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ABSTRACT

It has previously been reported that the representation that is learned in the first
layer of deep CNNs is very different from the initial representation and highly
consistent across initialization and architecture. In this work, we quantify this
consistency by considering the set of filters as a filter bank and measuring its
energy distribution. We find that the energy distribution is remarkably consistent
and try to determine the source of this consistency. We show that this consistency
cannot be explained by the fact that CNNs learn a representation that is useful for
recognition and that CNNs trained with fixed, random filters in the first layer yield
comparable recognition performance to full learning. We then show that similar
behavior occurs in simple, linear CNNs and obtain an analytical characterization
of the energy profile of linear CNNs trained with gradient descent. Our analysis
shows that the energy profile is determined by two factors (1) the correlation of
the average patch and the class label and (2) an implicit bias given the dynamics
of gradient descent. Finally, we show that in commonly used image recognition
datasets the correlation between the average patch and the class label is very low
and it is the implicit bias that best explains the consistency of representations
observed in real-world CNNs.

1 INTRODUCTION

The remarkable success of Convolutional Neural Networks (CNNs) on a wide variety of image
recognition tasks is often attributed to the fact that they learn a good representation of images. Sup-
port for this view comes from the fact that very different CNNs tend to learn similar representations
and that features of CNNs that are trained for one task are often useful in very different tasks (Yosin-
ski et al., 2014} Doimo et al., [2020; |Gidaris et al., [2018)).

A natural starting point for investigating representation learning in deep CNNs is the very first layer.
Studying this representation is somewhat easier than studying more general representation learning
since each neuron can be characterized by a single linear filter which can be easily visualized as
an image. Figure [I] shows examples of visualizations of the learned filters: unlike the initial filters
which are random and devoid of structure, the trained filters resemble Gabor filters (Krizhevsky
et al.,[2012)) and are visually similar for different trained networks.

In addition to the qualitative similarity of filters that can be seen in figure[I] there have also been
some reports that the filters are quantitatively similar. For example, |Li et al.| (2015]) showed that
one can often find a good match for filters learned by one CNN in the set of filters learned by
another CNN. In this work we introduce a new measure for qualitatively measuring consistency
of representations in the very first layer of a CNN. Using this measure, we show a remarkably high
degree of consistency (correlation coefficient close to 1) between the representations that are learned
by different CNNs, regardless of initializations, architectures and training sets.

The fact that these filters are so different from the initialization is interesting in the context of the
theory of deep networks which indicates that under certain conditions they can be trained in a "lazy”
regime (Chizat et al., 2019) - the representations in all intermediate layers hardly differing from
their initialization and only the last output layer has weights that differ from initialization. Figure
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clearly shows that "lazy training” does not occur in the first layer of deep CNNs and that consistent
representation learning occurs instead.

A natural explanation for the learning of consistent filters in the first layer is that these filters are
optimal in some sense for solving the recognition task. Indeed, Gabor filters and similar oriented
filters were often used as a representation of images in the days of “handcrafted” features for com-
puter vision (Dalal & Triggs, [2005). Similarly, under this explanation, the networks have simply
learned that in order to minimize the training loss the first layer of deep CNNs must have filters that
resemble Gabors.

In this paper we present empirical and theoretical results that are inconsistent with this explanation.
We show that CNNs with commonly used architectures can be trained with fixed, random filters in
the first layer and still yield comparable performance to full learning. We then show that consistent
representation learning in the first layer also occurs in simple, linear CNNs and prove that for these
CNNss the dynamics of gradient descent learning together with the statistics of natural image patches
introduce an implicit bias towards certain filter distributions. We then show that in real-world CNNs
trained on commonly used datasets, a highly consistent representation is learned in the first layer
when the true labels are replaced with random labels and therefore that it is the implicit bias that
best explains the consistency of representations observed in real-world CNNs.
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Figure 1: Different CNNs trained on ImageNet learn a highly consistent first layer despite
using different architectures. These filters are very different from the initial, random filters showing
that consistent representation learning has occured. In this paper we quantify this consistency and
seek to understand its source.

2 QUANTIFYING CONSISTENCY USING ENERGY PROFILES

The visual similarity of the filters that are learned in the first layer of CNNs (figure[)) is easy to see,
but we wish to quantify the similarity of representations and go beyond the qualitative similarity.
Recent works (Kornblith et al [2019; [Nguyen et al., [2021) suggest comparing two representations
based on the distance between the distribution over patches induced by the two representations. But
estimating this distance in high dimensions is nontrivial and two very different networks might give
similar distributions over patches when the input distribution is highly skewed Ding et al.|(2021). In
this paper we propose a new method which avoids these shortcomings and is especially relevant for
the first layer of a CNN, in which the representation is a linear function of the input patch.

