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Abstract

We present the first mini-batch kernel k-means algorithm, offering an order of
magnitude improvement in running time compared to the full batch algorithm. A

single iteration of our algorithm takes O(kb?) time, significantly faster than the
O(n?) time required by the full batch kernel k-means, where n is the dataset size
and b is the batch size. Extensive experiments demonstrate that our algorithm
consistently achieves a 10-100x speedup with minimal loss in quality, addressing
the slow runtime that has limited kernel k-means adoption in practice. We further
complement these results with a theoretical analysis under an early stopping con-
dition, proving that with a batch size of Q(max {74, 'yz} - ke=?), the algorithm
terminates in O(+?/¢) iterations with high probability, where « bounds the norm
of points in feature space and e is a termination threshold. Our analysis holds
for any reasonable center initialization, and when using k-means++ initialization,
the algorithm achieves an approximation ratio of O(log k) in expectation. For
normalized kernels, such as Gaussian or Laplacian it holds that v = 1. Taking
e = O(1) and b = ©(klogn), the algorithm terminates in O(1) iterations, with

each iteration running in O(k?) time.

1 Introduction

Mini-batch methods are among the most successful tools for handling huge datasets for machine
learning. Notable examples include Stochastic Gradient Descent (SGD) and mini-batch k-means
[30]. Mini-batch k-means is one of the most popular clustering algorithms used in practice [24]].

While k-means is widely used due to it’s simplicity and fast running
time, it requires the data to be linearly separable to achieve mean-
ingful clustering. Unfortunately, many real-world datasets do not
have this property. One way to overcome this problem is to project
the data into a high, even infinite, dimensional space (where it is
hopefully linearly separable) and run k-means on the projected data
using the “kernel-trick”. A toy example is given in Figure(l|and a
more realistic example is given in Figure 2]

Kernel k-means achieves significantly better clustering compared
to k-means in practice. However, its running time is considerably
slower. Surprisingly, prior to our work there was no attempt to speed
up kernel k-means using a mini-batch approach.

K-Means Kernel K-Means
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Figure 1: Kernel k-means
perfectly clusters the dataset,
while k-means cannot.

Problem statement ~We are given an input (dataset), X = {x;}._,, of size n and a parameter
k representing the number of clusters. A kernel for X is a function K : X x X — R that can be
realized by inner products. That is, there exists a Hilbert space H and a map ¢ : X — H such that
Va,y € X, {(o(x),d(y)) = K(z,y). We call H the feature space and ¢ the feature map.
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Figure 2: Qualitative comparison of mini-batch k-means and our algorithm (truncated mini-batch
kernel k-means) on selected images from the Berkeley Segmentation Data Set (BSDS)[3] using the
Gaussian kernel. ARI is the Adjusted Rand Index [27].

In kernel k-means the input is a dataset X and a kernel function K as above. Our goal is to find a set C
of k centers (elements in #) such that the following goal function is minimized:% Y wex Mingee [le—

#(x)||%. Equivalently we may ask for a partition of X into k parts, keeping C implicitEl

Lloyd’s algorithm The most popular algorithm for (non kernel) k-means is Lloyd’s algorithm,
often referred to as the k-means algorithm [20]. It works by randomly initializing a set of k centers
and performing the following two steps: (1) Assign every point in X to the center closest to it. (2)
Update every center to be the mean of the points assigned to it. The algorithm terminates when no
point is reassigned to a new center. This algorithm is extremely fast in practice but has a worst-case
exponential running time [4} [33].

Mini-batch k-means To update the centers, Lloyd’s algorithm must go over the entire input at
every iteration. This can be computationally expensive when the input data is extremely large. To
tackle this, the mini-batch k-means method was introduced by Sculley [30]. It is similar to Lloyd’s
algorithm except that steps (1) and (2) are performed on a batch of b elements sampled uniformly
at random with repetitions, and in step (2) the centers are updated slightly differently. Specifically,
every center is updated to be the weighted average of its current value and the mean of the points (in
the batch) assigned to it. The parameter by which we weigh these values is called the learning rate,
and its value differs between centers and iterations. The larger the learning rate, the more a center
will drift towards the new batch cluster mean.

Lloyd’s algorithm in feature space Implementing Lloyd’s algorithm in feature space is challeng-
ing as we cannot explicitly keep the set of centers C. Luckily, we can use the kernel function together
with the fact that centers are always set to be the mean of cluster points to compute the distance from

' A common variant of the above is when every € X is assigned a weight w,, € R™ and we aim to minimize
D e X W * Mileec llc — ()] Everything that follows, including our results, can be easily generalized to
the weighted case. We present the unweighted case to improve readability.
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any point z € X in feature space to any center ¢ = ﬁ Zye 4 ¢(y) as follows:

l6(2) — cll? = (9(x) — ¢, d() — &) = (9(x), d(x)) — 2(d(x), ) + ;)
= (6a).0(a)) = 2(0(w). T 3 ) + (o7 3 0w o 3 (0,

yeA yEA yeA

where A can be any subset of the input X. While the above can be computed using only kernel
evaluations, it makes the update step significantly more costly than standard k-means. Specifically,
the complexity of the above may be quadratic in n [11]].

Mini-batch kernel k-means  Applying the mini-batch approach for kernel k-means is even more
difficult because the assumption that cluster centers are always the mean of some subset of X in
feature space no longer holds.

In Section[d] we first derive a recursive expression that allows us to compute the distances of all points
to current cluster centers (in feature space). Using a simple dynamic programming approach that
maintains the inner products between the data and centers in feature space, we achieve a running
time of O(n(b + k)) per iteration compared to O(n?) for the full-batch algorithm. However, a true
mini-batch algorithm should have a running time sublinear in n, preferably only polylogarithmic. We

show that the recursive expression can be truncated, achieving a fast update time of 6(/€b2) while
only incurring a small additive error compared to the untruncated versio

While our main contribution is practical — achieving an order-of-magnitude speedup for kernel
k-means — we also provide theoretical guarantees for our algorithm (deferred to Appendix [B). This
is somewhat tricky for mini-batch algorithms due to their stochastic nature, as they may not even
converge to a local-minima. To overcome this hurdle, we take the approach of Schwartzman [29]
and answer the question: how long does it take truncated mini-batch kernel k-means to terminate
with an early stopping condition. Specifically, we terminate the algorithm when the improvement on
the batch drops below some user provided parameter, €. Early stopping conditions are very common
in practice (e.g., sklearn [24]). We show that applying the k-means++ initialization scheme [5] for
our initial centers implies we achieve the same approximation ratio, O(log k) in expectation, as the
full-batch algorithm.

