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ABSTRACT

We study online episodic Constrained Markov Decision Processes (CMDPs) un-
der both stochastic and adversarial constraints. We provide a novel algorithm
whose guarantees greatly improve those of the state-of-the-art best-of-both-worlds
algorithm introduced by Stradi et al. (2025c). In the stochastic regime, i.e., when
the constraints are sampled from fixed but unknown distributions, our method
achieves Õ(

√
T ) regret and constraint violation without relying on Slater’s con-

dition, thereby handling settings where no strictly feasible solution exists. More-
over, we provide guarantees on the stronger notion of positive constraint violation,
which does not allow to recover from large violation in the early episodes by play-
ing strictly safe policies. In the adversarial regime, i.e., when the constraints may
change arbitrarily between episodes, our algorithm ensures sublinear constraint
violation without Slater’s condition, and achieves sublinear α-regret with respect
to the unconstrained optimum, where α is a suitably defined multiplicative ap-
proximation factor. We further validate our results through synthetic experiments,
showing the practical effectiveness of our algorithm.

1 INTRODUCTION

Reinforcement Learning (RL) (Sutton & Barto, 2018) provides a general framework for sequential
decision-making, where an agent learns to act optimally by interacting with an environment modeled
as a Markov Decision Process (MDP) (Puterman, 2014). While RL has achieved remarkable success
in numerous applications, real-world decision-making problems often involve safety and resource
constraints that must be respected at every step, leading to the study of Constrained Markov De-
cision Processes (CMDPs) (Altman, 1999). CMDPs have been widely employed in safety-critical
domains such as autonomous driving (Isele et al., 2018; Wen et al., 2020), online bidding and adver-
tising (Gummadi et al., 2012; Wu et al., 2018; He et al., 2021), and recommendation systems (Singh
et al., 2020), where constraint satisfaction is as crucial as optimizing cumulative reward.

CMDPs have been significantly studied within the framework of online learning (Cesa-Bianchi &
Lugosi, 2006), where a learner interacts with an environment in a sequential manner and aims to
minimize its regret, defined as the difference between the reward attained by the best fixed policy
and the learner’s cumulative reward. An algorithm is considered successful if it achieves sublinear
regret, meaning that the average regret per round vanishes as the time horizon T grows. Online
CMDPs extend this setting by incorporating constraints on the learner’s behavior, making them a
constrained counterpart of classical online learning problems. These algorithms are typically studied
under two main assumptions about the environment: in the stochastic setting, rewards (losses) and
constraint functions are drawn i.i.d. from an unknown but fixed distribution, while in the adversarial
setting they can be chosen arbitrarily by an adversary, potentially depending on past actions.

In the stochastic setting, several works provide algorithms for CMDPs that achieve sublinear regret
and sublinear constraint violation under various assumptions (e.g., (Efroni et al., 2020; Zheng &
Ratliff, 2020; Stradi et al., 2025b)). Adversarial settings, however, are inherently more challenging.
In particular, Mannor et al. (2009) show that even in the simple single-state case, when constraints
are adversarially chosen, it is impossible to guarantee both sublinear regret and sublinear cumu-
lative constraint violation with respect to a fixed policy that satisfies the constraints in hindsight.
As a result, most advances in adversarial CMDPs focus on CMDPs with adversarial rewards and
stochastic constraints (Qiu et al., 2020; Stradi et al., 2025a). The only exceptions so far are two re-
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cent works (Stradi et al., 2024a; 2025c), which introduce the first best-of-both-worlds algorithms for
episodic CMDPs that can also handle adversarially chosen constraints. In stochastic settings, these
methods achieve Õ(1/ρ2

√
T ) regret and constraint violation under a Slater-like feasibility condition,

where ρ is a suitably defined Slater’s parameter, and Õ(T 3/4) guarantees without such a condition.
Differently, in the adversarial regime (adversarial constraints), they attain sublinear violation and
sublinear α-regret, with α = O(ρ/1+ρ), that is, sublinear regret with respect to a fraction of the
constrained optimum. In the adversarial setting, the algorithms require the Slater’s like condition.

Due to space constraints, we refer to Appendix A for a comprehensive discussion on related works.

1.1 ORIGINAL CONTRIBUTIONS

Table 1: Comparison between our algorithm and the state-of-
the-art best-of-both-worlds results.

Stradi et al. (2025c) Algorithm 1
RT

Stoc. Constraints Õ
(
min

{
1
ρ2

√
T , T

3
4

})
Õ(
√
T )

VT

Stoc. Constraints Õ
(
min

{
1
ρ2

√
T , T

3
4

})
Õ(
√
T )

VT
Stoc. Constraints ✗ Õ(

√
T )

α-RT

Adv. Constraints Õ
(

1
ρ2

√
T
)

Õ(
√
T )

VT

Adv. Constraints Õ
(

1
ρ2

√
T
)

Õ(
√
T )

We study online episodic CMDPs
where the constraints may be ei-
ther stochastic or adversarial. We
propose a novel algorithm that
greatly improves the state-of-the-
art best-of-both-worlds results pro-
vided in (Stradi et al., 2025c).
Specifically, in the stochastic set-
ting, our algorithm attains Õ(

√
T )

regret RT and violation VT without
Slater’s condition, i.e., even when
a strictly feasible solution does not
exist. Furthermore, our algorithm
attains Õ(

√
T ) positive constraint

violation VT , which does not allow
for cancellations between episodes.
This metric is indeed stronger than the standard constraint violation since it does not allow to recover
from large violation in the early episodes by playing strictly safe policies. In the adversarial setting,
our algorithm attains sublinear violation without Slater’s condition. Furthermore, by employing a
slightly stronger notion of Slater’s parameter, our algorithm attains sublinear α-regret with respect
to the unconstrained optimum, instead of the constrained one. Finally, we complement our analysis
with synthetic experiments that empirically validate our results.

Our contributions are summarized in Table 1.

2 PRELIMINARIES

In this section, we provide notation and definitions needed in the rest of the paper.

2.1 CONSTRAINED MARKOV DECISION PROCESSES

We study CMDPs (Altman, 1999) defined as tuples (X,A,P, {rt}Tt=1 , {Gt}Tt=1). Specifically, T is
a number of episodes of the learning dynamic, with t ∈ [T ] denoting a specific episode.1 X and
A are finite state and action spaces, respectively. P : X × A → ∆|X| is the transition function,2

where, for ease of notation, we denote by P (x′|x, a) the probability of going from state x ∈ X to
x′ ∈ X by taking action a ∈ A.3 {rt}Tt=1 is a sequence of vectors describing the rewards at each
episode t ∈ [T ], namely rt ∈ [0, 1]|X×A|. We refer to the reward of a specific state-action pair
x ∈ X, a ∈ A for an episode t ∈ [T ] as rt(x, a). Rewards are adversarial, namely, no statistical

1We denote with [a, . . . , b] the set of all consecutive integers from a to b, while [b] = [1, . . . , b].
2We denote as ∆n the n− 1 dimensional simplex.
3W.l.o.g., in this work we consider loop-free CMDPs. Formally, this means that X is partitioned into L

layers X0, . . . , XL such that the first and the last layers are singletons, i.e., X0 = {x0} and XL = {xL}, and
that P (x′|x, a) > 0 only if x′ ∈ Xk+1 and x ∈ Xk for some k ∈ [0, . . . , L − 1]. Notice that any episodic
CMDP with horizon L that is not loop-free can be cast into a loop-free one by suitably duplicating the state
space L times, i.e., a state x is mapped to a set of new states (x, k), where k ∈ [0, . . . , L].

2



108
109
110
111
112
113
114
115
116
117
118
119
120
121
122
123
124
125
126
127
128
129
130
131
132
133
134
135
136
137
138
139
140
141
142
143
144
145
146
147
148
149
150
151
152
153
154
155
156
157
158
159
160
161

Under review as a conference paper at ICLR 2026

assumptions are made. {Gt}Tt=1 is a sequence of constraint matrices describing the m constraint
costs at each episode t ∈ [T ], namely Gt ∈ [−1, 1]|X×A|×m, where non-strictly positive cost values
stand for satisfaction of the constraints. For i ∈ [m], we refer to the cost of the i-th constraint for
a specific state-action pair x ∈ X, a ∈ A at episode t ∈ [T ] as gt,i(x, a). Constraint costs may
be stochastic (we will refer to this case as stochastic setting), in that case Gt is a random variable
distributed according to a probability distribution G for every t ∈ [T ], or chosen by an adversary
(we will refer to this case as adversarial setting).

Protocol 1 Learner-Environment Interaction
1: for t = 1, . . . , T do
2: rt is chosen adversarially
3: Gt is chosen either stochastically or adversarially
4: The learner chooses a policy πt

5: The state is initialized to x0

6: for k = 0, . . . , L− 1 do
7: The learner plays ak ∼ πt(·|xk)
8: The learner observes rt(xk, ak), gt,i(xk, ak) ∀i ∈ [m]
9: The environment evolves to xk+1 ∼ P (·|xk, ak)

10: The learner observes xk+1

11: end for
12: end for

The learner chooses a policy
π : X → ∆|A| at each
episode, defining a probabil-
ity distribution over actions at
each state. For ease of nota-
tion, we denote by π(·|x) the
probability distribution at x ∈
X , with π(a|x) denoting the
probability of action a ∈ A.

Protocol 1 provides the com-
plete interaction between the
learner and the environment.

Given a transition function P
and a policy π, the occupancy
measure qP,π ∈ [0, 1]|X×A×X| induced by P and π (Rosenberg & Mansour, 2019a) is such that, for
every x ∈ Xk, a ∈ A, and x′ ∈ Xk+1 with k ∈ [0, . . . , L− 1], it holds:

qP,π(x, a, x′) = P{xk = x, ak = a, xk+1 = x′ | P, π}.
Moreover, we let qP,π(x, a) =

∑
x′∈Xk+1

qP,π(x, a, x′) and qP,π(x) =
∑

a∈A qP,π(x, a). An
occupancy measures q ∈ [0, 1]|X×A×X| is valid if and only if the following three conditions hold:

(i)
∑

x∈Xk

∑
a∈A

∑
x′∈Xk+1

q(x, a, x′) = 1 ∀k ∈ [0, . . . , L− 1]

(ii)
∑

a∈A

∑
x′∈Xk+1

q(x, a, x′) =
∑

x′∈Xk−1

∑
a∈A q(x′, a, x) ∀k ∈ [1, . . . , L− 1],∀x ∈ Xk

(iii) P q = P,

where P is the transition function of the MDP and P q is the one induced by q (see below).

Notice that any valid occupancy measure q induces a transition function P q and a policy πq , which
are defined as P q(x′|x, a) = q(x, a, x′)/q(x, a), πq(a|x) = q(x, a)/q(x).

Remark 2.1 (On the stochastic rewards setting). As pointed out in Protocol 1, we focus exclusively
on the adversarial reward setting, unlike for the constraints, where both stochastic and adversarial
scenarios are analyzed. This is because the stochastic reward setting follows directly from the
adversarial reward one by a straightforward application of the Azuma–Hoeffding inequality.

2.2 BASELINE FOR THE STOCHASTIC SETTING

We define the safe optimum for the stochastic constraints setting as follows:

OPTG :=

{
maxq∈∆(M)

1
T

∑T
t=1 r

⊤
t q

s.t. G
⊤
q ≤ 0,

(1)

where q ∈ [0, 1]|X×A| is the occupancy measure vector, ∆(M) is the set of valid occupancy mea-
sures, and G is the expected value of G. Thus, we introduce the notion of cumulative regret as:

RT := T · OPTG −
T∑

t=1

r⊤t q
P,πt .

