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ABSTRACT

In this paper, we consider model-free federated reinforcement learning for tabular
episodic Markov decision processes. Under the coordination of a central server,
multiple agents collaboratively explore the environment and learn an optimal policy
without sharing their raw data. Despite recent advances in federated -learning
algorithms achieving near-linear regret speedup with low communication cost,
existing algorithms only attain suboptimal regrets compared to the information
bound. We propose a novel model-free federated -learning algorithm, termed
FedQ-Advantage. Our algorithm leverages reference-advantage decomposition
for variance reduction and adopts three novel designs: separate event-triggered
communication and policy switching, heterogeneous communication triggering
conditions, and optional forced synchronization. We prove that our algorithm
not only requires a lower logarithmic communication cost but also achieves an
almost optimal regret, reaching the information bound up to a logarithmic factor
and near-linear regret speedup compared to its single-agent counterpart when the
time horizon is sufficiently large.

1 INTRODUCTION

Federated reinforcement learning (FRL) is a distributed learning framework that combines the
principles of reinforcement learning (RL) (Sutton & Barto, 2018) and federated learning (FL)
(McMahan et al., 2017). Focusing on sequential decision-making, FRL aims to learn an optimal
policy through parallel explorations by multiple agents under the coordination of a central server.
Often modeled as a Markov decision process (MDP), multiple agents independently interact with an
initially unknown environment and collaboratively train their decision-making models with limited
information exchange between the agents. This approach accelerates the learning process with low
communication costs. Some model-based algorithms (e.g., |Chen et al.[|(2023)) and policy-based
algorithms (e.g., [Fan et al.{(2021)) have shown speedup with respect to the number of agents in terms
of learning regret or convergence rate. Recent progress has been made in FRL algorithms based on
model-free value-based approaches, which directly learn the value functions and the optimal policy
without estimating the underlying model (e.g., Woo et al.|(2023)). However, limiting our focus to
tabular MDPs, most existing model-free federated algorithms do not actively update the exploration
policies for local agents and fail to provide low regret. A comprehensive literature review is provided

in Appendix B}
1.1 FEDERATED (Q-LEARNING: PRIOR WORKS AND LIMITATIONS

In this paper, we focus on model-free FRL based on the classic )-learning algorithm (Watkins}[1989),
tailored for episodic tabular MDPs with inhomogeneous transition kernels. Specifically, we assume
the presence of a central server and M local agents in the system. Each agent interacts independently
with an episodic MDP consisting of .S states, A actions, and H steps per episode.

*Z. Zheng and H. Zhang are co-first authors. L. Xue is the corresponding author.
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Let T" denote the number of steps for each agent. Under the single-agent setting of the episodic MDP,
Domingues et al.|(2021) and Jin et al.|(2018)) established a lower bound for the expected total regret
of Q(VH2SAT). An algorithm is considered almost optimal when it achieves a regret upper bound
of O(\/ H 2SAT for large values of T'. Multiple model-based algorithms (e.g.,|Zhang et al.[(2023)))
have been shown to be almost optimal. Research on provably efficient model-free algorithms began
with Jin et al|(2018)) and was further advanced by [Bai et al.| (2019); [Zhang et al.|(2020); L1 et al.
(2021). Specifically,|Zhang et al.|(2020); L1 et al.| (2021) proposed almost optimal algorithms that
utilized reference-advantage decomposition for variance reduction.

For the federated setting, the information bound naturally translates to Q(vV H2SAMT), allowing
us to define almost optimal federated algorithms similarly. However, the literature on federated
model-free algorithms is quite limited. Bai et al.|(2019) and [Zhang et al|(2020) proposed concurrent
algorithms where multiple agents generate episodes simultaneously and share their original data

with the central server. These designs achieved low policy-switching costs O(vV H3SAT) and

O(V H?S AT) respectively but incurred a high communication cost of O(MT). |Zheng et al.| (2024a)
proposed federated algorithms with near-linear regret speedup compared to |Jin et al.| (2018) and |Bai
et al.| (2019) and logarithmic communication cost, but they only achieved a suboptimal regret of

O(V' M H3SAT). This raises the following question:

Is it possible to design an almost optimal federated model-free RL algorithm that enjoys a
logarithmic communication cost?

1.2 SUMMARY OF OUR CONTRIBUTIONS

We answer this question affirmatively by proposing the FedQ-Advantage algorithm to achieve the
almost optimal regret and the logarithmic communication cost. Our contributions are summarized
below.

* Algorithmic design. In FedQ-Advantage, the server coordinates the agents by actively updating
their policies, while the agents execute these policies, collect trajectories, and periodically share
local aggregations with the server. We adopt upper confidence bounds (UCB) to promote exploration
and use the reference-advantage decomposition when updating the ()-function. The algorithm
design incorporates the following key elements that are crucial for achieving near-optimal regret.

(1) Aligned round-wise communication and unaligned stage-wise updates. We design a new
mechanism based on event-triggered communication and policy switching, both of which are
triggered when specific conditions are satisfied. This structure divides the learning process into
aligned communication rounds, which are grouped into stages. These stages are unaligned across
different state-action-step tuples. Communication takes place after each round, while policy
switching occurs only at the end of each stage. This mechanism employs the unaligned stage
design from Zhang et al.|(2020), which is not used in|Zheng et al.|(2024a). During communication,
local agents share the round-wise aggregated sums of function values over visits to each tuple
rather than entire trajectories. The central server then constructs global estimates within the
reference-advantage decomposition framework, maintaining low communication costs.

(2) Heterogeneous event-triggered Communication. An agent terminates its exploration and
requests communication in a round when the number of visits to any state-action-step tuple reaches
a threshold, which guarantees sufficient exploration under restrictions. We adopt a heterogeneous
design for the threshold that encourages more visits in the early rounds of a stage and limits the
visits in later rounds to form desired stage renewals. This differs from the condition in|Zheng et al.
(20244) that always poses strict limits.

(3) An optional forced synchronization mechanism. Under this mechanism offered by FedQ-
Advantage, when one agent triggers the communication condition, the central server terminates
the exploration for all agents and initiates a new round. This approach enhances robustness to
heterogeneity in agents’ exploration speeds and eliminates waiting time. In the absence of forced
synchronization, the central server waits for each agent to individually meet the communication
condition, thereby reducing the number of communication rounds required.

'O hides logarithmic factors.
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Table 1: Comparison of regrets and communication costs for multi-agent RL algorithms.

Type Algorithm (Reference) Regret Communication cost
Multi-batch RL (Zhang et al.||2022) O(VH2SAMT) -
Model-based APEVE (Qiao et al.|[2022) O(WHS2AMT) -
Byzan-UCBVI (Chen et al.| 2023) O(VH3S2AMT) O(M?H?S2A?log T)
Concurrent Q-UCB2H (Bai et al.|2019) O(VH'SAMT) O(MT)
Concurrent Q-UCB2B (Bai et al.|[2019) O(VH3SAMT) O(MT)
Model-free  Concurrent UCB-Advantage (Zhang et al.| 2020)  O(vVEH2SAMT) O(MT)
FedQ-Hoeffding (Zheng et al.|[2024a) O(VHASAMT) O(M?H*S?AlogT)
FedQ-Bernstein (Zheng et al.|[2024a) O(VH3SAMT) O(M?H'S?AlogT)
FedQ-Advantage (this work) O(VH2SAMT) O(fyMH?*S2A(log H)logT)

H': number of steps per episode; T": total number of steps; .S: number of states; A: number of actions; M: number of agents. -: not discussed.
fnr equals to M if the forced synchronization design is used and equals to 1 else.

* Performance guarantees. FedQ-Advantage provably achieves an almost optimal regret and
near-linear speedup in the number of agents compared with its single-agent counterparts (Zhang
et al., 2020) when T is sufficiently large. The regret bound holds regardless of whether forced
synchronization is used. Its communication cost scales logarithmically with 7", outperforming the
federated algorithms in Zheng et al.|(2024a)) and matching the policy switching cost in Zhang et al.
(2020), which is the best cost for )-learning in the literature. To the best of our knowledge, it
is the first model-free federated RL algorithm to achieve almost optimal regret with logarithmic
communication cost. We compare the regret and communication costs under multi-agent tabular
episodic MDPs in Table [I| Numerical experiments also demonstrate that FedQ-Advantage has
better regret and communication cost compared to the federated algorithms in Zheng et al.| (2024a)).

* Technical novelty. We highlight two technical contributions here. (1) Stage-wise approximations
in non-martingale analysis. The event-triggered stage renewal presents a non-trivial challenge
involving the concentration of the sum of non-martingale difference sequences. The weight
assigned to each visit of a given tuple (s, a,h) depends on the total number of visits between
two model aggregation points, which is not causally known during the visitation. This paper
proves the concentration by relating the sequence to a martingale difference sequence and bounding
their stage-wise gap, which is different from [Woo et al.| (2023) and Woo et al.|(2024) that used
static behavior policies and bound similar gaps element-wisely. Our approach does not rely on a
stationary visiting probability or the estimation of visiting numbers. (2) Heterogeneous triggering
conditions for synchronization. For different rounds (of synchronization) in a given stage (of
policy update), we use different triggering conditions that allow more visits of a tuple (s, a, k) in
early rounds. This reduces the number of synchronizations within a stage to O( fys log H) from
O(fa H), which would occur under homogeneous triggering conditions in Zheng et al.| (2024a)).
This is key to improving the communication cost of [Zheng et al.|(2024a)) and matching the policy
switching cost of Zhang et al.| (2020).

The rest of this paper is organized as follows. Section 2] provides the background and problem
formulation. Section [3] presents the algorithm design of FedQ-Advantage. Section [ studies the
performance guarantees in terms of regret and communication cost. Section [5concludes the paper.
Related works, proofs, numerical experiments, and more details are presented in the appendices.

2 BACKGROUND AND PROBLEM FORMULATION

2.1 PRELIMINARIES

We first introduce the mathematical model and background on Markov decision processes. Through-
out this paper, we assume that 0/0 = 0. For any C' € N, we use [C] to denote the set {1,2,...C}.
We use I[z] to denote the indicator function, which equals 1 when the event « is true and 0 otherwise.

Tabular episodic Markov decision process (MDP). A tabular episodic MDP is denoted as M :=
(S, A, H,P,r), where S is the set of states with |S| = S, A is the set of actions with |A| = A, H
is the number of steps in each episode, P := {P, }Z | is the transition kernel so that Pp,(- | s, )
characterizes the distribution over the next state given the state action pair (s, a) at step h, and
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r:= {rp}}_ is the collection of reward functions. We assume that (s, a) € [0, 1] is a deterministic
function of (s, a), while the results can be easily extended to the case when 7y, is random.

In each episode of M, an initial state s; is selected arbitrarily by an adversary. Then, at each
step h € [H], an agent observes a state s;, € S, picks an action aj, € A, receives the reward
ry, = rh(Sn, ap) and then transits to the next state sj,1. The episode ends when an absorbing state
sp+1 is reached. Later on, for the ease of presentation, we use “for any (V) (s, a, h)" to represent “for
any (V) (s,a,h) € S x A x [H]" and denote Ps o.nf = Es, b, (|s,0)(f(8h+1)[5n = s,an = a)
and 1,f = f(s),V(s, a, h) for any function f : S — R.

Policies, state value functions, and action value functions. A policy 7 is a collection of H
functions {m, : S — A4}, ey Where A is the set of probability distributions over A. A policy
is deterministic if for any s € S, 71, (s) concentrates all the probability mass on an action a € A. In
this case, we denote 7, (s) = a.

Let V' : S — Rand QF : S x A — R denote the state value function and the action value function

. . H

at step h under policy 7. Mathematlca;llly, ViT(s) = n—n E(s,rap)~@m) [Th (Shesans) | sp = s].
We also use Q7 (s, a) := rn(s,a)+> 1 E(s, a,)~@m) [T (Shryans) | sn = s, an = al. Since
the state and action spaces and the horizon are all finite, there always exists an optimal policy 7* that

achieves the optimal value V}*(s) = sup, V;"(s) = V7 (s) forall s € S and h € [H] (Azar et al.,
2017). The Bellman equation and the Bellman optimality equation can be expressed as

Vﬁr(s) = Ea'wﬂ'h(s) [QZ(& al)] Vh*(s) = MaXg’'cA Q;;(s» a/)
Qr(s,a) :==rp(s,a) + Py o nViy and ¢ Qi(s,a) :=rp(s,a) +Ps o n Vi, 1)
V() =0,9(s,a,h) Vi 1(s) = 0,Y(s,a, h).

2.2 THE FEDERATED RL FRAMEWORK

We consider an FRL setting with a central server and M agents, each interacting with an independent
copy of M. The agents communicate with the server periodically: after receiving local information,
the central server aggregates it and broadcasts certain information to the agents to coordinate their
exploration. We assume that the central server knows the reward functions {rj, }/_, beforehan We
define the communication cost of an algorithm as the number of scalars (integers or real numbers)
communicated between the server and agents similar to|Zheng et al.| (2024a).

For agent m, let U,,, be the number of generated episodes, 7" be the policy in the u-th episode, and
517" be the corresponding initial state. The regret of M agents over 7' = H Z%Zl U, total steps is

Up,
Regret(T) = Z Z (Vl*(S;”ﬂ‘) _ Vl‘n'm’“ (Svln,u)) )
me[M]u=1

Here, T := T /M is the average total steps for M agents.

3 ALGORITHM DESIGN
In this section, we elaborate on our model-free federated RL algorithm termed FedQ-Advantage.

3.1 BASIC STRUCTURE: ALIGNED ROUNDS AND UNALIGNED STAGES

We first review the single-agent algorithm in Zhang et al.|(2020). The agent generates episodes and
splits them into stages for each (s, a, h). Denoting (s, a, h) as the number of visits to (s, a, k) in
the ¢-th stage for (s, a, h), it requires that y;11(s,a, h) = [ (1 + 1/H)y.(s, a, h)], and the updates of
estimated -functions at (s, a, h) only happen at the end of each stage. Due to the randomness of the
visits, stage renewals for different triples might not happen simultaneously, resulting in unaligned
stages. The exponential increase of the stage size leads to a low policy switching cost: the number of

?To handle unknown reward functions, we only need to slightly modify our algorithm to let agents share this
information. This will not affect our Theorems 4.1 and f.2]on regret and communication cost.
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different implemented policies is upper bounded by O(H?S Alog T). This provides the potential to
parallelize the episodes generated under the same policy to multiple agents.

However, the simple design inZheng et al.|(2024a)) does not accommodate the unaligned stages. Thus,
FedQ-Advantage designs novel aligned rounds for unaligned stages. Next, we introduce our algorithm
design, which is also v1sually shown in F1gurel [1] 1t proceeds in rounds indexed by k € [K| and agent
m generates n"* episodes in round k. The communication between agents and the central server
occurs at the end of each round. For each (s, a, h), we divide rounds k € [K] into stages ¢t = 1,2,.
Each stage contains consecutive multiple rounds: denote k} (s, a) as the index of the first round that
belongs to stage , so k, < kit', and stage ¢ is composed of rounds k¢, kf, + 1,..., k" — 1. Note
that the definition of stages is specific to (s, a, h), meaning that a given round may belong to different
stages for different (s, a, h). Each round equips the agents with a common policy 7" for independent
explorations and an event-triggered termination condition that will be explained later. At the end of
each round, state renewal is judged for each (s, a, h) separately, resulting in unaligned stages.

(st,at, ht) Stage 1 Stage 2 Stage T}

1|2 000 k cao k 600 K
K rounds 11| | 2 | |

112 |k12 |k22 | | K
(s2,a2, h?) Stage 1 Stage 2 Stage T

Figure 1: The relationship between rounds and stages for different triples (s',a', h') and (s2, a2, h?).
Each square represents a round, and the number inside indicates the round index. A stage is composed
of consecutive rounds. Communication occurs at the end of each round and the estimated @)-function
is updated at the end of each stage. We can find from the figure that a round may belong to different
stages for different triples. For example, the round k1 is in stage 1 of (s!,a’, k'), while in stage
2 of (s%,a2,h?). Here, kiy = kjT'(s',a’) — 1 represents the index of the last round in stage ¢
for (s,a’,h?), t € {1,2,---,T;} and i € {1,2}. Ty and T are the total number of stages for
(st,al, ht) and (s%,a?, h?) respectively.

FedQ-Advantage updates the estimated @Q-function at (s, a, h) only at the end of each stage using
stage-wise or global mean values regarding the next states of visits to (s, a, k). Thus, agents only
need to prepare and share corresponding local round-wise means for global aggregations. It results in
an O(M H S) communication cost within each round that is independent of the number of episodes.

3.2 ALGORITHM DETAILS

We provide a notation table in Appendix [A] to facilitate understanding of this section. For the
j-th (j € [n™F]) episode in the k-th round, let slf ™7 be the initial state for the m-th agent,
and {(s}""™7 ay™7 "IV} be the corresponding trajectory. Define {V* : & — R}FZHL
{QF S X A — R}f:ll and {V;*"* : S — R}A! as the estimated V-function, the estimated
~function and the reference function at the beginning of round k. Here, Q% ,, V., Vibk — g

g g H+1 VE+1 VE{
We use V% = vk — V% o denote the estimated advantage function. For any predefined

functions g : S x A — Ror f : S — R, we will use g or f in replace of g(s,a) or f(s) when
there is no ambiguity for simplification. We also denote tﬁ(s, a) as the stage index in round & and

I2™* (s,a) = [t} > tF~1] as a stage renewal indicator with T™" = 1,%(s, a, h).
Then we briefly explain each component of the algorithm in round & as follows.

Step 1. Coordinated exploration for agents. At the beginning of round k, the server holds the
values on all states, actions, and steps for functions {Q, V;F, V;*"* N nh, 7i¥}. Here, NJ(s,a)
is the total number of visits for all agents up to but not including stage th, nh(s, a) is the total
number of visits for all agents in the stage t¥ — 1, and 715 (s, a) is the number of visits for all
the agents in the stage ¢} before the start of round k. Here, nf = 0if t§ = 1. When k = 1,
Qr =V = V}ff’l = H,Y(s,a,h) and 7! is an arbitrary deterministic policy. It also holds
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the following global values 1 (s, a), 0 (s, a), u";‘ldv’k(s.7 a), afldv’]f(s, a), u}f‘.l’k(s, a),¥(s, a, h).
When k£ = 1, they are initialized as 0. Further explanations will be provided in their updates in Step 4.
Next, the central server decides a deterministic policy 7% = {w,’j}thl, and then broadcasts ﬁ,’j along
with {nf (s, 75 (5)), 2k (s, 75 (5)) }o.n and {V}F, V0¥, to all of the agents. Once receiving such
information, the agents will execute policy 7% and start collecting trajectories.

