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ABSTRACT

It is well-known that accelerated gradient first order methods possess optimal
complexity estimates for the class of convex smooth minimization problems. In
many practical situations, it makes sense to work with inexact gradients. How-
ever, this can lead to the accumulation of corresponding inexactness in the the-
oretical estimates of the rate of convergence. We propose some modification of
the methods for convex optimization with inexact gradient based on the subspace
optimization sush as Nemirovski’s Conjugate Gradients and Sequential Subspace
Optimization. We research the methods convergence for different condition of in-
exactness both in gradient value and accuracy of subspace optimization problems.
Besides this, we investigate generalization of this result to the class of quasar-
convex (weakly-quasi-convex) functions.

INTRODUCTION

The first-order methods are an important class of approaches for optimization problems. They have
different advantages: simple implementation, usually low cost of iterations and high performance
for wide class of functions (Beck| (2017), |Gasnikov| (2017), [Polyakl (1987))). Nevertheless, there
are different areas where method access to only inexact gradient: the gradient free optimization
in infinite dimensional spaces |Vasilyev| (2002), inverse problems |[Kabanikhin| (2011)), saddle-point
problems |Lan|(2020), L. Hien| (2023)). Therefore, such methods are interesting for many researchers
Devolder| (2013)), /0. Devolder & Nesterov| (2014)), |d’ Aspremont (2008)), Polyak! (1987)), Vasin et al.
(2021).

Further, note that there are well-known results about convergence of first order methods and optimal-
ity of accelerated methods for class of convex functions|d’ Aspremont et al.| (2021)), Bubeck|(2015),
Nemirovsky & Yudin|(1979a)), Barre et al.[(2020), [ Nemirovsky & Yudin|(1979b)). On the other hand,
nonconvex optimization appears in many practical problems. Especially, interest to such problems is
growing because of deep learning |Lan| (2020), |Goodfellow et al.[(2016). One of possible expansion
of convexity is quasar-convexity (or weakly quasar convexity). This class and non-convex examples
are described in[S. Guminov| (2008); Hardt et al.| (2016); [Hinder et al.| (2020).

This paper continues research of the first order methods based on subspace optimization. Such meth-
ods were considered in|S. Guminov| (2008); Kuruzov & Stonyakin| (2021)). One of such methods is
Sequential Subspace Optimization (SESOP) |[Narkiss & Zibulevsky| (2005)). This method searches
sequentially minima on subspaces and converges to the solution. Recently, several interesting prop-
erties were demonstrated for this method. Especially, |S. Guminov| (2008)) contains proof for con-
vergence of SESOP for quasar-convex case. It demonstrates that this method converges with rate
similar to accelerated rates. Besides, Kuruzov & Stonyakin| (2021} proofs the convergence in the
case of inexact gradient. Moreover, it states that this method does not accumulate error in contrast
to other known accelerated methods. However, there were no works devoted to complexity of such
methods in terms of gradient calculations but not iterations. In this work, we propose to use ellipsoid
method [Nemirovski et al.| (2010); (Gladin et al.|(2020) for auxiliary problems. We demonstrate the-
oretical complexity under condition of convexity and with inexactness because of inexact gradient
and inexact solution of subproblems.

Besides of SESOP, we consider generalization of Nemirovski’s Conjugate Gradient method. In
the Section [3.1] we research it convergence for quasar-convex functions that meet quadratic growth
condition. For this method we also demonstrated its non-accumulation of the additive gradient
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inexactness. Nevertheless, note that quality of obtained by CG method solution can be degraded
to O (\/%61). Also, we prove that for obtaining quality ¢ we need O (1) iterations for enough

small d;. The main disadvantage of the result in this section is requirement for enough large norm
of gradient on each iteration. But we introduce stop condition that guarantee compromise between
quality of solution and complexity of algorithm.

Our contributions are the following:

1. Linear convergence for inexact CG method in non-convex case with. We generalize proof
of convergence for Nemirovski’s conjugate gradient method with inexact gradient. Moreover, we
propose stopping rule to approach required quality.

2. Complexity of auxiliary problems for SESOP and CG methods in convex case. It is natural
to solve low-dimensional subproblems in these methods by low-dimensional methods. We consider
Ellipsoid Method and Multidimensional dichotomy for these problems and estimate complexity for
convex case.