While our general approach is similar to [29], we must deal with the fact that H may have an infinite
dimension. The guarantees of [29] depend on the dimension of the space in which k-means is
executed, which is unacceptable in our case. We overcome this by parameterizing our results by
a new parameter v = max;cx ||¢(x)|. We note that for normalized kernels, such as the popular
Gaussian and Laplacian kernels, it holds that v = 1. We also observe that it is often the case that
v < 1 for various other kernels used in practice (see Appendix [C). We show that if the batch size is
Q(max {y*,7?} ke 2log”(yn/e)) then w.h.p. our algorithm terminates in O(?/¢) iterations. Our
theoretical results are summarised in Theorem [I.T] (where Algorithm [2]is presented in Section [4).

Theorem 1.1. The following holds for Algorithm @ (1) Each iteration takes O(kb?log®(v/€)) time,
(2) If b = Q(max {v*, 7%} ke"2log>(yn/€)) then it terminates in O(~>/€) iterations w.h.p, (3)
When initialized with k-means++ it achieve a O(log k) approximation ratio in expectation.

Our result improves upon [29]] significantly when a normalized kernel is used since Theorem [T
doesn’t depend on the input dimension. Our algorithm copes better with non linearly separable

data and requires a smaller batch size (2(1/€2) vs Q((d/€)?))) [| for normalized kernels. This is
particularly apparent with high dimensional datasets such as MNIST [18]] where the dimension
squared is already nearly ten times the number of datapoints.

The learning rate we use, suggested in [29], differs from the standard learning rate of sklearn in that
it does not go to 0 over time. Unfortunately, this new learning rate is non-standard and [29] did not
present experiments comparing their learning rate to that of sklearn. We fill the experimental gap
left in [29] by evaluating (non-kernel) mini-batch k-means with their new learning rate compared
to that of sklearn. Following our experimental evaluation, the sklearn team accepted a pull request
implementing this learning rate in future versions.

*Where O hides factors that are polylogarithmic in n, 1 /¢, .
3In [29] the tilde notation hides factors logarithmic in d instead of .
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In Section 5 we extensively evaluate our results experimentally both with the learning rate of [29]
and that of sklearn. To allow a fair empirical comparison, we run each algorithm for a fixed number
of iterations without stopping conditions. Our results are as follows: 1) Truncated mini-batch kernel
k-means is significantly faster than full-batch kernel k-means, while achieving solutions of similar
quality, which are superior to the non-kernel version, 2) The learning rate of [29]] results in solutions
with better quality both for truncated mini-batch kernel k-means and (non-kernel) mini-batch k-
means.

2 Related work

Until recently, mini-batch k-means was only considered with a learning rate going to O over time.
This was true both in theory [32,130]] and practice [24]. Recently, [29] proposed a new learning which
does not go to 0 over time, and showed that if the batch is of size Q(k(d/ e)Q)EI, mini-batch k-means
must terminate within O(d/¢) iterations with high probability, where d is the dimension of the input,
and e is a threshold parameter for termination.

A popular approach to deal with the slow running time of kernel k-means is constructing a coreset of
the data. A coreset for kernel k-means is a weighted subset of X with the guarantee that the solution
quality on the coreset is close to that on the entire dataset up to a (1 + €) multiplicative factor. There
has been a long line of work on coresets for k-means an kernel k-means [28, 12} 6], and the current
state-of-the-art for kernel k-means is due to [15]]. They present a coreset algorithm with a nearly
linear (in n and k) construction time which outputs a coreset of size poly(ke™1).

In [8]] the authors only compute the kernel matrix for uniformly sampled set of m points from
X. Then they optimize a variant of kernel k-means where the centers are constrained to be linear
combinations of the sampled points. The authors do no provide worst case guarantees for the running
time or approximation of their algorithm.

Another approach to speed up kernel k-means is by computing an approximation for the kernel
matrix. This can be done by computing a low dimensional approximation for ¢ (without computing
¢ explicitly)[26, 9, [7]], or by computing a low rank approximation for the kernel matrix [22 34].

Kernel sparsification techniques construct sparse approximations of the full kernel matrix in sub-
quadratic time. For smooth kernel functions such as the polynomial kernel, [25] presents an algorithm
for constructing a (1 + €)-spectral sparsifier for the full kernel matrix with a nearly linear number of
non-zero entries in nearly linear time. For the gaussian kernel, [21]] show how to construct a weaker,
cluster preserving sparsifier using a nearly linear number of kernel density estimation queries.

We note that our results are complementary to coresets, dimensionality reduction, and kernel sparsifi-
cation, in the sense that we can compose our method with these techniques.

To the best of our knowledge, the only approach which cannot be directly composed with our work
is kernel sketching [19,135]]. Here the kernel matrix is used to compute an embedding of the points
into a low dimensional Euclidean space, followed by running the standard (non-kernel) k-means
algorithm. We compare our algorithm with the state of the art results [35]] and observe that our
algorithm achieves solutions of superior quality for most datasets.

3 Preliminaries

Throughout this paper we work with ordered tuples rather than sets, denoted as Y = (y;);¢[¢], Where
[ = {1,...,£}. To reference the i-th element we either write y; or Y[i]. It will be useful to use set
notations for tuples suchasz € Y <= Jicfl,z=y;andY C Z < Vi€ [{],y; € Z. When

summing we often write ) - g(x) which is equivalent to Zle g(Y[i]).