We refer to an optimal safe occupancy measure (i.e., a feasible one achieving value OPTG) as q∗.
Thus, the regret reduces to RT =

∑T
t=1 r

⊤
t q

∗ −
∑T

t=1 r
⊤
t q

P,πt .
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2.3 BASELINE FOR THE ADVERSARIAL SETTING

In the adversarial case, we define the cumulative α-regret as follows:

α-RT = αT · OPT −
T∑

t=1

r⊤t q
P,πt ,

where the unconstrained optimal value is defined as OPT := maxq∈∆(M)
1
T

∑T
t=1 r

⊤
t q. In or-

der to quantify α, we introduce a problem-specific parameter ρ ∈ [0, 1], which is defined as
ρ := maxq∈∆(M) min(x,a)∈Q(q) mint∈[T ] mini∈[m]−gt,i(x, a), where Q(q) := {(x, a) ∈ X × A :
q(x, a) > 0}. Thus, we define α := ρ/1+ρ. We denote the occupancy measure leading to the
value of ρ as q⋄. Intuitively, ρ represents the “margin” by which the “most feasible” strictly feasible
occupancy satisfies the constraints, in the “worst” state-action pair. Our definition of ρ is slightly
stronger than the one employed in (Stradi et al., 2025c), where the problem-specific parameter is
not computed with respect to the “worst” state-action pair. Nonetheless, we underline that the base-
line employed for the adversarial setting is the unconstrained optimum, while Stradi et al. (2025c)
provide no-α regret guarantees with respect to the constrained optimum, only.

2.4 CONSTRAINT VIOLATION

In order to deal with the problem of satisfying the constraints, we define the cumulative constraint
violation up to episode T . We underline that this metric is equivalent for both the stochastic and the
adversarial setting. Specifically, the cumulative constraint violation is defined as:

VT := max
i∈[m]

T∑
t=1

g⊤t,iq
P,πt .

Additionally, for the stochastic setting, we study the expected positive cumulative constraint viola-
tion, which is defined as:

VT := max
i∈[m]

T∑
t=1

[
g⊤i q

P,πt
]+

,

where [·]+ := max{·, 0} and gi is the i-th component of G. Intuitively, the positive violation metric
prevents compensation across episodes; in other words, it is not possible to play largely safe policies
in order to recover from the large violation attained in early episodes. For the sake of notation, we
will refer to qP,πt by using qt, thus omitting the dependence on P and πt.

In this work, we propose an algorithm capable of attaining sublinear regret and (positive) violation
guarantees in the stochastic setting—namely, RT = o(T ), VT = o(T ),VT = o(T )—, while getting
sublinear α-regret and violation in the adversarial case—namely, α-RT = o(T ), VT = o(T ).

3 ALGORITHM

In this section, we describe the key components of Weighted Constrained Optimistic Policy Search
(WC-OPS, for short), which is the main algorithmic contribution of this paper. In Algorithm 1, we
provide the pseudocode of WC-OPS.

3.1 INITIALIZATION AND LOSS ESTIMATION

Algorithm 1 receives as input the time horizon T , the set of states X , the set of actions A, the
learning rate η, the implicit exploration factor γ, and the confidence δ ∈ (0, 1). The occupancy
measure q̂1 is initialized uniformly over all tuples (xk, a, xk+1) ∈ Xk × A ×Xk+1 for each layer
k ∈ [0, . . . , L − 1]. The transition function confidence set P1 is initialized as the set of all the
possible transition functions. The counters Nt(x, a) and Mt(x

′|x, a), which are respectively defined
as Nt(x, a) =

∑t−1
τ=1 Iτ{x, a} for all (x, a) ∈ X × A, Mt(x

′|x, a) =
∑t−1

τ=1 It{x, a, x′} for all
(x, a, x′) ∈ Xk × A × Xk+1, k ∈ [0, ..., L − 1], are initialized to 0 (see Line 1). We denote by
It{x, a} and It{x, a, x′} the indicator functions for the state-action(-state) visit at episode τ .

4
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Algorithm 1 Weighted Constrained Optimistic Policy Search (WC-OPS)

Require: T , X , A, η, γ, δ
1: Initialize occupancy q̂1 ← 1

|Xk||A||Xk+1| , the estimated transitions space P1 as the set of all the
possible transition functions, and counters N1(x, a) = M1(x

′|x, a) = 0 for all k ∈ [0, ..., L−1]
and (x, a, x′) ∈ Xk ×A×Xk+1

2: for t ∈ [T ] do
3: Play policy πt ← πq̂t

4: Observe feedback as in Protocol 1
5: Set ℓt(x, a)← 1− rt(x, a)It {x, a} for all x ∈ X, a ∈ A

6: Compute ℓ̂t(x, a) =
ℓt(x,a)

ut(x,a)+γ It {x, a}
7: Update counters and compute weights as shown in Equation (2)
8: Compute ĝt,i(x, a) =

∑
τ∈Tt,x,a

wt,x,a,i(τ)gτ,i(x, a) for all x ∈ X, a ∈ A, i ∈ [m]

9: Update confidence set Pt and bonus bt as prescribed in Equations (3)–(4)
10: ∆̂t(Pt)←

{
q ∈ ∆(Pt) : (ĝt,i − bt)

⊤q ≤ 0 ∀i ∈ [m]
}

11: Update q̂t+1 ← argminq∈∆̂t(Pt)
ℓ̂ ⊤
t q + 1

ηB(q||q̂t)
12: end for

At the beginning of each episode t, the algorithm executes the policy πt induced by the occupancy
measure q̂t computed at the previous episode (Line 3). After selecting the policy, the learner inter-
acts with the environment and receives the feedback (Line 4). The loss vector ℓt is built from the
observed reward vector rt (Line 5). Then, the algorithm builds a biased loss estimator ℓ̂t for episode
t, following the optimistic approach originally proposed in (Neu, 2015; Jin et al., 2020). Specifi-
cally, given the transition function confidence set Pt—refer to Equation (3) for additional details—,
which contains the true transition function with high probability, the algorithm builds an optimistic
estimator of ℓt. This is done by employing an upper bound on the occupancy ut, in place of the
unknown true occupancy qt, defined as ut(x, a) = maxPt∈Pt q

Pt,πt(x, a) for all (x, a) ∈ X × A.
This upper bound represents the maximum probability of visiting (x, a) under any transition func-
tion within the set Pt. Thus, the estimator is computed as ℓ̂t(x, a) =

ℓt(x,a)
ut(x,a)+γ It {x, a}, where γ is

the implicit exploration factor given as input (Line 6).

3.2 WEIGHTS ESTIMATION

At each episode, the counters are updated given the trajectory observed as feedback, namely,
Nt(x, a) and Mt(x

′|x, a) are updated by incrementing by 1 the entries of the tuples visited dur-
ing the current episode. Then, the algorithm sets the weights that will be used to build the constraint
estimates (Line 7). Specifically, given a pair (x, a) ∈ X ×A, i ∈ [m], and t ∈ [T − 1], the weights
wt,x,a,i are defined as follows:

wt,x,a,i(τ) := βτ,i(x, a)
∏

h∈Tt−1,x,a:h>τ

(1− βh,i(x, a)) ∀τ ∈ Tt−1,x,a, (2)

where Tt,x,a is the set of episodes where the pair (x, a) has been visited up to episode t, that is:

Tt,x,a := {τ ≤ t : Iτ{x, a} = 1} .
Moreover, the constraints learning rates βt,i are defined as:

βt,i(x, a) :=
1

Nt(x, a)
(1 + Γt,i) ,

where Γt,i is an adaptive term that depends on the constraint vectors observed and is defined as:

Γt,i :=

 ∑
τ∈[t−1]

∑
x,a

gτ,i(x, a)Iτ{x, a} − C

C

0

,

C := 21L|X|
√

2t|A| ln 2mT 2|X||A|
δ and [·]ba := min(max(·, a), b). Finally, the weights are em-

ployed to build the estimates ĝt,i for each constraint i ∈ [m] and each (x, a) as the weighted mean

5
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of the values observed during the rounds in Tt,x,a (Line 8). Intuitively, the Γt parameter allows the
learning rates to meet the requirements of both the stochastic and the adversarial setting, as we point
out in the following. In order to better understand it, we first introduce the following result.
Proposition 3.1. If βt,i(x, a) =

1
Nt(x,a)

for every τ ∈ Tt−1,x,a such that xτ = x, aτ = a, then the
following holds:

wt,x,a,i(τ) =
1

Nt(x, a)
,

and we recover the empirical mean estimator:

ĝt,i(x, a) =
1

Nt(x, a)

∑
τ∈Tt−1,x,a

gτ,i(x, a).

Proposition 3.1 simply states that, when Γt,i = 0, the weighted approach is equivalent to the em-
pirical mean estimator. Indeed, as we will show in Section 4, this is exactly the case when the
constraints are stochastic and the empirical mean estimator is sufficient to estimate the constraints.
Differently, in the adversarial case, the learning rate is proportional to the violation attained by the
algorithm, thus allowing ĝt,i to move accordingly to the attained performance.

3.3 DECISION SPACE DEFINITION AND OPTIMIZATION UPDATE

Given the constraints estimates, Algorithm 1 has to properly build the decision space at each episode.
Indeed, the algorithm has to ensure that such a decision space includes the true transition function
and the true constraint functions, with high probability. In order to do that, Algorithm 1 updates its
model (Line 9) accordingly.

For the transitions, we follow the approach of Rosenberg & Mansour (2019b). Specifically, the
transition function confidence set Pt is updated as follows:

Pt =
{
P̂ :

∣∣∣P̂ (x′|x, a)− P̄t(x
′|x, a)

∣∣∣ ≤ ϵt(x
′|x, a)

}
, (3)

where the confidence width ϵt(x
′|x, a) is defined as:

ϵt(x, a) =

√
2|Xk(x)+1| ln T |X||A|

δ

max 1, Nt(x, a)
, ∀(x, a) ∈ X ×A,

and the empiric transition P̄t is defined as:

P̄t(x
′|x, a) = Mt(x

′|x, a)
max{1, Nt(x, a)}

∀(x, a, x′) ∈ Xk ×A×Xk+1, k ∈ [0, . . . , L− 1].

Given Pt, it is possible to build ∆(Pt) as the set of all possible occupancy measures.

For the constraints, we build optimistic bonuses bt(x, a) that are computed as:

bt(x, a) =

√
2 ln 2m|X||A|T

δ

Nt(x, a)
∀(x, a) ∈ X ×A. (4)

At each episode, the algorithm estimates the per-episode decision space ∆t(Pt) taking the in-
tersection between ∆(Pt) and the space of optimistically safe occupancy measures such that
(ĝt,i − bt)

⊤q ≤ 0 for all i ∈ [m] (Line 10). We underline that the bonus quantity bt is neces-
sary for the stochastic setting only, that is, when the empirical mean estimation is employed for the
constraints. In the adversarial setting, the constraints estimator ĝt,i is sufficient to attain the desired
theoretical guarantees.

Finally, the algorithm employs an online mirror descent (OMD) (Orabona, 2019) update step on the
estimated feasible set ∆t(Pt) (Line 11) employing the unnormalized Kullback-Leibler divergence
as the Bregman divergence. Formally:

B(q∥q̂t) =
∑
x,a,x′

q(x, a, x′) ln
q(x, a, x′)

q̂t(x, a, x′)
−

∑
x,a,x′

(q(x, a, x′)− q̂t(x, a, x
′)).