1 PROBLEM STATEMENT

Let us consider minimization problems of convex and L-smooth function f (||-|| is a usual Euclidean
norm)
IVf(@) =Vl < Lllz =yl vVz,y € R" M
with an inexact gradient g : R” — R™:
lg(x) = Vf(z)]| <96, 2)
where L > 0 and § > 0.

The result for convergence per iteration are formulated for quasar-convex problems.

Definition 1. Assume that vy € (0, 1] and let x* be a minimizer of the differentiable function f :
R™ — R. The function f is ~y-quasar-convex with respect to x* if for all x € R™,

@) > f(@) + %Wf(w)@* ). 3

This class generalize convex functions. It is also known as weakly-quasi convex functions. In the
case of 7 = 1 it is well-known star-convexity. |[Hinder et al| (2020) demonstrates that functions
f(z) = (2% + 1/8)'/6 are quasar-convex but not convex or star-convex. Besides, work Wang &
'Wibisono| (2023) demonstrates that some problems of training general linear models are quasar-
convex.

Also, in this work, we will consider generalizations of strong convexity. The first considered condi-
tion is PL-condition.

Definition 2. The differentiable function f satisfies the Polyak-Lojasiewicz condition (for brevity,
we write PL-condition) for some constant y > 0:

fla) - 1 < inwwﬁ Ve e R, @

where f* = f(xy) is the value of the function | at one of the exact solutions x . of the optimization
problem under consideration.

The first present of this condition was in|Polyak (1963)). Recently (see Karimi et al.| (2016); Belkin
(2021)), it was proven that many practical problems satisfy this condition. Especially, it holds for
over-parameterized non-linear systems.

Moreover, we propose results about works of well-known Conjugate-Gradient methods for more
weak condition that PL-condition - quadratic growth condition (see |[Karimi et al.| (2016)).
Definition 3. The differentiable function f satisfies the quadratic growth condition (for brevity, we
write QC-condition) for some constant p, > 0:

f@ =2 Lle—a"|? vaerr, 5)

where f* = f(x.) is the value of the function f at one of the exact solutions x.. of the optimization
problem under consideration.
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2 SUBSPACE OPTIMIZATION METHODS

Let us present SESOP (Sequential Subspace Optimization) method from |S. Guminov| (2008);
Narkiss & Zibulevsky| (2005); Kuruzov & Stonyakin| (2021) (see Algorithm . The first step of
this method is constructing of subspace for further optimization. On each iteration there are three
important directions: gradient at current point, direction from start point to current and weighted sum
of gradients from all iterations. Note, all this directions can be calculated with only z*, 20, g(z*).
In other words, this method does not require too much additional memory in comparison with other
first order methods like Gradient Descent.

Algorithm 1 A modification of the SESOP method with an inexact gradient

Require: objective function f with an inexact gradient g, initial point zy, number of iterations 7.
1: wg = 1
2: fork=0,...,T—1do

k
3: Construct Subspace: d) = g(zx), di =mzr —z9, di= Y wg(xi).

i=0
4: Find the optimal step
3
T} <— arg min TR + rdi~t 6
i gT€R3f<k ;11@ (6)
3 )
5: Tp41 < T + ETldzil
i=1
6:  Update w : wy1 = 5 + /% + w?
return xr

The next step is optimization on three-dimensional subspace. It is the most complex step. Note,
even if the original problem is quasar convex, the auxiliary problem may not have good properties.
It is the bottleneck of this method, and it will be discussed in Section ] for convex case.

The final steps are calculation of new point and update of new weight for direction of weighted
gradient sum. This step does not require additional computations. The convergence per iterations
for this method is presented in Narkiss & Zibulevsky| (2005). This result were recently generalized
for quasar-convex case |S. Guminov| (2008). Further, it was proven that this method is robust for
inexactness in gradient in|Kuruzov & Stonyakin| (2021)).

Algorithm 2 A modification of Nemirovski’s Conjugate Gradient method with an inexact gradient

Require: objective function f with an inexact gradient g, initial point 2y, number of iterations 7.

