propose an algorithm called adversarial
inverse reinforcement learning (AIRL). Constructing the
estimated reward as a function which depends on the
current state and next state, AIRL enables the agent to
learn policies in a new environment through leveraging
the estimated reward function recovered from the training
environment. In (Kim et al., 2021), the authors prove
necessary and sufficient conditions for reward identifiability

in deterministic MDP models with the maximum entropy
reinforcement learning objective. In (Cao et al., 2021), the
authors present a theoretical analysis to show the necessary
and sufficient condition to identify an action-independent
time-homogeneous reward function under the maximum
entropy IRL problem. A recent line of works consider
a more challenging setting, where the learner has no
access to the expert environment, and there is a transition
dynamics mismatch between the expert and the learner. In
(Liu et al., 2020), the authors propose a state alignment
based imitation learning method so that the imitator could
follow the state sequences in expert demonstrations as
much as possible. Arguing that the expert actions are
not efficient demonstrations under transition dynamics
mismatch, (Gangwani & Peng, 2020) further develops a
state-only imitation learning method. In (Viano et al., 2021),
the authors revisit the Maximum Causal Entropy IRL when
there is a transition dynamics mismatch between the expert
and the learner. A theoretical analysis is further provided in
(Viano et al., 2021) to show the upper bound on the learner’s
performance degradation, which is measured in terms of the
¢;-distance between the transition dynamics of the expert
and the learner.

Our Contributions. The goal of this work is to develop
an algorithm for IRL which is capable of producing
high-quality estimates of both rewards and behavior policies
with finite-time guarantees. The major contributions of this
work are listed below.

e We consider a formulation of IRL based on
maximum likelihood (ML) estimation over optimal
(entropy-regularized) policies, and prove that a strong
duality relationship with maximum entropy IRL holds
if rewards are represented by a linear combination of
features. ! The ML formulation is a bi-level optimization
problem, where the upper-level problem maximizes the
likelihood function, while the lower-level finds the optimal
policy under the current reward parameterization. Such a
bi-level structure is not only instrumental to the subsequent
algorithm design, but is also flexible to incorporate the use
of state-only, as well as the regular reward function (which
depends on the state and action pair). The former is suitable
for transfer learning since it is insensitive to the changes of
the environment dynamics, while the latter can be used to
efficiently imitate the expert policy.

e Based on the ML-IRL formulation, we develop an
efficient algorithm. To avoid the computational burden
of repeatedly solving the lower-level policy optimization

"Heuristic arguments for this duality result are discussed in
(Ziebart et al., 2008) wherein the distribution of state-action paths
is approximated (see equation (4) in (Ziebart et al., 2008)) and the
equivalence between maximum entropy estimation and maximum
likelihood (over the class of exponential distributions) (Jaynes,
1957) is invoked.
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problem, the proposed algorithm has a single-loop structure
where the policy improvement step and reward optimization
step are performed alternatingly so that each step can be
performed relatively cheaply. Further, we show that the
algorithm has strong theoretical guarantees: to achieve
certain e-approximate stationary solution for a non-linearly
parameterized problem, it requires O(e~2) steps of policy
and reward updates each. To our knowledge, it is the
first algorithm which has finite-time guarantee for the
IRL problem under nonlinear parameterization of reward
functions.

e We conduct extensive experiments to demonstrate that the
proposed algorithm outperforms many state-of-the-art IRL
algorithms in both policy estimation and reward recovery.
In particular, when transferring to a new environment,
RL algorithms using rewards recovered by the proposed
algorithm outperform those that use rewards recovered from
existing IRL and imitation learning benchmarks.

2. Preliminaries

In this section, we review the fundamentals of the maximum
entropy inverse reinforcement learning (MaxEnt-IRL). We
consider an MDP defined by the tuple (S, A, P,n,r,7);
S and A denote the state space and the action space
respectively; P(s']s,a) : S x A x § — [0, 1] denotes
the transition probability; 7(-) denotes the distribution for
the initial state; (s, a) : S x A — R is the reward function
and ~y is a discount factor.

Given a dataset D which contains trajectories
T = {(st,a¢)}2, sampled from an expert policy,
the MaxEnt-IRL formulation (Ziebart et al., 2010; 2013;
Bloem & Bambos, 2014) consists of finding a policy
maximizing entropy subject to the expected features
under such policy matching the empirical averages in the
expert’s observation dataset. Specifically, the MaxEnt-IRL
formulation is given by:

max H(r):=E,, {i —* logw(atISt)}

" t=0
(MaxEnt-IRL)

st. Eron [thgb(st, at)} =E..p {27%(«%7 at)}
t=0 t=0

(1)

where ¢(s, a) is the feature vector of the state-action pair
(s,a). Let 0 denote the dual variable for the linear constraint,

then the Lagrangian of (MaxEnt-IRL) is given by

L(m,0) = H(m)+0,E.r [i YO (51, at)]

t=0

—Ernp {va%(sh at)} : (2)

t=0

In (Ziebart et al., 2010; 2013; Bloem & Bambos, 2014),
the authors proposed a “’dual descent” algorithm, which
alternates between i) solving max,. £(, 6) for fixed 6, and
ii) a gradient descent step to optimize the dual variable 6. It
is shown that the optimizer 7} in step i) can be recursively

defined as 7j(asls;) =

d)(st; at)Ta + ’yEStJrlN'P("St,CH) [IOg ZSH—l »9] and
1Og Zstﬂ = IOg (ZaeA Za|5t’9)'

From a computational perspective, the above algorithm is
not efficient: it has a nested-loop structure, which repeatedly
computes the optimal policy 7; under each variable 6. It is
known that when the underlying MDP is of high-dimension,
such an algorithm can be computationally prohibitive (Finn
et al., 2016b; Ho & Ermon, 2016).

atlst,0
1,0

, where log Z,, 15,0 =

Recent work (Garg et al., 2021) proposed an algorithm
called IQ-Learn to improve upon the MaxEnt-IRL by
considering a saddle-point formulation:

min max {H(?T) +Err] Z’Yt - (sg, )]
t=0

“Ern[Y 0 r(sna)l} @)
t=0

The authors show that this problem can be transformed into
an optimization problem only defined in terms of the soft
Q-function, which implicitly represents both reward and
policy. 1Q-Learn is shown to be effective in imitating the
expert behavior while only relying on the estimation of
the soft Q-function. However, the implicit reward estimate
obtained is not necessarily accurate since its soft Q-function
estimate depends on the environment dynamics and does
not strictly satisfy the soft-Bellman equation. Hence, it is
difficult to transfer the recovered reward function to new
environments.

3. Problem Formulation

In this section, we consider a ML formulation of the IRL
problem and formalize a duality relationship with maximum
entropy-based formulation (MaxEnt-IRL).

Maximum Log-Likelihood IRL (ML-IRL)

Let D := {7;}X, denote the dataset containing observed
trajectories. A model of the expert’s behavior is a
randomized policy 7y (+|s) where 0 is a parameter vector.
Assuming the state dynamics P (s¢11]s¢, a;) are known, the
discounted log-likelihood of observing a sample trajectory
7 under model 7y can be written follows:

E.wp [log H(P(St+1 ¢, at)ﬂe(at|5t))’yt}

t>0

=E,vp {Zwt(logm(aﬁst) + 10g73(£t+1\3t7at)) .
t>0
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Let L(0) := Erup[ > ;507" log mo(ai|s:)]. We consider
the following maximum log-likelihood IRL formulation:

max L(6) (ML-IRL)

st mp = argmax Eq [iyt <r(5t,at;0) +H(7T('|5t))>}

t=0
(4a)

where (s, a;0) is the reward function and H (7 (+|s)) :=
— > acaT(als)logm(a|s) denotes the entropy of policy
m(-[s)-

We now make some remarks about ML-IRL. First, the
problem takes the form of a bi-level optimization problem,
where the upper-level problem (ML-IRL) optimizes the
reward parameter 6, while the lower-level problem describes
the expert’s policy as the solution to an entropy-regularized
MDP ((Haarnoja et al., 2017; 2018)). In what follows we
will leverage recently developed (stochastic) algorithms for
bi-level optimization (Hong et al., 2020; Ji et al., 2021;
Khanduri et al., 2021), that avoid the high complexity
resulted from nested loop algorithms. Second, it is
reasonable to use the ML function as the loss, because it
searches for a reward function which generates a behavior
policy that can best fit the expert demonstrations. While
the ML function has been considered in (Jain et al., 2019;
Sanghvi et al., 2021), they rely on heuristic algorithms with
nested-loop computations to solve their IRL formulations,
and the theoretical properties are not studied. Finally, the
lower-level problem has been well-studied in the literature
(Haarnoja et al., 2017; 2018; Cen et al., 2021; Cayci et al.,
2021; Nachum et al., 2017). The entropy regularization
in (4a) ensures the uniqueness of the optimal policy 7y
under the fixed reward function (s, a; §) (Haarnoja et al.,
2017; Cen et al., 2021). Even when the underlying
MDP is high-dimensional and/or complex, the optimal
policy could still be obtained; see recent developments
in (Haarnoja et al., 2017; 2018). Subsequently, we will
leverage these algorithms, together with recent advances
in bi-level optimization to develop solution methods for
(ML-IRL).