6
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Remark 3.2 (Algorithmic comparison with (Stradi et al., 2025c)). Algorithm 1 employs a com-
pletely different approach with respect to the state-of-the-art best-of-both-worlds algorithm for
CMDPs presented in (Stradi et al., 2025c). Specifically, Stradi et al. (2025c) propose a primal-
dual method, where a primal no-regret algorithm optimizes the Lagrange function of the CMDP,
while a dual no-regret algorithm selects the most violated constraint. Our approach is substantially
different since we do not make any use of the Lagrangian formulation of the CMDP. Differently, we
resort to a “moving” decision space approach, where we employ a no-regret optimization update
over a decision space that adaptively follows the constraints estimation. As we show in Section 4,
this technique allows us to be particularly effective when the constraints are stochastic. In this case,
we have no need of any Slater’s like condition, as the constraints are estimated using a UCB-like
approach. Crucially, the ”moving” decision space still allows us to recover sublinear violation and
sublinear α-regret in the adversarial setting.

4 THEORETICAL RESULTS

In this section, we prove the theoretical guarantees attained by Algorithm 1. Specifically, we first
discuss the stochastic setting. Then, we show the performance of our algorithm when the constraints
are adversarial.

4.1 STOCHASTIC SETTING

In this section, we focus on the stochastic setting, that is, the constraints are sampled from fixed
distributions. The first fundamental result is to show that the bonus terms bt(x, a) encompass the
distance between the constraints estimator and the true constraint function. This is done by means
of the following lemma.
Lemma 4.1. Let δ ∈ (0, 1). In the stochastic setting, with probability at least 1− 11δ, it holds that:

|ĝt,i(x, a)− ḡi(x, a)| ≤ bt(x, a) ∀(x, a) ∈ X ×A, i ∈ [m], t ∈ [T ].

Intuitively, the result is proved as follows. We proceed by induction. In the first episodes,
Γt,i = 0 for all i ∈ [m]. Thus, by Proposition 3.1, the constraint estimator is computed as
ĝt,i = 1

Nt(x,a)

∑
τ∈Tt−1,x,a

gτ,i(x, a), that is, the sample mean of the observed constraints values.
Employing an Hoeffding bound, it is easy to see that Lemma 4.1 holds for those specific episodes.
The induction step consists in showing that, assuming

∑
τ∈[t−1]

∑
x,a gτ,i(x, a)Iτ{x, a} ≤ C at

episode t − 1, the same holds for the violation observed at t, too. This is done by showing that
the empirical mean estimator and the bonus term are sufficient to keep the violation small when
the constraints are stochastic. Again, since we proved that

∑
τ∈[t]

∑
x,a gτ,i(x, a)Iτ{x, a} ≤ C, we

have Γt,i = 0, which concludes the proof after a simple application of the Hoeffding inequality.

Given Lemma 4.1, the following corollary immediately holds.
Corollary 4.2. In the stochastic setting, let δ ∈ (0, 1) and ∆⋆ =

{
q ∈ ∆(M) : ḡ⊤i q ≤ 0 ∀i ∈ [m]

}
.

Then, with probability at least 1− 11δ, it holds:

∆⋆ ⊆ ∆̂t(Pt) ∀t ∈ [T ].

Corollary 4.2 simply states that the true safe decision space is included in the per-episode decision
space. This is intuitive, since, by Lemma 4.1, subtracting the bonus term to the constraints estimator
allows, with high probability, to be optimistic in the constraints definition. A similar reasoning holds
for the transitions. We are now ready to show the main result of the section, that is, the final regret
and violation bound. This is done in the following theorem.

Theorem 4.3. Let δ ∈ (0, 1). In the stochastic setting, Algorithm 1, with η = γ =
√

L ln(L|X||A|/δ)
T |X||A| ,

guarantees that with probability at least 1− 30δ:

RT ≤ 14L|X|2
√
2T |A| ln

(
T |X|2|A|

δ

)
,

and

Vt ≤ 61L|X|

√
2t|A| ln

(
2mT 2|X||A|

δ

)
, ∀t ∈ [T ].
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Theorem 4.3 follows from the following reasoning. As concerns the regret bound, by Corollary 4.2,
it holds that the safe optimum is included in the per-episode decision space, with high probability.
Thus, following a standard no-regret argument of OMD with implicit exploration shows that Algo-
rithm 1 attains sublinear regret with respect to any occupancy which is included in the algorithm
decision space at each episode. Differently, to prove the violation, we proceed by contradiction, that
is, we show that the weights definition does not allow the violation to exceed the threshold defined
by the bound of Theorem 4.3. We remark that the proof for the violation is equivalent to the one for
the adversarial setting, since the definition of Vt is equivalent between the two settings. Indeed, in
this case, we do not have to exploit Corollary 4.2, since even when Γt,i = C, the violations are not
allowed to exceed the aforementioned value.

We conclude the section by providing the positive violation bound attained by Algorithm 1.

Theorem 4.4. Let δ ∈ (0, 1). In the stochastic setting, Algorithm 1 guarantees with probability at
least 1− 16δ:

Vt ≤ 18L|X|
√

2t|A| ln 2mT |X||A|
δ

, ∀t ∈ [T ].

Intuitively, Theorem 4.4 is proved by showing that the positive violation attained by Algorithm 1 is
proportional to the bonus bt term employed in the decision space definition. Showing that the term
concentrate at a 1/

√
T rate concludes the proof. We finally remark that the results provided in this

section strongly improve the ones provided in (Stradi et al., 2025c) for the stochastic setting, as we
highlight in the following. First, Algorithm 1 does not rely on any Slater’s like condition to attain
the optimal Õ(

√
T ) regret and violation bounds. Second, Algorithm 1 attains the optimal rate for

the positive constraints violation metric.

4.2 ADVERSARIAL SETTING

In this section, we focus on the adversarial setting, that is, the constraints are allowed to change
arbitrarily over episodes. In such a setting, Mannor et al. (2009) showed the impossibility to attain
sublinear regret and violation, simultaneously. Thus, as is standard in the constrained online learning
literature (Castiglioni et al., 2022a; Stradi et al., 2025c), we focus on attaining sublinear violation
and sublinear α-regret. Similarly to the stochastic setting, we show that the per-episode decision
space is well defined. This is done by means of the following theorem.

Theorem 4.5. In the adversarial setting, let δ ∈ (0, 1) and ∆⋄ be the interpolation of any point
q ∈ ∆(M) and q⋄ and let ρ′ = L · ρ. Formally,

∆⋄ :=
L

L+ ρ′
{q⋄}+ ρ′

L+ ρ′
∆(M).

Then, with probability at least 1− δ, it holds that ∆⋄ ⊆ ∆̂t(Pt) for all t ∈ [T ].

Intuitively, Theorem 4.5 shows that any α-optimum is included in the per-episode decision space,
with high probability. The result is proved employing the definition of the weights and the one of the
problem specific parameter ρ. We remark that the quantity ρ

1+ρ is equivalent to ρ′

L+ρ′ , by definition.

We conclude providing the final result of the paper.

Theorem 4.6. Let δ ∈ (0, 1). In the adversarial setting, Algorithm 1, with η = γ =
√

L ln(L|X||A|/δ)
T |X||A| ,

guarantees that with probability at least 1− 19δ:

α-RT ≤ 14L|X|2
√
2T |A| ln

(
T |X|2|A|

δ

)
and

Vt ≤ 61L|X|

√
2t|A| ln

(
2mT 2|X||A|

δ

)
for all t ∈ [T ], where α = ρ

1+ρ .
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(a) Regret RT (b) Constraint violation VT

Figure 1: Experimental evaluation of Algorithm 1 (WC-OPS).

Theorem 4.6 is proved employing a similar approach to the one of Theorem 4.3. Specifically, the
α-regret follows from noticing that, by Theorem 4.5, the α-optimum is contained in the per-episode
decision space. Thus, employing the OMD with implicit exploration theoretical guarantees gives
the result. For the violation, the analysis is equivalent to the one of Theorem 4.3. Comparing the
theoretical guarantees of Algorithm 1 and the ones provided in (Stradi et al., 2025c), the following
remarks are in order. First, the violation bound provided by Algorithm 1 neither relies on the Slater’s
condition nor has any dependence on the Slater’s parameter. Second, our α-regret is computed with
respect to the unconstrained optimum, rather than the constrained one. Moreover, our bound does
not rely on the Slater’s parameter of the problem, whereas only the definition of α-regret does.

5 EXPERIMENTAL EVALUATION

In this section, we evaluate the performance of Algorithm 1 in a synthetic environment. Due to
space constraints, we focus on the stochastic setting, that is, both the rewards and the constraints
are sampled from fixed distributions, while we refer to Appendix D for the complete experimen-
tal evaluation. This choice is primarily motivated by the fact that the stochastic setting is in-
deed the hardest for algorithms capable of handling stochastic and adversarial constraints simul-
taneously. Indeed, stochastic environments allow us to employ strong algorithmic benchmarks,
that is, algorithms tailored for stochastic settings only, to compare our algorithm with. Specifi-
cally, we consider the following algorithms. (i) OptCMDP (Algorithm 1 of (Efroni et al., 2020)).
This algorithm solves an optimistic linear programming formulation of the CMDP, at each episode.
OptCMDP attains Õ(

√
T ) regret and positive violation, without Slater’s condition, being arguably

state-of-the-art in terms of performance for the stochastic setting. (ii) OptPrimalDual-CMDP
(Algorithm 4 of (Efroni et al., 2020)). This algorithm employs a primal-dual approach, perform-
ing incremental updates for both the primal (that is, the policy) and dual Lagrange variables.

Figure 2: Trajectory of policy πt

OptPrimalDual-CMDP attains Õ( 1ρ
√
T ) regret and

violation, assuming Slater’s condition. In Figure 1,
we provide the results of our synthetic evaluation.
Specifically, in Figure 1a, we provide the regret at-
tained by Algorithm 1 and the aforementioned bench-
marks. As expected, the performance of WC-OPS
is comparable with the one of OptCMDP. Differently,
OptPrimalDual-CMDP, which relies on the Slater’s
parameter of the problem, attains worse regret guarantees.
Similarly, in Figure 1b, we provide the results in terms of
constraints violation. In such a case, Algorithm 1 attains
significantly better performance than both OptCMDP and
OptPrimalDual-CMDP.

In Figure 2, we show the trajectory of the policy πt over a three-dimensional simplex in the case of
a CMDP with a single state and three actions. The figure illustrates how Algorithm 1 asymptotically
converges to the safe decision space, highlighted in red, while playing as much as possible the
optimal action, which is shaded in blue.
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Mohammad Gheshlaghi Azar, Ian Osband, and Rémi Munos. Minimax regret bounds for reinforce-
ment learning. In International Conference on Machine Learning, pp. 263–272. PMLR, 2017.

Martino Bernasconi, Matteo Castiglioni, Andrea Celli, and Federico Fusco. Beyond primal-dual
methods in bandits with stochastic and adversarial constraints. Advances in Neural Information
Processing Systems, 37:8541–8568, 2024.

Matteo Castiglioni, Andrea Celli, and Christian Kroer. Online learning with knapsacks: the best of
both worlds. In Kamalika Chaudhuri, Stefanie Jegelka, Le Song, Csaba Szepesvari, Gang Niu,
and Sivan Sabato (eds.), Proceedings of the 39th International Conference on Machine Learning,
volume 162 of Proceedings of Machine Learning Research, pp. 2767–2783. PMLR, 17–23 Jul
2022a. URL https://proceedings.mlr.press/v162/castiglioni22a.html.

Matteo Castiglioni, Andrea Celli, Alberto Marchesi, Giulia Romano, and Nicola Gatti. A unifying
framework for online optimization with long-term constraints. Advances in Neural Information
Processing Systems, 35:33589–33602, 2022b.
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A ADDITIONAL RELATED WORKS

In this section, we provide a brief overview of the main research directions that are relevant to our
work. We start by describing works dealing with the more general setting of MDPs and we proceed
introducing constraints, first in the single-state case and then in the CMDP case.

