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Abstract

This paper introduces von Mises-Fisher explo-
ration (vMF-exp), a scalable method for explor-
ing large action sets in reinforcement learning
problems where hyperspherical embedding vec-
tors represent these actions. vMF-exp involves
initially sampling a state embedding representa-
tion using a von Mises-Fisher distribution, then
exploring this representation’s nearest neighbors,
which scales to virtually unlimited numbers of
candidate actions. We show that, under theoretical
assumptions, vVMF-exp asymptotically maintains
the same probability of exploring each action as
Boltzmann Exploration (B-exp), a popular alter-
native that, nonetheless, suffers from scalability
issues as it requires computing softmax values
for each action. Consequently, vVMF-exp serves
as a scalable alternative to B-exp for exploring
large action sets with hyperspherical embeddings.
Experiments on simulated data, real-world public
data, and the successful large-scale deployment of
vMF-exp on the recommender system of a global
music streaming service empirically validate the
key properties of the proposed method.

1. Introduction

Exploration is a fundamental component of the reinforce-
ment learning (RL) paradigm (Amin et al., 2021; McFar-
lane, 2018; Sutton & Barto, 2018). It allows RL agents to
gather valuable information about their environment and
identify optimal actions that maximize rewards (Amin et al.,
2021; Chiappa et al., 2023; Dulac-Arnold et al., 2015; Jin
et al., 2020; Ladosz et al., 2022; McFarlane, 2018; Reynolds,
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2002; Slivkins et al., 2019; Sutton & Barto, 2018; Tang et al.,
2017). However, as the set of actions to explore grows larger,
the exploration process becomes increasingly challenging.
Indeed, large action sets can lead to higher computational
costs, longer learning times, and the risk of inadequate ex-
ploration and suboptimal policy development (Amin et al.,
2021; Chen et al., 2021; Dulac-Arnold et al., 2015; Lillicrap
et al., 2016; Sutton & Barto, 2018; Tomasi et al., 2023).

As an illustration, consider a recommender system on a
music streaming service like Apple Music or Spotify, curat-
ing playlists of songs “inspired by” an initial selection to
help users discover music (Bendada et al., 2023a). In prac-
tice, these services often generate such playlists all at once,
using efficient nearest neighbor search systems (Johnson
et al., 2019; Li et al., 2019) to retrieve songs most similar
to the initial one, in a song embedding vector space learned
using collaborative filtering or content-based methods (Ben-
dada et al., 2023a;b; Bontempelli et al., 2022; Jacobson
et al., 2016; Schedl et al., 2018; Zamani et al., 2019). Al-
ternatively, one could formalize this task as an RL prob-
lem (Tomasi et al., 2023), where the recommender system
(i.e., the agent) would adaptively select the next song to
recommend (i.e., the next action) based on user feedback on
previously recommended songs (i.e., the rewards, such as
likes or skips). Using an RL approach instead of generating
the playlist at once would have the advantage of dynamically
learning from user feedback to identify the best recommen-
dations (Afsar et al., 2022; Tomasi et al., 2023). However,
music streaming services offer access to large catalogs with
several millions of songs (Bendada et al., 2020; Jacobson
et al., 2016; Schedl et al., 2018). Therefore, the agent would
need to consider millions of possible actions for exploration,
increasing the complexity of this task.

In particular, Boltzmann Exploration (B-exp) (Cesa-Bianchi
et al., 2017; Sutton & Barto, 2018), one of the prevalent
exploration strategies to sample actions based on embed-
ding similarities, would become practically intractable as
it would require computing softmax values over millions
of elements (see Section 2). Furthermore, in large action
sets, many actions are often irrelevant; in our example,
most songs would constitute poor recommendations (Tomasi
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et al., 2023). Therefore, random exploration methods like e-
greedy (Dann et al., 2022; Sutton & Barto, 2018), although
more efficient than B-exp, would also be unsuitable for pro-
duction use. Since these methods ignore song similarities,
each song, including inappropriate ones, would have an
equal chance of being selected for exploration. This could
result in negative user feedback and a poor perception of the
service (Tomasi et al., 2023). Lastly, deterministic explo-
ration strategies would also be ineffective. Systems serving
millions of users often rely on batch RL (Lange et al., 2012)
since updating models after every trajectory is impractical.
Batch RL, unlike on-policy learning, requires exploring ac-
tions non-deterministically given a state, and deterministic
exploration would result in redundant trajectories and slow
convergence (Bendada et al., 2020).

In summary, exploration remains challenging in RL prob-
lems characterized by large action sets and where account-
ing for embedding similarities is crucial, like our recom-
mendation example. Overall, although a growing body
of scientific research has been dedicated to adapting RL
models for recommendation (see, e.g., the survey by Afsar
et al. (2022)), evidence of RL adoption in commercial rec-
ommender systems exists but remains limited (Chen et al.,
2019; 2021; 2022; Tomasi et al., 2023). The few existing
solutions typically settle for a workaround by using a trun-
cated version of B-exp (TB-exp). In TB-exp, a small subset
of candidate actions is first selected, e.g., using approximate
nearest neighbor search (a framework sometimes referred
to as the Wolpertinger architecture (Dulac-Arnold et al.,
2015)). Softmax values are then computed among those
candidates only (Chen et al., 2019; 2021; 2022). YouTube,
for instance, employs this technique for video recommen-
dation (Chen et al., 2019). TB-exp allows for exploration
in the close embedding neighborhood of a given state; how-
ever, it restricts the number of candidate actions based on
technical considerations rather than optimal convergence
properties. Although exploring beyond this restricted neigh-
borhood might be beneficial, finding the best way to do so
in large-scale settings remains an open research question.

In this paper', we propose to address this important question
with a focus on its theoretical foundations. Our work ex-
amines the specific setting where actions are represented by
embedding vectors with unit Euclidean norm, i.e., vectors
lying on a unit hypersphere. As detailed in Section 2, this
setting aligns with many real-world applications. Specifi-
cally, our contributions in this paper are as follows:

* We present von Mises-Fisher exploration (vMF-exp),
a scalable sampling method for exploring large sets

"Parts of the content published in this ICML 2025 conference
paper were previously presented at two non-archival workshops:
ICML 2024 ARLET (Bendada et al., 2024) and ICLR 2025 FPI
(Bendada et al., 2025).

of actions represented by hyperspherical embedding
vectors. VMF-exp involves initially sampling a state
embedding vector on the unit hypersphere using a von
Mises-Fisher distribution (Fisher, 1953), then explor-
ing the approximate nearest neighbors of this repre-
sentation. This strategy effectively scales to large sets
with millions of candidate actions to explore.

* We provide a comprehensive mathematical analysis
of the behavior of vMF-exp, demonstrating that it ex-
hibits desirable properties for effective exploration in
large-scale RL problems. Notably, vMF-exp does not
restrict exploration to a specific neighborhood and ef-
fectively preserves order while leveraging information
from embedding vectors to assess action relevance.

* We also show that, under some theoretical assumptions,
vMF-exp asymptotically maintains the same proba-
bility of exploring each action as the popular B-exp
method while overcoming its scalability issues. This
positions vMF-exp as a scalable alternative to B-exp.

* The primary objective of this paper is the introduction
and mathematical analysis of the theoretical properties
of vMF-exp. Nonetheless, as a complement to this
analysis, we also report empirical validations of the
method, including experiments on simulated data, on
real-world publicly available data, and a discussion of
the recent and successful deployment of vMF-exp on a
global music streaming service to recommend music to
millions of users daily. These experiments validate the
key properties of the proposed method and its potential.

* We publicly release a Python implementation of
vMF-exp on GitHub to enable reproducibility of
our experiments and to encourage future use of
the method: https://github.com/deezer/
vMF-exploration.

The remainder of this paper is organized as follows. Sec-
tion 2 formalizes the problem. Section 3 introduces vMF-
exp, Section 4 details our theoretical analysis, Section 5
discusses our experiments, and Section 6 concludes.

2. Preliminaries

We begin this section by formally introducing the problem
addressed in this paper, followed by an explanation of the
limitations of existing and popular RL exploration strategies.

2.1. Problem Formulation

Notation Throughout this paper, we consider an RL agent
sequentially selecting actions within a set of n € N* actions:

I, ={1,2,...,n}. 1
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Each action ¢+ € Z,, is represented by a distinct low-
dimensional vectorial representation X; € R, ie., by an
embedding vector or simply an embedding?, for some fixed
dimension d € N with d > 2 and d <« n. Addition-
ally, we assume all vectors have a unit Euclidean norm,
ie., || X;ll2 = 1,Vi € Z,,. They form a set of embeddings
noted X,, = {X;}1<i<n € (S?71)", where 41 is the
d-dimensional unit hypersphere (Fisher, 1953):

Sd’lz{xeRd:Hng:l}. )

We also assume the availability of an approximate nearest
neighbor (ANN) (Johnson et al., 2019; Li et al., 2019) search
engine. Using this engine, for any vector V € S9!, the
nearest neighbor of V' among X,, in terms of inner prod-
uct similarity (equal to the cosine similarity, for unit vec-
tors (Tan et al., 2016)), called Xi;/, can be retrieved in a
sublinear time complexity with respect to n. Although ANN
engines are parameterized based on a trade-off between effi-
ciency and accuracy, we make the simplifying assumption
that X, it is the actual nearest neighbor of V', which we later
discuss in Section 4.3. Formally:

i = arg max(V, X;). 3)
i€ n

Returning to the illustrative example of Section 1, X,, would
represent embeddings associated with each song of the cat-
alog Z,, of the music streaming service. In this case, n
would be on the order of several millions (Bendada et al.,
2020; Briand et al., 2021; Jacobson et al., 2016). The RL
agent would be the recommender system sequentially rec-
ommending these songs to users. Normalizing embeddings
is a common practice in both academic and industrial rec-
ommender systems (Afchar et al., 2023; Bontempelli et al.,
2022; Kim et al., 2023; Schedl et al., 2018) to mitigate
popularity biases, as vector norms often encode popularity
information on items (Afchar et al., 2023; Chen et al., 2023).
Normalizing embeddings also prevents inner products from
being unbounded, avoiding overflow and underflow numeri-
cal instabilities (LeCun et al., 2015).