We close this section by formally establishing a connection
between (MaxEnt-IRL) and (ML-IRL).

Theorem 3.1. (Strong Duality) Suppose that the reward
function is given as: 7(s,a;0) = ¢(s,a)T0, for all
s € Sand a € A. Then (ML-IRL) is the Lagrangian
dual of (MaxEnt-IRL).  Furthermore, strong duality
holds, that is: L(6*) = H(w*), where 0* and ©* are
the global optimal solutions for problems (ML-IRL) and
(MaxEnt-IRL), respectively.

The proof of Theorem 3.1 is relegated to Appendix F. To
our knowledge this result which specifically addresses the
(MaxEnt-IRL) formulation is novel. A duality between

ML estimation and maximum causal entropy is obtained in
(Ziebart et al., 2013, Theorem 3). However, the problem
considered in that paper is not in RL nor IRL setting,
therefore they cannot be directly used in the context of
the present paper.

The above duality result reveals a strong connection between
the two formulations under linear reward parameterization.
Of course, when non-linear parameterization is used
strong duality may not hold. However, this connection
still suggests that ML-IRL formulation is a meaningful
framework for IRL.

4. The Proposed Algorithm

In this section, we design algorithms for (ML-IRL). Recall
that one major drawback of algorithms for (MaxEnt-IRL)
is that, they repeatedly solve certain policy optimization
problem in the inner loop. For example, the algorithm
IQ-Learn (Garg et al., 2021) improves the computational
efficiency through implicitly representing the reward
function and the policy by a Q-function approximator, while
the estimation accuracy of the recovered reward is sacrificed.
Therefore, one important goal of our design is to find
provably efficient algorithms that can avoid high-complexity
operations and accurately recover the reward function.
Specifically, it is desirable that the resulting algorithm only
uses a finite number of reward and policy updates to reach
certain high-quality solutions.

To proceed, we will leverage the special bi-level structure
of the ML-IRL problem. The idea is to alternate between
one step of policy update to improve the solution of the
lower-level problem, and one step of the parameter update
which improves the upper-level loss function. At each
iteration k, given the current policy 7 and the reward
parameter 0, a new policy 741 is generated from the
policy improvement step, and 6, is generated by the
reward optimization step.

This kind of alternating update is efficient, because there
is no need to completely solve the policy optimization
subproblem, before updating the reward parameters. It has
been used in many other RL related settings as well. For
example, the well-known actor-critic (AC) algorithm for
policy optimization (Konda & Tsitsiklis, 1999; Wu et al.,
2020; Hong et al., 2020) alternates between one step of
policy update, and one step of critic parameter update.
Below we present the details of our algorithm at a given
iteration k.

Policy Improvement Step. Given the reward parameter 6,
is fixed, let us consider optimizing the lower-level problem.
Towards this end, define the so-called soft Q and soft value
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Algorithm 1 Maximum Likelihood Inverse Reinforcement Learning (ML-IRL)

0: Input: Initialize reward parameter 6y and policy (. Set the reward parameter’s stepsize as .

(-, -) under reward function (-, -; 6y)

Estimating Gradient: g;, := h(0x; 77) — h(0k; 7') where h(0;7) == 32,07 Vor(se, ar; 0)

0: fork=0,1,...,K — 1do
. 3 fane soff
0: Policy Evaluation: Compute Q® e:m
0:  Policy Improvement: 7 1(-|s) oc exp(Qf.gl{fﬂk (s,),Vs € S.
0: Data Sampling I: Sampling expert trajectory 7/ := {s;, a; }4>0 from the dataset D
0: Data Sampling II: Sampling agent trajectory 77 := {s;, a; }+>0 from the policy 7y
0:
0: Reward Parameter Update: 05,1 := 0 + agi

functions for a given policy 7 and a reward parameter 6y

s T [th (( ars0) + %m(wst))ﬂ
t=0
(5a)
O (5.0) = (5,03 00) + AEarp( o0y [V (5)]
(5b)

We will adopt the well-known soft policy iteration (Haarnoja
etal., 2017) to optimize the lower-level problem (4a). Under
the current reward parameter 6 and the policy 7, the soft
policy iteration generates a new policy 741 as follows

o (s,0),

Under a fixed reward function, it can be shown that the new
policy 71 monotonically improves 7, and it converges
linearly to the optimal policy; see (Haarnoja et al., 2017,
Theorem 4) and (Cen et al., 2021, Thoerem 1).

Trt1(als) x exp( Vs e S,ac A. (6)

Note that in practice, we usually do not have direct access
to the exact soft Q-function in (5b). In order to perform the
policy improvement, a few stochastic update steps in soft
Q-learning (Haarnoja et al., 2017) or soft Actor-Critic (SAC)
(Haarnoja et al., 2018) could be used to replace the one-step
soft policy iteration (6). In the appendix, we present Alg.
2 to demonstrate such alternative implementation of our
proposed algorithm.

Reward Optimization Step. We propose to use a stochastic
gradient-type algorithm to optimize #. Towards this end, let
us first derive the exact gradient VL(#). See Appendix C
for detailed proof.

Lemma 4.1. The gradient of the likelihood function L(6)
can be expressed as follows:

VL) =E,;wp [ZWtVGT(Su ag; 9)}

t>0

- ETN?T& {Z ’YtVBT(Sta Qg 9)] . N

t>0

To obtain stochastic estimators of the exact gradient
V L(0y), we take two approximation steps: 1) approximate

the optimal policy mg, by 41 in (6), since the optimal
policy mp, is not available throughout the algorithm; 2)
sample one expert trajectory 7£ from the dataset D and
one agent trajectory T,;“ from the current policy 71 so to
approximate the expectation operators in (7).

Following the approximation steps mentioned above, we
construct a stochastic estimator gy, to approximate the exact
gradient VL(0,) in (7) as follows:

gk = h(0: ) — h(Ok; ) (8)

where h(0;7) = Y ,507'Vor(si,ai;60). With the
stochastic gradient estimator gy, the reward parameter 0y, is
updated as:

Ok+1 = Ok + agg. 9)
where « is the stepsize in updating the reward parameter.

In summary, the proposed algorithm for solving the ML-IRL
problem (ML-IRL) is given in Alg. 1.

5. Theoretical Analysis

In this section, we present finite-time guarantees for the
proposed algorithm.

To begin with, first recall that in Sec. 3, we have mentioned
that (ML-IRL) is a bi-level problem, where the upper
level (resp. the lower level) problem optimizes the reward
parameter (resp. the policy). In order to solve (ML-IRL),
our algorithm 1 has a singe-loop structure, which alternates
between one step of policy update and one step of the reward
parameter update. Such a single-loop structure indeed
has computational benefit, but it also leads to potential
unstableness, since the lower level problem can stay far
away from its true solutions. Specifically, at each iteration
k, the potential unstableness is induced by the distribution
mismatch between the policy 7141 and 7y, , when we use
estimator gy, (8) to approximate the exact gradient V L(6},)
(7) in updating the reward parameter 6.

Towards stabilizing the algorithm, we adopt the so-called
two-timescale stochastic approximation (TTSA) approach
(Borkar, 1997; Hong et al., 2020), where the lower-level
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problem updates in a faster time-scale (i.e., converges faster)
compared with its upper-level counterpart. Intuitively, the
TTSA enables the 7y ; tracks the optimal 7y, , leading to a
stable algorithm. In the proposed Algorithm 1, the policy
(lower-level variable) is continuously updated by the soft
policy iteration (6), and it is ‘fast’ because it converges
linearly to the optimal policy under a fixed reward function
(?)Theorem 1]cen2021fast. On the other hand, the reward
parameter update (9) does not have such linear convergence
property, therefore it works in a ‘slow’ timescale. To begin

our analysis, let us first present a few technical assumptions.

Assumption 5.1 (Ergodicity). For any policy 7, assume the
Markov chain with transition kernel P is irreducible and
aperiodic under policy 7. Then there exist constants x > 0
and p € (0, 1) such that

sug IP(s; € -|sg = 8,7) — pur ()| 7v < Kp!, VE>0
ES

where || - ||y is the total variation (TV) norm; p, is the
stationary state distribution under 7.

Assumption 5.1 assumes the Markov chain mixes at a
geometric rate. It is a common assumption in the iterature of
RL (Bhandari et al., 2018; Zou et al., 2019; Wu et al., 2020),
which holds for any time-homogeneous Markov chain with
finite-state space or any uniformly ergodic Markov chain
with general state space.

Assumption 5.2. For any s € S, a € A and any reward
parameter 6, the following holds:

[Vor(s, a:0)|| < Ly, (10a)
[ Vor(s, a;01) = Vor(s, a; 02)|| < Lgll6h — 62| (10b)

where L, and L, are positive constants.