A.1 ONLINE LEARNING IN MDPS

MDPs have been widely employed as a framework to model decision-making problems, in partic-
ular in online settings. In such a context, different assumptions have been made about the type of
feedback received by the learner and how the feedback is generated. Many works, such as Auer
et al. (2008); Zimin & Neu (2013); Azar et al. (2017), consider bandit feedback, i.e. the algorithm
only observes the loss/reward for the specific state-action pair visited. In contrast, works such as
Even-Dar et al. (2009) and Rosenberg & Mansour (2019b) consider a full-information feedback,
i.e. the algorithm receives the complete loss/reward information. Most of the first works on MDPs
are set in a stochastic environment, i.e. the loss is assumed to be generated according to a certain
(unknown) distribution (see Auer et al. (2008); Azar et al. (2017)). Other works, such as Even-Dar
et al. (2009); Neu et al. (2010); Rosenberg & Mansour (2019a;b); Jin et al. (2020; 2024), consider
feedback adversarially generated.

A.2 ONLINE LEARNING WITH CONSTRAINTS

Various studies have been made about the single state bandit with constraints problem (Liakopoulos
et al., 2019; Pacchiano et al., 2021). In such a case, best-of-both-worlds primal-dual algorithms,
covering both stochastic and adversarial settings, were designed in Castiglioni et al. (2022a), Cas-
tiglioni et al. (2022b). Primal-dual methods have long been the only effective approach to tackle
online learning problems in bandits with constraints, although they require strong assumptions. The
first best-of-both-worlds solution for constrained bandits that does not rely on a primal-dual ap-
proach was proposed by Bernasconi et al. (2024).

A.3 ONLINE LEARNING IN CMDPS

Online Learning in CMDPs has gained increasing attention recently, given its relevance in real-world
applications, such as autonomous vehicles (Isele et al., 2018; Wen et al., 2020), bidding (Gummadi
et al., 2012; Wu et al., 2018; He et al., 2021) and recommendation systems (Singh et al., 2020). The
existing works about CMDPs cover both the case where the loss/reward is stochastic and the case
where it is adversarially chosen. Specifically, Efroni et al. (2020) deals with finite-horizon CMDPs,
with stochastic losses and constraints, unknown transition function and bandit feedback. The authors
analyze two approaches, both providing sublinear regret and cumulative constraint violation. Stradi
et al. (2025b) propose the first primal-dual algorithm capable of attaining sublinear positive viola-
tion in the stochastic setting, improving the results previously established in (Ghosh et al., 2024;
Müller et al., 2024). Zheng & Ratliff (2020) studies episodic CMDPs with stochastic losses and
constraints, known transition function and bandit feedback. This algorithm achieves Õ(T 3

4 ) regret
and guarantees that the cumulative constraint violation remains below a certain threshold with a
given probability. (Qiu et al., 2020) achieves sublinear regret and violation in episodic CMDPs with
adversarial losses, stochastic constraints, unknown transition function and full-information feed-
back. Stradi et al. (2025a) proposes the first algorithm to handle CMDPs with adversarial losses and
bandit feedback. The constraint functions considered in most of the works are stochastic. As for
adversarial settings, Mannor et al. (2009) prove (for the easier single state setting) the impossibil-
ity of attaining both sublinear regret and constraint violation with respect to a policy that satisfies
the constraints on average. The first best-of-both-worlds algorithm for online learning in episodic
CMDPs was proposed by Stradi et al. (2024a), which employs a primal-dual approach providing
Õ(
√
T ) cumulative regret and constraint violation under a Slater-like satisfiability condition and

Õ(T 3
4 ) regret and constraint violation without such a condition. This algorithm only works under

14



756
757
758
759
760
761
762
763
764
765
766
767
768
769
770
771
772
773
774
775
776
777
778
779
780
781
782
783
784
785
786
787
788
789
790
791
792
793
794
795
796
797
798
799
800
801
802
803
804
805
806
807
808
809

Under review as a conference paper at ICLR 2026

full-information feedback. Stradi et al. (2025c) overcomes this limitation by proving similar guaran-
tees in a setting with bandit feedback, employing a primal-dual policy optimization method. Finally,
Wei et al. (2023), Ding & Lavaei (2023) and Stradi et al. (2024b) consider the case in which rewards
and constraints are non-stationary, assuming that their variation is bounded. Thus, their results are
not applicable to general adversarial settings.

B OMITTED PROOFS AND LEMMAS OF SECTION 4

In this section, we provide the omitted proofs and the additional lemmas for the theoretical analysis
of Algorithm 1.

B.1 RESULTS ON THE OPTIMIZATION UPDATE

In this section, we provide the results associated to the optimization update performed by Algo-
rithm 1. We start with the following lemma.

Lemma B.1. For any δ ∈ (0, 1) and for any q ∈
⋂

t∈[T ] ∆̂t(Pt), Algorithm 1 attains:

T∑
t=1

ℓ̂⊤t (q̂t − q) ≤ L
ln(|X|2|A|)

η
+ η|X||A|T +

ηL ln L
δ

γ
,

with probability at least 1− δ.

Proof. Define q̃t+1 such that:

q̃t+1(x, a, x
′) = q̂t(x, a, x

′)e−ηℓ̂t(x,a).

Since it holds:
q̂t+1 = argmin

q∈∆(Pt)

B(q||q̃t+1),

and
ηℓ̂⊤t (q̂t − q) = B(q∥q̂t)−B(q∥q̃t+1) +B(q̂t∥q̃t+1),

by the condition q ∈
⋂

t∈[T ] ∆̂t(Pt) and the generalized Pythagorean theorem, it holds:

B(q∥q̂t) ≤ B(q∥q̃t+1).

Therefore, we have:

η

T∑
t=1

ℓ̂⊤t (q̂t − q) =

T∑
t=1

B(q∥q̂t)−B(q∥q̂t+1) +B(q̂t∥q̃t+1)

= B(q∥q̂1)−B(q∥q̂T+1) +

T∑
t=1

B(q̂t∥q̃t+1)

≤ B(q∥q̂1) +
T∑

t=1

B(q̂t∥q̃t+1).

To bound the term B(q̂t∥q̃t+1), we proceed as follows:

B(q̂t∥q̃t+1) =

L−1∑
k=0

∑
x∈Xk,a∈A,x′∈Xk+1

(
ηq̂t(x, a, x

′)ℓ̂t(x, a) + q̂t(x, a, x
′)e−ηℓ̂t(x,a)

)

= η2
L−1∑
k=0

∑
x∈Xk,a∈A,x′∈Xk+1

q̂t(x, a, x
′)ℓ̂t(x, a)

2

= η2
∑

x∈X,a∈A

q̂t(x, a)ℓ̂t(x, a)
2 (5)
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= η2
∑

x∈X,a∈A

ℓt(x, a)

ut(x, a) + γ
ℓ̂t(x, a)

≤ η2
∑

x∈X,a∈A

ℓ̂t(x, a)

≤ η
∑

x∈X,a∈A

qt(x, a)

ut(x, a)
ℓt(x, a) + η

L ln L
δ

2γ
(6)

≤ η
∑

x∈X,a∈A

ℓt(x, a) + η
L ln L

δ

2γ

≤ η|X||A|T + η
L ln L

δ

2γ
, (7)

where Equation (5) is due to the fact that 1 − e−z ≤ z for all z ≥ 0, Inequality (6) holds with
probability at least 1− δ by Lemma 11 from (Jin et al., 2020) with αt(x, a) = 2γ.

Choosing q1(x, a, x
′) = 1

|Xk||A||Xk+1| we have B(q||q1) ≤ L ln(|X|2|A|) and therefore:

η

T∑
t=1

ℓ̂⊤t (q̂t − q) ≤ ln(|X|2|A|) + η2
∑

x∈X,a∈A

q(x, a)ℓ̂t(x, a)
2

= L ln(|X|2|A|) + η2|X||A|T + η2
L ln L

δ

2γ
.

Rearranging, we obtain the following final result:

T∑
t=1

ℓ̂⊤t (q̂t − q) ≤ L
ln(|X|2|A|)

η
+ η|X||A|T + η

L ln L
δ

2γ
.

This concludes the proof.

We conclude by showing the following performance bound.

Theorem B.2. For any δ ∈ (0, 1) and for any q ∈
⋂

t∈[T ] ∆̂t(Pt), Algorithm 1, with η = γ =√
L ln(L|X||A|

δ )
T |X||A| , attains:

T∑
t=1

r⊤t (q − qt) ≤ 14L|X|2
√

2T |A| ln
(
T |X|2|A|

δ

)
,

with probability at least 1− 15δ.

Proof. It holds:

T∑
t=1

ℓ⊤t (qt − q) =

T∑
t=1

(ℓt − ℓ̂t)
⊤q̂t +

T∑
t=1

(ℓ̂t − ℓt)
⊤q +

T∑
t=1

ℓ̂⊤t (q̂t − q) +

T∑
t=1

ℓ⊤t (qt − q̂t)

≤ γ|X||A|T + 2L|X|2
√
2T ln

(
L|X|
δ

)

+ 3L|X|2
√
2T |A| ln

(
T |X|2|A|

δ

)
+

T∑
t=1

(ℓ̂t − ℓt)
⊤q

+

T∑
t=1

ℓ̂⊤t (q̂t − q) +

T∑
t=1

ℓ⊤t (qt − q̂t) (8)
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≤ γ|X||A|T + 2L|X|2
√
2T ln

(
L|X|
δ

)

+ 3L|X|2
√
2T |A| ln

(
T |X|2|A|

δ

)
+

L ln(|X||A|/δ)
γ

+

T∑
t=1

ℓ̂⊤t (q̂t − q) +

T∑
t=1

ℓ⊤t (qt − q̂t) (9)

≤ γ|X||A|T + 2L|X|2
√
2T ln

(
L|X|
δ

)

+ 3L|X|2
√
2T |A| ln

(
T |X|2|A|

δ

)
+

L ln(|X||A|/δ)
γ

+ L
ln(|X|2|A|)

η
+ η|X||A|T +

ηL ln L
δ

γ
+

T∑
t=1

ℓ⊤t (qt − q̂t) (10)

≤ γ|X||A|T + 2L|X|2
√
2T ln

(
L|X|
δ

)

+ 3L|X|2
√
2T |A| ln

(
T |X|2|A|

δ

)
+

L ln(|X||A|/δ)
γ

+ L
ln(|X|2|A|)

η
+ η|X||A|T +

ηL ln L
δ

γ

+ 2L|X|
√
2T ln

2L

δ
+ 3L|X|

√
2T |A| ln 2T |X||A|

δ
(11)

≤

√
|X||A|TL ln

(
L|X||A|

δ

)
+ 2L|X|2

√
2T ln

(
L|X|
δ

)

+ 3L|X|2
√
2T |A| ln

(
T |X|2|A|

δ

)
+ 3

√
|X||A|TL ln

(
L|X||A|

δ

)

+ 2L|X|
√
2T ln

2L

δ
+ 3L|X|

√
2T |A| ln 2T |X||A|

δ

≤ (4 + 2 + 3 + 2 + 3)L|X|2
√
2T |A| ln

(
T |X|2|A|

δ

)

= 14L|X|2
√
2T |A| ln

(
T |X|2|A|

δ

)
,

where Inequality (8) holds by Lemma C.5 with probability 1 − 7δ, Inequality (9) holds by Lemma
14 of (Jin et al., 2020) with probability 1−5δ, Inequality (10) holds by Lemma B.1 with probability
1 − δ and Inequality (11) holds by Lemma B.3 of (Rosenberg & Mansour, 2019b) with probability
1 − 2δ. By Union Bound, the final result holds with probability 1 − 15δ. Since by definition
ℓt(x, a) = 1− rt(x, a)It {x, a} for all x ∈ X, a ∈ A, it holds:

T∑
t=1

ℓ⊤t (qt − q) =

T∑
t=1

r⊤t (q − qt) ≤ 14L|X|2
√

2T |A| ln
(
T |X|2|A|

δ

)
,

which concludes the proof.

