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Abstract

The Schedule-Free (SF) method [4] promises optimal performance with hyperparameters that are
independent of a known training time horizon 7. Nevertheless, non-convex analysis of SF has
been limited or reliant on strong global assumptions. Under minimal assumptions of smoothness
lower-boundedness, and bounded variance assumptions, we introduce a robust Lyapunov frame-
work for analyzing SF in the non-convex setting, yielding a family of horizon-agnostic O(1/log T'),
O(1/T), and O(T_(l_a)) rates under a variety of conditions. Our results — complemented by
Performance Estimation Problem (PEP) experiments [5] — extend SF’s horizon-free guarantees to
smooth non-convex optimization and charts future directions for optimal non-convex rates.

1. Introduction

First-order methods remain the workhorses of modern machine-learning pipelines because each step
costs just one gradient while delivering competitive wall-clock performance. Classical theory, how-
ever, ties their convergence rates to carefully scheduled step sizes that depend on the total training
horizon T'. Gradient descent with stepsize 7; o 1/+/T attains the optimal f(z7) — f* = O(1/VT)
rate on smooth convex objectives [12] and ming<;<7 ||V f(2¢)||> = O(1/T) rate for non-convex
objectives [8, 10]. Yet in practice 7' is rarely known in advance — training may stop early for
validation, resume for fine-tuning, or continue on a new dataset. To remedy this, Defazio et al. [4]
introduced a three-sequence method, Schedule-Free, that proposes to maintain optimality while also
being horizon-agnostic.

Our contribution is a Lyapunov-style framework which reduces convergence analysis of the
three-sequence Schedule-Free algorithm to a single-step descent inequality with minimal determin-
istic assumptions, i.e., smoothness and function lower-boundedness. In doing so, we upper-bound
the algorithm’s performance in non-convex smooth settings under a broad class of horizon-agnostic
hyperparameter values. We also utilize the Performance Estimation Problem (PEP) framework
for empirically validating our mathematical results on such problem classes, justifying additional
boundedness assumptions between Schedule-Free’s iterate sequences, and presenting potential fu-
ture directions for related work. We note that, because most immediately related results are typically
presented in the deterministic regime, we state our headline theorems under zero-noise dynamics.
Readers interested in the more general stochastic case can find extended proofs in the Appendices.
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2. Related Work

2.1. Overview of Schedule-Free

The general Schedule-Free (SF) method maintains three sequences with the following updates:

yr = (1 — B)zt + B,

z+1 = 2t — eV f (Yes C), (D

Typ1 = (1 — cop1) T + 12641,
where 29 = 29 and 8 € [0, 1] controls the interpolation between Stochastic Gradient Descent with
Momentum (SGD+M) and Polyak-Ruppert averaging. Specifically, the intuition behind SF can
be expressed through the following special cases: f = 1, ¢4 = 1t + 1) — Primal Averaging
(equivalent to SGD+M (Theorem 2) and Stochastic Heavy-Ball Momentum (Theorem 3)) and for
B =0, ¢t41 = 1t + 1) — Polyak-Ruppert (arithmetic iterate averaging). By interpolating between
momentum and arithmetic averaging, SF seeks to combine the acceleration effects of momentum
on bias decay with the variance reduction properties of averaging.

2.2. Polyak-Ruppert averaging

Polyak—Ruppert (PR) averaging employs a simple arithmetic average of iterates produced by SGD.
Given iterates z;11 = 2 — NV f(z, (;), the averaged solution is defined as zp = % Zthl 2. This
can be represented through recursive updates

Zip1 = 2t — eV f (26, G)
Tep1 = (1 — crq1) Tt + Ct412641,

where choosing ¢;11 = 1¢t+1), as in the original SF method, yields the classical arithmetic average.
Non-asymptotic analyses show that PR averaging smooths out gradient noise — achieving f(Zr) —
f* = O(1/V/T) in convex settings and O(1/T) under strong convexity — without requiring a
vanishing stepsize [2, 14]. In practice, these effects translate to reduced sensitivity to stepsize
mis-specification, improved training stability, and enhanced generalization in large-scale machine
learning. In the case of non-convex problems, PR averaging has a O(1/+v/T) convergence rate to
a stationary point; but for both convex and non-convex problems satisfying additional assumptions
(e.g., the Kurdyka—E.ojasiewicz (KL) Condition), a ming<i<7 ||V f(z¢)||> = O(1/T) rate can be
achieved [6].