We borrow the following notation from [16]] and generalize it to Hilbert spaces. For every =,y € H
let A(x,y) = ||z — y||>. We slightly abuse notation and and also write A(z,y) = ||¢(z) — ¢(y)||?
when z,y € X and A(z,y) = ||¢(z) — y||*> when z € X,y € H (similarly when z € H,y € X).
For every finite tuple S C X and a vector z € H let A(S,2) = > s Ay, z). Let us denote

“The original paper of [29] states the batch size as ((d/€)?), however there is a mistake in the calculations
which requires an additional k factor. We explain the issue in the proof of Lemma
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v = maxgex [|¢(z)||. Let us define for any finite tuple S C X the center of mass of the tuple as
em(S) = 14 2 e H(a).

Kernel k-means We are given an input X = (z;)7; and a parameter k. Our goal is to (im-
pl1c1tly) find a tuple C C H of k centers such that the following goal function is minimized:

- Zmex mingee Az, C).

Let us define for every € X the function f, : H* — R where f,(C) = mincec A(z, C). We can
treat ¥ as the set of k-tuples of vectors in . We also define the following function for every tuple

A= (a)f, € X: fa(C) = 1 32¢_, fa.(C). Note that fx is our original goal function.

We make extensive use of the notion of convex combination:

Definition 3.1. We say that y € H is a convex combination of X if y = )y p»¢(x), such that
Ve X,p, >0and ) v p. =1

4 Our Algorithm

We start by presenting a slower algorithm that will set the stage for our truncated mini-batch algorithm
and will be useful during the analysis. We present our pseudo-code in Algorithm [I] It requires an
initial set of cluster centers such that every center is a convex combination of X. This guarantees that
all subsequent centers are also a convex combination of X. Note that if we initialize the centers using
the kernel version of k-means++, this is indeed the case.

Algorithm [I] proceeds by repeatedly sampling a batch of size b (the batch size is a parameter) For
the ¢-th batch the algorithm (implicitly) updates the centers using the learning rate o for center
7. Note that the learning rate may take on different values for different centers, and may change
between iterations. Finally, the algorithm terminates when the progress on the batch is below ¢, a
user provided parameter. While our termination guarantees (Appendix [B) require a specific learning
rate, it does not affect the running time of a single iteration, and we leave it as a parameter for now.

Input: Dataset X = (z;)"_,, batch size b, early stopping parameter e. Initial centers (CJ) ?:1

where C7 is a convex combination of X for all j € [k].

for i = 1 to co do
Sample b elements, B; = (y1,- - ., ¥p), uniformly at random from X (with repetitions)
for j =1to kdo

B} = {z € B; | argmincp) A(z,Cf) = j}

ozf = ’Bq ‘ /b is the learning rate for the j-th cluster in iteration
¢l =1 —al)C! +al-em(BY)
end for
if f5,(Civ1) — [B,(C;) < ereturn C;41
end for

Algorithm 1: Mini-batch kernel k-means with early stopping

Recursive distance update rule  Unlike k-means, the center updates and assignment of points to
clusters is tricky for kernel k-means and even harder for mini-batch kernel k-means. Specifically,
how do we overcome the challenge that we do not maintain the centers explicitly?

To assign points to centers in the (i 4 1)-th iteration, it is sufficient to know ||¢(z) — C’ 1|7 for
every j. This is because we are interested in the closest center to x in kernel space. If we can keep
track of this quantity through the execution of the algorithm, we are done. Let us derive a recursive

expression for the distances: [[6(x) — C1.,[|? = (6(x), 6(a)) — 2(6(a), CL ) + (L1, CLy).
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Let us expand (¢(z),C7, ) and (CL, ,CL. )

(0(2).C1,1) = (6(2), (1~ a])C] + alem(B])) = (1 - o) ($(a), CI) + o (6 (), em(BY).
(€1, Cl) = (1= o)+ odem(BY), (1 — al)Cl + alem(BY)
= (1— o?)2(C1,C0) + 201 (1 — ad)(CL,em(BI) + (o) (em(B2). cm(BY)).

17

The above is all we need to compute the distances. Furthermore, it is possible to use dynamic
programming to update the center for every iteration in O(n(b + k)) time and O(nk) space (proof
deferred to Appendix [A). This is a considerable speedup compared to the best known quadratic
update time. Next, we go a step further and show that it is possible to get an update time with only
polylogarithmic dependence on n.

4.1 Truncating the centers

The issue with the above approach is that each center is written as a linear combination of potentially
all points in X. We now present a simple way to overcome this issue. We maintain C; 1 as an explicit

sparse linear combination of X. Let us expand the recursive expression of C 1 for ¢ terms, assuming
t<i:

Czjﬂ = (1—-a])C] +ajem(B]) = C]_,ITj_o(1 - o)+ Z o _yem(B]_,) i:i—é—i—l(l —al).
£=0
The idea behind our truncation technique is that when ¢ is sufficiently large, the term Cf_tHfzzo(l

ozg_ ;) becomes very small and can be discarded. The rate by which this term decays depends on the
learning rates, which in turn depend on the number of elements assigned to the cluster in each of the
previous iterations.

Let us start with some definitions. Let us denote bZ = ‘BZ ‘ We would like to trim the recursive
expression such that every cluster center is represented using about 7 points, where 7 is a parameter
to be set later. We define Qj to be the set of indices from ¢ to 7 — ¢, where t is the smallest integer
such that ), e b/ > 7 holds. If no such integer exists then Q? = {i,i — ., 1}. Tt is the case

that ), € b] < 7+ . Intuitively, QJ is the most recent window of updates to cluster j that contains
enough points (at least 7) to serve as a sufficient approximation of the current cluster center.

Next we define the truncated centers, for which the contributions of older points to the centers are
forgotten after about 7 points have been assigned to the center:

ZEGQJ ozgcm( z)Héng\{i}(l —«)), mnQ@! >1
¢l otherwise.

ey

From the above definition it is always the case that either CZ 1= Cf 1 0T D e b) > 7. The

following lemma shows that when 7 is sufficiently large ||CZ 1 — CJ| is small. Intuitively, this
implies that the truncated algorithm should achieve results similar to the untruncated version (we
formalize this intuition in Appendix [B)).

Lemma 4.1. Setting 7 = [bIn®(28v/€)] it holds that Vi € N, j € [K], ||CL,, — CL.,|| < ¢/28.

Proof. We assume that ) eQ? bg > 7, as otherwise the claim trivially holds.