Step 2. Event-triggered termination of exploration. We introduce a Boolean variable ,,, as an

input to the algorithm for the forced synchronization. During the exploration under 7*, every agent
will monitor its total number of visits for each (s, a, h) triple within the current round. Define

E(s,a) = { Ln’,ﬁ(s,a)/(MH)J L ifnk(s,a) > 0,78 (s,a) > (1 — 1/H)n} (s, a),

2
o max {1, ((nﬁ(s, a) — ik (s, a))/M|} , otherwise. @

If usyn = TRUE, for any agent m, at the end of each episode, if any (s, a, h) has been visited by
cﬁ (s, a) times, the agent will stop exploration and send a signal to the server that requests all agents

to abort the exploration. If u,,, = FALSE, the central server will wait until for each agent, there
exists a triple (s, a, k) that has been visited by cf (s, a) times.

During this process, each agent m collect n™ trajectories {(s}"™7, ak™7 pi ™IV H 5 e [pmok]

and calculates the following local quantities for a = ¥ (s):
& & K & k &
nhm (57 a’)? M”}Zref(s7a)? :u“’;bn;adv(57 a’)) uﬁval(‘S? a’)? UZ?ref(S5 a)? O”Z?adv(s’ a)7v(57 h) (3)

Here, nzlk(s, a) is the number of visits to (s, a, h) for agent m in round k. Thus, we have

V(s, a,h,m, k), nj"*(s,a) < ¢ (s, ),

Yk, 3(s,a,h,m), sit.n)""(s,a) = ck(s,a), ifugy, = TRUE “4)
Ym, k, 3(s,a,h), s.t. nzn’k(s, a) = cf(s,a), if usy, = FALSE. 5)

Other quantities correspond to the summation of the values of five different functions applied
to the next states of all the visits to (s, a,h) for agent m in round k. These five functions are
V,ijf’lk, Vh?ivl’k,Vf_Fp [Véf’f]{ [Vhf‘ivl’k]z. Mathematically, for f : S — R, letting Afms,a’h(f) =
m,k . . .
> f(SZ-:-nl]) x I[(s™7 ay™7) = (s, a)] as the summation of f on the next states for all the
visits to (s, a, h) for agent m in round k. When there is no ambiguity, we will use the simplified
. K f,k K dv,k
notation A7, (f) = A7, ., (f). Then, pi'i(s,a) = AL (ViST). myag(s,a) = AR (VEE),
ik Jk £,k k dv,k
M;zn,val(&a) = A]:n(vhk-&-l)’ UZ:Lref(S?a) = Afn([viii-l ]2) and O'Z?adv(sﬁa’) = A:fn([vha+vl ]2> These
quantities correspond to local aggregations of different types of value functions and can be adaptively
calculated when collecting the trajectories as shown in Algorithm 2]

Step 3. Stage renewal. After the exploration in round k, agents share local quantities in Equation (3)
on all (s, a, h) such that a = 75 (s) to the central server. Then it finds existing visits in stage ¢} as

M
Ay tl(s,a) = iif(s,a) + Z ny*(s,a),9(s, a,h), (6)
m=1

and renew the stages for triples that are sufficiently visited: V(s, a, h),
thtl(s,a) = th(s,a) +1 <= T (s,a) > Inf(s,a) = O0MH + (1 +1/H)nk(s,a). (7)

In Equation H when nZ =0, ie., tﬁ = 1, the state renewal threshold is M H. Else, it is
(1+ 1/H)n}. With Equation H the central can determine the stage renewal indicator H;fn’kﬂ and
the counts N1 n¥ ! 75+1 a5 shown in lines 13 and 18 in A]gorithm

Step 4. Updates of estimated value functions and policies. According to the stage renewal, the

central server updates the global values u;ff’k, aff’k, uzdv’k, azdv’k , ,uzal’k‘ atall (s, a, h) as follows:

f k41 £k g
(1 ) = (1, o) > (o) ®)
m
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(9, 1, o YL = (1= ) (10, 10, ") 3 (s ity Onaa) ™. (9)

m

Equation (8) implies that (1, U)ff’kH (s,a) gives the sum of the estimated reference functions and

squared reference functions at the next states for all agents and all visits to (s, a, h) up to the end
of round k. (p*%, ¥, 0*®)* (s, a) gives the sum of the estimated advantage functions, value
functions, and squared advantage functions at the next states for all agents and all visits to (s, a, h)
in stage ¢} and up to the end of round k. Here, (1 — Hf“’k) clears the historical cumulation if k& and
k — 1 belong to different stages.

Next, the central server updates the estimated @Q-function for all (s, a, h) triples with a stage renewal
while keeping others unchanged:

QY = min{Q; T, QYR QI > th] + QR = th]. V(s,a,h),  (10)

Here, QZH’I ZH’Q represents the Hoeffding-type used in|Zheng et al.|(2024a), and the reference-
advantage type update used in Zhang et al.| (2020), respectively:

Z-‘,—l,l(s7 a) — Th(S,a) + u\}/la],k+1/n§+1 + bi-‘rl,l(s’ a)7 (1 1)

Z—H’Q(S,a) — (s, a) + H;lef,kﬂ/N}/jH " ‘ue;bdv,k—o—l nf“ T b§+1,2(8’ a). (12)

In these updates where stage renewal happens, IV, ;f“, nﬁ“ count all historical visits and visits in

stage £, respectively. Thus, 1)""* ! /nf+1 is the stage-wise mean of the estimated value function,

. . . . 1 .
AR kL s the stage-wise mean of the estimated advantage function, and ™" ! /NFFL gives

the all-history estimated mean of reference function. b];“’l, bZ'H’Z are upper confidence bounds
(UCB) that dominate the variances in the above empirical mean estimations. Their expressions are

provided in line 15 of Algorithm [T}

Next, the central server updates the estimated V' -function and the policy as follows:

VitL(s) = max Qi (s,d'), it (s) € arglgl‘lax Q¥ (s,a’),Y(s,h) € S x [H]. (13)

Step 5. Updates of the reference function. With a constant Ny € R, the central server conducts
VIR () = VMY ()T < ko] + Vi T ()T > kon],V(s,h) € S x [H].  (14)

Here, k;p = inf{k € N : Y, 4 N} (s,a’) > No}. Equation means that at the end of
round k, for all (s, k) such that the stage for (s, 75 (s), h) is renewed, we will update the reference
function at (s, k) based on the updated value function V}f“ if round £ is the first round such that
the global visiting number to (s, h) across all complete stages reaches Ny. “First round" indicates
that the reference update on each (s, h) happens at most once during the whole learning process with
k =1,2..., and the reference function on (s, h) will be settled after its update. This design matches
the single-agent algorithms inZhang et al.[(2020) and [Li et al.| (2021).

Now we are ready to provide FedQ-Advantage in Algorithms[I]and [2|for the behaviors of the central
server and the agents. In Algorithm [I] 7} limits the total number of steps for all agents. Line 20 in
Algorithmupdates the reference function at (s, h) when the visiting number exceeds Ny for the
first time and keeps it unchanged for other situations, coinciding with Equation (T4).

3.3 INTUITION BEHIND THE ALGORITHM DESIGN

Exponentially increasing stage sizes: infrequent policy switching. FedQ-Advantage guarantees
that y¢11(s,a,h) = (1 + ©(1)/H)y:(s,a, h), where y.(s, a, h) represents the number of visits
to (s,a, h) in stage t. The exponential increasing rate is controlled by the threshold cf (s, a) in
Equation (Z) and stage renewal condition in Equation (7). By analyzing the two cases of Equation (2),
we can prove that 7¥ T < (1 + 2/H)n¥, which implies that y; 1 < (1 + 2/H)y;. Equation
further implies that y;41 > (1 + 1/H)y,. The details are provided in (d) and (e) of Lemma[D.1] Our
visits in stages satisfy a similar exponential increasing pattern as y;+1 = | (1 + 1/H)y; | inZhang
et al.| (2020), and FedQ-Advantage switches policies infrequently since estimated () —functions and
the policies are only updated after stage renewals.
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Algorithm 1 FedQ-Advantage (Central Server)

1:

2:

3:
4:

._.
T eYeaw

Ju—

12:
13:
14:

15:

16:
17:
18:
19:
20:

21:

22:
23:

Input and Initialization: Ty, Ny € N, ,p € (0 1). Functions Q}, = V;! = V"' = H, func-

ref, 1 1 1 ref,1 adv,1 val,1 ref 1 adv,1
tion = 1, functions I,""" = N;, = n;, = nh Wy =y = o, =0 =

0 V(s a,h). Arbitrary determlmstlc policy . ngtep = k = 0. gy, € {TRUE FALSE}.
while ng., < Tp do
% Step 1. Coordinated exploration for agents.
Broadcast 7 and (VF, V% nk 7ik),¥(s, a, h) with a = 7} (s) to all clients.
% Step 2. Event- trlggered termmatlon of exploratlon
if uy, = TRUE then
Wait until receiving an abortion signal and send the signal to all agents.
else
Wait until receiving abortion signals from all agents.
end if
Receive nj,” and (i el v 1, val} {o7 xef? Th ddv} V(s,y(s), h) from agents.
Calculate 7+, (i, )ref AL (pgady vl “d")ﬁﬂ via Equations (@), and @), Y(s,a,h).
% Step 3. Stage renewal.
for V(s,a, h) do
if Ak“(s a) > 1I[nf(s,a) = 0)MH + (1 + 1/H)nk(s,a), then
(Stage renewal) [™F ! = 1, pfH1 = af+1 gkl — o, NF+1 = NE(s a) + nFtL.
% Step 4. Updates of estlmated value functlons and pohcles

Update QkH(S a) based on Equations (10) to (12). Here, by ™! (s, a) = \/2H20/nk*1.

bk+1 2 / 5 ref k+1 Nk+1 + 24/ va adv k+1 k+1 10H L/Nk+1)3/4 +

]Iren 1

(L/22111)3/4k+ L/Nk+; ;i_Jri/nk-l-ld)’kil_ klog(Q/p)d V];airlef k:l _ 1}'ff k+1/N;f+1 _
1 o 1 41

l(#f /NhJr )? , vary™” =0y h+ (" h+ )2

else

ElSttage unchanged) QF+1 = QF ™ 1 — 0, pkHl = pk pktl — phtl NE+L — NE
end i

end for )

Find V"™ 7! from Equation lb Hfr’kﬂ =13 uca N (s,a") > No),V(s,h).

% Step 5. Updates of the reference function.

V}:Cf,k-‘rl — V}zeﬂk (1 _ ]I;Lef,k-i-l(l _ Hl’”;t’r,k)) + Vh{c-l,-l]ll;lef,k—‘rl(l _ Hl:f,k)’v(s’ h)

+ m,k +
Nstep = Em,s,a,h Ny 7k =1
end while

Algorithm 2 FedQ-Advantage (Agent m in round k)

—_—

TP N AN

Receive 7% and (V;F, Vi*"F nk 7k),¥(s, a, h) with a = 7§ (s) from the central server.
Initialization: f'uncttons NS I sets B advs Bvals Ohrets Theady < 0, V(85 7 (s), h).
while no abortion signal sent or from the central server do
while nl"(s,a) < ck(s,a),V(s,a, h) with a = 75 (s) do
Collect a new trajectory {(sh, @, rh)},ﬁl v;/éth an =, (nih) o
Update local incremental quantities: (12", 117" ogs i adys K vat» T rets Thrady) (Sh @n)
+ ref,k adv,k ref, k12 adv,k12
= (1,‘Vh+1 th+1 th+17 [Vh+1 1% [Vh+1 1°)(8h+1), Vh.
end while
Send an abortion signal to the central server.
end while N . .
o m, m, m, m m om
Functions (nh M ref’ [ ddv’ Fop val’ Uh et Oh ddv) —  (np g 'refs P advs> Foh val> T ref>
k m,k m,k m,k m,k m,k
Uhm,adv)’ V(S, ﬂ—h( )7 h) and send { ny, 7H’h ref? Hp, adv? Fop, val’ Oh, ref> O adv)} h to the central
server.

Reference-advantage decompositions: the key to the almost optimal regret. ()-learning algo-
rithms (Jin et al., 2018} Bai et al.,|2019; Zhang et al.,[2020; L1 et al.,[2021; Zheng et al.,[2024a) update
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the estimated Q-function in the following form: Q. (s, a) < rp,(s,a) +EST(P, o.n V7, ;) + b. Here,
b > 0 is the upper confidence bound (UCB) that promotes exploration, and EST(+) represents the
empirical estimation, which takes the form of a weighted sum of the historically estimated value
functions for the next states following the visits to (s, a, k). This update is motivated by the Bellman
optimality equation. The error EST(Ps o n V3, 1) — Ps 0,1 V)5, can be decomposed into the variance
from the random transitions to the next states and the bias in the estimated value functions. To
handle the bias that is more severe in the early visits, [Jin et al.| (2018)); Bai et al.| (2019); [Zheng
et al.|(2024a) required that the weights concentrate on the most recent ©(1/H ) proportion of visits
like Equation (TT)) that only use visits in the current stage, which causes sample inefficiency and
suboptimal regret.

To address this issue, FedQ-Advantage uses the reference-advantage decomposition adopted by
Zhang et al|(2020); [Li et al|(2021). Equation (I2) in Step 4 represents the decomposition. We

decompose the estimation of P , , V", | into the reference part urhef’kﬂ /N ,’: *1 and the advantage part

u‘}‘f”kﬂ / nfLH. For the advantage part, we use stage-wise mean to eliminate the large biases in early

value estimations. For the reference part, since the reference function will settle after No = O(1)
visits as shown in Step 5, we can neglect the bias and use the mean of all historical visits. This design
reduces the error in the empirical estimation by improving the sample efficiency in the reference
part and restricting the error ranges in the advantage part. The reference-advantage decomposition,
together with the exponentially increasing rate of stage sizes, is the key to our improved regret
compared to|Zheng et al.|(2024a)) and our linear regret speedup compared to the almost optimal regret
given in|{Zhang et al.| (2020)).

Heterogeneous event-triggered communication: the key to our improved communication cost.
FedQ-Advantage uses cZ given in Equation to limit the number of new visits for agent m in
round k. While the first case in Equation 1s similar to the homogeneous condition in [Zheng
et al.| (2024a)), we design the second case to allow more new visits when the number of existing
visits in the current stage is small. Specifically, when nf > MH and 7f < (1 — 1/H)n}, cf =
[(nf —ay)/M] > |nf/(MH)|. Thus, FedQ-Advantage allows more visits in the early rounds
of each stage compared to|Zheng et al.[(2024a) and reduces the number of communication rounds,
which is key to our improved communication cost shown in Table (T}

Optional forced synchronization: accommodating heterogeneous exploration speeds. Section[3.2]
and eqs. @) and (5 highlight the effect of the optional forced synchronization used in Step 2.
Section [3.2|shows a common limitation of new visits, which is sufficient for our linear regret speedup
compared to the single-agent algorithm in|Zhang et al.| (2020). Next, we discuss the robustness and
trade-offs of optional forced synchronization when under heterogeneous exploration speeds of agents.

When optional forced synchronization is enabled (i.e., usy» = TRUE), exploration and commu-
nication occur as soon as one agent reaches the threshold cf (s, a). This allows faster agents to
avoid waiting for slower ones, minimizing waiting time. However, Equation (4)) guarantees sufficient
exploration by only one agent, resulting in varied episode counts across agents. This configuration is
suitable for tasks sensitive to waiting time.

When optional forced synchronization is disabled (i.e., tsyn, = FALSE), communication occurs only
after all agents meet the threshold ¢} (s, a). Equation (S5) ensures sufficient exploration by all agents,
with episode counts being roughly balanced. This allows for more extensive exploration within a
round, reducing communication costs but potentially increasing waiting time for faster agents.

4 PERFORMANCE GUARANTEES

Next, we provide regret upper bound for FedQ-Advantage as follows.

Theorem 4.1 (Regret of FedQ-Advantage). Let v = log(2/p) withp € (0, 1) and Ny = 5184%—#
16%‘4H3 with 8 € (0, H]. ForAlgorithmsand with probability at least 1 —(4S AT +SAHT +
5SAT?/H + 5S AT, + 5)p, we have

Regret(T) < O ((1 + B)VMSAH?T + Mpoly(HSA, 1/6)) )
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Here, K is the total number of rounds, T = H Zszl n¥ is the total number of steps for each agent,
Ty = (24 2)To+MSAH (H +1), and O hides logarithmic multipliers on Ty, M, H, S, A,1/p and
poly represents some polynomial. This result does not depend on the value of usyy,. See Equation @
in Appendix|[E]for the complete upper bound.

Theorem [4.1)indicates that the total regret scales as O(v H2MT'S A) when T is larger than some
polynomial of M HSA and § = Q(1) in Ny. This is almost optimal compared to the information

bound Q(vVH2SAMT) and is better than O(v H3SAMT) for algorithms in [Zheng et al.|(2024a).
When M = 1, our regret bound becomes O((1 + 8)vV H2T'SA) when T is large, which is better
than O((1 + SV H)VH2TSA) in Zhang et al.| (2020) thanks to our tighter regret analysis. This also

means that to reach an almost optimal regret bound, Zhang et al.[(2020) requires 5 < O(1/vH)
and FedQ-Advantage lays a weaker one 5 < Q(1). When M > 1, focusing on the dominate terms

0 ((1 +B8)VMSAH 2T> when T is large, our algorithm achieves a near-linear regret speedup

while the overhead term O(Mpoly(HSA,1/()) results from the burn-in cost for using reference-
advantage decomposition (Zhang et al.,[2020), and the Q(H M) visits collected in the first stage for
each (s, a, h), which servers as the multi-agent burn-in cost that is common in federated algorithms
(see e.g. Zheng et al.[(20244);|Woo et al.| (2023 2024)).

Next, we discuss the improved communication cost compared to|Zheng et al.|(2024a) as follows.

Theorem 4.2 (Communication rounds of FedQ-Advantage). Under Algorithms[l|and2|with u.sy, =
TRUE, the number of communication rounds K and the total number of steps T satisfy that

T
2 2
K < MSAH? + AMSAH?(log(H) + 3) log (W + 1) ,

If ugyn = FALSE, the number of communication rounds K and the total number of steps T' satisfy

T
2 2
K < SAH? + 4SAH?(log(H) + 3) log (W + 1) :

Theoremimplies if ugyn = TRUE and T is sufficiently large, K = O (M H?2SA(log H) log T).
Since the total number of communicated scalars is O(M H S) in each round, the total communication
cost scales in O(M?H?S? A(log H) log T'). Thanks to the heterogeneous design in ¢} (s, a), it is
better than O(M?H*S? Alog T') for FedQ-Hoeffding and FedQ-Bernstein in Zheng et al.| (2024a). If
Usyn = FALSE, when 7' is sufficiently large, K = O (H 29 A(log H) log T) , which is independent
of M. Since the total number of communicated scalars is O(M H.S) in each round, the total
communication cost scales in O(M H3S? A(log H) log T').

Our result for ugy, = FALSE also implies a low policy switching cost, which is defined as the
times of policy switching. Knowing that the cost of Zhang et al. (2020) is O(H?S Alog(T)) and
K=0 (H 2S5 A(log H) log T) for FedQ-Advantage, our communication round matches the policy
switching cost up to a logarithmic factor under restrictions on sharing original trajectories. We also
remark Equation (T02) in Appendix [F] shows that FedQ-Advantage can also reach the same local
switching cost as|Zhang et al.|(2020). We refer readers to|Zhang et al.| (2020) for more information.

