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Abstract

We study the problem of clustering T tra-
jectories of length H, each generated by one
of K unknown ergodic Markov chains over
a finite state space of size S. We derive
an instance-dependent, high-probability lower
bound on the clustering error rate, governed
by the stationary-weighted KL divergence be-
tween transition kernels. We then propose a
two-stage algorithm: Stage I applies spectral
clustering via a new injective Euclidean em-
bedding for ergodic Markov chains, a contri-
bution of independent interest enabling sharp
concentration results; Stage II refines clusters
with a single likelihood-based reassignment
step. We prove that our algorithm achieves
near-optimal clustering error with high prob-
ability under reasonable requirements on T
and H. Preliminary experiments support our
approach, and we conclude with discussions
of its limitations and extensions.

1 INTRODUCTION

Clustering, or community detection for graphs, is a fun-
damental statistical problem with applications across
diverse scientific disciplines, including social science,
biology, and statistical physics (McLachlan et al., 2019;
Kiselev et al., 2019; Ezugwu et al., 2022; Fortunato,
2010). The precise statistical characterization of clus-
tering has been rigorously investigated under various
probabilistic frameworks, such as stochastic block mod-
els (SBMs, Abbe (2018)), Gaussian mixture models
(GMMs, Lu and Zhou (2016); Löffler et al. (2021); Chen
and Zhang (2024)), and block Markov chains (BMCs,
Sanders et al. (2020); Jedra et al. (2023)).

Proceedings of the 29th International Conference on Arti-
ficial Intelligence and Statistics (AISTATS) 2026, Tangier,
Morocco. PMLR: Volume 300. Copyright 2026 by the au-
thor(s).

However, the aforementioned models primarily focus on
clustering static data points or nodes, where individual
elements often lack inherent informative structure in
isolation: the clustering signal typically emerges only
when considering the entire data. In contrast, many
real-world applications involving multiple underlying
processes, such as astronomy (Yang et al., 2020), mobile
social networks (Tang et al., 2021), and human activity
patterns (Zhou et al., 2021), deal with trajectories
with a mixture of temporal information. The task is
to cluster the trajectories based on their generating
process or model. The longer each trajectory (e.g., a
user’s interaction sequence or a time series) is, the more
information it potentially reveals about its generating
model, facilitating clustering.

The Mixture of Markov Chains (MMC) provides
a fundamental yet powerful probabilistic framework for
the problem of trajectory clustering in the most basic
scenario with no controllable actions. In this model, we
are given T trajectories of length H, where each trajec-
tory is generated by one of K unknown Markov chains
defined over a finite state space of size S. This model
has been studied in a variety of contexts, originally
by Blumen et al. (1955) for modeling heterogeneous
labor mobility patterns, and later utilized for learning
underlying usage patterns from user trails of app us-
ages, music playlists, web browsing, and more (Gupta
et al., 2016; Spaeh and Tsourakakis, 2023; Maystre
et al., 2022; Cadez et al., 2003; Poulsen, 1990; Girolami
and Kabán, 2003; Zhou et al., 2021).

In MMC, two primary and closely intertwined objec-
tives emerge: learning the underlying K Markov chain
models (Gupta et al., 2016; Spaeh and Tsourakakis,
2023; Kausik et al., 2023) and clustering the ob-
served trajectories according to their generative
source (Kausik et al., 2023). Successful clustering can
significantly simplify the learning task by allowing for
information aggregation within each identified group of
trajectories. Conversely, while learning each model ac-
curately can indeed facilitate clustering, it is expected
to necessitate stringent requirements on the trajectory
length H, because each trajectory is solely responsible



Near-Optimal Clustering in Mixture of Markov Chains

for its own amount of information helpful for cluster-
ing. Thus, beyond its intrinsic value as an exploratory
data analysis technique, accurate clustering can lead
to statistically more efficient inference than analyzing
each trajectory independently.