Given two patches 1, x5 and a linear transformation A whose rows are the filters, the squared
distance between the transformed patches is || Azy — Az || or alternatively (21 — 22)T AT A(zy —
x2). Thus a natural way to understand how distances are transformed when going from z; to Az,
is to look at the eigendecomposition of AT A: the ith eigenvalue of A7 A measures how much
distances in the direction of the ith eigenvector are increased or decreased by the transformation.
The eigenvectors of AT A are simply the principal components of the filters, and if we assume
translation invariance of the filters, they will have the same principal components as those of natural
image patches: namely sines and cosines of different spatial frequencies (Aapo Hyvirinen & Hoyer;,
. Thus the transformation of similarities is mostly driven by the eigenvalues of A A and we
focus on these to define the consistency of learned filters.
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Denote p1, ..., pr the PCA components computed from the training images’ patches and A the
weights of the first layer of some model trained on these images (where each row of A, AJT isa
filter). We define the energy w.r.t each component p;:

e = || Api = | (ATp;)? (1)

J

The energy profile of a set of filters is simply the vector e = (e;..e;) and we measure consistency
of two different sets of filters by measuring the correlation coefficient between their energy profiles.
Note that this consistency measure is invariant to a rescaling of the filters, to a permutation of the
filters and to any orthogonal transformation of the filters. This way of comparing linear representa-
tion is equivalent to considering the set of filters as a filter bank and measuring the sensitivity of the
filter bank to different spatial frequencies.

Figures figs. [2a to 2c| show that different models trained with gradient descent are remarkably con-
sistent using our proposed measure. Regardless of architecture or the particular dataset that they
were trained on, different CNNs have very similar energy profiles that are less sensitive to very high
spatial frequencies and very low ones and the peak sensitivity is for intermediate spatial frequencies
(qualitatively similar to the sensitivity pattern of the human visual system which is also sensitive
to intermediate spatial frequencies, as shown in figure 2d). Table [T| quantifies this similarity. The
correlation coefficient between energy profiles with different random initializations and architecture
is remarkably high (over 0.98 in many cases) and the correlation between the learned profiles and
the random initialization is close to zero. An expansive set of experiments on various models and
datasets can be found in
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Figure 2: When trained with vanilla SGD on various datasets, VGG11 and ResNet18 both learn
consistent energy profiles that resemble the contrast sensitivity function (CSF) of humans fig. 2d}
Each line shows the average over many different initializations and the spread indicates the variance.
Note the high consistency for different initializations and architectures.
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Table 1: Correlation between energy profiles of VGG11, trained with different random seeds (ini-
tializations), first layer widths, over various datasets, and compared with ResNet18. It is clear that
independent of architecture, seed and loss, the models trained are highly correlated while different
from their random initializations.

TRAINED VS FIRST LAYER  VGGI11 vs

RANDOM SEED
DATASET oM § RANDOM INIT. WIDTH RESNETI8

CIFAR10 0.99 £+ 0.004 -0.13 £0.18  0.98 £0.008 0.87 £0.04
CIFAR100 0.97 £ 0.01 -0.04 £ 0.04 0.98 £0.01 0.80£0.02
CELEBA 0.99 £+ 0.004 -0.18 £0.13  0.98 £0.006 0.92£0.02

Thus the use of our new measure allows us to quantitatively show that deep CNNs trained with gradi-
ent descent using standard parameters do not exhibit ”lazy” training in the first layer and that highly
consistent representation learning takes place. We now ask: what determines this consistency?

3 IS CONSISTENCY DUE TO CNNS LEARNING SEMANTICALLY MEANINGFUL
FEATURES?

A natural explanation for the remarkable consistency of the learned representation in the first layer
is that CNNs learn a representation that is good for object recognition. In particular, high spatial
frequencies are often noisy while very low spatial frequencies are often influenced by illumination
conditions. Thus learning a representation that is mostly sensitive to intermediate spatial frequencies
makes sense if the goal is to recognize objects. Similarly, human vision is also mostly sensitive to
intermediate spatial frequencies (Owsley, [2003) (see figure 2d)), presumably for the same reasons.

In order to test this hypothesis we asked if training modern CNNs while freezing the first layer will
result in a decrease in performance. If indeed, Gabors of intermediate frequencies are optimal for
object recognition, we would expect performance to suffer if we froze the first layer to have random
filters with equal energy in all frequencies.

Figure[3|shows that there is almost no change in the performance of modern CNNs when the weights
in the first layer are frozen. This is true when measuring training accuracy, training loss or validation
accuracy and validation loss. Apparently the networks learn to compensate for the random filters in
the first layer by learning different weights in the subsequent layers. In other words, if we were to
train modern CNNs using some discrete search over weights (e.g. genetic programming) to mini-
mize the training loss, there is no reason to expect that consistent Gabors of intermediate frequencies
would be found. Equally good training loss can be obtained with random filters in the first layer.

To summarize, while quantitatively highly consistent representations are learned in the first layer of
commonly used CNNss, this cannot be explained by the networks minimization of the training loss,
This motivates us to analyze representation learning in much simpler CNNs.

