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ABSTRACT

We study online episodic Constrained Markov Decision Processes (CMDPs) un-
der both stochastic and adversarial constraints. We provide a novel algorithm
whose guarantees greatly improve those of the state-of-the-art best-of-both-worlds
algorithm introduced by Stradi et al. (2025¢). In the stochastic regime, i.e., when
the constraints are sampled from fixed but unknown distributions, our method

achieves O(+/T') regret and constraint violation without relying on Slater’s con-
dition, thereby handling settings where no strictly feasible solution exists. More-
over, we provide guarantees on the stronger notion of positive constraint violation,
which does not allow to recover from large violation in the early episodes by play-
ing strictly safe policies. In the adversarial regime, i.e., when the constraints may
change arbitrarily between episodes, our algorithm ensures sublinear constraint
violation without Slater’s condition, and achieves sublinear a-regret with respect
to the unconstrained optimum, where « is a suitably defined multiplicative ap-
proximation factor. We further validate our results through synthetic experiments,
showing the practical effectiveness of our algorithm.

1 INTRODUCTION

Reinforcement Learning (RL) (Sutton & Barto, 2018) provides a general framework for sequential
decision-making, where an agent learns to act optimally by interacting with an environment modeled
as a Markov Decision Process (MDP) (Puterman, 2014). While RL has achieved remarkable success
in numerous applications, real-world decision-making problems often involve safety and resource
constraints that must be respected at every step, leading to the study of Constrained Markov De-
cision Processes (CMDPs) (Altman, 1999). CMDPs have been widely employed in safety-critical
domains such as autonomous driving (Isele et al., 2018; Wen et al., 2020), online bidding and adver-
tising (Gummadi et al., 2012; Wu et al., 2018; He et al., 2021), and recommendation systems (Singh
et al., 2020), where constraint satisfaction is as crucial as optimizing cumulative reward.

CMDPs have been significantly studied within the framework of online learning (Cesa-Bianchi &
Lugosi, 2006), where a learner interacts with an environment in a sequential manner and aims to
minimize its regret, defined as the difference between the reward attained by the best fixed policy
and the learner’s cumulative reward. An algorithm is considered successful if it achieves sublinear
regret, meaning that the average regret per round vanishes as the time horizon 7' grows. Online
CMDPs extend this setting by incorporating constraints on the learner’s behavior, making them a
constrained counterpart of classical online learning problems. These algorithms are typically studied
under two main assumptions about the environment: in the stochastic setting, rewards (losses) and
constraint functions are drawn i.i.d. from an unknown but fixed distribution, while in the adversarial
setting they can be chosen arbitrarily by an adversary, potentially depending on past actions.

In the stochastic setting, several works provide algorithms for CMDPs that achieve sublinear regret
and sublinear constraint violation under various assumptions (e.g., (Efroni et al., 2020; Zheng &
Ratliff, 2020; Stradi et al., 2025b)). Adversarial settings, however, are inherently more challenging.
In particular, Mannor et al. (2009) show that even in the simple single-state case, when constraints
are adversarially chosen, it is impossible to guarantee both sublinear regret and sublinear cumu-
lative constraint violation with respect to a fixed policy that satisfies the constraints in hindsight.
As a result, most advances in adversarial CMDPs focus on CMDPs with adversarial rewards and
stochastic constraints (Qiu et al., 2020; Stradi et al., 2025a). The only exceptions so far are two re-
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cent works (Stradi et al., 2024a; 2025c), which introduce the first best-of-both-worlds algorithms for
episodic CMDPs that can also handle adversarially chosen constraints. In stochastic settings, these

methods achieve (5(1/ »2V/T) regret and constraint violation under a Slater-like feasibility condition,

where p is a suitably defined Slater’s parameter, and O(TS/ 4) guarantees without such a condition.
Differently, in the adversarial regime (adversarial constraints), they attain sublinear violation and
sublinear a-regret, with o = O(r/1+p), that is, sublinear regret with respect to a fraction of the
constrained optimum. In the adversarial setting, the algorithms require the Slater’s like condition.

Due to space constraints, we refer to Appendix A for a comprehensive discussion on related works.

1.1 ORIGINAL CONTRIBUTIONS

We study online episodic CMDPs  Taple 1: Comparison between our algorithm and the state-of-

where the cgnstraints may be ei-  the-art best-of-both-worlds results.
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propose a novel algorithm that
greatly improves the state-of-the-
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for cancellations between episodes.

This metric is indeed stronger than the standard constraint violation since it does not allow to recover
from large violation in the early episodes by playing strictly safe policies. In the adversarial setting,
our algorithm attains sublinear violation without Slater’s condition. Furthermore, by employing a
slightly stronger notion of Slater’s parameter, our algorithm attains sublinear a-regret with respect
to the unconstrained optimum, instead of the constrained one. Finally, we complement our analysis
with synthetic experiments that empirically validate our results.

Our contributions are summarized in Table 1.

2 PRELIMINARIES

In this section, we provide notation and definitions needed in the rest of the paper.

2.1 CONSTRAINED MARKOV DECISION PROCESSES

We study CMDPs (Altman, 1999) defined as tuples (X, A, P, {rt}thl , {Gt}z;l). Specifically, T is
a number of episodes of the learning dynamic, with ¢t € [T] denoting a specific episode.! X and
A are finite state and action spaces, respectively. P : X x A — A\ x is the transition function,?
where, for ease of notation, we denote by P(2'|x, a) the probability of going from state 2 € X to
2’ € X by taking action a € A.3 {rt}thl is a sequence of vectors describing the rewards at each
episode t € [T, namely r; € [0, 1]X*4l. We refer to the reward of a specific state-action pair
x € X,a € A for an episode t € [T as r4(x, a). Rewards are adversarial, namely, no statistical

"We denote with [a, . . ., b] the set of all consecutive integers from a to b, while [b] = [1, ..., b].

>We denote as A,, the n — 1 dimensional simplex.

3W.Lo.g., in this work we consider loop-free CMDPs. Formally, this means that X is partitioned into L
layers Xo, . .., X1 such that the first and the last layers are singletons, i.e., Xo = {zo} and X1 = {zr}, and
that P(«’|x,a) > 0 only if 2’ € X;+1 and x € X, for some k € [0,...,L — 1]. Notice that any episodic
CMDP with horizon L that is not loop-free can be cast into a loop-free one by suitably duplicating the state
space L times, i.e., a state x is mapped to a set of new states (z, k), where k € [0,. .., L].
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assumptions are made. {Gt}thl is a sequence of constraint matrices describing the m constraint
costs at each episode ¢ € [T, namely G € [—1,1]IX*AIX™ where non-strictly positive cost values
stand for satisfaction of the constraints. For i € [m], we refer to the cost of the i-th constraint for
a specific state-action pair ¢ € X,a € A at episode ¢ € [T] as g, ;(z,a). Constraint costs may
be stochastic (we will refer to this case as stochastic setting), in that case G, is a random variable
distributed according to a probability distribution G for every ¢ € [T'], or chosen by an adversary
(we will refer to this case as adversarial setting).

The learner chooses a policy
m X — A at each
episode, defining a probabil-
ity distribution over actions at

Protocol 1 Learner-Environment Interaction
I: fort=1,...,Tdo
2: r¢ is chosen adversarially

each state. For ease of nota- 3 G is chosen either stochqstically or adversarially
tion, we denote by 7(-|z) the 4: The learnc?r .chlolos§s a policy
probability distribution at = € 5: The state is initialized to x
X, with 7(a|z) denoting the & fork=0,...,L—1do
probability of action a € A. 7 The learner plays ax ~ me(-|zx) .
8: The learner observes 7.(zk, ak), g.i(Tk, ar) Vi € [m]
Protocol 1 provides the com-  9: The environment evolves to x;+1 ~ P(:|xg, ax)
plete interaction between the 10: The learner observes 11
learner and the environment. 11: end for
12: end for

Given a transition function P
and a policy 7, the occupancy
measure ¢ € [0,1]1X*4%X] induced by P and 7 (Rosenberg & Mansour, 2019a) is such that, for
every x € Xy, a € A,and 2’ € X1 withk € [0,..., L — 1], it holds:

¢"(x, a,2") = Plog = x,ax = a, 241 = ' | Py}
Moreover, we let ¢ (z,a) = X ey, , a7 (x,a,2) and ¢"7(z) = 3 ,c a7 (z,a). An

occupancy measures ¢ € [0, 1]X*A*XI is yalid if and only if the following three conditions hold:
(i) erxk Y oaca Zz’exkﬂ q(z,a,2"y=1 Vke€0,...,L —1]
(iD) Y pca Zz,eka (a0, 7") =3 ex,  Poaca @ a,x) VEE[L ..., L —1],Vo € X}
(iii) P1 =P,
where P is the transition function of the MDP and P9 is the one induced by g (see below).

Notice that any valid occupancy measure ¢ induces a transition function P? and a policy 79, which
are defined as P?(2'|z,a) = q(z,a,2")/q(z,a), 79 (a]z) = ¢(x,a)/q(x).