_24 JO,;
G4 = Cliall = 1€, r gy Taeqr (L= Il < IC, oy lle” <

We have Zeng’ o) = ZZGQZ{ \/ 03 /b > */ZZGQ{ b /b > /7/b > In(287/¢). Plugging this back

_ o
ZZGQ{ %

into the exponent, we get that: ||C£ﬂin{QJ} lle < yeln(e/287) < ¢ /28 O
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Algorithm implmentation and runtime To implement this, we simply need to swap cg’ in

Algorithmwith é\f (Lines 7 and 8). As before, the main bottleneck of each iteration is assigning
points in the batch to their closest center. Once this is done, updating the truncated centers is
straightforward by simply adjusting the coefficients in (I), removing the last element from the sum

and adding a new element to the su If min {Qf } is 1, then we also need to add C{1I,, @1- a;)

which guarantees that CAZ = Cf . The pseudo code is provided in Algorithm

Input: Dataset X = (z;)_,, batch size b, early stopping parameter e. Initial centers (C{);?:l

where C{ is a convex combination of X and C{ = C{ forall j € [k].

fori =1toocodo
Sample b elements, B; = (y1, - - ., ¥p), uniformly at random from X (with repetitions)
for j = 1to k do

Bj = {z € B; | argmingep) Az, (/77) =7}

a is the learning rate for the j-th cluster in iteration ¢
ZeeQﬂ O‘e cm(Bj) HzeQﬂ( O‘z)

if min {QJ } = 1 then

Cl,=0Cl,+0 [loeqigy (1 —a7)

end if
end for_
if f5,(Ci+1) — f5,(Ci) < ¢ then
Return: Cl+1
end if
end for
Algorithm 2: Truncated Mini-batch kernel k-means with early stopping

As before, let us consider assigning all points in the (¢ + 1) iteration to their closest centers. Unlike

the previous approach, when computing distances between points in B, and (?i+1 we can do this
directly (without recursion) and it is now sufficient to consider a much smaller set of inner products.

As before, the terms we are interested in computing are: (¢(x), CAZJ 1) and (Cf 10 Cl +1> However,
there are several differences to the previogs approach. We no longer need (¢(z), CZ ) forallz € X,
but only for # € B;;;. Furthermore, C; |1 can be simply written as a weighted sum of at most
> reqi by < 7+ b terms. Summing over all element in B; 1 and k centers we get O(kb(b+ 7)) time

to compute (¢ (), Cf 1) For (Cf 1 cl 7+1) using the bound on the number of terms we directly get
O(k(7+b)?) time. We conclude that every iteration of Algorithmrequires O(k(T+b)?) = O(kb?)
time. The additional space required is O(k7) = O(kb).

S Experiments

We evaluate our algorithms on the following datasets:

MNIST: The MNIST dataset [18]] has 70,000 grayscale images of handwritten digits (0 to 9), each
image being 28x28 pixels. When flattened, this gives 784 features. PenDigits: The PenDigits
dataset [[1]] has 10992 instances, each represented by an 16-dimensional vector derived from 2D pen
movements. The dataset has 10 labelled clusters, one for each digit. Letters: The Letters dataset [31]]
has 20,000 instances of letters from ‘A’ to ‘Z’, each represented by 16 features. The dataset has 26
labelled clusters, one for each letter. HAR: The HAR dataset [2]] has 10,299 instances collected from
smartphone sensors, capturing human activities like walking, sitting, and standing. Each instance
is described by 561 features. It has 6 labeled clusters, corresponding to different types of physical
activities.

3In our code we use an efficient sliding window implementation to store and update the coefficients repre-
senting each cluster center.
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We compare the following algorithms: full-batch kernel k-means, truncated mini-batch kernel k-
means, and mini-batch k-means (both kernel and non-kernel) with learning rates from [29] and sklearn.
We also implement the three kernel sketching algorithms of Yin et al [33] that use either sub-Gaussian,
randomized orthogonal system (ROS), or Nystrom sketches. After sketching, we run k-means. We
set the dimension of the sketch to 150, the same as in the experiments of [35]. We evaluate our results
with batch sizes: 2048, 1024, 512, 256 and 7 : 50, 100, 200, 300. We execute every algorithm for 200

iterations. For the results below, we apply the Gaussian kernel: K (z,y) = e~le—vl*/ ¥, where the k
parameter is set using the heuristic of [34] followed by some manual tuning (exact values appear in
the supplementary materials). We also run experiments with heat and knn kernels in Appendix [C]
We repeat every experiment 10 times and present the average Adjusted Rand Index (ARI) [131 27]],
Normalized Mutual Information (NMI) and Accuracy (ACCﬂ scores for every dataset. All
experiments were conducted using an AMD Ryzen 9 7950X CPU with 128GB of RAM and a Nvidia
GeForce RTX 4090 GPU. We present partial results in Figure [3|and the full results in Appendix[C]
Error bars in the plot measure the standard deviation.
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wzza B-MiniBatch Kernel [ MiniBatch [0 Kernel sketching (Sub-Gaussian)

Figure 3: Our results for a batch size of size 1024 and 7 = 200 using the Gaussian kernel. We use the
B prefix to denote that the algorithm uses the learning rate of [29]]. Black denotes the time required to
compute the kernel.

Discussion = Throughout our results, we consistently observe that the truncated algorithm achieves
performance on par with the non-truncated version with a running time which is often an order of
magnitude faster. Surprisingly, this often holds for tiny values of 7 (e.g., 50) far below the theoretical
threshold (i.e., 7 < b). We also achieve considerably better quality solutions on most datasets
compared to kernel sketching. We believe that our approach achieves a good balance between speed
and performance, and is a valuable addition to the tool-box of clustering algorithms.

®We use the Hungarian algorithm to match labels to clusters such that the accuracy is maximized.
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A Omitted proofs and Algorithms for Section {4

Runtime analysis of Algorithm Assuming that <Cf , Cf Yy and (¢(x), Cg ) are known for all j € [k]

and for all z € X, we can compute <Cf+1,Cg+1> and (¢(x),C/ ;) forall j € [k] and 2 € X, which
implies we can compute the distances from any point in the batch to all centers.