4 SIMPLE, LINEAR CNN

In order to understand the consistency that we observe among energy profiles in the first layer of
trained CNNs, we turn to analyzing a very simple model: a linear CNN with one hidden layer.
Specifically, in this simple model, the first layer includes convolutions with W different filters and
the output is given by a global average pool of the filters over all locations.

This model is clearly very different from real-world CNNs but we use it because it allows closed
form-analysis and also exhibits some of the same consistency behaviors that we found in real-world
CNNs. Specifically we have found that:

* The energy profiles of simple, linear CNNs are highly consistent across initializations and
widths and are very different from the energy profiles of the initial conditions.
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Figure 3: Training and validation loss of VGGs of different depths on CIFAR10 (with crossentropy
loss) as function of iteration with frozen first layer and without. For deep networks the performance
is the same with frozen layer (and see appendix for accuracy figures).

* The energy profile of simple, linear CNNs trained with gradient descent is different from
the energy profile of the filters that globally optimize the loss.

* The energy profile of simple, linear CNNs are highly consistent when the true labels are
replaced with random labels.

These properties are all displayed in figure ] where we show results of training a linear model on
binary tasks from CIFARI10. In all cases, the energy profile that is learned with true labels (red)
is different from the initial conditions and is sensitive mostly to intermediate frequencies while the
optimal energy profile (shown in blue) is quite different and shows a high sensitivity to high spatial
frequencies. Training these networks with random labels give an energy profile (in green) that is
similar to that of the true labels.

The following theorems show the same behaviors analytically.

Theorem 4.1. Consider a linear CNN with arbitrary width that solves a binary classification prob-
lem with L2 loss. The energy profile for the filters that globally minimize the loss is given by szt
with:

Hopt = (KTK)_lKTy
Where K is the matrix of average patches in each image (in the PCA basis) and vy is the vector of
labels.

Proof. This simply follows from the model being equivalent to linear model in the average image
patch (lemmas[A.T|and [A.2)), and solving the suitable linear regression problem. O

Theorem 4.2. Consider a linear CNN with arbitrary width that solves a binary classification prob-
lem with L2 loss and is trained with gradient descent starting with zero mean filters and covariance
o?1. The squared energy profile for the filters at any iteration is given by uZ , + o with:

pap = (KTK +A)'K"y
With the same K and y as in theorem EZ] and A is a spectral regularizer that depends on the
K.

learning rate, number of iterations and K

Proof. The full proof is given in the appendix and uses a similar technique that was used to derive
spectral biases in gradient descent learning of fully connected networks LeCun et al| (1991). See[A.J]
for a full proof. O

Theorem 4.3. Consider a linear CNN with arbitrary width that solves a binary classification prob-
lem with L2 loss and is trained with gradient descent starting with zero mean filters and covariance
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o?1. If the label y is uncorrelated with the average patch in each image then the squared energy
profile for the filters at any iteration is given by u3 + o2 with:

po o< (KTK +A)'K™T1 )

Where K is the matrix of average patches in each image and 1 is a vector of all ones and A is a
spectral regularizer that depends on the learning rate and number of iterations.

Proof. This follows from theorem[#.2]and the fact that the quantity Ky is proportional to the empir-
ical expectation of the product between each average image patch and it’s label. When the average
patch is uncorrelated with the label, this expectation is the product of the expected average patch
and expected label, so it is proportional to K 7’1 which is the expectation of the average patch.  [J

Corollary 4.4. Consider a linear CNN with arbitrary width that solves a binary classification prob-
lem with L2 loss and is trained with gradient descent starting with zero mean filters and covariance
o?1. If the average patch is the same in the two classes, then training with the true labels and
training with random labels will give the same energy profile given by:

po o< (KTK +A)'K™1

Proof. Follows from K7y being a sum of all average image patches with y; = 1. If both average
class patches are equal, then in expectation over a random (binary) y, the sums of all average patches
will be equal. Full description of 4o can be found in theorem [A.3]

These theorems show that in the case of simple, linear CNNs different networks (initial conditions,
widths) will learn the same representation in the first layer but despite the fact that the loss is convex,
the learned representation will not be the representation that globally optimizes the training loss with
any finite number of training steps. Rather, the use of gradient descent will introduce an implicit
bias that favors certain energy profiles that depend on the number of training steps and the learning
rate (with the form of the bias given explicitly by equation[Z). This implicit bias causes the learned
profiles to be highly consistent yet very different from the optimal one.
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Figure 4: Training a Linear CNN on the same 2-class subsets of CIFAR10 as in fig. |§|results in an
almost identical energy profile for true and random labels (correlation over 0.9), as almost all peaks
in the energy profiles align. On the other hand, this representation is different from the optimal one
(correlation of under —0.2) for recognition obtained by solving a linear regression problem. For
more correlation coefficient see El

5 IMPLICIT BIAS IN NONLINEAR CNNS

The theoretical analysis of linear CNNs shows that if the true labels are uncorrelated with the average
patch in an image, the learned energy profile will converge to a consistent profile that is determined
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Table 2: Correlation between energy profiles of VGG11 trained with true and random labels for
different datasets as depicted in fig. [} We show the average correlation (over multiple random
initializations and firs layer widths) and the standard deviations. It is clear that the first layer is
highly correlated when training with true and random labels.