2.3. SGD with Momentum

Stochastic Gradient Descent with Momentum (SGD+M) maintains an auxiliary velocity buffer
my+1 = Mmy + V f(xy, () and updates the iterate by z;4+1 = z; — aymy41. Defazio et al. and
Sebbouh et al. independently observed that exactly the same {x;} sequence can be generated by a
Stochastic Primal Averaging (SPA) scheme that is algebraically more convenient for analysis:

Zip1 = 2t — iV f (e, G),
Tip1 = (1 — c1) Tt + Cop126415

which is equivalent to SF when 8 = 1. The exact correspondence between SPA and SGD+M is
denoted by Theorem 2 in Appendix A.
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If we consider the parameter identities from Theorem 2, then the SPA iterates coincide with
those of SGD+M for all £ > 0. Because the z; sequence appears naturally in Lyapunov arguments
(and is expressed directly in SF) we conduct our non-convex analysis using the SPA form, noting
that every result transfers verbatim to momentum via this mapping. The existing theory establishes
three benchmark rates for SPA/SGD+M. When f is strongly convex, f(zr) — f* = O(1/T). For
purely convex L-smooth objectives, the minimax optimal f(z7) — f* = O(1/+/T) is achieved.
In the non-convex smooth setting, Defazio et al. [3] showed that constant hyperparameters are
already sufficient for ming<;<7 ||V f(2¢)||> = O(1/V/T), matching the best known stochastic rate
without requiring a vanishing schedule. For gradually geometrically-decaying c;y1 and 7, the
same O(1/T') non-convex smooth rate is also achieved. Similarly, Liu et al. also provide optimal
convergence rates for SGD+M, conditioned on gradually changing hyperparameters [11]. In fact,
for the case of ¢;11 = 1t + 1) described in Theorem 1 of this paper, the averaging weight ¢ is
considered to decay “too fast” under both Defazio and Liu’s analyses.

2.4. Stochastic Heavy-Ball Momentum

The stochastic Heavy-Ball method updates the current point by adding a scaled gradient step and a
momentum term that re-uses the last displacement: z; 11 = z; — A\ V f (24, () + 6, (a:t — xt,l) ’
where \; > 0 is the stepsize and 6, € [0, 1) is the momentum weight; both are usually kept constant
in practice. Heavy-Ball can be written in the SPA/averaging form used by SF, so every guarantee we
derive for SPA carries over to Heavy-Ball through the algebraic mapping outlined in Theorem 3 in
Appendix B. Because SF specializes SPA to 3 = 1, this mapping places our non-convex analysis in
direct correspondence with the Heavy-Ball literature. For convex Lipschitz objectives, Heavy-Ball
attains the optimal O(1/T) rate for the running average of iterates, and — with a carefully tapered
stepsize — the last iterate enjoys the same O(1/T') guarantee [7].

2.5. Back to Schedule-Free

Schedule-Free (SF) unifies PA (momentum) and PR averaging, as defined above. Moreover, for
strongly convex problems, it recovers the standard O(1/7") sub-optimality rate; and general convex
problems, the standard (’)(1 / ﬁ) rate [4]. In both cases, SF does this without ever tuning its stepsize
to the horizon T'.

The performance of SF in the non-convex regime is less widely studied, with developments
only recently initiated by Ahn et al. [1]. Assuming f has G-Lipschitz gradients (||V f(z)| < G)
and is “well-behaved”[1], Ahn et al. show that SF achieves the optimal O(\/2¢~7/2) rate for
finding (A, €)-Goldstein stationary points. Moreover, their analysis explains why setting /3 close
to one and using large base optimizer stepsizes — choices that empirically worked well in [4] —
are theoretically justified for non-convex optimization. Nevertheless, while this provides the first
non-convex guarantees for SF methods, the analysis requires strong global assumptions. Moreover,
the parameter choices achieving optimal rates depend on the target accuracy € [1].