Remark 2.1 (On the stochastic rewards setting). As pointed out in Protocol 1, we focus exclusively
on the adversarial reward setting, unlike for the constraints, where both stochastic and adversarial
scenarios are analyzed. This is because the stochastic reward setting follows directly from the
adversarial reward one by a straightforward application of the Azuma—Hoeffding inequality.

2.2 BASELINE FOR THE STOCHASTIC SETTING
We define the safe optimum for the stochastic constraints setting as follows:

1T T
maxgeA(M) th:ﬂ"tq

1
s.t. GTq <0, M

OPTg := {

where ¢ € [0, 1]X*4l is the occupancy measure vector, A (M) is the set of valid occupancy mea-

sures, and G is the expected value of G. Thus, we introduce the notion of cumulative regret as:
T
Ry :=T-OPTg— Y r/q"™,
t=1

We refer to an optimal safe occupancy measure (i.e., a feasible one achieving value OPT) as ¢*.
Thus, the regret reduces to Ry = 3, 7 ¢* — S, r) ¢P™.
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2.3 BASELINE FOR THE ADVERSARIAL SETTING

In the adversarial case, we define the cumulative a-regret as follows:

T
a-Rp = oT - OPT = Y "r/¢"™,
t=1
where the unconstrained optimal value is defined as OPT = maxgea () % Zz;l rlq. In or-

der to quantify «, we introduce a problem-specific parameter p € [0, 1], which is defined as
P = MaXge A(M) min(x_’a)eg(q) mintem minie[m] —gm(fﬂ, CL)7 where Q(q) = {(.’L‘, a) eXxA:
q(z,a) > 0}. Thus, we define « := r/1+p. We denote the occupancy measure leading to the
value of p as ¢°. Intuitively, p represents the “margin” by which the “most feasible” strictly feasible
occupancy satisfies the constraints, in the “worst” state-action pair. Our definition of p is slightly
stronger than the one employed in (Stradi et al., 2025c), where the problem-specific parameter is
not computed with respect to the “worst” state-action pair. Nonetheless, we underline that the base-
line employed for the adversarial setting is the unconstrained optimum, while Stradi et al. (2025¢c)
provide no-« regret guarantees with respect to the constrained optimum, only.

2.4 CONSTRAINT VIOLATION

In order to deal with the problem of satisfying the constraints, we define the cumulative constraint
violation up to episode 7T'. We underline that this metric is equivalent for both the stochastic and the
adversarial setting. Specifically, the cumulative constraint violation is defined as:

Vr := max TP
T ZE[rn]tXZ:g75 i

Additionally, for the stochastic setting, we study the expected positive cumulative constraint viola-
tion, which is defined as:

Vr —max E T Pm

where []* := max{-,0} and g, is the i-th component of G. Intuitively, the positive violation metric
prevents compensation across episodes; in other words, it is not possible to play largely safe policies
in order to recover from the large violation attained in early episodes. For the sake of notation, we
will refer to ¢©>™ by using ¢;, thus omitting the dependence on P and ;.

In this work, we propose an algorithm capable of attaining sublinear regret and (positive) violation
guarantees in the stochastic setting—namely, Ry = o(T), Vp = o(T), V1 = o(T)—, while getting
sublinear a-regret and violation in the adversarial case—namely, a-Rr = o(T'), Vr = o(T)).

3 ALGORITHM

In this section, we describe the key components of Weighted Constrained Optimistic Policy Search
(WC-0OPS, for short), which is the main algorithmic contribution of this paper. In Algorithm 1, we
provide the pseudocode of WC-OPS.

3.1 INITIALIZATION AND LOSS ESTIMATION

Algorithm 1 receives as input the time horizon 7', the set of states X, the set of actions A, the
learning rate 7), the implicit exploration factor -, and the confidence § € (0,1). The occupancy
measure ¢y is initialized uniformly over all tuples (2, a, zr4+1) € Xi X A X X4 for each layer
k € [0,...,L — 1]. The transition function confidence set P; is initialized as the set of all the
possible transition functions. The counters Ny(z, a) and M;(z'|z, a), which are respectively defined
as Niy(x,a) = Zt;:ll I {z,a} for all (z,a) € X x A, My(2'|z,a) = """ I,{z,a,2'} for all
(z,a,2") € X x A X Xgy1,k € [0,..., L — 1], are initialized to O (see Line 1). We denote by
Ii{z,a} and I,{x, a, 2’} the indicator functions for the state-action(-state) visit at episode 7.
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Algorithm 1 Weighted Constrained Optimistic Policy Search (WC-OPS)

Require: 7, X, A, 1,7, 9
1: Initialize occupancy q; <

m, the estimated transitions space P; as the set of all the

possible transition functions, and counters Ny (x,a) = M;(z'|x,a) = 0forallk € [0, ..., L—1]
and (x,a,x’) € X x Ax Xk‘+1

2: fort € [T] do

3: Play policy 7, + 7%

4: Observe feedback as in Protocol 1

5: Set l(z,a) + 1 —ri(z,a)ly {z,a} forallz € X,a € A

6: Compute /4 (z, a) = %Et {z,a}

7: Update counters and con{pute weights as shown in Equation (2)

8: Compute gy,i(x,a) =3 c7, ., Waai(T)gri(z,a) forallz € X, a € Ai € [m]
9: [A,Tpdate confidence set P; and bonus b, as prescribed in Equations (3)—(4)

10: Ay(Py) «+ {q € A(P) : (Ge,i — %)Tq <0 Vie[m]}

11: Update §p41 ¢ argmin 5, p,) 4 a+ 5 B(4l[g:)
12: end for

At the beginning of each episode ¢, the algorithm executes the policy 7, induced by the occupancy
measure §; computed at the previous episode (Line 3). After selecting the policy, the learner inter-
acts with the environment and receives the feedback (Line 4). The loss vector /; is bAuilt from the
observed reward vector r; (Line 5). Then, the algorithm builds a biased loss estimator ¢; for episode
t, following the optimistic approach originally proposed in (Neu, 2015; Jin et al., 2020). Specifi-
cally, given the transition function confidence set P,—refer to Equation (3) for additional details—,
which contains the true transition function with high probability, the algorithm builds an optimistic
estimator of ¢;. This is done by employing an upper bound on the occupancy wu;, in place of the
unknown true occupancy q;, defined as w;(z, a) = maxp,ep, ¢70™ (z,a) for all (z,a) € X x A.
This upper bound represents the maximum probability of visiting (x, a) under any transition func-

Ly (z,a) I, {iL’, a}, where Y is

tion within the set P;. Thus, the estimator is computed as Zg(x, a) = TR ERy

the implicit exploration factor given as input (Line 6).

3.2 WEIGHTS ESTIMATION

At each episode, the counters are updated given the trajectory observed as feedback, namely,
Ny¢(z,a) and M;(2'|x, a) are updated by incrementing by 1 the entries of the tuples visited dur-
ing the current episode. Then, the algorithm sets the weights that will be used to build the constraint
estimates (Line 7). Specifically, given a pair (z,a) € X x A, € [m], and ¢t € [T — 1], the weights
Wy 4 q,i are defined as follows:

Wewai(7) = Bri(z,a) [ (1=Bnilx,0) V7€ Tii1aa, )
h€Ti—1,0,a:h>T
where Ty 5 4 is the set of episodes where the pair (x, a) has been visited up to episode ¢, that is:
Tiwa ={r<t:L{z,a}=1}.

Moreover, the constraints learning rates f3; ; are defined as:

1
(x,a) = —— (1+T4;),
Bt,l( ) ) Nt(ﬂf, CL) ( + t,l)
where I'; ; is an adaptive term that depends on the constraint vectors observed and is defined as:

Tyi= Z ng(x, a)l {z,a} - C

C
b
TE[t—1] z,a 0

C = 21L|X|\/2t|A|lnw and [-]® := min(max(-,a),b). Finally, the weights are em-
ployed to build the estimates g; ; for each constraint ¢ € [m] and each (x, a) as the weighted mean
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of the values observed during the rounds in 7; ; o, (Line 8). Intuitively, the I'; parameter allows the
learning rates to meet the requirements of both the stochastic and the adversarial setting, as we point
out in the following. In order to better understand it, we first introduce the following result.

Proposition 3.1. If 3, ;(z,a) = mﬁ)r every T € Ty_1 4.q such that x; = x,a, = a, then the
following holds:
1

’wt,z,a,i(T) = ma

and we recover the empirical mean estimator:

=R 1
G a) = —— 3 griwa).

Nt(m’ a) TE€ETt—1,z,a

Proposition 3.1 simply states that, when I'; ; = 0, the weighted approach is equivalent to the em-
pirical mean estimator. Indeed, as we will show in Section 4, this is exactly the case when the
constraints are stochastic and the empirical mean estimator is sufficient to estimate the constraints.
Differently, in the adversarial case, the learning rate is proportional to the violation attained by the
algorithm, thus allowing g; ; to move accordingly to the attained performance.

3.3 DECISION SPACE DEFINITION AND OPTIMIZATION UPDATE

Given the constraints estimates, Algorithm 1 has to properly build the decision space at each episode.
Indeed, the algorithm has to ensure that such a decision space includes the true transition function
and the true constraint functions, with high probability. In order to do that, Algorithm 1 updates its
model (Line 9) accordingly.