B.2 RESULTS ON THE DECISION SPACE

In this section, we provide the results on the decision space definition of Algorithm 1.
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We start by showing that, in the stochastic setting, the confidence bound plays a central role in the
definition of the decision space.
Theorem B.3. In the stochastic setting, let δ ∈ (0, 1) and bt(x, a) such that with probability at
least 1 − δ, it holds |ĝt,i(x, a)− ḡi(x, a)| ≤ bt(x, a), for all (x, a) ∈ X × A, i ∈ [m], t ∈ [T ] .
Furthermore, let ∆⋆ =

{
q ∈ ∆(M) : ḡ⊤i q ≤ 0,∀i ∈ [m]

}
. Then, with probability at least 1− 2δ it

holds:
∆⋆ ⊆ ∆̂t(Pt), ∀t ∈ [T ].

Proof. Assume the condition of the theorem holds. Let q ∈ ∆⋆ and consider the following inequal-
ities:

ĝ⊤t,iq = (ĝt,i − ḡi)
⊤q + ḡ⊤i q

≤ (ĝt,i − ḡi)
⊤q

=
∑

x∈X,a∈A

(ĝt,i(x, a)− ḡi(x, a))q(x, a)

≤ b⊤t q,

where the first inequality holds by definition of ∆⋆ and the second inequality follows from the
definition of bt. Thus, (ĝt,i − bt)

⊤q ≤ 0, which by definition proves that q ∈ ∆̂t(Pt). The final
results follows from noticing that by Lemma 4.1 of (Rosenberg & Mansour, 2019b) P ∈ Pt with
probability at least 1− δ. A final union bound concludes the proof.

We proceed by proving a similar result for the adversarial setting. The key insight here is that
confidence bounds are not necessary.
Theorem 4.5. In the adversarial setting, let δ ∈ (0, 1) and ∆⋄ be the interpolation of any point
q ∈ ∆(M) and q⋄ and let ρ′ = L · ρ. Formally,

∆⋄ :=
L

L+ ρ′
{q⋄}+ ρ′

L+ ρ′
∆(M).

Then, with probability at least 1− δ, it holds that ∆⋄ ⊆ ∆̂t(Pt) for all t ∈ [T ].

Proof. For each t ∈ [T ], i ∈ [m], and (x, a) ∈ X ×A, it holds:

ĝt,i(x, a) =
∑

τ∈Tt,x,a

wt,x,a(τ)gτ,i(x, a),

and by the weights definition, ∑
τ∈Tt,x,a

wt,x,a(τ) = 1.

Thus notice that, for all t ∈ [T ] and constraint i ∈ [m], we have:
max

(x,a)∈Q(q⋄)
ĝt,i(x, a)q

⋄(x, a) ≤ −ρ,

which implies:
ĝ⊤t,iq

⋄ ≤ −L · ρ = −ρ′.
Moreover notice that:

ĝ⊤t,iq ≤ L, ∀q ∈ ∆(M).

Thus, for any q̃ ∈ ∆⋄ and q ∈ ∆(M), we obtain:

ĝ⊤t,iq̃ =
L

L+ ρ′
ĝ⊤t,iq

⋄ +
ρ′

L+ ρ′
ĝ⊤t,iq

≤ L

L+ ρ′
(−ρ′) + ρ′

L+ ρ′
L

≤ 0,

that is, q̃ ∈ ∆̂t(P ). As in the stochastic case, the final result follows from noticing that ∆(M) ⊆
∆(Pt) since, with probability at least 1 − δ, P ∈ Pt, by Lemma 4.1 of (Rosenberg & Mansour,
2019b).
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B.3 RESULTS ON THE WEIGHTS

In this section, we provide some fundamental results on the weights employed by Algorithm 1.
Proposition 3.1. If βt,i(x, a) =

1
Nt(x,a)

for every τ ∈ Tt−1,x,a such that xτ = x, aτ = a, then the
following holds:

wt,x,a,i(τ) =
1

Nt(x, a)
,

and we recover the empirical mean estimator:

ĝt,i(x, a) =
1

Nt(x, a)

∑
τ∈Tt−1,x,a

gτ,i(x, a).

Proof. Consider a pair (x, a) ∈ X × A, an index i ∈ [m], and t ∈ [T ]. By applying Lemma 5.3 of
(Bernasconi et al., 2024), we obtain:

wt,x,a,i(τ) = βτ,i(x, a)

t−1∏
h=τ+1

(1− βh,i(x, a))

=
1

Nτ (x, a)

∏
h∈Tt−1,x,a:h>τ

(
1− 1

Nh(x, a)

)
, ∀τ ∈ Tt−1,x,a.

We now focus on the term
∏

h∈Tt−1,x,a:h>τ

(
1− 1

Nh(x,a)

)
:

∏
h∈Tt−1,x,a:h>τ

(
1− 1

Nh(x, a)

)
=

∏
h∈Tt−1,x,a:h>τ

Nh(x, a)− 1

Nh(x, a)

=

Nt−1(x,a)∏
j=Nτ (x,a)+1

j − 1

j

=
Nτ (x, a)

Nt−1(x, a)
.

Thus:

wt,x,a,i(τ) =
1

Nτ (x, a)

Nτ (x, a)

Nt−1(x, a)
=

1

Nt−1(x, a)
.

This concludes the proof.

We proceed by relating the violation attained by Algorithm 1 to the weighted estimators.
Theorem B.4. Given an interval [t1, t2] ⊆ [T ], i ∈ [m] and δ ∈ (0, 1), Algorithm 1 attains the
following bound with probability at least 1− 3δ:

V[t1,t2],i ≤
∑

x∈X,a∈A

∑
τ∈Tt2,x,a∩[t1,t2]

1

βτ,i(x, a)
(ĝτ+1,i(x, a)− ĝτ,i(x, a)) +

t2∑
τ=t1

b⊤τ q̂τ

+ 7L|X|
√
2(t2 − t1)|A| ln

2T |X||A|
δ

,

where V[t1,t2],i :=
∑t2

τ=t1
g⊤τ,iqτ .

Proof. It holds:

V[t1,t2],i =

t2∑
τ=t1

g⊤τ,iqτ

≤
t2∑

τ=t1

g⊤τ,iqτ +

t2∑
τ=t1

b⊤τ q̂τ −
t2∑

τ=t1

ĝ⊤τ,iq̂τ (12)
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=

t2∑
τ=t1

g⊤τ,iqτ +

t2∑
τ=t1

b⊤τ q̂τ −
t2∑

τ=t1

ĝ⊤τ,iq̂τ +

t2∑
τ=t1

ĝ⊤τ,iqτ −
t2∑

τ=t1

ĝ⊤τ,iqτ

=

t2∑
τ=t1

(gτ,i − ĝτ,i)
⊤qτ +

t2∑
τ=t1

b⊤τ q̂τ +

t2∑
τ=t1

ĝ⊤τ,i(qτ − q̂τ )

≤
t2∑

τ=t1

∑
x∈X,a∈A

(gτ,i(x, a)− ĝτ,i(x, a))Iτ{x, a}+ 2L

√
2(t2 − t1) ln

1

δ

+

t2∑
τ=t1

b⊤τ q̂τ + ∥qτ − q̂τ∥1 (13)

≤
t2∑

τ=t1

∑
x∈X,a∈A

(gτ,i(x, a)− ĝτ,i(x, a))Iτ{x, a}+ 2L

√
2(t2 − t1) ln

1

δ
+

t2∑
τ=t1

b⊤τ q̂τ

+ 2L|X|
√
2(t2 − t1) ln

2L

δ
+ 3L|X|

√
2(t2 − t1)|A| ln

2T |X||A|
δ

(14)

=
∑

x∈X,a∈A

∑
τ∈Tt2,x,a∩[t1,t2]

(ĝτ+1,i(x, a)− ĝτ,i(x, a))

βτ,i(x, a)

+

t2∑
τ=t1

b⊤τ q̂τ + 2L|X|
√
2(t2 − t1) ln

2L

δ

+ 3L|X|
√

2(t2 − t1)|A| ln
2T |X||A|

δ
+ 2L

√
2(t2 − t1) ln

1

δ
(15)

≤
∑

x∈X,a∈A

∑
τ∈Tt2,x,a∩[t1,t2]

(ĝτ+1,i(x, a)− ĝτ,i(x, a))

βτ,i(x, a)

+

t2∑
τ=t1

b⊤τ q̂τ + 7L|X|
√
2(t2 − t1)|A| ln

2T |X||A|
δ

,

where Equation (12) is due to the fact that q̂τ ∈ ∆̂τ (Pτ ), Inequality (13) holds by Lemma C.3, from
which we have, with probability 1− δ:

t2∑
τ=t1

(gτ,i − ĝτ,i)
⊤qτ ≤

t2∑
τ=t1

∑
x∈X,a∈A

(gτ,i(x, a)− ĝτ,i(x, a))Iτ{x, a}+ 2L

√
2(t2 − t1) ln

1

δ
.

Inequality (14) follows from Lemma B.3 of (Rosenberg & Mansour, 2019b), with probability at
least 1 − 2δ—notice that, all the results mentioned above can be trivially extended to hold in the
interval [t1, t2]—. Equation (15) holds by the definition of the update:

ĝτ,i(x, a) = (1− βτ,i(x, a)) ĝτ,i(x, a) + βτ,i(x, a)gτ,i(x, a), ∀(x, a) such that Iτ{x, a} = 1.

A final Union Bound concludes the proof.

We proceed with the following corollary.

Corollary B.5. Given an interval [t1, t2] ⊆ [T ], i ∈ [m] and δ > 0, assume that for any (x, a) ∈
X × A it holds βτ,i(x, a) ≥ βτ ′,i(x, a) for each τ ′ ≤ τ ∈ Tt2,x,a ∩ [t1, t2]. Then, with probability
at least 1− 3δ it holds:

V[t1,t2],i ≤
∑

x∈X,a∈A

2

βℓ(x,a,[t1,t2]),i(x, a)
+

t2∑
τ=t1

b⊤τ q̂τ + 7L|X|
√

2(t2 − t1)|A| ln
2T |X||A|

δ
,

where ℓ(x, a, [t1, t2]) are the last rounds in the interval [t1, t2] in which the pair (x, a) is visited.
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Proof. Assuming Theorem B.4 holds with probability 1− 3δ, it is sufficient to show:∑
x∈X,a∈A

∑
τ∈Tt2,x,a∩[t1,t2]

1

βτ,i(x, a)
(ĝτ+1,i(x, a)− ĝτ,i(x, a)) ≤

∑
x∈X,a∈A

∑
τ∈Tt2,x,a∩[t1,t2]

1

βt2,i(x, a)

Fixing a (x, a) ∈ X × A and defining h = |Tt2,x,a ∩ [t1, t2]| as the number of times the pair (x, a)
is visited in the interval [t1, t2],let τ(j) be the rounds in which the pair (x, a) is visited the jth time
in [t1, t2]. Then we have:∑

τ∈Tt2,x,a∩[t1,t2]

1

βτ,i(x, a)
(ĝτ+1,i(x, a)− ĝτ,i(x, a))

=
∑
j∈[h]

1

βτ(j),i(x, a)

(
ĝτ(j+1),i(x, a)− ĝτ(j),i(x, a)

)
=

∑
j∈[h−1]

(
1

βτ(j),i(x, a)

(
ĝτ(j+1),i(x, a)− ĝτ(j),i(x, a)

))
+

1

βτ(h),i(x, a)

(
ĝτ(h)+1,i(x, a)− ĝτ(h),i(x, a)

)
≤

∑
j∈[h−1]

(
1

βτ(j+1),i(x, a)
ĝτ(j+1),i(x, a)−

1

βτ(j),i(x, a)
ĝτ(j),i(x, a)

)
+

1

βτ(h),i(x, a)

(
ĝτ(h)+1,i(x, a)− ĝτ(h),i(x, a)

)
(16)

=
1

βτ(h),i(x, a)
ĝτ(h)+1,i(x, a)−

1

βτ(1),i(x, a)
ĝτ(1),i(x, a) (17)

≤ 2

βτ(h),i(x, a)
(18)

=
2

βℓ(x,a,[t1,t2]),i(x, a)
,

where Inequality (16) and Inequality (18) follow from the hypothesis that the learning rates are
decreasing in the interval and Equation (17) follows from evaluating the telescoping sum.