As done in prior clustering literature, one can ask two
critical questions: (i) What is the fundamental limit
on the misclassification rate? (ii) Given sufficiently
large (but not excessively so) trajectories, is there a
computationally tractable algorithm whose performance
(clustering error rate) matches the lower bound? What
is the requirement on T and H?

Several studies have algorithmically addressed the sec-
ond question (Gupta et al., 2016; Kausik et al., 2023;
Spaeh and Tsourakakis, 2023, 2024; Spaeh et al., 2024),
often without rigorous statistical guarantees. One no-
table exception is Kausik et al. (2023), where the au-
thors proposed a clustering algorithm that provably per-
forms exact clustering (i.e., zero misclassification error)
in MMC when T = Ω̃(K2S) and H = Ω̃(K3/2tmix).
However, they do not provide the clustering error rate
across various regimes of T , H and appropriate sep-
aration parameters. Perhaps more importantly, they
lack a corresponding lower bound and related discus-
sions, making it difficult to assess the optimality of
their algorithm. Furthermore, their algorithm relies
on explicit knowledge of problem-specific quantities,
often unavailable in practice. We will elaborate on this
comparison in Section 5. Consequently, despite their
importance, both of the aforementioned questions have
remained elusive in the literature.

Contributions. In short, we answer both questions
fully. Specifically: (a) We prove an instance-specific
high-probability lower bound on the clustering error
rate for MMC. This reveals the problem-difficulty
quantity D: the minimum weighted KL divergence
between the transition kernels (Section 3). (b) We
propose a two-stage clustering algorithm that achieves
near-optimal clustering error. Notably, it does not re-
quire any a priori knowledge of the underlying model,
yet fully adapts to the given problem difficulty (Sec-
tion 4). Especially for Stage I, we introduce a new injec-
tive Euclidean embedding (L-embedding, Section 4.1)
specifically designed for ergodic Markov chains. This
embedding, a contribution of independent interest, fa-
cilitates sharp concentration results for spectral clus-
tering analysis (Section 4.1). (c) Our upper and lower
bounds reveal gaps in misclassification errors and the
required trajectory length H. Building on recent ad-
vances in concentration inequalities (Paulin, 2015; Fan
et al., 2021) and estimation techniques (Wolfer and
Kontorovich, 2021) for Markov chains, we elucidate
the inherent complexities of clustering in MMC that
currently render these gaps unavoidable (Section 5).

Notation. For a positive integer n ≥ 1, let [n] :=
{1, 2, · · · , n}. For a set X, let ∆(X) be the set of
probability distributions over X. Let a∨b := max{a, b}
and a ∧ b := min{a, b}. We will freely utilize the
asymptotic notations O, o,Ω, ω,Θ, and for aesthetic
purpose, we will also use f ≳ g, f ≲ g, f ≍ g, defined
as f = Ω(g), f = O(g), f = Θ(g), respectively; log in
the subscript (e.g., ≲log) indicates up to logarithmic
factors, corresponding to Ω̃, Õ, and Θ̃.

2 PROBLEM SETTING

Mixture of Markov chains (MMCs). There are
K unknown Markov chains. The k-th Markov chain is
denoted asM(k) = (S, H, µ(k), p(k)). S is a finite state
space of cardinality S, H ≥ 2 is the horizon or (episode
length), µ(k) is a initial state distribution, and p(k)(·|·)
and P (k) are the transition kernel and matrix.

We now recall an essential concept for spectral anal-
ysis of Markov chains. For an ergodic Markov chain
with transition matrix P , its pseudo-spectral gap is
defined as γps := maxm≥1

1
mγ
(
(P ∗)mPm

)
, where γ(·)

is the spectral gap of the self-adjoint operator (Paulin,
2015, Section 3). With this, we assume the following:

Assumption 1. Each M(k) is ergodic,1 with pseudo-
spectral gap γ

(k)
ps > 0 and stationary distribution π(k).

Also, γps := mink γ
(k)
ps and πmin := mink,s π

(k)(s) > 0.