We now bound the running time of a single iteration of the outer loop in Algorithm[I] Let us denote
bl = ‘Bf and recall that cm(B]) = bizZyGBg #(y). Therefore, computing (¢(z),cm(B])) =

% yepi (9(2), ¢(y)) requires O(b!) time. Similarly, computing (¢m(B?), em(B?)) requires

O((b7)?) time. Let us now bound the time it requires to compute (¢(z), Cg+1> and (Cg+1,Cg+1>.

Assuming we know (¢(x),C?) and (C/,C7), updating <¢(x),Cf+1> forall z € X, j € [k] requires
O(n(b + k)) time. Specifically, the (¢(x), C/) term is already known from the previous iteration and
we need to compute o (¢(), cm(B;)) for every x € X, j € [k] which requires n3~ ., b] = nb

time. Finally, updating <¢(m)7cg+1> forall x € X, j € [k] requires O(nk) time.

Updating (CZJ 1 Czj +1> requires O(b? + kb) time. Specifically, <ng , Cg ) is known from the previous
iteration and computing (cm(B?), cm(BY)) for all j € [k] requires O e (1)) = O(b?) time.
Computing (C/, em(B?)) for all j € [k] requires time O(b) using (¢(z),C}) from the previous
iteration. Therefore, the total running time of the update step (assigning points to new centers) is
O(n(b + k)). To perform the update at the (i + 1)-th step we only need (¢(z),C;), (C],C/), which
results in a space complexity of O(nk). This completes the first claim of Theorem|l.1

B Termination guarantee

In this section we prove the second claim of Theorem [I.I] For most of the section we analyze
Algorithm [T} and towards the end we use the fact that the centers of the two algorithms are close
throughout the execution to conclude our proof.

Section preliminaries We introduce the following definitions and lemmas to aid our proof of the
second claim of Theorem [L1]

Lemma B.1. For every y which is a convex combination of X it holds that ||y|| < +.

Proof. The proof follows by the triangle inequality: |ly[| = || 3_,c x P=@(x)|| < X, cx IPed(2)] =
Ywex Pallo@) < Xpex Pay =17 O

Lemma B.2. For any tuple of k centers C C H® which are a convex combination of points in X, it
holds that VA C X, fa(C) < 4~

Proof. 1t is sufficient to upper bound f,. Combining that fact that every C' € C is a convex
combination of X with the triangle inequality, we have that

Ve € X, f:(C) < maxA(z,C) = A, > pyé(y))

yeX
= llé(x) = > pyd@II* < (6@l + 1| D pyd@)l)* < 4> O
yeX yeX

We state the following simplified version of an Azuma bound for Hilbert space valued martingales
from [23]], followed by a standard Hoeffding bound.

Theorem B.3 ([23]]). Let H be a Hilbert space and let Yy, ..., Y., be a H-valued martingale, such
o2
thatV1 < i < m,||Y; — Yi_1|| < a;. It holds that Pr[||Y,, — Yol > d] <e (25":’1 “?).

Theorem B.4 ([14]])). Let Yi,...,Y: be independent random variables such that ¥1 < 1 <
m, E[Y;] = pandY; € [amin, Gmaz]- Then Pr (|% S Y — u| > 5) < 2¢=2m8*/(amaz—amin)’,
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The following lemma provides concentration guarantees when sampling a batch.

Lemma B.5. Let B be a tuple of b elements chosen uniformly at random from X with repetitions.
For any fixed tuple of k centers, C C H which are a convex combination of X, it holds that:

Pr(|f5(C) — fx(C)| = 6] < 2eb5°/87",

Proof. Letus write B = (y1, ..., ys), where y; is a random element selected uniformly at random
from X with repetitions. For every such y; define the random variable Z; = f,, (C). These new
random variables are IID for any fixed C. It also holds that Vi € [b], E[Z;] = LY _ f.(C) =

b n
fx(C) and that f5(C) = %ZweB fz(C) = %Zizl Z;.
Applying the Hoeffding bound (Theorem with parameters m = b, u = fx(C), Gmaz — Gmin <
4~? (due to Lemma we get that: Pr[|f5(C) — fx(C)| > 6] < 2e~45°/87", O

For any tuple S C X and some tuple of cluster centers C = (C*) tex] C H, C implies a partition
(S%) ¢e[x] Of the points in S. Specifically, every S* contains the points in S closest to C* (in ) and

every point in S belongs to a single C* (ties are broken arbitrarily). We state the following useful
observation:

Observation B.6. Fix some A C X. Let C be a tuple of k centers, S = (5%)scx be the partition
of A induced by C and S = (?Z) ¢c[k) be any other partition of A. It holds that Z?Zl A(S7,07) <
k <) g

D=1 A(ST, ).

Recall that CZJ is the j-th center in the beginning of the i-th iteration of Algorithmand (Bf)eepn) is
the partition of B; induced by C;. Let (X}) ¢e[x] be the partition of X induced by C;.

We now have the tools to analyze Algorithm [I] with the learning rate of [29]. Specifically, we
assume that the algorithm executes for at least ¢ iterations, the learning rate is a{ =4/ b{ /b, where
b = ‘ B
must terminate within t = O(+2/¢) steps w.h.p. Plugging ¢ back into b, we get that a batch size

of b = Q(max {y*,7?} ke 2 log?(yn/€)) is sufficient. We assume that e is chosen such that
v?/e > 1/4. Otherwise, the stopping condition immediately holds due to Lemma

, and the batch size is b = Q(max {y*,7?} ke ?log(nt)). We show that the algorithm

Proof outline We note that when sampling a batch it holds w.h.p that fp,(C;) is close to fx,(C;)
(Lemma . This is due to the fact that B; is sampled after C; is fixed. If we could show that
fB;(Cix1) is close fx,(C;+1) then combined with the fact that we make progress of at least € on the
batch we can conclude that we make progress of at least some constant fraction of € on the entire
dataset.