Assumption 5.2 assumes that the parameterized reward
function has bounded gradient and is Lipschitz smooth.
Such assumption in Lipschitz property are common in the
literature of min-max / bi-level optimization (Jin et al., 2020;
Hong et al., 2020; Chen et al., 2021; Guan et al., 2021;
Khanduri et al., 2021).

Based on Assumptions 5.1 - 5.2, we next provide the
following Lipschitz properties:

Lemma 5.3. Suppose Assumptions 5.1 - 5.2 hold. Given
any reward parameters 01 and 05, the following results hold
forany s € Sanda € A:

Q75 o, (5:0) = Qs (5:0)] < Lallr = 6], (112)

IVL(61) — VL(02)|| < Lc||§1 — 62]] (11b)
where Q3" (-,-) denotes the soft Q-function under the
reward function r(-,-;0) and the policy wg. The positive
constants Lq and L. are defined in Appendix D.

The Lipschitz properties identified in Lemma 5.3 are vital
for the convergence analysis. Then we present the main
results, which show the convergence speed of the policy
{7k } k>0 and the reward parameter {6y} >0 in the Alg. 1.
Please see Appendix D for the detailed proof.

Theorem 5.4. Suppose Assumptions 5.1 - 5.2 hold.
Selecting stepsize o := %% for the reward update step
(9) where ag > 0 and o € (0,1) are some fixed constants,
and K is the total number of iterations to be run by the
algorithm. Then the following result holds:

K—1

% Z E [||log myr1 —logm, || ] = O(K™) + O(K™9)
= (12a)

| K1

% 2 E[IVLON)I] = OK™7) + O(K ™) + O(K ™)
e (12b)

where we denote |logmpi1 — logmo, |lco =

max,es,ac A | 108 Tii1(als) —log mg, (als)|. In particular,
setting o = 1/2, then both quantities in (12a) and (12b)
converge with the rate O(K ~1/?).

In Theorem 5.4, we present the finite-time guarantee for the
convergence of the Alg.1. As a remark, we note that our
theoretical guarantee is different from the existing results,
such as (Cen et al., 2021) that showed the convergence
rate of soft policy iteration under a fixed reward function.
Theorem 5.4 analyzes a more challenging setting where
both the policy and reward parameter are kept changing. To
present the key steps in our analysis, we provide a proof
sketch below. The detailed proof is in Appendix G.

Proof sketch. We outline our main steps in analyzing (12a)
and (12b) respectively.

In order to show the convergence of policy estimates
in (12a), there are several key steps. First, we note
that both policies w41 and mg, are in the softmax
parameterization, where 7,41 (-|s) o exp ( ff;f]: i (59)
and 7, (+|s) o exp ( ;‘;f’fﬂek (s,-)). Then, we can show
a Lipschitz continuity property between the policy and the
soft Q-function:

logmiss — logr lle < 21QT . — Q2T uc,
where the infinty norm || - || is defined over the

state-action space S X A. Moreover, by analyzing the
contraction property of the soft policy iteration (6), we

bound [[Q% . — QN | as:
H soft __ )soft ”
Top Tk 7oy o, 1190

< 7y ‘ ‘ Qsoft __ Hsoft

T _ 1 Th—1 Ty 1T

oo 2L 100 — 01|
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To ensure that the error term ||0 — 01| is small, we
select the stepsize of reward parameters as « := 2%, where
K is the total number of iterations and o > 0. Then, by
combining previous two steps, we could further show the

convergence rate of the policy estimates in (12a).

To prove the convergence of the reward parameters in (12b),
we first leverage the Lipschitz smooth property of L(#) in
(11b). However, one technical challenge in the convergence
analysis is how to handle the bias between the gradient
estimator g, defined in (8) and the exact gradient VL(6y).
When we construct the gradient estimator gy, in (8), we need
to sample trajectories from the current policy 741 and the
expert dataset D. However, according to the expression
of VL(60) in (7), the trajectories are sampled from the
optimal policy 7y, and the dataset D. Hence, there is a
distribution mismatch between 75,1 and g, . Our key idea
is to leverage (12a) to handle this distribution mismatch
error, and thus show that the bias between g5 and V L(6},)
could be controlled. O

6. A Discussion over State-Only Reward

In this section we consider the IRL problems modeled by
using rewards that are only a function of the state. A lower
dimensional representation of the agent’s preferences (i.e. in
terms only of states as opposed to states and actions) is more
likely to facilitate counterfactual analysis such as predicting
the optimal policy under different environment dynamics
and/or learning new tasks. This is because the estimation
of preferences which are only defined in terms of states is
less sensitive to the specific environment dynamics in the
expert’s demonstration dataset. Moreover, in application
such as healthcare (Yu et al., 2021) and autonomous driving
(Kiran et al., 2021), where simply imitating the expert
policy can potentially result in poor performance, since
the learner and the expert may have different transition
dynamics. Similar points have also been argued in recent
works (Gangwani & Peng, 2020; Ni et al., 2020; Viano et al.,
2021).

Next, let us briefly discuss how we can understand
(ML-IRL) and Alg.1, when the reward is parameterized
as a state-only function.

Lemma 6.1. Suppose the expert trajectories T is sampled
from a policy ™%, and the reward is parameterized as a
state-only function r(s;0). Then ML-IRL is equivalent to
the following:

Ve (50)]

Hbin Esomn() [V‘mﬁ (so0) —

T6,To

(13a)

st. mp = argmax Eq {i% (r(st;G) +7—[(7r(~st)))].

t=0

Please see Appendix E for the detailed derivation.

Intuitively, the above lemma says that, when dealing with
the state-only IRL, (ML-IRL) minimizes the gap between
the soft value functions of the optimal policy 7y and that of
the expert policy 7. Moreover, Alg.1 can also be easily
implemented with the state-only reward. In fact, the entire
algorithm essentially stays the same, and the only change
is that r(s,a;0) will be replaced by r(s;8). Therefore,
even under the state-only IRL setting where the expert
dataset only contains visited states, our formulation and
the proposed algorithm still work if we parameterize the
reward as a state-only function.

7. Numerical Results

In this section, we test the performance of our algorithm on
a diverse collection of RL tasks and environments. In each
experiment set, we train algorithms until convergence and
average the scores of the trajectories over multiple random
seeds. The hyperparameter settings and simulation details
are provided in Appendix A.

Mujoco Tasks For Inverse Reinforcement Learning.
In this experiment set, we test the performance of our
algorithm on imitating the expert behavior. We consider
several high-dimensional robotics control tasks in Mujoco
(Todorov et al., 2012). Two class of existing algorithms
are considered as the comparison baselines: 1) imitation
learning algorithms that only learn the policy to imitate the
expert, including Behavior Cloning (BC) (Pomerleau, 1988)
and Generative Adversarial Imitation Learning (GAIL) (Ho
& Ermon, 2016); 2) IRL algorithms which learn a reward
function and a policy simultaneously, including Adversarial
Inverse Reinforcement Learning (AIRL) (Fu et al., 2017),
f-IRL (Ni et al., 2020) and IQ-Learn (Garg et al., 2021).
To ensure fair comparison, all imitation learning / IRL
algorithms use soft Actor-Critic (Haarnoja et al., 2018) as
the base RL algorithm. For the expert dataset, we use the
data provided in the official implementation® of f-IRL.

In this experiment, we implement two versions of our
proposed algorithm: ML-IRL(State-Action) where the
reward is parameterized as a function of state and action;
ML-IRL(State-Only) which utilizes the state-only reward
function. In Table 1, we present the simulation results under
a limited data regime where the expert dataset only contains
a single expert trajectory. The scores (cumulative rewards)
reported in the table is averaged over 3 random seeds. In
each random seed, we train algorithm from initialization and
collect 20 trajectories to average their cumulative rewards
after the algorithms converge. According to the results
reported in Table 1, it shows that our proposed algorithms
outperform the baselines on most tasks.

We observe that BC fails to imitate the expert’s behavior. It

https://github.com/twni2016/£f-IRL
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Task BC GAIL  IQ-Learn  f-IRL ML-IRL ML-IRL Expert
(State-Only)  (State-Action)

Hopper 20.76  2820.44  3299.01 3361.02 3382.44 3392.51 3592.63

Half-Cheetah  -2.05  4812.55 5043.26 4802.33 5254.84 4519.74 5098.3

Walker -13.84 1183.94 5088.42 4798.01 5373.27 5393.89 5344.21

Ant 990.71 3962.71 4362.90* 4960.18 5074.35 5546.71 5926.18

Humanoid 75.82 419438 5227.10% 5441.42 5496.87 5420.18 5351.08

Table 1. Mujoco Results. The performance of benchmark algorithms under a single expert trajectory.