At time t, the agent considers a state vector V; € Sa-1,
noted V' for brevity. It selects the next action in Z,,, whose
relevance is evaluated by a reward provided by the envi-
ronment. In our example, the agent would recommend the
next song to continue the playlist, based on the previous
song whose embedding V' acts as the current state. In this
case, the reward might be based on user feedback, such as
liking or skipping the song (Bontempelli et al., 2022). The
agent may select 77, i.e., exploit 7j, (Sutton & Barto, 2018).

2At this stage, we do not make assumptions regarding the
specific methods used to learn these embedding vectors, nor the in-
terpretation of proximity between vectors in the embedding space.

Alternatively, it may rely on an exploration strategy to select
another Z,, element. Formally, an exploration strategy P is a
policy function (Sutton & Barto, 2018) that, given V, selects
each action ¢ € Z,, with a probability P(i | V') € [0, 1].

Objective Our goal in this paper is to develop a suitable
exploration strategy for our specific setting, where hyper-
spherical embedding vectors represent actions, and the num-
ber of actions can reach millions. Precisely, we aim to obtain
an exploration scheme meeting the following properties:

¢ Scalability (P1): we consider an exploration scalable if
the time required to sample actions given a vector V' is
at most the time needed for the ANN engine to retrieve
the nearest neighbor, which is typically achieved in a
sublinear time complexity with respect to n. Scalability
is a mandatory requirement for exploring large action
sets with millions of elements.

* Unrestricted radius (P2): Radius(P | V') is the num-
ber of actions with a non-zero probability of being
explored given a state V. While exploring actions too
far from V' might be suboptimal (e.g., resulting in poor
recommendations), it is crucial that exploration is not
restricted to a specific radius by construction. Such
a restriction could prevent the agent from exploring
relevant actions that lie beyond this radius. An un-
restricted radius ensures that the exploration strategy
remains flexible and capable of adapting to various con-
texts, allowing for the exploration of relevant actions
regardless of their embedding position.

* Order preservation (P3): order is preserved when the
probability of selecting the action ¢ given the state
V' is a strictly increasing function of (V, X;). More
formally, order preservation requires that, (4, j) € Z2,

(V. Xi) > (V. Xj) = P@|V)>P(G|V). 4

P3 ensures that the exploration strategy properly lever-
ages the information captured in the embedding vectors
to assess the relevance of an action given a state.

2.2. Limitations of Existing Exploration Strategies

Finding an strategy that simultaneously meets the three prop-
erties P1, P2 and P3 is essential for effective exploration in
RL problems with large action sets and embedding repre-
sentations. Nonetheless, existing exploration methods fail
to achieve this, which motivates our work in this paper.

Random and e-greedy Exploration The most straight-
forward example of an action exploration strategy would be

the random (uniform) policy, where:

1
Vi € L, Pana(i | V) = . (5)
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A popular variant is the e-greedy strategy (Sutton & Barto,
2018). With a probability € € [0, 1], the agent would choose
the next action uniformly at random. With a probability
1 — ¢, it would exploit the most relevant action based on
its knowledge. Random and e-greedy exploration strate-
gies are scalable (P1), as elements of Z,, can be uniformly
sampled in O(1) time (Cormen et al., 2022). Additionally,
they verify P2. Indeed, Radius(P,na|V) = n since every
action can be selected. However, these strategies ignore
embeddings at the sampling phase and do not achieve order
preservation (P3). This is a significant limitation, reinforced
by the fact that these policies have a maximal radius. As
explained in Section 1, in large action sets, many actions
are often irrelevant, e.g., most songs from the musical cata-
log would constitute poor recommendations given an initial
state (Tomasi et al., 2023). Exploring each action/song with
equal probability, including inappropriate ones, could re-
sult in negative user feedback and a poor perception of the
service (Tomasi et al., 2023).

Boltzmann Exploration To overcome the limitations of
random exploration, actions can be sampled based on their
embedding similarity with V, typically measured using dot
products. The prevalent approach in RL is Boltzmann Explo-
ration (B-exp) (Amin et al., 2021; Cesa-Bianchi et al., 2017,
Chen et al., 2021; Sutton & Barto, 2018), which employs
the Boltzmann distribution for action sampling:

eK<V,Xi>

VZ S InaPB—exp(i | V, Xn, K?) = W,
j=1 '

(6

where the hyperparameter x € R™ controls the entropy
of the distribution. B-exp samples actions according to a
strictly increasing function of their inner product similarity
with V for k > 0, guaranteeing order preservation (P3). By
carefully tuning x, one can ensure that irrelevant actions
are practically never selected while maintaining a non-zero
probability of recommending actions with less than maximal
similarity, thereby indirectly controlling the radius of the
policy (P2). Unfortunately, B-exp does not satisfy P1, i.e.,
it is not scalable to large action sets. Indeed, evaluating
Equation (6) requires explicitly computing the probability
of sampling each individual action before actually sampling
from them, which is prohibitively expensive for large values
of n (Chen et al., 2021). Note that, while we focus on B-exp,
these concerns would remain valid for any other sampling
distribution requiring explicitly computing similarities and
probabilities for each of the n actions (Amin et al., 2021).

Truncated Boltzmann Exploration Due to these scal-
ability concerns, previous work sometimes settled for a
workaround consisting in sampling actions from a Trun-
cated version of B-exp (Chen et al., 2021), which we refer
to as TB-exp. A small number m < n of candidate actions,

usually around hundreds or thousands, is first retrieved us-
ing the ANN search engine, leading to a candidate action
set Z,,,(V'). The sampling step is subsequently performed
only within Z,,(V'). More formally, for all ¢ € Z,,,(V):

eH(V,X,;)

Z]ezm,(v) eK<V7X‘]> '

TB-exp performs action selection in a time that depends on
m instead of n, and has been successfully deployed in pro-
duction environments involving millions of actions (Chen
et al., 2019; 2021; 2022). While it still satisfies P3, TB-
exp also meets P1 for small values of m. However, it no
longer satisfies P2. This method restricts the radius, i.e.,
the number of candidate actions, based on technical consid-
erations rather than exploration efficiency. This restriction
can potentially hinder model convergence by neglecting
the exploration of relevant actions beyond this fixed radius.
This highlights the difficulty of designing a method that
simultaneously satisfies P1, P2, and P3 — ideally, one with
properties akin to B-exp but with greater scalability.

PTB—exp,m(i ‘ ‘/7 Xna K:) =

(N

3. From Boltzmann to vMF Exploration

In this section, we present our proposed solution for explor-
ing large action sets with hyperspherical embeddings.

3.1. von Mises—Fisher Exploration

The inability of B-exp to scale arises from its need to com-
pute all n sampling probabilities explicitly. In this paper, we
propose von Mises-Fisher Exploration (vMF-exp), an alter-
native strategy that overcomes this constraint. Specifically,
given an initial state vector V', vMF-exp consists in:

« Firstly, sampling an hyperspherical vector V on the
unit hypersphere S9!, according to a von Mises-
Fisher distribution (Fisher, 1953) centered on V.

» Secondly, selecting V’s nearest neighbor action in the
embedding space for exploration.

In directional statistics, the vMF distribution (Fisher, 1953)
is a continuous vector probability distribution defined on
the unit hypersphere S?~1. It has recently been used in RL
to assess the uncertainty of gradient directions (Zhu et al.,
2024). For all V € 8§41, its probability density function
(PDF) is defined as follows:

fne(V | 6,V d) = Cq(k)e™ V"V, ®)
with:
1 kE1
Ca(k) = = , ©
Joesir VI AV  (2m)3 Ly (x)
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Figure 1. (a) Probability density function (PDF) of a 3-dimensional vMF distribution. (b) vMF-exp explores the action a represented by the
embedding vector A when the sampled vector V' lies in A’s Voronoi cell, shown in red in 3D. (c) Same as (b) in a 2-dimensional setting.

and where x € R*. The function [« _, designates the mod-
ified Bessel function of the first kind (Baricz, 2010) at order
d/2 — 1. Figure 1(a) illustrates the PDF of a vMF distribu-
tion on the 3-dimensional unit sphere. For any V € S471,
fome(V | &, V, d) is proportional to e®(V-)  which is remi-
niscent of the B-exp sampling probability of Equation (6).
The hyperparameter « controls the entropy of the distribu-
tion. In particular, for k = 0, the vMF distribution boils
down to the uniform distribution on S¢~1.

3.2. Properties

P1 vMF-exp only requires sampling a d-dimensional vec-
tor instead of handling a discrete distribution with n pa-
rameters, allowing V to be sampled in constant time with
respect to n. Therefore, vMF-exp is a scalable exploration
strategy. Efficient sampling algorithms for vMF distribu-
tions have been well-studied (Kang & Oh, 2024; Pinz6n
& Jung, 2023) (see Appendix F for practical details). As
shown in the following sections, we successfully explored
sets of millions of actions without scalability issues, using
the Python vMF sampler from Pinzén & Jung (2023) for
simulations in Section 4 and a custom implementation for
the recommendation application in Section 5.

P2 The probability of sampling 7 € Z,, given V for explo-
ration is the probability that X is the nearest neighbor of 1%
within X,,, i.e., that V lies in Svoronai (X | Ar), the Voronoi
cell of X; in the Voronoi tessellation of S¢~! defined by
X, (Duetal., 1999; 2010) (see Figures 1(b), 1(c)). We have:

SVorono'l'(Xi | Xn) = {‘N/ S Sd_lavj € Ina

- - (10)
<V7 Xi> 2 <Vv Xj>}7

and:

U Svoronei (Xi | ) = 8% (11)
1€L,

Thus, vMF-exp’s sampling probabilities can be written as:

VZ € Ina PVMF-CXp(i ‘ V;Xn, li) =

- - 12
/ fVMF(V ‘ R, ‘/a d) dV7 ( )
VESVomno'l(Xi‘Xn)

which is always strictly positive. Therefore, vMF-exp satis-
fies the unrestricted radius property (P2). Similar to B-exp,
adjusting ~ ensures that actions with low similarity have
negligible sampling probabilities in practice.