Our analysis tackles the non-convex landscape of SF while dispensing with the additional as-
sumptions required in [1] by assuming only that f is L smooth and lower-bounded. Furthermore,
our analysis provides a simple and flexible groundwork for analyzing SF in non-convex regimes, in
the sense that with a single Lyapunov potential we prove a family of rates for an expanded variety
of SF settings.
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2.6. The Performance Estimation Problem (PEP) framework

The PEP framework, introduced by Drori and Teboulle [5], is a rigorous framework for analyzing
the worst-case convergence rates of gradient-descent style algorithms. To do so, PEP transforms
the convergence analysis into a structured semi-definite programming (SDP) formulation which
maximizes a worst-case performance metric (e.g., f(z7) — f*, ||z — 20||%, etc.) over a feasible
set of functions constrained by their function class (convexity, smoothness properties, etc.). Solving
this SDP yields a provably tight worst-case performance bound for the given optimization algorithm
over the specified function class [9, 16]. A significant advantage of the PEP framework is its ability
to validate theoretical convergence proofs. Indeed, many well-known convergence inequalities, such
as those found in Nesterov’s classical analyses [13], naturally arise as feasibility conditions within
the PEP formulation. Since its introduction, the PEP framework has been successfully applied to a
variety of optimization scenarios, including strongly convex, convex, and more recently, certain non-
convex optimization settings [17, 18]. These extensions to non-convex problems typically involve
adapting the objective function to measure squared gradient norms [15]. For example, Appendix E
outlines the full application of PEP to our own analysis in more detail.

3. Main Result

Theorem 1 Suppose f : R™ — R is a non-convex L-smooth function lower-bounded by a finite
constant, and (1, . . .,y is an i.i.d. sequence of random variables such that E[V f (y, ()] = V f (yt)
and ]EHVf(yt) Vf(y, &)||> < 0% Consider the updates defined in Equation 1. Let w1 =
m Let t* be the smallest integer such that for all t > t*, Lei(1 4+ n) < 1/4 and:

21 2\2 2
wez g 2n( - ) + BECEI L 2zt - ).

Then, for {ci11, e}t = {(t+1)7%, n}:

o)+ 202 (14 L7 ) a € [0,0.5)

(DL 2
. Vo o InCq(l—«
t*<1%1<151,71E”Vf($t)”2 < % +20% (1+ ’1‘17711_78%&)17)(1) , a€[05,1)
- = 4V Lnm?/6 _
ety + 20 (L sy ) a=1L

where Vi = f(z4+) — f* + wpE|ze+ — 24+ ||%. Under the same conditions, but for {ci11, n} =
{1+ 1), n}:

t*<r?<i% 1E|]Vf(xt)H2 n(T—t*) 42%/n*log(T/f*) +20°(1+ La).

Theorem 1 notably spans the specific case of SF, as originally proposed [4], when o« = 1 and
ci+1 equals 1t + 1). Our analyses suggest that classical” SF converges to a stationary point at
a non-optimal rate of O(1/logT’) in a non-convex, smooth setting under bounded variance. Our
proposed modifications to SF dramatically enhance this rate. Specifically, for ¢;41 = (t+ 1)~ and
0 < a < 1, we improve the rate to O(1/T7'~%); and for ¢; 1 = t%(t + 1)~ the rate is improved to
o/1).

We also note that Theorem 1 shows minimal performance dependence on the interpolation pa-
rameter (5. In fact, 5 only affects the time threshold ¢* for which convergence is guaranteed to be
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upper-bounded by the rates we’ve shown. In this manner, an optimal” choice of 5 is one which —
conditioned on L and 7, achieves a t* closest to 0. In the PEP experiments that follow, we default
to letting Ln < 1 and # = 1 such that t* = 2.