1: qo = 0
2:. fork=1,...,T—1do
3: Solve 2-dimensional problem
& arg min f(z), where X, = o + Lin(zy — xo, qi) %)
reX)
4:  Make gradient step: zj, = &), — 57 g(&)
5 gk =dg-1+g(Zx)
return x

Another considered in [S. Guminov] (2008) method was Nemirovski’s Conjugate Gradient Method
(see Algorithm [2). It is well-known method with enough high performance in practice. Besides, it
is known that this method has close form for quadratic minimization problem and it is optimal for
them. There are different variants of generalization of such method for non-quadratic problem. In
this paper, we consider Nemirovski’s Conjugate Gradient Method [Nemirovsky & Yudin/(1979a). In
Nemirovsky & Yudin|(1979a)) theoretical convergence rate of CG was consequence of the following
properties: 1) smoothness of function, 2) strong-convexity of function, 3) orthogonality of gradient
at current point and direction from start point to current, 4) orthogonality of gradient at current point
and sum of gradients from all previous iterations.
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In|S. Guminov|(2008)), it was proven that this method converge if to replace strong-convexity condi-
tion by quasar-convexity and quadratic growth condition. The last two conditions are consequence
of optimization on 2-dimensional subspace (see Step 3 in Algorithm [2). Nevertheless, this orthogo-
nality will be inexact in the case of inexact solution of the auxiliary subproblem. The next section is
devoted to this problem

3 CONVERGENCE OF CG METHOD

3.1 CONVERGENCE WITH INEXACT GRADIENT

In work |S. Guminov| (2008) the authors obtained the result for convergence rate of Nemirovski’s
Conjugate Gradient Method. In this work, we show that the method 2] can work with additively
inexact gradient too when its inexactness is not large. To do this, we need the following auxiliary
lemma.

Lemma 4. Let the objective function [ be L-smooth and ~y-quasar-convex with respect to x*. Also
for the inexact gradient g : R — R™ there is some constant 51 > 0 such that for all © € R":

lg(z) = Vf(z)]| < b1 (8)
Then the following inequality holds:

T 3
lgr|| < 36:.T + (Z ||9(§7k)||2> : )

k=0
Using Lemma E] we can generalize the result of Theorem 2 from work [S. Guminov| (2008) for the
case of inexact gradient. Finally, we have the following result.

Theorem 5. Let the objective function f be L-smooth and y-quasar-convex with respect to x*. Also
for the inexact gradient g : R™ — R there is some constant 61 > 0 such that for all x € R"
lg(x) = Vf(x)|| < §1. Moreover, function satisfied condition of quadratic growth f(x) — f* >
Sz — z*||. Then if on all iterations | g(Zy)|| > 261 the CG obtain x7 such that

4 /2
flxp) = f* < Beo + — ﬂ(51- (10)
YV

12 [20-pB)L
TLB 7 W

iterations, where R = ||x* — x|, e0 = f(x0) — f* and any constant parameter 8 € (0, 1).

after

Remark 6. Note, that quadratic growth condition is met when the object function [ satisfies well-
known PL-condition equation 4} It’s well known Nesterov & Polyak (2006); |Karimi et al.|(2016);
Gasnikov|(12017)) that under additional smoothness assumptions standard non-accelerated iterative
methods for such functions(Gradient Descent, Cubic Regularized Newton method etc.) converge as
if f to be u-strongly convex function. For accelerated methods, such results are not known. So we
were motivated to find such additional sufficient conditions that guarantee convergence for properly
chosen accelerated methods. In this section we observe that such a condition could be a-weakly-
quasi-convexity of f.

Remark 7. Note, if function f meets PL-condition equation || and we will stop our method when
2

g(xzk)|| < 201 then we have that f(xy) — f* < &. Note, that in work \Vorontsova E.A. & F.S.
m

2
(2021) authors proved that there are no methods that can converges better than O (%) in general
case.
3.2 NEMIROVSKI’'S CG METHOD WITH RESTARTS

It is well-known that restart technique can significantly improve convergence of conjugate gradient
methods. To use that, we need to run the algorithm for 7 iterations, and after that start the same
algorithm from the final point after 7" iterations (see Algorithm [3).