Unfortunately, as C; 1 depends on B;, getting the above guarantee is tricky. To overcome this issue
we define the auxiliary value Cj, ; = (1 — aJ)C} + aJem(X7). This is the j-th center at step i + 1
if we were to use the entire dataset for the update, rather than just a batch. Note that this is only
used in the analysis and not in the algorithm. Note that C; ,; is almost independent of B;. Every
Eg 11 depends only on Cf , X f and ozg . While Cg , Xij are independent of B;, the learning ozg is not.
Nevertheless, the number of possible values of {a{ } - is sufficiently small, and we can overcome
this issue by showing concentration for every possiﬁe learning rate configuration followed by a
union bound. This allows us to use @Hl instead of C; 1 in the above analysis outline. We show
that for our choice of learning rate it holds that C;, 1,C; 1 are sufficiently close, which implies that
fx(Cix1), fx(Cix1) and f5,(Civ1), fB,(Civ1) are also sufficiently close. That is, C; 41 acts as a
proxy for C; 1. Combining everything together we get our desired result for Algorithm [I]

We start with the following useful observation, which will allow us to use Lemmato bound the
norm of the centers by v throughout the execution of the algorithm.

Observation B.7. 1fVj € [k],CJ is a convex combination of X then Vi > 1,j € [k],C/ ,@Z are also
a convex combinations of X.
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428 We state the following useful lemma. Although the original proof is for Euclidean spaces, it goes
420 through for Hilbert spaces.

s30 Lemma B.8 ([16]). For any set S C X and any C € H it holds that A(S,C) = A(S,em(S)) +
a1 |S|A(C, em(S)).

Proof.

=Y A@@C)=> (z-C,x—C)

zes zes
= ((z—em(9)) + (em(S) = O), (w — em(S)) + (em(S) - C))
€S
= Z Az, em(S)) + A(C,em(S)) + 2(x — em(S), em(S) — C)
€S
= A(S,em(8)) + S| A(C,em(S)) + Y 2(x — em(S), em(S) — C)
€S
= A(S,em(S)) + |S|A(C, em(S5)),
432 where the last step is due to the fact that
Z(x—cm(S’) em( Zx—|5\cm em(S) —C)
zes xesS
Z T — —' Z x,em(S =0.
z€eS zGS
433 O

43¢ We use the above to state the following useful lemma.

435 Lemma B.9. Forany S C X and C,C’ € H which are convex combinations of X, it holds that:
w6 |A(S,C) = A(S,O) < 4y|S|[|C = |-

437 Proof. Using Lemma we get that A(S,C) = A(S,em(S)) + |S| A(em(S),C) and that
s A(S,C") = A(S,em(S)) + |S| A(em(S),C"). Thus, it holds that |A(S,C") — A(S,C)| =
a9 |S|-|A(em(S),C") — A(em(S), C)|. Let us write

[A(em(S),C") = A(em(S), O

= |(em(S) — C',;em(S) — C") — (em(S) — C,em(S) — O)|

= [=2(em(9),C") + (C",C") + 2(em(S),C) — (C, O)|

= 12(em(S),C - C"y +(C" = C,C"+ C)]

=|(C —C",2em(S) — (C" + C))]

<€ = C'[lll2em(S) — (€7 + C)|| < 4y]lC = C7|I.

440 Where in the last transition we used the Cauchy-Schwartz inequality, the triangle inequality, and the
a4 fact that C, C’, em(S) are convex combinations of X and therefore their norm is bounded by v. [

442 When centers are sufficiently close, these lemmas imply their values are close for any f 4.

443 Lemma B.10. Fix some A C X and let (C7) e, (@j)je[k] C H be arbitrary centers such that
ws Vi€ [k],||CT —C’|| < €/28. It holds that Vi € [t], |[fa(Civ1) — fa(Civr)| < €/T.

13



445
446

447
448

449

450

451

452

453
454
455
456
457

458
459
460

461

462

464

465
466

467

468
469
470

471

472

Proof. Let S = (S%) e, S = (?e) ¢e[) be the partitions induced by C,C on A. Let us expand the
expression

k . .
1400 = 14(0) = o SAE.T) - A7)

k k
1 _
gm§:A(SJ,C) A(S7,09) |A\§:4V s |Ic’ —CJ|<|A|§:SJ ¢)T=¢)T.
j=1 =1

The first inequality is due to Observation [B.6] the second is due Lemma[B.9]and finally we use the
assumption about the distances between centers together with the fact that Zk 1 |Sj | = |AJ. Using
the same argument we also get that f4(C) — fa(C) < €/7, which completes the proof. O

Now we show that due to our choice of learning rate, Cf 11 and a 1 are sufficiently close.

Lemma B.11. It holds w.h.p that Vi € [t], j € [K], |C,, — Cl iyl < 55

Proof. Note that C,, — Cj,, = al(em(B]) — em(X})). Let us fix some iteration  and center

4. To simplify notation, let us denote: X' = X7 B’ = BJ i = b},a/ = ol. Although ¥ is a
random variable, in what follows we treat it as a fixed value (essentlally conditioning on its value).
As what follows holds for all values of b’ it also holds without conditioning due to the law of total
probabilities.

For the rest of the proof, we assume b’ > 0 (if b’ = 0 the claim holds trivially). Let us denote by

{Yg}zzl the sampled points in B’. Note that a randomly sampled element from X is in B’ if and
only if it is in X’. As batch elements are sampled uniformly at random with repetitions from X,
conditioning on the fact that an element is in B’ means that it is distributed uniformly over X'. Note

that V¢, E[6(Y2)] = 1377 Xpexr ¢(a) = em(X') and Elem(B')] = & UL Blo(Yy)] = em(X)),

Let us define the following martingale: Z, = Y_,_;(¢(Y;) — E[¢(Y?)]). Note that Zy = 0, and
whenr >0, Z, =Y ,_, ¢(Ys) — - em(X'). Itis easy to see that this is a martingale:

BIZy | Zo] = BIY. 6(%) — - em(X') | Zos] = Zys + BG(¥,) — em(X') | Zos] = Z 1.
(=1

We bound the differences: || Z, — Z,_1|| = ||¢(Y;) — em(X")|| < [|o(Y;)|| + [[em(X")|| < 2.