For the transitions, we follow the approach of Rosenberg & Mansour (2019b). Specifically, the
transition function confidence set P, is updated as follows:

P, = {P:|P()w,0) - P(a'lw,0)| < @'l 0)} 3

where the confidence width €;(2'|z, a) is defined as:

2| Xg(z)+1|In w
(@, a) \/ max 1, Ny(x,a) (z,0) € X x 4,

and the empiric transition P; is defined as:

M(2' |z, a)
max{1, N¢(z,a)}

Py(2'|z,a) = V(z,a,2") € Xp x A X Xpy1,k€0,...,L—1].

Given P, it is possible to build A(P;) as the set of all possible occupancy measures.
For the constraints, we build optimistic bonuses b;(x, ) that are computed as:
21n 2MIX(SHI‘llT

bilw,a) = Ny(x,a)

V(z,a) € X x A. 4)
At each episode, the algorithm estimates the per-episode decision space A;(P;) taking the in-
tersection between A(P;) and the space of optimistically safe occupancy measures such that
(Ge,i — bt)Tq < 0 for all i € [m] (Line 10). We underline that the bonus quantity b; is neces-
sary for the stochastic setting only, that is, when the empirical mean estimation is employed for the
constraints. In the adversarial setting, the constraints estimator g, ; is sufficient to attain the desired
theoretical guarantees.

Finally, the algorithm employs an online mirror descent (OMD) (Orabona, 2019) update step on the
estimated feasible set A;(P;) (Line 11) employing the unnormalized Kullback-Leibler divergence
as the Bregman divergence. Formally:

Bld) = Y atoa.s)in 20T T (g(a,0,0') - a0,

’ ’
x,a,x T,a,T
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Remark 3.2 (Algorithmic comparison with (Stradi et al., 2025c)). Algorithm 1 employs a com-
pletely different approach with respect to the state-of-the-art best-of-both-worlds algorithm for
CMDPs presented in (Stradi et al., 2025¢c). Specifically, Stradi et al. (2025¢) propose a primal-
dual method, where a primal no-regret algorithm optimizes the Lagrange function of the CMDP,
while a dual no-regret algorithm selects the most violated constraint. Our approach is substantially
different since we do not make any use of the Lagrangian formulation of the CMDP. Differently, we
resort to a “moving” decision space approach, where we employ a no-regret optimization update
over a decision space that adaptively follows the constraints estimation. As we show in Section 4,
this technique allows us to be particularly effective when the constraints are stochastic. In this case,
we have no need of any Slater’s like condition, as the constraints are estimated using a UCB-like
approach. Crucially, the "moving” decision space still allows us to recover sublinear violation and
sublinear a-regret in the adversarial setting.

4 THEORETICAL RESULTS

In this section, we prove the theoretical guarantees attained by Algorithm 1. Specifically, we first
discuss the stochastic setting. Then, we show the performance of our algorithm when the constraints
are adversarial.

4.1 STOCHASTIC SETTING

In this section, we focus on the stochastic setting, that is, the constraints are sampled from fixed
distributions. The first fundamental result is to show that the bonus terms b;(z, a) encompass the
distance between the constraints estimator and the true constraint function. This is done by means
of the following lemma.

Lemma4.1. Let ¢ € (0,1). In the stochastic setting, with probability at least 1 — 1196, it holds that:

[Gt,i(z,a) — Gi(z,a)| < b(z,a) V(zr,a) € X x A,i€[m],te[T].

Intuitively, the result is proved as follows. We proceed by induction. In the first episodes,
I';; = 0 for all i € [m]. Thus, by Proposition 3.1, the constraint estimator is computed as
Gii = m Zfeﬂ,l,m g-.i(x,a), that is, the sample mean of the observed constraints values.
Employing an Hoeffding bound, it is easy to see that Lemma 4.1 holds for those specific episodes.
The induction step consists in showing that, assuming > ., 41>, , 97.i(@,a)l{z,a} < C at
episode ¢ — 1, the same holds for the violation observed at ¢, too. This is done by showing that
the empirical mean estimator and the bonus term are sufficient to keep the violation small when
the constraints are stochastic. Again, since we proved that 3 . >, , 9r.i(2, a)l-{z,a} < C, we
have I'; ; = 0, which concludes the proof after a simple application of the Hoeffding inequality.

Given Lemma 4.1, the following corollary immediately holds.
Corollary 4.2. In the stochastic setting, let § € (0,1) and A* = {q € A(M): g;'q <0 Vi € [m]}.
Then, with probability at least 1 — 116, it holds:

A* CA(P,) VtelT)

Corollary 4.2 simply states that the true safe decision space is included in the per-episode decision
space. This is intuitive, since, by Lemma 4.1, subtracting the bonus term to the constraints estimator
allows, with high probability, to be optimistic in the constraints definition. A similar reasoning holds
for the transitions. We are now ready to show the main result of the section, that is, the final regret
and violation bound. This is done in the following theorem.

Theorem 4.3. Let 6 € (0, 1). In the stochastic setting, Algorithm I, withn = v = 4/ W,
guarantees that with probability at least 1 — 306

T|X2|A
Ry < 14L|X|2\/2TA| In (")

0

and

2
R e B



Under review as a conference paper at ICLR 2026

Theorem 4.3 follows from the following reasoning. As concerns the regret bound, by Corollary 4.2,
it holds that the safe optimum is included in the per-episode decision space, with high probability.
Thus, following a standard no-regret argument of OMD with implicit exploration shows that Algo-
rithm 1 attains sublinear regret with respect to any occupancy which is included in the algorithm
decision space at each episode. Differently, to prove the violation, we proceed by contradiction, that
is, we show that the weights definition does not allow the violation to exceed the threshold defined
by the bound of Theorem 4.3. We remark that the proof for the violation is equivalent to the one for
the adversarial setting, since the definition of V; is equivalent between the two settings. Indeed, in
this case, we do not have to exploit Corollary 4.2, since even when I', ; = C, the violations are not
allowed to exceed the aforementioned value.

We conclude the section by providing the positive violation bound attained by Algorithm 1.

Theorem 4.4. Let § € (0, 1). In the stochastic setting, Algorithm 1 guarantees with probability at
least 1 — 166:

omT|X||A]

Vv, < 18L|X\/2t|A|1n .

vt € [T).

Intuitively, Theorem 4.4 is proved by showing that the positive violation attained by Algorithm 1 is
proportional to the bonus b; term employed in the decision space definition. Showing that the term
concentrate ata 1/ VT rate concludes the proof. We finally remark that the results provided in this
section strongly improve the ones provided in (Stradi et al., 2025c) for the stochastic setting, as we
highlight in the following. First, Algorithm 1 does not rely on any Slater’s like condition to attain
the optimal O(\/T ) regret and violation bounds. Second, Algorithm 1 attains the optimal rate for
the positive constraints violation metric.

4.2 ADVERSARIAL SETTING

In this section, we focus on the adversarial setting, that is, the constraints are allowed to change
arbitrarily over episodes. In such a setting, Mannor et al. (2009) showed the impossibility to attain
sublinear regret and violation, simultaneously. Thus, as is standard in the constrained online learning
literature (Castiglioni et al., 2022a; Stradi et al., 2025¢), we focus on attaining sublinear violation
and sublinear a-regret. Similarly to the stochastic setting, we show that the per-episode decision
space is well defined. This is done by means of the following theorem.

Theorem 4.5. In the adversarial setting, let 5 € (0,1) and A° be the interpolation of any point
q € A(M) and ¢° and let p' = L - p. Formally,

L o o
{q }+L+p,

<o .

— L+p/

A(M).

Then, with probability at least 1 — 6, it holds that A° C ﬁt(Pt)for allt € [T).

Intuitively, Theorem 4.5 shows that any a-optimum is included in the per-episode decision space,
with high probability. The result is proved employing the definition of the weights and the one of the

problem specific parameter p. We remark that the quantity ?pp is equivalent to #p,, by definition.

We conclude providing the final result of the paper.

Theorem 4.6. Let § € (0, 1). In the adversarial setting, Algorithm 1, withn = v = 4/ %,
guarantees that with probability at least 1 — 196

T|X2|A
a-Ry < 14L|X|2\/2TA| In (I;II)

and

2
V< otz g (20

Jorallt € [T), where oo = 4.
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Figure 1: Experimental evaluation of Algorithm 1 (WC-OPS).

Theorem 4.6 is proved employing a similar approach to the one of Theorem 4.3. Specifically, the
a-regret follows from noticing that, by Theorem 4.5, the a-optimum is contained in the per-episode
decision space. Thus, employing the OMD with implicit exploration theoretical guarantees gives
the result. For the violation, the analysis is equivalent to the one of Theorem 4.3. Comparing the
theoretical guarantees of Algorithm 1 and the ones provided in (Stradi et al., 2025¢), the following
remarks are in order. First, the violation bound provided by Algorithm 1 neither relies on the Slater’s
condition nor has any dependence on the Slater’s parameter. Second, our a-regret is computed with
respect to the unconstrained optimum, rather than the constrained one. Moreover, our bound does
not rely on the Slater’s parameter of the problem, whereas only the definition of a-regret does.

