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Abstract

We study online finite-horizon Markov Decision
Processes with adversarially changing loss and ag-
gregate bandit feedback (a.k.a full-bandit). Under
this type of feedback, the agent observes only the
total loss incurred over the entire trajectory, rather
than the individual losses at each intermediate
step within the trajectory. We introduce the first
Policy Optimization algorithms for this setting.
In the known-dynamics case, we achieve the first
optimal regret bound of ©(H2\/SAK), where
K is the number of episodes, H is the episode
horizon, S is the number of states, and A is the
number of actions. In the unknown dynamics case
we establish regret bound of O(H?Sv/AK), sig-
nificantly improving the best known result by a
factor of H2S%A2.

1. Introduction

The standard model of reinforcement learning (RL) assumes
a rich feedback loop, where for each step within the episode
the agent observes the loss in that state as feedback. While
ideal, this is often not the case in real-world applications.
For example, in multi-turn dialogues with an LLM, feedback
is typically available only at the end of the entire dialogue,
not for each intermediate response. Similarly, in robotic
manipulation, feedback is often only available for the entire
trajectory, indicating whether the robot successfully com-
pleted its task, rather than providing feedback at every step
of the robot’s movement.

To address this challenge, Efroni et al. (2021) have initiated
the study of aggregate bandit feedback in a stochastic set-
ting where losses are generated in an i.i.d. manner. More
recently, Cassel et al. (2024) have extended this to linear
MDPs. Most related to our work is that of Cohen et al.
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(2021b), who considered the setting we study here, where
the losses are non-stochastic and may be chosen by an adver-
sary. They introduce a variant of bandit linear optimization
which they call Distorted Linear Bandits and provide a solu-
tion for it. Through the framework of occupancy measures,
they reduce the problem of adversarial MDPs with aggregate
bandit feedback to Distorted Linear Bandits. This approach
allows them to obtain a regret of O(H®S%A%/2\/K), where
K is the number of episodes, H is the horizon, S is the
number of states and A is the number of actions. While
the dependency on K is optimal, the dependency on other
parameters is far from optimal.

In this paper, we revise the setting considered in Cohen et al.
(2021b), both in the known and unknown dynamics cases.
We present algorithms based on the Policy Optimization
framework (Cai et al., 2020; Shani et al., 2020; Luo et al.,
2021; Chen et al., 2022a), which has strong connections
to many practical algorithms such as NGP (Kakade, 2001),
TRPO (Schulman et al., 2015), and PPO (Schulman et al.,
2017). Our algorithms have a closed-form update and are
more efficient than that of Cohen et al. (2021b), which
requires solving a convex optimization problem in each
iteration. We obtain the first optimal bound under known
dynamics and significantly improve the regret bound of
Cohen et al. (2021b) in the unknown dynamics case.
Summary of Contributions. The main contributions of
the paper are as follows:

* We present the first Policy Optimization algorithms for
Online MDPs with aggregate bandit feedback.

* Under known dynamics we are the first to establish the
near-optimal regret bound of ©(H2\/SAK).

* In the unknown dynamics case, we achieve a regret
of O(H 3SVAK). Surprisingly, this regret bound
matches the best known regret for Policy Optimiza-
tion with semi-bandit feedback (Luo et al., 2021).!

* We establish a new lower bound Q(H?vVSAK) for
online MDPs with aggregate bandit feedback. To the

"Luo et al. (2021) presents a slightly different dependence on
the horizon H. This is due to their assumption of a loop-free
MDP, which effectively enlarges their state space by a factor of H
compared to our model — see Remark 1.1.
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best of our knowledge, this is the first lower bound
for this setting that is not directly implied from the
semi-bandit case.

A comparison of our results to previous works is summa-
rized in Table 1.

Overview of techniques. Much of our algorithms’ de-
sign and analysis follows the seminal work of Luo et al.
(2021). As most of the regret minimization literature, they
built upon the fundamental value difference lemma (Kakade
& Langford, 2002; Even-Dar et al., 2009) that breaks the
total regret as a weighted sum of local regrets in each state
separately with respect to the @)-function. Our central ob-
servation is that the regret can be decomposed in a similar
manner but with respect to different quantities, which we
call the U-values. These quantities are particularly natural
in the context of aggregate bandit feedback. The U-function
at a given state and action is the expected cost on the entire
trajectory given that we visit this state-action pair. Our
decomposition with respect to the U-function is especially
useful in the setting of aggregate bandit feedback since the
U-function can be easily estimated using only the accu-
mulated trajectory loss. This is in contrast to ()-function
estimation that typically uses individual losses or the cost-
to-go from a state-action pair.

1.1. Related work

Aggregate bandit feedback with stochastic i.i.d losses
was first studied by Efroni et al. (2021) who obtained regret
of O(H?3/282A3/2\/K) with an efficient algorithm. Their
transition and loss functions are not horizon-dependent.
Adapting their bound for horizon-dependent losses and tran-
sitions as we consider here would effectively inflate the
number of states by a factor of H, resulting in a regret
bound of O(H7/25%A3/2\/K). Cassel et al. (2024) intro-
duced the first algorithm for Linear MDPs with stochastic
losses and aggregate bandit feedback. Their algorithm at-
tains regret of O(v/d®H7 K ) where d is the dimension of
the feature map. In the special case of tabular MDPs, they
show a regret of O(H7/252 A3/2\/K).

Adversarial Linear bandits (see for example Lattimore
& Szepesvari (2020)) is a variant of the classical Multi-
armed Bandit problem where each action is associated with
a vector in R?. The loss in each round is the inner product
of the action with an unknown parameter vector chosen
by an adversary. Through the concept of occupancy mea-
sures, online MDPs with aggregate bandit feedback and
known dynamics can be seen as a special case of Adver-
sarial Linear bandits. In terms of regret bounds, EXP2
(Dani et al., 2007; Cesa-Bianchi & Lugosi, 2012) with a
specific exploration distribution achieves the optimal bound
of ©(B+/dK log N) for any finite set of N actions in R9,

where B is a bound on the losses (Bubeck et al., 2012).
Using a discretization argument, this bound can be extended
to O(Bdv/K) for any compact convex set. However, the
EXP2 algorithm is not efficient in general. The latter bound
for general convex set is attainable with efficient algorithms
(polynomial in d) under mild assumptions (Hazan & Karnin,
2016). When using occupancy measures to reduce online
MDPs with aggregate bandit feedback to Linear bandits,
the decision set is of dimension d = HS A, the bound of
the loss in each round is B = H and the number of de-
terministic policies is N = A%, This results in regret
of O(H?Sv/AK) and O(H?S AV/K) with inefficient and
efficient algorithms, respectively. For the known dynamics
case, we improve these bounds to optimal ©(H?2v/SAK)
regret with an efficient and more natural algorithm.

As mentioned before, Cohen et al. (2021b) have extended
the linear bandit model to Distorted Bandit Online Linear
Optimization (DBOLO). They show that online MDPs with
aggregate bandit feedback and unknown dynamics can be
reduced to DBOLO efficiently. Their algorithm is built upon
the SCRIBLE algorithm (Abernethy et al., 2008) and guar-
antees regret of O(H®S%A5/2\/K). On the same setting,
we improve their regret bound to O(H>SVAK).

Regret minimization in MDPs with semi-bandit feedback
is extensively studied in the literature, initiated with the
seminal UCRL algorithm (Jaksch et al., 2010) for stochastic
losses. Their model was later extended to the more general
Online (adversarial) MDPs where the loss functions are ar-
bitrarily chosen by an adversary. Most algorithms for this
model are based either on the framework of occupancy mea-
sures (Zimin & Neu, 2013; Rosenberg & Mansour, 2019a;b;
Jin et al., 2020) or the Policy Optimization framework (Even-
Dar et al., 2009; Shani et al., 2020; Luo et al., 2021). In
the adversarial model with semi-bandit feedback and known
dynamics, the optimal regret bound is ©(H+/SAK) case
and is attained by an occupancy-measure based algorithm
(Zimin & Neu, 2013). With PO, the state-of-the-art re-
gret under known dynamics is O(H?v/SAK). We achieve
the same bound with aggregate bandit feedback which in
this case is optimal. Under unknown dynamics, the best
known bound is O(H2Sv/AK) and is also attained by an
occupancy-measure based algorithm (Jin et al., 2020), while
the best known lower bound is Q(H3/2v/SAK) (Jin et al.,
2018). With policy optimization algorithm, the best known
bound is O(H?S\/AK) (Luo et al., 2021). Although we
are in a setting with less informative feedback, we match
the latter bound.

Remark 1.1. We note that some of the literature on semi-
bandit feedback, such as Jin et al. (2020); Luo et al. (2021),
assumes loop-free MDPs. Under this assumption the state
space consists of H disjoint sets S = S; US U --- U Sy
such that in step h the agent can only be found in states
from the set Sy,. Effectively, this means that their state space
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Table 1. Comparison of regret bounds for online MDPs with ag-
gregate bandit feedback. In the 'Loss’ column, ’adv.” denotes
adversarial (non-stochastic) losses, while ’stoc.” denotes stochas-
tic i.i.d losses. The regret bounds presented in this table ignore
logarithmic and low-order terms.