We will provide the complete proofs of Theorems .| and f.2]in Appendices [E] and [Frespectively.

5 CONCLUSION

This paper develops the model-free FRL algorithm FedQ-Advantage with provably almost optimal
regret and logarithmic communication cost. Specifically, it achieves an almost-optimal regret,
reaching the information bound up to a logarithmic factor and near-linear regret speedup compared to
its single-agent counterpart when the time horizon is sufficiently large. Our algorithm also improves
the logarithmic communication cost in the literature. Technically, our algorithm uses the UCB,
reference-advantage decomposition and designs separate mechanisms for synchronization and policy
switching, which can find broader applications for other RL problems.

10
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Organization of the appendix. In the appendix, we first provide two tables to summarize the
notations in Section [A] Section [B] provides related works. Section [C] presents numerical results.
Section [D] provides basic facts of FedQ-Advantage and a lemma of concentration inequalities for
regret analysis. Section [E] presents the proof of Theorem .1 (regret). Section [F]presents the proof of
Theorem [4.2] (communication cost).

A NOTATION TABLES

In this section, we provide two notation tables to enhance the readability of the paper. The notations
are categorized into two groups: one group consists of global variables utilized for central server
aggregation, while the other group consists of local variables employed for agent training. First,

Table 2: Global Variables

Variable Definition
Vi the state value function at step ~ under policy 7
Qr the state-action value function at step h under policy 7
Vi the state value function at step h under the optimal policy 7*
Q; the state-action value function at step h under the optimal policy 7*
Ps,a,hf Esh,+1~Ph(-|s,a) (f(sh+1)|3h = S§,ap = a)
]]-s,a,hf f (8)
Vet the reference function at step h
Vv the advantage function at step h
V,f”‘ the estimated state value function of step h at the beginning of the round %
QZ the estimated state-action value function of step h at the beginning of the round &
fo’k the reference function of step h at the beginning of the round &
V,fdv’k the advantage function of step h at the beginning of the round &
th(s,a) the stage index of the triple (s, a, k) in the round k
Ten* T[tF > 7', a stage renewal indicator in the round k — 1
NE(s,a) the total number of visits to (s, a, h) before the stage 5 (s, a)
nk(s,a) the total number of visits to (s, a, h) in the stage (s, a) — 1
ir (s, a) the number of visits to (s, a, h) in the stage ¢ (s, a) before the start of round k
¥ (s, a) the number of visits to (s, a, h) in the stage ¢}~ ' (s, a) before the start of round k
ref, k the sum of the reference function at step h + 1 with regard to all visits to (s, a, h)
Hp, (sv a’)
before round &
ref,k the sum of the squared reference function at step h 4 1 with regard to all visits to
o, " (s, a)
(s, a, h) before round k
adv, k the sum of the advantage function at step h + 1 with regard to all visits to (s, a, k)
W (s,a) | s
uring stage ¢, and before round £
adv,k the sum of the squared advantage function at step h + 1 with regard to all visits
Op (Sa Cl) . k—1
to (s, a, h) during stage ¢, and before round k&
val, (s, a) the sum of the estimated state value function at step h + 1 with regard to all visits
) ’ to (s,a, h) during stage ¢}~ " and before round &
i (s,a) the exploration termination constant for triple (s, a, h)
]Ir;ff’l€ a reference function renewal indicator in the round k£ — 1

m,k .
we introduce some local quantities. For f : S — R, letting A* . (f) = 2?21 f(s]fb_ﬁj)x

Il(s, @)™ =

(s, a)] as the summation of f on the next states for all the visits to (s, a, k) in round k
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Table 3: Local Variables

Variable Definition
ny” *(s,a) | the total number of visits to (s, a, h) of the agent m in the round &

the sum of the reference function at step k + 1 with regard to all visits to (s, a, k)

m,
H hvref(s’ a) of the agent mm in the round k

ok (s,a) the sum of the squared reference function at step i + 1 with regard to all visits to
href (s, a, h) of the agent m in the round &

the sum of the advantage function at step h + 1 with regard to all visits to (s, a, h)

m,k
Hhady(5, @) of the agent m in the round &

gk (s,a) the sum of the squared advantage function at step h + 1 with regard to all visits
h,advi™ to (s, a, h) of the agent m in the round &

m,k (s,a) the sum of the estimated state value function at step h + 1 with regard to all visits
Fonvai to (s, a, h) of the agent m in the round k

for agent m. When there is no ambiguity, we will use the simplified notation A% (f) = Afn’w n(f).

m,k k m,k k ref,k m,k _ k adv,k
Then, we let n,""(s,a) = Ap (1), pyep(s.a) = AL(VET), ppaa(ssa) = AL VD),
_ k k m,k _ k ref, k12 m,k _ k adv,k12
Mh,val(sv a’) - Arn(vvhﬂ—l) Jh ref(s a) - Am,([‘/h,-t,-l ] ) and op, adv(s a) - Arn([vvh-l—l ] ) For
these functions of (s, a), n}" ¥ is the local count of visits for agent m in round k, and the remaining
ones are local summations related to the reference function, the estimated advantage functions, and
the estimated value functions for visits.

Accordingly, we define some global quantities. First, we focus on visiting counts. We let
NFf(s,a) = Zk';t2’<tﬁ Yom nhm’k be the total number of visits to (s, a, h) up to but not includ-

ing stage t§, nf(s,a) = .. o =gk 1 Dom nm’k be the number of visits to (s, a, k) in the stage
t;; — 1. Here, nj = 0if t} = 1. We also let 7y (s,a) = >0 1. Wtk Do T * and ik (s, a) =
Zk,.k,<k T Yo k" be the number of visits to (s,a,h) in the stage t} or tfb_l before the

start of round k. Next, we provide quantities of summations. Let uff k( a)=> k, < Qom M ref )

£k dv,k dv,k
U;f (s,a) = Zk’k’<kz Uhref’ﬂzv (s,a) = Zk'k'<mk'—tk 1) m :uhadv’ “ (s,a) =

K’ val,k ref,k
2ok K<tk =Rt 2m Uh,adv and ju,""(s,a) = D, ' =tr DD v+ Here, " and

;Ief g represent the sum of the reference function or squared reference function at step i + 1 with

regard to all visits of (s, a, h) before round k, and pi2™F, 2% V¥ are the sum of the advantage

function, squared advantage function, and the estimated value function at step i + 1 with regard to
visits of (s, a, h) during stage ¢y~ and before round k.

B RELATED WORKS

Single-agent episodic MDPs. There are mainly two types of algorithms for reinforcement learning:
model-based and model-free learning. Model-based algorithms learn a model from past experience
and make decisions based on this model, while model-free algorithms only maintain a group of value
functions and take the induced optimal actions. Due to these differences, model-free algorithms
are usually more space-efficient and time-efficient compared to model-based algorithms. However,
model-based algorithms may achieve better learning performance by leveraging the learned model.

Next, we discuss the literature on model-based and model-free algorithms for single-agent episodic
MDPs. |Auer et al.|(2008), [Agrawal & Jia|(2017), Azar et al.| (2017), Kakade et al.|(2018)), | Agarwal
et al.[(2020), Dann et al.|(2019), Zanette & Brunskill| (2019),Zhang et al.|(2021)/Zhou et al.| (2023)
and|Zhang et al.| (2023)) worked on model-based algorithms. Notably, Zhang et al.[(2023) provided an
algorithm that achieves a regret of O (min{\/ SAH?T, T}), which matches the information lower
bound. [Jin et al.| (2018), |Yang et al.| (2021), [Zhang et al.|(2020), L1 et al.| (2021} and [Ménard et al.

17



Published as a conference paper at ICLR 2025

(2021)) work on model-free algorithms. The latter three have introduced algorithms that achieve
minimax regret of O (\/ SAH?T )

Variance reduction in RL. The reference-advantage decomposition used in [Zhang et al.[ (2020)
and|Li et al.| (2021) is a technique of variance reduction that was originally proposed for finite-sum
stochastic optimization (see e.g. |(Gower et al.| (2020); Johnson & Zhang| (2013)); Nguyen et al.|(2017)).
Later on, model-free RL algorithms also used variance reduction to improve the sample efficiency.
For example, it was used in learning with generative models (Sidford et al., 20182023} [Wainwright|
2019), policy evaluation (Du et al.| 2017} |Khamaru et al.l 2021; Wai et al.,[2019; [Xu et al., [2020),
offline RL (Shi et al.| 2022} |Yin et al.,|2021)), and Q-learning (Li et al.,|2020; |Zhang et al., [2020; [Li
et al.| 2021 |Yan et al., 2023)).

RL with low switching cost and batched RL. Research in RL with low-switching cost aims to
minimize the number of policy switches while maintaining comparable regret bounds to fully adaptive
counterparts, and it can be applied to federated RL. In batched RL (e.g., Perchet et al.| (2016)),|Gao
et al.| (2019)), the agent sets the number of batches and the length of each batch upfront, implementing
an unchanged policy in a batch and aiming for fewer batches and lower regret. Bai et al.| (2019)
first introduced the problem of RL with low-switching cost and proposed a ()-learning algorithm
with lazy updates, achieving O(SAH?3 log T') switching costs. This work was advanced by |Zhang
et al.| (2020), which improved the regret upper bound and the switching cost. Additionally, Wang
et al.| (2021)) studied RL under the adaptivity constraint. Recently, |Q1ao et al.| (2022) proposed a
model-based algorithm with O(loglog T') switching costs. [Zhang et al.[(2022)) proposed a batched
RL algorithm that is well-suited for the federated setting. Both Zheng et al.|(2024b) and Zhang et al.
(2025) analyzed low switching cost in the gap-dependent setting.

Multi-agent RL (MARL) with event-triggered communications. We review a few recent works for
on-policy MARL with linear function approximations. Dubey & Pentland|(2021) introduced Coop-
LSVI for cooperative MARL. Min et al.|(2023) proposed an asynchronous version of LSVI-UCB
that originates from Jin et al.|(2020), matching the same regret bound with improved communication
complexity compared to [Dubey & Pentland| (2021). Hsu et al.| (2024) developed two algorithms
that incorporate randomized exploration, achieving the same regret and communication complexity
as Min et al.[ (2023). Dubey & Pentland! (2021); [Min et al.| (2023); [Hsu et al.| (2024) employed
event-triggered communication conditions based on determinants of certain quantities. Different
from our federated algorithm, during the synchronization in Dubey & Pentland (2021)) and Min et al.
(2023), local agents share original rewards or trajectories with the server. On the other hand, Hsu
et al.| (2024) reduces communication cost by sharing compressed statistics in the non-tabular setting
with linear function approximation.

Federated and distributed RL. Existing literature on federated and distributed RL algorithms
highlights various aspects. For value-based algorithms, |Guo & Brunskill| (2015), Zheng et al.| (2024a)),
and (Woo et al,| (2023) focused on linear speed up. |Agarwal et al.|(2021) proposed a parallel
RL algorithm with low communication cost. [Woo et al.[ (2023) and Woo et al.| (2024) discussed
the improved covering power of heterogeneity. |Wu et al.| (2021) and [Chen et al.| (2023)) worked
on robustness. Particularly, |(Chen et al.| (2023) proposed algorithms in both offline and online
settings, obtaining near-optimal sample complexities and achieving superior robustness guarantees.
In addition, several works have investigated value-based algorithms such as -learning in different
settings, including Beikmohammadi et al.| (2024), Jin et al.| (2022), Khodadadian et al.|(2022), Fan
et al.| (2023)), Woo et al.|(2023)), and |Woo et al.|(2024); Anwar & Raychowdhury|(2021)); Zhao et al.
(2023)); [Yang et al.|(2023); Zhang et al|(2024). The convergence of decentralized temporal difference
algorithms has been analyzed by |Doan et al.|(2019),|Doan et al.|(2021), Chen et al.[(2021b), |Sun et al.
(2020), Wail (2020), /Wang et al.| (2020), Zeng et al.|(2021)), and |Liu & Olshevsky|(2023).

Some other works focus on policy gradient-based algorithms. Communication-efficient policy
gradient algorithms have been studied by |Chen et al.| (2021a) and [Fan et al.| (2021). |Lan et al.
(2023) further reduces the communication complexity and also demonstrates a linear speedup in the
synchronous setting. Optimal sample complexity for global convergence in federated RL, even in the
presence of adversaries, is studied in|Ganesh et al.|(2024). [Lan et al.| (2024) proposes an algorithm to
address the challenge of lagged policies in asynchronous settings.

The convergence of distributed actor-critic algorithms has been analyzed by |Shen et al.|(2023) and
Chen et al.|(2022). Federated actor-learner architectures have been explored by |Assran et al.|(2019),
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Espeholt et al.| (2018)), and [Mnih et al.|(2016)). Distributed inverse reinforcement learning has been
examined by Banerjee et al.|(2021);|Gong et al.| (2023)); |Liu & Zhu| (2022} 2023} 20245 2025)).

C NUMERICAL EXPERIMENTS

C.1 EXPERIMENTS COMPARING CANDIDATE ALGORITHMS

In this subsection, we conduct experimentf] in a synthetic environment to demonstrate the better
regret and communication cost of FedQ-Advantage compared to FedQ-Hoeftfding and FedQ-Bernstein
proposed by (Zheng et al.| 2024a). We follow |[Zheng et al.| (2024a) to use forced synchronization
and generate a synthetic environment to evaluate the proposed algorithms on a tabular episodic
MDP. We set H = 10, S = 5, and A = 5. The reward (s, a) for each (s, a, h) is generated
independently and uniformly at random from [0, 1]. P, (- | s, a) is generated on the S-dimensional
simplex independently and uniformly at random for (s, a, k). Under the given MDP, we set M = 10
and generate 10° episodes for each agent, resulting in a total of 10% episodes for all algorithms. For
each episode, we randomly choose the initial state uniformly from the S states. In FedQ-Hoeffdin
and FedQ-Bernstein, we use their hyper-parameter settings based on their publicly available cod
For FedQ-Advantage, we set ¢ = 1 and Ny = 200. To show error bars, we collect 10 sample paths
for all algorithms under the same MDP environment and show the regret and communication cost
in Figure 2| For both panels, the solid line represents the median of the 10 sample paths, while the
shaded area shows the 10th and 90th percentiles.

—— FedQ-Hoeffding
—— FedQ-Bernstein
FedQ-Advantage

120

40000
—— FedQ-Hoeffding
—— FedQ-Bernstein
FedQ-Advantage

100

80 30000
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20000
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40

Rounds of Communications

10000
20

0.0 0.2 0.4 0.6 0.8 1.0 0 20000 40000 60000 80000 100000
Total number of episodes MT/H le6

Figure 2: Numerical comparison of regrets and communication costs.

The left panel of Figure plots Regret(T) /v MT versus MT/H, the total number of episodes for
all agents, showing the lower regret of FedQ-Advantage compared to FedQ-Hoeffding and FedQ-
Bernstein. The right panel tracks the number of communication rounds throughout the learning
process. All three federated algorithms show a sublinear pattern when 7' is large, and FedQ-Advantage
requires the fewest communication rounds. Since the communication cost for one synchronization
is O(M HS) for each of the three algorithms, FedQ-Advantage enjoys the least communication
cost. These numerical results are consistent with our theoretical results in Table[I] We also provide
numerical experiments to replicate the setting in |[Zheng et al.[(2024a), show the performance on
different combinations of H, S, A, and explore the multi-agent speedup in Appendix [C.3] The
conclusions are consistent with those for Figure 2]

C.2 EXPERIMENTS FOR MULTI-AGENT SPEEDUP.

In this subsection, we provide experiments on the multi-agent speedup of FedQ-Advantage under the

same experimental setting as Appendix Figurereports R(T)/v/T versus T/ H based on the 10
sample trajectories for FedQ-Advantage and UCB-A. Here, R(T") = Regret(T")/M. UCB-A is our

3All the experiments are run on a server with Intel Xeon ES-2650v4 (2.2GHz) and 100 cores. Each replication
is limited to a single core and 4GB RAM. The total execution time is less than 2 hours. The code for the numerical
experiments is included in the supplementary materials along with the submission.

4https ://openreview.net/attachment ?id=fe6ANBxcKM&name=supplementary_
material
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single-agent counterpart from Zhang et al.| (2020), and we show the experimental results for both 103
episodes for the single-agent experiment and 10° episodes, representing the situation where a single
agent generates all episodes for FedQ-Advantage under a high communication cost. When showing
R(T) for UCB-A with 10° episodes, we pretend that M = 10 and the total number of episodes is
10° so that the three situations are comparable. We find that FedQ-Advantage shows a multi-agent
speedup compared to UCB-A with 10° episodes. However, it exhibits larger regret compared to
UCB-A with 10 episodes, which results from the multi-agent burn-in cost discussed in Section

16 1
14 4
—— UCB-A: 10°
121 —— UCB-A: 106
FedQ-Advantage
10 1
=
£ 81
<

T —
I

0 20000 40000 60000 80000 100000
TIH

Figure 3: Multi-agent speedup

C.3 OTHER COMBINATIONS OF H, S, A

Figure 3| gives additional numerical experiment under different combinations of H, S, A. The top
panels show 10 replications on S = 3, A = 2, H = 5, which replicates the experiments in|[Zheng
et al.|(2024a). The second one chooses relatively large parameters where H = 20,5 = 20, A =5
and shows one replication. The conclusion is the same as that in Appendix [C.I]

D BASIC FACTS AND CONCENTRATION INEQUALITIES

In this section, we provide some basic facts and lemmas of concentration inequalities for FedQ-

Advantage. For any triple (s,a,h) € S x A x [H]|, weletY}(s,a) =3, 1ok n MR < t] be

the number of visits to (s, a, k) up to and including stage ¢t and y},(s,a) = >, , i<k nhm’k]l[tfl =t
. . tho1 th—1

be the visiting number in stage ¢. Here, we have that Y,) = ¢ = 0, N} = Y," k= v . We

also denote T}, (s, a) = t¥ (s, a) as the total number of stages for (s, a, h). Here, we emphasize that

the stage renewal condition might not be triggered in FedQ-Advantage for the last stage T}, (s, a).

Next, we assign an order to the visits of any (s, a, h). Let L;(s, a, h) denote the i-th visit to (s, a, h)
in FedQ-Advantage for ¢ € N4, and (kz,(s,a,h),mp,(s,a, h), L, (s, a, b)) be the corresponding
(round, agent, episode) index of the i-th visit. Similarly, let /;(s, a, h, k), i € [nf (s, a)] denote the
i-th visit to (s, a, h) during the stage t¥ (s, a) — 1, and (ky, (s, a, h, k), my, (s, a, h, k), ji, (s, a, h, k))
be the corresponding (round, agent, episode) index of the i-th visit ;(s, a, h, k). The indices follow
the chronological order of the visits. Specifically, under the synchronization assumption n™* =
n* ¥m € [M], aviable order can be determined by the “round index first, episode index second, agent
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Figure 4: Additional Experiments. The upper panels (a) and (b) replicate the numerical setting
in [Zheng et al.| (2024d) where S = 3, A = 2, H = 5. The bottom panels (c) and (d) perform

experiments with H = 20,5 = 20,4 = 5.

index third” rule. When (s, a, h, k) is clear from the context, we use L, l;, (k,m, j)

for simplicity.