B.4 CONCENTRATION RESULTS

In this section, we provide a fundamental result on the concentration of the confidence bounds
parameter employed by Algorithm 1. This is done in the following lemma.
Lemma B.6. Given c > 0, α ∈ (0, 1), t ∈ [T ] and δ ∈ (0, 1), let bt(x, a) = c

Nt(x,a)α
for all

(x, a) ∈ X ×A. Then, with probability 1− 3δ it holds:

t∑
τ=1

b⊤τ q̂τ ≤
c

1− α
|X|α|A|αL1−αt1−α + 7L|X|

√
2t|A| ln 2T |X||A|

δ

Proof. It holds:

t∑
τ=1

∑
x∈X,a∈A

bτ (x, a)Iτ{x, a} = c

t∑
τ=1

∑
x∈X,a∈A

1

Nτ (x, a)α
Iτ{x, a}

= c
∑

x∈X,a∈A

Nt(x,a)∑
h=1

1

hα

≤ c

1− α

∑
x∈X,a∈A

Nt(x, a)
1−α
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≤ c

1− α
|X|α|A|αL1−αt1−α, (19)

where Inequality (19) holds by Jensen’s inequality. Moreover notice that:
t∑

τ=1

b⊤τ q̂τ =

t∑
τ=1

b⊤τ q̂τ +

t∑
τ=1

b⊤τ qτ −
t∑

τ=1

b⊤τ qτ

≤ ∥qτ − q̂τ∥1 +
t∑

τ=1

b⊤τ qτ

≤ 2L|X|
√
2T ln

2L

δ
+ 3L|X|

√
2T |A| ln 2T |X||A|

δ
+

t∑
τ=1

b⊤τ qτ (20)

≤ 2L|X|
√
2T ln

2L

δ
+ 3L|X|

√
2T |A| ln 2T |X||A|

δ

+ 2L

√
2T ln

1

δ
+

t∑
τ=1

∑
x∈X,a∈A

bτ (x, a)Iτ{x, a} (21)

≤ 2L|X|
√
2T ln

2L

δ
+ 3L|X|

√
2T |A| ln 2T |X||A|

δ

+ 2L

√
2T ln

1

δ
+

c

1− α
|X|α|A|αL1−αt1−α (22)

≤ 7L|X|
√
2T |A| ln 2T |X||A|

δ
+

c

1− α
|X|α|A|αL1−αt1−α,

where Inequality (20) follows from Lemma B.3 of (Rosenberg & Mansour, 2019b), with probability
at least 1− 2δ, Inequality (21) holds by Lemma C.3 with probability at least 1− δ, Inequality (22)
follows from Inequality (19). A Union Bound concludes the proof.

B.5 VIOLATION BOUND

In this section, we provide the violation bound of Algorithm 1.
Theorem B.7. Let δ ∈ (0, 1). Both in stochastic and adversarial setting, with probability at least
1− 4δ, Algorithm 1 attains:

Vt ≤ 61L|X|

√
2t|A| ln

(
2mT 2|X||A|

δ

)
,

for all t ∈ [T ].

Proof. Given an i ∈ [m], we assume that Corollary B.5 holds with probability 1−3δ for any interval.

If Vt,i ≤ 61L
√
|X||A|t ln

(
T 2

δ

)
then the statement is trivially satisfied.

Otherwise, let us suppose that there exists a t̄ ∈ T for which Vt̄,i ≥ 61L
√
|X||A|t ln

(
T 2

δ

)
. This

implies that there exists a t < t̄ such that Vt,i ≥ 44L
√
|X||A|t ln

(
T 2

δ

)
for all t ∈ [t, t̄] and

Vt−1,i ≤ 44L
√
|X||A|t ln

(
T 2

δ

)
. By Lemma C.3 it holds:

Vt,i =
∑
τ∈[t]

g⊤τ,iqτ ≤
∑
τ∈[t]

∑
x,a

gτ,i(x, a)Iτ{x, a}+ 2L

√
2t ln

1

δ
.

with probability at least 1 − δ. Therefore, since Vt,i ≥ 44L
√
|X||A|t ln

(
T 2

δ

)
for all t ∈ [t, t̄], it

holds: ∑
τ∈[t]

∑
x,a

gτ,i(x, a)Iτ{x, a} ≥ 44L

√
|X||A|t ln

(
T 2

δ

)
− 2L

√
2t ln

1

δ
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≥ 44L

√
|X||A|t ln

(
T 2

δ

)
− 2L

√
|X||A|t ln

(
T 2

δ

)

= 42L

√
|X||A|t ln

(
T 2

δ

)
.

Thus, we can write:∑
τ∈[t]

∑
x,a

gτ,i(x, a)Iτ{x, a} − 21L|X|
√

2t|A| ln 2mT 2|X||A|
δ

≥ 42L|X|
√
2t|A| ln 2mT 2|X||A|

δ
− 21L|X|

√
2t|A| ln 2mT 2|X||A|

δ

≥ 21L|X|
√

2t|A| ln 2mT 2|X||A|
δ

.

and thus Γt,i = 21L|X|
√
2t|A| ln 2mT 2|X||A|

δ for all t ∈ [t, t̄].

Therefore on t ∈ [t, t̄] the learning rate can be lower-bounded as:

βt,i(x, a) =
(1 + Γt)

Nt(x, a)
=

1 + 21L|X|
√
2t|A| ln 2mT 2|X||A|

δ

Nt(x, a)
≥ 21L|X|

√
2|A| ln 2mT 2|X||A|

δ

Nt(x, a)
,

exploiting the fact that Nt(x, a) ≤ t for all t ∈ [T ]. Therefore, by Corollary B.5 we can write:

V[t,t̄],i ≤
2

21L
√
|X||A|t ln

(
T 2

δ

) ∑
x∈X,a∈A

√
Nt̄(x, a) +

t̄∑
τ=t

b⊤τ q̂τ + 7L|X|
√
2t|A| ln 2T 2|X||A|

δ

≤
2
√
|X||A|Lt̄

21L
√
|X||A|t ln

(
T 2

δ

) +

t̄∑
τ=t

b⊤τ q̂τ + 7L|X|
√

2t|A| ln 2T 2|X||A|
δ

(23)

≤
2
√
|X||A|Lt̄

21L
√
|X||A|t ln

(
T 2

δ

) + 2

√
2|X||A|Lt ln

(
2T 2|X||A|

δ

)

+ 14L|X|
√
2t|A| ln 2T 2|X||A|

δ
(24)

≤
(

1

10
+ 2 + 14

)
L|X|

√
2t|A| ln

(
2T 2|X||A|

δ

)
,

where Inequality (23) holds by Jensen’s Inequality and Inequality (24) holds by Lemma B.6, under
the same event of Corollary B.5. Thus, we have:

Vt̄,i ≤ Vt,i + V[t,t̄],i

≤
(
44 +

1

10
+ 2 + 14

)
L|X|

√
2t|A| ln

(
2T 2|X||A|

δ

)

< 61L|X|

√
2t|A| ln

(
2T 2|X||A|

δ

)
.

This shows a contradiction, so there is no such t̄. Taking a Union Bound on all i ∈ [m] concludes
the proof.

B.6 TOWARDS THE REGRET BOUND IN THE STOCHASTIC SETTING

In this section we provide some preliminary results for the stochastic setting. Specifically, through-
out the section we show that the violations are kept small during the learning dynamic, thus making

23
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ĝt,i the empirical mean estimator of the constraints functions. This step is fundamental to show that
the decision space of Algorithm 1 is suited to guarantee sublinear regret.
Lemma B.8. Let δ ∈ (0, 1). With probability at least 1− 2δ it holds:

Vt,i ≤
t∑

τ=1

g⊤τ,iq̂τ + 5L|X|
√
2T |A| ln 2mT |X||A|

δ
, ∀t ∈ [T ], i ∈ [m].

Proof. It holds:

Vt,i =

t∑
τ=1

g⊤τ,iq
P,πτ

=

t∑
τ=1

g⊤τ,iq
P,πτ +

t∑
τ=1

g⊤τ,iq̂τ −
t−1∑
τ=1

g⊤τ,iq̂τ

≤
t∑

τ=1

g⊤τ,iq̂τ + ∥qτ − q̂τ∥1

≤
t∑

τ=1

g⊤τ,iq̂τ + 2L|X|
√

2t ln
2L

δ
+ 3L|X|

√
2t|A| ln 2T |X||A|

δ
(25)

≤
t∑

τ=1

g⊤τ,iq̂τ + (2 + 3)L|X|
√

2t|A| ln 2T |X||A|
δ

=

t∑
τ=1

g⊤τ,iq̂τ + 5L|X|
√
2t|A| ln 2T |X||A|

δ
,

where Inequality (25) follows from Lemma B.3 of (Rosenberg & Mansour, 2019b), with probability
at least 1− 2δ.

Lemma B.9. Let δ ∈ (0, 1). With probability at least 1− 3δ it holds:
t∑

τ=1

ḡ⊤i q̂τ ≤
t∑

τ=1

∑
x∈X,a∈A

ḡi(x, a)Iτ{x, a}+ 7L|X|
√
2t|A| ln 2mT |X||A|

δ
, ∀t ∈ [T ], i ∈ [m].

Proof. It holds:
t∑

τ=1

ḡ⊤i q̂τ =

t∑
τ=1

ḡ⊤i q̂τ +

t∑
τ=1

ḡ⊤i q
P,πτ −

t∑
τ=1

ḡ⊤i q
P,πτ

≤
t∑

τ=1

ḡ⊤i q
P,πτ + ∥qτ − q̂τ∥1

≤
t∑

τ=1

ḡ⊤i q
P,πτ + 2L|X|

√
2t ln

2L

δ
+ 3L|X|

√
2t|A| ln 2T |X||A|

δ
(26)

≤
t∑

τ=1

∑
x∈X,a∈A

ḡi(x, a)Iτ{x, a}+ 2L

√
2t ln

1

δ

+ 2L|X|
√
2t ln

2L

δ
+ 3L|X|

√
2t|A| ln 2T |X||A|

δ
(27)

≤
t∑

τ=1

∑
x∈X,a∈A

ḡi(x, a)Iτ{x, a}+ (2 + 2 + 3)L|X|
√

2t|A| ln 2T |X||A|
δ

=

t∑
τ=1

∑
x∈X,a∈A

ḡi(x, a)Iτ{x, a}+ 7L|X|
√

2t|A| ln 2T |X||A|
δ

,
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where Inequality (26) follows from Lemma B.3 of (Rosenberg & Mansour, 2019b) with probability
at least 1− 2δ, Inequality (27) follows from Lemma C.3, with probability at least 1− 2δ. A Union
Bound concludes the proof.