Algorithm

Reduction to Efficient
Linear Bandits algorithm
Algorithm 1 (ours)
Lower bound

[Dynamics[Loss|  Regret |

known |adv.|vVH4S2A2K

known |adv.|vVH4SAK
known |adv.|vVH*SAK

UCBVI-TS T GI A3t
(Efroni et al., 2021) unknown [stoc.|[vV H7S4 A3 K
REPO for tabular MDPs TIWE
(Cassel et al., 2024) unknown |stoc.|vV H7S*A3 K
Reduction to DBOLO

unknown |adv. |V H10S512 A5 K
unknown | adv. |V HSS2AK

(Cohen et al., 2021b)
Algorithm 2 (ours)

is larger than ours by a factor of H. So for example the
regret bound O(H?Sv/AK) in Luo et al. (2021) implies a
bound of O(H?S+v/AK) in the transition model presented
in this paper. We emphasize that these differences are rather
artificial and not due to an actual difference in the regret.

Stochastic binary trajectory feedback was studied in Chat-
terji et al. (2021). In their model, the rewards are drawn from
a logistic model that depends on features of the trajectory.

Preference-based RL (PbRL) is a model where the feed-
back is given in terms of preferences over a trajectory pair
instead of rewards. This is partially related to our model in
motivation. A partial list of works on PbRL includes (Saha
et al., 2023; Chen et al., 2022b; Wu & Sun, 2023). For addi-
tional related work on the topic, see the above references.

2. Preliminaries

A finite-horizon episodic adversarial MDP is defined by a
tuple M = (S, A, H, $init, p, {{*}E_,), where S and A
are state and action spaces of sizes |S| = S and |A| = A,
respectively, H is the horizon, s;,;; is the initial state and
K is the number of episodes. p : S x A x [H] — Ag is the
transition function such that py,(s’|s, a) is the probability
to move to s’ when taking action « in state s at time h.
{€*: S8 x A x [H] — [0,1]} | are cost functions chosen
by an oblivious adversary, where (¥ (s, a) is the cost for
taking action a at (s, h) in episode k.

A policy m : § x [H] — A4 is a function that gives the
probability 7 (als) to take action a when visiting state

"This regret bound is adapted to horizon-dependent transition
and losses - see the related work section for more details.

s at time h. The value V;7(s; /) is the expected cost of
« with respect to cost function ¢ starting from s in time
h, i.e., Vh”(s; 6) = E [Zg:h fh/(sh/, ah/)|7r, Sp = S] .
where the expectation is with respect to policy 7 and tran-
sition function p, that is, ap ~ mp(+|sp/) and spr4q ~
P (-|Sns, ans). The Q-function is defined by Q7 (s, a; ) =
E[Zg:h Lpi(spryan)|m, s, = 8, ap = a]. The occupancy
measure 4] (s,a) = Pr[s, = s,ap = a|m, 51 = Sina is
the distribution that policy 7 induces over state-action pairs
in step h, and we denote uf; (s) = >, 4 17 (8, a).

Learning protocol and Feedback The learner interacts
with the environment for K episodes. At the beginning of
episode k, it picks a policy ¥, and starts in an initial state
s¥ = s;nit. In each time h € [H], it observes the current
state s¥, draws an action from the policy af ~ 75 (-|sF)
and transitions to the next state s}, ~ py(:|sy, ay). There
are three types of loss feedback that are common in the
literature:

e In full-information feedback, at the end of episode k the
agent observes the full cost function £* € [0, 1]754,

* Under bandit feedback (a.k.a semi-bandit), the agent
observes the loss function over the agent’s trajectory,
{5 (sk>a) ity

e Under aggregate bandit feedback (a.k.a full-bandit),
the agent observes only the entire episode loss, L¥. ., =

H
h=r U (s, )

In all three settings, the trajectory {s¥,a¥}_| is assumed
to be fully observed. In this work, we assume aggregate
bandit feedback, which is the least informative among the
three above.

The goal of the learner is to minimize the regret, defined
as the difference between the learner’s cumulative expected
cost and the best fixed policy in hindsight:

K K
k *
Ric =Y Vi (simit; ) = YV (simar; £F),
k=1 k=1

where 7% = arg min,, Zle VI (Sinit; £F) is the best fixed
policy in hindsight.

Value difference lemma. The analysis of policy optimiza-
tion algorithms is often built upon a fundamental regret
decomposition that follows the following lemma:

Lemma 2.1 (Value Difference Lemma (Kakade & Langford,
2002; Even-Dar et al., 2009)). For any loss function £ and
any policies  and 7',

V17T(5init§ 4) - Vfr/(sinit; E)
= i () (T | ) = mi(- [ 5), QR (s, 5.0) . (1)
h,s
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where (-, -) is the inner product.

As a direct consequence we can break the regret as,
K

Ric = ufy ()Y (i |'s) = mh(- | 5), Qk(s,)),
h,s k=1

where, for each h and s, the internal sum over & can be seen

as regret of a Multi-armed bandit problem with respect to

the loss vectors Q5 (s, -).

Additional notations. Episode indices appear as super-
scripts and in-episode steps as subscripts. The notations O()
and < hide poly-logarithmic factors including log(K/d) for
confidence parameter §. [n] = {1,2,...,n}. The indica-
tor of event E is [{ E} and we denote I} (s,a) = I{s} =
s,al = s}. We use the notations V;*(s), Q¥ (s, a), uf (s, a)
when the policy and cost are 7 and ¢*, respectively. The
expectation conditioned on the policy 7* is denoted by Ey.

3. The U-function

Policy Optimization algorithms build upon the Value differ-
ence lemma, but since the ()-function is unknown (due to the
bandit feedback), one would need to estimate it. The state-
of-the-art PO algorithm for semi-bandit case (Luo et al.,
2021) estimates the Q-function via importance sampling:

sy =s,ap = stLln.pg

Ax ) —
Qh(87a” ) NZ(S»G)

where Lj.qg = Zﬁ:h L (Sps,aps) is the realized loss-to-
go from time h. To be more precise, (Luo et al., 2021) add
a small bias at the denominator to better control its variance
and use an upper confidence bound of 4 (s, a) whenever
the dynamics is unknown. Indeed QZ (s,a;¥) is an unbiased
estimate of Qf (s, a;¢). Note that with aggregate bandit
feedback Ly, cannot be computed and it becomes unclear
how to directly estimate the ()-function. For this reason
we introduce a new quantity which we call the U-function.
While the Q7 (s, a; ¢) is the expected cost-to-go from time
h given that we visit state s perform action a at that time;
the U-function is the expected cost on the entire trajectory
given that we visit s and perform a at time h. That is,

H

Z Chr(Shrsan)

h'=1

Ui (s,a;l) =E

W,sh—s,ah—a] .

The following lemma shows that the difference U7 (s, a) —
Q7 (s, a) does not depend on a.

Lemma 3.1. For any Markovian policy , loss function £
and (h,s,a) € [H x A xS,

Ui (s,a;€) — Q7 (s,a;0) = Wi (s;£)

where W[ (s;£) = E[ZZ/_:I1 O (spryap)|m, sp, = ).

Proof. Due to the Markov property and the fact that 7 is a
Markovian policy, the trajectory up to time i — 1 does not
depend on the action taken at time h. Thus,

Ui (s,a;0) — Qp (s, a;0)

h—1
=K [Z Eh/(sh/,ah/) T,8p = S,ap = a]

h'=1

h—1
=K [Z Kh/(sh/,ah/) T,S8hp = S‘| = W;:(S,f)

h'=1

O

As a corollary of Lemma 3.1 we obtain the Value Difference
Lemma with respect to the U-function.

Corollary 3.2. For any loss function { and any policies 7
and 7',

V17T(3init§ g) - Vfrl(smm f)
= pf (5) (mn(- | ) = (- | 9), UT (s, 50))
h,s

Proof. Foreach hand s, mp(a|s)=>,m,(als) =
1. Thus,
(T (- [ ) = mh(- | 5), Ui (s,:0) = @R (s,:0))
=Y (mu(a|s)—m(a|s)Wi(s;6)=0

acA

Adding the above for each h and s in the sum on the right-
hand side of Equation (1) completes the proof. O

As in the Q-function case, a direct consequence is that we
can break the regret as,

K
(mh(- 1 8) = mh(- | 5), Uy (s,-)

k=1
@

where similarly to other notations, we slightly abuse nota-
tion and write U (s, a) = UF" (s, a; £%).

Rg = Z ui (s)
h,s

In the context of aggregate bandit feedback, the U-function
is much more useful as it can be estimated using the loss
of the entire trajectory. In particular, the following is an
unbiased estimator of U] (s, a; ¢):

sy =s,an =s}Li.p

OF (5,00) = =g
o

where L. = Zthl 2 (sh, ap,) is the aggregated feedback
of the trajectory. Later in the algorithms, we will use an
optimistic variant of this estimator.
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4. Known Dynamics

Our algorithm is based on the regret decomposition in Equa-
tion (2). Each internal sum can be seen as regret of a bandit
problem with loss vectors UF (s, ). Thus, we run a Multi-
plicative Weight Update with respect to an estimate of the
U-function that uses ogly the aggregated trajectory loss:
T | ) o exp(n(Uf(s.-) — BE(s, ). Here n is a
learning rate, U* is the estimate of the U-function and B*
is some bonus function that we’ll define later. The estimate
of the U-function is defined by,

- I¥(s,a)

Uk(s,a) = =L}y ©)
uh(s,a) +y

where v = ©(1/v/K) used to reduce the variance of the
estimator. We note that in the known dynamics case i} (s, a)
can be easily computed using dynamic programming.