DATASET VGG (TRUE) VGG (RANDOM) VGG (RANDOM)
VS INIT. VS INIT. VS VGG (TRUE)
CIFARI10 -0.13 £ 0.17 0.03 £0.22 0.90 £ 0.02
CIFAR100 -0.044 +0.04 0.14 £0.13 0.91 + 0.01
CELEBA -0.18 £0.13 0.085 £ 0.07 0.96 £+ 0.03

by the dynamics of gradient descent and the statistics of the input patches. We therefore ask: is the
consistent energy profile that we find in real-world CNNs also due to the dynamics of SGD?

According to our analysis, the implicit bias is strongest when the label is uncorrelated with the
average patch. We measured this correlation in commonly used image classification datasets by
computing the correlation coefficient between the average PCA value in an image and its label for
different tasks (a binary classification of one class versus the rest). The results are shown in figure[3}
For almost all tasks and coefficients, the correlation coefficient is close to zero.
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Figure 5: Correlation between the projection of average image patches onto the PCA basis and the
class labels for CIFAR10 (fig. [5a) and a 12 class subset of ImageNet (fig. [5b). Correlations are all
around 0, suggesting the average patch assumption is true for real datasets.

Given the small amount of correlation, we would expect a similar energy profile when we train with
random labels and true labels. [Maennel et al.|(2020) have already shown that when CNNSs are trained
with random labels, the representations that are learned in the first layers are still useful for other
tasks. Here, we ask a more quantitative question: are the energy profiles the same?

As shown in figures[6]and table 2] the answer is clearly yes. Correlations above 0.9 are consistently
observed even when the true labels are replaced with random labels and the representations that
are learned are still mostly sensitive to intermediate spatial frequencies. This is true both when
trained on multiclass recognition problems (e.g. CIFAR10, CIFAR100, CelebA) and when trained
on smaller, 2-class problems for which we’ve already seen consistency of linear CNNss (fig. [).

As an additional test of the hypothesis that the energy profiles we see in real-world CNNs are mostly
due to the implicit bias, we created new datasets in which we artificially created strong correlations
between the label and particular PCA components and trained VGG on them. The image labels
were determined by the average patch projection onto some PCA component, such that the 5,000
images with the largest magnitude of projection were labeled with 1 and so on. As can be seen
in fig. [/} once changing the average patch of each class manually the correlation between the true
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Figure 6: VGGI11 trained on CIFAR10 (fig. [6a) CIFAR100 (fig. [6b) and a CelebA classification
task (fig. exhibit similar energy patterns when trained with true and random labels. These are

also highly correlated and differ from initialization (see table [2). Further experiments on binary
CIFARI10 subsets and with ResNet can be found in[B.4]

and random profiles decreases from the original 0.9 £ 0.02 to as low as —0.24 &£ 0.02, depending

on the component changed and the learned energy profile no longer resemble the human sensitivity
function.
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Figure 7: Energy profile of the first layer when labeling images of CIFAR10 based on their total
projection on different patch-PCA components, trained with true (green line) and random (orange
line) labels. Creating a correlation between the label and the PCA component causes the first layer to
learn this component, depicted by a spike in the energy. Mean correlation values are in parenthesis.

6 RELATED WORK

The fact that different CNNs tend to learn similar filters in the first layer has been reported previously
(e.g. Yosinski et al.| (2014); [Sarwar et al.| (2017); [Luan et al.|(2017); Alekseev & Bobe| (2019)), and
follows from a line of work of visualizing representations in deep CNNs Zeiler & Fergus| (2013);
Girshick et al.| (2013). Our work extends this finding by showing that the overall representation in
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the first layer is not only qualitatively but also is quantitatively similar - different CNNs not only
learn to recognize spatial frequencies in their first layer but also the same distribution of frequencies.
This consistency is then expanded to networks trained with true and random labels.

Prior works have also studied the ability of neural networks to overfit random labels (Arpit et al.,
2017), and use representations learned in this regime for transfer learning. |Maennel et al.| (2020)
hypothesised that the ability of networks trained on random labels to transfer to new tasks is due
to the fact that under certain conditions, the first layers of networks trained with random labels
have aligned covariances with input image patches. We expand on this hypothesis by showing that
networks trained with true labels, for which there is no alignment guarantee, display the same energy
profile as networks trained with random labels. We show this quantitatively for VGG11 and ResNet
and theoretically for linear CNNs with a single hidden layer.