Setting IQ-Learn AIRL f-IRL ML-IRL(State-Only) Groud-Truth
Data Transfer -11.78 -5.39  188.85 221.51 320.15
Reward Transfer -1.04 130.3 156.45 187.69 320.15

Table 2. Transfer Learning. The performance of benchmark algorithms under a single expert trajectory. The scores in the table are

obtained similarly as in Table 1.

is due to the fact that BC is based on supervised learning and
thus could not learn a good policy under such a limited data
regime. Moreover, we notice the training of 1Q-Learn is
unstable, which may be due to its inaccurate approximation
to the soft Q-function. Therefore, in the Mujoco tasks where
IQ-Learn does not perform well, so that we cannot match
the results presented in the original paper (Garg et al., 2021),
we directly report results from there (and mark them by *
in Table 1). The results of AIRL are not presented in Table
1 since it performs poorly even after spending significant
efforts in parameter tuning (similar observations have been
made in in (Liu et al., 2020; Ni et al., 2020)).

Transfer Learning Across Changing Dynamics. We
further evaluate IRL algorithms on the transfer learning
setting. We follows the environment setup in (Fu et al.,
2017), where two environments with different dynamics
are considered: Custom—Ant vs Disabled-Ant. We
compare ML-IRL(State-Only) with several existing IRL
methods: 1) AIRL (Fu et al., 2017), 2) f-IRL (Ni et al.,
2020); 3) IQ-Learn (Garg et al., 2021).

We consider two transfer learning settings: 1) data transfer;
2) reward transfer. For both settings, the expert dataset /
trajectories are generated in Custom-Ant. In the data
transfer setting, we train IRL agents in Disabled-Ant
by using the expert trajectories, which are generated
in Custom-Ant. In the reward transfer setting, we
first use IRL algorithms to infer the reward functions in
Custom-Ant, and then transfer these recovered reward
functions to Disabled-Ant for further evaluation. In
both settings, we also train SAC with the ground-truth
reward in Disabled-Ant and report the scores.

The numerical results are reoprted in Table 2. the proposed
ML-IRL(State-Only) achieves superior performance
compared with the existing IRL benchmarks in both
settings. We notice that IQ-Learn fails in both settings

since it indirectly recovers the reward function from a
soft Q-function approximator, which could be inaccurate
and is highly dependent upon the environment dynamics.
Therefore, the reward function recovered by IQ-Learn can
not be disentangled from the expert actions and environment
dynamics, which leads to its failures in the transfer learning
tasks.

8. Conclusion

In this paper, we present a maximum likelihood IRL
formulation and propose a provably efficient algorithm with
a single-loop structure. To our knowledge, we provide
the first non-asymptotic analysis for IRL algorithm under
nonlinear reward parameterization. As a by-product,
when we parameterize the reward as a state-only function,
our algorithm could work in state-only IRL setting and
enable reward transfer to new environments with different
dynamics. Our algorithm outperforms existing IRL
methods on high-dimensional robotics control tasks and
corresponding transfer learning settings. A limitation of our
method is the requirement for online training, so one future
direction of this work is to further extend our algorithm and
the theoretical analysis to the offline IRL setting.

Potential Negative Social Impacts. Since IRL methods
aim to recover the reward function and the associated
optimal policy from the observed expert dataset, potential
negative social impacts may occur if there are bad
demonstrations included in the expert dataset. Thus, for
sensitive applications such as autonomous driving and
clinical decision support, additional care should be taken to
avoid negative biases from the expert demonstrations and
ensure safe adaptation.
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Algorithm 2 Practical Implementation of ML-IRL

0: Input: Initialize reward parameter 6y and policy (. Set the reward parameter’s stepsize as .

0: fork=0,1,...,K — 1do

0: Policy Update: 741 < several SAC steps under reward function r (-, -; 8;) and policy .

0 Data Sampling I: Sampling expert trajectory 7/ := {s¢, a };>0 from the dataset D

0 Data Sampling II: Sampling agent trajectory 7' := {s;, a; }+>0 from the policy 711

0: Estimating Gradient: g;, := h(0); 7F) — h(0k; 7/*) where h(0;7) := Y ,50 7 Vor(ss, as; 0)
0

0

Reward Parameter Update: 0,1 := 0;, + agx
: end for=0

Appendix
A. Experiment Details

A.1. Mujoco Tasks For Inverse Reinforcement Learning.

In all experiments, we test the performance of benchmark algorithms on Hopper, Half-Cheetah, Walker, Ant,
Humanoid environments from OpenAl Gym. To ensure fair comparison, we use an open-source implementation® of SAC
as the base RL algorithm for all imitation learning / IRL methods. Moreover, Adam is used as the optimizer in SAC.

In SAC, both policy network and Q-network are (64, 64) MLPs with ReLU activation function, and we set their stepsizes
as 3 x 1073, Moreover, in our proposed algorithms, we parameterize the reward function by a (64, 64) MLPs with ReLU
activation function. For the reward network, we use Adam as the optimizer and the stepsize is set to be 1 x 1074,

We present the practical implementation procedure of our proposed algorithm in Table.2. At each iteration, we first
warm-start both policy network and Q-network in SAC by using the trained neural networks from the previous iteration.
Then, we run 10 episodes in the corresponding Mujoco environment to train the policy network and Q-network in SAC.
After that, we collect agent trajectory and expert trajectory to train the reward network by one gradient update.

For the imitation learning / IRL benchmark algorithms, we use their open-source implementations in our experiments. The
official implementations of f-IRL is provided in https://github.com/twni2016/£f-IRL. The offical code base
for IQ-Learn is provided in https://github.com/Div99/IQ-Learn. For the remaining benchmarks including BC,
GAIL and AIRL, we refer to a open-source implementation: https://github.com/KamyarGh/rl_swiss.

A.2. Transfer Learning Across Changing Dynamics.

In this experiment, we follow the setup in (Fu et al., 2017). A standard ant (Custom-Ant) and an ant with two disabled
legs (Disabled-Ant) are simulated in Mujoco. For all benchmark algorithms tested in this experiment, we follow same
network structure and hyperparameter settings described in Section A.1.

Here, we provide a supplementary experiment result to show the performance of benchmark algorithms under different
number of expert trajectory. The performance of AIRL and IQ-Learn is not presented in Table 3 since we found their
training is unstable (as we have mentioned in Sec.7). The scores in Hopper are recorded after 1 x 10% environment steps and
the scores in other environments are recorded after 2 x 10% environment steps. The scores are reported after 3 independent
Monte Carlo (MC) trials for each algorithm.

*https://github.com/openai/spinningup
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Task

Hopper

# Expert Trajectory

1 5 10

Expert Performance 3592.63 3530.63 £+ 2.73 3531.72 £ 6.41
BC 20.53 +4.16 102.74 £ 63.12 371.48 £44.97

GAIL 2757.88 £293.18 2762.77 £209.24  3055.74 £ 179.05

f-IRL 2993.54 +£252.59  3116.02+61.30 3207.06 £ 74.67

ML-IRL(State-Only)
ML-IRL(State-Action)

3164.36 + 36.20
3138.10 = 144.33

3131.45 £ 53.49
3290.02 + 62.15

3138.52 £ 26.62
3262.89 + 24.31

Task Half-Cheetah
# Expert Trajectory 1 5 10
Expert Performance 5098.30 5072.53 £ 145.12  5043.02 £ 104.32
BC —1.77 £ 0.27 155.64 + 95.45 312.84 £207.99
GAIL 3254.51 £ 87.40 3085.18 £53.90  2963.97 £ 113.95
f-IRL 4650.49 +180.94  4751.63 £154.69 4881.13 £ 180.95

ML-IRL(State-Only)
ML-IRL(State-Action)

4551.33 £4.72
4894.62 £ 1791

4661.04 + 108.05
4846.43 £ 16.65

4494.36 + 112.03
4728.20 + 103.78

Task

Walker

# Expert Trajectory

1 5 10

Expert Performance 5344.21 5471.58 £13.93 5471.70 £ 10.59
BC —13.98 £0.22 283.425 +2.94 443.93 +63.02
GAIL 1023.41 £81.64  3610.49 + 65.32 3772.54 + 47.62

f-IRL 4483.14 £ 155.72  4562.48 +198.89 5028.67 + 119.59

ML-IRL(State-Only)
ML-IRL(State-Action)

4683.75 £ 9.56
4914.42 + 42.77

4367.81 £ 162.56
4703.35 £ 57.10

4294.27 £ 55.01
4623.46 + 11.52

Task Ant
# Expert Trajectory 1 5 10
Expert Performance 5926.18 5856.84 £ 79.48 5901.73 £ 122.40
BC 760.14 £ 0.53 961.58 £0.17 1003.3 £ 53.93
GAIL 1107.98 £531.90  2971.57 £569.31  4008.49 4+ 271.49
f-IRL 4853.53 +213.72 5176.09 + 255.90 5208.41 £ 324.22

ML-IRL(State-Only)
ML-IRL(State-Action)

5198.31 £ 212.81
5275.27 £+ 205.32

4832.38 +123.28
5157.03 £ 123.28

4681.76 + 54.35
4919.80 + 11.52

Task

Humanoid

# Expert Trajectory

1 5 10

Expert Performance 5351.08 5339.12 £ 22.21 5343.76 = 24.19
BC 76.26 £0.11 547.62 £ 20.21 593.64 + 15.27

GAIL 2525.65 £1608.68  3174.66 £961.00  2966.86 £ 900.65

f-IRL 5228.58 +164.30 5399.67 £ 108.59  5434.54 £ 46.41

ML-IRL(State-Only)
ML-IRL(State-Action)

5448.46 + 239.75
5290.02 £ 54.35

5149.39 £ 574.27
5281.93 £ 185.42

5140.92 £ 261.28
4328.16 + 566.98

Table 3. Mujoco Results. The performance versus different number of expert trajectory.
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B. Auxiliary Lemmas

Throughout this section, we assume Assumptions 5.1 - 5.2 hold true.