We conclude the section with the following lemma and the associated corollary, which allow us to
state that the employment of the bonus quantity bt is necessary and sufficient to attain sublinear
regret (and violation).
Lemma 4.1. Let δ ∈ (0, 1). In the stochastic setting, with probability at least 1− 11δ, it holds that:

|ĝt,i(x, a)− ḡi(x, a)| ≤ bt(x, a) ∀(x, a) ∈ X ×A, i ∈ [m], t ∈ [T ].

Proof. To get the final result, it is sufficient to prove that for each t ∈ [T ] and i ∈ [m], it holds:∑
τ∈[t]

∑
x,a

gτ,i(x, a)Iτ{x, a} ≤ 21L|X|
√
2t|A| ln 2mT |X||A|

δ
.

Our proof works by induction on t. It is trivial to show the inequality holds for t = 1. Indeed,∑
x,a

g1,i(x, a)I1{x, a} ≤ L ≤ 21L|X|
√

2|A| ln 2mT |X||A|
δ

.

Assuming that the inequality holds for all τ ≤ t − 1, we now show that it holds also for t. By
definition of Γτ,i, the induction assumption implies that for τ ≤ t−1, we have βτ,i(x, a) =

1
Nτ (x,a)

for all (x, a) ∈ X ×A, i ∈ [m]. Then by Proposition 3.1 we have that:

ĝτ,i(x, a) =
1

Nτ (x, a)

∑
t̂∈Tτ,a

gt̂,i(x, a)

Hence, by Lemma C.1, it holds, with probability at least 1− δ:

|ĝτ,i(x, a)− ḡi(x, a)| ≤

√
2 ln 2m|X||A|T

δ

Nt(x, a)
, ∀(x, a) ∈ X ×A, τ ≤ t− 1.

Assuming that the event above holds, we consider the following inequalities:∑
τ∈[t]

∑
x,a

gτ,i(x, a)Iτ{x, a}

≤ Vt,i + 2L

√
2t ln

1

δ
(28)

= Vt−1,i + g⊤t,iqt + 2L

√
2t ln

1

δ

≤
t−1∑
τ=1

g⊤τ,iq̂τ + g⊤t,iqt + 2L

√
2t ln

1

δ
+ 5L|X|

√
2t|A| ln 2mT |X||A|

δ
(29)

≤
t−1∑
τ=1

(gτ,i − ĝτ,i)
⊤q̂τ +

t−1∑
τ=1

b⊤τ q̂τ + g⊤t,iqt + 2L

√
2t ln

1

δ
+ 5L|X|

√
2t|A| ln 2mT |X||A|

δ
(30)

≤
t−1∑
τ=1

(gτ,i − ĝτ,i)
⊤q̂τ + 2

√
2|X||A|Lt ln 2T |X||A|

δ
+ g⊤t,iqt

+ 2L

√
2t ln

1

δ
+ 12L|X|

√
2t|A| ln 2mT |X||A|

δ
(31)

≤
t−1∑
τ=1

(gτ,i − ĝτ,i)
⊤q̂τ + 2

√
2|X||A|Lt ln 2T |X||A|

δ
+ L

+ 2L

√
2t ln

1

δ
+ 12L|X|

√
2t|A| ln 2mT |X||A|

δ
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≤
t−1∑
τ=1

(ḡi − ĝτ,i)
⊤q̂τ + 2

√
2|X||A|Lt ln 2T |X||A|

δ
+ L

+ 12L|X|
√
2t|A| ln 2mT |X||A|

δ
+ 4L

√
2t ln

1

δ
(32)

≤
t−1∑
τ=1

∑
x∈X,a∈A

(ḡi(x, a)− ĝτ,i(x, a)) Iτ{x, a}+ 2

√
2|X||A|Lt ln 2T |X||A|

δ
+ L

+ 12L|X|
√
2t|A| ln 2mT |X||A|

δ
+ 4L

√
2t ln

1

δ
(33)

≤
√
2 ln

2m|X||A|T
δ

∑
x∈X,a∈A

t−1∑
τ=1

1√
Nτ (x, a)

Iτ{x, a}+ 2

√
2|X||A|Lt ln 2T |X||A|

δ
+ L

+ 12L|X|
√
2t|A| ln 2mT |X||A|

δ
+ 4L

√
2t ln

1

δ

≤ 2

√
2|X||A|t ln 2m|X||A|T

δ
+ 2

√
2|X||A|Lt ln 2T |X||A|

δ
+ L

+ 12L|X|
√
2t|A| ln 2mT |X||A|

δ
+ 4L

√
2t ln

1

δ

≤ (4 + 1 + 12 + 4)L|X|
√

2t|A| ln 2mT |X||A|
δ

,

where Inequality (28) holds by Lemma C.3 with probability 1 − δ, Inequality (29) holds by
Lemma B.8 with probability at least 1 − 2δ, Inequality (30) holds because q̂τ ∈ ∆̂τ (Pτ ), In-
equality (31) holds by Lemma B.6 with probability at least 1 − 3δ, taking α = 1

2 and c =√
2 ln

(
2|X||A|T

δ

)
, Inequality (32) holds by Lemma C.4 with probability at least 1 − δ, Inequal-

ity (33) holds by Lemma B.9 with probability at least 1− 3δ.

Thus
∑

τ∈[t]

∑
x,a gτ,i(x, a)Iτ{x, a} ≤ 21L|X|

√
2t|A| ln 2mT |X||A|

δ , Γt,i = 0 and ĝt,i(x, a) is the
empirical mean of past observations. Therefore, by Lemma C.1 we have with probability at least
1− δ:

|ĝt,i(x, a)− ḡi(x, a)| ≤

√√√√2 ln
(

2|X||A|mT
δ

)
Nt(x, a)

∀(x, a) ∈ X ×A, i ∈ [m], t ∈ [T ].

A final Union Bound concludes the proof.

Thus, the following corollary holds.

Corollary 4.2. In the stochastic setting, let δ ∈ (0, 1) and ∆⋆ =
{
q ∈ ∆(M) : ḡ⊤i q ≤ 0 ∀i ∈ [m]

}
.

Then, with probability at least 1− 11δ, it holds:

∆⋆ ⊆ ∆̂t(Pt) ∀t ∈ [T ].

B.7 FINAL RESULTS

We provide the theoretical guarantees of Algorithm 1 in the stochastic setting.

Theorem 4.3. Let δ ∈ (0, 1). In the stochastic setting, Algorithm 1, with η = γ =
√

L ln(L|X||A|/δ)
T |X||A| ,

guarantees that with probability at least 1− 30δ:

RT ≤ 14L|X|2
√
2T |A| ln

(
T |X|2|A|

δ

)
,

26



1404
1405
1406
1407
1408
1409
1410
1411
1412
1413
1414
1415
1416
1417
1418
1419
1420
1421
1422
1423
1424
1425
1426
1427
1428
1429
1430
1431
1432
1433
1434
1435
1436
1437
1438
1439
1440
1441
1442
1443
1444
1445
1446
1447
1448
1449
1450
1451
1452
1453
1454
1455
1456
1457

Under review as a conference paper at ICLR 2026

and

Vt ≤ 61L|X|

√
2t|A| ln

(
2mT 2|X||A|

δ

)
, ∀t ∈ [T ].

Proof. By Corollary 4.2 with probability at least 1−11δ, it holds ∆⋆ ⊆ ∩t∈[T ]∆̂t(Pt). By Theorem
B.2, we have that for any q ∈

⋂
t∈[T ] ∆̂t(Pt), with probability at least 1− 15δ, it holds:

∑
t∈[T ]

r⊤t (q − qt) ≤ 14L|X|2
√
2T |A| ln

(
T |X|2|A|

δ

)
.

Let q∗ = argmaxq∈∆⋆

∑T
t=1 r

⊤
t q. Then, by Union Bound we have that with probability at least

1− 26δ it holds: ∑
t∈[T ]

r⊤t (q
∗ − qt) ≤ 14L|X|2

√
2T |A| ln

(
T |X|2|A|

δ

)
,

Similarly, with probability at least 1− 4δ by Theorem B.7:

Vt ≤ 61L|X|

√
2t|A| ln

(
2mT 2|X||A|

δ

)
By a Union Bound on all the events, this holds with probability at least 1− 30δ.

This concludes the proof.

We conclude the section by providing the theoretical guarantees of Algorithm 1 in the adversarial
setting.

Theorem 4.6. Let δ ∈ (0, 1). In the adversarial setting, Algorithm 1, with η = γ =
√

L ln(L|X||A|/δ)
T |X||A| ,

guarantees that with probability at least 1− 19δ:

α-RT ≤ 14L|X|2
√
2T |A| ln

(
T |X|2|A|

δ

)
and

Vt ≤ 61L|X|

√
2t|A| ln

(
2mT 2|X||A|

δ

)
for all t ∈ [T ], where α = ρ

1+ρ .

Proof. It is sufficient to combine Theorem B.2 and Theorem 4.5. Specifically, with probability at
least 1− 15δ, for all q̃ ∈ ∆⋄ ⊂ ∆̂t(Pt), we have:

∑
t∈[T ]

r⊤t (q̃ − qt) ≤ 14L|X|2
√
2T |A| ln

(
T |X|2|A|

δ

)
.

Let q† = argmaxq∈∆(M)

∑T
t=1 r

⊤
t q. We observe that:

q̄ =
L

L+ ρ′
q⋄ +

ρ′

L+ ρ′
q† ∈ ∆⋄.

Thus, it holds:

T∑
t=1

r⊤t q̄ =

T∑
t=1

r⊤t

(
L

L+ ρ′
q⋄ +

ρ′

L+ ρ′
q†
)
≥ ρ′

L+ ρ′

T∑
t=0

r⊤t q
†.
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This proves that with probability at least 1− 15δ:(
ρ′

L+ ρ′

)
-RT ≤ 14L|X|2

√
2T |A| ln

(
T |X|2|A|

δ

)
.

Similarly to the stochastic case, employing Theorem B.7, with probability at least 1− 4δ, we have:

Vt ≤ 61L|X|

√
2t|A| ln

(
2mT 2|X||A|

δ

)
.

By Union Bound this holds with probability 1− 19δ.

Noticing that ρ
1+ρ′ =

ρ′

L+ρconcludes the proof.

B.8 POSITIVE VIOLATION BOUND

In this section, we provide the results on the positive violation bound attained by Algorithm 1.

Theorem 4.4. Let δ ∈ (0, 1). In the stochastic setting, Algorithm 1 guarantees with probability at
least 1− 16δ:

Vt ≤ 18L|X|
√
2t|A| ln 2mT |X||A|

δ
, ∀t ∈ [T ].

Proof. Define for each i ∈ [m] and t ∈ [T ] the following quantity:

Vt,i :=
t∑

τ=1

[
ḡ⊤i qτ

]+
.