Similar to|S. Guminov|(2008)), we can obtain the following result.
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Algorithm 3 Restarted Nemirovski’s Conjugate Gradient method with an inexact gradient
Require: objective function f with an inexact gradient g, initial point =y, number of iterations T,
number of restarts K.
1: qo = 0
2. fork=1,..., K —1do
3: Run Algorithm [2|for start point xj_, and T iterations:

T = CG(fvg,mkflaT)

return x g

Theorem 8. Let the objective function f be L-smooth and ~y-quasar-convex with respect to x*.
Also for the inexact gradient g : R™ — R" there is some constant 61 > 0 such that for all x €

R" |lg(z) — Vf(z)|| < 6 and §2 < %for some « € (0,1). Moreover, function satisfied
the condition of quadratic growth f(x) — f* > 5|z — x*||. Then if on all iterations condition
lg(xk)|| = 281 is met the CG obtain outer point & such that

@) —f"<e (1)

K:{ 2 logl-‘
1 5

—
T § £\/1+oz
Ve l—a |”

Proof. We have that the method may degrade the quality on function for enough large §;. At the

same time, in the case
4 /2
\/7051 < agp, (12)
TV o u

for some constant o € (0, 1) we have that

after

restarts and

*

iterations, where €g = f(xo) — f*.

flzr) — f* < Beo

- 8\/2«/1—&—@
Ve l—a |

iterations, where 3 = HT“ Note, that condition equation|12|can be rewritten in the following form:

after

22
52 < T2 M

13
ST (13)
So, to approach quality ¢ we need to require condition equation [I3|for ¢ in the following form:
2.2
Yo ue
5 < : 14
1< (14)
In this case, after
1 2 1
o= | = [ e
log BN 11—« g
restarts the method obtains a point z7x such that:
flark) = [ <e
O
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Remark 9. Generally, we can obtain that after K restarts and KT general number of iterations we
obtain the point & such that

N—-1
. " -\ 4 /2
far) =1 <o+ | S0 8] 24 /720,
= YV om

% N 4 260
flar) =7 <5 eo+77(1_5),/ o

Here we can see it cannot be guaranteed that the Nemirovski’s Conjugate Gradient method will
; £
converge to a quality better than O ( m 51) .

or

Remark 10. The algorithm 2| requires the total number of gradient computations O ( /% log %)
to approach quality €.

2
As we mentioned above, the first-order methods can not approach quality better than O(%) for
strong-convex function. Consequently, it is true for functions that meet PL- condition equation [4] or

quadratic growth condition equation So, let us consider estimate f(xy) — f* < s acceptable for
the function level and agree to terminate algorithm|2|if the condition )| < 8 61 is satisfied.

4 4 g( B~
Finally, let us state the following results about work of method with stop condition.

Theorem 11. Let the objective function f be L-smooth and ~y-quasar-convex with respect to x*.
Also for the inexact gradient g : R™ — R" there is some constant 51 > 0 such that for all © € R"
llg(z) — V f(2)|| < 1. Moreover, function satisfied PL-condition equation 4]

Let one of the following alternatives hold:

1. The Nemirovski’s Conjugate Gradient method [2| makes

K[ 2 logl—‘
l—« €

-]

64 52
7

restarts and

iterations per each restart, where € =

2. For some iteration N < N¥*, at the N-th iteration of Nemirovski’s Conjugate Gradient
methOd stopping criterion ||g(x )| < %51 is satisfied for the first time.

Then for the output point T (¥ = xn or T = xy, ) of Nemirovski’s Conjugate Gradient method
the following inequalities hold:
6402
f@) = "< =
Vo’

We can see that restarts technique allows obtaining optimal convergence rate for considered non-
convex case. Nevertheless, in this case we have additional parameter for tuning - frequency of
restarts.

4  AUXILIARY LOW-DIMENSIONAL SUBPROBLEMS

In this section, we assume that all auxiliary subproblems in Algorithms[T]and[2]are convex. Namely,
subproblems in step 4 of Algorithm[I|and in step 3 of Algorithm[2]are convex.
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4.1 ELLIPSOID METHODS FOR SESOP

To estimate the number of gradient calculations, we need to choose some procedure for optimization
on subspace on the second string of algorithm [T} It is the three-dimensional problem, so we can
use some methods for low-dimensional problems. Examples of such methods are ellipsoid method
(see Nemirovski et al.| (2010)), Vaidya method (see |Vaidyal (1996)) and Dichotomy methods for
hypercube (see |Gladin et al.| (2020)). For all these methods there are results of method works with
inexact gradient (see |Gladin et al.| (2020)). The Dichotomy method has worse estimate for number
of calculations than other methods. Nevertheless, it demonstrates enough good performance for
two dimensional case. Therefore, we consider it for CG method below. The Ellipsoid and Vaid’s
methods require O (log %) number of gradient calculations. So in current work we chose Ellipsoid
method (see ) for subproblem.