4. PEP Experiments

We validated these results via numerical performance estimation (PEP) studies with results shown
in Figures 1 and 2 below. In Figure 2, we note that when c¢; 1 is set to (¢t + 1)~¢, for a €
{0.01,0.1,0.5}, the maximum value of ||V f(z;)||* multiplied by ¢!~% is bounded above by a
constant for all ¢ up to 7' = 100 steps. Likewise, Figure 1 demonstrates that for c.y; equaling
t*(t + 1)~ for the same values of «, the maximum value of ||V f(x;)||? multiplied by ¢ is also
bounded above by a constant for all 7" = 100 steps. In this way, our numerical PEP experiments
validate our analytical results from Theorem 1 up to 7" = 100 steps for a discrete range of « hyper-
parameter values.

Decreasing Stepsizes (C¢+1 = (t+1)7%): [Vfx)|? t* =@ Increasing Stepsizes (€t 1 = t%(t + 1)) [Vfix)|* - t

16 Aphalabel H AphaLabel

—e= a=001 =e= a=001
a=01 » a=01
14 - - a=05 == a=05

Figure 1: Worst-case bias curves for Theorem 1, Figure 2: Worst-case bias curves for Theorem 1,
1\« . . t \& . .

i1 = (z7)" for several o values, validating  ¢;41 = (77)" for several « values, validating

that ||V f(z¢)||? < O(1/T' %) upto T = 100.  that ||V f(x,)||> < O(1/T) up to T = 100.

Interestingly, a numerical performance estimate (PEP) study of the “classic” case for SF —i.e.,
when ¢, 1 equals (t+1)~! — suggests that the true rate may not be improved to the optimal O(1/T)
rate, since Figure 4 insofar shows an unbounded-ness of ||V f(z)||? multiplied by . Nevertheless,
the rate provided for this classic SF case is validated up to 7" = 100 steps in Figure 3, where
multiplying ||V f(z7)||? by log ¢ results in a curve seemingly bounded above by a constant.
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Figure 3: Worst-case bias curves for Theorem 1, Figure 4: Worst-case bias curves for Theorem 1,
ciy1 = (t+1)71, validating that cir1 = (t +1)71, suggesting that
IV f(x)||? < O(1/logT) up to T = 100. IV f(x)||? £ O(1/T) up to T = 100.

5. Discussion and future work

We have developed a unified Lyapunov framework for the Schedule-Free algorithm in the non-
convex smooth setting under minimal L-smoothness, lower-boundedness, and bounded variance
assumptions. Our main theoretical results from Theorem 1 show that with the classic SF choice
(ct41 = 1t + 1), g = 0, B = 1) one attains ming<i<7 |V f(2¢)[|* = O(1/log T). More gener-
ally, with polynomial-averaging weights ¢;+1 = (¢t + 1)~ and t“(¢ + 1)~“, we derive respective
O(T*~1) and O(T!) rates for o € [0, 1).

To support our theoretical bounds, we used the Performance Estimation Problem (PEP) frame-
work [5, 16] to compute worst-case values of ||V f(z;)||?> under the various SF modifications pre-
sented in Theorem 1. Across all regimes up to 7' = 100, these PEP SDPs support the rates we
provided. In fact, these experiments suggest possible lower-bounds of (1) on classic SF when
cir1 = (t+ 1)~ ! since for this specific case, Figure 4 suggests an unbounded curve for ||V f ()] |2
multiplied by £. Optimistically, while PEP itself faces these finite-horizon drawbacks, its trends sup-
port the conjecture that optimal O(1/T") upper bounds on the convergence of ||V f(z)||* can only
be approximately achieved through the proposed modifications (via o) to SF’s averaging scheme.

Moreover, we have also shown that the interpolation parameter 3 only modifies the convergence
rates of the modified SF algorithm up to a constant factor reflecting a critical point in time ¢*, from
which convergence is upper-bounded for all ¢ > ¢*. Likewise, for ¢;+1 = (¢t + 1), the proposed
hyperparameter o embodies a tradeoff between bias convergence of |||V f(;)||? and the persistent
noise term o2, wherein decreasing  improves the O(1/7%) rate, but worsens the multiplicative
factor on o2. Nevertheless, for this case of ¢;y1 = (¢ + 1)~%, the asymptotic noise contribution
is lower-bounded by a factor of 202, and thus no noise “reduction” is readily apparent. Likewise,
for ¢, 1 = t*(t + 1), the asymptotic noise contribution is also lower-bounded by 202, despite
achieving an O(1/T) rate of bias convergence.
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Appendix A. SGD+M and SPA Equivalence [3]
Theorem 2 Define the SGD+M method by the two sequences:

M1 = Omy + Vf(ze, G),
Tip1 = T — Ny 1,

and the SPA sequences as:
zip1 = 20 — MV f (24, Gr),
Tip1 = (1 — cp1) Tt + 12041

Consider the case where my = 0 for SGD+M and zy = 0 for SPA. Then if ¢y = \o/no and for
t>0
ne— At M
) Ct+1 = —,
Ot+1 us

M+1 =

the x sequence produced by the SPA method is identical to the x sequence produced by the SGD+M
method.

Proof Consider the base case where xg = zg. Then for SGD+M:

mi va(ffo, Ct)

2
sz =20 — ANV f(wo, ) ()

and for the SPA form:

21 =x0 — 1m0V f(0, o)
r1 = (1 = co)zo + co(xzo — MoV f(x0, (o)) 3)
=9 — conoV f (0, Co)

Clearly, Equation 2 is equivalent to Equation 7 when A\g = cgng.

Now consider ¢t > 0. We will define z; in terms of quantities in the SGD+M method, then show
that with this definition the step-to-step changes in z correspond exactly to the SPA method. In
particular, let:

1
Zt = Tt — (C — 1) /\t_lmt. (4)
t
Then
1
2441 = Tpqp1 — o 1) Aemyg
t+
1
=Ty — \Myy1 — i — 1) Ay
t+

! \ &)
=zt + ( — 1) At—1my — = (Osmy + V f(xt, )
Ct Ct41
1 A A
=z + [< - 1) At—1 — tet] my — 5V f (2, &)
Ct Ct+1 Ct+1
This is equivalent to the SPA step

Zi+1 = 2t — TItVf(l’t, Ct),
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A — 7, and

as long as oy =

1 A
0= ( - 1> Aol — 0y
Ct Ci+1
= (Nt—1 — A1) — M,
M—1— At—1
0, ’
Using this definition of the z sequence, we can rewrite the SGD+M x sequence using a rear-
rangement of Equation 4:

ie., m =

-1
1
-1
Mip1 = < —1) A (@41 — 2i41)
Ct+1
G4l AL
=7 . ‘M (93t+1 - Zt-i-l)v
1—cit
as
Tpp1 = Tp — NMyq1
Ct41
=Xt — 7(3715-‘,-1 - Zt—i—l)
1—cita
Ct41 1
=X — X1 + Zt+1
1—ci I —ct41
= (1 = ct41) @41 + Cop12041,
matching the SPA update. |

10
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Appendix B. SHBM and SPA Equivalence

Theorem 3 Define the SHBM method by the sequence:
Tep1 = Tt — MV (@, Gt) + Or(wt — 28-1),
and the SPA sequences as:
zip1 = 2t — MV f (4, Gr),
Tip1 = (1 — c1) T + Cop12641-

Consider the case where xo = 0 for SHBM and zo = 0 for SPA. Then if for allt > 0

c+1(1 —c
At = Cep1Mt, 9t=t+(ct),
t

the x sequence produced by the SPA method is identical to the x sequence produced by the SHBM
method.

Proof Consider the base case where t = 0. For SHBM with g = 0:
x1 =20 — AoV f(20, o) + Op(x0 — 2_1)

(6)
=x0 — AoV f(x0, (o)
For the SPA form with zg = xg:
z1 =29 — oV f(xo, o)
=x0 —noV f(z0, o) 7

Ir1 = (1 — Cl).ro +c121
=z — c1moV f (o, Co)
Equations 6 and Equation 7 are identical when Aoy = c119.