Lemma B.1. ((Xu et al., 2020, Lemma 3)) Consider the initialization distribution 1)(-) and transition kernel P(-|s, a). Under
n(-) and P(:|s,a), denote d, (-, ) as the state-action visitation distribution of MDP with the Boltzman policy parameterized
by parameter w. Suppose Assumption 5.1 holds, for all policy parameter w and w', we have

(- -) = duw (-, ) |7v < Callw —w'| (14)

where Cy is a positive constant.

Lemma B.2. ((Haarnoja et al., 2017, Theorem 4)) Under a reward function r(-,-), given a policy w, we define a new policy
T as

7(-|s) ox exp (Q”’ﬁ( )), VseS.
Forany s € S,a € A, it holds that Qfg(s, a) > Q% (s, a).

Next, in order to facilitate analysis for entropy-regularized MDPs, we introduce a “soft” Bellman optimality operator
T : RISIXIAL 5 RISIXIAL g5 follows:

T(Q)(Sa CL) = T(Sa (1) + ’Y]ES'NP(-|S,U,) |:H(13'}§ Ea ! (+|s”) [Q(S/a a/) - logﬂ'(a’|5’)] : (15)

In the following lemma, the properties of entropy-regularized MDPs are characterized.

Lemma B.3. ((Cen et al., 2021, Lemma 2)) The operator T as defined in (15) satisfies the properties below:

e T has the following closed-form expression:
T(Q)(’S? a) = T(Sv 0,) + ’YES,NP("S,CL) |}Og <Z €xXp (Q(Slv a/))>] . (16)

o T is a y-contraction in the {sg norm, namely, for any Q1, Qo € RISIXIAL it holds that
1T(Q1) = T(Q2)[le <7[Q1 — Q2- (17)

soft

* Under a given reward function r(-,-), the corresponding optimal soft Q-function Q7+ is a unique fixed point of the

operator T, namely,
T(@Q) = Q- (18)

Proof. This Lemma is proved in (Cen et al., 2021, Lemma). We refine its analysis as below.
‘We first show that
E Q(s,a) —logm(als)| = Zﬂ(a|s) log exp(Q(s,)) ) ¢ < log Zexp (19)
aNTrHs) I - W(G‘S)

where (i) is from Jensen’s inequality. Moreover, the equality between both sides of (i) holds when the policy 7 has the
expression 7(+|s) o< exp(Q(s, -)). Therefore, through applying the inequality (19) to (15), it obtains that

T(Q)(s,a) = T‘(S, a) + ’Y]ES/N,P(-ls,a) [IOg <Z eXp (Q(Slv al>)>‘| ) (20)

a’

which proves the equality (16).
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We define |Q1 — Q2|00 := MaXses.aca |@Q1(S,a) — Q2(s,a)| and € = ||Q1 — Q2||oo. Then forany s € Sand a € A, it
follows that

log <Z exp (Q1(s, a))) < log <Z exp (Q2(s,a) + e)>
= log <eXp Zexp Q2(s,a) >
=ec+log (Z exp (Qg(s, a)))

Similarly, it is easy to obtain that log (3, exp (Q1(s,a))) > —e + log (3°, exp (Q2(s,a))). Hence, it leads to the
contraction property that

1T(Q1) — T(Q2)]|oc < 7ve=7]Q1 — Q2| 2D

which proves the contraction property (17).

Moreover, we have

7—( soft )(s a) (_) 7’(8 a) +’YE§/N7>( |s,a) []Og <Zexp soft (s a))>‘| (2) sofl (S a) (22)

a’

where (i) follows the equality (20). Based on the defition of the soft Q-function Q*°f., we have

T,

soft

N(s,a) = 7(s,0) + VEyp(s.0) [Earmns (151 [— log 7 (a[s") + Q8. (', d)]]. (23)

We prove the equality (ii) in (22) through combining (23) and the fact that the optimal soft policy has the closed form
7*(-|s) o< exp (Q°M. (s, ). Suppose two different fixed points of the soft Bellman operator exist, then it contradicts with
the contraction property in (21).

Hence, we proved the uniqueness of the optimal soft QQ-function Q“"“ Moreover, the optimal soft Q)-function Q“’“ isa
fixed point to the soft Bellman operator 7 in (18). O

Lemma B.4. Suppose Assumption 5.2 holds. Under an arbitrary policy w, for any s € S, a € A and any reward parameters
01 and 04, the following inequality holds:

@ a(5,0) = Q3 2(5,0)] < L0 = 6],

where L := < and L, is the positive constant in Assumption 5.2.
q 1~

Proof. Based on the definition of soft-Q function, we have

28000 = () B3 (o0 + Wil

(s0:00) = (5.0)|-
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Then it holds that
Q3 < (s,0) = Q% (s, a)]

- |E, [th (T(Stv% 01) —r(se, au; 92))] ’

t=0

gt

sty a3 01) — r(st, ar;02)

’LZ) i
I I
=0
(m e ‘
Z Ly|[01 — 62|
=0
— — | 24)

where (i) follows Jensen’s inequality; (ii) follows the mean value theorem; (iii) follows inequality (10a) in Assumption 5.2.

O

C. Proof of Lemma 4.1

Proof. First, we are able to express the objective function L(#) in (ML-IRL) as below:

L) :=FE..p [ivt log Wa(atst)} o Ervp {ivt log <£jix(p E%f};i‘(&(’;i)a))) ﬂ

t=0 t=0 6,0

where (i) is due to the fact that the optimal policy has the closed form g (+|s) oc exp (Q2 (s, -)). Therefore, we could

express the objective function in this form:

L) = [th( Bl o) 1o (3 e (@81 (5. >>>>}
=0

t
oo

i t soft soft

- |: vy ( To,To st?at) Vl“g 7r9( )>:|
t=0

_E.p Zv( st 0) + ViR, srv1) = Vi, () )|

-t=0

=E-wp ZWtT(St’ as; 0 ] +E-vp [Z “YtV:;)f;re ] Ervp {Z 'YtV:;)f;rg }

- t=0

= IETND Z ’YtT(St, Q] 9):| - ESONW(') |:‘/':90f7l'r9( ):| (25)
-t=0

(2) ETND |:Z"}/t7"(8t, Qg 9):| - 50’\‘77 |:10g (Zexp f“(;ﬁﬂg 807 ))):| (26)
t=0

where (i) and (ii) follows the fact that the the optimal soft value function could be expressed as V,f;’f;e( ) =

log (>, exp (@2, (s,a))).
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Based on (26), we calculate the exact gradient of the objective function L(6) as below:

VL) :=E,~p [Z ViV or(st, as; 9)] —Esyon) [V@ log (Zexp ( if;ff,re (so, a)))]

t=0

e exp( soft (so,a)) o
ETND{ ’YtVGT(Stvaﬁe)} — Egponc. { < o < VoQy, (50, @)
2 10| 2 (5, oxp (@t 0, a7) O

—E.p {Z V(s ar e>} Bty [Z o (als0) Vo, (50, a)} @)
k=0 a

soft
76,70

Then we need to calculate the gradient V@) (s0,ap) as follows.

Vo ff;ffwe (50,a0)
(@)

= VG <T(303 ao; 0) + 7E31~7>(.|s(,,a0) |:V:;)’f7tr9 (31):| )

(2) VGT(SQ, ap; 9) + 7ES]~"’(‘|807¢10) |:v€ log (Z exp ( i‘;f}m; (50, a)))]

eXp( i"(;ffﬂ'e (Sl’ a)) o soft
> a exp(@tty, (s1,a)) 0T
(i41)

= Vor(so,a0;0) + VEs, ~P(|s0,a0) |:Z770(a|51)v9Q§~(;f}779(517 a)]

= Vor(s0,a0;0) +YEs, ~P(.|50,a0) [Z (s1, a)}

(iv)

= VHT(SO; agp; 0) + 7]E31~’P(-|so,ao),a1~‘n’9(~|sl) |:v0 (7'(317 @13 0) + ’yEs;\‘NP('\sl,a]) |:V:;)7f;r0 (32):| >:|

YE,  r {Z Vor(s,ai;6) | so, ao} (28)
+>0

where (i) and (iv) follows the definition of the soft Q-function; (ii) follows the fact that VU (s) =

To,To
log (>, exp(Q (s,a))); (iii) follows the fact that mg(als) o< exp(Q5, (s,a)); (v) is shown by recursively applying
@) - @v).