5 EXPERIMENTAL EVALUATION

In this section, we evaluate the performance of Algorithm 1 in a synthetic environment. Due to
space constraints, we focus on the stochastic setting, that is, both the rewards and the constraints
are sampled from fixed distributions, while we refer to Appendix D for the complete experimen-
tal evaluation. This choice is primarily motivated by the fact that the stochastic setting is in-
deed the hardest for algorithms capable of handling stochastic and adversarial constraints simul-
taneously. Indeed, stochastic environments allow us to employ strong algorithmic benchmarks,
that is, algorithms tailored for stochastic settings only, to compare our algorithm with. Specifi-
cally, we consider the following algorithms. (i) OptCMDP (Algorithm 1 of (Efroni et al., 2020)).
This algorithm solves an optimistic linear programming formulation of the CMDP, at each episode.

OptCMDP attains (’)(\/T) regret and positive violation, without Slater’s condition, being arguably
state-of-the-art in terms of performance for the stochastic setting. (i4) OptPrimalDual-CMDP
(Algorithm 4 of (Efroni et al., 2020)). This algorithm employs a primal-dual approach, perform-
ing incremental updates for both the primal (that is, the policy) and dual Lagrange variables.

OptPrimalDual-CMDP attains O(%\/T) regret and
violation, assuming Slater’s condition. In Figure 1,
we provide the results of our synthetic evaluation.
Specifically, in Figure la, we provide the regret at-
tained by Algorithm 1 and the aforementioned bench-
marks. As expected, the performance of WC-OPS
is comparable with the one of OptCMDP. Differently,
OptPrimalDual-CMDP, which relies on the Slater’s
parameter of the problem, attains worse regret guarantees.
Similarly, in Figure 1b, we provide the results in terms of
constraints violation. In such a case, Algorithm 1 attains
significantly better performance than both Opt CMDP and
OptPrimalDual-CMDP.

Figure 2: Trajectory of policy m;

In Figure 2, we show the trajectory of the policy 7; over a three-dimensional simplex in the case of
a CMDP with a single state and three actions. The figure illustrates how Algorithm 1 asymptotically
converges to the safe decision space, highlighted in red, while playing as much as possible the
optimal action, which is shaded in blue.
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A ADDITIONAL RELATED WORKS

In this section, we provide a brief overview of the main research directions that are relevant to our
work. We start by describing works dealing with the more general setting of MDPs and we proceed
introducing constraints, first in the single-state case and then in the CMDP case.

A.1 ONLINE LEARNING IN MDPs

MDPs have been widely employed as a framework to model decision-making problems, in partic-
ular in online settings. In such a context, different assumptions have been made about the type of
feedback received by the learner and how the feedback is generated. Many works, such as Auer
et al. (2008); Zimin & Neu (2013); Azar et al. (2017), consider bandit feedback, i.e. the algorithm
only observes the loss/reward for the specific state-action pair visited. In contrast, works such as
Even-Dar et al. (2009) and Rosenberg & Mansour (2019b) consider a full-information feedback,
i.e. the algorithm receives the complete loss/reward information. Most of the first works on MDPs
are set in a stochastic environment, i.e. the loss is assumed to be generated according to a certain
(unknown) distribution (see Auer et al. (2008); Azar et al. (2017)). Other works, such as Even-Dar
et al. (2009); Neu et al. (2010); Rosenberg & Mansour (2019a;b); Jin et al. (2020; 2024), consider
feedback adversarially generated.

A.2 ONLINE LEARNING WITH CONSTRAINTS

Various studies have been made about the single state bandit with constraints problem (Liakopoulos
et al., 2019; Pacchiano et al., 2021). In such a case, best-of-both-worlds primal-dual algorithms,
covering both stochastic and adversarial settings, were designed in Castiglioni et al. (2022a), Cas-
tiglioni et al. (2022b). Primal-dual methods have long been the only effective approach to tackle
online learning problems in bandits with constraints, although they require strong assumptions. The
first best-of-both-worlds solution for constrained bandits that does not rely on a primal-dual ap-
proach was proposed by Bernasconi et al. (2024).

A.3 ONLINE LEARNING IN CMDPs

Online Learning in CMDPs has gained increasing attention recently, given its relevance in real-world
applications, such as autonomous vehicles (Isele et al., 2018; Wen et al., 2020), bidding (Gummadi
etal., 2012; Wu et al., 2018; He et al., 2021) and recommendation systems (Singh et al., 2020). The
existing works about CMDPs cover both the case where the loss/reward is stochastic and the case
where it is adversarially chosen. Specifically, Efroni et al. (2020) deals with finite-horizon CMDPs,
with stochastic losses and constraints, unknown transition function and bandit feedback. The authors
analyze two approaches, both providing sublinear regret and cumulative constraint violation. Stradi
et al. (2025b) propose the first primal-dual algorithm capable of attaining sublinear positive viola-
tion in the stochastic setting, improving the results previously established in (Ghosh et al., 2024;
Miiller et al., 2024). Zheng & Ratliff (2020) studies episodic CMDPs with stochastic losses and
constraints, known transition function and bandit feedback. This algorithm achieves O(T%) regret
and guarantees that the cumulative constraint violation remains below a certain threshold with a
given probability. (Qiu et al., 2020) achieves sublinear regret and violation in episodic CMDPs with
adversarial losses, stochastic constraints, unknown transition function and full-information feed-
back. Stradi et al. (2025a) proposes the first algorithm to handle CMDPs with adversarial losses and
bandit feedback. The constraint functions considered in most of the works are stochastic. As for
adversarial settings, Mannor et al. (2009) prove (for the easier single state setting) the impossibil-
ity of attaining both sublinear regret and constraint violation with respect to a policy that satisfies
the constraints on average. The first best-of-both-worlds algorithm for online learning in episodic
CMDPs was proposed by Stradi et al. (2024a), which employs a primal-dual approach providing
O(VT) cumulative regret and constraint violation under a Slater-like satisfiability condition and

9} (T %) regret and constraint violation without such a condition. This algorithm only works under
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full-information feedback. Stradi et al. (2025¢c) overcomes this limitation by proving similar guaran-
tees in a setting with bandit feedback, employing a primal-dual policy optimization method. Finally,
Wei et al. (2023), Ding & Lavaei (2023) and Stradi et al. (2024b) consider the case in which rewards
and constraints are non-stationary, assuming that their variation is bounded. Thus, their results are
not applicable to general adversarial settings.

B OMITTED PROOFS AND LEMMAS OF SECTION 4

In this section, we provide the omitted proofs and the additional lemmas for the theoretical analysis
of Algorithm 1.

B.1 RESULTS ON THE OPTIMIZATION UPDATE

In this section, we provide the results associated to the optimization update performed by Algo-
rithm 1. We start with the following lemma.

Lemma B.1. Forany 6 € (0,1) and for any q € ﬂte[T] ﬁt(Pt), Algorithm 1 attains:

I In(| X|?|A nLln &
TG —q) < LX) | a7 4 R

M=

t=1

with probability at least 1 — 0.

Proof. Define g;41 such that:

Gr+1(z,a,2") = Gi(z, aw')e‘"a(%a).

Since it holds:

Qi1 = argmin B(q||gs41),
qEA(Py)

and
0t} (@ — a) = Blal@) — B(alldee) + B@lldi),
by the condition ¢ € (), e[ ﬁt(Pt) and the generalized Pythagorean theorem, it holds:

B(qlla) < B(ql|@t+1)-

Therefore, we have:

T T
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To bound the term B(g:||¢:+1), we proceed as follows:
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where Equation (5) is due to the fact that 1 — e™* < z for all z > 0, Inequality (6) holds with
probability at least 1 — 6 by Lemma 11 from (Jin et al., 2020) with o (z,a) = 2.

Choosing q; (z,a,z') = m we have B(q||q1) < LIn(|X|?|A|) and therefore:
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Rearranging, we obtain the following final result:
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This concludes the proof. O

We conclude by showing the following performance bound.
Theorem B.2. For any 6 € (0,1) and for any q € mte[T] +(Py), Algorithm 1, withn = v =
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2
4 SLXP? \/ﬂq| Alln (TX| |A>+L n(|X]||A1/9)

4 Y

In(|X]?]A]) nLn

+ L# +n|X||A|T +

2T | X||A|
0

LIX||A LIX
< \/|X|A|TL1n (';') +2L|X % [2T In (g')

2
+3L|X|2\/2T|A|ln <TX| 4 +3\/X||A|TL1 <L|X”A|>

2L
+2L|X| 2T1116+3L|X|\/2T|A1n (11)

2L 2T| X || A

+2L|X| 2Tln—5 +3L|X|\/2T|Aln|5|
T|X|2|A

§(4+2+3+2+3)LX|2\/2T|A|1H (|5|)

2
= 14L|X|2\/2TA| In <T|X;|A|),

where Inequality (8) holds by Lemma C.5 with probability 1 — 74, Inequality (9) holds by Lemma
14 of (Jin et al., 2020) with probability 1 — 5§, Inequality (10) holds by Lemma B.1 with probability
1 — § and Inequality (11) holds by Lemma B.3 of (Rosenberg & Mansour, 2019b) with probability
1 — 24. By Union Bound, the final result holds with probability 1 — 15J. Since by definition
li(zya) =1 —re(x,a)l; {z,a} forallz € X,a € A, it holds:

T T

TIX2|A
Yo=Y rla-a) < 14LX|2\/2T|A|111 <|5||>
t=1

t=1

which concludes the proof. O

B.2 RESULTS ON THE DECISION SPACE

In this section, we provide the results on the decision space definition of Algorithm 1.