Now consider ¢ > 0. We will define z; in terms of quantities in the SHBM method, then show
that with this definition the step-to-step changes in z correspond exactly to the SPA method. Let:

1-— Ct
z = Ty + (¢ — x4-1). 8)
Ct
Then: 1
— Ct41
Zp41 = Tpgp1 + ————(Tp41 — o)
Ct41
1—ca 1L — ¢
= <1 ) ey - )
Ct+1 Ct+1
1 1 — ¢
=Ty — ———T¢
Ct+1 Ct+1

Substituting the SHBM update for x¢1:

1 1—c¢
A+l = T ['xt - Atvf(xta Ct) + Qt(l't — .’L't_l)] — 715—&-1:“
Ct+1 Cii1
11— Ct )\t
=t (2t — @e—1) — —V f (24, Q) (10)
Gt Ct+1
1—c¢
+ — (zt — @-1) — 7t+1(xt — 2t)
Ct+1 Ct+1

11
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This simplifies to the SPA update 2,11 = 2 — 7.V f (x4, (;) when:

i =Mt and (915 = 7Ct+1(1 _ Ct) .

Ct+1 Ct

Finally, the SHBM z update can be rewritten using Equation 8:

i1 = (1 = cor1)xe + 121
= (1 —cir1)xe + i1 (2t — eV (2, G))

which matches the SPA update by construction.

12
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Appendix C. Main Theorem Proof

Theorem 1 Suppose f : R™ — R is a non-convex L-smooth function lower-bounded by a finite
constant, and (1, . . ., Cr is an i.i.d. sequence of random variables such that E[V f (y, ()] = V f (yr)
and B||V f(yr) — V£(yt,)||* < 0 Consider the updates defined in Equation 1. Let w1 =

2n(1cj6t)2. Let t* be the smallest integer such that for all t > t*, Ley(1+n) < 1/4 and:
L2 1— 2 L 2
wez s 2n( - ) + BECE L 2zt - ).

Then,for {Ct+17 7775} = {(t + 1)—047 77}

et + 202 (14 B2 0 € [0,0.5)
. 2 4V (1—av) LnCa(1—a)
t*<1{1<1%71EHVf(xt>” <\ amTe—Eyt=ay T 20% (1+ Tlna_i(t*)lfa> , a€[05,1)
T 4V, Lnm?/6 _
st 207 (1+ i) a=1

where Vi = f(z4+) — f* + wpE|ze+ — 24+ ||%. Under the same conditions, but for {c;1, n;} =
{19+ 1)) n}:

. 2 4V* 2
t*ér%n% 1E||Vf(xt)” = n(T—t*)— omlog(T/t*) +20°(1+ L)
Proof We analyze the algorithm defined by y; = (1 — )z + By, ze41 = 2t — NV f(yr, (), and
211 = (1 —¢t)x + ciz441. We employ the Lyapunov function V; = f(z;) — f* + wq||e¢||%, where

e: = zz — x¢. We define the weight sequence recursively as w41 = 277(1‘:%002

Step 1: Objective Descent. By the update rule, x1 — 2 = ¢i(zi41— ) = cr(er—nV f(ye, Ct))-
Applying L-smoothness of f:

L
f@e1) < f(@e) +(Vf(@), B0 — @) + §H%+1 — %
Taking expectations conditioned on time ¢ (E;) and letting g; = V f (y, ;):

Ee[f(we41)] < fze) + eedV f(21), e0) — neeV (), VI (ye))

+ ﬁ (leel® = 2ntee, V£ () + IV F@)|]? + 120%) -

We expand the inner product —rce(V f (2¢), V. (ye)) = =5 (IV f (@) IIP+IV f (ye) [P~V f () -
V f(y)||?). Using y; — 2 = (1 — B)e; and smoothness, ||V f(z:) — Vf(ye)]|? < L2(1 — B)?||es]|?.
Using Young’s inequality, —2n(es, V f(y:)) < nllec||> + nl|Vf(y+)||>. Substituting these into the
objective bound:

2 _ 2
Bulf ()] < F(a0) + eV (@, ed — S Sl — 9 2+ HEC A 2
2

L
+ ZE (@ nlled? + (1 + V@I +P0?). (11

13
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Step 2: Error Contraction. We observe e;11 = 2zi41 — @441 = (1 — ) (ze401 — @) = (1 —
ct)(er — nge). Squaring and taking expectations:

Eilleriill” = (1 — cr)® (leel® — 2nles, V£ (o)) + 0?1V f (o) |> + n’0?) .