Note that the regret decomposition in Equation (2) is av-
eraged with respect to the state occupancy of 7*, while
the second moment of the estimator is roughly scaled in-
versely with the state occupancy of 7*. In order to con-
trol this distribution mismatch, we reduce from our U-
estimate a bonus term B (s, a) similar to Luo et al. (2021).
Bl(s,a) is essentially a Q-function with respect to a known
loss function b*. In the known dynamics case we set

ko _ _3yHmy(als)
bh(s) = ZaeA u,’i(s)ﬂ”ﬁ?a\s)Jﬂ‘/’

particular choice will become clearer later in the analysis.
B’,fL (s,a) is computed using standard Bellman equations
(e.g., as in Lancewicki et al. (2023)), which is simpler and
more intuitive than the dilated version of Luo et al. (2021).

where the reason for this

Theorem 4.1. Under known dynamics, running Algorithm 1
withn = (HVSAK + H*VK)~! and v = 2nH, guaran-
tees with probability 1 — 6,

< O(H*VSAK + H*VK).

If SA > H? (which is typically the case since for any prac-
tical application S > H), the first term dominates and our
bound is optimal up to logarithmic terms. A straightfor-
ward reduction of our problem to linear bandits that uses the
efficient algorithm of Hazan & Karnin (2016) guarantees
expected regret of O(H?S Av/K). Our algorithm improves
that by a factor of v/SA and guarantees regret with high
probability rather than only in expectation. In addition, our
algorithm is more computationally efficient since it has a
closed form update as opposed to the reduction that requires
solving a convex optimization problem in each iteration.

Before we outline the proof of Theorem 4.1, let us first show
that UF (s, a) is a nearly unbiased estimator of U[ (s, a).

Algorithm 1 Policy Optimization with Aggregated Bandit
Feedback and Known Transition Function
Input: state space S, action space A, horizon H, learning
rate 7 > 0, exploration parameter v > 0, confidence
parameter § > 0.
Initialization: Set 7} (a | s) = 1/A for every (h, s,a) €
[H] x S x A.
fork=1,2,...,K do
Play episode k with policy 7" and observe aggregated
bandit feedback L%, = S0 0k (sk ak).

ok _ If(s,a) gk
Un(s:a) = ooy L

# Bonus Computation
Set By, (s,a) = 0 for every (s,a) € S x A.
forh=H,H—-1,...,1do

for (s,a) € S x Ado

k(o) 3yHr} (als)
b (5) = Xaca wE(sinE (al) v

By (s, a) = bji(s)
+ZS,7{1, pr(s’ | s,a)ﬂ}liJrl(a’ | s’)B§+1(5’,a’)
end for
end for
# Policy Improvement
For every (s,a,h) € S x A x [H]:

//T’]f, (a ‘ S)efn((jilf,(‘s’a)*Bﬁ(sfa))

S 7@ | s)e MOF )= Bi o)

m i a ] s) =

end for

Lemma 4.2. Under Algorithm 1, for any h, s,a and k,

15 (s, a)

%Uk s, a
NZ(S,G)+’Y h( )

Proof. By definition Pr(I¥(s,a) =1 | 7*) = ,uh( ,a). Us-
ing the law of total expectation and the fact that U} (s, a) =
0 whenever I (s, a) = 0 we get,

Eg [Uf(s,a)} =E; [ﬁff(s,a) | IF(s,a) = 1} ik (s, a)

—HE;C{ (s,a |Hksa)—0} (1— (s, a))

’ Ek/ s ’
- Zhu 1<sha()5h 2 IH’Z<s7a>:1} 1§ (s, a)
h
1 (s, a)
77 éh/S; a} IS}—Sah—a
115 (s,@) + hz: N

__mi(sa)
p (s, a) + a(5:a)
O

Given our novel regret decomposition in Equation (2) and
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the lemma above, the rest of the analysis follows similar
steps as those in (Luo et al., 2021).

Proof sketch of Theorem 4.1. Using Equation (2), we can
break the regret of the algorithm as follows:

> wis) {mh(- | ), UR(s,) = Uk(s,))

k,h,s
BIAS,
+ 2 () (7 1 9). O (s,) = Uk(s,))
k,h,s
Biass
+ 3 i) (mhC | 9) =il | 9), Uk(s.2) = Bi(s.))
k,h,s
REG
+ D ui(e) (TR | s) = mh(- | 5), Bi(s, ), “
k,h,s
BonNus

From Lemma 4.2 we immediately get that E;[B1AS2] < 0.
Since ||UF|loo < H/7 we can also bound with high prob-
ability BIAS; < O(H?/~) using standard concentration
bounds (see Lemma B.4). Again, using Lemma 4.2 the
expectation of BIAS; equals the following,

S 3 sienkal ) (Uk(s.0) = B [Uf (s, )] )

k=1 h,s,a

S)mpla | s kSa — MZ(Sva,)

=33 witrtie 0 )(1- )
5 vkl )

o *S ks Tpla | S

_k:1hsa:uh( )Uh(? )/.tk($7a)+’y

Bounding UF(s,a) by H we get that E;[Bias;] <
%Zszl Db wr(s)bk(s). Using a form of Freedman’s
inequality that takes into account the second moment of
the estimator, we can also bound BIAS; — E;[B1AS;] <

3 Zle D ohs ()bl (s) + O(H? /7). In total we get that,
BiAs; < = ZZ“h )b (s) +O(H? /)
k‘ 1 h,s

(@)

Term (4) is challenging due to the distribution mismatch be-
tween 4}, (s) and . (s) in the denominator of b% (s). How-
ever, we will later see that the BONUS term will cancel it
out, essentially allowing us to replace i} (s) with uf (s).

Before we turn to the BONUS term, let’s consider REG.
Using the standard entropy-regularized OMD guarantee

(Lemma E.5), REG can be bounded by,
HnA

+20 Y pi(s)mf(a | s)(UF (s, a) — Bi(s,a))’
k,h,s,a
§O<n +77H5K> 12 S (s)nla | UL (s, a)?

k,h,s,a

In the inequality we’ve used the fact that b’fb(s) < 3H,
and thus, B}’j(s,a) < 3H? since it is a Q-function with
respect to b¥(s). Once again, the second sum here may
not be bounded due to the mismatch between pf (s) and
1% (s) in the denominator of U (s, a). However, note that
Er[Uf(s,a)%] < H?/(uf(s,a) + ~) and using standard
concentration inequalities we can bound the the last term in
the last display by,

,Uh a|s) ~< 0’
2nH?> +0 | n—
k;@ s,a) +7 o
- [ H?
72/“ Z O( )7
k,h,s 7

()

where we’ve set ) = «/(2H) as in the statement of the theo-
rem. Finally, recall that B} is the Q-function with respect to
b* as losses. Applying the standard value difference lemma
(Lemma 2.1) we have,

Bonus = Z ‘/1 Sznzty bk) - Vﬂ'* (sznzt7 bk)

—Zﬂh )b (s ZMZ

k,h,s k,h,s

(5)b3 (5)-

The negative term exactly cancels out (i) and (i¢) from
B1As; and REG. The positive term is bounded by,

37HZ > =

k= 1héauh

Wha‘ s)
| s) +7

< 3yH?SAK.

Summing all the terms and setting 1 and -y as in the state-
ment of the theorem completes the proof. O

Computational complexity of Algorithm 1. The state
occupancy measure can be computed using the following
recursive formula:

Z,uh Tl'hCL| ) (S/|8aa)7

Mh+1

so that the full occupancy measure can be computed in
O(HS?A). The bonus B is calculated via backward dy-
namic programming also in O(H S2A), and the policy com-
putation is done in O(HSA). Thus, the total complexity
per iteration is O(H S A).
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5. Unknown Dynamics

The adaptation of our algorithm to the unknown dynamics
case is relatively straightforward. Since we do not know
the transition function, we cannot compute ©* and can’t
perform the Bellman backup in the computation of B*.
As standard in the literature, we employ Bernstein-style
confidence sets for the transition function (e.g. Shani et al.
(2020); Luo et al. (2021); Jin et al. (2020)). Specifically, let
Pk = {PF(s,a)}s.a.n such that p}, (- | s,a) € PF(s,a) if
and only if p}, (- | s,a) € Ag and forevery s’ € S:

ACHAENORS ACHEND]

= 4 [P T 5,0) tog 10K
- nk(s,a) V1 nk(s,a)v1 '’

10 lOg 10H§SAK

where n’fb(s, a, s') is the number of times we visited s, a at
time A and transitioned to s', nf(s,a) = Y, nk(s,a,s’)
and pf (s’ | s,a) = n¥(s,a,s')/nk(s,a) is the empirical
transition probability. Based on P*, we replace i} (s) in
the definition of U, (s, a) with an upper confidence bound

i (s) == max, e pr ,uzk’p/ (s) (see Algorithm 3). Here, the

notation uzk’p / (s) represents the occupancy measure with
respect to the transition p’ (instead of p). The local bonus
bf (s) is adapted correspondingly and is exactly as in Luo
et al. (2021) - see definition in Algorithm 2. Finally, the
bonus B* is estimated optimistically based on the transi-
tion p’ € P* that maximizes it, as described in the update
computation of B* in Algorithm 2.