Finally, plugging equation (28) into (27), the gradient of the maximum likelihood objective is:

VL) =E,p [Z V'V or(st, as; 9)} —Errr, [Z V'V or(se, as; 9)] . (29)

t>0 >0

D. Proof of Lemma 5.3

To proof Lemma 5.3, we proof the equality (11a) and the equality (11b) respectively. The constants L, and L. in Lemma
5.3 has the expression:

L, 2L,L,.Cy+\/|S| - 2L
Lyi=——, L.:= 4 aVIS]- Al + g
1—7 11—

D.1. Proof of Inequality (11a)

In this subsection, we prove the inequality (11a) in Lemma 5.3.

Proof. We show that i‘;ffw , has bounded gradient with respect to any reward parameter ¢, then the inequality (11a) holds

due to the mean value theorem. According to the equality (28), we have shown the explicit expression of VgQi‘;ffﬁ ,(s,a)
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forany s € S and a € A. Using this expression, we have the following series of relations:

SO (7)
IVo@x, (s a)| =

E’TNﬂ'g |:Z ’YtV@r(Sta ag; 9)

(s0.00) = (s.0)

t>0
()
S ETNTI'Q |:Z’YtHV9T(Stva't;9)H (SOaU’O) = (S,CL):|
t>0
(111)
> T~7r9 |:ny L SOa aO (87 a):|
t>0
= L (30)
-~

where (i) is from the equality (28) in the proof of Lemma 4.1, (ii) follows Jensen’s inequality and (iii) follows the inequality
(10a) in Assumption 5.2. To complete this proof, we use the mean value theorem to show that

Qi (5:0) = Qi (52 0)] < [ mpx Vo @i, (5,0) 102 = ] < Lo 61— 0]

761,76 T0o M0y 76,7

where the last inequality follows (30) and we denote L, :=
inequality in (11a).

1{—7 Therefore, we have proved the Lipschitz continuous

O
D.2. Proof of Inequality (11b)
In this section, we prove the inequality (11b) in Lemma 5.3.
Proof. According to Lemma 4.1, the gradient V L(9) is expressed as:
VL) = E;up {Z’ytv(gr(st, a; 9)] —Eorrmy {Z’ytv(ﬂ"(st, a; 9)} : (31)
>0 >0
Using the above relation, we have
[VL(61) — VL(62)]
(:1) H ( T~D |:Z’Y VGT Sty At 01):| T~71'91 [Z'Y VGT St, Gt 01):| )
>0 t>0
(ETND [Z V' Vor(se, as; 92)} —Ernr, [Z V' Vor(se, as; 92)} > H
>0 >0
< ‘ TND[Z'Y Vor St,at,t%)] E;vp {Zv Vor(st, as; 0 ”’ +
>0 >0
i=term A
’EwmiEZVVM@M%wn}—EWMJEZVVMwhwng’ (32)
t>0 t>0
:=term B

where (i) follows the exact gradient expression in equation (31). Then we separately analyze term A and term B in (32).
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For term A, it follows that
D [ > A'Ver(se, ar; 90] ~Ernp [Z V' Vor(se, ar; 02)} H

‘ E
t>0 t>0

(1)
<E:vp {ZWtHVGT(St,Gt; 01) — Vor(st, ai; 92)”]

t>0
() .
< Erop | > 2'Lgll01 — 65
t>0
L
= =6y — 6] (33)
where (i) follows Jensen’s inequality and (ii) is from (10b) in Assumption 5.2.
For the term B, it holds that
‘ Err, [Z’thé)r(sta as; 91)] —Ernn, [Z’théﬂ’(st, as; 92)] H
t>0 t>0
(@)
< ’Emml |:Z’ytv‘97‘($t,at;91):| —Errm, |:Z'th0r(5t7at§01)] H
t>0 t>0
+ ‘ ]ETNTI'QZ |:Z ’théﬂ"(sta ag; 01):| - ETNTI'QZ |:Z "YtVQT(Sta ag; 02):| H
t>0 t>0
(1)
S T | Bt imoy) Vor(st, a;01) | — E(s.a)~d(-imo,) | Vor(se, az; 01)
+Errr, [Z’YtHVGT(St, az;01) — Vor(st, at; 02) H
t>0
(i55) 1
< — X v9r<st,at;91)(d(s,a;wel> - d(s,a;mz)) H + By, [kaLgHel - 92||]
v s€S,acA k>0
(iv) 2L
< (370, ) — d(, 570, ) — 0o (34)

where (i) follows the triangle inequality, (ii) is from Jensen’s inequality and the definition of the discounted state-action
visitation measure d(s, a;7) := (1 — y)m(al|s) > ,507V"P™ (st = s); (iii) is from (10b) in Assumption 5.2;(iv) is from (10a)
and the definition of the total variation norm. -

Plugging the inequalities (33), (34) to (32), it holds that

IVL(61) — VL(62)]|

2L, 2L
< S s my) = dC ) v+ s 10n — 6]
1—x
2L Od soft soft 2Lg
||QT91t,71'91 - T92t,7r92 || + Hel - 92”
(i4) 2L,,.Cd ST TA] - . 27,
S o, @y — Qoo + T 101 = 6
@@i)) /2L.L,C | A 2L,
< (Bt S B 2 g, — g 39)
_'Y 1

Given the fact that 7y is a Boltzmann policy parameterized by Q3" where mg(als) oc exp(Q32",, (s, a)), we show the

inequality (i) from the inequality (14) in Lemma B.1. Moreover, the inequality (ii) follows the equivalence relation between
Frobenius norm and infinity norm and (iii) is from the inequality (11a) in Lemma 5.3.



Maximum-Likelihood Inverse Reinforcement Learning with Finite-Time Guarantees

2L L.Car/|S|-|A . .
Define the constant L. := %ﬁ”” + %, we have the following inequality:

IVL(01) = VL(02)]| < Le[|02 — b2].

Therefore, we complete the proof of the inequality (11b) in Lemma 5.3. O

E. Proof of Lemma 6.1

Proof. Suppose the expert trajectories 7 in ML-IRL is sampled from an expert policy 7. Moreover, we parameterize the
state-only reward as 7(s; #). Then the objective function L(6) in ML-IRL could be rewritten as follows.

L(0):=E,. & [Z 7' log mo(ay|se)]

>0

OE, - {thr(st; 0)] — Eqpn() [Vf;’,f;e (So)]
t=0
(i1) soft SO
= Espmn() [WGT;E('SO)] — Eqpnn() {Vr@,f?re(so)] — H(r") (36)

where (i) follows (25) and the fact that the reward is a state-only function r(s; 8); (ii) follows the definitions of the soft value
function.

Ignoring the constant term H (7) in (36), the maximum likelihood formulation (ML-IRL) is equivalent to the following
bi-level problem:

79,6 ro,mE

Hbin ESo~77(-) [VSO& (80)] _]ESoNn(-) [VSO& (80)]
s.t. my = argmax E, [Z'yt (r(st; ) + H(ﬂ(-|st)))} :
t=0

Therefore, we complete the proof of Lemma 6.1. As an alternative interpretation to (ML-IRL), the formulation above aims
to minimize the gap between the soft value function of 7 and 7 under the state-only IRL setting. O
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F. Proof of Theorem 3.1

Proof. Calculate the Lagrangian of MaxEnt-IRL, we obtain that

Him) + <9,EM [iv%(st,at)] ~Erop [ivtqs(st,at)] > £ Cuma(1- X wlalsn)

t=0 SES,t>0 acA
= ]ETNTK' |:Z —’Yt 10g W(at|st = S):| + <97 IE'r~7r |:Z ’yt(b(stv at):| - ]ETND |:Z ’yt(b(sta at):| >
t=0 t=0 t=0
+ Z Cs,—s <1 — Z m(alsy = s)> (37)
SES,t>0 acA

where 0 is the dual variable to ensure the feature matching equality in (1), and C§, — is the dual variable to ensure that 7 is a
well-defined policy satisfying ) . , m(als; = s) = 1.

Then we could calculate the gradient of (37) w.r.t. w(a|s; = s), and set it to 0. Then it holds that
0=P"(sy =) ( — fyt(logﬂ(a|st =s)+ 1) + E, {Z " og m(ani1|8ks1) | 5t = 8,00 = a
K=t

+0TE, {Z”y“d)(smaﬁ,ﬂst =s,a; = a}) — Cs,—s. (38)

K=t

Dividing 7*P™(s; = s) on both sides of (38) and further moving log (a|s; = s) to the left side, then we have the equality
as below:

C. _ [e%s}
log w(als; = s) = —s‘_s—1>—|—Eﬂ{ —~* " og(a,|s S = S8,ar = a
enlals =9 = (= —per= 3 lognlackn) [ = s
+0TE, [Z’y“_tcﬁ(smaﬁﬂst =s,a: = a] (39)
K=t
Given that —% — 1is independent of action a, we could express the closed form of 7(a|s; = s) as below:
m(alsy = s) x exp (Ew[ Z —y" " log m(ak|sk) | st = s,a; = a} +6TE, {Zv”tqﬁ(smaﬁ)st =s,a; = a}).
r=t+1 K=t

According to the closed form of the policy above, it shows that 7w(a|s; = s) is a stationary policy being independent of the
time index ¢. Therefore, it holds that 7(a|s; = s) = 7(als) for any ¢ > 0.