Learner’s Objective. We first clarify that the
learner knows S, and for the simplicity of exposition,
we also assume that the learner knows either the num-
ber of clusters K or the minimum pseudo-spectral
gap γps.2 With this, the learner observes T trajec-
tories generated as follows: for each t ∈ [T ], a tra-
jectory of length H is sampled from M(f(t)). Specif-
ically, trajectory Tt = (st,1, . . . , st,H) is generated as
st,1 ∼ µ(f(t)) and st,h+1 ∼ p(f(t))(·|st,h), which we de-
note as Tt ∼ M(f(t)). f : [T ] → [K] is the unknown,
ground-truth decoding function that maps each trajec-
tory to its generating Markov chain.

The learner’s objective is to recover f—that is, to clus-
ter the T trajectories according to their generating
models. Let f̂ : [T ] → [K] denote the learner’s esti-
mated decoding function. The number of misclassified

1We assume uniform ergodicity: there exist M > 0, ρ ∈
(0, 1) such that maxs∈S TV(PH(s, ·), π) ≤ MρH for all H ∈
N, which is implied by aperiodicity and irreducibility (Levin
and Peres, 2017, Theorem 4.9).

2A fully “parameter-free” algorithm would require nei-
ther. In fact, by leveraging recent advances in tight estima-
tion of γps (Wolfer and Kontorovich, 2024), our algorithm
can be made parameter-free through an additional initial-
ization step, as we elaborate below Theorem 4.1.
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trajectories is measured as:

ET (f̂ , f) := min
σ∈Sym(K)

T∑
t=1

1[f̂(t) ̸= σ(f(t))],

where Sym(K) is the symmetric group over [K]. The
goal is to design an algorithm such that, for any
confidence level δ ∈ (0, 1) and misclassification rate
ε ∈ (0, 1), the following guarantee holds: P(ET (f̂ , f) ≤
εT ) ≥ 1 − δ, where the probability P is over the ran-
domness of both the trajectory generation and the
clustering algorithm. We note in advance that the
error rate ε and the failure probability δ may both
depend on factors such as T , H, S, K, and the mixing
properties of the Markov chains.

3 FUNDAMENTAL LOWER BOUND

We define an instance of clustering in MMC as a
tuple ΦT := ((M(k))k∈[K], f, T ), where (M(k))k∈[K]

is a collection of K ergodic Markov chains, f is the
decoding function, and T ∈ N is the total number of
trajectories to be clustered.

To derive instance-specific lower bounds, we must
consider algorithms that for a given instance, gen-
uinely adapt to perturbations of the decoding func-
tion. Indeed, an algorithm that would return f̂ = f ,
would have no misclassified trajectories, but would fail
for other decoding functions. Hence, we now intro-
duce a class of “good” algorithms that are robust to
small instance perturbations with a given confidence
level. Define α(f) := (αk(f))k∈[K] ∈ ∆([K]) with
αk(f) := |f−1(k)|/T .

Definition 3.1: Stable Algorithms

Let (ε, β, δ) ∈ [0, 1]×R≥0×(0, 1/2]. A clustering
algorithm A is (ε, β, δ)-locally stable at ΦT :=
((M(k))k∈[K], f, T ) if the following holds:
for all Φ′

T = ((M(k))k∈[K], f
′, T ) such that

∥α(f ′)−α(f)∥2 ≤ β,

PΦ′
T ,A

(
ET (f̂A, f

′) > εT
)
≤ δ, (1)

where f̂A is the outputted clustering function
from our algorithm A that takes as input the
T trajectories whose ground-truth clustering
is given by f ′. Furthermore, we say that A
is (ε, β)-asymptotically locally stable at
Φ := ((M(k))k∈[K], f) if there exists a sequence
(δT )T∈N with limT→∞ δT = 0 such that A is
(ε, β, δT )-locally stable at ΦT for all T ∈ N.

Intuitively, perturbations are (slight) changes in the
relative cluster sizes α(f), inspired by the prior def-

initions of locally stable algorithms for clustering in
SBMs (Yun and Proutière, 2019, Definition 1), block
Markov chains (Sanders et al., 2020), and recently,
block Markov Decision Processes (Jedra et al., 2023).