17
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We start by showing that, in the stochastic setting, the confidence bound plays a central role in the
definition of the decision space.

Theorem B.3. In the stochastic setting, let & € (0,1) and by(x,a) such that with probability at
least 1 — 0, it holds |G ;(x,a) — Gi(z,a)|] < by(x,a), forall (z,a) € X x A,i € [m],t € [T].
Furthermore, let A* = {q € A(M) : g;'q < 0,Vi € [m]}. Then, with probability at least 1 — 24 it
holds:

A* CA(Py), Yt € [T).

Proof. Assume the condition of the theorem holds. Let ¢ € A* and consider the following inequal-
1ties:
9la=Gi—3) a+3 q
< (Gei—91) ' a
= Z (Gt,i(z,a) — Gi(z,a))q(z, a)
z€X,a€A

<b/q,

where the first inequality holds by definition of A* and the second inequality Afollows from the

definition of b;. Thus, (g¢; — bs) Tq < 0, which by definition proves that ¢ € A;(P;). The final
results follows from noticing that by Lemma 4.1 of (Rosenberg & Mansour, 2019b) P € P; with
probability at least 1 — §. A final union bound concludes the proof. O

We proceed by proving a similar result for the adversarial setting. The key insight here is that
confidence bounds are not necessary.

Theorem 4.5. In the adversarial setting, let 5 € (0,1) and A° be the interpolation of any point
q € A(M) and ¢° and let p' = L - p. Formally,

Cim ) A
" L+p L+p '

Then, with probability at least 1 — 6, it holds that A° C A, (Py) forall t € [T).

Proof. Foreacht € [T],i € [m], and (x,a) € X x A, it holds:

Gri(w,a)= Y wiea(r)grile,a),

and by the weights definition,

Thus notice that, for all ¢ € [T'] and constraint ¢ € [m], we have:
(z,aI)Ileaé)iqo) /g\t)i(x, a)QO (x7 a) = s
which implies:
9L4°<—L-p=—p.
Moreover notice that:
glia <L, Vg AM).

Thus, for any § € A° and ¢ € A(M), we obtain:

L o
AT ~ ~T ~T
940 = 7 - 9,49 + T Juid
L /
< 2 (—p)+ 2
L+p L+
<0

that is, § € ﬁt(P). As in the stochastic case, the final result follows from noticing that A(M) C
A(P;) since, with probability at least 1 — 6, P € P, by Lemma 4.1 of (Rosenberg & Mansour,
2019b). O
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B.3 RESULTS ON THE WEIGHTS

In this section, we provide some fundamental results on the weights employed by Algorithm 1.
Proposition 3.1. If 3, ;(z,a) = mfor every T € Ty_1 4.q such that x; = x,a, = a, then the

following holds:

()= 5
Wt,x,a0,i\T) = 77>
b Nt(x7a)

and we recover the empirical mean estimator:

. 1
Gri(r,0) = ——— > gri(z,0)

Nt(m’ a) T€Ti—1,2,a

Proof. Consider a pair (z,a) € X x A, anindex i € [m], and t € [T]. By applying Lemma 5.3 of
(Bernasconi et al., 2024), we obtain:

t—1

Wepai(T) = Bri(z,a) [ (1= Bnilz,a)

h=7+1

1 1
~ N:(z,q) 11 (1 - Nh(%@)) Y€ o0

h€Ti—1,2,a:h>T

1.
We now focus on the term [[,c7; | s (1 — W)

O (wpa)- IS0

heﬂfl,z,u:h>7 heﬂfl,z,u:h>7—

Ntll_([;c,a) j— 1
J=No(wa)41 Y
_ Ni(z,a)
- Ni_i(z,a)
Thus:
B 1 N-(z,a) 1
Wir,a,i(T) = N-(z,a) Ny_1(x,a)  Ny_q(x,a)
This concludes the proof. O

We proceed by relating the violation attained by Algorithm 1 to the weighted estimators.
Theorem B.4. Given an interval [t1,t2] C [T], i € [m] and § € (0,1), Algorithm 1 attains the

following bound with probability at least 1 — 30:

to
1 . ~ ~
Vity ta]i < Z Z Bra(z.a) (Gr+1,i(z,a) — gri(z,a)) + Z b, G

2€X,a€A TETy o ,aN[t1,t2] T=h
2T | XA
+ 7L|X|\/2(t2 —11)|4]In %
o to T
where Viy, 1,1 = D7y, 7 iGr-
Proof. 1t holds:
to
V[tlvtz]»i = Z inqf
T:tl
to ta to
<3S o+ Y 0a - il (12)
T=t1 T=t1 T=t1
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to to ta to ta
= Z gq——l—,iQT + Z b-—rrz]\‘r - Z @T,ﬁr + Z /gq——r,i(ZT - Z ./g\-—rr,z‘Q‘r

T=11 T=11 T=t1 T=11 T=11
to ta to

. ~ T T~ ~T ~

= (9ri—Gri) @+ D> b1G-+ > Gli(a-— @)
T=11 T=t1 T=11

~ 1
< Z Z (gr.i(x,a) — Gri(z, )l {x,a} + 2L/ 2(t2 —tl)lng
T=t1 z€X,acA

e
P

+ 3 0+ llar =l (13)
T=t1
1 &
< Z > (gra(@.a) = Grale, a)l{w,a} + 20y 22 ) In 5 + > ]G
T=t1 x€X,a€A —t

oL 9T | X[|A
+2LIX /2t — 1) In = + 3L|X|\/2(t2 —1)]A] 1n% (14)

(Gr+1i(x,0) = Gri(w,a))
> > R

2€X,a€ATETy x,aN[t1,t2]

ta
+ b1 +2L|X]y/2(t2 — t1) In

T=t1

+3LX\/ #)]A|In %+2L\/2(t27t1)ln% (15)

(gT+1,i( ) — /g\‘r,i(x? a’))
> X R

rzeX,acA TeT,Q z,aN[t1,t2]

2T X||A
ZbT +7L|X|\/ t1)|A]In %

2L
1)

IN

T= t1

where Equation (12) is due to the fact that ¢, € AT (P;), Inequality (13) holds by Lemma C.3, from
which we have, with probability 1 — §:

~ 1
Z(g‘rz Gr.i) QT < Z Z (97,i(@,a) = Gri(@, a))l-{z,a} + 2L4/2(t2 7t1)1n5.

T=t1 T=t1 z€X,a€A

Inequality (14) follows from Lemma B.3 of (Rosenberg & Mansour, 2019b), with probability at
least 1 — 20—mnotice that, all the results mentioned above can be trivially extended to hold in the
interval [t1, t2]—. Equation (15) holds by the definition of the update:

§T,i(‘x’ a) = (1 - ﬁ‘f',i(x7a))§7',i(xa Cl) + ﬁ‘r,i(x7a)g7',i('ra Cl), \V/(J,',CL) such that ]IT{J:’ Cl} =1

A final Union Bound concludes the proof. O

We proceed with the following corollary.

Corollary B.5. Given an interval [t1,t2] C [T], i € [m] and § > 0, assume that for any (z,a) €
X x At holds B ;(x,a) > B i(x,a) for each T < T € Ty, 4.a N [t1,t2]. Then, with probability
at least 1 — 30 it holds:

2 27| X||A
Vit < D +ZbT +7LIX|\/2(t2 — t1)|A]In 2ixjial
p /BZ [t1,t (z,a) 4
reX,a€A (@,a,[t1,t2]),i

T= t1

where {(x, a, [t1,t2]) are the last rounds in the interval [t1,t2] in which the pair (z, a) is visited.
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Proof. Assuming Theorem B.4 holds with probability 1 — 34, it is sufficient to show:

1 - =N 1
> > Bri(za) Griri(,0) = Gri(z,a)) < Y > B, (@, )

rzeX,acA T€ﬂ2,w,aﬂ[t1,t2] reX,acA TETtQ,w’aﬁ[tl,tz]

Fixing a (z,a) € X x A and defining h = |7y, 5. N [t1, t2]| as the number of times the pair (z, a)
is visited in the interval [t1,5],let 7(j) be the rounds in which the pair (z,a) is visited the j time
in [t1, t2]. Then we have:

1
Z ———— (Gr11.i(x,a) — Gri(x,a))
TE€Tty,z,aN[t1,t2] 5T,z(z,a)
- Z ﬂ gT(J-‘rl) (2, )7577'(]')71'(56,@))
- Z <ﬂ1(a:a) @\T(j-&-l),i(x»a)_gf(j)ﬂ;(x,a))>
jefho1) NOT@)
1 -~ ~
+ = (Gry16(2, @) = Gr(y i@, a
Br(ny.i(2, ) (9 (h)+1,i(T,a) = Gr )i ))
< Y (e - )
iy B e EaER
1
+ (@ i(z,a) = grmyi(z,a (16)
Brny,i(x,a) (Gr () 1,6(x, a) (h),i(z,a))
G0 14(2,0) L (e a) "
= -~ 9r \x,a) — —3g- J(z,a
BT(h),i(x»a)g (W, Bray.ile a)g ),
2
= Brnala.a) 18
= Brny,i(x,a) (18)

_ 2
Be(w,a,tr ta)),i (T @)

where Inequality (16) and Inequality (18) follow from the hypothesis that the learning rates are
decreasing in the interval and Equation (17) follows from evaluating the telescoping sum. O

B.4 CONCENTRATION RESULTS

In this section, we provide a fundamental result on the concentration of the confidence bounds
parameter employed by Algorithm 1. This is done in the following lemma.