The regret guarantee of our algorithm is established in the
following theorem.

Theorem 5.1. Under unknown dynamics, running Algo-
rithm 2 withn = (HVSAK + H>VK)~" and v = 2nH,
guarantees with probability 1 — 6,

Rx < O(H3SVAK + H*S3A).

The second term of the regret is typically of low order for
sufficiently large /. The above regret improves upon Cohen
et al. (2021b) by a factor of H2S5A? and provides a high-
probability regret bound instead of an expected one. Cohen
et al. (2021b) uses a reduction to distorted linear bandits
and requires solving a convex optimization problem in each
iteration. In contrast, our algorithm benefits from a more
computationally efficient, closed-form update. Our bound
also improves upon Efroni et al. (2021) and Cassel et al.
(2024) for the case of tabular MDPs by a factor of SAvH
even though they consider stochastic i.i.d losses as opposed
to adversarial losses in our setting. The gap from the lower
bound is a factor H \/§ , but it is worth noting that even in the
semi-bandit case, the best-known regret is H 28V AK (Jin
et al., 2020) which is achieved by a less efficient occupancy-
measure-based algorithm. In fact, even though we consider

Algorithm 2 Policy Optimization with Aggregated Bandit
Feedback and Unknown Transition Function
Input: state space S, action space A, horizon H, learning
rate 7 > 0, exploration parameter v > 0, confidence
parameter § > 0
Initialization: Set 7} (a | s) = 1/A for every (h, s, a)
fork=1,2,...,Kdo
Play episode k with policy 7" and observe aggregated
bandit feedback L¥,; = S10 /5 (sk ak)
k 7
() = maxyep 7, 7 (5
i (s) = miny i 7 (5)
Uk (s,0) = = 2L Tk (s, a)
h\? ﬁﬁ(s,a)+7 h\®»
# Bonus Computation
Set B’;H_l(s,a) = 0 forevery (s,a) € S x A
forh=H H-1,...,1do
for (s,a) € S x Ado

Tk — 3vHry (als)

LAC DI Eﬁ(i)ﬂﬁ'?alsg+7 .

Thioy _ Hmy, (als)(my, (s,a)—p) (s,a))
b(5) = Loea — It
bji(s) = bji(s) + b (s)

By (s,a) = bj(s)

+ omax S ph(s | sa)th(d | ¢)
p’eP’;(s,a) s’€S,a’€A
! B£+1(5/7a/)
end for
end for

# Policy Improvement

For every (s,a,h) € S x A x [H] by:

77,73 (a| s)e‘"(Uf(Sva)—B'ﬁ(sya))

S wh(al | s)e U s.a)=Bi(s.a)

it (a]s) =

end for

less informative feedback, we match the state-of-the-art
regret for PO with semi-bandit feedback (Luo et al., 2021).

The proof of Theorem 5.1 follows similar steps as in the
known dynamics case, but includes additional steps to con-
trol the transition estimation error. These utilize standard
techniques that we highlight in the following proof sketch.

Proof sketch. We utilize the same regret decomposition
as in Equation (4) but replace B* with B* in the Reg
and Bonus terms. The estimator U* remains optimistic
(i.e., in expectation it is smaller than U*) since with high
probability 5 (s) > pk(s) for any h,s, and k. Thus,
B1AS; < O(H?/~) with high probability in a similar way
to the known dynamics case. In Biasg, on the other hand,
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using iy (s) instead of pu¥ (s) introduces additional bias of
order of,

Ay (s,a) — pk(s,a
Z “Z(S)WE(MS)H/’%(’ ) — 1i(s,a)

k,}L,S,a ﬁ;cl(s5 a) + rY
—k k
fir, (s, a) — p, (s, a)
< ph(s)my(a | s)H——p—="
k%a fik(s,a) +7
where the inequality follows from the fact that

Hﬁ(s’ a) < pk(s,a) whp. Note that this is exactly
D khsa 1k (s)bk (). This term is in addition to the terms
we already had in Bias; in the known dynamics case. In
total we have,

~ _ B 2
Bias, < g S )+ S i () (5)+0 <H>

k,h,s k,h,s v

Regq is bounded in a similar way to the known dynamics
case. Given that the estimator is optimistic and exhibits
lower variance when using the upper confidence bound on
the occupancy measure, we get that Reg is bounded by,

HInA

1 - ~ [ H?
+16nH K + 2 Y pi(s)bi(s) + O [ — ).
3 k,h,s v

Finally, note B* is not an exact Q-function since we
don’t know the actual transition function. Thus, we can
not directly use the value difference lemma to show that
Bonus =} ;. g (s)by (s) — D kihs 147, (s)bj; (). How-
ever, using the fact that we update B with a transition func-
tion in the confidence set that maximizes it, we are able to
show that w.h.p,

Bonus < 3 b (s)Bh(s) — S mi(s)05(s).

k,h,s k,h,s

Once again, the negative term above cancels the terms
that depend on Izk in Bias; and Reg. Recall that
bi(s) = bE(s) + bf (s). Exactly as in the known dynam-
ics case, Y, (17 (s)b(s) < O(YH?SAK). The term

D kb 715 ()% () equals to,

—k k
_ Ay (s,a) — p; (s, a)
HY  fp(s,a)—— —
2T 7if (s, a) + 7

<H Y [(s.0) — ph(s,0)]
k,h,s

The last is a standard transition estimation error and is
bounded by O(H3SvAK + H3S3A) (Jin et al., 2020).
Summing all the terms and setting 1 and -y as in the state-
ment of the theorem completes the proof. O

Computational complexity of Algorithm 2. The up-
per/lower confidence occupancy measure computation can
be done using (Jin et al., 2020, Algorithm 3), with a com-
plexity of O(H S?A) per state. The same can be done for
the computation of the bonus B¥. The policy update is
done in O(H S A). Thus, the total complexity per iteration
is O(HS3A).

6. Lower Bound

Our lower bound uses a lower bound for the multi-task
bandit problem (see for example Lattimore & Szepesvari
(2020)). In the multitask bandit problem, the learner faces
simultaneously H instances of the A-armed bandit prob-
lem. At each round k € [K], the learner selects H ac-
tions, one for each bandit problem, and observes the sum of
the losses associated with these H actions. This scenario
can be seen as analogous to MDPs with a single state (i.e.,
S = 1) and aggregate bandit feedback. This is due to the
fact that whenever we have only a single state no informa-
tion is gained within the episode. (Recall that the losses are
horizon-dependent, so we have ¢, (s, a), for each action a,
time i € [H| and using the single state s¢.)

Lemma 6.1 (Theorem 1 in Cohen et al. (2017)). Assume
that A > 2. Any learning algorithm for the multi-task
bandit problem must incur at least Q(H?*\/AK) expected
regret in the worst case.

With that in hand, we obtain the following for online MDPs
with aggregate bandit feedback.

Theorem 6.2. Assume that H, S, A > 2 and K > 25. Any
learning algorithm for the online MDPs with known dynam-
ics and aggregate bandit feedback problem must incur at
least U(H?\/SAK) expected regret in the worst case.

The above lower bound shows that our regret upper bound
for the known dynamics case is tight up to poly-logarithmic
factors whenever v/SA > H. For unknown dynamics,
clearly the same lower bound holds, and we have a multi-
plicative gap of H+/.S. We note that determining the exact
optimal bound for the unknown dynamics case remains an
open problem, both with aggregate bandit feedback as well
as with the well-studied semi-bandit feedback.

Due to space limitations, the proof is deferred to Ap-
pendix D. At a high level, the proof is constructed as follows:
Consider an MDP where in the first step of each episode, the
agent transitions to each state with an equal probability of
1/S, regardless of the chosen action. From the second step
onward, the agent remains in the same state for the remain-
der of the episode, wherein a hard multi-task bandit problem
is encoded in each state. Roughly speaking, each state is
visited approximately KX /.S times. Using Lemma 6.1, the re-
gret from visits to each state is approximately H2/AK/S.
Summing the regret across all states gives a lower bound of
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H?\/SAK.

7. Discussion and Future Work

In this paper, we introduced the concept of U-functions,
which allows us to establish the first regret bounds for online
MDPs with aggregate bandit feedback using PO algorithms.
One of the advantages of the PO framework is its natu-
ral extension to function approximation (Luo et al., 2021;
Sherman et al., 2023; Dai et al., 2023; Liu et al., 2024).

It would be interesting to see whether the U-function con-
cept could be useful in achieving regret bounds with aggre-
gate bandit feedback for environments with infinitely many
states under a function approximation assumption. We note
that the main challenge in extending our results to linear
MDPs, for example, is that the U-function is not linear un-
der this assumption. Still, it is possible that in such settings,
the U-function would have certain properties that would
allow achieving sub-linear regret.

Moreover, it would be interesting to study the incorporation
of the U-function in deep reinforcement learning algorithms
and explore whether it can provide practical benefits or im-
proved performance in large-scale, real-world RL problems
with aggregate bandit feedback.

Acknowledgments

This project has received funding from the European Re-
search Council (ERC) under the European Union’s Horizon
2020 research and innovation program (grant agreement
No. 882396), by the Israel Science Foundation, the Yandex
Initiative for Machine Learning at Tel Aviv University and
a grant from the Tel Aviv University Center for Al and Data
Science (TAD).