P3  Pompexp(t | V, X'n, k) increases due to two factors: the
average fVMF(V | k, V,d) value for Ve Svoronoi (Xi | Xn),
correlated to (X;, V') and contributing to order preservation,
and the surface area of Svoronei(X; | A ), which measures
X;’s dissimilarity to other X, elements. Actions in a low-
density subspace of S?~! have larger Voronoi cells and
may be selected more often than those near V' but in high-
density regions. Thus, vMF-exp favors actions similar to
V' and dissimilar to others, with order preservation being
dependent on X,,’s distribution. Section 4 focuses on a
setting where B-exp and vMF-exp asymptotically share
similar probabilities. Consequently, vMF-exp, like B-exp,
will verify order preservation (P3). In conclusion, in this
setting, vMF-exp will verify P1, P2, and P3 simultaneously.

4. Theoretical Comparison: vMF-exp vs B-exp

We now provide a mathematical comparison of vMF-exp
and B-exp. We focus on the theoretical setting presented
in Section 4.1. We show that, in this setting, vMF-exp
maintains the same probability of exploring each action as
B-exp, while overcoming its scalability issues. As noted
above, this implies that vMF-exp verifies P1, P2, and P3
simultaneously and, therefore, acts as a scalable alternative
to the popular but unscalable B-exp for exploring large
action sets with hyperspherical embeddings.
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4.1. Setting and Assumptions

We focus on the setting where embeddings are independent
and identically distributed (i.i.d.) and follow a uniform
distribution on the unit hypersphere, i.e.,

X, ~USH. (13)

For convenience in our proofs, we consider the action set
to be the union of Z,,, the set of n actions, and another ac-
tion @ with a known embedding A € S?~!. The resulting
entire action set Z,, 11 and embedding set X, are defined
asZ,y1 = Z,U{a} and X, 11 = X, U{A} . In this sec-
tion, we are interested in the probability of each exploration
scheme, B-exp and vMF-exp, to sample a among all actions
of T,,,1 given a state embedding vector V' € S¢~!. These
probabilities are defined respectively as:

PB—exp(a | n, da ‘/7 H) =

(14)
E x,~u(se-1) [PB—exp(a | V, Xnt1, "f)} )

and:
PvMF—exp(a | n, d» Vv H) =

E Xy ~U(SA-1) |:PVMF-eXp(a | V, Xnt1, H)} .
(15)

4.2. Results

We now present and discuss our main theoretical results.
For brevity, we report all intermediary lemmas and math-
ematical proofs in the Appendices A, B, C and D of this
paper. Our first and most general result links the asymptotic
behavior of B-exp and vMF-exp as the action set grows.

Proposition 4.1. In the setting of Section 4.1, we have:

3 PB-exp(a | n, d7 ‘/7 K)
lim
n=+00 Poyreg(a | n,d, V, 5)

=1. (16)

Proposition 4.1 states that, for large values of n, the probabil-
ity of sampling the action a for exploration is asymptotically
the same using either B-exp or vMF-exp. This result follows
from the respective asymptotic characterizations of Pp_exp
and PyMp.exp, detailed below. Importantly, it implies that,
for large values of n, vMF-exp shares the same properties
as B-exp (P2, P3), including order preservation. However,
as noted in Section 3, vMF-exp offers greater scalability
since its implementation only requires sampling a vector of
a fixed size d, an operation independent of n (P1).

Next, we present a common approximate analytical expres-
sion for both methods, denoted P, and defined as follows:

d—1
%@M@%@:ﬂwmufmw Loan

with A(S9~1) denoting the surface area of the hypersphere
S9=1, The following two propositions describe the rate at
which this asymptotic behavior is reached by B-exp and
vMF-exp, respectively, as n grows.

Proposition 4.2. In the setting of Section 4.1, we have:
Pp.ep(a | n,d, V) = Py(a | n,d, V, k)
1 ) (18)

Proposition 4.3. In the setting of Section 4.1, we have:

+ o

PvMF-exp(a ‘ n, da ‘/v H) = Po((l | n, da ‘/7 H)

O(7z) ifd=2, (19)
o L) ird>2

In essence, when n is large, the probability of sampling a
can be approximated by the PDF of the vMF distribution
evaluated at A multiplied by the average surface area of A’s
Voronoi cell, for both methods. As n grows, this Voronoi
cell shrinks until f,ur becomes nearly constant across its
entire surface. Figure 2(f) illustrates this interpretation.

The rate at which the two exploration methods reach their
asymptotic behavior differs. Specifically, the shrinking rate
of the Voronoi cell depends on the dimension of the hyper-
sphere, explaining why the second term in Equation (19)
depends on d. This dependency does not occur with B-exp.
Consequently, for large values of d, one may require a higher
number of actions n before the asymptotic behavior of Equa-
tion (16) is observed. For this reason, it is useful to obtain
a more precise approximation of Pyvipexp(a | 7, d,V, k)
when d increases, which we provide in the next section.

4.3. Discussion

High Dimension Building on the above discussion,
Proposition 4.4 provides a more precise expression for
Porexp(a | n,V, k) when d increases (approximately
d > 20 in our experiments). This expression is derived
by examining the first two terms of the Taylor expan-
sion (Abramowitz & Stegun, 1948) of fyvr near A, rather
than relying solely on the zero-order term. The second term
becomes increasingly significant as d grows. Despite its
apparent complexity, the expression has a straightforward
interpretation: the negative sign before (V, A) indicates that,
when A is similar to V, it is sampled less often than with
B-exp for the same k and d. Conversely, when A is on
the opposite side of the hypersphere, the term positively
contributes to Pymp-exp(@ | 7, V, £). In summary, for larger
d, vMF-exp is expected to explore more extensively than
B-exp with the same «.

Proposition4.4. Let B : (21, 22) — fol 1 (1—t)2~1dt
denote the Beta function, and I : z — [Zt*"te~tdt
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Figure 2. (a) to (e): Validation of the key properties discussed in Sections 4.2 and 4.3 using Monte Carlo simulations, as further elaborated
in Section 4.3. (f) Illustration of the 3-dimensional Voronoi cell of a vector A, for action numbers n € {50, 100, 1000}.

denote the Gamma function (Abramowitz & Stegun, 1948).
In the setting of Section 4.1 with d > 3, we have:

PvMF—exp(a | TL,V, H) = Pl(a | n, ‘/a KJ)
1 20
+O(i)v 20

nd,—l
with:

- [fva |V, R)AS) w(V, AT(FE)
n 2

y ((d—l)ljl@,m)d*]

The case d = 2 In 2 dimensions, Voronoi cells are arcs
of a circle and are delimited by the perpendicular bisectors
of two neighboring points, as shown in Figure 1(c). Inter-
estingly, in this specific case, Pivp.exp(@ | 7, d = 2,V, k)
can be computed using geometric arguments. A comprehen-
sive mathematical analysis is provided in Appendix B. This
analysis confirms that, when d = 2, vMF-exp approaches
its asymptotic behavior faster than B-exp, as indicated by
the O(-%;) term in Proposition 4.3.

2n

Validation of Theoretical Properties via Monte Carlo
Simulations Using the efficient Python sampler of Pinzén
& Jung (2023), we repeatedly sampled vectors &, ~
U(S* 1) and V ~ vMF(V, k), for various values of d, &,
and (V, A). Figure 2 reports, for k = 1.0, (V, A) = 0.5 and
growing values of d, the Pyvr.exp(a) sampling probability
depending on the number of actions n, as well as Pp_exp(a)
with similar parameters and our approximations Py(a) and
Py (a). We repeated all experiments 8 million times and re-
ported 95% confidence intervals. The results are consistent
with our key theoretical findings in this paper.

Firstly, in line with Proposition 4.2, Py exp(a) and Py(a)
are indistinguishable for this range of n values. Secondly,
for small d values (Figures 2(a), 2(b), 2(c)), PiME-exp 18
also tightly aligned with Pg_cxp(a) and Py(a), consistently
with Proposition 4.1 and 4.3. Note that the y-axis is on a
le-5 scale; hence, probabilities are extremely close. Thirdly,
when d > 16 (Figures 2(d), 2(e)), Pi(a) becomes more
distinguishable from Py(a) and constitutes a better approx-
imation of Pymp.exp(a) than Py(a), as per Proposition 4.4.
Lastly, since (V, A) > 0, Proposition 4.4 predicts that
Pg.exp(@) > Pomp-exp(a) for large d, which our experiments
confirm. We provide comparable simulations with other
(d, k, (V, A)) combinations in Appendix G. All simulations
are reproducible using our source code (see Section 5).
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Figure 3. Interface of the “Mixes Inspired By” recommender system on the music streaming service Deezer. This system presents a
personalized shortlist of songs liked by the user. Clicking on a song generates a playlist “inspired by” this song. As detailed in Section 5
and Appendix I, vMF-exp has been employed for months on the production environment of this service to generate playlists, exploring

songs from a catalog containing millions of candidates.

Link with Thompson Sampling One might notice inter-
esting similarities between vMF-exp and bandit arm explo-
ration with the Thompson Sampling method (Chapelle &
Li, 2011). We refer the interested reader to our Appendix E
for a detailed comparison of the two approaches.

Limitations and Future Work While we believe our
study provides valuable insights into vMF-exp, several limi-
tations must be acknowledged. Our theoretical guarantees
are currently restricted to the distributions described in Sec-
tion 4.1. Although vMF-exp can be applied in practice with
hyperspherical embeddings from any other distributions, we
have not yet extended our guarantees to such cases®.

For instance, studying vMF-exp in clustered embedding
settings, as is sometimes the case with music recommen-
dation embeddings (where clusters can, e.g., summarize
music genres (Salha-Galvan et al., 2022)), could be insight-
ful. We believe that future research should benefit from
the approach we proposed in this paper to derive the full
(non-trivial) demonstration for the uniform distribution case.

Our future work will also investigate the second-order term
from Proposition 4.4, which may be significant for large «,
as well as the impact of ANN errors. Although our analysis
assumes exact neighbor retrieval, this assumption may break
down for extremely large action sets (Johnson et al., 2019),
potentially causing minor exploration perturbations.