The fact that gradient descent training biases towards certain solutions has been known for many
years, and proven mainly for linear predictors and separable data. Studies on linear networks
(Soudry et al., 2018) and linear CNNs (Gunasekar et al., 2018) found that under certain condi-
tions, gradient descent causes the effective linear predictor to be biased towards sparsity (in Fourier
space in the case of CNNs) or minimal norm or max-margin (Chizat & Bach} [2020). Similar works
have also shown that deep non-linear networks are biased towards learning lower frequencies first
(Rahaman et al., 2019). Our work follows this line, focusing on the features learned in the first layer
as a result of this bias, and that of the input image statistics.

In its theoretical part, our analysis methods follow closely on the methods used by (LeCun et al.,
1991} Hacohen & Weinshalll 2022)) which analyze the dynamics of weights in a fully connected
network during learning with gradient descent. We use a similar technique but our focus is on the
first layer of a CNN. Additionally, we rely on linear networks to gain insight into the behavior
of nonlinear networks, following previous works (Hacohen & Weinshall, 2022; ?; [Gissin et al.,
2019). In the same manner, we support our simplified theoretical claims by quantitatively showing
consistency of the theory in real-world CNNs such as VGG.

As a result of the consistency of Gabors being learned in the first layers of CNNs such as ResNet,
GoogLeNet and DenseNet, each a state-of-the-art at its time - some lines of work attempted building
CNNs with learnable Gabors [Sarwar et al.| (2017); |[Luan et al.| (2017); |Alekseev & Bobe| (2019) in
the first layer. Nevertheless, these failed to reach the high level of performance on benchmark tasks
such as the ”vanilla” architectures. Our work expands on this contradiction by showing that not only
do the networks consistently learn Gabor filters but also a specific distribution of their frequencies.

The distribution mentioned above, was portrayed in our work using the energy profile of the first
layers. This measure follows a line of many works in the field of measuring and visualizing similar-
ities between representations (Csiszarik et al.| (2021)); [Kornblith et al.| (2019); Nguyen et al|(2021);
Li et al.| (2015); IDoimo et al.| (2020), varying between comparing the output of transformations
induced by the neurons or the neurons themselves. The energy profile is yet another method in
this line, while allowing for semantically meaningful (as PCA components correspond to spatial
frequencies) visualization of the representation, without any need for dimensionality reduction.

7  DISCUSSION

The dramatic success of CNNs in computer vision has lead to increased interest in the representa-
tions that they learn. In this paper we have focused on the representation that CNNs learn in the
very first layer and presented a high degree of quantitative consistency between the energy profiles
learned by different networks using different initializations and architectures. We have examined
the hypothesis that this consistency is due to networks learning a representation that is useful for
object recognition and presented results that are inconsistent with that hypothesis. By analysing a
simple, linear CNNs we have shown that such networks will provably converge to a consistent en-
ergy profile under many conditions, but this profile may have nothing to do with the labels and is
instead determined by an implicit bias due to the dynamics of gradient descent and the statistics of
the input patches.
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APPENDIX A LINEAR CONVOLUTIONAL NETWORKS

A.1 PROOFS OF THEOREMS ON LINEAR CONVOLUTIONAL NETWORKS

We first begin with a basic claim on the model composed of a hidden convolutional layer and fol-
lowed by a global average pool.

Lemma A.1. A linear CNN of depth 1 (followed by a global average pool) trained with MSE loss,
is equivalent to linear regression on the average image patch.

Proof. Let {Xi}?; with X; € R*w*" be the set of training images, {yq}f\il their binary labels
(y; € {0,1}) and the weights of the first layer be W € R¥*¢*dxd _ [ filters of dimension d x d.
Denote the output dimensions of the convolution as w’, i/, then:

£ (Wi(Xap)hL,) = NZ o 3 Xes W) -l

k,w! b

Summing over the output dimensions is equivalent to summing over a dot product of the patches
. . . o b e 2 . .y .

with a single filter, therefore denoting K; € R¥ " X" ag the patch matrix of the i’th image and

W € R4 ¥ the reshaped weights matrix:
- 2
- (1
( : h/l) KW (kl) o

(W {(Xuyz i= 1) = NZ

And noting that (4~ 1)T K is the average patch of the i’th image and W (11) the average filter
concludes the proof.

Another lemma we’ll use further on claims that during training of the linear CNN model, only the
average filter changes while the filter covariance remains as during initialization. Therefore proofs
from one filter to multiple filters are easily extendable.

Lemma A.2. In a linear CNN of depth 1 followed by a global average pool, of any width, trained
with GD and MSE loss, the average filter changes during iterations while the covariance of filters
remains as during initialization.

Proof. Following the notation of lemma denote K € RN*ed” a5 the average image patch
matrix - the image whose 7 ’th row is the average patch of the image X, and the network consists of
filters wy ....w,,, therefore trained with the following loss:

L (wy.cwn; K, y) = Zsz—y (3)
1 « ’

K| — i | — = |Ko —y|? 4

<m;“’> y| = 1Ko -yl 4)

Where w is the average filter. The dynamics of a single filter in this layer:

oL 1 1 1

— =_—K'|K|— i -y = —K" (Kw - 5

ow;  2m ( (m ;w> y) 2m (K@ =) ©)
Meaning that the gradients w.r.t to all filters are equal and depend only on the average filter at the

current iteration.