Next, we provide Lemma[D.T|on some basic relationships for quantities in FedQ-Advantage.

Lemma D.1. For any (s,a,h,k) € S x A x [H| x [K]|, the following relationships hold for

FedQ-Advantage.
(a) To < T

(b) ny"*(s,0) < cfi(s,
S x A x [H] x [M] such that n

(c) If Ti(s,a) >

(d) Ifnf(s,a) > 0, we have that a} ' (s, a

< (1+2/H)nji(s,

() 144 < i (<3‘)’> <14 2Vt € [1,T(s,a) —
(1< Yt(s(sa;) <24 2 <4Vt e [Th(s,a) — 1]

(g) The following relationships hold.
Yi(s,a)
yp(s,a)

< 2H,Vt € [Ty(s,a) — 1].

L (k7 m7j)li

a), Vm € [M]. In addition, Vk € [K), there exists (s,a,h,m) €
m,k — ok
h (S,CL) - ch(s,a).

2, we have MH < Y,}(s,a) < MH + M.

a), Vk € [K].
2],t € N. In addition, 0 < M <
vy (s,0)
15)



Published as a conference paper at ICLR 2025

Vih(s,0) <3VH (\Yi(s,0) = Vi (s,0)) Wt € Ti(s,0) = 1) (16)

Yi(s,a) _ H
> — Vte|H,T, teN. 17
yi(s,a) = 7V € [ ) h(s7a)]7 € ( )

() Xy anvi &9 (s,a) S OMSAH(HA1)+0. Syl (s a) < OMSAH(H+
1)+ 5.

(i) Denote Ty = (2 + 2)To + MSAH(H + 1), we have

T<T, <2+ %)T+MSAH(H+1).

(G) Q' (s,a) < QE(s,a), Vi (s) < ViF(s), Vit (s) < Vi (s), V(s,a, b k) € S x

A [H] x [K =1]

Here, we use ), as a simplified notation for ) s> ,c 4 and ) ., as a simplified notation

Jory cs uea Zthl. T}, is the simplified notation of Ty, (s, a). Those simplifications will also be
used later.

Proof of Lemma|[D-1] (a) This relationship holds from the stopping condition of the loop (line
2) in Algorithm [T]

(b) From the triggering condition for terminating the exploration in a round (line 4 in Algorithm
), we can prove the relationship.

(c) Since Ty, (s, a) > 2, there exists a round k satisfying ¢} (s, a) = 1 and ¢/ (s, a) = 2. Then

according to Equation ( ' we have Y} (s,a) = 7y t*(s,a) > M H. Meanwhile, according
to (b), we have:

M
Ak - &
th(sva) = nZ"'l(s,a) = TL;CL(S,CL) + Z nhm (5,(1)
m=1

< ﬁZ(s a) + Mch(s a) < nh(s a)+ M.

Since round £ is in stage 1, we know stage 1 is not renewed before the start of round k.
Then according to Equation (7)) and the definition of 71} (s, a), we have 7 (s,a) < MH
and Y;!(s,a) < @if(s,a) + M = MH + M.

(d) According to Equation and the definition of ﬁﬁ(s, a), we have
v (s,a) < (14 1/H)nk (s, a).

If0 < 7f(s,a) < (1 — %)nf (s, a), then according to Equation (2) we have:

k Y
A]:L-‘rl( )Sﬁz(s,a)‘i’MCﬁ(S,a) Sﬁﬁ(s,a)+M(nh(sya)Mnh(S;a) +1>
=n¥(s,a) + M.

Since nf (s,a) > 0, we know t¥(s,a) > 1 and then n} (s,a) > Y,!(s,a) > MH. There-

fore, 2T (s,a) < nf(s,a) + M < (1+ 2)nk (s, a).

If (1 —1/H)nk(s,a) < if(s,a) < (1+1/H)nk(s,a), then according to Equation (2) we
have:

1 2
At (s,a) < Af(s,a) + Mcf(s,a) <k (s,a) + M - Mth(s a) < (14 H)n’fb(s,a).

Therefore, 7if (s,a) < (14 Z)nk(s, a).
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(e) Fort < Tj(s,a)—2, there exists a round k satisfying ¢} (s,a) = t+1and tf ' (s,a) = t+2.
Then according to Equation ( ' we have /! (s,a) = nZH(s a) > (1+1/H)n¥(s,a) =
(1 + 1/H)y}(s,a). Moreover, according to (d), we have y."'(s,a) = afT!(s,a) <
(1+2/H)nk(s,a) = (1+2/H)y! (s,a).

For t = Ty(s,a) — 1, we have 4" (s,a) = nf *(s,a) < (1 +2/H)nf(s,a) = (1 +
2/H)y!" (s, a).

(f) According to (e), for t < Tj,(s,a) — 1 we have y; 7' (s,a) < (1 + 2/H)y! (s, a). Then:

YT (s,a o+l 1+2 ! (s,a 2
(g) We will use the mathematical induction to prove the Equation (T3).
Fort =1,
w =1<2H.
Yp(s,a)
If % < 2H, then for ¢ (2 < t < Tj(s,a) — 1), according to (), we have ! (s, a) >
(14 1/H)y."'(s,a). Then
)?@”):1+Y%d“”)§1+ qu?f) <14 ——— <2H.
vt (s,a) Yt (s, a) 1+ )y, (s a) 1+ 5

Therefore, we finish the proof of the Equation @)
For Equation (I6), we have:

3VH (\/Y,f(s,a) - \/Y}ffl(s,a))
B i(s,0)  [Yi(s,a)
= V(s Mf(\/yhu) \/yz<s,a> 1)
1
¢yhé:s§+¢y£:23 1
> \/yh(s.a) 3 f\ﬁ+ == 2 VUh(s.).

The second last inequality is because ((9 2) < 2H according to Equation lb

= yZ(S,G,) ’ 3\/H

37 )
For Equation (17} , according to (e), we have y}, (s,a) < (1+2/H)"1y!="*1(s a) for any

h € [H]. Then:
Yi(s,0) Sy v ") o Y (L )k (s,a)
Y (s, ) Y (s, a) - Y, (s,a)
H 2 2

=0+ 0=+ )7
(14 2)1 -1+ =)
Because (1 + 2)* is increasing in H, we have (1+ 2)H >3and1— (1+Z) " > 2.

H
Therefore,
Yi(s,a) _ H 2 2. g H
> —(1+=)1-(1+—= > —.
We finish the proof of (g).
(h)
un 7 (s0) = 3 g (s 0T (s,0) < H 4 1]
s,a,h s,a,h
+ 3 T (s )T (s,0) = H + 1]
s,a,h
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Because of (e), we have:

ypt (s, @)[Th(s,a) < H+1] < (1+ %)Tvlyi(s,a)mn(s, a) < H+1]
<(1+ %)H(MHJrM).

The last inequality is because y; (s, a) = Y;}(s,a) < M H + M according to (c). Moreover,
according to Equation (T7), we have

4 4T,
Ti—1( T —1 0
E Y M[Th(s,a) > H+1] < E EYhh (s,a)[Th(s,a) > H+1] < T

s,a,h s,a,h

The last inequality holds because >, , Y, !(s,a) < Ty according to the algorithm.
Therefore, we have

sa)—1 4T, 4T,
yr ==t (g gy < Z(HH) (MH+M)+FO§9MSAH(H+ )+70

s,a,h s,a,h

Similarly, we have:

Th (s,
Z Yn' (s a)(‘s’ a)

s,a,h
—Zy s,a)[[Ty(s,a) < H + 1] +ZyTh Y(s,a)I[Th(s,a) > H +1]
s,a,h s,a,h

2 .7 4 -
<+ )" (s o)lTi(s,0) < H 1+ 3 ¥, 7 (s, a)l[Th(s,a) > H +1]

s,a,h

<OMSAH(H +1) + %.

(i) First, according to (f), we have:

2
Y, (s,0) <Yy (s, @)l[Th(s, 0) = 1] + (2 + 7)Y, (5, )I[Th(s, a) > 1]
2. 1,-1
<(2+ E)Yh (s,a) + MH + M.
The last inequality is because of (c). Then we have:
. 2
T Th—
T = Zhyh "(s,a) < Zh ((2+ A (s,a) +MH+M>
2
<(2+ E)TO + MSAH(H +1).

The last inequality is because of >

s.ah Y,LTh_l(s, a) < T according to the algorithm.
Because T < T from (a), we have:

T<T, <2+ %)T+ MSAH(H +1).

(j) According to Equation , we know Qﬁ(s, a) is non-increasing with respect to k. Then
based on the update rule Equation for V,f (s, a) and the update rule Equation for
V,ief’k (s,a), we find that they are also non-increasing with respect to k.

O

Next, we provide Lemma [D.2]that discusses the weighted sum of all the steps.
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Lemma D.2. For any non-negative weight sequence {w(s,a)}, , , and any o € (0, 1), it holds that

(7% g km,g e

H
wh(sp ™ ™) km 4 T 1o
Z Z N}Iz;( ﬁm,j’ Zm,j)aﬂ [th > 1} < 1_a Z W}L(57Q)Yh}(8aa) s

h=1k,m,j s,a,h

and

km,g k,m,j

H
Z Z k ,m,j allchmj ) I [t;?m)j > 1] < (8H>a Z Wh(87a)Y}?h(s>a)1_a'
a «@

h=1 k,m,j ’“h ) s,a,h

For o = 1, it holds that

m,j k.m.j

Z Yoo (5™, a L > 1] <43 wn(s,a) log(V;" (s, )

k ka ke
N a,™”)

h=1k,m,j s,a,h
and
H k k,m
S 3 T T ] <Y ) o7
b g 1[0 < wn(s, @) log(¥;T" (s, a)).
W= b T (8 ") s,a,h
,m,j s @y

Here, tk myj o _ tk( km,] k,m,j).

Proof of Lemma[D2) According to Equation (15), for any (s;"™7 a7 h) € S x A x [H] and

3

tﬁ)m’j > 1’
k k,m, tkimj 1o kmyg kmj
Nk( hm] hmJ) B Yh} ( hmj7ahmj) < 92H
k¢ km, k,m,j\ k,m,j . — .
nh( hm], hmj) y:LL 1( Z J7alfi’m7])

Therefore, we only need to prove the first and the third inequalities.

We first provide two conclusions. For 1 < x <4 and 0 < o < 1, it holds:

T 1>(1—-a)(z -1z * >4l —a)(z—1) (18)

r—1 rz—1
> .
r ~ 4

log(x) > (19)

Next, we go back to the proof. For any (s,a,h) € S x A x [H] and 2 < t < Tj(s,a), let

Y{%‘Q’(a)) According to (f) in Lemma we have 1 < z < 4. Using Equation , and

Equation (T9), it holds:

T =

¢
Yt , l—a thl , 1-a > 4—a 1— yh(s’a) , 20
o) = ) 2 o) AR 20
and
log (Y (s,a)) — log(Y, ™! (s,a)) > M. 21
hA% h ’ - 4Y}f*1(s,a)
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H km,j _k,m,j

Z wa (s, a, ™) I [tk,mJ’ S 1]
k(km.j k RUTVAY h

Ny (s ™)

H
=2 ]\O,J,?((Szﬁ’,m,j a;f,m,j))aﬂ [th™7 > 1] (ZH (s ™) = (s,a)]>
0,7~ h

h=1k,m,j Sp, » A, s,a
_ Wh(5:a) o kmg kg
- S;k’m’j N (s, @) [th(s,a) > 1] T[(sy"™, ap™) = (s,0)]
Th
:Z ME{(S?L@J ak iy = ] z}:]l [th(s,a) = t]
s,a,h k,m,j Nh (sva)a
T
:Zi wh (s, a Z]I[ km,] kmj)_( a)t’,ﬁ(sa):t}
= N}]f S, a S, ’ )
s,a,h t=2 k,m,g

In the last equality, I[(s}"""7, a)™7) = (s,a), t}(s,a) = t] = 1if and only if (s}, a}™7) =
(s,a) and k in stage ¢ of (s, a, h), SO D km. T[(s;™ 7, af"™7) = (s,a),tk(s,a) = t] yl (s,a). In
this case, Nf(s,a) = Y}/ !(s, a) and then we have :

m,j k:m)

Sy T[] - Yy bl gy

h=1k,m,j h Sh a’h s,a,h t=2

Summing Equation for2 <t <T}(s,a), forany 0 < a < 1, we have:

Th Th

t et a

vh(s,a) 4 e i1y a4 .
D T e S Toa M0 =Y s a) ) < g s e @)
t=2 " h ’ t=2

Combining Equation (22)) and Equation (23)), we can finish the proof of the first inequality.
In Equation (22)), let o = 1, we have:

k,m,j

wh Sh 4 T a™) k,m.,j _ Yy, (s, a)
Z Z (55T km,j)H [th > 1] = wi(s,a) 2y T (sa) (24)

h=1k,m,j h Sh ah

Summing Equation for 2 <t < Tjy(s,a) , we have:

Th t T
M t _ t—1 T,
2 it (s g < 42 (losYils,0)) —log(¥i ™ (5,0))) < Al (VM) (29

Combining Equation (24) with Equation (23], we finish the proof of the third inequality. Then we
finish the proof. U

Next, we provide auxiliary lemmas.

Lemma D.3. (Azuma-Hoeffding Inequality) Suppose { X} }r-_, is a martingale and | X), — Xj_1| <
¢k, Yk € Ny almost surely. Then for any positive integers N and any positive real number €, it holds
that:

2
P = X0l > 0 < 20 (v ).
23 o1k
Lemma D.4. (Lemma 10 of Zhang et al.| (2020)) Ler {M,} -, be a martingale such that
My = 0 and |M, — M,_1| < c. Let Var, = > _E[(My — My_1)*|Fi_1], where
Fr—1 =0(My, My, ..., My_1). Then for any positive integer n and any €, p > 0, we have that:

P (\Mn| > 2\/Varn log(1/p) + 2\/6 log(1/p) + 2clog(1/p)) < (2nc*/e+2)p
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At the end of this section, we provide a lemma of concentration inequalities.
Lemma D.5. Ler v = log(2/p) with p € (0,1). Using V(s,a, h, k) as the simplified notation
forV(s,a,h, k) € § x Ax [H] x [K]. For any function f : S — R, we denote V, ,1(f) =
]P’S,a’hf2 — (IF’&a,hf)z. Next, we define the following events.

k

1 - * (k,m, J)l * 2H2[’
fi=9q-% Z (Vthl( Shi1 )~ ]P)s,a,hvh+1> <\/—5V(s,a,h,k)
np, i=1 Ny

reka \ﬂ
&= ‘X1‘< ZVsah h41 )L+T1+HL N(s,a,h,k‘) 5

Nk

in which x is the abbreviation for

Nk'
1 u ref,kr, .
X1(87 a, h, k) = W ; (]P)s,a,h lsik;m J)L ) Vh+l .
Ny,
&y = Z (]P’S’a’h 1 eming ) ,Zif“ 2NF(s,a),V(s,a,h, k)
i=1 Sht1
Ny
& = Z(Ps,a,h ]]-(AMJ)L>(V;ifL 2 <H2\/2N’C a)i,V(s,a, h, k)
i=1 htl

nk
2 i Ky ref L
55 = |X2| < W sz,a,h(vh_i_ll - th—l ll)b + l + 2HL> ,V(S,(L h, k) s

in which x is the abbreviation for

xa(s,a,h, k) = ik > (IE”S ah — 1 emay, ) (Virti, = Vi),
"h i3 Pht1
"
€= 130 (B — 1, ) (Vi = V)| < 207 /2mf s, ), (5,0, )
i=1 htt
"
&r = Z (PS,a,h lls(k m, > (V:jrl — V,ii’lkli)Q < 2H?*\/2nk(s,a)i,¥(s,a,h, k)
i=1 ht1

& = ZZ(P’”"J akmd lkMJ))‘hﬂ(Siﬂj)S ALY

h=1k,m,j
Here, \§(s) = I[N} (s) < No] with Nj( s) > aca N (s,a). Especially, N, (s) = 0. D komj

v,k
is the abbreviation of 3" el Zm 1 Z i=1 - Wewill also use the abbreviation later.

1

§ : § : h 1 k

{ 1 + 1 + F[) (]P)s’;’m’j,a’;’m”j,h - 13:317) (V}H—l - Vh*_t,_l) .
h=1k,m,j

< 18H\/2T1L}

& = {|V(s, a,h,t)] < H\/2y} (s,a)t,V(s,a,h) and ¥t € [Ty (s, a)]} .
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Here,

V(s,a,h,t) = Z (Ps,a,h — ]ls;’zﬂ,j) (th+1 - V}erl) I [(SZ g gk m,]) (s,a),t8(s,a) = t}

k,m,j

H
&n = {Z 3 (g L > 1] (B goms = L) (Vi = Vi)

h=1k,m,j

S 9H\/ 2T1L}.

NF(s,a)
1 & kL 20
Eip={ (Briere = L wimirs, ) M| < o[ (s, b
N}’f(s,a) ; Shy1 P ht1 N}]f(s,a) ( )
H
* * k,m,j
Ei3 =D D (P groma y (Vier) = Vi (s3157)) | < HV/2T1
h=1k,m,j

H
* * k,m
Ea=3> (}P’s:,m,jﬂZ,m,j’h(Vhﬂy Vi sk )| < B2/2Th

h=1k,m,j
NF(s,a) 5
f,krL. L
&5 = ( s,ah — 1 (k, J>L)<Vre’ PV ) <2H,|——F—.
) m h+1 h+1 —
P Shi1 + NF(s,a)

Then we have
P(&) > 1— SAT?/Hp,i € {1,6,7,10},

P(&) >1— SATip,i € {3,4,12,15},
P(&) >1—p,i € {8,9,11,13,14},
P(&) > 1 — SATY(HT} + 1)p

and
P(Es) > 1 — SAT?(4HT}? 4 1)/Hp.