5. vMF-exp in the Real World

As explained in Section 1, the primary objective of this paper
was to introduce vMF-exp and provide a rigorous mathe-
matical analysis of its theoretical properties for exploring
large action sets represented by hyperspherical embedding

3Nonetheless, results from Section 5 will tend to confirm the
practical usefulness of our propositions on real-world embedding
vectors that do not strictly satisfy assumptions from Section 4.1.

vectors. Nonetheless, as an opening to our work and a com-
plement to this mathematical analysis, we describe in this
section several empirical validations of vMF-exp, further
detailed in Appendices G, H, and 1. Taken together, these
experiments validate the claimed scalability and theoretical
properties of the proposed method, as well as its potential
and impact for real-world applications. Specifically:

* To begin with, we recall that, as explained in Sec-
tion 4.3, a more comprehensive outline of the Monte
Carlo simulations discussed in that section is provided
in Appendix G. The additional results presented in this
appendix are consistent with those shown in Figure 2
of Section 4.3. To ensure the reproducibility of these
experiments and to encourage future use of the vMF-
exp method, we have released a Python implementa-
tion of vMF-exp on GitHub with this paper: https:
//github.com/deezer/vMF—exploration.

* To go further, we recognize that some readers may wish
to explore our topic through reproducible experiments
on real-world data. Therefore, in Appendix H, we em-
pirically validate the main properties of vYMF-exp using
a large-scale, publicly available dataset of one mil-
lion GloVe word embedding vectors (Pennington et al.,
2014). We demonstrate that vMF-exp simultaneously
satisfies P1, P2, and P3 on this GloVe dataset. Further-
more, this study on GloVe vectors shows the accuracy
of our approximations of Pg.exp(a) and Pymp.exp(a)
from Propositions 4.2, 4.3, and 4.4, despite the fact
that GloVe vectors do not strictly meet the i.i.d. and
uniform assumptions of our theoretical study. This
additional study is fully reproducible using the code
provided in the GitHub repository mentioned above.

* The final appendix of this paper, Appendix I, show-
cases a real-world application of vMF-exp. We present
its successful large-scale deployment in the private
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production system of the global music streaming ser-
vice Deezer (Bendada et al., 2023a). On this service,
vMF-exp has been employed for months to recom-
mend playlists of songs inspired by an initial selection
to millions of users (see Figure 3), exploring a cata-
log of millions of candidate songs. This application,
validated by a positive worldwide online A/B test, con-
firms the practical relevance of our work. As vMF-exp
was successfully deployed in production, achieving
a sampling latency of just a few milliseconds, it also
confirms the scalability of the method.

6. Conclusion

This paper introduced vMF-exp, a scalable method for ex-
ploring large action sets in RL problems where hyperspher-
ical embedding vectors represent these actions. vVMF-exp
scales effectively to large sets with millions of actions, ex-
hibits desirable properties, and, under theoretical assump-
tions, even asymptotically preserves the same exploration
probabilities as B-exp, a prevalent RL exploration method
that suffers from scalability limitations. This establishes
vMF-exp as a scalable and practical alternative to B-exp.
While the primary focus of this paper is on the theoretical
foundations of vMF-exp, extensive experiments on simu-
lated data, real-world public data, and the successful deploy-
ment of vVMF-exp on a music streaming service validated the
scalability and practical relevance of the proposed method.

Impact Statement

This paper introduces a scalable method for exploring large
action sets in reinforcement learning problems, with appli-
cations including recommender systems. While our work
is primarily methodological and theoretical, its integration
into real-world systems, such as personalized music recom-
mender systems, can influence user experience, engagement,
and exposure to information. We highlight the potential for
both positive outcomes (e.g., improved personalization and
efficiency) and risks such as over-personalization or bias am-
plification if used without appropriate fairness and diversity
constraints. We encourage careful deployment and further
study when applying this method to sensitive domains in-
volving social or behavioral data.
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Appendix

This appendix supplements the article “Exploring Large Action Sets with Hyperspherical Embeddings using von Mises-Fisher
Sampling” and is organized as follows:

* Appendices A, B, C, and D provide detailed proofs and discussions for all theoretical results presented in the paper.
* Appendix E explores the connection between vMF-exp and Thompson Sampling.

» Appendix F explains practical methods for sampling from the vMF distribution.

* Appendix G presents the complete results of our Monte Carlo simulations.

* Appendix H details an additional experimental study using a large-scale, publicly available GloVe dataset.

* Appendix I highlights the successful large-scale deployment of vMF-exp in the private production system of the global
music streaming service Deezer for large-scale music recommendation.

A. Asymptotic Behavior of Boltzmann Exploration (Proof of Proposition 4.2)
We begin with the proof of Proposition 4.2 claiming that, in the setting of Section 4.1, we have:

o vaF(A ‘ V, H)A(Sdil) 1
N n +0(n\/ﬁ

denoted Py (a|n,d,V,k)

Py expla | n,d,V, k)

) (22)

with fymr the probability density function (PDF) of the von Mises-Fisher (vMF) (Fisher, 1953) distribution:
VA € S fonr(A | V, k) = Ca(r)e" VA (23)

where A(S?71) is the surface area of S¢~1, the d-dimensional unit hypersphere, and Cy(k) is the normalizing constant.

Proof. By definition,
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We use D, to denote the denominator of the expression inside the above expectation. D,, is the empirical average of n
independent and identically distributed (i.i.d.) random variables (plus a constant). Therefore, by applying the Central
Limit Theorem (CLT) (Fischer, 2011), we know that as n grows it will be asymptotically distributed according to a Normal
distribution with the following expectation:
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using the fact that Cjy(x) is the normalizing constant of a vMF distribution, ensuring that its PDF (Equation (23)) sums to 1
when integrated on the unit hypersphere.

v,x)]

Let us define o = Var y g (sa-1) [e“< Although we do not need an explicit expression for o, we know it is finite.

Additionally, let g : x — — be the inverse function. The CLT ensures that:
x

1

D 2
V| Dn — m] L5 N(0,07), (27)

where 2) denotes convergence in distribution (Jacod & Protter, 2004). Moreover, since g is a differentiable function on
R% , we use the Delta method (Oehlert, 1992) to infer that:

1 1

S B o 21 L 2
Valo(Dn) ~ ol rsrmmi g ) N 00%l g 1 (28)
Replacing g and ¢’ by their respective values, we obtain:
Vi[5 = CalW) AS*)] 2 N(0, 0> (A Cul)) ). (29)

Furthermore, recall that if a sequence Z1, Zs, ... of random variables converges in distribution to a random variable Z, then
for all bounded continuous function ¢, lirf E[6(Z,)] = E[¢(Z)] Jacod & Protter, 2004). Since for every n the random
n—-+oo

variable Z,, = v/n[p— — Cy(r).A(S?~1)] has bounded values, we can simply chose the identity function for ¢ to conclude
that : '

. 1 -
i B i |Vilp- - Cala A =0, 60)
which is equivalent to:
1 1
E x,~use1) L)n] = Ca(rR)A(ST) + 0(%)~ €1y}
Finally, by multiplying Equation (31) by QMZ’A) , we obtain Equation (22), concluding the proof. O
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B. Asymptotic Behavior of vMF Exploration in d = 2 dimensions (Proof of Proposition 4.3,
Part 1)

We now prove Proposition 4.3 when d = 2. In 2 dimensions, the vMF distribution takes the special form of the von Mises
(vM) distribution (Mardia & Jupp, 2009) which, instead of describing the distribution of the dot product between V' and V,
describes the distribution of their angle 6. The PDF of a von Mises distribution is defined as follows:

er cos(60)

Vo € [— wm (0 =—. 32
€ [ 7T77T]’fM( |K/) 27‘_[0([{) ( )

Let us define 6 as the angle between V' and A. In this section, we prove that:

ef cos(6o) 1
PvMF—exp(A | n, d = 2, H) = W + O(E) (33)
Proof. By definition,

PvMF—exp(A ‘ n,d =2, H) =E Xp~U(SY) [P(V S SVoronol’(A | Xn-‘,—l))]; (34)

where Svoronoi(Xi | Xn) = {f/ € 81 vj e, (V, X;) > (f/, X;)}. Letus call Y, = {Y;} the result of the permutation
of the indices of &, such that the (signed) angles /3; between A and Y; are sorted in increasing order. Since the { X} are
i.i.d. and uniformly distributed on the circle, then the angles between A and the {X;} are i.i.d. and uniformly distributed on
[0, 27]. Therefore, the set {;} is the set of the order statistics of n i.i.d. random variables uniformly distributed on [0, 27].
Consequently, the set {%} is the set of the order statistics of n i.i.d. random variables uniformly distributed on [0, 1], which
are known to follow Beta distributions (Gentle, 2009) defined as follows:

V1 <i<mn, 26—1 ~ Beta(i,n + 1—1). (35)

T

As a consequence, we have:
21

_ 36
Elf] ==, (36)

2mn
n = ) 37
E [Ba] ) 37

4mn

Var [31] = Var [8,] = (38)

(n+1)%(n+2)

Moreover, for given values of Y;, we can see from Figure 4 that, in 2 dimensions, Voronoi cells are arcs of the circle and
are delimited by perpendicular bisectors of two neighboring points. Specifically, the Voronoi cell of A is delimited by the
perpendicular bisector of A and Y7 on one side, and the perpendicular bisector of A and Y;, on the other side. By denoting
the (signed) angle between V and V, we have:

~ b — 2T
P(V S SVorono’l'(A | Xn+l>) = P(Q S [00 + BT»HO + %] | 0~ VM(O, ’i)aﬂbﬁn)
oo+ 21 (39)
= / Fom(0 | k) do.
6=¢+ Lo 2T
Therefore:
90+B71
PvMF,exp(A |n,d=2,k)=F 81,6 / fwm(0 | k)do| . 40)
0:90+[€7L;2ﬂ

To get an asymptotic expression of the probability that 6 lies between the considered bounds, we can first notice that as n
grows, 31 will approach 0 and 3,, will approach 2. This means that the integral we need to compute will have very narrow

15
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¥s

Y7V |

Figure 4. For d = 2: vMF-exp explores the action A when V lies in its Voronoi cell, shown in red.

bounds centered on 6y, and so we can leverage the Taylor series expansion (Abramowitz & Stegun, 1948) of f,\ around 6
and obtain:

fwm(0 | k) = fim(bo | k) + Ro(0), (41)

oo

) .
where Ro(0) =7, W (0 — 0y)" is the zero order remainder term of the Taylor series expansion of f,y near 6.