Decomposing the inner product via V f (y) = V f(2¢)+(V f(y) =V f(x1)) yields —2n(es, V f(y)) <
—2n{es, Vf(z¢)) + 2nL(1 — B)]|ec||?. Multiplying by w;1:

ws1Eellec||? < wipn (1= e)® (1 +2nL(1 = B)llecl|® — 2nler, V(o)) + 0PIV f () I + n°0?) .
(12)

Step 3: Lyapunov Combination. The choice w11 = 277(1‘:7_%”2 ensures the term —w;q1(1 —

ct)?2n{es, V f(z4)) cancels ¢ (V f (), e;) from (11). We aggregate the coefficients of ||V f (v;)||*:

nee  Lein nee  Lein

nee  Lein 2 2
1 1— =1 1 —
5 5 (1+n) +wir1 (1 —ce)n 5 + 5 (1+mn)+ 5 9

Since Cyy > 0, we use ||V f(y) [ < 2|V f(20)]|? + 2L3(1 — B)?||es||*. The total coefficient for
IV f(ze)||? is =5 4+ 2Cvy = =%t + Lyci(1 +n) = =541 — 2Ley(1 + n)]. Fort > t*, we
have Lcy(1 +n) < 1, ensuring the coefficient is < —. The coefficient for |||, denoted C.,
collects terms from f-descent, e-contraction, and the substitution of ||V f(y;)||%. For E[V;11] < V4,
we require C, < 0, which yields the condition defining ¢*:

(1+n).

c ¢ L?(1—B)2 Lé?
wez 1o - )+ U G o - ).
Substituting w; = 52—, this defines t* explicitly. Since w; grows while the RHS is bounded
2n(l—ct—1)

for decaying c;, such a t* exists. For ¢ > t*, the descent is:

2
C g
LBV )| < Vi = EilVia] + - (Lefn? +ne).

Summing from ¢ =t*to T — 1:

. AV 202 ST H(LnPcd + ner)
min B[V f (a2 < —75 I
t*<t<T 0D p—yx Ct 0D i Ct

Casel: ¢; =t~ “. The denominator is bounded by ZtT:_tl ct > ft:f x~“dx. We analyze the overall
convergence rate by explicitly combining the bias and variance terms:

* For a € [0,0.5), using Zf;ﬁ i < Tll—_;j:

. ) 4V« (1 — ) 2 Lnl-—a), _,
min BV f(@)|* < e — gty t27 (1 T ! ) |

e For a € (0.5,1), noting 3" ¢? < Cy:

. 4Vir (1 — « LnCy(1 — «
min E||V f (z) || < n(Tl—L(— (t*)z—a) + 202 (1 + Tlﬁa —((t*)l—)a) )

e For a = 1, where " ¢; > log(T/t*) and 3" ¢? < 72 /6:

‘ AV Lyr®/6
E 2 < - - 2 2 1 Py~

14
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Case2: ¢, =t*(t+ 1)~ Herec, = (1 + %)*a > 1 — ¢. Summing this explicitly: ZtT:_tl ¢t >
(T -t —« ZtT;t} 1 > T — t* — alog(T/t*). For the variance term, we simply bound ¢; < 1,
yielding >~ (Ln?c? 4+ ney) < (Ln? 4+ 1) 3. ¢;. Substituting this into the second term of the bound:

202(Ln? +1) Y ¢
ny_ct

This variance bound is constant and tight for large 71" since ¢; — 1. Combining with the bias
denominator:

= 20%(Ln +1).

4V

2
2T —# — alog(T/t*)) +20°(1+ Ln).

min E[|V f (z,)|* <

15
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Appendix D. Experimental Setup and Code

Using the SDP formulations presented in Appendix E, we applied the Python 3.8 PEPit library to
validate our analysis of Schedule-Free under the various choices of hyperparameters we considered.

For each choice of hyperparameter, we ran PEP for n = 100 iterations, with § = 1 and Ln < 1 to
yield t* = 2 (see proofs in earlier Appendices), sweeping values of « = {0.01, 0.10.5} for both
cip1 = (t+1)"% and t¥(t+1)~“. We also ran a PEP analysis for classic SF, when ¢;, 1 = (t+1)7L.
The full code can be found at https://github.com/cbrownaz24/SF-non—convex.
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