Now we may use Azuma’s inequality: Pr[||Zb/ —Zol| > 4] < 67@(271") Let us now divide both
sides of the inequality by &’ and set § = . We get Pr||lem(B’) — em(X")|| >

28’yo/] -

Pr(|& Z@=1 P(Ye) —em(X')|| = 5] < e e(ﬁﬂ’)z). Using the fact that o' = /b’ /b together

with the fact that b = Q(max {v*,~?} ke~2log(nt)) (for an appropriate constant) we get that the
above is O(1/ntk). Finally, taking a union bound over all ¢ iterations and all k centers per iteration
completes the proof. O

Let us state the following useful lemma.

Lemma B.12. It holds w.h.p that for every i € [t],

[x(Cip1) — fX( it1) > —€/T @
B, (Ci+1) B:(Civ1) > —¢/T 3)
fx(Ci) — ( i) > —€/7 “
fB:(C Z+1) (Cz+1) —e/T o)
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Proof. The first two inequalities follow from Lemma[B.10] The third is due to Lemma [B.5|by setting
5 =¢/7, B = B;:

Pr{|£5,(C) = Fx(C)| 2 8] < 2e7H/5" = =00/
— o~ Qog(nt)) _ O(1/nt).

The last inequality is a bit more in\_/olve Let £ € N* be a vector whose entries sum to b. For every 7
we can define a+1(57) such that C7, | () = CI (1 — \/%;/b) + \/Z;/b - em(X7). For every choice of

7it holds that Civa(4 ) is independent of B; and we can apply Lemmam 5| for every possible C; 41 (¢ )
by setting § = ¢/7, B = B;

Prl|f, @1 (D) = fx @11 (D)| = 8] < 275"
— O /7Y _ o—Q(klog(nt)) _ O(1/(nt)"),

where last inequality is due to the fact that b = Q(max {~?,7?} ke~%log(nt)) (for an appropri-

b+k—1) <

ate constant). Finally, we take a union bound over all possible vectors [ a total of ( b1

( (b+k—1)-e )

] = O(n*~1). As C;,1 corresponds to at least one C; 1 (£ ) we are done.

Taking a union bound over ¢ iterations, we obtain the result. O

Putting everything together ~We wish to lower bound fx (C;) — fx (C;+1). We write the following,
where the = notation means we add and subtract a term:

Ix(Ci) — fX( i+1) = fx(Ci) £ f5,(Ci) — fx(Cit1)
2 IB,(Ci) — fx(Cit1) —€/T
= fB.(C;) = fB, ( i+1) — fx(Cipr) — €/T
> fB;(Ciy1) — fx(Civ1) + 6€/7

= f5,(Cis1) £ f5,(Cit1)

£ fx(Cis1) = fx(Citr) + 6€/T > 3¢/7.

Where the first inequality is due to inequality 4] in Lemma (fx(Ci) — fB,(C;) = —€/7), the
second is due to the stopping condition of the algorithm (f5,(C;) — fB,(Cix+1) > €), and the last is
due to the remaining inequalities in Lemma[B.12] The above holds w.h.p over all of the iterations of
the algorithms. Using these guarantees for Algorithm[I]we can easily derive our main result for the
truncated version.
Truncated termination  Using Lemma together with Lemma and the fact that fx (C;) —
fx(ci_H) > 36/7 we get that: fx(cz) fx( l+1) > fx(cl) — fx(ci+1) — 26/7 > 6/7 We
conclude that when b = Q(max {y*,7?} ke =2 log?(yn/€)), w.h.p. Algorithm 2|terminates within

t = O(+?/e) iterations. This completes the second claim of Theorem The final claim of Theorem
[L.1)is due to the following lemma.

Lemma B.13. The expected approximation ratio of the solution returned by Algorithm[2)is at least
the approximation guarantee of the initial centers provided to the algorithm.

Proof Let p=1—0(¢e/ny?) = 1 — O(1/n) be the success probability of a single iteration. By
“success" we mean that all 1nequa11t1es in Lemma[B.T2] hold. The value of p is due to the fact that we
take t = O(7?/e) and that 7% /e > 1/4.

With probab1l1ty at least p, it holds that fx (C z+1) fx(C;) —2¢/7. On the other hand, fx is upper
bounded by 4v2. Let us denote Z = fx(C;) — fx(C +1) the change in the goal function after the
1-th iteration. Consider the following:

EZ)Y=E[Z|Z >¢€/TPr(Z >¢€/T|+ E[Z| Z < ¢/T|Pr|Z < €/7]

"In [29] this case is treated the same as the third inequality, which is incorrect. Using our approach the
analysis can be fixed, with an additional multiplicative k factor in the batch size.
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We show that E[Z] = E[fx(C;) — fx(Ci+1)] > 0 which implies that E[fx (C;+1)] < E[fx(C;)]
and completes the proof. Note that if E[Z | Z < ¢/7] > 0 then we are done as we simply have a
linear combination of two positive terms which is greater than 0. Let us focus on the case where
E|Z| Z <¢€/7] <.

E[Z|=E[Z | Z > €/T\Pr|Z > €/T)+ E[Z | Z < €/T|Pr[Z < €/T]
> pe/T+E[Z| Z < ¢/T)(1 —p) = pe/T—47*(1 —p)
= (1 —-0(1/n))e/T —4y20(e/v*n) = (1 — O(1/n))e/7 — O(e/n) > 0

Where the first inequality is due to the definition of p and the fact that E[Z | Z < €/7] < 0, the
second is due to the upper bound on fx, and the last inequality is by assuming n is sufficiently large.

O

C Full experimental results

We list our full experimental results in this section. We use the 3 prefix to denote that the algorithm
uses the learning rate of [29]. 7 denotes the maximum number of data points used to represent each
truncated cluster center. We investigate 3 kernel functions: 1) The Gaussian kernel, as presented
in Section |5| 2) The k-nearest-neighbor (k-nn) kernel, where the kernel matrix is D~*AD~1, A
is a k-nn adjacency matrix of the data and D is the corresponding degree matrix, and 3) the heat
kernel [10] where the kernel matrix is exp(—tD~/2AD~1/2) for some 0 < t < oo, A is a k-nn
adjacency matrix and D is the corresponding degree matrix. All parameter settings can be found in
the supplementary material.