We now present our instance-specific, high-probability
lower bound for clustering in mixture of Markov chains:

Theorem 3.1: Error Rate Lower Bound

Let (ε, δ) ∈ [0, 1]× (0, 1/2]. Then, a necessary
condition for the existence of a (ε, β, δ)-locally
stable algorithm at ΦT := ((M(k))k∈[K], f, T )

with β ≥ 2
√
2ε is as follows: denoting αmin =

mink∈[K] αk(f),

δ ≥ 1

2

(
αmin

16eε

)εT

exp
(
−4εT (H − 1)D

)
⇐⇒ 4(H − 1)D ≥ 1

εT
log

1

2δ
+ log

αmin

16eε
. (2)

For (ε, β)-asymptotically locally stable algo-
rithm with the same β as above and ε = o(1),
we have the following necessary condition:

lim inf
T→∞

2(H − 1)D
log αmin

16eε

≥ 1. (3)

The information-theoretic divergence D is
defined as D := mink ̸=k′∈[K]D(k,k′), where

D(k,k′) :=
1

H − 1
KL
(
µ(k), µ(k′)

)
+
∑
s∈S

P(k)
H (s)KL

(
p(k)(·|s), p(k

′)(·|s)
)
,

where P(k)
H (s) := 1

H−1

∑H−1
h=1 P(k)(sh = s).

Proof sketch. The proof proceeds by first constructing
a large number of hypotheses, each corresponding to
different cluster allocations of the observations, follow-
ing the combinatorial arguments of Yun and Proutière
(2019). These hypotheses are slight perturbations of the
given instance of clustering in MMC. We then apply the
change-of-measure argument (Lai and Robbins, 1985)
and the data-processing inequality (Garivier et al., 2019,
Lemma 1) to relate the error of any “good” clustering
algorithm to the KL divergences between true and al-
ternate models. Finally, we optimize the resulting lower
bound over the different allocations. The approach is
inspired by Yun and Proutière (2019, Theorem 1) and
Jedra and Proutière (2023, Theorem 2), which establish
high-probability lower bounds for clustering in SBMs
and for linear system identification, respectively. The
full proof is deferred to Appendix A.
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Remark 1 (Chernoff Information). Dreveton et al.
(2024) recently highlighted Chernoff information as
a universal measure of clustering difficulty for sub-
exponential mixtures, extending earlier results in SBM
clustering (Abbe and Sandon, 2015a,b; Dreveton et al.,
2023). While we use KL(·, ·), the two quantities are
closely related (van Erven and Harremos, 2014) and be-
come equivalent as T →∞ in many settings, including
labeled SBMs (Yun and Proutière, 2016, Claim 4).
Remark 2 (Comparison to Wang and Choi (2023)).
One notable related result is Wang and Choi (2023,
Theorem 4.1), which establishes an asymptotic equipar-
tition property (Cover and Thomas, 2006, Theorem
11.8.1) of binary hypothesis testing between two Markov
chains from {(Xh,1, Xh,2)}h∈[H], where Xh,1

i.i.d.∼ ν and
Xh,2 ∼ P (·|Xh,1). Our asymptotic lower bound is a
generalization of theirs, as we consider the full Markov
chain instead of a collection of single hops.

Asymptotically Exact Recovery. The necessary
condition for asymptotically exact recovery (ε =
O(1/T )) is HD = Ω(log T ). This mirrors the mini-
max lower bound for GMM clustering (Lu and Zhou,
2016, Theorem 3.3), where strong consistency demands
that the squared signal-to-noise ratio (SNR) is at
least logarithmic w.r.t. the number of data points
n: ∆2/σ2 = Ω(log n), with ∆ denoting the minimum
ℓ2-separation of the mean vectors and σ2 the isotropic
variance of the GMM. Analogously, in our setting, D
corresponds to ∆2, and H plays a role similar to 1/σ2:
longer trajectories reduce variance, much like smaller
σ2 does in the GMM.