We can now estimate the portion of the integral of Equation (40) corresponding to each term of the expansion separately,
and show that when n becomes large:

* the zero-order term gives a probability of selecting A that is the same as the asymptotic behavior of B-exp:
90+/371 K cos(60)

E 6160 | fye gy eazex fom(00 | ) d0| = Sorss + O(55).

2

21
* the expectation of the remainder term is bounded by a % term: | 5, 3, | /. ;DZ 2 suz2x Ro(0)dO| = o(L).
=61 Bnz2n
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B.1. Zero-Order Estimate

Let us study the zero-order approximation of fym(6 | ) near 6y:

90-4-671 -
B l/@ Fom(Bo | ) dQ] =E 8.8, [fVM(eo | £)(00 + % — (60 + 5"2277))}

:90_‘_&"%%
Bn — B
=E 51.6. [va(Go | k) (7 — Tl)
Bn — b1
— 7 fouB | ) E 5, 5, [1 i
 cos(0) 5 ﬁ
€ - L
= 1 _ n P1
215 (k) ( E 61,8, |:27T:| +E 6,8, |:27T:|)
_ encos(Go) n+l—-n+1 w)
21o(k) n+1
encos(Go) )
2h(k) nt1
encos(()g)
T (n+ D)I(k)
et cos(0o) e cos(bo)
" nlo(k)  n(n+ DIo(k)
r cos(6o) 1
€
- L O(=).
nly(k) + (n2)

This proves that, asymptotically, the contribution of the zero-order term of f,y; to the probability of selecting A is equal to
the probability of selecting A using B-exp with the same « value.

To understand how fast vMF-exp reaches its asymptotic behavior, we now need to study Ry (6), the remainder of the Taylor
series expansion of fyy around 6.
B.2. Bounding of the Remainder Term

We start by computing the first derivative of fyu:

| sin(@)|rercos?)

Vo € [0,27'('], |f\CM(9 ‘ K“)‘_ Tv (43)

which is bounded* on [0, 2] by M = I’Z((EK) According to the Taylor-Lagrange inequality (Abramowitz & Stegun, 1948),
this in turn bounds the remainder term as follows:

V0 € [0, 2], [Ro(0)] < M6 — 6o]. (44)

*We note that a tighter bound could be found by studying the second derivative, but will not be necessary for the purpose of this proof.

17
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In particular, this inequality holds for every 6 € [0y + B"%Q”, 6o + '62—1], and so:

60+5L 00+2+
/ Ro(0)| d0 < / M0 — 60| o
0

=00+ 571;27" =00+ 577,;27"
90+ﬁ71 0o
= / M(0 — 6y) do + / M (6 — 6) do
0=00 9=00+En 2T (45)

2 0
= / MO do — Mo do
6=0 g=E£n2m

_ Mﬂ% + (6781 — 27T)2.

The above inequality holds when considering the expected values over uniformly distributed X;:

90—&-% 5 o2
E 8.8, [/0 |R0(9)|d0] < ]\4IE B1,Bn [61] +E 8,8, [(ﬁn 7T) ]

=00+ 2u52" 8

_ g Yarsu s, (81 + (E p1,5, [1])* + Var s, g, [(Bn = 27)] + (E py,5, [Bn — 27))?
8

M 2 x 473n 2 x An? (46)
B g((n—l— 1)2(n+2) + (n+ 1)2)
B Mn?

(n+1)(n+2)

1

- 0(y).

By 81
Since |E 8,3, [f9o+ 3 Ry (0) de] ‘ <E 5,5, [f90+ 3 |Ro(0)] de] , we have shown:

9:90+[3n;2w 9:00+ﬁn;2n

90+%
E 5,5, /0 Ro(6) d9

_ Bp—27
=0o+nz2m

1
= 0(=). @7)

n

In summary, when combining the asymptotic behavior of the zero-order term and the remainder term, we conclude that
when d = 2 we have:
ef cos(6o) 1

+0(=). (48)

PvMF-exp(A | n,d = 275) = m n

This proves Proposition 4.3 when d = 2. Note that, comparing the asymptotic expressions for Ps.exp(A | n,d = 2, k) and
PoMF-exp(A | n,d = 2, k), also gives us a proof for Proposition 4.1 when d = 2. O
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C. Asymptotic Behavior of vMF Exploration in d > 2 dimensions (Proofs of Proposition 4.3, Part
2, and of Proposition 4.4)

We now prove Proposition 4.3 when d > 2, starting with a series of intermediary lemmas. We subsequently justify the
approximate expression of Proposition 4.4.
C.1. Intermediary Lemmas

We introduce a series of lemmas regarding the properties of the Voronoi cell of A when X,, ~ %!, We recall that, for a
given set of embedding vectors X,,, we use the notation X,, 1 = A, U {A}.

Lemma C.1. Letd € N,d > 2, A € S~ and n € N*. As before, let A(S?~1) denote the surface area of S*'. Then:

A(Sd_l) .

n+1 “49)

E X ~U(SE-1) |:A(SV0ronoi'(A | Xn+1))i| =

Proof. To compute this expectation, one can notice that:
E Xy ~U(SET) [A<'SV0rono'1'(A | Xn+1))] =E Xpp1~U(SET) [A('SVOrono'l'(Xn+l | Xn+1)) | Xn+1 = A] . (50)

Indeed, considering that A is known is equivalent to considering A as a random vector X, 1 ~ U (S?~!) with the constraint
Xn+1 = A. We will now show that the right part of Equation (50) is actually independent of the value of A.

Consider any point A’ € S?~1. One can always define a (not necessarily unique) rotation R4 4- such that R4 4/ (A) = A’
Since rotations preserve inner products, they also preserve areas of Voronoi cells, which means that for a given set of vectors
Xn+1, we have:

-A(SVmonoT(Xn-l-l | Xn—i—l)) = A<SVorono‘|‘(RA,A’ (Xn+1) | RA,A’ (Xn-l-l))) (51)

Moreover, the image of the rotation of a random vector uniformly distributed on the hypersphere is also uniformly distributed,
which means that:

X1 ~USTY) & Raar(Xyyr) ~USTH). (52)
Therefore:
E x, ., ~u(si-1) [A(SVorono‘r(XnH | Xnt1)) | Xng1 = A}
= 2 umtt(si) | ASvmona(Raar (Xosn) | R (%041))) | Xnr = A
=B hy gttt ) | ASvoonai( Rt e (Xg1) | R (Xn41)) | Raar(Xga) = 4] (53)
=E R, 4 (Xn)~U(SI1) |:"4(8V0r0n01'(‘4/ \ RA,A/(Xn)))]

—E x, tu(si-1) {A(SVOMO]-(A’ | Xn))]

This result proves that E x, ~z/(s4-1)[A(Svoronsi(A | Xnt1))] is independent of A. Then, we use this information along
with Equation (50) to obtain:

E x,~u(sa-1) [-A(SVOronoi(A | Xn-l-l))} =E x, ~usi-) {-A(SVOronoi(Xn+1 | Xn-i-l)}- (54)
n+1
Since > A(Svoronoi(Xi | Xnt1)) = A(S4™1) (Du et al., 1999; 2010) and the X; are i.i.d., we derive:
i=1
A(S31
E x, i~u(si-1) {A(SVoronol'(XnJrl | Xn+1))} = g (55)
n+1
Combining Equations (50) with Equation (55) leads to Equation (49), concluding the proof. O
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Figure 5. The Voronoi cell of A, Svoronoi(A | Xn+1), along with the average normal vector of the cell N(A | n). On expectation, (A | n)
and A are collinear.

Lemma C.2. Letd € N,d > 2, A € S ' andn € N*. Then:

INERE v, y(si-1) [/ Vav| = aa. (56)
V €Svoronoir(A|Xn41)

Proof. We want to prove that the average normal vector of the Voronoi cell of A and A are collinear, as illustrated in Figure 5.

To do so, we will show that this average normal vector is invariant to any rotation around A. For every 6 € [0, 27, we define

R as the rotation around A of the angle 6. As discussed in the proof of Lemma C.1, X,, ~ U(S9™ 1) & R (X,) ~

U(S41). Moreover, R4 9(A) = A. Let us denote:

N(A|n) =E x, s / vav|, (57)
V €Svoronoi (A Xn41)

the expected normal vector of the Voronofi cell of A. Its image by the rotation R 4 ¢ verifies:

Rap(N(A | 1) = Rao(E 2, maiisin | / vavl)
V€ Svoronoi (A Xn41)
=E x,~usa1) [[ f/df/}
V € Svoronoi(Ra,6(A)|Rao(Xnt1)) (58)
=E Ra.o(Xn)~U(S41) [/ Vd‘?}
V E€Svoronoi (A|RA,6(Xnt1))
=N(A|n).
This proves that N(A | n) and A are collinear. O
Lemma C.3. With the same hypotheses as Lemma C.2:
A(S41) -
A= ni—i—l E Xy ~U(SA—1), T~ U(S2—1) |:miaX<V, Xz>j| . (59)
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Proof. ) is defined as follows:

M =F x,~usi-1) {/ Vdf/]

V €Svoronoi (A Xn+1)

_— <)\A7A> = <E X ~U(SE-1) |:/~ VdV:|,A>
V € Svoronoi (A| Xny1)

& A=E x,~u(si-1) {/ (v, 4) dﬂ €0
V €Svoronoi (A Xn+1)

= A= E X1 ~U(SI—1) |:/: <‘7’X77,+1> d‘? | Xn-‘rl = Aj|

V €Svoronoi (Xn41|Xn11)

= )\ = E Xn+1NU(Sd71) |:/ maX<V,X1> df/ | Xn+1 = A:| .

V €Svoronoi (Xn41|Xny1) °

Moreover, as done in the proof of Lemma C.1, we can leverage the invariance by any rotation of the above expression to
infer that the conditional expectation is actually independent of A:

A=E x, . ~u(si-1) [/ max(V, X;) df/] 61)

V ESvoronot (Xn41|Xnt1) °

Since, in the above equation, X,, 11 has the same distribution as every element of X, 1, a similar expression for A can be
found using each X, element. By summing them together, we obtain:

n+1

(n+ 1))\ = Z]E X1 ~U(SI—1) {/~ max(f/,Xﬁ df/]
j=1 VeSvoronai (X[ Xnt1) *
n+1 ~ .
=E X1 ~U(SI—1) Z [ max(V, Xz> dV]
Ci=1 V ESvoronoi (X3 | Xny1) *
- - - (62)
=E X1 ~U(SI-1) / HlaX<V, Xz> dV]
Vesd-t

K2

[ A(Sdil)maxxf/',Xi) ~
_/Qesdl A5 av|

= A(Sd_l)]E Xpp1~U(SIT) {]E V~u(sd71)[m?X<‘7aXi>]}7

=E x, . ~usi)

which proves the lemma. O

The last two lemmas are useful to describe the distribution of maxi<1~/, X;) when V is fixed, X1 ~USYY), and n is
large.