Proof of Lemma[D.3] First, we will prove with probability at least 1 — SAT?/Hp, & holds. The

k,m, . .
sequence {V}, (s EL +T 2 ') = Psan Vi ient is a martingale sequence with its absolute values

bounded by H . Then according to Azuma-Hoeffding inequality, for any p € (0, 1), with probability

at least 1 — p, it holds for given n¥ (s, a) = n € N that:
2H?,
<4/ )
n

For any k € [K], we have nh(s a) [Z1]. Considering all the possible combinations (s, a, h, k) €

S x Ax [H] x [Z] and nf (s, a) € [21] w1th probablhty at least 1 — SAT?Z/Hp, it holds simulta-
neously for all (s,a,h, k) € S x A ’[( K] that:

LIA (e (kimad)
n Z (Vh+1( h+1 - )_Ps,a,hvfz(.H)

i=1

k
1 n (k,m, ) " 2H2,
m Z (Vh*+1( Sht1 7 ) - ]P)s’a,thH) < %

nh i=1 nh(87 a) .
This conclusion also holds for for £ and &7 as {(Ps.a,n — 1 (em.iy, )(V,Z’r1 - V}ﬁ’f”)}iew isa
6h+
martingale sequence with its absolute values bounded by 2H, and {(P, 4, — 1 [ )(th—tl —
Sht1

f,k . . oy
V,iil ')2},cn+ is a martingale sequence with its absolute values bounded by 2H2.
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Next, we will prove with probability at least 1 — SATip, & holds. {(Ps .o —

£,k
1 emiy, )Véil “i1,cn+ is a martingale sequence bounded by H . Then according to Azuma-

Sh+1
Hoeffding inequality, for any p € (0,1), with probability at least 1 — p, it holds for a given
NF(s,a) = N € N, that:

< HV2N..

ref, kL
(Ps,a,h 1 (k m,J)L, ) Vh+1
Sh+1

For any k E [K] we have NF (s, a) € [£]. Considering all the possible combinations (s, a, h, N) €
SxAx]| ], with probability at least 1 — S AT} p, it holds simultaneously for all (s, a, h, k) €
S x A X K that:

Ni

fkr,

Z (]PS ah — ]].S(k m.i)L, ) V,:_l L; < HN/QN}]LC(S,(L)L.

i=1 h+1
This conclusion also holds for &, &2 and &5 because of the similar martingale structures as
follows. For &4, the sequence {(Ps 4, — 1 Jemir, )(V;f{l]C b )?}ien+ is a martingale sequence with

Sh41

its absolute values bounded by H?. For &2, the sequence {(Ps o5 — 1 (komd)p, ))\if;’l}iew is
Sh+1 )

a martingale sequence with its absolute values bounded by 1. For &5, the sequence {(P; 4 5 —

fkr, , . .
1 S )(V,;il " — Vi 1) }Yien+ is a martingale sequence with its absolute values bounded by

Sht1

2H.

Now, we will prove, with probability at least 1 — p, & holds. Because of (i) in Lemma
we can append multiple Os to the summation such that there are 7 terms. Since the sequence

_ o k(R , . .
{(]P)slz,m,]’a:,md’h ]ls’,jﬁﬂ )Ah41(854 17 ) Y hk.m. j can be reordered chronologically to a martingale

sequence with its absolute values bounded by 1, it is still a martingale sequence with its absolute
values bounded by 1 after appending some 0 terms. According to Azuma-Hoeffding inequality, for
any p € (0,1), with probability at least 1 — p, it holds that:

H
E E ) ) ) k k,m,j
(]P)s’;"m“7,a’;’m”'7,iz, - le:_ﬁj) >‘h+1 (5h+1 ) < 2T

h=1k,m,j

Similarly, the conclusion also holds for &, £11, €13 and £14 because of their similar martingale struc-
tures as follows. For &y, the sequence {(1 +2/H)h(PSI:L,m,j R ]].slzﬂ,j YVE L=V ) Yemagih
can be reordered to a martingale sequence with the absolute values bounded by 18H. For &1,
the sequence {(1 + 2/H)"1[tf™7 > 1}(Psi,m,j,a;c,m,j,h — ]1&,Z,m,j)(Vh*+1 — V}Zﬁjl)}k,m’j,h can
be reordered to a martingale sequence with its absolute values +blounded by 9H. For &3, the
sequence {]P)Sﬁ,m,j,aﬁnn,j’h(vh*_,’_l) ‘/,l_~_1(t9’h€_:_n1 )}k,m.j,n can be reordered to a martingale se-
quence with the absolute values bounded by H. For &4, the sequence {Psﬁ,m,j’alz,m,j’h(vh+l) —
(Vira (siﬁj ))?}k,m,j,n can be reordered to a martingale sequence with its absolute values bounded
by H2.

Now we will prove with probability atleast 1 —SAT, (HT} +1)p, & holds. According to the Lemma
w1th €= T2, ¢ = H and p < &, we have that with probability at least 1 — (NH?*TF + 1)p, it
holds for a given Nf(s,a) = N € N+ that:

2 reka.’ \ﬂ
al < szah i )L+T1+HL ,

For any k € [K], we have Nf(s,a) € [£]. Considering all the possible combination (s, a, h, N) €
S x A x [H] x [£t], then with probability at least 1 — SAT; (HTY} + 1)p, it holds simultaneously
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forall (s,a,h, k) € S x A x [H] x [K] that:

refk
‘Xllg ZVsah h+1L) +£+Hl/

2
NF(s,a) Ty

Similarly, with probability at least 1 — SATZ(4HT} + 1)/Hp, & holds.

Finally, we will prove, with probability at least 1 — SATZ/Hp, &0 holds. V (s,a,h,t) is the
summation for all the visits to (s, a, k) in stage ¢, which is a martingale sequence with the order
assigned chronologically. According to Azuma-Hoeffding Inequality, for any p € (0, 1), with
probability at least 1 — p, it holds for a given v} (s,a) = y € N that:

5 (Paon— L) (s~ ) [ = i) ]| <201

k,m,j

For any t € [T},(s,a)], !, (s, a) € [21+]. Considering all combination of (s, a, h,y) € S x A x H x
[%], with probability at least 1 — SAT?/Hp, it holds simultaneously for any (s,a,h) € S x A x H

and any t € [T} /H| that:
[V (s,a,h,t)] <2H\/2y! (s,a)e.

E PROOF OF THEOREM [4_1]

In this sectlon we provide the proof of Theorem[#.1] Throughout this section, we will discuss under
the event ()}, &; and show

Regret(T")
<O((1+ /B + B)VMSAH?T. + HVMTlog(T) + HVMTilog(MSAH?)
+ MASAHTT1.% + SH2Nylog(T) + VMSAH? log(T)\/t + S AH®\/Ny log(T)
+ SAH? (M0)? + MSAH?\/t + MSAH?\/Bu+ MSAH?\/B? + M5 STATH% 4

+ 5% AH®\/Nylog(MSAH?). + SH?Nylog(MSAH?) + vV MSAH?log(MSAH?)\/2),
(26)

where &;s are the events in Lemmawhich shows that P(()2, &) > 1 — (ASAT? + SAHT} +
5SAT?/H + 5SATy + 5)p. Thus, showing Equation (26) will complete the proof. Before

. . . ~ref,k _ m,k’
we start, we introduce some stage—w1se notations. Let [, "“(s,a) = Zk, 1y <t D Mt »
~ref,k ~adv,k ~ddV k o
Oh, ( ) Zk’ t"/<t" Zm h, ret > Hp ( ) Zk’ fk’—tk 1 Z Mh adv’ ('S a) -

~val,k ~ref E_ ak Arnr d
Zk’ th =tk —1 Z h adv’ Ky, ( ) Zk/ th =tk —1 Z Mh Val’ - Nf ( NF ) an
~adv,k a’fv k ﬂf\ k ~ref, k ~ref,k .
U, "= — (P B )2. Here, fi; " and &) " represent the sum of the reference function or
h

squared reference function at step h + 1 with regard to all visits of (s, a, h) before stage ¢ (s, a),
and ﬂ‘;LdV k) &;‘Ldv k) ,u\,;dl ¥ are the sum of the advantage function, squared advantage function, and the
estimated value function at step h + 1 with regard to visits of (s, a, h) during stage t5 (s, a) — 1.

Using the definition of Li(s7 a,h) and l;(s, a, h, k), we have the following equalities:

Nk,

h 2
fk fk (k,m,j) ~ ref,k f,k (k,m,j)
i Z Vi i, it s = Y0 (i i)
i=1
ny, ny,
~adv.k ki, ref,ky, (k,m,j);, ~adv,k ki, ref,k (k,m,j)
/i;v (s,a) = Z(Vhiﬁ - Vh+111)(5h+1 l1)7 UZV (s,a) = Z(Vhiﬁ - Vh+1l ) (s Sht1 K )
i=1 i=1
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nk'

h
~val, k ki, o (ksmuj),
fip, " (s,a) = th-i-l(sh+1 ).

i=1
We also denote
Tk+1,1 g k+1,1 2/ k+1
b, =b, =\/2H?%/n; ",
bk+12 2\/~refk+l Nk+1+2\/~ddv k+1 ﬁ+1

£ 10H ((o/NEF 44 (/)M 4 NS 4 )

and

Nk+1,1 ~val,k+1 k+1 7k+1,1
h + b (Sa a)7

w0 (s,a) =rp(s,a) + iy

~Z+172(5 a) — T}L(S Cl) + ’u;—bef k+1/N}’:+1 ﬂé;LdV Jk+1 k:+1 + bk+1 2(8 a/).
For k € N such that t’fLH > t¥, we have the following relationships:

~adv,k+1 dv,k+1

fin (s a) = 4y (s, ),

&Zdv,k—l-l(s, a) _ O'Zdv’k+1(8, a)

_val k+1 1k+1

fin " (s,0) = " (s, ).
In this case, we have QkH Y(s,a) = Q¥ (s,a) and Qk+1 *(s,a) = ZH %(s,a). There-
fore, based on the update rule Equation (7), for ti*'(s,a) > t£(s,a), we have Q¥ (s,a) =
min{QF" (s,a), Q2 (s,a), Q% (s, a)}. Smce these stage-wise notations ", 75" and 2"

have the same value for different rounds in the same stage, for t}"!(s,a) = t}(s,a), we have

kH 1(s a) = Zl(s a) and QkH *(s,a) = :2(3, a). According to the update rule Equa-

t10n , in this case we have QF™!(s,a) = Qf (s,a). In each stage, using mathematical induction,
we can ﬁnd that for any k € N, it holds:

Ml(s,a) =T {t’flﬂ = 1] H+I {t’;ﬂ > 1] min{@ffl’l(s,a), ~]Z+1’2(s,a),Q§(s7a)}. (27)

Here, £/ is the abbreviation of ¢} (s, ). Since Q¥ (s, a) is non-increasing with respect to k, in
the following Lemma we will give a lower bound of Q% (s, a).

Lemma E.1. Under the event ﬂ;l Eiin Lemma@ it holds that for any (s,a,h, k) € S x A x
[H] x [K]:

Qh(s,a) > Qj (s, a).
Then we have Vi (s) > V*(s) for any (s,a,h, k) € S x A x [H] x [K].
Proof. We first claim that based on the event £3 N &4 in Lemma it holds for any (s, a, h, k) €
S x A x [H] x [K] that
Nh

ZVQ an( VéilkL ) < N (s, a)v;ffk(s,a) +5H?\/ N (s,a)t, (28)

and based on the event & N &7, for any (s,a, h, k) € S x A x [H] x [K], we have:
ZVS an h+1 V}Zif”) < nk(s,a) ~2dv "(s,a) + 10H? nk (s, a). (29)
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We will prove Equation (28) and Equation (29) at the end of the proof for Lemma[E.I] Combining
Equation (28)) with the event &, for any (s, a,h, k) € S x A x [H] x [K], we have:

IA

2 ref kL, \[
— Vs,a, —+H
‘Xl‘ N;f(s,a,) Z h h+1 ) + Tl + L

SN’“sa (\/Nksa TiEtF (s, a) + 5H2L\/N§(S,Q)L+T£1L+HL)

h

TEF (s, a) N VEH LA ND N H.
N,’f(s,a) N;f(aa)%
co B (o N gt
- Ny (s,a) Nji(s,a) Ny (s,a)

Similarly, combining Equation with the event & in Lemma for any (s,a,h, k) € S x A x
[H] x [K], we have:

i
L
ol < 24/ 2 2D 0 () +6H———.
nk (s, a) nk(s,a) n¥(s,a)

Therefore, according to the definition of 52’2(3, a), for any (s,a, h, k) € S x A x [H] x [K], it holds
that:

=2

by (s,a) = [xal + xal- (30)
Now we use mathematical induction on k to prove QF(s,a) > Qj(s,a) for any (s,a,h,k) €
S x Ax [H] x [K]. Fork =1, Qj}.(s,a) = H > Q(s,a) forany (s,a,h) € S x A x [H]. For
k > 2, assume we already have Q¥ (s, a) > Q% (s, a) for any (s,a,h, k') € S x A x [H] x [k — 1],
then we will prove for any (s, a, h) € Sx Ax[H], Q¥ (s,a) > Q7 (s, a). According to Equation ,
the following relationship holds:

QF(s,a) =T [tZ =1]H+I [tﬁ > 1] min{@ﬁ’l(s,a),()ﬁg(s,a), "(s,a)}.
Then for any given (s, a,h) € S x A x [H], we have the following four cases:
(a) If tF(s,a) = 1, then Q¥ (s,a) = H > Q5 (s, a).
(b) If t§ (s,a) > 1 and Qf (s,a) = Q5 ~*(s, a), then the conclusion holds.
© Ifth(s,a) > 1and Q} (s,a) = Q"' (s,a) = ru(s,a) + ﬂ‘,;al Fnk + 52’1(5, a).
Because of Equation (I]), we have the following equality:

Q;L(S? a) = ’I’h(S, CL) =+ Psya,hv}:’-&l'
Then we have:

Qr(s,a) — Qp(s,a) = i)™ k/ np 4+ byt (s,a) = Pean Vi
(k,m, « ~
k Z (Vthl Sha1 D ) - Ps,a,thH) + b,’i’l(s,a). 3D

According to the definition of I;(s, a, h, k), we know k;, < k fori € [n¥(s,a)]. Then Q:li (s,a) >
Q7 (s, a) based on the induction. Therefore according to the update rule Equation (13 and Equa-
tion . for any (s, h) € S x [H] and any i € [nf(s,a)], we have:

. ki, N
Vi () = max Q)1 (s.0) 2 max Qfy(s,a) = Vi (s), (32)
and for any i € [n} (s, a)] it holds:

ki, "
Ps,a,thJlrll > Ps,a,hV}H—y (33)
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Combining Equation (31)) and Equation (32)), we have:

k
T

* 1 * (k,m,j)1, * 1k,
QZ(S,CL) — Qh(s,a) Z m Z (Vh+1(5h+1 J ll) _ Ps,a,h/‘/h+1) + bl]i 1(5,@) Z 0
’ i=1

The last inequality is because Bi’l = \/2H?i/n} and the event & in Lemma
() If t3(s,a) > 1 and Q(s,a) = W2(s,a) = r(s,a) + atFtNFTL p AR et
bfL’Q(s, a). We have that

Q];L(Sv a) - Q;(L(s’ a)

= [ /NGl 4 B2 (5 0) = Pa Vil

Nf refkr, o (k;m,j)L, nk ki, ref,ky; (k;m,g)i;
_ e G ) 22V = Vi (g ™) i 52,2(5700 — Paan Vi

+
Ny (s,a) ny(s,a)
NF ref,kr, . k ki, ref,ky
_ Zi2h1 Ps,a,]tvh+1 b Z:L:hl Ps,a,h(vhiﬁ - Vh+1 ll) _P hv* + Bk’Q(S a) —X1— X2
Nf(s.a) (5.0 sk Vi + 5.7
Nk ref,kr, k ref, kg, k ki,
_ it PoanViyy _ St PoanViyy i it PsanViyy = PsanVi (34)
Ni(s,a) ny (s, a) n (s, a)

+ (Bp%(s,0) =1 = x2) -

As Véff is non-increasing with regard to k based on (j) in Lemma , we have:

L o
refkr . ref, Ky,
_— E P 1% > P V, i, 35)
& s,ahVpp1 = T s,a,h V41
Ny (s,a) = ny(s,a)

Based on Equation (33), Equation @, and Equation (30), we know each term in Equation (34) is
nonnegative. Therefore, in this case Q% (s, a) — Q7 (s, a) > 0.

In summary, we prove the conclusion that Q% (s, a) > Q7 (s, a) for any (s, a, h, k) € S x A x [H] x
[K]. The only thing left is to prove Equation and Equation (29).

Proof of Equation (28) and Equation (29). For any given (s,a, h, k) € S x A x [H| x [K], let:

Np
ref,kr, . 2
x3(s,a,h, k) = Z (Ps,a,h — Jlsw,m,m) (Vth L,,) 7 (36)
i=1 htt

. ) 2 . . 2
Nf refkr, , (kym,j)L; NF ref,kr,,
(Zi:l Vh+1 (3h+1 ) > Ps,a,thJrl

h, k) = — 37
X4(S,CL, ) ) N,’f(s,a) N,’f(s,a) ) ( )
k ref k. \ 2 k
(vazﬁ Ps.anViia ) Al ref ko, \ 2
xs(s, 0, b k) = N(s,a) - 2 (Ps,a,th+’1 L1') ' (38)

Without ambiguity, we will use the abbreviations 3, X4, and x5 in the following proof.

First, we focus on bounding |y3|. Using the definition of 6;ff’k(s, a), we have:
, 2
g ()
- fikr, , (km,j)e, i=1 "h+1 h+1
Nji(s, @)ty " (s,0) =Y (V;il b (3§L+1 j)“)) - - . (39
i=1 N (s,a)
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Summing Equation (36), Equation (37), Equation (38) and Equation (39), we can find that:

N N N )
fhr. f k. f kL.
> Vean (Vi ") =Y Pean(Vid ") =D (PoanVis )
i1 i=1 i=1
= Nj (s, a)f);ff’k + X3 + X4 + X5- (40)

Because of the event £, in Lemma[D.3] we know:
Ixs| < H*\/2NF(s,a)t. (41)

Next, we focus on bounding |x4|. Using the absolute value inequality, it holds that:

Ny
ref.kr, . (k.m,j)L; ref,kr,,
Z (Vh+1 (Shi1 )+ PsanVyii )
i=1
Ny,
ref,kr, » (kym,j)L, ref,kr,,;
< Z (‘Vh-H (5h+1 )|+ IEDS-,tlJth-',-l ) <2H.
i=1
Then we have: :
R
N ref,kr, . (k;m,j)r; ref,kr,,;
ol = s 35 (85 579 4 B |
n\8 @) 15
k
h
ref,kr, » (kym,j)L, ref,kr,,;
Z(Vh-i-l (5h+1 )*Ps,a,hvhﬂ )
i=1
Ny
ref,kLi 2
<2H Z <IP’S,a7,l — ]15;'1?/1-7»%) Vi | < 2H?\/2NF (s, a). (42)
i=1

The last inequality is because of the event &5 in Lemma[D.3]
For x5, according to the Cauchy-Schwarz Inequality, we have x5 < 0.

Applying the upper bound of x3 Equation #I)), x4 Equation #2) and x5 to Equation (@0), we have:

Ny
S Vean(Vid™) < Nf(s, )™ + 5H2 /N (s, a),
=1

Then we finish the proof of Equation (28). The proof for Equation (29) is similar, in which we just
need to substitute N7 (s, a) with nf(s,a) and H? with 2H2. O

O

With Lemma [E.1] Equation and Equation (1), for any (s, h, k) € S x [H] x [K], we have:

ViF(s) = max QF(s,a’) > max Q;(s,a") = Vi (s). (43)

The following lemma gives a viable value of Ny to learn the reference function V}{ef’k(s). Denote
VREF(5) = V0 K+ (5) as the final value of the reference function V¥ (s).