For Ellipsoid Methods there is the following estimate (see Theorem 2 in |Gladin et al.| (2020)). If
algorithmwas run on a ball B C R" in n-dimensional space of radius R, the constant B is such that
max, f(x) — min, f(z) < B then the Ellispoid method with §-subgradient converges to solution
with the following speed:

f(on) - F(@) < Bexp (—N) o as)

2n2

In our case n is equal to 3, dimension of subproblem. So, according to equation when d<sSto

approach the quality € we need

2B

N >18In (16)
g

iterations of method [l

In this section, we will estimate the work of SESOP algorithm in two modes:

* One has exact low-dimensional gradient (gradient for subproblem) but there is only inexact
gradient for full problem

* One has only inexact gradient both in low-dimensional problem and full problem

Theorem 12. Let inexact gradient required condition equation |8 with §; < Also, let us

e
Eii00
assume that we have the ball BE C R3 with radius R on each iteration such that Ty, € By,. If we can
use exact gradient of function fi, than to approach quality € on initial problem by SESOP method
one requires not more than

4 2
y%e
of inexact gradient calculations with respect to x and not more than
M= {18N In 12800[4/BCN-‘
€

of exact gradient calculations with respect to T where
B = max max f;(1) — f*
k=1,N reB,

On =1+ ¢ max (| Delll7]) + ¢ max di_ [ + max [[d]]|
k=T,N k=1,N k=T,N

Remark 13. Note, that the SESOP in such implementation requires O (\ / LERz> inexact gradient

LR?

——1In i) inexact gradient calculations with respect to T.

calculations with respect to x and O (

Remark 14. The main theoretical advantage of SESOP with inexact gradient is that there is no
additive part depends on maxy, Ry as in early works. It approaches through solving additional
low-dimensional subproblem. Nevertheless, it leads to requirements for high accuracy of solution
of auxiliary problem.
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Further, let us consider the case of inexact gradient in internal problems. In this case, the quality of
subproblem solution can not be better than inexactness of gradient.

Theorem 15. Let us assume that we have the ball BY, C R® with radius R on each iteration such
that 7y, € BY,. Let inexact gradient require condition equation@with

8y < min { —— ¢! (17)
b= B 110 64004, L

where Ay = Cn max,_77 | Dy |2 for Cy, defined as in Theorem

Then to approach quality € on initial problem by SESOP method one requires not more than

2
N{ /4023}
vy2e

of inexact gradient calculations with respect to x and not more than

M = {18N In 1280054’BCNW

of inexact gradient calculations with respect to T.

We can see that the number of gradient calculation is almost the same as in previous theorem in
case of exact low-dimensional gradient but in this case we have significantly more strong conditions
equation[I'7] This condition allows testing inequalities equation [37]and equation[38]and to approach
quality equation [39]in subproblem. But in this case we can see that the inexactness gradient should
be not more than O ().

Note, that the advantages of SESOP method leads to requirements for extra low inexactness for both
gradient inexactness and solution of auxiliary problem. Nevertheless, the required inexactness can
be easily controlled through values dk] during the algorithm work.

4.2 MULTIDIMENSIONAL DICHOTOMY

Ellipsoid method can be applied for problems in CG method too. Nevertheless, in (Gladin et al.
(2020) it was shown that there is another effective method for two-dimensional subproblem. It is
generalization of one-dimensional dichotomy. Despite the little worse convergence rate in compar-
ison with Ellipsoid method, it demonstrates better performance. So, we provide the result for CG
method with two-dimensional dichotomy in the following theorem.

Theorem 16. Let assumptions of Theorem[I 1] hold and all subproblems are convex. Besides, there
is R such that T, — x, € Bg, for all k. Each point Ty, is output of two-dimensional dichotomy
algorithm (see|Gladin et al.|(2020)) after M steps, where M is given by:

oot

Let one of the following alternatives hold:

1. The Nemirovski’s Conjugate Gradient method 2 makes

2 1
K:[ logw
1l-«a €

- 8\/2\/1+a
RN

iterations per each restart, where € = %5%

restarts and

2. For some iteration N < N¥*, at the N-th iteration of Nemirovski’s Conjugate Gradient
method |2} stopping criterion ||g(zn)|| < %51 is satisfied for the first time.
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Then for the output point T (T = xn or T = . ) of Nemirovski’s Conjugate Gradient method 2]
the following inequalities hold:
£@) - o< O

T
As the result the algorithm requires not more N of calculations of inexact gradient with respect to x
and MN = O(In®(1/¢)) of low-dimensional inexact gradient calculations.