By recursion we can see that the change in the average filter is as follows, for learning rate 7:

1 & 1 &
—t t—1 t—1 t—1 t—1/ —
— =l _ VL i) = — T —nVL 6
= Z (w;™" = (wi)) = — 2 (wi™" —=n (w)) (6)
m
< Zw ) — VLT (@) = 0" — v LT (w) (7)
Concluding that the gradlents for all filters are equal, and depend only on the average filter. [
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Theorem A.3. Let K be a matrix whose i’th row is the average image patch of the i’th image and
y is a vector with the labels of all images, and let K = KU be the same matrix in the PC basis
(with U being the PCA eigenvector matrix). The squared energy profile of weights of linear CNN,
initialized with random weights sampled zero mean and covariance o>I and trained with GD, is
equal to the following:

M
€ = Zfa,pz )} =w? + o )

where w0 = (f(Tf( + A)il KTy is the solution to a regularized regression problem in the PC

basis, that regresses the average patch in an image with its label, with A = A(KT K, t,n) a matrix
depending on the eigenvalues of K™ K, the iteration of GD and the step size.

Proof. 1t follows from lemma [A.7]that during training all filters change by the average filter. We’ll
show that a single filter (at iteration ¢ of GD) corresponds to a solution to ridge regression with some
matrix A = A(t,n, KT K) with 7 being the step size. Opening the recursion of GD updates, and
assuming w is initialized at w = 0:

wy = w1 — KT (Kwt—l - y) =wi—y —nKTKw,_1 +nK"y
t—1

wt:nZ(Ifnf(Tf()]f(Ty 9
§=0

In this coordinate system, K7 K is a diagonal matrix with the emplrlcal variances 67 on the diagonal

if it is centered. If the matrix isn’t centered, then K7K = 3 + [T where Sisa diagonal matrix
with the emplrlcal variances on the diagonal and fi; is the empirical mean estimating E,, [(x, p;)].

This is because in PCA coordinates, K = KU, where U contains the eigenvectors as columns.

Since K isn’t centered, K = Ky + lKaTv 4 With K being zero meaned and K, being the average

row. Therefore, KT K = (KoU + 1KZ%, U)" (KoU + 1KZ,,U) = % + T, where the phrase
KI(1KZ, ) disappears since K has zero mean. Therefore:

avg
t—1 t—1 j
=0 (I nK"R) KTy =nY (1-n(S+ ")) KTy (10)
=0 =0

. J
Notice that (I —-n (Z + ,mT)) can be decomposed in the following manner using the binomial
theorem:

(1-n(E+mm)) = (1-n2) +Z() W 1aPE D (1)t an

Putting it back into equation|[I0}

03 (1=n (8+i)) KTy
j=0

= ti(l )’ +Z<) 1 1’(I—n53)j CanT | BTy (2)
Jj=

Looking at the i’th coordinate, with \; being the i’th eigenvalue on the diagonal of S

wili) =(KT5)(i) 3 (1 = pAsY
=0
AAT[—(T it_l 1 : J _ AQkI_ )\ij—k> 13
H RO Y (kg (0) alalPy - wa (13)
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After some algebra:

o[ (1= +1819) -1y
T AP o 1Al X

+ (W) (K"y)() (14)

(" K" y)(i)

1— (1 n/\)

And in matrix notation, define the diagonal matrix A with A;; = as the i’th element

1= (1=n(\i+lAll ))

on the diagonal, and the diagonal matrix B with B;; = the i’th element on the

) NAIZ O +1A1%)
diagonal and we get that: - -
=(B-A)pp" K"y +AKTy (15)
Solving the following:
e 1 - -1 _
w= (KTK +8) " KTy = (S+ i +4) KTy (16)
we get that:
A= (B+(A-B)pi") " =% - pp” (17)

and we got a definition for the regularization matrix.

Since the filter covariance stays constant throughout training due to lemma[A.2] treating the filters as
a random variable initialized with covariance o1 (in PCA basis) means that their empirical second
moment is equal to the sum of the squared mean and variance. Therefore denoting the filters in PCA
basis as f;, we get that in the ith coordinate:

M M 2 1M M 2
MZUCJ?PZ = Z fjvpz +MZ <fjapz - Z f]vpz
j=1 J:1 J=1 Fl
= w2(i) + o* (18)

O

Theorem A.4 (Effect of Labels). Let W, . . be the weights of the first layer of a linear CNN with a
single hidden layer and any width, trained for t steps on a binary classification task with MSE loss
and gradient descent, and let W pandom be the weights of the first layer of the same CNN trained
with random labels drawn from a Bernoulli distribution. If the average patch of both classes is
identical, and the dataset is balanced between them, then at any training iteration:

IEwaemoulli( %) [Wéandﬂm} = W;me (1 9)