Lemma C4. Let B : (z1,22) — fol t*1=1(1 — t)*~ 1 dt denote the Beta function. Let d > 3, V € S ! and X be a

random vector with X ~ U (Sd_l). Let Flugia be the cumulative distribution function (CDF) of (V, X). The Taylor series
expansion of Fugia near 1 is:

Fragia(t) =1 — (1-1)F +o((1-1)T). (63)
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Proof. The distribution of (f/, X)) has been studied in directional statistics (Mardia & Jupp, 2009). Its PDF is known to be:

(L-)% !
fradial(t) - W
O R (R e
- B(3, 5"
(1-t7 '2-(1-t)7F !
- B(l @) (64)
27 2
I T R O e
- B(%, 1)

The last line above was obtained using Newton’s generalized binomial theorem for real exponent (Coolidge, 1949). It

involves the term ( 52. ) (F -0 with (-); the Pochhammer symbol used to designate a falling factorial (Abramowitz
& Stegun, 1948). We have obtalned an expression of fgia involving an infinite weighted sum of powers of (1 — ¢) with
exponents greater or equal to O since d > 3. Therefore, by uniqueness of the Taylor polynomial, we derive that the Taylor
series expansion of fi,giy near 1 is:

2 (1 — )T 1
1

fraa(t) = =5 ol B . (65)
27 2

Since by definition Fj,giy is the primitive of fragiy on [—1, 1] and that Fi,q,(1) = 1, we can integrate the above equation to
get:

d—1 d—1
2 272 l1-t)=
Fragia(t) =1 — 1( ,1) +o((1—1) =)
25 (1 1% (66)
2 — 2 d—
=1- — 4 o((1—1t) 2 )
(d-1)B(3. 5

Since this is exactly the Equation (63), this completes the proof. O

Lemma C.5. Lerd > 3, V € 84! and let Fugiu be defined as in Lemma C.4. Forn € N*, let X, ~ Z/I(Sd_l) be a set of
n i.i.d. random vectors uniformly distributed on S~*, and let F,, be the CDF of max;(V, X;). Then, for u € [—1,1]:

=
lim  Fp(anu+by,) = e~ 7)), (67)

n—-4oo

2
d—1 a—1
where ~y = —d% an = % (%) ' Wwith B the Beta function, and b, = 1 — an

n d 1

Proof. The proof relies on the Fisher-Tippett—Gnedenko theorem (Gnedenko, 1943) which states that if there exists a
couple of sequences a,, and b,, such that the left term of Equation (67) converges, then its limit should be the CDF of a
Generalized Extreme Value distribution (GEV) with shape parameter ~, which is the right term of Equation (67). Theorem 5
of Gnedenko (1943) provides a necessary and sufficient convergence condition for a random variable with maximal value
Tmax and CDF F, provided that v < 0:

_ _ =1
im 1= F(@max —ut) :u( ¥ )
t—0+ 1 — F(Zmax — 1)

forallu > 0. (68)
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Recall that Lemma C.4 gives us the Taylor expansion of Fr,giy near 1 : Frgin(t) = 1 — K (1 —t) S o((1—1) %) with

d—

K = (111)23% Knowing that z,,.x = 1, we obtain that, Yu > 0:

d—1

im 1*Eadial(]—*Ut) lim 17(17K( ) )+O((t) 2 )
t=0+ 1 — Frgia(1 —1) =0+ 1 — (1—K@#)“F) +o((t)F)

lim K(ut)s + 0((75)%1) (69)

1

S0 K1) +o((1)F)

_ ()

which guarantees convergence and in the same time gives the value of v = — ==

i

d
To find suitable sequences a,, and b,,, we can use the fact that F, (t) = Frgial (¢ ) and study the behavior of In F, (t) near
t=1:

In F, (t) = In (Fragial(t)™)
:nln( radlal(t))

- 70
—nln(1-K(1—t)7 +o((1—t)7)))ast — 1~ (70)
= —nK((1—1)7 +o((1—1)7))ast —1".
By defining a,, = —y(Kn)?, b, = 1 — (Kn)?” and doing the change of variable v = b" , we see that:
t=apu-+b,
(71)

=1—(1+~u)(Kn)".

Since for every w, lim,, (1 + yu)(Kn)? = 0 (recall that v < 0), the term o((1 — x)%l) as x — 17 is equivalent to
o(L)asn — +oo. this means that:

I (Fp(ant + b)) = —nK (((1 + ) (Kn)) T + o ((i))) as 1 — 400,

(72)
=—(1 +7u)771 +o(1) asn — 4o0.
We can now consider the exponential of the above expression to get our asymptotic maximum distribution:
—1
lim F,(anu+b,) =e 797 (73)
n—+oo
which concludes the proof. O
Corollary C.6. WithT' : z — fooo t*~Le=t dt the Gamma function (Abramowitz & Stegun, 1948), we have:
N DY) ((d—1)B(%, &1y 1
E XnNU(Sd’l){m,aX<VaXi>} =1-—= ( PG + o(—=)- (74)
i 2 n na-1
Proof. According to the Portmanteau theorem (Billingsley, 2013), Lemma C.5 is equivalent to:
iV, Xi) — bn
maxi(V, X3) = bn B, Gy (y), (75)

an

where GEV(7) is a generalized extreme value distribution with shape parameter v (Gnedenko, 1943). Recall that if a
sequence 21, Zs, ... of random variables converges in distribution to a random variable Z, then for all bounded continuous

23



Exploring Large Action Sets with Hyperspherical Embeddings using von Mises-Fisher Sampling

function ¢, lirJrrl E[¢(Z,)] =E[¢(Z)]. Since W is bounded for every n, we can consider the identity
n—-+oo n

function for ¢ and obtain:

) max;(V, X;) — b Ir(l—~)—1
Jim E Xn~u<5d—1>[ WX Zhn | _ g foV () = LD (76)
n [o%¢) Ay Y
Replacing v, a,, and b,, by their respective expressions, it implies that:
E X ~U(SE-1) [maxi<‘~/,Xi>} -1 + (I(?’?,)_ﬁ d—1
lim 3 + I( )—1=0
n—+oco (Kn) @1 d—1 a7
E X ~U(SA-1) {maxi<‘~/,Xi>} -1+ K_%F(%)
= lim 5 = 0.
n——+0o n_ d-1
d—1 T
Since K~ 71 = 1 (%) ' thisis equivalent to writing:
1 1)\ 71
- 1 ({(d-1)B(5,%)\" d—1 1
E x,~u(si-1) [m?XW,Xi)} -1+ 3 < - F(d — 1) = O(H%)
(78)
- d—1.1((d-1)B(%,9421)\ ! 1
o8 s st 0] =1 - (AT T L
We have thus obtained Equation (74), concluding the proof of the corollary. O

C.2. Proof of Proposition 4.3

We now return to Proposition 4.3. In this section we consider the case of vMF-exp when d > 2 and X; embeddings are
uniformly distributed on S?~!. Under those assumptions:

AV, k)A(SIT 1
PVMF—exp(a | nada‘/a’%) = fVMF( | ) ( ) + O( 142 ) (79)
n n d—1
Proof. Similarly to the 2 dimensional case, the definition of Pyup.exp(a | 1, d, V, k) is:
Ptresp(A | 0, V,5) = E 2, i(s0-1) []P(f/ € Svoronai (A | Xns1) | V ~ VME(V, ﬁ))} : (80)
which can be written using the PDF of the vMF distribution:
PvMF-exp(A ‘ n,d,V, KZ) =L Ky ~U(S4-1) [/~ vaF(V | V, HZ) df/ . (81)
V €Svoronoi (A Xny1)
As done in the 2D case, we study the Taylor expansion of fyyg near A:
WV € Svoronoi(A | Xns1), fone(V | £, V) = Ca(r)e" V)
_ Cd(ﬁ)ef»a(V,A)en(V,f/—A)
2 (K(V,V — A))? (82)
= fwr(A | Vi k) Z —( < il
i=0

= for(A | V,k) (1 + 5(V,V — A) + Ry (V).
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Figure 6. For d = 3: vMF-exp explores the action A when V lies in its Voronoi cell, shown in red.

with Ry (f/) =3, M Leveraging the linearity property of both integration and expectation (Jacod & Protter,
2004), we can study Povr-exp(A | 7, d, V, k) by assessing separately the contribution of the different terms of the expansion

of fymr In:

PvMF—exp(A | n, da Va ’i) =

- - - (83)
E xparsiot) / Fote(A | Vo) (14 5(V, T — A) + Ry (V) dV| .
V € Svoronai (A Xn41)

However, contrary to the 2D case where Svoronoi (4 | Xn+1) is always defined as the arc between 2 angles on the circle, for
d > 2 the shape of Svyoronoi(A | Xpn41) is highly dependent of the layout of the elements of &}, that share a frontier with A.
Figure 6 provides an illustration of the complexity and diversity of the shapes of Voronoi cells for uniformly sampled points
on the 3D sphere.

As a consequence, expliciting the bounds of integration, as we did in the 2D case, can be somewhat tedious. Instead, we will
leverage the geometrical properties of the problem at hand to estimate PvMF_eXp(A | n,d,V, k). We start with the zero-order
term.