5 NUMERICAL EXPERIMENTS

In this section, we present some preliminary numerical results. We compare SESOP method with
Ellipsoid methods for auxiliary subproblem (see Algorithms [[|and[d), CG with restarts with differ-
ent methods for subproblems (see Algorithms [3] 4] and [Gladin et al.| (2020))) and Similar Triangle
method (see |Gasnikov & Nesterov| (2018))).

We consider the problem of logistic regression:

m

f(x) = (1/m) Y log(1 + exp(—y;(f;, ) + ullz® (18)

Jj=1

on synthetic data in dimensions n = 100,m = 200. In all cases we considered constant inexact-
ness with different norm ;. Parameter for restarts of CG, Lipschitz constant and strong convexity
parameter were found analytically. It was found that all method approach the close accuracy in our
problem settings. So, in this work we demonstrate time comparison (see [I). The presented time is
time required to approach quality 100% /1

01 SESOP | CG+Ellipsoids | CG+Dichotomy | STM
1073 1 1.4 0.9 1.7
107° 10.1 15.3 9.5 13.8
1077 353 60.9 36.8 42.1

Table 1: Time comparison (s) for problem equation

We can see that multidimensional dichotomy works better than Ellipsoid method for Nemirovski’s
Conjugate Gradient Method in all cases. At the same time, methods based on subspace optimization
outperforms STM method. The result for CG and SESOP method are close enough.

CONCLUSION

In this paper, one considered generalization of convexity condition that is known as quasar-convexity
or weakly-quasi-convexity. We propose modification of Nemirovski’s Conjugate Gradient Method
with a §-additive noise in the gradient equation 2] for y-quasar convex functions satisfying quadratic
growth condition.

We estimate computational complexity for solving the internal auxiliary problem in SESOP and CG
method. For this, we used well-known low-dimensional optimization methods — Ellipsoid Method
and generalization of dichotomy. We prove that these methods do not significantly increase com-
plexity for convex case. Besides, these methods are still the methods of the first order.

Moreover, we provide numerical experiments which demonstrate the effectiveness of the approaches
proposed in this paper.
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A CONVERGENCE OF CG METHOD

A.1 PROOF OF LEMMA [4]

Proof. Note, that g7 = gr—1 + %g(:i:T) for T > 1. So, we have the following expression for ||gr||:

lar1* = lgG@)I1* + llar—1l* + 2(g(i7), ar-1)-
Because of exact solution of auxiliary problem on each iteration, we have that

Vf(er) L gr-1.

At the same time, we have that |V f(27) — g(27)||* < d1. So, we have the following estimations:

T T—1
larll® <> lg@ell® + 261 > llaxll, (19)
k=0 k=0
and
lgrl? > llgr—1l* — 261]lgr—1 - (20)

From the lower bound equation 20} we have that

lgr—1ll <81 +1/6% + llar|

llgr—1ll <2601 + llgr|-
Using the inequality above, we can obtain estimation for ||g;|| for all j:

llg;ll <26:(T = 7) + llgr||- 210

Using inequalities equation [I9]and equation 2] we have the following estimation:

or

T T—1
larll® <Y " llg@)ll* + 467 > (T = j) + 26:T|lgr |, (22)
k=0 1=0

and from equation22] we have the following quadratic inequality on ||gr||:

T
lgrl® <> llg(@a)l* + 26772 + 26, T|lqz |, (23)
k=0

Using inequality equation 23] we obtain the estimation equation 9}

T 3
lgr|l < 36T + (Z ||9(§3k)||2> :

k=0

A.2 PROOF OF THEOREM[3]

Proof. Let us assume that ex = f(z) — f* > Peo + ¢d1, where § € (0,1) and ¢ are some
constants. Using estimation equation|31|for s = ﬁ we obtain the following estimation:

lg(@n)|I* < AL(f(2x) — f(zr41)) + 201
Because of exact solution of auxiliary problem, we have that
lg(&x)||> < 4L(e — eht1) + 261. (24)
Telescoping inequality above, we obtain the following inequality:

T-1

> llglan)|* < 4L(eo — er) < 4L(1 - B)eo. (25)
k=0

12
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On the other hand, from quasar-convexity we have the following estimation:
A * 1 A A *
f@R) = f" < ;(Vf(l‘k),xk —z").
Because of exact solution of auxiliary problem. we have the following inequality:
A * 1 A *
fQag) = < ;<Vf(xk)7wo — 7).
Similarly to proof of results for SESOP, we obtain the final estimations:
. v 1 . N R
f@r) = 7 < —(Vg(@p), 20 — ") + 01—
v gl
Note, that from equation 24| and condition ||g(&1)|| > 261, we have that f(zxy1) < f(&x). By

construction of I, we have that f(&r) > f(xzx). So, when e = f(xr) — f* > Beo + ¢dy the
following inequality holds:

1 R
Beo + o1 < ;<vg(i’k),xo — SC*> + 51;

When one sum up this inequalities above, we obtain:
1 RT
T'Beg + Ty < ;<QT,JU0 —a") + 517,

—llgr|ll|zo — 2+|| < =TvBeo + 01T (R+ ). (26)

Firstly, from Lemma 4] and inequality equation 25 we have that:

lar|l < 36:T + /4L(1 — B)eo — 4Lc6y. (27)

On the other hand, from quadratic growth we can obtain the following estimation for ||zg — x.||:

2
o — ]| < 4] 222 (28)
n

Uniting inequalities equation 26}equation [28 we obtain the following inequalities for T":
2e
(38,7 + VAL = B)=o) ,/70 > Tryfeo + 61T (—R + ) (29)

Let us rewrite equation 29]in the following form:

) 21— B)L
TvBeo + 01T <c7—R—3,/2°> < 2 (M/B)

So, when ¢ > % (R + 3,/ Q—ZO), we have the following estimation on 7":

2 [2(1-p)L
T< = | 2—F=
= 8 %

So, after T' = [725 2(1M6)L—‘ , we have that e < eg+cdy. Finally, note, that because of quadratic

2
growth we have estimation “J;‘ > go. So, we have that after T iterations we have a point 1 that

meets the following estimation:
y 4 /2
flor) = f* < Beo + —y [ =241,
YV u

13
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B SOME RESULTS FOR SESOP METHOD

On the base of the last inequality and the right part of equation [32|for y := xj + spg(xx) and
X = X;, we can conclude that

1

Flren) < FOxk) + (50 + s5L) llgGei)|” + 5701 (30)
for each sy € R. Further,

1

— (s0 + s3L) lg(xi)lI? < f(xn) = f(xrt1) + ﬁ@%- (€1
2 .
f(%p+1) = min f (Xk + Sid2> < f(xk + sog(xk)) - (32)
i=0

Theorem 17. Let the objective function f be L-smooth and ~y-quasar-convex with respect to x*. Let
Tk, be the step value obtained with the inexact solution of the auxiliary problem equation|6on step 2
in Algorithm[I|on the k-th iteration. Namely, the following conditions for inexactness hold:

(i) For the inexact gradient g : R™ — R™ there is some constant 61 > 0 such that for all
points x € R™ condition equation[8| holds.

(ii) The inexact solution T, meets the following condition:
[(Vf(xr), di_y) | < k262 (33)
for some constant 65 > 0 and each k € N. Note that x;, = Xp_1 + Dy_17Tk—1.

(iii) The inexact solution Ty, meets the following condition for some constant d3 > 0:

[(Vf(xk),xx —%0) | < d3. (34)

(iv) The problem from step 2 in Algorithm|]is solved with accuracy 64 > 0 on the function on
each iteration, i.e. f(x)) — min;egn f(Xp—1 + Dp—17) < d4.

Then the sequence {x.} generated by Algorithm|l|satisfies

SLR* (R Lo
f(x’“)_f*gw‘zk@+(V+10>51+4\/$+63+5 74 (35)

foreach k > 8, where R = ||x* — x¢|.

Theorem 18. If condition (iv) from Theoremholds, then we can choose 93,63 > 0 according to
the following estimates:

oo < /28 (DAl + T T)

1
9 < ﬁ,/ﬂ; max 171164

C AUXILLARY LOW-DIMENSIONAL SUBPROBLEMS

and

C.1 PROOF OF THEOREM[12]
In the first case we will estimate the number of gradient calculations with respect to « and to 7

separately. In the second case we will estimate this gradients calculation in total. In the second case
we can get the inexact gradient for subproblem through full gradient calculation:

d
— +Dy7) =D}V
de(xk kT) k V() e—apt Dyt

14
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for all k. In such scheme, any low-dimensional gradient calculation requires high-dimensional gra-
dient calculation because we can calculate total number of calculations.