Lemma B.6. Givenc > 0, a € (0,1), t € [T] and 6 € (0,1), let by(z,a) = N Jor all
(z,a) € X x A. Then, with probability 1 — 30 it holds:

t
> bl < 7|X| |A|* L=t °‘+7LX|\/2tA|1
T=1

2T | XAl
0

Proof. 1t holds:

Z Z xaﬂ{xa}—cz Z N I[{:ca}
r=lzeX,a

T=1z€X,acA
N¢(z,a)

¢ Y Y

rzeX,acA h=1

C _
S 1 —a Z Nt(xaa/)l *
rzeX,acA
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< S x[e|AleL e, (19)
1—«

where Inequality (19) holds by Jensen’s inequality. Moreover notice that:
t t t t
PRV UL IAra SIars
T7=1 T7=1 T=1 T7=1

t
< ||Q7' - Z]\THI + ZbIQT
T=1

2L 2TX A
< 2L|X]| 2Tln5+3LX|\/2TA|1 XA Zb (20)

2L
< 2L|X|\ /2T = + 3LX|\/2TA| In

+2L\/2Tlnf Z > b L{z,a} (1)

T=1lzeX,a€A

27X ][]
6

2L 2T[X[|A
< 2LIX|y /2T = +3LX|\/2TA|1n|||

1
4oLy /2T In ~ + — S| X|o|A[o Lot e (22)
6 11—«

2T|X||A| + c “X|o¢|A‘ole—o¢tl—a7

0 1—«
where Inequality (20) follows from Lemma B.3 of (Rosenberg & Mansour, 2019b), with probability
at least 1 — 24, Inequality (21) holds by Lemma C.3 with probability at least 1 — 4, Inequality (22)
follows from Inequality (19). A Union Bound concludes the proof. O

< 7L|X\/2T|A| In

B.5 VIOLATION BOUND

In this section, we provide the violation bound of Algorithm 1.

Theorem B.7. Let § € (0,1). Both in stochastic and adversarial setting, with probability at least
1 — 49, Algorithm 1 attains:

2
< oraix [ap (2RI,

forallt € [T

Proof. Givenani € [m], we assume that Corollary B.5 holds with probability 1—34 for any interval.

If V;; < 61Ly/|X||AltIn (£*) then the statement s trivially satisfied.

Otherwise, let us suppose that there exists a t € T for which Vz; > 61L,/|X||A|tIn (TTQ) This
implies that there exists a ¢ <  such that V;; > 44Ly/|X|[|AltIn (£*) for all ¢ € [t,] and
Vic1,s <44L/|X||AltIn (TQ) By Lemma C.3 it holds:

= Z 9;‘17 < Z ZgT,i(x,a)]IT{x,a} +2L4y/2tIn %

TE[t] TEt] z,a

with probability at least 1 — 8. Therefore, since V;; > 44L/|X||AltIn (L) for all ¢ € [t,7], it
holds:

2
S grilza)l{z,a} > 44L\/|X||Atln (1(;) — 2Ly /2t m%

reft] z.a
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2 2
> 441, || X||AltIn (7(;) — 2L, [|X||AltIn (i)
T2

= 42L\/|X||Atln (6)
Thus, we can write:

2
Y grile.a)l{z,a} — 21L|X]| \/2t|A In w

reft] z,a

2mT2| X||A]
5

2mT?|X||A
—21L|X\/2t|A|lnm(|S||

> 42LX|\/2tA|ln

omT2X||A
> 21LX|\/2tA|1nm§|”|.

and thus T ; = 21L|X|y/2¢[ 4] In 222204 for all ¢ ¢ [1, 7).

Therefore on ¢ € [t, ¢] the learning rate can be lower-bounded as:

@a+r) 1+ 21L\X|\/2t\A| In 202 1X14] o 9] A] In 2 L2IXI1Al
B Nt(l',(l) B Nt(x7a) - Nt(x7a) ,
exploiting the fact that N¢(z,a) <t for all ¢ € [T]. Therefore, by Corollary B.5 we can write:

2 SN 2T2[X][|A]
Viea,i < — > VNilw,a)+ Y b1G +TLIX] 2t A In =51
21L,/|X|[|AltIn (%) veXaea T=t

/Bt,i(x7 a)

o/ IXTAILL Lo 272 X||A
< X114 +> bTTqT+7L|X|\/2t|A|1n||| (23)
T2 1)

2./ I X||A|Lt 2
XA +WAXWMmGTWMQ

<
21L,/|X||Altln (Z2) J

+ 14L|X|\/2t|A| In (24)

2
< (32 14) 2o (2200041,

where Inequality (23) holds by Jensen’s Inequality and Inequality (24) holds by Lemma B.6, under
the same event of Corollary B.5. Thus, we have:

Vii < Vii+ Vieg

2721 X[ Al
5

1 27?1 X||A
< (30 2 10) i) a2

2
<o) faam (2214

This shows a contradiction, so there is no such ¢. Taking a Union Bound on all 4 € [m] concludes
the proof. O

B.6 TOWARDS THE REGRET BOUND IN THE STOCHASTIC SETTING

In this section we provide some preliminary results for the stochastic setting. Specifically, through-
out the section we show that the violations are kept small during the learning dynamic, thus making
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gt,; the empirical mean estimator of the constraints functions. This step is fundamental to show that
the decision space of Algorithm 1 is suited to guarantee sublinear regret.

Lemma B.8. Ler 0 € (0, 1). With probability at least 1 — 26 it holds:

2mT | X ||A
Vi < Zg”qT csixyf2rian 22X e g

Proof. 1t holds:
t
= Z A
t t t—1
= Z QquPJT + Z g;r,iqAr - Z g:,iq?
T=1 T=1 T=1

S Zg;r,z‘z]\‘r + ||Q‘r - Z1\7-”1
T=1

2T | X[ A|
)

L
<Zg”qf+2L\X| 2tln6+3LX|\/2tA|l (25)

T=1

_ 27| X||A]
< T+ (2 LX\/Q Alln ———
_ngq + (24 3)LIX[y /26 A ln =

2T X ||A
= Zgan +5LX|\/2tA|ln|6||,

where Inequality (25) follows from Lemma B.3 of (Rosenberg & Mansour, 2019b), with probability
at least 1 — 24. O

Lemma B.9. Ler 6 € (0,1). With probability at least 1 — 36 it holds:

Zgqu<Z Z Gi(z,a)l{x, a}+7LX|\/2tA|1 w, Vit € [T],i € [m].

=1 T=1z€X,a€A

Proof. 1t holds:
t
> ala = Zgz qf+ZgT P ZgT P
T=1

< Z@Jqp’”’ + llgr — @l

=1
L 2T X || A
<Zg? P74 9L|X]| 2tln+3L|X|\/2t|A|1 2T XAl 26)
=1 6 (5
1
< q; p—
23S gz<x,a>ﬂf{x,a}+u@
T=1lz€X,a€A
2L 2T X||A
+2L[X]| 2t1n5+3LX|\/2tA|ln|§|| 27)
t
IT|X||A
<> Y gi(fya)ﬂ-r{l‘,a}-i-(2+2+3)LX|\/2tA|1n|5||
T=1lzeX,acA
t
IT|X||A
=Y Y Gilwa)liz a}+7L|X\/2t|A|1 %
T=1lzeX,a€A
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where Inequality (26) follows from Lemma B.3 of (Rosenberg & Mansour, 2019b) with probability
at least 1 — 24, Inequality (27) follows from Lemma C.3, with probability at least 1 — 26. A Union
Bound concludes the proof. O

We conclude the section with the following lemma and the associated corollary, which allow us to
state that the employment of the bonus quantity b, is necessary and sufficient to attain sublinear
regret (and violation).

Lemma 4.1. Let 6 € (0,1). In the stochastic setting, with probability at least 1 — 116, it holds that:
[G1.i(z,a) — Gi(z,a)| <bi(z,a) V(r,a) € X x A,i € [m],t e [T].

Proof. To get the final result, it is sufficient to prove that for each ¢ € [T] and i € [m], it holds:

2mT|X||A
Z ng'(m, a)l{z,a} < 21L|X|\/2t|A In w

TE[t] T,a

Our proof works by induction on ¢. It is trivial to show the inequality holds for ¢ = 1. Indeed,

omT|X|A]
T

Zgl,i(x,a)]h{x,a} <L< 21L|X\/2|A| In

z,a

Assuming that the inequality holds for all 7 < ¢t — 1, we now show that it holds also for ¢. By
definition of I'; ;, the induction assumption implies that for 7 < t — 1, we have 3, ;(x,a) = N (11 )

forall (z,a) € X x A, i € [m]. Then by Proposition 3.1 we have that:

~ 1
gT7i($7a) =N () Z gﬁi(xaa)

N (@, a) TeT;

Hence, by Lemma C.1, it holds, with probability at least 1 — ¢:

2 In 2mXIIAIT

[9ri(2,a) — gi(z,a)| < “Nwa V(z,a) e X x A,7 <t—1.