Given an i ∈ [m] and a t ∈ [T ] we have:

Vt,i =
t∑

τ=1

[
ḡ⊤i qτ

]+
=

t∑
τ=1

[
(ḡi − ĝτ,i + ĝτ,i)

⊤qτ
]+

=

t∑
τ=1

[
(ḡi − ĝτ,i)

⊤qτ + ĝ⊤τ,iqτ
]+

=

t∑
τ=1

[
(ḡi − ĝτ,i)

⊤qτ + ĝ⊤τ,iqτ − ĝ⊤τ,iq̂τ + ĝ⊤τ,iq̂τ
]+

≤
t∑

τ=1

[
(ḡi − ĝτ,i)

⊤qτ + ĝ⊤τ,iqτ − ĝ⊤τ,iq̂τ + b⊤τ q̂τ
]+

(34)

≤
t∑

τ=1

[
(ḡi − ĝτ,i)

⊤qτ + b⊤τ q̂τ
]+

+ ∥qτ − q̂τ∥1

≤
t∑

τ=1

[
(ḡi − ĝτ,i)

⊤qτ + b⊤τ q̂τ
]+

+ 2L|X|
√
2t ln

2L

δ
+ 3L|X|

√
2t|A| ln 2T |X||A|

δ
(35)

≤
t∑

τ=1

[
b⊤τ qτ + b⊤τ q̂τ

]+
+ 5L|X|

√
2t|A| ln 2T |X||A|

δ
, (36)

where Inequality (34) holds since q̂τ ∈ ∆̂t(Pt), Inequality (35) follows from Lemma B.3 of (Rosen-
berg & Mansour, 2019b) with probability at least 1 − 2δ and Inequality (36) holds by Lemma 4.1
with probability 1− 11δ jointly for each i and t.
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Since bt =

√
2 ln( 2m|X||A|T

δ )
Nt(x,a)

by Lemma B.6 with probability at least 1 − 3δ, employing a Union

Bound we have, with probability at least 1− 16δ:

Vt,i ≤ 2L

√
2T ln

1

δ
+ 4

√
2|X||A|Lt ln

(
2mT |X||A|

δ

)
+ 12L|X|

√
2t|A| ln 2mT |X||A|

δ

≤ (2 + 4 + 12)L|X|
√
2t|A| ln 2mT |X||A|

δ

= 18L|X|
√
2t|A| ln 2mT |X||A|

δ
,

for all i ∈ [m], t ∈ [T ]. This concludes the proof.

C TECHNICAL LEMMAS

In this section we provide some auxiliary lemmas which are needed throughout the paper.

We start by the following application of the Hoeffding inequality on the constraints.

Lemma C.1. Let δ ∈ (0, 1). With probability at least 1−δ it holds, for all (x, a) ∈ X×A, i ∈ [m],
t ∈ [T ]: ∣∣∣∣∣∣ 1

Nt(x, a)

∑
τ∈Tt−1,x,a

gτ,i(x, a)− ḡi(x, a)

∣∣∣∣∣∣ ≤
√

2 ln 2m|X||A|T
δ

Nt(x, a)
.

Proof. The proof is a simple application of Hoeffding’s inequality and a union bound.

We proceed with a concentration result on the transition functions.

Lemma C.2 (Lemma J.6 of (Stradi et al., 2025c)). For any δ ∈ (0, 1), let {πt}Tt=1 be policies, then
for any collection of transition P x

t ∈ Pt with probability at least 1− 2δ, it holds:

T∑
t=1

∥qP,πt − qP
x
t ,πt∥1 ≤ 2L|X|2

√
2T ln

(
L|X|
δ

)
+ 3L|X|2

√
2T |A| ln

(
T |X|2|A|

δ

)
.

Thus, we provide concentration results for the constraints.

Lemma C.3. For any δ ∈ (0, 1), let ft : X × A→ [−1, 1] be a sequence of functions that is t− 1
predictable, and let πt be a randomized policy. Then, with probability at least 1− δ, it holds:

∣∣∣∣∣∣
∑
t∈[T ]

∑
x∈X,a∈A

ft(x, a)It{x, a} −
∑
t∈[T ]

f⊤
t qP,πt

∣∣∣∣∣∣ ≤ 2L

√
2T ln

1

δ
,

where It{x, a} = 1 if and only if the pair (x, a) is visited in episode t.

Proof. By definition of the occupancy measure, it holds:

E [ft(x, a)It{x, a}|P, πt] =
∑
x∈X

∑
a∈A

qt(x, a)ft(x, a) = f⊤
t qt.

We defined the following sequence:

Xt =

t∑
τ=1

 ∑
x∈X,a∈A

fτ (x, a)Iτ{x, a} − f⊤
τ qP,πτ

 .
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Xt is a Martingale difference sequence and |Xt−Xt−1| ≤ 2L. Applying the Azuma inequality, we
obtain that with probability at least 1− δ:∣∣∣∣∣∣

∑
t∈[T ]

∑
x∈X,a∈A

ft(x, a)It{x, a} −
∑
t∈[T ]

f⊤
t qP,πt

∣∣∣∣∣∣ ≤ 2L

√
2T ln

1

δ
.

This concludes the proof.

Lemma C.4. For any δ ∈ (0, 1), for any sequence of occupancy measure q̄t ∈ ∆̂t(Pt) and any
function ft(x, a) sampled from a distribution with mean f̄(x, a), i.e., E[ft(x, a)] = f̄(x, a) and
P(|ft(x, a)| ≤ 1) = 1, it holds that with probability at least 1− δ:∣∣∣∣∣∣

∑
t∈[T ]

f̄⊤q̄t −
∑
t∈[T ]

f⊤
t q̄t

∣∣∣∣∣∣ ≤ 2L

√
2T ln

1

δ
.

Proof. The proof follows the one of Lemma C.3, after noticing that the quantity of interest is a
Martingale difference sequence.

Thus, we provide an auxiliary result on the concentration of the optimistic loss estimator.

Lemma C.5. For any δ ∈ (0, 1), Algorithm 1 attains, with probability at least 1− 7δ:

T∑
t=1

(ℓt − ℓ̂t)
⊤q̂t ≤ γ|X||A|T + 2L|X|2

√
2T ln

(
L|X|
δ

)
+ 3L|X|2

√
2T |A| ln

(
T |X|2|A|

δ

)

Proof. The result follows from the proof of Lemma 6 from (Jin et al., 2020) and employing
Lemma C.2.

D ADDITIONAL EXPERIMENTS

In this section, we describe the experiments that show the theoretical guarantees of our algorithm
in practice. Our goal is to assess WC-OPS’s performance in both stochastic and adversarial setting
and to compare it with state-of-the-art algorithms from literature. Specifically, the algorithms we
consider are:

• OptCMDP (Algorithm 1 of (Efroni et al., 2020)). This algorithm solves an optimistic linear
programming formulation of the CMDP, for each episode. OptCMDP attains Õ(

√
T ) regret

and positive violation, without Slater’s condition, being arguably state-of-the-art in terms
of performance for the stochastic setting.

• OptPrimalDual-CMDP (Algorithm 4 of (Efroni et al., 2020)). This algorithm employs
a primal-dual approach, performing incremental updates for both the primal (that is, the
policy) and dual Lagrange variables. OptPrimalDual-CMDP attains Õ( 1ρ

√
T ) regret

and violation, assuming Slater’s condition.

• Greedy, a greedy-like algorithm which employs the empirical average for every estimate.
It works similarly to OptCMDP, without relying on confidence intervals.

All experiments are conducted in a finite-horizon CMDP with a layered structure. To achieve a
fair comparison, we have aligned all the algorithms to our environment; in particular, we make the
following assumptions:

• The CMDP has a layered structure and is loop-free. The ”length” of the episodes H of
(Efroni et al., 2020) corresponds in our setting to the number of layers L.

• Each layer has its own states and the first and last layer only contain one state, differently
from (Efroni et al., 2020) where set of states that can be visited by the algorithm is the same
at each episode’s step.
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• The episode always starts from layer 0, thus there is no need to keep the initial state distri-
bution µ mentioned in (Efroni et al., 2020).

• Rewards are in [0, 1] and constraints are in [−1, 1] for each i = 1, ...,m, differently from
(Efroni et al., 2020), where constraints are non-negative.

The parameter δ is set to 0.01 for all experiments. In the stochastic setting, the values of reward and
constraints are sampled from a Bernoulli distribution (rescaled to [−1, 1] in the case of constraints).
In the adversarial setting, reward and constraints are generated by an OGD algorithm (Orabona,
2019) which receives as a gradient a vector containing for each state the negative product of the
policy played at that round and a fixed initial vector of rewards (or constraints).

To obtain statistically robust results, each experiment is repeated a certain number of times (n ≃ 10).
The runs are executed in parallel using a process pool to reduce computational time. For each
algorithm, we report the average performance together with 95% confidence intervals.

The experiments were conducted in three different settings:

• With stochastic reward and stochastic constraints, we compared our algorithm with
OptCMDP and OptPrimalDual-CMDP.

• With adversarial reward and stochastic constraints, we compared our algorithm with
OptCMDP and Greedy.

• With adversarial reward and adversarial constraints, we compared our algorithm with
Greedy.

OptCMDP and OptPrimalDual-CMDP both attain Õ(
√
T ) regret and violation in the stochas-

tic setting. Greedy has no guarantees of sublinearity. In the stochastic case, we expect our
algorithm to perform similarly to OptCMDP, which is taylored to this setting, and better than
OptPrimalDual-CMDP. In the adversarial case we expect WC-OPS to outperform Greedy.

D.1 STOCHASTIC REWARD AND STOCHASTIC CONSTRAINTS

In this section, we provide the experiments in the fully stochastic environment.

(a) Regret RT (b) Constraint violation VT

Figure 3: Stochastic reward and stochastic constraints.

In Figures 3a - 3b, we provide the experiments presented in the main paper. In Figures 4a - 4b, we
provide a novel experiment. As in the previous one, WC-OPS achieves a performance similar to
the one of OptCMDP and better with respect to OptPrimalDual-CMDP in terms of regret. The
violation performance is similar across the algorithms. Finally, in Figures 5a - 5b, we show the
results from a final experiment in the stochastic setting.

D.2 ADVERSARIAL REWARD AND STOCHASTIC CONSTRAINTS

In this section, we provide the experiments when the environment encompasses adversarial rewards
and stochastic constraints.
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(a) Regret RT (b) Constraint violation VT

Figure 4: Stochastic reward and stochastic constraints.

(a) Regret RT (b) Constraint violation VT

Figure 5: Stochastic reward and stochastic constraints.

(a) Regret RT (b) Constraint violation VT

Figure 6: Adversarial reward and stochastic constraints.
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In Figures 6a - 6b, we provide our first experiment for the setting. As expected, WC-OPS outper-
forms in terms of regret OptCMDP, while attaining similar constraints violation guarantees. Finally,
Figures 7a - 7b provide a similar experiment.

(a) Regret RT (b) Constraint violation VT

Figure 7: Adversarial reward and stochastic constraints.

D.3 ADVERSARIAL REWARD AND ADVERSARIAL CONSTRAINTS

In this section, we provide the experiments when the environment is completely adversarial.

(a) Regret α-RT (b) Constraint violation VT

Figure 8: Adversarial reward and adversarial constraints.

(a) Regret α-RT (b) Constraint violation VT

Figure 9: Adversarial reward and adversarial constraints.

In Figures 8a - 8b, we provide the first experiment in the adversarial setting. As expected, WC-OPS
significantly outperforms Greedy in terms of α-Regret, while, in this case, attains a similar perfor-
mance in terms of violation. Finally, in Figures 9a - 9b, we provide a similar experiment.
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D.4 LEARNING DYNAMICS IN THE SIMPLEX

In this section, we provide some graphical representations of the dynamics of Algorithm 1. The
experiments are conducted in a single state environment with three actions. Specifically, in Fig-
ures 10 - 11 - 12, it is possible to verify that Algorithm 1 converges asymptotically to the true
decision space.

Figure 10: Learning dynamics of Algorithm 1

Figure 11: Learning dynamics of Algorithm 1
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Figure 12: Learning dynamics of Algorithm 1
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LLM USAGE

We used LLMs for polishing the writing, only.
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