Theorem [I8] gives correspondence between inaccuracies dz, d5 and d4:

o2 < /28 (DAl + T T)
1 3
S8LR? (R Léy €
max{w,(7+1o) 61,4@,63,5E} << (36)

is sufficient to approach quality € on function. So, according to equation [36| we have the following
conditions for inexactness 2, d3, d4:

and

The condition

< -
02 < 400 37
g
85 < = (38)
2
13
<
04 = 55T (39)

So we obtain the main statement about quality of subproblem solution and condition for iterations
count and inexactness of gradient.

Lemma 19. Let inexact gradient meets condition equation 8 with

DI ——
&0

To obtain quality ¢ on function the SESOP method|l|\with inexact gradient should have

/ 2
T> 40LR ’
> o

iterations and on each iteration subproblem should be solved such that conditions equation 37]
equation|[38|and equation|39|are met.

Moreover, uniting the conditions equation [37}equation 39| with early obtained results of Theorem [I8]
we can obtain sufficient quality of subproblem for obtaining these results.

Lemma 20. The following quality of subproblem on kth iteration is sufficient for conditions equa-
tion[37} equation[38and equation[39 are met:

et g? e?

54§min ) 31
6400L (v/maxc([DL]TImel]) + /| max af_y ) SOEmaxi [l 625L

4

In other words, we need to solve on each iteration auxiliary problem with accuracy O ( LECk ) where

constant Cj, = 1 + v/maxy (| Dg ||| ]]) + y/|| maxy di_, || + maxy ||d}|| is defined by generated

by algorithm sequence {xzy}.

This quality is the worst case when the subproblem procedure will be stopped. One supposes that
for the most problems conditions equation [37] equation [38|and equation [39) will be met significantly
early.

15
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The statements above are true for the both modes, and they allow estimating a number of exact
and inexact gradients in these cases. In the following theorem, we suppose that we have the ball

Bk c R? with radius R on each iteration such that 7, € Bg{. So for the first mode we have the
following estimations. In this case, to approach quality

4

5o €
17 64000y L
where Cy, = 1 + y/max, (| D ||[[76]]) + /|| maxy di_,|| + maxy, ||d}|| we need
1810 12800€Bk0k
€

iterations of ellispoid method where By, = max__ Bi, fi(m) — f~

C.2 PROOF OF THEOREM[I3]

Proof. Let us estimate inexactness in internal problems. Early, we obtained the following equality:

d
— Dy7) =D}V
de(xk + DyT) k V() ot Dor
So, let us consider ellipsoid method with inexact gradient in the following form:
gk(1) = Dy g(x), + Di).
For such gradient we have the following estimation for inexactness:

g% (T) = Vo fre(T)|| < [[Dill201- (40)

So to approach quality € we need the more hard conditions for inexactness of gradient. To approach
quality &4 by ellispoid method, we need that the following condition holds:

2
01 < .
[ Drll2
Under assumptions of Theorem 12} we have that d, is given by
o4
0 = ——F
6400Cy L

is sufficient accuracy where Cy, = 1 + \/max (| Di[|[|7x]|) + /|| maxy di_, || + maxy ||d3]|. So,

for §; we have the following condition:

4
<.
6400C, L|| Dy||2

for all £ or
4

5 < &
' = 6400A,L°
where A, = Cf maxy, || Dg/|2- -

C.3 ELLISPOIDS METHOD

16
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Algorithm 4 Ellipsoids Method with §-subgradient.

Require: Number of iterations N > 1, § > 0, ball Bg O @, its center ¢ and radius R.
1: g() = BR, HO = R21n7 Co ‘= C.
2: fork=0,..., N—1do

3: if ¢, € ), then

4: wy = w € Jsg(ck),

5 if wi = 0 then return c;,

6: else

7: wy, := w, where w # 0 is such that Q,, C {z € & : (w,z — ¢x) < 0}.
8 1 Hiwy

Cha1l 1= Cl — — ke
k1 k n+1 ‘/“’Z:kak

. — _n? 2 Hywpw] Hy
9: Hypr = 757 (Hk - ﬁm)
—1
10: Eppr o= {x: (z — cpy) TH L (2 — cpyr) <1},
Ensure: 2V = arg min g(z).
z€{co,...,cN }NQx
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