Proof. Let K € RVN*¢@ be the average image patch matrix and y € {0,1}" the image labels.
From lemma[A.]] training a linear CNN with 1 layer followed by a global average pool is equivalent

to solving the following linear regression problem for weights matrix W € Red*x1,
11 2
LW;K,y)=—-||KW —
W K,y) =<5 | vl
Using gradient descent with learning rate 7, the update rule for W is:

Wi = Wit = o (KT (KWiey)) = (1= 2K"K) Wi + K"y (20)

Notice that in expectation, B, i 1) [y] = 31, therefore B, emouti(}) [KTy] is (half) the

sum of all average image patches. From our assumption, the average image is equal between classes.
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Denote this average patch as z, and since K is the average patch matrix z = %K y. Combining this
observation with the above:

n 7 n 1 1 n o
]Ey~Bernoulli(%) {NK y} = N ’ iK 1= nﬁN 2= NK Yy 21

And that concludes the proof. Note that we assumed that the CNN is of width 1, but using lemmalA.2
is enough for generalizing to any width. O

Theorem A.5 (Solution in PCA Basis). Let w0 = (K' TE + A)f1 K Ty be as described in theo-
rem for K the average image patch matrix in the PCA basis and A = A(KT K ,t,n). Denote [i

as the empirical mean projection onto the PCA basis and S as the the uncentered data covariance
in PCA basis. If the labels are drawn randomly from a Bernoulli distribution, then in expectation,
w can be calculated at any iteration t and for any step size n with the following formula:

i S\ e
EyNBemoulli(%) [UJ] X (I - m )Y 14 (22)

withY =3 + A.

Proof. Following the notation from before, denote K € RN*@" as the average patch matrix, and
K as the same matrix in the PCA basis coordinates. From theorem[A.3| K7 K = 3. + 47 Solving

the linear ridge regression problem in this coordinate system as described in theorem
1= 1 _ -1 -
L(w; K, y) = 5 | Kw - vl + swTAw =@ = (KTK +A) "KTy (23)
In expectation over a random y, as described in theorem Ely] = %1, therefore [E [K’ Ty] =
fi.

w2

As mentioned before, KT K = 3 + i1 . Define ¥ = 3+ A a matrix summing the PCA variances
and the regularization coefficients. Now using Woodbury matrix identity:

&\ Y A T$v—1 T$r—1 X up” Sv—1
(z +,u,u) = S Sy f TS ) TS = (1 - !
1+MTE/ 1/4L
and we get that:
2/71 T .
o (I — ——F1 51,
1+IU’TE/_1/1‘

A.2 CORRELATION FIGURES

As mentioned in[4} energy profiles of linear CNNs had much higher similarity when training with
true and random labels using SGD, compared to their random initialization and the optimal solution
to the corresponding linear regression problem.

To complement[] 3] displays the mean and standard deviation of correlation coefficients between the
mentioned energy profiles. Again, it is clear that there is a high similarity in energy profiles when
training a linear CNN with SGD on true and random labels.
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Figure 8: More examples of training a Linear CNN on 2-class subsets of CIFAR10.For correlation
coefficient see[3]

Table 3: Correlation between energy profiles of a linear CNN trained on different binary subsets of
CIFARI10, when using true and random labels and comparing with a random initialization and the
optimal solution.

TRUE LABELS TRUE LABELS TRUE LABELS

DATASET VS OPTIMAL SOLUTION VS INIT. VS RANDOM LABELS
BIRD VS PLANE -0.16 +0.006 0.034+0.2 0.97 £ 0.003
DoG vs FROG -0.22 £ 0.1 -0.09 +0.02 0.96 + 0.01
DoOG vs CAT -0.25 +0.004 0.08 = 0.24 0.95 4+ 0.002
CAR VS TRUCK 0.26 £+ 0.004 -0.26 + 0.09 0.94 + 0.006
BOAT VS PLANE -0.26 +0.002 -0.08 +0.08 0.94 4+ 0.003

APPENDIX B EXPANDED RESULTS ON SIMILARITY BETWEEN PRETRAINED
CNNs

B.1 ACCURACY OF NETWORKS TRAINED WITH AND WITHOUT A FROZEN FIRST LAYER

As shown in[3] networks of different depths converge to the same minimal loss value when trained
with and without their first layer. To complement this we present the accuracies of these models
below (fig. [9), echoing this result.
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Figure 9: Training error and test error of VGGs of different depths on CIFAR10 (with crossentropy
loss) as function of iteration with frozen first layer and without. For deep networks the performance
is the same with frozen layer.

B.2 COMPARISON OF PRETRAINED CNNS ON CIFAR AND IMAGENET

To expand on the similarity between first layers of different architectures, we present correlation
plots emphasizing the difference between a random initialization and the learned weights of different
networks on different datasets. Presented are figures comparing pretrained models on ImageNet
(ﬁgs@ and[TT), CIFARI1O0 (fig.[12)) CIFAR100 (fig. [I3)), and ResNets trained on different datasets
(fig.|14). All models were downloaded through the Pytorch Model Hub.