C.2.1. ZERO-ORDER TERM

Since the zero-order term is constant, its integral over Syoroni (A | Xn+1) can be expressed as:

/~ Fonr(A | V.R) AV = fur(A |V, 5)A(Svoronai (A | X)), (84)
VESVomno{(A‘Xn‘Fl)

where A(Svoronoi(A | Xn+1)) is the value of the surface area of Svoronoi(A | Xn1). To assess the expected value of the
above equation for uniformly distributed &,, we use Lemma C.1 and obtain:

~ wir(A |V, k)ASI!
E x,~u(s-1) / vaF(A | VM) dVv | = fMF( | /<;) ( ) (85)
VesVoronoi(A‘Xn+l) n + 1
fove(A |V, k) A(SYT 1

25



Exploring Large Action Sets with Hyperspherical Embeddings using von Mises-Fisher Sampling

C.2.2. FIRST-ORDER TERM

We want to estimate the value of:

E x,~usi-1) [/ for(A | V,R)R(V,V — A) dV (86)
VESVomno‘l‘(Al‘X'rHrl)
- V, A)A(S41
= fwr(A | Vi K)K <<VJE X, U(S1) / Vavi) - HH) :
7 € Suaronos (Al X y1) "
Using Lemmas C.2 and C.3 as well as Corollary C.6, the left term inside the parentheses is:
(V.E x,~u(si—1) / Vavy)
V€ Svoronoi (A Xn+1)
A(Sd—l) ~
= <V, A>n7+1 ]E anu(sd’l),(/wu(s‘i’l) |:H123.X<V, Xl>i| (87)
d—1 (4tL d—1)B(L. ¢=1 T 1
— 280D (M) (o DBG BN L
n+1 2 n na-1

Re-injecting this expression into Equation (86) gives the following expression for the contribution of the first-order term to
the probability of sampling A:

& s | four(A | V. )R (V. — 4) AV e
VESVOrono'i(AIXn+1)
A P (@-1BG. 5\ 1
(A AS) A 2) 2
fomr(A |V, k) w1l R(V, 4) 2 n +O(n%)

C.2.3. REMAINDER TERM

As done in the 2D proof, we leverage the Taylor-Lagrange inequality (Abramowitz & Stegun, 1948). The second derivative
of the function f(z) = Cy(k)e"® is f(z)?) = k?f(z), which is bounded on 2 € [—1,1] by M = x>Cy(r)e"®. This
implies that:

Ry(7)] < MY =47

M|V — Al 89
< M (according to the Cauchy-Schwarz inequality (Jacod & Protter, 2004)) ®9)

= M(1—(V,A)).

This inequality holds for every V € Svoronoi (A | Xpy1) when &, ~ U(S* 1), which means that:

B ST | [ Fowe(A |V, 5)| Ry (V)] 4V

V €Svoronoi (A Xn41)
< fimr(A | V,K)E XHNM(Sdil) [[ M(1— <‘~/>A>)d‘~/

V € Svoronoi (A Xn41)

A(S41) d—1 ; Y

= fVMF(A | V, Ii)iM(l — E Xn+1NZ,{(S ) maX<V7X1> dV ) (90)
+1 Vesa-1 i
B ASTY (D) ((d-1D)BG, 5H 1
_fVMF(A| V’E)M n+1 2 n +0(ndil)
1

_ O(nH%)
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We used Lemmas C.2 and C.3 to go from line 2 to 3, and Corollary C.6 to go from line 3 to 4. In essence, we have bounded

the contribution of R (V) to the probability of sampling A as follows:

E x,~u(S"7) [/ four(A | V,R)|Ry(V)|dV | = O(%) S

V €Svoronoi (A| Xpn41) n-'da-1

Finally, adding up Equations (85), (89), and (91), we conclude the proof of Proposition 4.3 for d > 3 and (via the first-order
term) simultaneously justify the approximate probability P; (a | n, V, k) introduced in Proposition 4.4. O
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D. Similar Asymptotic Behavior of B-exp and vMF-exp for Large Action Sets (Proof of
Proposition 4.1)

Finally, Propositions 4.2 and 4.3 allow us to derive Proposition 4.1, i.e., that in the setting of Section 4.1, we have:

. PB—exp(a | n, da Vu li)
1 =1. 92
”_{I‘PDO PVMF—exp(a | n, da ‘/7 "{) ( )

Proof. Acording to Proposition 4.2, we have:

fnr(A | V. £)AS) 1
Prexpla | n,d,V k) = - +o(n\/ﬁ). (93)
Moreover, according to Proposition 4.3, we have:
~ fomr(A | Vo R)A(SYTY) O(%) ifd =2,
Potrep(a | n,d, V. x) = n + O( 1+1 —) ifd>2. ©4)

Therefore:

Pyexpla | n,d, V, k) _ n Pyexpla | n,d, V, k)

li =
nirfoo PvMF—exp(a | n, d, V, KZ) ”‘l’Jroo n PvMF—exp(a ‘ n, dv ‘/a K‘)
. vaF(A | V, H)A(Sd_l) +0 95)
fVMF(A | V, K)A(Sd_l) +0
=1
O

E. Link with Thompson Sampling

At first glance, one might draw some similarities between vMF-exp and Thompson Sampling (TS) with Gaussian prior for
contextual bandits (Chapelle & Li, 2011). Admittedly, vMF-exp shares a common spirit with TS, where action selection is
preceded by sampling individual weights according to a Normal distribution centered on an observed context/state vector.
However, vMF-exp also presents two major differences:

* Firstly, in vMF-exp, vector sampling is performed according to a vVMF hyperspherical distribution, centered on the state
embedding vector V. This choice of distribution ensures that vectors with the same inner product with the state vector
have the same probability of being sampled, as illustrated in Figure 1(a). This aligns better with the similarity used to
retrieve nearest neighbors and, as emphasized in this paper, leads to probabilities of exploring actions asymptotically
comparable to Boltzmann Exploration (with better scalability) under the theoretical assumptions of Section 4.1.

* Secondly, vMF-exp is not designed to maximize the expected reward of a policy in an RL or contextual bandit
environment and does not impose any parameter update strategy. Instead, it serves as an action selection tool for any
scenario where policy updates cannot be performed regularly (as in the batch RL setting commonly found in industrial
applications), yet broad exploration must still be guaranteed between consecutive updates.
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F. Sampling from the von Mises-Fisher Distribution
F.1. Radial-tangent decomposition

Given a vector V € S9! and a concentration x € R, the algorithm described in (Pinzén & Jung, 2023) sample from
a VMF(V k) by leveraging the radial-tangent decomposition of the elements of S?~!. For any V e 891, let us call

=(V, V). Then we have:
V=1V+V1-27 96)

where the vector Vo has a unit norm and is orthogonal to V.

F.2. vMF distribution
If, V ~ VMF(V, k), then :

¢ t1is a scalar valued random variable.

* Vo is a random vector uniformly distributed on the (d-2) dimensional sub-sphere that is centered at and perpendicular
to V. For instance, for d = 3, this would mean a circle centered around V.

o tand Vp are independent.

Since the reciprocal is also true, t and Vp can thus be separately sampled to obtain V.

F.3. Sampling 7 = (V, V)
The PDF of ¢ is known (Fisher, 1953) and follows:

(r/2)8 !
TN, (k)

(T8 I e (97)

fradia] (t; R, d)

This PDF can be used to sample r through rejection sampling (Gentle, 2009).

F.4. Sampling Vp

Vo can be obtained by following the steps of algorithm 1.

Algorithm 1 Sample Vo

1 - Sample vector U uniformly from S%~1;
2 - Compute projection of U on V: W = U, v

3 - Subtract projection and normalize: Vo = | U= W ;

[v-wip’

4 - return Vp

Note that a simple way to sample U uniformly on S?~! is to sample d standard Gaussians independently (one for each
dimension) and then normalize the resulting vector (Gentle, 2009).

F.5. Wrapping up

The vector V can now be computed by summing the right term of equation 97. Overall, we see that sampling V from
vMF(V, k) is data-independent, hence the scalability of the approach.
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G. Additional Monte Carlo Simulations
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Figure 7. We report complete results for the Monte Carlo simulations presented and discussed in Section 4.3, involving more combinations
of d, K, and (V, A)). We recall that Pg.exp(a) and Py(a) are indistinguishable for this range of n values. We emphasize that the y-axis is
on a le-5 scale; hence, all probabilities are extremely close.
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H. Additional Experiments on a Real-World Dataset of GloVe Word Embedding Vectors

While our main contributions in this work are theoretical, we aimed in the main paper to validate our key findings with
Monte Carlo simulations, which involved synthetic data. Understanding that some readers may wish to further explore our
topic through reproducible experiments on real-world data, we present an additional study in this Appendix H. This study
experimentally validates the main properties of vMF-exp on a large-scale, publicly available real-world dataset.

H.1. Experimental setting

We present vMF-exp experiments on real-world, publicly available data. Specifically, we compare the behaviors of B-exp
and vMF-exp on the GloVe-25 dataset of 1 million GloVe word embedding vectors with dimension d = 25 (Pennington
et al., 2014). Each vector, learned using word2vec (Mikolov et al., 2013) from 2 billion tweets, represents a word token.
We subtract the set’s average from each vector and divide them by their norms. We obtain a vector set, denoted G, with all
vectors lying on the unit hypersphere, making GloVe-25 a relevant large-scale dataset for our study.

Our experiments follow the protocol outlined in Section 4.3 of the main paper. In this section, we compared the empirical
probabilities PB_exp(a) and PvMp_exp(a) of sampling an action a represented by a vector A given a state vector V, for varying
action numbers n and inner products (V, A). While we relied on Monte Carlo simulations with uniformly drawn vectors
X, ~ U(S?1), in this Appendix H, vectors are sampled from G, with V and A also drawn from G such that (V, A) matches
the pre-selected values. Our goal is to empirically compare Py exp(@) and Pymp.exp(@), While verifying the claims that P1,
P2, and P3 simultaneously hold for vMF-exp.

Finally, in our Sections 4.2 and 4.3, we provided analytical approximations of Pg.cxp(@) and Pyvr.exp(@) in the presence
of independent and identically distributed (i.i.d.) uniform embedding vectors. We will assess the usefulness of these
approximations on these GloVe vectors, which do not strictly satisfy these strong assumptions.

Finally, regarding these experiments on GloVe-25, we note that:

¢ The GloVe-25 dataset is available for download at: https://nlp.stanford.edu/projects/glove/.
¢ In our experiments, we use the Python vMF sampler from Pinzén & Jung (2023) to efficiently explore large action sets.

¢ All results are reproducible using our source code: https://github.com/deezer/vMF-exploration.