Impact Statement

This paper presents work whose goal is to advance the field
of Machine Learning. There are many potential societal
consequences of our work, none which we feel must be
specifically highlighted here.

References

Abernethy, J. D., Hazan, E., and Rakhlin, A. Competing
in the dark: An efficient algorithm for bandit linear opti-
mization. In COLT, pp. 263-274. Citeseer, 2008.

Beygelzimer, A., Langford, J., Li, L., Reyzin, L., and
Schapire, R. Contextual bandit algorithms with super-
vised learning guarantees. In Proceedings of the Four-
teenth International Conference on Artificial Intelligence
and Statistics, pp. 19-26. IMLR Workshop and Confer-
ence Proceedings, 2011.

Bubeck, S., Cesa-Bianchi, N., and Kakade, S. M. Towards
minimax policies for online linear optimization with ban-
dit feedback. In Conference on Learning Theory, pp. 41—
1. JMLR Workshop and Conference Proceedings, 2012.

Cai, Q., Yang, Z., Jin, C., and Wang, Z. Provably efficient
exploration in policy optimization. In International Con-
ference on Machine Learning, pp. 1283-1294. PMLR,
2020.

Cassel, A., Luo, H., Rosenberg, A., and Sotnikov, D. Near-
optimal regret in linear MDPs with aggregate bandit feed-
back. In International Conference on Machine Learning,
pp- 5757-5791. PMLR, 2024.

Cesa-Bianchi, N. and Lugosi, G. Combinatorial bandits.
Journal of Computer and System Sciences, 78(5):1404—
1422, 2012.

Chatterji, N., Pacchiano, A., Bartlett, P, and Jordan, M.
On the theory of reinforcement learning with once-per-
episode feedback. Advances in Neural Information Pro-
cessing Systems, 34:3401-3412, 2021.

Chen, L., Luo, H., and Rosenberg, A. Policy optimization
for stochastic shortest path. In Loh, P. and Raginsky, M.
(eds.), Conference on Learning Theory, 2-5 July 2022,
London, UK, volume 178 of Proceedings of Machine
Learning Research, pp. 982-1046. PMLR, 2022a.

Chen, X., Zhong, H., Yang, Z., Wang, Z., and Wang, L.
Human-in-the-loop: Provably efficient preference-based
reinforcement learning with general function approxima-

tion. In International Conference on Machine Learning,
pp- 3773-3793. PMLR, 2022b.

Cohen, A., Hazan, T., and Koren, T. Tight bounds for bandit
combinatorial optimization. In Conference on Learning
Theory, pp. 629-642. PMLR, 2017.

Cohen, A., Efroni, Y., Mansour, Y., and Rosenberg, A. Min-
imax regret for stochastic shortest path. Advances in
Neural Information Processing Systems, 34, 2021a.



Near-optimal Regret Using Policy Optimization in Online MDPs with Aggregate Bandit Feedback

Cohen, A., Kaplan, H., Koren, T., and Mansour, Y. Online
Markov decision processes with aggregate bandit feed-
back. In Conference on Learning Theory, pp. 1301-1329.
PMLR, 2021b.

Dai, Y., Luo, H., Wei, C.-Y., and Zimmert, J. Refined regret
for adversarial MDPs with linear function approximation.
In International Conference on Machine Learning, pp.
6726-6759. PMLR, 2023.

Dani, V., Kakade, S. M., and Hayes, T. The price of bandit
information for online optimization. Advances in Neural
Information Processing Systems, 20, 2007.

Efroni, Y., Merlis, N., and Mannor, S. Reinforcement learn-
ing with trajectory feedback. In Proceedings of the AAAI
conference on artificial intelligence, volume 35, pp. 7288—
7295, 2021.

Even-Dar, E., Kakade, S. M., and Mansour, Y. Online
Markov decision processes. Mathematics of Operations
Research, 34(3):726-736, 2009.

Hazan, E. and Karnin, Z. Volumetric spanners: an effi-
cient exploration basis for learning. Journal of Machine
Learning Research, 2016.

Hazan, E. et al. Introduction to online convex optimization.
Foundations and Trends® in Optimization, 2(3-4):157—-
325, 2016.

Jaksch, T., Ortner, R., and Auer, P. Near-optimal regret
bounds for reinforcement learning. Journal of Machine
Learning Research, 11(4), 2010.

Jin, C., Allen-Zhu, Z., Bubeck, S., and Jordan, M. 1. Is
Q-learning provably efficient? In Advances in Neural
Information Processing Systems, pp. 4863—4873, 2018.

Jin, C., Jin, T., Luo, H., Sra, S., and Yu, T. Learning ad-
versarial markov decision processes with bandit feedback
and unknown transition. In International Conference on
Machine Learning, pp. 4860—4869. PMLR, 2020.

Kakade, S. and Langford, J. Approximately optimal ap-
proximate reinforcement learning. In In Proc. 19th In-

ternational Conference on Machine Learning. Citeseer,
2002.

Kakade, S. M. A natural policy gradient. Advances in neural
information processing systems, 14:1531-1538, 2001.

Lancewicki, T., Rosenberg, A., and Sotnikov, D. Delay-
adapted policy optimization and improved regret for ad-
versarial mdp with delayed bandit feedback. In Inter-
national Conference on Machine Learning, pp. 18482—
18534. PMLR, 2023.

10

Lattimore, T. and Szepesvari, C. Bandit algorithms. Cam-
bridge University Press, 2020.

Liu, H., Wei, C.-Y., and Zimmert, J. Towards optimal
regret in adversarial linear mdps with bandit feedback.
In The Twelfth International Conference on Learning
Representations, 2024.

Luo, H., Wei, C.-Y., and Lee, C.-W. Policy optimization
in adversarial MDPs: Improved exploration via dilated

bonuses. Advances in Neural Information Processing
Systems, 34, 2021.

Rosenberg, A. and Mansour, Y. Online stochastic short-
est path with bandit feedback and unknown transition
function. In Advances in Neural Information Processing
Systems, pp. 2209-2218, 2019a.

Rosenberg, A. and Mansour, Y. Online convex optimization
in adversarial Markov decision processes. In Interna-
tional Conference on Machine Learning, pp. 5478-5486.
PMLR, 2019b.

Saha, A., Pacchiano, A., and Lee, J. Dueling rl: Reinforce-
ment learning with trajectory preferences. In Interna-
tional Conference on Artificial Intelligence and Statistics,
pp- 6263-6289. PMLR, 2023.

Schulman, J., Levine, S., Abbeel, P., Jordan, M., and Moritz,
P. Trust region policy optimization. In International
conference on machine learning, pp. 1889-1897, 2015.

Schulman, J., Wolski, F., Dhariwal, P., Radford, A., and
Klimov, O. Proximal policy optimization algorithms.
arXiv preprint arXiv:1707.06347, 2017.

Shani, L., Efroni, Y., Rosenberg, A., and Mannor, S. Op-
timistic policy optimization with bandit feedback. In
International Conference on Machine Learning, pp. 8604—
8613. PMLR, 2020.

Sherman, U., Koren, T., and Mansour, Y. Improved regret
for efficient online reinforcement learning with linear
function approximation. In International Conference on
Machine Learning, pp. 31117-31150. PMLR, 2023.

Wu, R. and Sun, W. Making rl with preference-based feed-
back efficient via randomization. In The Twelfth Interna-
tional Conference on Learning Representations, 2023.

Zimin, A. and Neu, G. Online learning in episodic Marko-
vian decision processes by relative entropy policy search.
In Advances in Neural Information Processing Systems
26, pp. 1583-1591, 2013.



Near-optimal Regret Using Policy Optimization in Online MDPs with Aggregate Bandit Feedback

A. Summery of notations

For convenience, the table below summarizes most of the notation used throughout the paper.

= o T

T
x>

K
Vir(s; )
Vi (s)
Q7 (s,a;0)
Qf(s,a)
Ul (s,a;¢)
U}f(s, a)
W7r(s;0)
Wi]f(s)
pi, (s, a)
1y (s, a)

Horizon length of each episode

Total number of episodes

Number of states in the MDP

Number of actions in the MDP

Transition function of the MDP

Loss function in episode k

Cumulative regret over K episodes

Value function at state s and time A under policy 7 and loss function ¢

Value under policy 7* and loss function £%. Le., Vi¥(s) = V™' (s; £%)

Q@-function at state s, action a, and time h under policy 7 and loss function £

Q-function under policy 7* and loss function ¢*. Le., Q% (s, a) = sz (s5,a;0%)

Expected total loss of the episode, conditioned on taking action « in state s at time h under policy 7
Conditional expected total loss with respect to 7% and ¢*. Le., UF(s,a) = U,’{k (s,a; %)
Expected cumulative loss up to time h — 1, conditioned on reaching state s at time h under policy 7
Conditional expected loss with respect to 7% and £%. Le., Wk (s) = Wi (s; )

Occupancy measure: probability of being in state s and taking action a at time h under policy 7
Occupancy measure under 7%: 1% (s, a) = u™ (s, a)

Occupancy measure with respect to a transition function p’

Expectation condition on the policy 7*: Ey[] = E[- | 7]

The indicator for visiting s and taking a at time h in episode k: I} (s, a) = I{s¥ = s,af = a}
Estimator of U (s, a) - See Algorithms 1 and 2