Unlike for the Gaussian kernel where v = 1; We observe empirically that for both the k-nn and heat
kernels, v < 1. In this case, the dependence on max{~*, 2} in the batch size required for Theorem
[I.T)actually helps us. We found the parameters for these kernels to be easier to tune in practise than
the Gaussian kernel parameter o. For each kernel, we recorded the empirical value of gamma as
follows:

Dataset Kernel Type | v
pendigits | knn 0.00100
pendigits | heat 0.0477
pendigits gaussian 1

har knn 0.000500
har heat 0.0468
har gaussian 1
mnist_784 | knn 0.00220
mnist_784 | heat 0.0612
mnist_784 | gaussian 1

letter knn 0.00100
letter heat 0.0399
letter gaussian 1

Table 1: « values for various datasets and kernel types, rounded to 3 significant figures.
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Figure 5: Experimental results on the MNIST dataset where the kernel algorithms use the k-nn kernel.
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Figure 8: Experimental results on the Har dataset where the kernel algorithms use the k-nn kernel.
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Figure 9: Experimental results on the Har dataset where the kernel algorithms use the Heat kernel.
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Figure 10: Experimental results on the Letter dataset where the kernel algorithms use the Gaussian
kernel.
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Figure 11: Experimental results on the Letter dataset where the kernel algorithms use the k-nn kernel.
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Figure 12: Experimental results on the Letter dataset where the kernel algorithms use the Heat kernel.
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Figure 13: Experimental results on the Pendigits dataset where the kernel algorithms use the Gaussian
kernel.
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Figure 14: Experimental results on the Pendigits dataset where the kernel algorithms use the k-nn
kernel.
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Figure 15: Experimental results on the Pendigits dataset where the kernel algorithms use the Heat
kernel.
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NeurlIPS Paper Checklist

The checklist is designed to encourage best practices for responsible machine learning research,
addressing issues of reproducibility, transparency, research ethics, and societal impact. Do not remove
the checklist: The papers not including the checklist will be desk rejected. The checklist should
follow the references and follow the (optional) supplemental material. The checklist does NOT count
towards the page limit.

Please read the checklist guidelines carefully for information on how to answer these questions. For
each question in the checklist:

* You should answer [Yes] , ,or [NA].

* [NA] means either that the question is Not Applicable for that particular paper or the
relevant information is Not Available.

* Please provide a short (1-2 sentence) justification right after your answer (even for NA).

The checklist answers are an integral part of your paper submission. They are visible to the
reviewers, area chairs, senior area chairs, and ethics reviewers. You will be asked to also include it
(after eventual revisions) with the final version of your paper, and its final version will be published
with the paper.

The reviewers of your paper will be asked to use the checklist as one of the factors in their evaluation.
While "[Yes] " is generally preferable to " ", itis perfectly acceptable to answer " " provided a
proper justification is given (e.g., "error bars are not reported because it would be too computationally
expensive" or "we were unable to find the license for the dataset we used"). In general, answering
" "or "[NA] " is not grounds for rejection. While the questions are phrased in a binary way, we
acknowledge that the true answer is often more nuanced, so please just use your best judgment and
write a justification to elaborate. All supporting evidence can appear either in the main paper or the
supplemental material, provided in appendix. If you answer [Yes] to a question, in the justification
please point to the section(s) where related material for the question can be found.

IMPORTANT, please:

* Delete this instruction block, but keep the section heading ‘“NeurIPS Paper Checklist",
* Keep the checklist subsection headings, questions/answers and guidelines below.

* Do not modify the questions and only use the provided macros for your answers.

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: We prove our theoretical claims are true and show that the performance of our
algorithm is competitive using experiments.

Guidelines:
e The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?

Answer: [Yes]
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Justification: From our experimental results, each iteration of our mini-batch kernel k-means
algorithm is still slower than that of mini-batch kmeans. This difference in speed may be
alleviated by lazily enumerating the kernel matrix for very large datasets.

Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

* The authors are encouraged to create a separate "Limitations" section in their paper.

* The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

* If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]
Justification: Proofs are complete and correct to the best of our knowledge.
Guidelines:

» The answer NA means that the paper does not include theoretical results.

 All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

* Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.

. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]
Justification: We provide all the information needed to replicate the experimental results.

Guidelines:
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The answer NA means that the paper does not include experiments.

If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.

Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-
sions to provide some reasonable avenue for reproducibility, which may depend on the
nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [Yes]

Justification: We provide code, data, and instructions on how to reproduce our experimental
results in the supplemental material.

Guidelines:

The answer NA means that paper does not include experiments requiring code.

Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.
The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.
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* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.

6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]
Justification: Full experimental details can be found within the code.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.

. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]
Justification: We explain how we report error bars using sample standard deviation.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

¢ It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

* For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

o If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.

8. Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]

Justification: We give the runtime of each experiment and the type of machine they were
performed on.

Guidelines:

* The answer NA means that the paper does not include experiments.
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9.

10.

11.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]

Justification: We have read the code of ethics and believe that our research conforms to all
the requirements.

Guidelines:

» The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [NA]

Justification: There are many potential societal consequences of our work, none which we
feel must be specifically highlighted here. We believe the broader impact to be similar to
that of mini-batch kmeans++.

Guidelines:

» The answer NA means that there is no societal impact of the work performed.

e If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

* The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?
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Answer: [NA]
Justification: The paper poses no such risks.
Guidelines:

» The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

12. Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]

Justification: All datasets are properly credited and licenses and terms are mentioned and
respected.

Guidelines:

* The answer NA means that the paper does not use existing assets.
* The authors should cite the original paper that produced the code package or dataset.

* The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

o If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.

13. New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [Yes]

Justification: We provide documentation along with our code, which can automatically fetch
and preprocess the data used in our experiments.

Guidelines:

* The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

» At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.
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14.

15.

16.

Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: We did not involve crowdsourcing nor research with human subjects.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justification: We did not involve crowdsourcing nor research with human subjects.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.

Declaration of LLM usage

Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigorousness, or originality of the research, declaration is not required.

Answer: [NA]

Justification: The core method development in this research does not involve LLMs as any
important, original, or non-standard components.

Guidelines:

* The answer NA means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

* Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)
for what should or should not be described.
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