Lemma E.2. Under the event ﬂi?:1 Eiin Lemma it holds for any h € [H| and 8 € (0, H] that:
SAH®, MSAH?

ST [ViE(sp ™) = Vi(sp™) > B] < 5184 16—

k,m,j

34



Published as a conference paper at ICLR 2025

In addition, letting

AH® MSAH?
Ny = 5184% + 1657, B e (0, H],

we have that for any (s, h) € S x [H],

Vit (s) = H or Vi (s) < Vi (s) < Vii(s) + 5.

Proof. We claim that for any non-negative weight sequence {wxm.;}; ,, jandany h € [H],

> whmg (ViE = V) (sy™7) < 8H? (MSAH]|wl oo + 9/ SAH W]l llwll1) . (44)

k,m,j

Here, ||wl|oc = maxy,m,j wk,m,j and ||lw|[1 = 35 ., Wk m,;. If we have proved Equation (d4), then

letting Wy mj = I[VF(sH™7) — Vi(s™7) > g, according to Equation and Equation ,
we have:

w1 = Z I [Vh’“(si»m,y‘) _ V{(si"m’j) > B]
<5 D TVIR™) = Vi (sy™) 2 8] (ViE(sy™) = Vi (s17™)

1
< 5 SH*(MSAH + 9\/SAH||w||1).
Letting b = 72H2\/SAH. and ¢ = 8M SAH3, we have:

Bllwllr — by/l|wll1 — ¢ <0.

Solving the inequality, we have:
b+ /b +48c
0< \Y; w1 < Tﬂ
Then:

[|w]r < = 5184 +16

(b+ \/b2+450)2 _ b2 + b2 + 4fc SAH3, MSAH?3
2B 232 B> g

Therefore, for any h € [H], it holds that:

SAH®. MSAH?
+ 16 .

ST L[VEGE™) = Vi (sE™) 2 8] = |lwlh < 5184 = ;

k,m,j

Especially, for any (s, h) we have:

Z I [th(s) —Vii(s) > B, sZ’m’j = 8] < Np.

k,m,j

Since V¥ () is non-increasing with regard to k under the event ﬂ;l &; according to Lemma|E.1{and
() in Lemma Vi (s) — V;*(s) is also non-increasing. Before we update the reference function at
(s,h), Vgef’k(s) = V;}(s) = H. Therefore, if the reference function at (s, h) is not updated in the

algorithm, V;REF(s) = H. Next, we discuss the situation in which the reference function at (s, h)

is updated in FedQ-Advantage. When we update the reference function at the end of round &, we
have >y, o<y 1 [sﬁ = s} > N and thus 0 < V/*(s) — V;*(s) < B. Therefore, for the final
value VREF(s) = ViU (5) = V41 (5), it holds that 0 < ViREF(s) — V;*(s) < 8. Then we have
VREF(s) = H or V*(s) < VREF(s) < V*(s) + (8 under the event ()/_, &. Now, we only need to
prove Equation (44).
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Proof of Equation (@4). According to the update rule Equation (13) and Equation (27)), for i € [H],
we have:

Vh( mlw) —meaXQk( km,] a) = Qh( km,J’ Zmyj)
<H[km’j:1]H—|—H[ m,j >1} kl( ZJUJ"avaJ)
=T[tp™ =1 H+T[tp™ > 1] x
nk (kym,j)i,
h V s .
Th(si,m,] k,m,j Z h+1( h+1 ) +bk 1( km,j k,m,j)

a )+
h n]]z(km] akmj)

)

Sn 50
and according to the Bellman equality Equation (T)), we have:
Vi (s ) = max Q7 (s ™ a) > Qs ay ™)
>t { kmd 1] (rh(szmj km’J)JrIP’ ko, km7th+1)
Combined these two inequalities, it holds for any h € [H] that:

(Vi = Vi) (s3™)
<T|tp™ =1 H+1 [ty > 1] x (45)

ny (k;m,j)
Z " Vh+1( h+1 ) Bk,l k,m,j k,m,j
n( )

. s
k(km,g  km,j h ' Op
g (s a™)

*
= Pormi grmi , Vi

nk k i * (k, mv])
2121(Vhil = Vi) (sn ") +252,1

nf (s, ap ™)

<Tftp™ =1 H+1[ty™ > 1]

The last inequality is because of the event &; in Lemma Then for any h € [H]:

Y Wk (Vi = V(i ™) <3 wpm L[t = 1] H +1 [ty > 1] x

k,m,j k,m,j
k ki, (k,m,j)i,
St (V) Viea)(s Y) . ;
Z Whm.j i=1 };+1k — +}€ m;L-H +9 Z Wk,m,jbz’l(si m, ]7 alfcb,m,]) . (46)
k,m,j ( ap ) k,m,j

For the first term in Equation (@), we have:

St =1l =8 1[th(sp™ ap™) =1] | S T[(sh™,ap ™) = (s,a)]

k,m,j k,m,j (s,a)
=HY N 1[(sp™ ap™) = (s,0),t5(s,0) = 1] .
s,a k,m,j

For any (s,a,h) € S x A x [H], [[(si"™7 a¥™7) = (s,a),tk(s,a) = 1] = 1 if and only if
(sfl’m’], a’;’m’j) = (s,a) and t§ (s, a) = 1. Therefore, Dk H[(sﬁ’m’j,alfl”w) = (s,a),tF(s,a) =
0] = Y;}(s, a). Because of (c) in Lemma|D.1} we have:

S rlp™ =1H=HY Y (s,a) < H-SAM(H +1) < 2MSAH?. (47)

k,m,j

Then it holds for any h € [H] that:

D wrm Ity ™ = 1H <[]l Y T[ty™ = 1]H <2MSAH?|[w|lo.  (48)

k,m,j k,m,j

36



Published as a conference paper at ICLR 2025

For the second term in Equation ({@6)), we have:

nk k « (kym,g)i,
Z w Z’L 1 (Vh—:-l Vh+1) ( h+1 § )
k,m,j

nh(s ™ ™)

H[tk ,m,j > 1]

k,m,j ap

(h+1 Vh+1)(32i71n’j)li) k,
> Zwm —— 1[I > 1] Y (k) = (K )]

k(km.g _km.j
k,m,j i=1 nh(sh ) A, )

"5 VEL = Vi) (sEimndty
XN wk,m,j( - ) (0 T[tF™9 > 1] - 1[(k, m, )i, = (K, m’, §")]

nk( km,] I;Lma)

! v
k' m/,j

k,m,j i=1k’,m’,j’ R\5h
S T (kym, ), = (K ), 67 > 1]y K,
- Z ( Z Wh,m,j == k( GFmug km’a )(Vhﬂ = Viie)(s h+T g )-
k' \m’ 5" k,m,j nh(sh aah )
Let:
. mT[(k,m, g), = (Km0, 8™ > 1
Okt 1 = Z Wk m’sz_l [( ) 7k) km(j km’d )7 h ] >0,
k,m,j nh(sh » Ap, )
and
||w||00 - kmaxj wk’ m’ 5 ||w||1 = Z wk/ m/ gl
kJ / /
We have:
nf; (kym,g)i,
Zz 1 (Vh+1 ‘/}L-'rl) ( h+1 ) k,m,j
Z Wh,m.j k(. k mj k: ,m,j H[th > 1}
k,m,j nh(sh ap )
- k k. m/,
Z Wk’m’,j’(Vthl - Vh*+1)(5h+T 7 ). (49)
k/ / /
Next, we will explore the relationship between the norm of {wy,m,j}y, ,,, ; and {@km.j}y ,, ;- Fora

given triple (k. m’, j'), accordlng to the definition of ;(s}"™7 ay™7 h. k), Znh I[(, m,])li =

(K',m’, ), 5™ > 1]) = 1 if and only if (s)"™7, alzm]) = (’;L/mlj, ﬁm])andl <

th(sy km] ay™y =t (s a:m’j) + 1. In this case, we have t (s, a}’"™7) > 0 and
nf(shmd afmdy = yzh (si g Z m"3") Then for a given triple (k’,m/, j/), it holds that:

i,
Z ZH[(k’m’j)ll = (kj/amly.j/)at},?mﬂ > 1]

— Z I [(827m,j7a’;=md> _ (SZ/’m/’j/,a:/’m/’j ) tk( k m,J ’f md) _ tk ( k m,J k md) 4 1]
k,m,j

yZh'H(ZmJ aim]).

Then according to (e) in Lemma[D.T] it holds that:

Z h I[(k,m, ), = (K',m/,j"), t mj 1] t’ﬁ'+1(sk’,m',7 K’ m,j) 9
k,m.j n];;(sz MsJ al}CL m"]) y:lk ( k' \m/ N k;/7 /,j,) — H
Then we have:
> 1[(kmj)z—(k m', ), 6 > 1] 2
[[0]loo < [lwl[oo Z = - N < (14 =)||w]|oo-
k,m,j ny (s I ) O, ) H
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We also have:

[(k,m = (K,m/, j),th™ > 1
Zwkm’jz = ( i), h ]

ol = W,
k' m’ 5" k,m,j nh(shmJ hm])
= o ]I[(k7maj)l1 - (k’7m’,j’)7tﬁ’m’j > ]_]
= Z wk7m7j Z Z k k/,m’,j/ k/,m’,j/
k,m,j i=1k',m/,j’ nh(sh ) Ay, )
< Y kg = Il
k,m,j

For the third term in Equation (#6)), we have:

Z Wi m,gbk 1 k m,j k,m,j)H[tk ,m,J > 1]

k,m,j
= Z ka]\/ k k,igzbk,m,j ]I[tlfcb’m’j > 1] <ZH[ km,] km’j) (Saa)]>
k,m,j ( Sh ) Ap, )
2H L km,j _km,j Tile) k
= Z Z Wh,mj s a)]I [(sh ca") = (s,a)] Z I [ty (s,a) = 1]
s,a k,m,j t=2
Th(s,a) H
- Z Z Z Wk,m,j t21(sba)}1 [(sfl’md O’Zm)]) - ( 7a)7t2(8aa) = t]
s,a k,m,j =
Th(s,a)—1
H2
_Z Z Zwk’mj [ km] }limyj) (s’a)7tﬁ(s,a):t+l] yZ(s ;)
k,m,j )
Denote

q(s, a,t) Z“-’kmu [ Pl ai ™) = (s,a), th (s, a)—t—l—l]

k,m,j
and
Th(s,a)—1
q(s,a) = (s,a,t) for Tp(s,a) > 2. (50)
t=1
Then we have:
Th(s,a)—1
2H?
3 Wb (sEm T af I S 1) =3 Z a(s,a,t) | ———.  (51)
k,m,j s,a yh(s’a)

For the coefficient ¢(s, a, t), we have the following properties:
a(s.0.) < [lolloe 3 T[(s5™7,af ™) = (s,a), 8 (s,a) = t + 1] = [lwlloot™ (s,0), (52)
k,m,j
and

Th(s,a)

doalsa) = wWrmi ) [ Sy af ™) = (s,0), 1 (s,0) =t + 1]

s,a k,m,j s,a

< Zwkm,JZH[ W ap™ ) = (s,a), th (s, a) > 1]

k,m,j

< Wk = w1 (53)

k,m,j
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Because y,tl(s7 a) is increasing for 1 < ¢ < Ty (s, a) — 1, given the equation Equation (50), when the
weights ¢(s, a, t) concentrates on former terms, we can obtain the larger value of the right term in
h

Equation (51)). There exists some positive integer to < T},(s,a) — 1 satisfying:
to—1 Th—1
[l]loo Z yn(s,a) < q(s,a) < ||wllee Y wi (s,0). (54)
t=1

and
IIwIIOOsz+1 s,a) > q(s, a).

Then according to Equation (52), we have

Th(s,a)—1

1
Z q(s,a,t) ZHWHOOytJrl ’) tle ) (55)

t=1 y, (s,a)

Since tg < T},(s,a) — 1, according to (e) and Equation in Lemma|[D.1] we have:

2
t+1 t t—1
Y , — < (1+ =)y <31—|— ( Yi(s,a) Y, s,a).(56)
oo o < (Vi) V¥i(s.0) =Y s, 0)
If ty > 2, we also have:
to—1 to—1 1
||W\|ooz:y“rl |IWI|ooth s,0) = (14 2)llwllc V"™ '(s.a)
> Hw2”°°y,f°(s,a). (57)
The last inequality is because of (f) in Lemma[D.T] Then according to Equation (54), it holds that:
to—1
[lwllo Y3 (s, a) < 2l|wlloe Yyt (5,0) < 2q(s,a).
t=1

Applying inequalities Equation (36) and Equation (37) to Equation (53)), we have:

Th(s,a)—1

1
Z Q(svaa t) t(S,CL)

t=1 Yn

<31+ VAl Y (Vi a) — V3 (5a)

=301+ )/ Hlwllow - V]l (5,0)
< 9¢/2H||w||ooq(s, a).

Here, the first inequality is because of Equation (I6). The last inequality uses Equation (37) and
1+ % 2<3,

If to = 1, then ¢(s,a) < ||w||oo¥? (8, a). Therefore, according to Equation , we have:

(s -1 ol (o)t
S alsiat) | |
po yh( yhsa

Based on (e) in Lemma DT} it holds:

Th(s,a)—1
) q<s,a7t>\/yz(1m <0+ D)t ) < 92 ]lol ma(s,0).
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Therefore, for any ty < Tj,(s,a) — 1 defined in Equation (54), we have:

Th(s,a)—1 1
q(s,a,t) < 9/ 2H||w||eoq(s, a).
; Yp(s,a) o

Combined with Equation (5T), we have

Z Wi m,gbk 1 km,] ﬁ,m,j)ﬂ[tﬁ,m,j >1] <18 /H3||W||oobz /q(s,a)

k,m,j

< 18/ SAH|lwl o]l (58)
The last inequality uses the Cauchy-Schwarz inequality.

Based on Equation (45), by applying Equation (48), Equation (49) and Equation (58), for any h € [H],
we have:

S G (VI = Vi) (sp™7) < 2MSAH||w]oo + 18y/SAH3|w] oo ] |1
k,m,j
+ Y Do (Vi = Vi) (s3707), (59)
k,m,j

where |||l < (1+ F)lwlloo, and [|&[]1 = [lw]]1.

Using Equation , with inductionon h = H, H — 1, ..., 1, we can prove that for any h € [H]:
> wemi (V= Vi) sk ™) < Cn (2MSAH?|lwllow +18y/SAHP ] ol ), (60)
k,m,j

where C), = (1 + Z)(1 4 2)7~" — &L Note that C}, < 4H, based on Equation , it holds for
any h € [H] that:

> kg (ViE = Vi) (™) < 8H?(MSAH|lw]|oe + 94/ SAH ] oo ] 1):
k,m,j
Therefore, we finish the proof of Equation (44). O

O

Next, we go back to the proof of Equation . In the following content, ), .m,; 1s the simplified no-
tation of 31, M Z] - NE nk, L 1; represent sunphﬁed notations for NJ (si™7 gFm7),
nf (k™9 ap™ ), Li(sh™7  al™ 7 b and 1;(sF ™7 a7 | h, b, k) respectively.

For h € [H + 1], denote:

(th - Vhﬂk) (™).

Here, 65, = (7., = 0. Because V;*(s) = sup,. V;"(s), we have 6} < ¢ forany h € [H + 1]. In
addition, as V}¥(s) > V;*(s) for all (s, h, k) € S x [H] x [K], according to Lemma we have:

Regret(T) = 3 (Vi(si™) = Vi (™) < 37 (V™) = Vi (517)) = ZG

k,m,j k,m,j

Thus, we only need to bound Zszl CF. Let:

ap

DY (T aE) ]ZPW oy (Vi = VRED), 6D

m=1 j=1

M nm’“ [ (km,J km,])
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M oam [ Z aim,g)>1] ny i
Ui
6thl - Z Z ( k,'m,j) Z (Psi’m’j’a:ﬂ”'j’h B ]ls;kyzn’j)li> (Vh+1 B V]:Jrl) ’
m=1 j=1 ap i=1 + )
M n™k
ok —ZTLZH[#(’“"J ay™) > 1] (P ~ L) (Vi = Vi), (63
h+1 = ap, skomd gl py sprd h+1 1) (63)
m=1 j=1

where z[;’f{ 11 = e’}{ 11 = (b’}l 11 = 0. According to the update rule Equation , we have:
ViE(sy™7) = max Q}i (s ™ a) = Qfi(sy ™ ™)
<T[tp™ =1 H+1 [ty > 1] Qi (sh™ ap™)

Nh Vreka ( (kym,j)r, )

h+1 h+1
Nk( k mJ Zm,])

Qy
Sﬂ[tkm,J_l]H+]I[km,j>1 ( km,] km,j)_’_z
i

n"l ki, ref, ko, (k,m,
i Zi;1 (Vh+1 - Vh+1 > ( Sht1 )
Em,g  k.m,
”Z(Shmja hmj)
Also using Equation (), we have:
Vit (™) = QR (™, ™) 2 TR ™ > 1] (o™ 0 ™) + P e Vi)

Then with Equation (30), it holds that:

b, afm)

M nvn,k .
k,m,j
G = (Vi = vir") (s
m=1 j=1
M n™k 4 ‘ 3 ‘ ‘ M nmk ‘
Z Z ( [ femag 1] H+1 [tﬁ?md > 1] bfL’Q(sﬁ’m’J,aZ’m’J)) + Z I [tﬁ’mﬂ > 1]
m=1 j=1 m=1 j=1
f,k kym,i) L, k k ref, kg, (k,m, )i,
Z Vhri_lL (s ELJFTJ)LZ) it (Vthrl Vi1 >( Shp1 ) s
x km,j _km,j + k. k m,j o - PV
Ni (s, ™) ny, (s, a™)
M nm’k ) . ~ M nm.k
<SS ([ = 1] B2 [ > 1 B s ™)) + Y
m=1 j=1 m=1 j=1
NEF ref,kr, n,’i ki, B ref,ky,
I [tk’m“j > 1] Z - IP>Vh+1 Zi:l P (Vh+1 Vh+1 ) _ vak (64)
h Nk( km,g km,j) k km,j k,md‘ h+1 .
ap ny, (sy )

Here I is the simplified notation for P kg gamad - Because the reference function is non-increasing

based on (j) in Lemma | we have V}fHk i ( ) > VREL(s) for any s € S and any positive integer i,

ref,k
]Ps:,m,,7 km7th+1’1 >Pk‘mg kmghV,fflfand
n} refkl
Z : ]P)kmj km;th+1

> Ps:,nl,j7a:,nl,j hV;fE]f (65)

k k,m,
nlﬁ(shma hmj)

According to the definition of 5}’j+1, 1/)’;“, e,’iﬂ, gbl,i“ and Equation |i , we have:

k k :
M npmk Ny ] ) ref,kr,, ny ) ) ref, Ky,
km] Zi: P k,'m.,] k,'m.,] th+1 ! Zi:l]P) k,'m.,] k,m,g’hvh_,’_l !
PODBR AR NE(sh g - PYNETH TR
m=1 j=1 (sp,"a™) ng (s, ap™)
k
< Yhtas (66)
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k k
nmk ny ) ) 1; _ *
. E i—1 Psi,vn,y’ kom,g g (Lh-&jl vh-‘,—l)

k k,m,j
”ﬁ(shmjaahmj)