Assuming that the event above holds, we consider the following inequalities:

Z Z gr.i(z,a)l{z,a}
r€lt] a

1
T 1
= ‘/1‘,—177: + gtﬂ'/q]‘, + 204/2t hl g

t—1
_ 1 omT|X||A
<D 97l + 0400 + 2042t In < + 5L|X|\/2t|A| In w (29)
T=1

1 e S 1 omT|X || A
<D (9ri = Gr) "G+ Y b G+ 0fiq0 + 2Ly /2t S + 5LIX |2t Al In —— == (30)
T7=1 =1

t—1
~ ~ 27| X||A
<3 0s =38 + 22X ALt DAL
T=1

+2L,/2t1n% +12L|X|\/2t|A1n27”T|;(|‘4| 31)

2T X]|A|
~— +

1 omT|X||A
+2Ly /2t + 12L|X|\/2t|A mw
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t
<Y @i —Gr0) G+ 2\/2|X|A|Lt In
1

|
—

27| X | Al
—— +

+12L|X|\/21t|A1112mT5X”A| +4L,/2t1n% (32)

-~ 2T | X || A
Z (gi(z,a) — gTai(‘r5a))HT{x;a} + 2\/2|X||A|Ltln|5||| 4
ze€X,ac€A

+12L|X|\/2t|Aln27nT§XHA| +4L\/2tln% (33)

2m| X [|A|T = 1 \/ 2T | X || A
< /2 2R T {xz,a}+2\/2|X||A]Ltln = 4

rzeX,acAT=1

1
+ 12L|X|\/2t|A In w +4Ly/2tIn

< 2\/2|X||At1nM5”M + 2\/2|X|ALt1n XAl

L

3
Il

-+
|
—

L

IN

3
Il
o

5

TIX[|A 1

+ 12L|X|\/2t|A lnw +4Ly/2tIn
<@A+14124 4)LX|\/2tA| In w,

where Inequality (28) holds by Lemma C.3 with probability 1 — §, Inequality (29) holds by

Lemma B.8 with probability at least 1 — 2§, Inequality (30) holds because ¢, € A (P.), In-
equality (31) holds by Lemma B.6 with probability at least 1 — 34, taking a = % and ¢ =

21n (M), Inequality (32) holds by Lemma C.4 with probability at least 1 — §, Inequal-
ity (33) holds by Lemma B.9 with probability at least 1 — 34.

Thus 3, (g g0 9ri(2, @)l {z, a} < 21L| X]| \/2t|A\ In 22TXUAL P, — 0 and G,i(x, a) is the
empirical mean of past observations. Therefore, by Lemma C.1 we have with probability at least
1-6:

2| X||AlmT
QIH( X141 )

N,(z,a) V(x,a) € X x A,i € [m],t € [T].

|9¢.i (2, a) — gi(w,a)| <
A final Union Bound concludes the proof. O

Thus, the following corollary holds.

Corollary 4.2. In the stochastic setting, let § € (0,1) and A* = {q € A(M): g;'q <0 Vi € [m]}.
Then, with probability at least 1 — 116, it holds:

A* CA(P,) VtelT)

B.7 FINAL RESULTS

We provide the theoretical guarantees of Algorithm 1 in the stochastic setting.

Theorem 4.3. Let & € (0, 1). In the stochastic setting, Algorithm 1, withn = v = 4/ W,
guarantees that with probability at least 1 — 300:

2
Ry < 14L|X|2\/2T|A| In (TXyA)
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and

2
v < oraix) a2,

Proof. By Corollary 4.2 with probability at least 1 —114, itholds A* C N[ A, (P;). By Theorem
B.2, we have that for any q € ﬂte[T] ﬁt(ﬂ), with probability at least 1 — 154, it holds:

T|X|2|A
dorla—a) < 14LX|2\/2T|A| In (Iéll)

te[T)]

Let ¢* = argmax ca- Zle 7] q. Then, by Union Bound we have that with probability at least
1 — 264 it holds:

T|X|?|A
dorl@—a) < 14L|X|2\/2T|A| n (I;II)

te[T]

Similarly, with probability at least 1 — 49 by Theorem B.7:

2mT?| X||A
V, < 61LX|\/2tA| In ("15”')
By a Union Bound on all the events, this holds with probability at least 1 — 300.
This concludes the proof. O

We conclude the section by providing the theoretical guarantees of Algorithm 1 in the adversarial
setting.

Theorem 4.6. Let 6 € (0, 1). In the adversarial setting, Algorithm I, withn = v = / w,
guarantees that with probability at least 1 — 194:

T|X|2|A
a-Ry < 14L|X|2\/2TA| In (I;II)
and
2mT?| X||A
v, < 61LX|\/2tA| In <m§”|)
forallt € [T), where oo = 4.

Proof. 1t is sufficient to combine Theorem B.2 and Theorem 4.5. Specifically, with probability at
least 1 — 150, for all § € A® C A(Py), we have:

i T|X[2|A
dorlG—a) < 14LX|2\/2T|A| n (Iéll)

te[T]

Let gt = arg MAX e A (1) Z;‘F:l r] q. We observe that:

q_:

Thus, it holds:
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This proves that with probability at least 1 — 154:

p 2 TIX]?4]|
- < .
<L+p,> Ry < 14L|X]| \/QTA|II1< 5

Similarly to the stochastic case, employing Theorem B.7, with probability at least 1 — 46, we have:

2
v gmuwmm (2T Xty

)

By Union Bound this holds with probability 1 — 194.

/

.. o
Noticing that Try = Iip

concludes the proof. O

B.8 POSITIVE VIOLATION BOUND

In this section, we provide the results on the positive violation bound attained by Algorithm 1.

Theorem 4.4. Let § € (0, 1). In the stochastic setting, Algorithm 1 guarantees with probability at
least 1 — 166:

Vi < 18L|X\/2t|A| In ., Vte[T)

2mT| X|| Al
]
Proof. Define for each i € [m] and t € [T] the following quantity:

t

Veii=) 67 a:] "

T=1
Givenani € [m]and at € [T] we have:

t

Vt,i = Z [gz—qu]+

T=1
t
= Z [(gl - :q\'r.,i + /g\‘r,i)TqT]+
=1
: +
= Z [(gz - gf.,i)TQT + gIzQ‘r]
T=1

t
_ ~ ~ ~T ~ ~T ~ 71+
=> @ = §r) " ar + 30- — G0 + 53]

T=1
t
_ ~ ~ ~T ~ ~ 1+
< @i = Gri) Tar + 9100 — GG + 013 (34)
=1
: +
< [(gl - @\T,i)TqT + bjfl\f} + HQT - ‘/Z\THI
T=1
t
2L 2T |X||A
<N @ —9-0) g +61 ] "+ 201Xy /2tIn =+ 3L|X|\/2t|A In % (35)
=1
t
2T X||A
<> [quT+quAT]++5L|X|\/2t|A|1n|6|||, (36)
=1

where Inequality (34) holds since ¢, € ﬁt (P:), Inequality (35) follows from Lemma B.3 of (Rosen-
berg & Mansour, 2019b) with probability at least 1 — 2§ and Inequality (36) holds by Lemma 4.1
with probability 1 — 119 jointly for each ¢ and ¢.
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2]n(2m\X5HA\T
Ni(z,a)
Bound we have, with probability at least 1 — 164:

v <angforind o (2T o 2200

omT|X||A|
5

Since b; = by Lemma B.6 with probability at least 1 — 39, employing a Union

<(2+4+ 12)L|X|\/2t|A| In

= 18LX|\/2tA|ln2mﬂ5X|A|,

forall ¢ € [m],t € [T]. This concludes the proof. O

C TECHNICAL LEMMAS

In this section we provide some auxiliary lemmas which are needed throughout the paper.

We start by the following application of the Hoeffding inequality on the constraints.

Lemma C.1. Let 6 € (0,1). With probability at least 1 — § it holds, for all (x,a) € X X A, i € [m],

telT):

21n 2m|X5IIAIT
Nt (LE, a)

; Z gT,i(J?, a) — gi(z,a)| <

Nt(x7 a) T€Tt-1,2,a

Proof. The proof is a simple application of Hoeffding’s inequality and a union bound. [
We proceed with a concentration result on the transition functions.

Lemma C.2 (Lemma J.6 of (Stradi et al., 2025¢)). Forany 6 € (0, 1), let {m;}L_, be policies, then
for any collection of transition P’ € ‘P, with probability at least 1 — 26, it holds:

T

@ L|IX T|X|?|A
> g = ¢" |y < 2LIX[*y /2T In <|5|) + 3L|X|2\/2T|A| In (;')
t=1

Thus, we provide concentration results for the constraints.