Intermediate bonus function - See Algorithms 1 and 2

Bonus function, defined as the Q-function with respect to b* - See Algorithm 1

Estimator of BY (s, a) - See Algorithm 2

Confidence set of transition functions at episode k

Upper confidence bound on the occupancy measure - See Algorithm 2

Lower confidence bound on the occupancy measure - See Algorithm 2

A logarithmic factor of log %

11



Near-optimal Regret Using Policy Optimization in Online MDPs with Aggregate Bandit Feedback

B. Known Dynamics

Theorem B.1 (Restatement of Theorem 4.1). Under known dynamics, running Algorithm I withn = m and
v = 2nH for . = log %, guarantees with probability 1 — 6,
Ryx < H?*VSAK. + H3*VK..
Proof. Using Equation (2), we can break the regret of the algorithm as,
K
Ric =Y > pi(s) (mh(- [ 5) =i (- | ), UR(s,))
k=1 h,s

K K
= SO0 i) (7R 1) UK (s, ) = Uk(s)) + D0 (o) (mil- 1), Ok (s,) = Uk (s,))
h,s

ko
=
=
Il
=
B
w

Bias; Biass

K
+Zzuh ) (7RG 18) = 71 9), 0k (s,) = BE(s, ) + 30D wils) (mh(- | 5) = mil- | 8), Bi(s, ),
k=1 h,s s

1

>
Il
—
>
w

REG BonNus

Due to the optimism of the estimator BIASy < O(H 2 /~) under the good event G'3 which holds with high probability (see
Lemma B.4). In Lemmas B.6 to B.8 we bound B1AS;, REG and BONUS. Overall we get that,

HinA 2
B2 HOK + yH2SAK +
Y

Rk S

~

Plugging 1 and v completes the proof.

B.1. Good event
We define the following good event G = ﬂ?:l G; which holds with high probability (Lemma B.5):

K A AL 1 & H?log ¢
G =420 Y wil)mhlals) (Bx [Uk(s, )] = Of(s,0)) < 3 30D wi)bh(s) + ———=

k=1 h,s,a k=1 h,s v

K 6H

x( I{sk =s,af =a Hln 2~

Gy = Zzﬂh )<{h h }_1>_ 25

et + pfi (s, a) + 2y

K . H? 6H
Gs = 4 0 D2 mh(s) (il 1) UK (5,) = Uk (s,)) < i =

k=1 h,s

Under the good event the regret will be deterministically bounded.
Lemma B.2 (Event G1). With probability 1 — ¢,

X A A 1 & H?log
S rie)rhals) (B [Uks,0)] = Uk(s,) < 3 30D wi()bh(s) + ——=>

k=1 h,s,a k=1 h,s

Proof. LetYy =3, . ji;(s) <7T,’;( | ), UF(s, )> Note that Ej[Y;] — Y}, is a martingale difference sequence. To bound
>k Ex[Yi] = >, Y we'll use a form of Freedman’s Inequality (Lemma E.2). For that, we need to bound the absolute value

12
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of the difference and its variance. For the absolute value of the difference we have |Ex [Y;] — Yi| < max{E[Y%], Yz} < HTz
For the variance, note that it is bounded by the second moment of Y;: Ex[(Ey[Vy] — Y%)?] < Ei[Y}?]. We further bound
Ex[Y}?] as follows:

Ex[Y2] =Ei | | Y wi(s)mh(a| s)U(s,a)

h,s,a
. 2
< Eg Z wh(s)ml(a | s) Z wh(s)mh(a | s) ( ,’f(s,a)) (Cauchy-Schwarz inequality)
h,s,a h,s,a

— HE, Z M;‘L(s)m’i(a | s) (A;f(s,a))z

h,s,a

R (e
HEy Zﬂh(s)ﬂh(a | s) k(s a)+7)211h(37a)

_h,s,a
. I} (s, a)
< HEj };ﬂh(s)ﬂﬁ(a | S)W (Li.y < H)
K
=5 Y pi(e)mha | )t BAlTh (s, )] = (s, )
h,s,a ’

S e ]9
<H Zﬂh( )Nz(s’a)_’_,y'

h,s,a

Using Lemma E.2 with probability 1 — 4,

SRV - SOV < 0 3B 4 2
k k L

where o € (0,1/R] for R such that |[E[Y;] — Yi| < R for any k. In our case, |Ex[Y;] — Yi| < HTQ And so,

1 & H?log %
ZEk Yi] - ZYk <300 HEb(s) + ———2
k=1 h,s v
O
Lemma B.3 (Event G3). With probability 1 — ¢,
Z#h a|s)(]l{k Z }_1)<Hln?
k,h,s,a ” s,a)+7 /J/ﬁ ) 7 a 272
Proof. Follows directly from Lemma E.4 with Z¥(s,a) = 2§ (s,a) = % < 5 and fij(s, a) = (s, a). O
Lemma B.4 (Event G3). With probability 1 — 6,
K
. . H? H
Zzﬂh(s) <7Tf*w( | 5), U5 (s,-) = U}]f(3>)> < gln?

k=1 h,s
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Proof. By invoking Lemma E.4 with ZF (s, a) wh(s)mh(a, s)[IF(s,a) LY. + (1 — 15 (s,a))Uk(s,a)] < H, 2¥(s,a) =
B4 (2 (s,0)] = 11 (s)7} (0, $)UE (5, @) and fik (5, @) = ph (s, @), we get,

S S <wh |5).0k(s,) = Uk(s,))

k=1 h,s
K x( k K 2
luh )H ($7a)L1:H * k k H H
- /L,(S)WI,(O’?S)U (57a) < - In—
O
Lemma B.5. Under Algorithm 1, the good event G = ﬂ?:l G; holds with probability of at least 1 — 0.
Proof. The proof directly follows from invoking Lemmas B.2 to B.4 with §/3 and taking the union bound. O
B.2. Bound on BIAS;
Lemma B.6. Under the good event G,
H21
BIAS, < - Z NTACLAC Holog §.
k 1 h,s v
Let Ve = X2, 7.(5) (mh (- | ), Uk (5.))
K
BIAS: = Y > () (xh(- [ 8),UR(s,)) = D Ex[Vi] + > ExlYi] - > Yi
k=1 h,s k k k
Under the good event Gy, >, Ex[Vi] — >, Vi < & Zszl Db wh(s)bk (s) + %. Using Lemma 4.2,
D2 (5) (rk(-1 ), UK, )~ Bulis] = S5 ot $) (Uf(s,) = Ex [Uf(5,a)])
k=1h,s,a
k
h(s,0)
—ZZML )Uh(s a) <1—k(h)+>
k=1h,s,a Hp\s,a v
<Hi2u*(s)ﬂk(a|s) (1—“112(&@) (UF(s,a) < H)
e pk(s,a) + e

_ Z Z Mh(s)’}’Hﬂh@ | 5)

k=1h,s,a Fh (S’ a) 7

B.3. Bound on REG

Lemma B.7. Forn < under the good G,

2H’

Hin A co1 X H2
REG < +977HK+3Z,uZ(s)b()+O<7)

k,h,s

14
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Proof. Using standard entropy regularized OMD guarantee (Lemma E.5),

Reo < 204 42y S5 ekl ) (0f(s.a) - Bf(s.a))
k=1 h,s,a

HInA
+2n ZZMh (s)mh(a | )UK (s, a)? + IH K,
k=1 h,s,a

IN

where the second inequality is since b} (s) < 3H and thus B} (s,a) < 3H?. For the middle term,

HQH{Sk =s,a" = a}
2 <2 h > h
nkhzsjauh )k(a | )UR(s, a) nkgauh s)mh(a | s) (o) T

’“a 3
<277H2 Z K, () )(+|7)+O<77HQ>

k,h,s,a H v

2 .
”HZM,, ()b (s +0< 72)

k,h,s
H2
Zh: +O<7>.

The last inequality is since < - > as in the statement of the lemma.

INA
oo\»—‘

B.4. Bound on BONUS

Lemma B.8. It holds that,
BONUS < 3vH?SAK — Y 1} (s)bk (s)
k,h,s

(LY. < H)

(Under event G3)

Proof. Recall that B}’j is the Q-function of policy 7% with respect to the cost function b*. Hence, by the value difference

difference lemma (Lemma 2.1),

BoNuUs —ZZM;L | S) 77Th( | S Bh Z‘fl Sln’Lta 7Vﬂ*(5init;bk)
= un()bh(s) = Y wi(s)bh(s)

k=1 h,s

k,h,s k,h,s

For last,
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C. Unknown Dynamics

Algorithm 3 Policy Optimization with Aggregated Bandit Feedback and Unknown Transition Function
(detailed version of Algorithm 2)
Input: state space S, action space .4, horizon H, learning rate > 0, exploration parameter v > 0, confidence parameter
6> 0.
Initialization: Set 7} (a | s) = % and visit counters n}, (s, a,s’) = 0, n},(s,a) = 0 for every (h, s,a,s') € [H] x S x
AxS.
fork=1,2,..., K do
Play episode k with policy ¥ and observe aggregated bandit feedback LF = 311 ¢ (sk ak).
Update visit counters for every (h, s,a,s’) € [H] x § x A x S:

nk(s,a,8) =ni"(s,a,8) + 1" (s,a,5'); nk(s,a) = ni(s,a) + 1" (s, a).

nf(s,a,s’)
max{nf (s,a),1}

and confidence set P* = {Pl(s,a)}s,q,1 such

that p}, (- | s,a) € PF(s,a)if and only if }__, p}, (s’ | s,a) = 1 and for every s’ € S:

Compute empirical transition function pf (s | s,a) =

ﬁﬁ(s/ | s, Cl) log IOH;;S'AK 10 log IOH;;S'AK

n¥(s,a) V1 nk(s,a) V1

(s | 5,0) = Pr(s | s,a)] < 4\/

Compute occupancy measures 7if;(s) = max, ¢ pr ,uzk’p/(s) and HZ(s) = min, cpr ,uzk’p/(s).