L s S (i Vi) G
h

nﬁ( k,m,j km,j)

; (67)

Sy ay

and
M
k,m,j ok
S>> P s ghoms (Vis = Vita) = ha + Ghya = 0F0. (68)

Summing Equation (66), Equation (67) and Equation (68)), we can bound the second term in Equa-
tion (64) as follows:

m,k fkr,. ref,ky,
M n k .y ZNh ]P)Viii_l Ly Znh P (Vh+1 Vh+1 1 ) L
Z Z [ > 1] Nk( k m,J o~ mJ) + nk (Sk m,J ok m’j) —PVi | =
m=1 j=1 h\°h

m,k k k i (k,m,,j) i
L kym,j iy (thﬂ - Vh*+1) (Shi1 )
E E I, ™ > 1] : o
k me k.
m=1 j=1 (sp, )

np,
Together with Equation (64), we have

k k k k k
+ i1t €hi1 T Phr T Chpr — Opga-

nmk

M nmk M
<SS @ =] B2 >t + 30 S 1™ > 1] x
m=1 j=1 m=1 j=1
S (Vi = Vi) (r )

k,m, k,m,
ng(shmjvahm])

k k k k k
+py1+€hpr + Ohi1 i1 — Opia-

Summing the above inequality for k = 1,2, .., K, we have:

ZCh Dol =] H 421 [ty > 1] b2 (s e ™) + > T[> 1] x

k,m,j k,m,j
nk * (k,m,j)l. K
> it (Vh+1_v)(h+1 ‘)
o g Ry + Z(w;’iﬂ + s+ Ghn T Gy — Ohar)- (69)
ny (s, a ™) k=1

We claim the following conclusions:

STnfgym™ =1] H < 2MH?SA,

k,m,j
nk * (k va) K
; > it (Vh+1 Vh+1)( Spi1 ) 2
St > 1] — <A+2)> 0k (70)
kg ny(spy 7, ap’ ) H'

The first conclusion has been proved in Equation (@7), and we will prove the second conclusion in
Lemma@l in the last subsection. Applying the two conclusions to Equation (69), it holds:

Z (h <2MH?SA+ (14 — Z5h+1 + Z (Vg1 + €hgr + Ghr + Chir — 0i)
k=1 k=1 k=1

+QZ |:ka>1]bk2(km] além])

k,m,j

<2MH?*SA+ (1 + — Z<h+1 + Z ¢h+1 + €h+1 + ¢h+1)
k=1

+2 )1 [t’;’ J s 1} b272(82,m,]7a:,m,]>_

k,m,j
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Here, the last inequality is because 6%, | < (F,,. By recursionon H,H — 1,H —2...,1, with
(fip1 =0, we have:

H K
ZQI SZZ 1+ )h= 1MH25A+ZZ ¢h+1+€h+1+¢h+1)
h=1 k=1
H
k,m,j 1k, km,j _km,j
Z Zﬂ[th ]>1]bh2(sh T ap™)
h=1 k m,j
H
< 1I8MH®SA + Z PR e+ dF )

H
g Sl

h=1k,m,j
H K
= O(MH’SA+Y Y (14 =) (1 + €hyr + Phra)
h=1k=1
H . ~
AN > 1] oA (s ap ™). (71)

h=1k,m,j

Here, the second inequality is because (1 + 2 )"~ < (1 + ) < e? < 9. Based on the Lemma
[E4] Lemma[E3] Lemmal[E:6 and Lemma dprovided in the last subsection, we have:

2

(14 )" ks < O (Hy/Ticlog(Th) + H*SNolog(T1) ),

H K
%+ ;)h tek < O (VSARPTy + SAHE (M)},

H K 9
> D 1+ )" s SO(HYTw),

H
S5 1[5 1] BR(smd, abm) <

h=1k,m,j

0 <\/SAH2T1L + /BSAHT. + /BPSAH?T, + SAHS T % + 53 AH? /N, log(Tl)L) .

Inserting these relationships into Equation (7)), we have
Regret(T)
< O((1+ /B + B)V/SAH?Ty1 + H\/ZTlog Ty) + SAH® T/ % + SH? Ny log(T1)

+ 5% AH?\/Nglog(Ty) + SAH? (M1)? + MSAH?)

<O((1+ /B + B)VMSAH?T. + HVMTilog(T) + HVMTlog(MSAH?)
+ M%SAH%T%L% + SH2Ny log(T) + VMSAH? log(T)/i + S2 AH?\/Ny log(T):
+ SAH? (Mu)? + MSAH?\/i + MSAH?\/Br + MSAH?\/B?, + M3 STATH? .3
+ 5% AH3\/Nylog(MSAH?). + SH? Ny log(MSAH?) + VMSAH?log(MSAH?)\/2).

In the last step, we use Ty < (2+2/H)MT + M SAH (H + 1) according to (i) in Lemma|D.1} This
finishes the proof of Theorem [4.1]
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E.1 PROOF OF SOME INDIVIDUAL COMPONENT

This subsection collects the proof of some individual components for Theorem [4.1]

Lemma E.3 (Proof of Equation ). Under the event ﬂzlil &;, we have that Equation holds.

Proof.
K ki, (kym )i,
k,m,j Z?:hl (VhJIrl B Vh*+1> ( Sh+1 ; )
Z I [th’ s 1} k(ok mJ kﬂn,J
k,m,j nh<5h )
ny (V Loy ) (s (kym )i, 3!
k)m,j h+1 h+1 thl . o / Y2
= 2 D e > s S° kg, = (K, 7)
k,m,j i=1 h\°h ' Yh k’,m’,j’
V}fl1 Vi 1)(32 71n]) . o\ kym,j
Z Z Z - k mJ; k m+] [(k7m7])li = (k/?m/’]l)7th7m,] > 1]
k,m,j k',m’,j" i=1 nh Sh ah )

k
k' m’
- Z Z zh: (k,m =(K',m/ )t’”’”>1] (VhH Vh+1)(3h+1 j)
J " j k(km.j k,m,j
ng (s a™)

k' m/,3" k,m,j =1

S L[k, m, i), = (K, m, 7), 85 > 1 , o
= Z Z - k(sk m,j k,m,j) L (Vi1 — Vh*+1)(5h+r1n A ).
h

k' m’.5" \ k,m,j np, ) ap,

For a given triple (k',m/, j’ ), according to the definition of I;(sP™ af™7 b, k),
Zthl]I[(k,m,j)lz = (K,m', 7)™ > 1)) = 1 if and only if (sfbm] aim]) =
(skm"d" gkm3"y and 1 < tk( km’J km’j) = 8" (s a™7) £ 1. In this case, we have

k,m, k, J o s k,

Ny, and

"
Z ZH[(k7m’j)11 = (k’ ,]) tk m,j > 1]
k,m,j km, K'm',j" k' m’ k,m,j k;m" & komaj k:m,
ZH[ § D=l j)th(sh %, ) =ty (s, J)+1]

t, +1 k' m' .5’ k’,m',j/
=y, (s a, )-

Then according to (f) in Lemma [D:T}

k,m,j K’ . X

3 Z?hlﬂ [(k m, i = (K, m’, j), 6, > 1} oy s e <142
k(km.g kmyj - K - = .

Ko ACRUSS YL (ka3 o

Therefore, since V}fjrl > Vp¥, , according to Lemma , we have:

TLL * (k7m7 ) i
it (Vh+1 Vh+1) (Shi1 7

Z I[th™ > 1 : :
km,j _km,
k,m,j [ ] U CHN
2 ! * k' m/’
<@+ ﬁ) Z Vil = Vig) (s i1 7

’ A
k' \m’,j

9 K
k
+ =) k§:1: oy
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Next, we will give lemmas on the upper bounds of each term in Equation (7T).
Lemma E.4. Under the event £g in Lemma it holds that:

Z ) lyr <0 (H\/TlLlog(Tl) + H%S N, 10g(T1)> .
Proof. Forany (s, h, k) € S x [H] x [K],if Nji(s) = > c 4 Nfi(s,a) > Ny, the reference function

V0¥ (s) is updated to its final value with V;*"* (s) = VREF(s). If NJf(s) < No, since the reference
function is non-increasing and V" (s) = H, we have 0 < V;*"*(s) — VREF(s) < H. Combining
two cases, for any (s, h,k) € S x [H] x [K], it holds that 0 < V/*"*(s) — VREF(s) < HNk(s),
where A\F(s) = I[NF(s) < No] is defined in the event £ in Lemma The conclusion also holds

for h = H + 1 because Vj;th (s) = VRE, (s) = 0. Then for any (s, a, h, k) € S x A x [H] x [K]
we have:

0 < Poan (Vifl — ViRE) < HP. 0 n My (72)
Applying Equation to the definition of w}h“ 1 Equation , we have:

K
"
h+1
k=1
Ny ref,kr, REF
Yo P komag qkamog h(Vthl — Vi)

= Z I [tfb’m’j > 1:| Nk( knL,]’aﬁ,mJ)

k,m,j

kr.
21 1IP> ka Icm,j h)‘h-&jl

< H Z I [t;?m’j > 1} Nk( ]ng k,rr;,j)

k,m,j

NF . .
Zi:’ll Psfb’m’j,aﬁ'm'j h h+1 (Zk’ m/’,j’ [(k5maJ)Li = (k/7m/7j/)])

NEGE )

=H Y 1[tp™I > 1]

k,m,j

Nh]I [(k,m,j)r, = (K',m',j), tkm’j>1]P R km;h)\ﬁlﬂ

)
=H Z Z Nk( k' m’,]’ k’ ,m/,j’

k,m,j k' ,m’ j’ ap, )
According to the definition of L;(s, k,m.j ah 7 h), for a given triple (k',m/,j’),
SN T[(kymy ), = (Kom/,§0),t8™ > 1] = 1 if and only if (s af™7) =

(l}ch,g7 Zmu) and 1 < tk(km’ﬂ ’;Lm’j) < tk(sflm’ﬂ ay™). Then we have
tkm,g —tk( K'm' 5 a: m,J) Fort>tk( K mJ7 Z’m’j)zl,wealsohave:

Nh
>SS0 [km g, = (Km0 syl ) =]
k,m,j i=1
k,m, k, k' m',j K k'\m’, k'm’,5’
:ZH[(hU ap ™) = (sp o ap ) A (s hm]):t]
k,m,j
= yh (s ™ ay ). (73)
Let:
Ny . ' m, k,m,j
Yo I(k,m, g, = (K',m',j"), ty, > 1]
Wk/ ’ / = Z Nk K, ,j k' r / .
k,m,j ( ’ h )
Then, since (1 + 21 < (14 2)H < e? <9, we have:
S S 2 <9 S S WP s M O

h=1k=1 h=1Kk" m’,j’
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Applying Equation (73)), we have:

Th

Z ka)L—(k m’, )] Kom'g K,
Wk’,’rn’,j/ = Z T k’ _,) Z I [th( R , h ;m’,5 ) = t]
k,m,j ' @h t=tF' +1
Th
Z 1 [(k ma])L = (K',m/,j")] ko K'om' i k'm.j
-y Y ZYH D e ) =
kom.j t=¢' +1

LN DD Dl H[(kmy) = (K, m/, 3), th(sp ™ ) = ]

= 2

}f}f—l( k' m/’ j’ k’,m/,j’)

t=tk 41 h »Th
Th to k'om’ 5 k'm',j’
- Z ACHS ) Ay’ )
- t—1 f,m’.g’ k’ﬂn',j’ ’
t=tk' 1 Y, ( Sh ) A, )
v

According to (f) in Lemma[D.1] for any (s,a,h) € S x A x [H], t € [2,T)(s,a)] and 1 < p <
yl (s, a), we have:

2
Y, (s,a) +p < Yils,a) < 2+ )Y, (s,0).

H
Then it holds that:
T Km' i K m,
%% —zh: yﬁ(shmjahmj)
k’,m 20 t—1 k’ ,j k’ / /
t:tk/+1 h (Sh ’ h )
Th v,
= Z Z t— 1 k’ ,m/ j’ k’ ,m/ .5’
t=th' 41 P= 1Y A )
Ty yh 1
S Z Zyt 1 k ,m’,j’ k’ m/,J’)+
=tk 41 P=1 4 p
2 o1
<24 — — < A4(log(Ty) +1).
< (24 )3 g < 400K(Th) + 1)

Applying the inequality of the coefficient Wy ./ j to Equation (74), we have:

H K 9
h—1,,k
o> a+ E) Vhi1
h=1k=1
H
k' m’
ZQHZ Z Wk’m ]/P k’m ! k m! i’ hAh"Fl(sh-‘rl J)
h=1k’",m’,j'
H
k' m’
< OH - 4(0g(T1) + 1) 3 D Py vt ) Mg (557 )
h=1k',m’,j’
H
k,m,j k,m,
= 36H(log(T1) + 1) Y S (Ah“ shmidy 4 (Psﬁmg’azm X 118m,) )\ﬁ+1<sh+lj))
h=1k,m,j
H
<36H(log(Th) +1) [ Y > My (spfh?) + V2T | (75)

h=1k,m,j
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The last inequality is because of the event & in Lemma [D.5] Next, we will bound the term
S e, i A1 (s™7) in Equation . We have:

3 3 1) = 3 3 ) (Seir )

h=1k,m,j h= 1kmj seES
ZZ 22 M ([ =
SGSkm,J
ZZZH[M < No,sp™ =] (76)
h=2 s€S k,m,j

For any state (s,h) € S x [H] and k € [K], there exists the largest positive integer ko such that
N}(s) < Ny. Then for any h € [H + 1], it holds that

S 1[N < Moo =] = 3 1Sk s =

k,m,j k,m,j

DI
k=1 m,j
ko

— I Sk,m,j =s, ak myj o —a
;; ; ; [sh h ]

< S (s,0). )
acA

However, according to the definition of N ,’fo (s), we have:

Ny > Nfo(s) E Njo(s,a) > g Y" 713a I[th (s,a) > 1]
acA acA
1 tko k
> - E Y™ (s,a)l[t;°(s,a) > 1].
4 L
ac€A

The last inequality is because of (f) in Lemma[D.T] Combined with Equation (77), we have:

ZH[Nh < Ny, ’“’”—s}

k,m,j
tfo k}o th kO
= V" (s,a)ft(s,0) > 1+ YY" (s,0)I[t°(s,a) = 1]
acA acA
< 4Ny + MA(H + 1) < 5Np. (78)

Here, the last inequality holds because 5 < H. Applying the inequality Equation to Equa-
tion (76), we have:

H+1
Z DAy < D0 5Ny < 5SHN,.
h=1k,m,j h=2 se8§

Therefore, we bound the term S5 S° kg Mt (sp27). Back to Equation lb we have that

Z )"k, < 36H (log(Th) + 1) (5SHNo + \/2T3¢)

h=1k=1
=0 (H\/TlLlog(Tl) + SH?N, log(Tl)) .
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Lemma E.5. Under the event £g N E19, it holds:

H K
ZZ<1+ )" lek < O (V/SAH?T .+ SAHS (M1)?).

h=1k=1

Proof. According to the definition of elfb +1 Equation , we have:

ki
S 1(]?1”7” kmh—n(m])l)(vhﬂ Vi)
Sh41

K

ko k,m,j ]

E €ht1 = E:H{th >1 (R homed
k=1 kym,j np\sy ap

ki *

E i 1 (]P)S;im‘]’aﬁﬂl‘] B ]ls(k m.i), ) (Dthl — Vh+1)

Z Z k,m h+klm X
nk: 2J \J

Ko K (s e ™)
I[(k,m,g), = (K, m/, ), 6™ > 1]

211 km])l—(k‘mj)t ’j>1]
=2 > o(ghmd R %
k',m/ 5" k,m.j ng (s, a™)

k/
(Psﬁnn,j’a:,?n,j’h - ]lszgl;n/)j/) (Vh+1 - V}L*+1> . (79)
For a given triple (k',m’ j’ ), according to the definition of I;(sP"™ ay™7 h,k),
k ’ / /
S [(kym, 3), = (K,m/,5")]) = 1 if and only if (sp™7 af™7) = (SZ i ,a’,i 7)
and t5(sy™7 af ™) = tk/( 9 a™7) 4 1. In this case, we have nf (s} ay ™) =
yit (s ol ™) and:
i
370N 1k ma g = (Km0, 6™ > 1]
k,m,j i=1
_ Z I [(Szmj aZmJ) (Si,’m/’j,7ai,’ml’j,)71 < ti’mj _ th/( k mg k mj) + 1]
k,m,j
LR ')
Let: )
2 yi ' (s,a) 1
h,t) = (1 In_159) 1-—=.
y(57a’5 ? ) ( + H) ( yh(87a) H
Applying the equation to Equation (79), it holds that:
H K
(1+ H)h 162+1
h=1k=1
H 1, 5w K ,m'
ZZH' hlyhh (hmJ mJ)X
tk k' m 7j k:' ’4
h=1k' m/ ]/ yh ( h )
(B g = L) (Vi = Vh+1) (80)
H
ko, kmag g ok k
= Z y(s hm] hm j,h,th) (Psl}i,m,,j,al}i,'m,,j,h - ]lsz,ﬂ,j) (Vh+1 — Vf:(-i-l)
h=1k,m,j
1z 2 1
h—1 k
+ ;(1 + ﬁ) (1+ E) Z (Ps’aﬁh - ]lsjjﬁﬂ) (Vi = Vi) - 81)

k,m,j
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The term in Equation (80) is a summation of non-martingale difference, and we cannot directly use
Azuma-Hoeffding inequality to bound it. Therefore, we split the term with a constant coefficient
1+ %, which can be bounded directly by Azuma-Hoeffding inequality. According to the event & in

Lemma we can bound the second term in Equation (81)) with 18 H /2T .