Stationary Divergence. Without loss of generality,
suppose that maxk,k′ KL(µ(k), µ(k′)) <∞. Then, under
Assumptions 1 (ergodicity), by the Ergodic Theorem
for Markov chains (Levin and Peres, 2017, Appendix
C)), D(k,k′) → D(k,k′)

π almost surely as H →∞, where

D(k,k′)
π :=

∑
s∈S

π(k)(s)KL
(
p(k)(·|s), p(k

′)(·|s)
)
. (4)

The stationary (information-theoretic) diver-
gence is then defined as Dπ := mink ̸=k′ D(k,k′)

π , which
quantifies the difficulty of clustering in MMC in the
stationary regime. It aggregates the “local” difficulty
at each state s—quantified by the KL-divergence be-
tween outgoing transition probabilities—weighted by
the long-run frequency π(k)(s) of visiting that state.
Thus, a state’s contribution to distinguishability is
small if either the chains behave similarly from that
state or the state is rarely visited. This aggregation is
information-geometrically optimal, as it weights the KL
divergence – the optimal statistic for local hypothesis
testing under the Neyman-Pearson lemma (Neyman
and Pearson, 1933) – by the stationary distribution.

4 TWO-STAGE ALGORITHM

Motivated by prior clustering literature (Gao et al.,
2017; Yun and Proutière, 2016; Lu and Zhou, 2016), our
algorithm consists of two stages. The full pseudocodes
are provided in Algorithms 1 and 2.

4.1 Stage I. Initial Spectral Clustering

L-Embedding. We first introduce a new Euclidean
embedding of ergodic Markov chains:

Definition 4.1: L-Embedding

For any ergodic Markov chain M with transi-
tion probability matrix P and stationary distri-
bution π, its L-embedding and its empirical
version L̂ are defined as

L :M 7→ vec
(
diag(π)1/2P

)
,

L̂ : T = (s1, s2, · · · , sH) 7→

 N̂(s, s′)√
HN̂(s)


s,s′∈S

,

where T ∼ M, N̂(s) :=
∑H

h=1 1[sh = s], and
N̂(s, s′) :=

∑H−1
h=1 1[sh = s, sh+1 = s′].

With this, we define the ground-truth and empirical
data matrices of size T × S2 by row-concatenating the
L-embeddings as follows:

W =
[
L(M(f(t)))

]
t∈[T ],:

, Ŵ =
[
L̂(Tt)

]
t∈[T ],:

. (5)

Remark 3. To the best of our knowledge, such a
Euclidean embedding for ergodic Markov chains has
not been previously reported in the literature. In Ap-
pendix G, we discuss its connections and distinctions to
existing spectral-related representations, including diffu-
sion maps (Coifman and Lafon, 2006), the (weighted)
Laplacian (Chung, 1997), the symmetrized form (Levin
and Peres, 2017), and doublet frequencies (Wolfer and
Kontorovich, 2021; Vidyasagar, 2014).

We now discuss three desirable properties of the L-
embedding that make it suitable for our purpose.

First, our L(·) uniquely determinesM, up to the initial
distribution:

Proposition 4.1. Over the space of ergodic Markov
chains, L is an injective mapping up to the initial dis-
tribution: forM = (S, H, µ, p) andM′ = (S, H, µ′, p′),
L(M) = L(M′)⇐⇒ p = p′.

Proof. By definition, we must have that for all s, s′ ∈ S,√
π(s)p(s′|s) =

√
π′(s)p′(s′|s). Summing over s′ ∈ S,
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we have that π(s) = π′(s) > 0 for all s ∈ S, where the
ergodicity of the chains implies strict positivity. This
then implies that p = p′.