# Policy Evaluation

A k
Uk(s,a) = ﬁli(s, a)
# Bonus computation
Set BY, (s, a) = 0 for every (s,a) € S x A.
forh=H,H—1,...,1do
for (s,a) € S x Ado
~ % (als - HTr’ias 7’25,a—ks,a
H(5) = Cen st () = Taea " Giimtarie
bji(s) = b (s) + 03 (s)-
By (s,a) = bj(s) + MaX, epk(s,a) Yivesaealh(s | s,a)my . (a' | 8)BE (s, a').
end for
end for
# Policy Improvement
Define the policy 7**! for every (s,a,h) € S x A x [H]| by:

ﬂ’,ﬁ(a | s)exp (777( }’f(s7a) — B,’f(s,a)))

TR .
Sweamh(@ | s)exp (~n(Uk (s, @) - Bi(s.a"))

als)=

end for

Theorem C.1 (Restatement of Theorem 5.1). Under unknown dynamics, running Algorithm 3 with n = m

and v = 2nH, guarantees with probability 1 — 9,

Rix S H3SVAK.+ H*S3Al2.
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Proof. Using Equation (2), we can break the regret of the algorithm as,

k=1 h,s
K K
=S ki) {mhC 1 9), U, ) = Uk (s,)) + 2 S wi(s) (mi- 19), O (s, ) = Uk (s, ) )
k=1 h,s k=1 h,s
p BiAs, A ; BiAss
30D i) (ThC ) = i), Uk (s,0) = Bh(s,) )+ 0 S wi(s) (mh( | 8) = mi | 9), Bh(s. ),
k=1 h,s k=1 h,s

REG

Due to optimism of the estimator BIAS; < O(H?/~) under the good event Gi3. In Lemmas C.7, C.8 and C.10 we bound
B1AS, REG and BONUS. Overall we get that,

HhA 1 ~ H?
+ ;1 +§ u;(s)bZ(s)+O<nH5K+7L)

REG

K
+0 (YH2SAK + HPSVAK + H'S*A2) = 373 i3 (s)bh(5)

k=1 h,s

BoNus

HlnA H?
<0 ( B2 VH2SAK + nHPK + 0t + H*SVAK. + H453AL2>
n Y

Plugging 1 and v completes the proof.

C.1. Good event
We define the following good event G = ﬂ?zl G; which holds with high probability (Lemma C.5):

17
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) pE(s' | 5, a) log SHSAK log SHSAK
G1 =4 Y(k, h). k(s | s,a)] < 4y]22 s
1 { (k, s s,a,h). |pa(s’ | s,a) — pi(s’ | s,a)| < \/ max{nh(s,a),l} a7 (s @), 1]
KHSA . KHSA
Gz{ Z [ (s, a) — gy (s, a)|<0<\/H452AK10g665+H353A10g2536‘9>
h,s,a,k
H log ¢
v {35 ot s ] - 00) 155 o 2
k=1h,s,a 32 1 hs v
K *
Gy = Zzuh ya¥(a | s)I{sk = s,af = a} ME,ES)WZ(CL'S)SHln;TH
k=1h,s,a Mh(s’a’>+7) ,uh(&a)—l—'y 2’}/
< H? 6H
p— ‘k k
Go =\ 2 2wl ) (7 19), 0k (5,) = Uk (s5,)) < 5=

Under the good event the regret will be deterministically bounded.

Event G; holds with high probability by standard Bernstein inequality (see, e.g., Lemma 2 in Jin et al. (2020)). As a
consequence of event G, p € P* for all k. In particular, 7z} (s,a) > u¥(s,a) for all k, h, s and a. G Holds with high
probability by a standard techniques by Jin et al. (2020) of summing the confidence radius on the trajectory. G5, G4 and G5
follow similar techniques as in Luo et al. (2021), adapted to our case.

Lemma C.2 (Event G3). With probability 1 — 0,

Proof. Similarly to Lemma B.2, let Yy, = 3, _ 5 (s) <7r,’§( | s),Uk(s, )> To bound Y, Ex[Yy] — >, Vi we'll use a

18
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form of Freedman’s Inequality (Lemma E.2). For that we need to bound Ex[(Y — Ej[Y3])?]:

Er[(Yi — Er[Y2])?] < Ex[YP)

2
=Ex || D wi(s)mhlal] )Uf (s, a)
h,s,a
2
< Eg Z i (s)mh(a | s) Z wh(s)mh(a | s) (Uh(s a)) (Cauchy-Schwarz)
h,s,a h,s,a
= HE; Z wr(s)mr(al s ( )
h s,a

— HE (L’fH)2 I[k:
= k Z ph(s)my(al 8) =5 (s,a)

h,s,a (Mﬁ(57a)+7)2
3 x () _ Ti(s,a) .
<A | 2 1O ) Gy (=4
c * luk(sva)
=’ };auh(sw’ﬁ(a ) G Ga) 47 B[ (s, 0)] = pif (s, a))
< H? };uh ,u:hs C;)l ?7 (1h(s,a) < 7i¥ (s,a) under G)

By Lemma E.2 with probability 1 — §,

log %

D EY] =) Ve <o) Ei[(Yi - Ex[Yi])] +

where a € (0, 1/R)] for R such that |V, — Ex[Y%]| < R for any k. In our case, |Y;, — Ex[Y:]| < H?/~. And so,

K
S BV - Zns%zz i ()5 () +
k k=1

Lemma C.3 (Event G4). With probability 1 — 6,

ZZ wh(s)mh(a | s)I{sk = s,ak = a} ,u;(s)w,lj(a\s) < Hn#
k=1h,s,a (Tih (s, @) + )2 g (s, a) + 2y

Proof. Follows directly from Lemma E.4 with with ZF (s, a) = 2} (s,a) = %m < y
h\®»

Lemma C.4 (Event G5). With probability 1 — 0,

K ~ 2
S ST i(e) (il ). UG ) = Uk(s,)) < 5

k=1 h,s

L and i (s, a) = 75 (s, a).

O
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Proof. Similar to Lemma C.4, we invoke Lemma E.4 with Zf(s,a) =
I (s,0))Uf (5, )] < H, (s, 0) = Bx[ZE (5, )] = i} (s)mk(a, 5)Uf (5, a) and 2 (s,

Zzuh ) (7 ))’:<s7~>—Uf<s,->>

X 1 ( (a,s)IF(s,a)Lk
ZZ ST (s, )LLH—ZZ,uh (s)mr(a,s)UF (s, a)<ilnE

uh(s7a)+v iyl o

i () (a, )T (s, )Ly + (1 —
5,a) = ik (s, a). we get,

Lemma C.5. Under Algorithm 3, the good event G = ﬂ?zl G holds with probability of at least 1 — 4.

Proof. The proof directly follows from invoking Lemmas C.2 to C.4, E.6 and E.7 with § /5 and taking the union bound. [J
C.2. Bound on BIAS;

Lemma C.6. Forany h,s,a and k,

A k s,a
B [k (s.0) | 7] = 0k ,0)

Proof. By definition Pr(I¥(s,a) = 1 | %) = u¥(s,a). Using the law of total expectation and the fact that U} (s,a) = 0
whenever I¥ (s,a) = 0 we get,

Ex [UF(s,0)] = Bx [Uk(s.0) | Ti(s,0) = 1] - uh(s.0) + B [UF (s,0) | Ti(5,0) = 0] (1 = pf (s, )

=0
SH ek (sk, k)
= B hﬂl(;a)ivh [ Ti(s.0) =1 - rf(5.0)
h
k
pr(s,a) k(. k k k k
= U (Shryaps) | sp = s,a, =a
fif (s, a) + hZ:h
k
= )y )
Iy (s, a) +

Lemma C.7. Under the good event,

K ) Jie
Bias; < = Zzuh i (s) + > > pi()bg(s) + O (L) .

k 1 h,s k=1 h,s

Proof. Let Yy =3, . up(s) <7r’,j( | s), UE (s, )> It holds that,

K K K
BIAS; = Zzﬂh (1), UR(s, )y = > Ex[Vil + ) Ei[Yi] = > Vi
k=1 h,s k=1 k=1 k=1
Under the good event, G, it holds that
K K K
1 H? 10
ZEk[Yk] - Z 3 Z 17, (8)bj (s) + In 5
k=1 k= k=1 h,s
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Using Lemma C.6, and the fact that under the good event HZ(S, a) < uf(s,a),