We claim that for any ¢ € [Ty (s,a)], it holds that |y(s,a, h,t)| < 9 with the proof as follows.
According to (e) in Lemmasmce (1 + 2)H <9, forany h € [H]and 1 < t < Tj,(s,a) — 2, we
have 0 < y(s,a,h,t) < (1+5; )h 1L <2 Fort=T(s,a)—1, wehave —=9 < —(1+ )" "1 (1+
+£) <yls,a,h, T —1) < (14 )h 1L < 2. Fort = Ty (s, a), since yT’"H( a) = 0, we have
y(s.a,h, Th) = —(1+ )"~ iy 7)€ € [-9,0]

Now we will deal with the first term in Equation (81)):

k »m J afmd k ) ) . k *
Z > u a7 hy ty) (Ps:=m=f,aﬁ="“1,h - ]ls’;f;vﬂ) (Vi = Vi)

h=1k,m,j
=33 yls.a,hth) (Ps’a’h - 1Sﬁﬂ.j) (Vs = Vi) L [(s6™™ af ™) = (s,a)]
s,a,h k,m,j
Th(s,a)
_ Z Z (s,a,h,t) Z (Ps,a,h — ]182,,?,;) (th+1 — Vi) x
s,a,h  t=1 k,m,j *
I[(sy™,ap™) = (s,0), th(s,a) = 1]
=Cy+ Cy + Cs,
where
Th 2
Z Z (s,a,h,t)V(s,a,h,t),
s,a,h t=1

Csy = Z y(s,a,h, T, — 1)V (s,a,h, T, — 1),

s,a,h
Cs = Z y(s,a,h,Tp)V(s,a, h,Tp).

s,a,h

Here, V(5,0 5,8) = Sy g (o — Ly (Vi Vi IG5 ™ 0 ™) = (5,0, (5, a) =
t], which is defined in the event &1 in Lemma Then based on the event £, we have:

V(s,a,h,t)| < 2H+\/2yt (s, a)t.
h

Since |y(s, a, h,t)| <9, it holds that:

Th(s,a)—2 Th(s,a)—2
C1< > Y yls,aht) - [Vis,aht) <18 > \/2yf(s,a)
s,a,h t=1 s,a,h t=1

Because of Equation (T6) in Lemma|[D.I] we have:

Th(s,a)—2

Cy <18 Z Z V2u-3VH <\/Y,f(s,a) - \/Y}f_l(s,a))

s,a,h t=1

= 54vV2H. Z VY, (s,a)

s,a,h

< 254v2H0 \/SAH S v (s,a)

s,a,h

< 0 (VSAHTy.). (82)
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The second inequality uses Cauchy-Schwarz Inequality. Similarly, it also holds:

CZ < Z |y(sva7t7Th - 1)| : |V(8aa7h7Th(sva) - 1)‘
s,a,h

< Z 9. 2H\/2yz;h(s’a)_1(s, a)t

s,a,h

< 18H\/2SAH Z yf"(s’a)_l(s,a)L

s,a,h

< 26H (\/SAH OMSAH(H + 1) + 4SAT1L) (83)

< O(SAH?(Mu)> +\/SAH?Ty1) . (84)
Here, the thlrd inequality uses Cauchy-Schwarz Inequahty Inequality Equat10n (83) is because of (h)
in Lemma Similarly, since y(s,a,t,Ty) = —(1 4+ £)"71(1 + ), we have:

C3<Zl—|— Y1+ )|V(sahTh)|

s,a,h

< 18H Z T’I(Sa (s,a)t
s,a,h

< 18H\/2SAH Sy (s, an

s,a,h

< O (VSAH?T11+ SAH? (M1)?) . (85)

Here, the last inequality uses Cauchy-Schwarz Inequality. The last inequality is because of (h) in

Lemma[D.]

Using the upper bound of 01 Equation (82), C> Equation @ and Cg Equation (83)), we can bound

the first term in Equation (81) with O(v/SAH?T1¢+ SAH 3 (M.)?). Then combined with the event
&y in Lemma D1} it holds that:

H K
ZZ(H )" lek,y <O (V/SAH?T .+ SAHS (M1)?).

h=1k=1
O
Lemma E.6. Under the event 11 in Lemmal[D.3] it holds that:
K
ZZ (1+— h1¢h+1<O(H Tie).
h=1k=1
Proof. Based on the definition of qﬁfb 1 Equation and the event &7 in Lemma we have:
H K 9
D) IIREATLI
h=1k=1
dl 2 "
h—1 k,m,j * T
= Z (]_ —+ E) I [th J > 1} (Psﬁ,m,j’aﬁ,m,j’h — :ﬂ.slzﬂ,j) (Vh+1 — Vh+1>
h=1k,m,j
<9H\/2T1. = O(H~/Tht)
O
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Lemma E.7. Under the event ﬂllil &; in Lemma we have:

Zzﬂ[km,J>1]bk2(km,] km,j)g

h=1k,m,j

0 (x/SAHQTlL + /BSAH?T. + /BPSAH?Ty + SAH T 5 + 53 AH3 /N, log(Tl)L) .

Proof.

H
S S 0[5 1], dm)

h=1k,m,j

=23 3 afs o] [E o5 5 g o]

h=1k,m,j r\Sh Ty h=1k,m,j

~adv, k( km,j k m,j

H 3 3
Yy, » Oy k,m,j (L)Z (L)Z Loyt
k(kmjakmj) —I—lOHZZ]I[th >1](N;’f E) Tt

MRSk YR h=1k,m,j h h
(86)
Next, we will bound the first term in Equation (86). Based on Equation (@0), we have:
Nk ref,kr,
5k (g ) = i1 Vs,an (Vi ") = (xs+ x4+ Xx5) 87)
P N}(s,a) '
According to the upper bound given in Equation () and Equation {2)), we have:
1 2t 1 2t
—r— |xs| < 2H? ; Ixal < 4H?| [ ——. (88)
Nji(s,a) Nj(s,a)" Nj(s,a) N}(s,a)

Since Vﬁef’k(s). > VREF(5), we have Ps,q’hvlﬁ’f > Py 0.n VREL. Then according to Equation (7 ,
using the definition of x5 Equation (38), it holds that:

k Nk reka 2
Ixs] Ni( yrehbL, (ZZ 1 PoanViis )
5| = hVp ) -
=1 Sa i Ni]f(&a)

h
<3 (Ban Vi) = Ni(s, ) (B V)

Ny,
ref,kr, REF
= § {( sath+1 ) _( sath+1)
=1

h
§2HZ( sahv;iiflkL - sathRflf)

Nh
<2H?) P, AR (89)

=1

The last inequality is because of Equation (72). According to Equation and Equation (78), we
have:

Z)‘h—H ELZT’J)L Z )‘h+1 Szﬁ] Z Z I [Nh < N0’8h+1 - ] < 55No.

k,m,j seS k,m,j

(90)
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Because of the event £;2 in Lemma|[D.5]and Equation (90), back to Equation (89), we have:

1 % 10S H2N,
—— |xs| < 2H? . 91
Ni(,a) 0! < NE(s,a) T NE(s,a) ©D
Applying inequalities Equation (88) and Equation (91) to Equation (87), we have:
N}: ref,kLi 9
refk 2it1 Vsan(Vigr ) | 10SH?N, ) P
(s,a) < 12H*, | —/——. 92
nUOSTINRGD  Nisa) NE(s,a) ©»
For any s € S, Vrefk( ) > V¥ (s), we have (P 4, hV};jflk) > (Ps,a,n Vi 1)? Then:
NE ref,kr, . NEF
Zi:}ll V87a7h(vh+’1 ’ ) * 1 2 ref,kr, \2 x 12
N,If(s,a) —Vs,a,h(Vh+1) < mg (Psa}L(Vthl ) —Ps7a7h(Vh+1) )
NE
2H - ref,kr, . x
< N,’f(s, a) ; (Ps,a7h(Vh+1 ) - IP)s,aﬁ(Vh+1)) :
93)

Because for any s € S, V" (s) > VREF(s) > V;*(s), we have:

0 < Vit (8) = Vitya () = (Vi (8) = Vil () AR (8) + (VA5 (8) = Vil (s))(1 = N (5)).
If \f_,(s) = 0, the reference function is updated and we have Vhrjflk (5) = Vir(s) < Bsif
Af41(s) = 1, then we have Vgif( ) = V5 (s) < H = HA} (s). Therefore, we have:

0 < Vili'(s) = Vita () < HXj 4 (s) + . (94)
Combined with the inequality Equation (90), we have:

NE Ny

ref, k (k,m,j) (k,m,j) L (k,m
S (VST = Vi) < 30 (HX sy ) + 6)
=1 =1

< 5SHNy + BNE(s,a).
Based on the event £;5 in Lemma[D.3] applying the inequality to Equation (93], we have:

k ref,kr .
25\21 Vs,a,h(vhil Ll) 1OSH2N0

20
- Vs a Vi 1, 2H 4H2 —,
NE(s,a) e I B T v TP
and then back to Equation (92)), it holds:
~ref,k 2OSH2N0 2
0, " (s,a) < Vs on(Viq) + ———— + 18H +2Hg.
b erVien) ¥ TG NG

Therefore according to Lemma[D.2} we have:

~ref,k, k,m,j _k,m,j
O (s e
1|t >1
Nk,(skmj ak m,g) h
h\°h ' Yh

- Vkams gkomas p (Vi) V20SH?Not \/18H2L2 2H B
= Z Z k Nk

+
k
h=1k,m,j Nh Nh
I [t SIS 1]
<3 VVean(Vie )Y, (s,a)0 + 207/ SH2Not - SAH log(Ty) + 25 V18H?3 - SAHT!
s,a,h

+4\/2HBu - \/SAHT,
< \/SAH > Vean (Vi)Y (s, a)e + 2082 AH?\/Noulog(Th) + 64S AH?T; .3

s,a,h

1 6+/BSAHTY.. (95)
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In the last inequality, we use Cauchy-Schwarz Inequality.

Next we will bound >, , Vian (Vi)Y " (s,a). Because Vi, (s) = 0, removing the term

Dy V(s Rm.0)2 e have the following inequality:

H
Z Z (Psﬁmj "’m"',h(foﬂ) — Vi (s km’])2>

h=1k,m,j
H
< P * k,m,j\2
<> (PS:,,,L,,@:,,H,J’h(vhﬂ) — Vi (s )?)
h=1k,m,j
Because of the event £14 in Lemma[D.3] then we have:
H
Z Z (Psi,m,j’a:,m,]"h(vgll) Vh ( k, m,J) > S H2 /2T1L. (96)
h=1k,m,j
According to Equation (T)), for any a € A, we have:
Vi (s) 2 @i(s,a) = rn(s,0) + Ps.anVii = Poan Vi

Therefore, we have:

Z Z (Vh km,] (]P’S:,m,j7aﬁymyj7h(v}:‘+1)>2)

h=1k,m,j
H
k,m,j k,m,j
=303 (VR Csh™) + Py groms (Vi) (Vi (s5™) = P gomas 1, (Vi)
h=1k,m,j
H
< * k7m,j - m,j b, m, g *
<2H Y0 30 (ViGsi™) = Bopms gems (Vi)
h=1k,m,j
H
*x 7 km,j * k,m, *
=2H 3 Vi ™) 20 3 3 (Vi (™) = P s (Vi)
k,m,j h=1k,m,j
< 2HT, + 2H?\/2T .. ©7)

Here, the first inequality is because V,* (s, wamagy P kms kmi (Vi) < H. Thelast step is because
h Ay, )
of the event &3 in Lemma[D.5] Summing Equation (96) and Equation (97) up, we have:

Z Vsah Vh+1 Z Z VS;:mJ k,m,j7h(V];+1)

s,a,h h=1k,m,j

H
2
= ] ) * 2 ) ) *
= Z Z (]P)S;e;,md’a;i,md’h(Vthl) (Psi’m’],GZ""L’],h(Vh*Fl)) )
h=1k,m,j

< 2HT, + 3H?\/2T}¢.
Applying the inequality to Equation (93), we have:

~ref,k( k,m,j k,m,j)
Y \Sp % )by [t’fb’m’j > 1}
Nk( k,m,j aﬁ,mu)

1

< \/3SAH31\/2T\L + \/2SAH?Ty1 + 2082 AH?\/Nyulog(Ty) + 6ASAH?T|1 .2
+6+/BSAH?Ty.

~0 (\/SAH2T1L + /BSAH?Ty + SAH?TH 3 + S%AH%/NOLlog(Tl)) . (98)
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Now we successfully bound the first term in Equation (86)). For the second term, according to the
definition of %" (s, a), we have:

. 2
k¢ km,g _k,m,j\~adv,k/ k m,j k m,] ref, kl (k m,J) ki, (k,m,j),i
nfi (s ™7 af ™ )5 (sh < § j (Vi i) = v gy )

refk (k,m,j) (kmj)
<Z( h+1l Sh+1 ; )_Vh*+1( h+1 N ))

The last inequality is because for any s € S, V,ref ¥(s) > Vi¥(s) > V;¥(s). Using Equation (94) and
Cauchy-Schwarz 1nequa11ty, we have:

nhvadv"<Z<H)\hH( (mddiey 4 ) <2Z<H2 . hﬁ’f””)qtﬂ?). (99)

Similar to Equation @, we have:

(k,m,j5) k,m,
Z)‘hﬂ St Z N1 (syih7) < 5SNo.

k,m,j
Back to Equation (99), we have:
1OSH2N0

~adv,k; k,m,j _km,j 2
U, (s e ) < Em,g  kym,j +25%
”Z(Sh ],ah' )
Then using Lemma[D.2] we have:
H ~ddvk k,m k,m,
() J ) Ay J) k,m
222 s romg R Lty 7>
h—lkm,j nk(sp™, ap ™) [ ]
o, VI0SHZNy: 262,
<2ZZH J>1]< E(gEmd gk | kg kg
h=1k,m,j h( Sh ap, ) nh(sh ap, )
< 4V/2SH2Now - 10SAH? log(T1) + 24/28%0 - 4V2H Y \/Y;["(s,0)
s,a,h

< 40vV25% AH?\/Noyulog(Ty) + 16+/B2H - \/SAHT,
=0 (VASAH T+ 8% AH*\/Notlog(Th) ) . (100)

For the third term in Equation (87), according to Lemma|[D.2] we have:

3

H
NN L4 Z 1
Z Z - [t;?m,‘] > 1] Nk(sk,m,j ak, § 411 Z YTh km7J7 " m,J)A‘
h\°h

h=1k,m,j ' Yh s,a,h

< 16SAHT; .4,

I /\

3

H
i L4 17 .3 3 N
E E I [t]fl’m” > 1] < QT H1,1 2 :yTh( ko gRomad i
k( kmd km])%
h=1k,m,j n

h\Sp ap s,a,h

1
< 32SAHIT.A,

H
km L Ty ¢ k,m, k,m,j
PIDIRI ]>1]Nk(kmd km,j)<4bzlogY’< 7sa™)
h=1k,m,j ap s,a,h

< 4SAH log(Ty)t,

54



Published as a conference paper at ICLR 2025

and

H
k,m,j L Th( m,g k.m,j
> DI > ] s S 8HU Y log(V) (5™ ™)
h=1k,m,j g (s, a ™) s,a,h

< 8SAH?log(Ty)e.
Summing the four inequalities, we can bound the third term in Equation with:
1
O (SAHST % + SAH log(Ty): ). (101)

Applying the upper bound Equation (98), Equation (I00) and Equation (I0I)) to Equation (86}, we
have:

H
S S Ttk B ) <

h=1k,m,j

o) <\/SAH2T1L v \/BSAH?Tyi + /BPSAH? Ty + SAHS T % + 2 AP /N, 1og(T1)L) .

O

F PROOF OF THEOREM [4.2]

Proof. Because of (e) in Lemma[D.1I] we have:

Thp—1 Tp—1

7> Z Z yn(s,a) > Z yh (s, a) Z 1+ %)Fl > Z MH? {(14_ %)Thﬂ B 1} '

s,a,h t=1 s,a,h t=1 s,a,h

The last inequality is because y} (s,a) > MH according to (c) in Lemma Using Jensen’s
inequality, we have:

1. Zsan(Th-1
SAH

1 Th—1
> (+ ) > SAH(1+ )

s,a,h

Therefore, it holds:
~ 3 1 Zs,an(Th-1 3
T>MSAH (1+ﬁ) SAH — MSAH".
This indicates that A
IOg(Msj;xHS +1)

Ti(s.a) < SAH + SAH
Z w(s,) log(1+%)

s,a,h

(102)

Because u,,, = TRUE, in each round, there exists at least one triple (s, a, k) such that the triggering
condition is met on it, the total number of rounds is at most the total times of triggering conditions
met for V(s,a, h) € (S, A, H). Next, we will discuss the times of triggering conditions met for each
triple (s, a, k). If the triggering condition for (s, a, h) is met at round k, the increase of visits to
(s,a,h) is between cF (s, a) and Mck (s, a). We will discuss how many times the triggering condition

can be met at most in one stage for each (s, a, h) € (S, A, H).

1. In the first stage of (s, a,h), ck(s,a) = 1. Then FedQ-Advantage will meet at most M H
times the triggering condition for (s, a, h).

2. Inthestage t (2 <t < T (s, a)) of (s, a, h), when 7if (s,a) < (1— %)y} " (s, a) for round
t—1 ~k
k, we have cf (s, a) = [{—20 20 (5’“1)\;7”‘(8’“)1.
Assume in this case, it meets p times the corresponding triggering condition at the round
ki1 < ko < ... < kp. Forany i € [p], since k; > k;—1 + 1, and k; and k;_, are in the same

e M . ey 14l ok ,
stage, we have nZ P 7k, Especially, we know 72,” e iy < (1= 4y (s,a).

For any i € [p], since the triggering condition is met at the round k;, the increase of the
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visits to (s, a, h) in round ; is at least ¢} (s, a). Therefore, according to Equation (@), we
have:

yi (s, a) — Ay (s,a)
i .
Let Sp =0and S; = Ak +1 then for i € [p] we have:

M—1_, ys,a) - M =1 4, 41 vy '(s,a)
S i > ‘ —_—
Si 2 — T 2 LY
M-1 Y= (s, a)
= SZ 7’
M 7

From the inequality, with mathematical induction, we can derive that:

S@(l—(M]\;l))y}i '(s,0).

log(H)

According to S, < (1 — %)yh " (s,a), we know p < ety
M—-1

also holds for M = 1.
For M = 1, we have p = 0.

+ 1. The last inequality

3. Inthe stage ¢ (2 < t < T}(s,a)) of (s,a, h), whenif(s,a) > (1— %)yi~ ' (s, a) for round
k, we have cf (s,a) = | 7ignf(s,a)] = |5z ' (s,a)].
Assume it meets ¢ times the triggering condition for (s, a, h) in this case. For ¢ > 2, there
exists a positive integer 7 such that r M H <y}~ '(s,a) < (r+1)M H and then ¢} (s, a) = r.
When the triggering condition of (s, a, h) is met for one time, the increase in the visits is
at least . After it is met for ¢ — 1 times, we have r(q — 1) < Zy'~"(s,a) < 2(r + 1) M.
Here, the first inequality is because yfl / yfjl < 1+ 2/H, and the second one is because
vy~ '(s,a) < (r + 1)M H. Therefore, we know ¢ < 4M + 1.

Combining the three cases, the total times of triggering conditions met for given triple (s, a, h) is at

most:
log(H)

log(5747)
Therefore, combined with the inequality Equation (102)), we have:

K<Y (MH+ (;;gﬂ(?l) +4M+2) (Th(s,a) — 1))

MHJr( +4M+2) (Th(s,a) —1).

s,a,h
log w75z + 1)
log(1 + %)

log(isATH3 +1)
log(1 + %)

< MSAH? + SAH <1g(H) AM 4+ 2)

Sresy)

— MSAH? + SAH (gM +4M + 2)
log(3777)

\/,_.

T
< 2 2 ( )
< MSAH® +AMSAH? (log(H) + 3)log | gz +1

The last equality is because T = MT and log(1+ ) > x/2 for any 0 < = < 1. The last inequality
also holds for M = 1.

For 4y, = FALSE, in each round, all M agents meet the trigger condition, then the round number
is at least:

2 2
K < SAH? + 4SAH” (log(H) + 3) log (SAHs + 1)
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