—— ResNexts0
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—— ResNet18
—— DesnseNet
—— GoogLeNet
Random Init

GoogLeNet

Random Init

Model Name

ResNet18

Energy
_—
e

ResNexts0

- 00

Model Name

PCA Component

Figure 10: The energy profiles of networks with different architectures and first layer with kernel
size 7, trained on Imagenet, are correlated and differ much from a random initialization.

Although it might seem odd that correlation on Imagenet is much higher than on the CIFAR datasets,
we believe this is due to resolution - while on the CIFAR datasets correlation is calculated over
an energy profile in R?7, the Imagenet example contains profiles in R4, making the calculated
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Figure 11: The energy profiles of networks with different architectures and first layer with kernel
size 3, trained on Imagenet, are correlated and differ much from a random initialization.
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Figure 12: The energy profiles of networks with different architectures and first layer with kernel
size 3, trained on CIFAR10, are correlated and differ much from a random initialization.

correlation smoother and less sensitive to noise. This is demonstrated in fig. [T5 which presents the
correlation between 27 components of the Imagenet profiles. When looking in higher resolution the
correlation coefficients between the different models drop and are relatively equal to those between
the different models on the CIFAR datasets.
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Figure 13: The energy profiles of networks with different architectures and first layer with kernel
size 3, trained on CIFAR100, are correlated. Although it is possible to sample a random initialization
that correlates with some models (ResNet) as good as others correlate with them (VGG 11), most
models still differ from such a random initialization.
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Figure 14: An expansion of the result shown in Figure 2: ResNets of different depths trained on
different datasets have highly correlated energy profiles.
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Figure 15: Correlation between different model energy profiles on Imagenet when zooming in on
components 25-52. The higher correlation between the models relative to models on CIFAR is due
to a higher dimension of the energy profiles.
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B.3 COMPARISON OF VGG WITH DIFFERENT LOSSES

Although[A.4]and all other theorems are proved on a linear network using MSE loss (as customary
in theoretical works on linear networks e.g. (Hacohen & Weinshall, [2022; [LeCun et al. [1991)),
in practice most CNNs for multi-class classification are trained with crossentropy loss. To test the
effect on the energy profile of a real network, we trained VGG with both crossentropy and MSE,
and with true and random labels, the results are displayed [[6] and correlations in[d] As can be seen
in the figure, even in this case the networks’ energy profiles are highly correlated, thus supporting
our hypothesis that the main difference between the formula[A.5]and the pretrained networks is due
to the oversimplification of the linear model, and not for example the loss used in theory vs practice.

Table 4: Correlation between energy profiles of VGG11 when trained with MSE loss and Cross
Entropy (CE) loss. Due to optimization challenges, we subtracted the initialization from the first
layer prior to calculating the correlation, now comparing the accumulated gradients.

DATASET MSE vs CROSS ENTROPY

CIFAR10 0.96 £ 0.01
CIFAR100 0.67 £ 0.03
FACES 0.90 £ 0.025
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(d) Comparing Labels and Losses
(CIFAR10)

nnnnnnnnnn

(b) CIFAR100

—— CrossEntropy
— MSE

CrossEntropy-Random 1.00 089 091 0.86

Loss-Labels

CrossEntropy-True 089 1.00 0.96 0.97

MSE-Random 091 096 1.00 0.96

MSE-True 086 097 0.96 1.00

Loss-Labels

(e) Correlations (CIFAR10)

Figure 16: Comparison between VGG11 trained with MSE loss and Cross Entropy loss on different
datasets. Models are highly correlated, and learn similar components in their first layer. The phe-
nomena is consistent even when training with random labels (fig.[I6d). Initialization was subtracted
from the first layer prior to calculation of energy profile due to the challenging optimization of net-

works trained with MSE.

B.4 FULL FIGURES ON TRUE AND RANDOM LABELS
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Figure 17: VGGI11 trained on binary classification tasks from CIFAR10 exhibit similar energy pat-
terns when trained with true and random labels.

cccccccccc

3 » = o s s
PCA Component PCA Component

(c) CelebA

(a) CIFARI10 (b) CIFAR100

Figure 18: CNNs trained on a CIFAR10, CIFAR100 and a CelebA classification task exhibit similar
energy patterns when trained with true and random labels, when using both VGG and ResNet archi-
tectures.
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B.5 EXPERIMENTAL DETAILS

All models - linear and non linear were trained with SGD and a constant learning rate of 0.1. No
preprocessing was applied to the data except when stated otherwise. All models were trained for
150 epochs, with minibatches of size 256. All results are averaged over at least 3 different random
seeds.

When referring to models trained with random labels”, we trained models until they overfit the
training data, as both ResNet and VGG can reach 99% train accuracy on CIFAR10 with random
labels.

All models in the main text were trained ourselves, except those depicted in[T] All pretrained models
in[T]and [B.2] were downloaded from the Pytorch Model Hub.
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