K K k
. wi(s,a)
SO ) (9, UE )~ S Bl = 30 3 is)mh(a | 90K o (1-pkne )
k=1 h.s =1 b=1h.s.a fin (s, a) +
K —k ok
=33 s )mk(a] 9U(s, a) bSO — s )
et Iih(s,a) +7
= Y
< pr(s)mt (a | $)UR (s, 0) 57—
; }; MZ(Sa a) +
K —k k
Bn(s,a) — p (s,a)
+ pr(s)mh(a | s)Up (s, a) —— =
; hz:a i (s, a) + 7
(under the good event pif (s, a) < puji (s, a))
The first term above is bounded by,
= Y = H~
pi(s)mh(a | $)UR (s,a)— < r(s)m (a |
;hza 1i (s, a) + kZ:tha i1, (s, @) +
1 X
=233 k) Gs)
k=1h,s,a
The second term is bounded by,
k k K —k k
uh(s,a) _H (S,CL) Nh(&a)_ﬁ (S,CL)
Z > uh(s | )U (s,0) —— . <O skl ) H——; .
k=1h,s,a uh(s,a)—F’y k=1h,s,a :U’h(s7a) +7
K
=D ph(s)bi(s)
k=1 h,s,a
O
C.3. Bound on REG

Lemma C.8. Forn < 5, under the good event of Lemma B.3,

REG < Hln

+16nH K+§Zuh(s)b (s )+O< - >

k,h,s

Proof. Using standard entropy regularized OMD guarantee (Lemma E.5),

REG<H1HA+2 ZZuh )(A,f(s a) — Ef(s,a))z

k=1h,s,a

HInA -
" Zzuh (s)mh(a | )0k (s, a)® + 16nH°K,
k=1 h,s,a

IN
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where in the second inequality we use the fact that b¥ (s) < 4H and thus, BJ(s,a) < 4H?. For the middle term,
H2I{sF = s,af = a}
(75 (s, @) +)?

m S ui(s)rh(a | 90, a? <2 S pi(s)mh(al s)

k,h,s,a k,h,s,a
HB
khaa Ph (, )+7 gl
2n 7k 0%
=—H $)bi( O
3 z +o(v)

1 H?,
= O .
=3 Z )" < gl )
k,h,s
The second inequality above is under the good event G4, and the last inequality is since 7 < %

C.4. Bound on BONUS

Lemma C.9. Under the good event,

BONUS < ) Jik (s =) ui(s)bi(s).

k,h,s k,h,s

Proof. Let p* be the transition function chosen by the algorithm when calculating B* . It holds that

Zuh ) (xh(- | ) = mi( |s)7BZ(S7.)>:
_Zﬂh yak(a | s) Z/‘h yri(a | s)BE(s, a)

h,s,a h,s,a
= Zﬂh s)my(a | s) Zﬂh s)my(al s) JFz:ph s' | s,a)m 1 (a’ | ) Bl (s, d)
h,s,a h,s,a
<> wi(s)mh(a | $)Bi(s,a) = Y pi(s)mi(a ] s) +th s'| s,a)m (o’ | ) B (s, d)
h,s,a h,s,a
k
= Zﬂh )y (a | 5) Zﬂhﬂ 7Th+1 Bh+1 s, a) Zﬂh )b (
h,s,a h,s,a

(@)

where the inequality is since p € P* under event Gy, and p* maximizes the term in the parentheses.

Ysabn()mi(a | s)pn(s’ | s,a) = pj4(s") and then change the variables s and o to s and a. (i) is a telescopic

sum, and recall that B%_; = 0. Thus,

Z.ul 7r1 a ‘ Zﬂ1 a | szt (Sinitva) (:U'T(S) = ]I{S = Sinit})

- ‘/1 (sznzf)

=S up 7 ()b (s)
h,s

<> m(s)by(s)
h,s

where the inequality is since p* € P¥, and Ji} (s) is the maximal occupancy with respect to transitions in P*. Plugging (i)

back in the last display completes the proof.
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Lemma C.10. Under the good event,

BONUS < O (’yHQSAK + H3SVAR . + H4S3AL2> — ST i (s)bE(s).

Proof. From lemma Lemma C.9,

Bonus < 3 ()05 (s) + S mh()BE(s) — S wh ()b (s)
k,h,s k,h,s k,h,s
The first term is bounded by,
K K —k k
—k o \ik uh(s)ﬂ'h(a | ) 2
[ty (8)by (s) = 3vH = < 3yH2SAK.
kX::l s ;hz:a iy (s)mh(a | s) +

For the second term we use the good event G,

- ksa
S 7 (s)Bh Z Tis (s, @) — (s, a)

o Ty (s,a) +v
<H Z — (s, a)l
k,h,s
< H3SVAK.+ H*S3 A2,

where the last inequality is by Lemma E.7.
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D. Lower Bound

Theorem D.1 (Restatement of Theorem 6.2). Assume that H, S, A > 2 and K > 2. Any learning algorithm for the online
MDPs with known dynamics and aggregate bandit feedback problem must incur at least Q(H*\/SAK) expected regret in
the worst case.

Proof. Consider an MDP with S states: s1, So, ..., Sg wWhere s is the initial state. The idea is to encode a hard multitask
bandit problem with H — 1 tasks in each of the states. The agent starts in the initial state s; where the loss is 0 and any
action transitions to each of the states s1, ..., sg with probability 1/S. Le., p1(s’ | a,s1) = 1/S for any s’ and a. From
time h > 2 the agent stays at the same state, p, (s’ | s,a) = I{s’ = s}. Each state s; encodes a hard multitask bandit
problem with H — 1 tasks. That is, the losses are generated (independently for each state) from the (randomized) instance
that attains the lower bound of Lemma 6.1.

Denote by 7; the number of times we transition to s;. From Lemma 6.1 the expected regret from visits at s; is at least
Q(E[H?/AT;)). In total, we have a lower bound on the regret of

Q<E

for X ~ Bin(n = K,p = 1/5) since each Tj is a binomial random variable with parameters & and 1/5. By Lemma E.8,
we have E[v/X] > Q(/np) = Q(/K/S) for K > 2. which proves the lower bound Q(H?v/SAK). O

S
H?Y " \/SAT,
i=1

) —  (H*SVAEVX]),
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E. Auxiliary Lemmas

Lemma E.1 (Azuma-Hoeffding inequality). Let {X;};>1 be a real valued martingale difference sequence adapted to a
filtration F1 C Fo C ... (i.e., E[Xy | F] = 0). If | X;| < R a.s. then with probability at least 1 — 4,

) 1
ZXt < R,/Tlng.

t=1

Lemma E.2 (A special form of Freedman’s Inequality, Theorem 1 of Beygelzimer et al. (2011)). Let {X;};>1 be a real
valued martingale difference sequence adapted to a filtration Fy C Fo C ... (i.e., B[ Xy | F¢] = 0). If | X;| < R a.s. then
forany a € (0,1/R), T € N it holds with probability at least 1 — 6,

th <QZEX2 | ) 1°g<1/5)

Lemma E.3 (Consequence of Freedman’s Inequality, e.g., Lemma E.2 in (Cohen et al., 2021a)). Let {X;};>1 be a sequence
of random variables, supported in [0, R), and adapted to a filtration F; C F5 C .... For any T, with probability 1 — 6,

T
1
> Xy <2E[X, | Fi] + 4Rlog 5
t=1
Lemma E.4 (Lemma A.2 of Luo et al. (2021)). Given a filtration Fo C F; C ..., let 2} (s,a) € [0, R] and jif (s,a) € [0,1]
be sequences of Fi-measurable functions. If Z¥(s,a) € [0, R] is a sequence of random variables such that E[Z} (s, a) |
Fi) = 2§ (s, a) then with probability 1 — 6,

Zzl{sh—sah—s}Zhsa _Zzuhsazhsa)iﬂlngf

k=1h,s,a Sa)—’—Py k=1h,s,a /tha 2,7

Lemma E.5 (Standard entropy regularized OMD guarantee, see e.g., (Hazan et al., 2016)). Let n > 0, and an arbitrary
sequence {gi }&_, such that for all k € [K), a € [d], gr € R? and ngy(a) > —1. Let z, € A, be a sequence of vectors
such that for all a, x1(a) = 1/n, forall k € [K], a € [d],

B z(a)e19x(a)
mk+1(a) N Za’e[n] xk(a/)e_ngk(“/) )

Then for any x* € Ay,
K K

> gk, wx — x) < 7logd+ Zzwk )9k (i

k=1 k=1 i=1
Lemma E.6 (Lemma 2 in Jin et al. (2020)). With probability 1 — 6, for all (k,s', s, a, h),

o log HSAK HSAK log HSAK
/ _ koot <4 ph( | 8 a‘) 4
[pn(s” | 5,0) = pr(s" | 5,0)] < max{nh(S,a),l} max{nf (s,a), 1}

Lemma E.7 (Lemma 4 in Jin et al. (2020)). With probability 1 — 6,

Z |72k (s, a) —HZ(s7a)| <0 (\/H452AK log Kh;SA + H3S3Alog
h,s,a,k

Lemma E.8. Ler X ~ Bin(n,p) and assume that n > %. Then, E[VX| > 1. /np.

, KHSA
5

Proof. By Markov inequality we have:

BV 2 Vgl b [V 2 VG| < Ve 2 ] = G (1 e < ).

Thus, it suffices to show that Pr [X < %] < 1/2 which follows immediately from Multiplicative Chernoff bound and the
assumption that n > 2/p. O
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