Denoting a linearly parameterized reward as 7(s, a; ) := 07 ¢(s, a), it holds that

m(als) oc exp <9TE [Z’Yﬁéﬁ Sk, i) | S0 = 5,00 = a] +Ex [Z v log m(axi1|sei1) | so = s,a0 = a})

k=0 rk=0
oo
1
:exp( [ E Yor(s, aw; 0) | so = s, ao—a} { E Yt log 7 (aks1|Sxt1) | S0 = s ao—a}>

(40)

Here, the optimal 7(a|s) is a function of the dual variables (reward parameters) . In the maximum entropy reinforcement
learning (Haarnoja et al., 2017), under a reward function r(-, -) and policy m, the soft value function and soft Q-function are
defined as below:

Vi (s) = [Z7< st,a:) + H(m (|St))>

W(s,a) =1(s,a) + YEgp()s,a) [ViR(s)] (41b)

so = s} (41a)
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Based on the definitions in (41a) - (41b), we could further express the closed form of the policy in (40) as below:

exp( ?%f,tw(saa))
Pacaexp (Qfin(s,0))

m(als) =

(42)

According to (Haarnoja et al., 2017), under a reward function r(-,-), the optimal soft policy = satisfies m(-|s)
exp(Q"’f t(s,-)). Hence, we have shown that the policy in (42) is the optimal policy under the reward function r(-, -; §).
After denoting the optimal policy under r (-, -; 8) as mg, we have the following relation:

7('9(04‘8) = - = L) 76,70

exp( :ﬂ(;f’tﬂg <S7a)) (a) eXp( izf,twe(s a)) zexp< soft ( ) J/soft ( )> (43)
Paca P (Qfn, (s,0)) e (Vih, (5)

where (a) is due to the equality shown as below:

mmumwudl%mmm+i%wm]

exp (Qit, (5,0))

=Eyoro(1s)| —lo , + QP (s ]
6(‘ )[ g<ZaEAeXp( ;%ﬁﬂo(s’a))> ! 0( )
= log (3 exp (@21, (5,))).

acA

Rewriting the equality (38), we are able to show the expression of C,—, as below:

Cs,=s = P" (st = s) < — vt(logm(a|st =s)+ 1) +E,, [Z BV log mg(ak+1|Skt1) | st = s,ar = a]

k=t

+0TE,, {Z’y”gﬁ(sm ag)|se = s,a; = a])

K=t
=P (54 = 3) ( —1—logmg(als) + Er, {Z " og mg(ant1]Snt1) | 50 =8,a0 = a]
~=0

[ S

)

wﬁwwtswll%mu>+mﬁA Q

+ Eﬂ'e [Z’Y“T(sman;eﬂso = S§,a0 =
rk=0

@VW@=$OQ%H—Q (44)

where (a) follows the definition of the soft Q-function in (41b), and (b) follows (43). According to (44), we are able to show
the exact expression of Cs,—s.
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Plugging my and Cj, —, into (37), we have

E’TNTK‘Q |:Z _’Vt IOg o (at|st):| + <97 IE:'r~7r9 |:Z A/t(b(sta at):| - ETND |:Z A/t(b(sta at):| >
t=0 t=0 t=0
+ Z Cs,=s (1 — Z mo(als; = 3))
sE€S,t>0 acA
(g) ETNTK‘Q |:Z _’Yt 10g o (at|st):| + <03 ET"-"I\'Q |:Z ’7t¢(sta at):| - ETND |:Z ’yt(j)(sta at):| >
t=0 t=0 t=0
Ok, |3 ot (@ (50 - v, 9)) | + <9,EM9 DIRCICRAIEE ) perr o] >
t=0 t=0 t=0
D | 0 (7 0lonsa) 4 Vi s0) ~ Vit (o))
t=0
+ <9, Ermg [Z 7' b (st Gt)] —E;vp [Z 7' b (st at)] >
t=0 t=0
= Egyn() {V:;fge (so)} —0TE.p [Z Yo (sy, at)] (45)
t=0

where (a) is due to the fact that ) _ 4 mg(als; = s) = 1 foralla € Aand s € S; (b) follows (43); (c) is due to the
definition of the soft Q-function in (41b). Here, we could further show the problem in (45) is equivalent to ML-IRL as
below:

mo[zvlnm o) = Zv Bre (st 00 0) 4 9V, s101) = Vit ()]

:ETND[Zwst,at;e)} Y7 B [V, () — Vi, ()]

t=0 t=0

~D [Z ’ytT(SD at; 9):| - ESONU(') |:V7‘Se§)t;7e( ):|
t=0

= HTETND |:Z 7t¢(5t7 at):| - ESUNn(~) [W;f;—g( ):| (46)

t=0

Finally, through combining (45) and (46), we are able to know that the maximum likelihood formulation ML-IRL is the
dual form of MaxEnt-IRL.

O
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G. Proof of Theorem 5.4

In this section, we prove (12a) and (12b) respectively, to show the convergence of the lower-level problem and the upper-level
problem.

G.1. Proof of (12a)

Proof. In this proof, we first show the convergence of the lower-level variable {j },>0. Recall that we approximate the
optimal policy 7y, by i1 at each iteration k. We first analyze the approximation error between 7y, and 741 as follows.
For any s € S and a € A, we have the following relation:

| log (w41 (als)) — log (ra, (as))|
10g< exp (@ (s, a)) )—log( exp (Q" -, (5,0)) )‘

>aexp (@ 4, (s,0)) >aexp (@ 4, (s,4))

(41) . S a v Q
< ’Qsoﬁ (s,a) __ ysoft (S,a)’ + 1og <Zexp( ;%f]: Tk (5, a))) — log <Zexp( ref,:,frek (5, a))) ‘ (47)

T, Th T0, 6,
where (i) follows (6) and the fact that 7 (as) oc exp(Q52", (s, a)); (ii) follows the triangle inequality. We further analyze
the second term in (47).

@

We first denote the operator log(||exp(v)|l1) = log(|| > sc.4€xp(va)ll1), where the vector v € RHI and v =
[v1,v2,- - ,v|4/]. Then for any v',v"” € R, we have the following relation:

[ 1og (|| exp(v) 1) —log (|| exp(v”) 1) 2 (v — ",V log (Il exp(v)]1) fomve )
< o' = 0"l - IV log (Il exp(v)]|1) lo=ve ll1
S = 0| (48)
where (i) follows the mean value theorem and v, is a convex combination of v’ and v”; (ii) follows the following equalities:

exp(v;) [A|
V. log (|| exp(v i = , » log (|| exp(v =1, VYveR¥L
90108 (Jexp(0))l = s=—=F S, 190108 (lesp(@))

Through plugging (48) into (47), it holds that
| log (7rk+1(a|s)) —log (Tl'gk (a|s))‘

< Q9 £ (s,a) — izf;%(s7a)|+%n$<; o (s,@) = QN o, (s,)] (49)

Taking the infinity norm over RISl the following result holds:

soft __ Hsoft

log s — log o, oo < 21Q% 1, — QX" 1, I (50)
where [|log i1 — log 7, e = maxies.aea |logmisi(als) — logmo, (als)] and QT . — QO [l =
maXseS,ac A ‘Q;(;f]: Tk (Sa a) - :(;f]z 3oy, (Sa a)|
Based on the inequality (50), we analyze ||fo;f; e ;‘;f; o, |loo to show the convergence of the policy estimates. It leads
to the following analysis:
sof sof

QS L~ Q2 e

_ HQsoft __ Hsoft soft __ (Hsoft soft __ Hsoft ”

o T0) Tk T0k >0 TO0k—1>T0k_1 TO0k—1>T0k_1 TOp_1>Tk 7o) 1Tk 120

QR @ e IR QR e+ QS QR e

()

< Lyl — 0| 1QEY o~ QR e H QS L~ Q2

(i) ] )
< eyt - lloo +2Lqg|16k — Or—1]] (51)
1

T _ 11Tk TOp_ 150, _
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where (i) is from (11a) in Lemma 5.3; (ii) follows Lemma B.4. Based on (51), we further analyze the two terms in (51) as
below.