Lemma C.3. Forany d € (0,1), let f; : X x A — [—1, 1] be a sequence of functions that is t — 1
predictable, and let 7; be a randomized policy. Then, with probability at least 1 — 0, it holds:

Yo Y fwalfea - e SQL\/E’

te[T) z€X,a€A te[T)

where It{x,a} = 1 if and only if the pair (x, a) is visited in episode t.

Proof. By definition of the occupancy measure, it holds:

]E[ft(xaa)ﬂt{xva}‘Pa '/Tt} = Z Z qt(xva)ft(xaa) = ftTQt'

zeX acA

We defined the following sequence:

Xt = Z Z fr(z,a)l-{z,a} — f-;rqPﬂTT

T7=1 [2€X,a€A
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X is a Martingale difference sequence and | X; — X; 1| < 2L. Applying the Azuma inequality, we
obtain that with probability at least 1 — 9:

Z Z fi(x,a)l{zx,a} — Z fi gbm| < 2[4/2T1n%.

te[T| zeX,acA te[T)
This concludes the proof. O

Lemma C.d4. For any § € (0,1), for any sequence of occupancy measure G € ﬁt('Pt) and any

function fi(x,a) sampled from a distribution with mean f(x,a), i.e, E[fi(xz,a)] = f(x,a) and
P(|fi(x,a)| < 1) =1, it holds that with probability at least 1 — §:

1
S TTa - Y S| <2ryf2Thn
te[T) te[T]

Proof. The proof follows the one of Lemma C.3, after noticing that the quantity of interest is a
Martingale difference sequence. O

Thus, we provide an auxiliary result on the concentration of the optimistic loss estimator.

Lemma C.5. Forany § € (0, 1), Algorithm I attains, with probability at least 1 — 75:

T . 2
> (b= 0) "G < yIX|JAIT +2L|X | [2T In (L|5X|> + 3L|X|2\/2T|A In (T|X;|A|)
t=1

Proof. The result follows from the proof of Lemma 6 from (Jin et al., 2020) and employing
Lemma C.2. O

D ADDITIONAL EXPERIMENTS

In this section, we describe the experiments that show the theoretical guarantees of our algorithm
in practice. Our goal is to assess WC—OPS’s performance in both stochastic and adversarial setting
and to compare it with state-of-the-art algorithms from literature. Specifically, the algorithms we
consider are:

* OptCMDP (Algorithm 1 of (Efroni et al., 2020)). This algorithm solves an optimistic linear

programming formulation of the CMDP, for each episode. Opt CMDP attains O(v/T') regret
and positive violation, without Slater’s condition, being arguably state-of-the-art in terms
of performance for the stochastic setting.

* OptPrimalDual-CMDP (Algorithm 4 of (Efroni et al., 2020)). This algorithm employs
a primal-dual approach, performing incremental updates for both the primal (that is, the
policy) and dual Lagrange variables. OptPrimalDual-CMDP attains 6(%\/? ) regret

and violation, assuming Slater’s condition.

* Greedy, a greedy-like algorithm which employs the empirical average for every estimate.
It works similarly to Opt CMDP, without relying on confidence intervals.

All experiments are conducted in a finite-horizon CMDP with a layered structure. To achieve a
fair comparison, we have aligned all the algorithms to our environment; in particular, we make the
following assumptions:

e The CMDP has a layered structure and is loop-free. The length” of the episodes H of
(Efroni et al., 2020) corresponds in our setting to the number of layers L.

» Each layer has its own states and the first and last layer only contain one state, differently
from (Efroni et al., 2020) where set of states that can be visited by the algorithm is the same
at each episode’s step.
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* The episode always starts from layer 0, thus there is no need to keep the initial state distri-
bution x mentioned in (Efroni et al., 2020).

* Rewards are in [0, 1] and constraints are in [—1, 1] for each ¢ = 1, ..., m, differently from
(Efroni et al., 2020), where constraints are non-negative.

The parameter 9 is set to 0.01 for all experiments. In the stochastic setting, the values of reward and
constraints are sampled from a Bernoulli distribution (rescaled to [—1, 1] in the case of constraints).
In the adversarial setting, reward and constraints are generated by an OGD algorithm (Orabona,
2019) which receives as a gradient a vector containing for each state the negative product of the
policy played at that round and a fixed initial vector of rewards (or constraints).

To obtain statistically robust results, each experiment is repeated a certain number of times (n ~ 10).
The runs are executed in parallel using a process pool to reduce computational time. For each
algorithm, we report the average performance together with 95% confidence intervals.

The experiments were conducted in three different settings:

e With stochastic reward and stochastic constraints, we compared our algorithm with
OptCMDP and OptPrimalDual-CMDP.

* With adversarial reward and stochastic constraints, we compared our algorithm with
OptCMDP and Greedy.

* With adversarial reward and adversarial constraints, we compared our algorithm with
Greedy.

OptCMDP and OptPrimalDual-CMDP both attain O(\/T) regret and violation in the stochas-
tic setting. Greedy has no guarantees of sublinearity. In the stochastic case, we expect our
algorithm to perform similarly to Opt CMDP, which is taylored to this setting, and better than
OptPrimalDual—-CMDP. In the adversarial case we expect WC—OP S to outperform Greedy.

D.1 STOCHASTIC REWARD AND STOCHASTIC CONSTRAINTS
In this section, we provide the experiments in the fully stochastic environment.

Average Cumulative Regret (t < 500000) Average Constraint Violation (t = 500000)

WC-0PS _ 0000 WC-0PS
OptCMDP / OpiCMDP

100000 OpterimalDual CMDP / OptPrimalDual-CMDP
50000

80000 /

120000

40000

60000
30000

Cumulative Regret

40000 20000

Constraint Violation

20000 10000

o] # — 0

0 100000 200000 300000 400000 500000 o 100000 200000 300000 400000 500000
Time Step (£) Time Step (£)

(a) Regret Rt (b) Constraint violation Vi

Figure 3: Stochastic reward and stochastic constraints.

In Figures 3a - 3b, we provide the experiments presented in the main paper. In Figures 4a - 4b, we
provide a novel experiment. As in the previous one, WC—-OPS achieves a performance similar to
the one of Opt CMDP and better with respect to OptPrimalDual—-CMDP in terms of regret. The
violation performance is similar across the algorithms. Finally, in Figures 5a - 5b, we show the
results from a final experiment in the stochastic setting.

D.2 ADVERSARIAL REWARD AND STOCHASTIC CONSTRAINTS

In this section, we provide the experiments when the environment encompasses adversarial rewards
and stochastic constraints.
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Figure 4: Stochastic reward and stochastic constraints.
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Figure 5: Stochastic reward and stochastic constraints.
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Figure 6: Adversarial reward and stochastic constraints.
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In Figures 6a - 6b, we provide our first experiment for the setting. As expected, WC—-OP S outper-
forms in terms of regret Opt CMDP, while attaining similar constraints violation guarantees. Finally,
Figures 7a - 7b provide a similar experiment.

Average Cumulative Regret (£ = 500000) Average Constraint Violation (t = 500000)
— weors o] — weors
o] — omenor omenDP
~10000 \
5 15000 —
5‘, b -
: —
E 10000
2
s
5000
50000
0 ’
0 50000 100000 150000 200000 250000 300000 o 50000 100000 150000 200000 250000 300000
Time Step (t) Time Step (t)
(a) Regret Rt (b) Constraint violation Vi

Figure 7: Adversarial reward and stochastic constraints.

D.3 ADVERSARIAL REWARD AND ADVERSARIAL CONSTRAINTS

In this section, we provide the experiments when the environment is completely adversarial.

Average Cumulative alpha-Regret (t = 500000) Average Constraint Violation (t = 500000)
60000 :"ihfl’;’” as00] ‘\\r(“(‘l\lx
00 0
&
2 40000
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&
5 30000
2 20000
“ 12500
oo
15000
0
0 50000 100000 150000 200000 250000 o 50000 100000 150000 200000 250000
Time Step (t) Time Step (t)
(a) Regret a-Rr (b) Constraint violation Vi
Figure 8: Adversarial reward and adversarial constraints.
Average Cumulative alpha-Regret (t < 500000) Average Constraint Violation (t = 500000)
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P 2000
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Figure 9: Adversarial reward and adversarial constraints.

In Figures 8a - 8b, we provide the first experiment in the adversarial setting. As expected, WC-OPS
significantly outperforms Greedy in terms of a-Regret, while, in this case, attains a similar perfor-
mance in terms of violation. Finally, in Figures 9a - 9b, we provide a similar experiment.
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D.4 LEARNING DYNAMICS IN THE SIMPLEX

In this section, we provide some graphical representations of the dynamics of Algorithm 1. The
experiments are conducted in a single state environment with three actions. Specifically, in Fig-
ures 10 - 11 - 12, it is possible to verify that Algorithm 1 converges asymptotically to the true
decision space.

1.0

safe region
— Policy trajectory
@ sStart
® End

piemal ueaw

0.0

Figure 10: Learning dynamics of Algorithm 1

1.0
safe region
—— Policy trajectory
® Sstart
@ &nd

piemal ueaw

0.0

Figure 11: Learning dynamics of Algorithm 1
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Figure 12: Learning dynamics of Algorithm 1
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LLM USAGE

We used LLMs for polishing the writing, only.
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