H.2. Results and Discussion

On P1 We now discuss our results. We first focus on P1. While B-exp requires computing (V, X;) and softmax values for
all n vectors X; € X,,, vMF-exp only involves sampling a d-dimensional vector (in constant time with respect to n) and
finding its approximate nearest neighbor (ANN) in &,.

Table 1 compares the performance of four popular ANN algorithms on GloVe-25. Following standard ANN literature
(Simhadri et al., 2024), our performance metric is the maximum throughput, measured in queries per second (QPS), for
which the average recall of the exact top-10 neighbors exceeds 90%. We also report the throughput of exhaustive search, as
an indicator of B-exp’s inefficiency.

Table 1 shows that exhaustive search yields throughput 2 to 3 orders of magnitude lower than ANN methods. This confirms
the significantly better scalability (P1) of vMF-exp compared to B-exp.

Table 1. Performance of popular ANN algorithms on GloVe-25, extracted from the benchmark of Aumiiller et al. (2017). Following
Simhadri et al. (2024), our performance metric is the maximum throughput, measured in Queries Per Second (QPS), for which the average
recall of the exact top-10 neighbors exceeds 90%. The evaluated algorithms include two implementations of HNSW (Malkov & Yashunin,
2018), one from the Faiss library (Douze et al., 2024) and the other from NMSLIB (Boytsov & Naidan, 2013), as well as ScaNN (Guo
et al., 2020) and NGT-QG (Iwasaki & Miyazaki, 2018). Exhaustive search is 2 to 3 orders of magnitude slower than ANN methods.

Algorithm | Exhaustive Search | HNSW (Faiss) | HNSW (NMSLIB) | ScaNN | NGT-QG

Maximum Throughput H

in Queries Per Second (QPS) 34 ‘ 6197 ‘ 14080 ‘ 23436 ‘ 22733
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On P2 and P3  Figure 8 compares Pp.cxp(@) and Pyvir.exp(a) for increasing values of n and (V, A). Figure 8(a) highlights
the two properties that make B-exp popular in RL: the ability to sample actions with unrestricted radius (P2) and the ordering
of sampling probabilities based on action similarity to V' (P3).

Importantly, Figure 8(b) confirms that vMF-exp also satisfies both properties. In our tests, A always has a positive sampling
probability, which strictly increases with (V, A). Thus, vMF-exp also satisfies P2 and P3 on GloVe-25.

On Theoretical Approximations Finally, Figure 9 shows that, although GloVe vectors are not i.i.d. and uniform, the
analytical approximations of the main paper for Pg.cxp(a) and Povp.exp(a@) often remain accurate, particularly for B-exp.
Also, vMF-exp closely matches B-exp’s probabilities for low absolute values of (V, A).

However, as |(V, A)| increases, the gap between P vp.exp(@) and Pp.exp(a) grows more rapidly than predicted by approxi-
mations, highlighting the limitations of the i.i.d. and uniform assumptions and opening the way for future research on more
general expressions.

Conclusion This additional study confirmed the key theoretical and scalability properties of vMF-exp on a large-scale and
publicly available real-world dataset. Our results highlight its potential as a practical solution for exploring large action sets
when hyperspherical embedding vectors represent these actions.

Glove-25, vMF-exp
k=1, <V,A> € [-0.9,0.9]

Glove-25, B-exp B
x10-4 k=1, <V,A> € [-0.9,0.9] x10

1.2

PvMFA exp(a)
iN

0.2

0.0 0
20000 30000 40000 50000 60000 70000 80000 90000 100000 20000 30000 40000 50000 60000 70000 80000 90000 100000
n n

(@) (b)

Figure 8. We report the empirical probabilities Py exp(a) and Pymr-exp(a) of sampling an action a represented by a GloVe embedding vector
A, using B-exp and vMF-exp, respectively, given a state vector V', with 20000 < n < 100000 and (V, A) € {0.9,0.3,0.0,—0.3, —0.9},
and with d = 25 and x = 1. Sampling is repeated 30 million times and averaged to obtain precise estimates. For both methods, the
probability of sampling a for exploration is strictly positive (P2) and is a strictly increasing function of the inner product similarity (V, A)
(P3). Results remain consistent when « is modified.
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Figure 9. We compare Py.exp(a) and Pymr.exp(a) on GloVe-25 to the analytical approximations Py(a) and P; (a) stated in Propositions
4.1 to 4.4 of the main paper under the assumption of i.i.d. and uniformly distributed vectors. Our tests confirm the usefulness of these
approximations on GloVe-25. The yellow curve (Py(a)) is indistinguishable from the red curve (Pg.exp(a)), indicating that Proposition
4.2 holds across all configurations. Furthermore, Pomr-exp(a@) (blue) remains close to Py.exp(a) (red) for low absolute values of (V, A)
(Figures 9(a), 9(b), and 9(c)), as anticipated by Propositions 4.1 and 4.3. In Figures 9(b) and 9(c), the small difference between Pomp-exp(a)
and Pg.exp(a) aligns with the alternative expression P; (a) (green) derived in Proposition 4.4. However, as |(V, A)| increases (Figures 9(d)
and 9(e)), the difference between vMF-exp and B-exp grows more rapidly than predicted by Proposition 4.4, highlighting the limitations
of the i.i.d. and uniform assumptions.
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I. Application to Large-Scale Music Recommendation

Our analysis of vMF-exp in this paper was intentionally general, as the method can be applied to various problem settings.
In this Appendix I, we showcase a real-world application of vMF-exp.

I.1. Experimental Setting

We consider the “Mixes inspired by” feature of the global music streaming service Deezer®. This recommender system is
deployed at scale and available on the homepage of this service (Bendada et al., 2023a). As shown in Figure 10, it displays a
personalized shortlist of songs, selected from those previously liked by each user. A click on a song generates a playlist of
40 songs “inspired by* the initial one, with the aim of helping users discover new music within a catalog including several
millions of recommendable songs.

Mixes inspired by...
D new track

nev ks similar

Under The Gun ESCIE]

by Electric Guest 2 by Christian Loffler $ by Jennifer Lopez

4 Think _/ZZ». | OnTheDay's v ol Memory Box

by Aretha Franklin 3 by Hamlet Minassian . by Cat Reco

\ELED < Otan Hunu The Number of the Beast

by Slim Young N )Y} aiden

Figure 10. Interface of the “Mixes inspired by” recommender system on the music streaming service Deezer.

To generate playlists, Deezer leverages a collaborative filtering model (Koren & Bell, 2015). This model learns unit
norm song embedding representations of dimension d = 128 by factorizing a mutual information matrix based on song
co-occurrences in various listening contexts, using singular value decomposition (SVD) (Banerjee & Roy, 2014; Briand
et al., 2021; 2024). Inner product proximity in the resulting embedding space aims to reflect user preferences. When a user
selects an initial song, the model retrieves its embedding, then (approximately) identifies its neighbors in the embedding
space using the efficient Faiss library (Johnson et al., 2019) for ANN. Currently, Deezer generates the entire playlist at once
in production.

The service is considering RL approaches to, instead, recommend songs one by one while adapting to user feedback on
previous songs of the playlist (likes, skips, etc.). However, as explained in Section 1, adopting such approaches would
require exploring millions of possible actions/songs, significantly increasing the complexity of this task.

In this Appendix I, we continue generating “Mixes inspired by” playlists all at once, but take a step towards RL by comparing
three methods for exploring large action sets of millions of songs:

* VMF-exp: we use the embedding of the user’s selected song as the initial state V. We sample a random state embedding
V according to the vMF distribution, using the estimator of Banerjee et al. (2005) to tune « (see Equation (4) of Sra
(2012)). Finally, we recommend the 40 nearest neighbors of V' in the embedding space according to the ANN engine.

e TB-exp: comparing vMF-exp to full B-exp is practically intractable at this scale. We compare vMF-exp to TB-
exp with a similar k. We first retrieve the m = 500 nearest neighbors of the initial song in the embedding space,
according to the ANN engine. Then, we generate the playlist by sampling 40 songs from these 500 using a truncated
Boltzmann distribution.

» Reference: we also compare VMF-exp to a baseline that retrieves the 500 nearest neighbors of the initial song using
ANN, then shuffles them randomly to generate a playlist of 40 songs.

In early 2024, we conducted an industrial-scale online A/B test on the music streaming service Deezer to compare these
exploration strategies in real conditions. The test involved millions of users worldwide, randomly split and unaware of the test.

Shttps://www.deezer.com/en/
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1.2. Results and Discussion

Firstly, it is important to highlight that we were able to successfully deploy vMF-exp in Deezer’s production environment,
achieving a sampling latency of just a few milliseconds, comparable to the other methods. This industrial deployment on a
service used by millions of users on a daily basis confirms the claimed scalability of vMF-exp and its practical relevance for
large-scale applications.

Using vMF-exp or TB-exp for exploration improved the daily number of recommended songs “liked” by users through
“Mixes inspired by” (liking a song adds it to their list of favorites), compared to the reference baseline. For confidentiality,
we do not report exact numbers of likes or users in each cohort, but present relative rates with respect to the reference. On
average, users exposed to vMF-exp or TB-exp added 11% more recommended songs to their playlists than the reference
cohort. These differences were statistically significant at the 1% level (p-value < 0.01). No apparent differences were
observed between vMF-exp and TB-exp, showing that vMF-exp is competitive with TB-exp.

In addition, vMF-exp, which does not suffer from the restricted radius of TB-exp, recommended more diverse playlists. We
measured the average Jaccard similarity (Tan et al., 2016) of playlists generated from the same initial selection, to assess
how similar the songs sampled from the same state embedding were, for each method. Results reveal that TB-exp had an
average Jaccard similarity 35% higher (less diverse playlists) than vMF-exp, a statistically significant difference at the 1%
level (p-value < 0.01). Therefore, vMF-exp allowed for a more substantial exploration, without compromising performance.

At the time of writing, Deezer continues to use VMF-exp for “Mixes inspired by” recommendations. Playlists are still
generated at once, but our work equips this service with an effective strategy to explore their large and embedded action set
of millions of songs. This opens interesting avenues for further investigation of RL for recommendation. In the near future,
Deezer will launch tests involving actor-critic RL models (Konda & Tsitsiklis, 1999; Sutton & Barto, 2018) to explore and
generate songs sequentially based on user feedback.
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