Recall Lemma B.3, we have the “soft” Bellman operator expressed as below:
%(Q)(S, a’) = T(Sa a; 9) + 'YES/NP(-\S/,a’) |:10g <Z eXp (Q(sl7 a/))> ] (52)

According to the soft Bellman operator, it holds that

i(;f; 1 (87 a) = T(S, a; ek) + PYES’NPHs}a) [‘/;S::t,warl (S/)]

=7(8,0;0) + VEgup(s,0),a ~mp i (|5 [~ 108 Trp1(a’]s") + soft (s',a")]

70 Tk+1
(7) )
> (8,05 0) + VEg op([5,0),0/~mss (5[~ 108 Thpr (@] s") + 2,‘;: o (sa)]
(id)
= 7(5,a;0) + VEg op(|5,0) [log (Z exp ( ff;f;mk (s, a’)))]
a//
T (@ )5, a) (53)

T Tk

exp (Q‘:’;‘k - (s,a))
S exp (@9 r, (5.3)

where (i) follows the policy improvement result in Lemma B.2, (ii) follows the definition 741 (als) :=

in (6); (iii) follows the definition of the soft Bellman operator in (52).

For any s € § and a € A, it holds that

@ . @) .
0< Q% r, (s:0) = Q) o, (s.0) < Q0 o (s,0) = T, (Q35) ~,)(s.0) (54)

PRI T Tk+1 — T Toy Ty Tk
where (i) is due to the fact that 7y, is the optimal policy under reward parameter 0y (ii) is from (53).

Hence, it further leads to

()
H soft _Qsofl Hoo < ” soft _%k( soft )”oo

76y, 576y, 76 Th+1 70,70, 70, )Tk

)
= 176.(@Q%) ) = Ton (@35 7)o

T6;, 576, 76,
12) soft soft 35
= ’YHQTek,ﬂ'gk - rek,wkHOO ( )

where (i) is from (54); (ii) is from the fixed-point property in (18); (iii) is from the contraction property in (17). Therefore,
we have the following result:

H soft __ ()soft ”

T04 Tk 76,76, 109

(@)

SIQE QS o+ 2Lall0k — i |

(@) soft soft

< ANQE @R oo+ 2L 00— O] (56)

where (i) is from (51); (ii) is from (55).

To show the convergence of the soft Q-function based on (56), we further analyze the error between the reward parameters
0y, and O;_;. Recall in Alg.1, the updates in reward parameters follows (9):

Op = Op—1 + agr_1
= Op—1 + o (h(Op—1, 7 1) — MO, 7" 1))



Maximum-Likelihood Inverse Reinforcement Learning with Finite-Time Guarantees

where we denote 7 = {(s¢,a:)}520, h(0,7) := Y507 Vor(ss, ar; 0) and g1 is the stochastic gradient estimator at
iteration k — 1. Here, 7 , denotes the trajectory sampled from the expert’s dataset D at iteration & — 1 and TI?71 denotes
the trajectory sampled from the agent’s policy 7y, at time k£ — 1. Then according to the inequality (10a) in Assumption 5.2,
we could show that

2L,
lgiall < [11@s—1, 7 DI+ IO, DI < 2Ly Y 7t = 77 = 2L, (57)
>0 v
where the last equality follows the fact that we have defined the constant L, :=
” soft __ )soft ”
T0) Tk 76,70, 109
(4)
f fi
SRR = @R o + 2Ll — B
”) ft ft
MR e, =@ oo+ 20Lgllgi |
(i4%)
soft soft 2
< ’Y”Q’r‘ek 1 Tk—1 - TO,_1:T0,_1 HOO + 4an (58)
where (i) is from (56); (ii) follows the reward update scheme in (9); (iii) is from (57).
Summing the inequality (58) from k£ = 1 to k = K, it holds that
K
fit fit fit fit 2
kZ 1Q . — @R L o < Z 1@ L, — QR L, o + 40K L2 (59)
=1
Rearranging the inequality (59) and divided (59) by K on both sides, it holds that
1oy & v
- fi sof f f fi sof 2
- kZ 1R = Q1 oo < - (n o e — QS QR ||oo) +4aLl  (60)
=1
Dividing the constant 1 — 7 on both sides of (60), it holds that
2
Z HQsoft soft ” 71Co + 4Lq
Top Tk T Moy 100 — K( ) 11—
where we denote Cj := || i(;l:m - fo;f;,ﬂ 0 |loo- We could also write the inequality above as
1 K=l
ft fit
% 2 19 = Qi I
=0
G, Co Q% e = @ 2y loo L AL
“TA-~v) T K 1—7
Co 412
< + 1 q.
T1—-v) 1-v
Recall the stepsize is defined as o = 75 where o > 0. Then we have the following result:
] K-l
f sof -1 —0
% kZO Q%Y 7, = Q35 2, lloo = O(K 1) + O(K 7). (1)

With the inequality (50), it follows that

K-—1

1 SO SO! — —0
7 > Iogmiss —logmo, |l < Z Q3 7, = Q3 1, oo = O(K ™) + O(K 7).
k 0

Therefore, we complete the proof of (12a) in Theorem 5.4. O]
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G.2. Proof of (12b)
Proof. In this part, we prove the convergence of reward parameters {6, },>o.

We have the following result of the objective function L(6):

(@) L,
L(Or+1) 2 L(Or) + (VL(Ok), Ox1 — Ok) — o [|0kr1 — Ok ?
(i9) L.o?
= L(0k) + a(VL(0k), gk) — 5 llgkI®
2 Leo? 2
= L(0k) + a(VL(6k), g — VL(0r)) + | [VL(0y)[|* — llg |
)
> L(61) + a(VL(0k), gr — VL(0r)) + | VL(0y)||* — 2L L3a? (62)

where (i) is from the Lipschitz smooth property in (11b) of Lemma 5.3; (ii) follows the update scheme (9); (iii) is from
constant bound in (57).

Taking an expectation over the both sides of (62), it holds that
E[L(Ok+1)]

> E[L(0)] + B [ (VEOk). 1~ VIO) | + B[ IVL0)?] - 201202
— B[L(30)] + B | (VZ(00) Elas ~ TLOIOD] + ok | IV L0 P| - 22,2207

Qg [L0))] + aE Kw(ek), Errrmy, [thver(8u @ 90] ~Ervmgs [Z’Vtv‘”(s“ o 90} >}

>0 t>0

+ aE [||VL(9k)||2] —2L.L2o”

(i)
> E[L(0k)] — 2aL, E ‘

Err, [Z V' Vor (s, az; Gk)] —Erims {Z V' Vor(si, az; Gk)] H

t>0 t>0

term A

+aE [||VL(9k)||2] — 2L L2o? (63)

where (i) follows (7) and (8); (ii) is due to the fact that | VL(9)| < 2L,,.

Then we further analyze the term A as below:

E ‘ ET'\/TF@k |:nytv07d(5t7at; 0k):| - ]E‘r~7rk+1 |:Z’th9T(St7at; 9k:):| H
t>0 t>0
(i) 1 1
=K ?E(S7Q)Nd(.7.mek) [V(.)T(S, a; ek)] — 1fﬂﬂ(s,a),\,d(.74;7””1) [V@T(S, a; Gk)]
Y Y
(i) 2
< o max |[Vor(s,a;04)| - E[ld(-, s 70,) — d(, s mrgr) v ]

T 1—7 s€S,aca

(iii) 2L,
< TS EC m0) = dCy s me) ]

70,70, 70, Tk

() soft __ (Hsoft
< 2L,CaE || |

70,70y, T, Tk

(v) . N
< 2L,Ca/IST- TAE [IQS" -, = Qi o] (64)
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where (i) follows the definition d(s, a; ) = (1 —~)m(a|s) >_,~0 VP (s¢ = s); (ii) is due to distribution mismatch between
two visitation measures; (iii) follows the inequality (10a) in Assumption 5.2; the inequality (iv) follows Lemma B.1 and
the fact that g, (+|s) o< exp ( o o, (85°))s Tt (]s) o< exp ( o (55 -)) and the constant L, := 2= ; (v) follows the
conversion between Frobenius norm and infinity norm. Through plugging the inequality (64) into (63), it leads to

E[L(0k+1)]

>E[L(0;)] — 2aL,E ||]E7Nﬂ9k [Z’ytv(;r(st, ag; Gk)} —Ernomein [Z ViV or(se, ag; t‘)k)} H
t>0 >0
4—aE[qu4eknF]-—2LcL3a2
(4) X
B (L000)] ~ 40Gs L3 /[T TAE (1081 o, — Q3 o] + B [IVLO0)IP] - 22,2307

70,6y, 70Tk

where (i) follows the inequality (64).
Rearranging the inequality above and denote Cy := 4CqLZ2+/|S| - | Al it holds that

(mmVu@mﬂgzgiyﬁ+QQEM soft m‘|@l+E@ng—LwQ

’I’gk ,ﬂgk ’I”gk,ﬂk
Summing the inequality above from £ = 0 to K — 1 and dividing both sides by K, it holds that

K-1 K-1
1

C © © L(0x) — L(O
7 2 E[IVLOWI®] < 2LeLia+ 22 Y E [H o o, T;;,mlloo] +E {m] (65)
k=0 k=0

Note that the log-likelihood function L(0 ) is negative and L(6p) is a bounded constant. Then we could plug (61) into (65),
it holds that
K—1

S E[IVLEOK)IP] = O(K~7) + O(K 1) + O(K 1) (66)
K=0

1
K

which completes the proof for the inequality (12b). O