Second, the L-embedding possesses desirable concentra-
tion properties. The empirical mapping L̂ normalizes

the transition counts by
√

N̂(s). To understand why
this is advantageous, note that we can rewrite each
entry of the empirical L-embedding as

N̂(s, s′)√
HN̂(s)

=
N̂(s, s′)

N̂(s)︸ ︷︷ ︸
≈p(s′|s)

√
N̂(s)

H︸ ︷︷ ︸
≈
√

π(s)

. (6)

Because the concentration bound of the empirical tran-
sition vector for state s,

(
N̂(s, s′)/N̂(s)

)
s′∈S

, scales as

Õ(1/
√
Hπ(s)) (see Eqn. (20) in Appendix B), multiply-

ing by
√

π(s)—which is effectively what the empirical√
N̂(s) normalization approximates—homogenizes the

rate of concentration across all states s ∈ S. This
variance stabilization improves the conditioning of the
spectral representation and yields a sharp concentra-
tion rate for

∥∥∥Ŵ −W
∥∥∥
2→∞

that completely avoids

a detrimental dependence on π−1
min. This tightly con-

trolled error is critical for the theoretical guarantees of
our initial spectral clustering, as we will highlight in
the proof sketch of Theorem 4.1.

Third, our L facilitates a more “direct” comparison
between the ℓ2-based separation ∆2

W and the KL-based
separation D. The minimum (row-wise) ℓ2-separation
of W , which is a crucial quantity for ℓ2-distance-based
spectral clustering, is defined as:

∆2
W := min

k ̸=k′

∥∥∥L(M(k))− L(M(k′))
∥∥∥2
2

= min
k ̸=k′

∑
s∈S

∥∥∥∥√π(k)(s)p(k)(·|s)−
√

π(k′)(s)p(k
′)(·|s)

∥∥∥∥2
2

.

By Proposition 4.1, ∆W = 0 iff at least two of the
K Markov models are exactly the same. This also
provides an intuitive motivation for our choice of L.
Informally, ∆2

W can be viewed as roughly correspond-

ing to mink ̸=k′
∑

s∈S π(k)(s)
∥∥∥p(k)(·|s)− p(k

′)(·|s)
∥∥∥2
2
,

which, up to a constant, is upper bounded by Dπ

(see Proposition 5.1). We discuss in more detail the
relations between different gaps in Section 5(3).

Algorithm Design. Stage I is then the usual (row-
wise) spectral clustering (von Luxburg, 2007) applied
to Ŵ , divided into two cases. If K is given, we per-
form standard spectral clustering (lines 2–4) by com-
puting the spectral embedding using the top-K sin-
gular vectors and then applying K-means row-wise.

Algorithm 1: Initial Spectral Clustering
Input: {(st,1, · · · , st,H)}t∈[T ], K or γps

1 ÛΣ̂V̂ ⊤ ←SVD of Ŵ ∈ [0, 1]T×S2

(see Eqn. (5)),
with Σ̂ := diag({σ̂i}i∈[min(T,S2)]);

2 if K is given then
3 K̂ ← K, X̂ ← Û1:KΣ̂1:K ;
4 f̂0 ← K-means clustering of the rows of X̂;
5 else

/* 1. Adaptive Thresholding */

6 R̂←
∑T∧S2

i=1 1

[
σ̂i ≥ σ̂thres ≜

√
64TS
Hγps

log TH
δ

]
;

7 X̂ ← Û1:R̂Σ̂1:R̂
/* 2. Density-based Clustering */

8 Define

Qt ←
{
t′ ∈ [T ] :

∥∥∥X̂t′,: − X̂t,:

∥∥∥2
2
≤ (σ̂thres)

2

}
for each t ∈ [T ];

9 Initialize S0 ← ∅, k ← 1, and ρ← T ;
10 while ρ ≥ 32R̂T

log TH
δ

do

11 t⋆k ← argmaxt∈[T ]

∣∣∣Qt \
⋃k−1

ℓ=0 Sℓ
∣∣∣;

12 Sk ← Qt⋆k
\
⋃k−1

ℓ=0 Sℓ;
13 ρ← |Sk|, k ← k + 1;

14 K̂ := k − 1 ; // Estimated # of clusters
15 f̂0(t) := k for t ∈ Sk and k ∈ [K̂];

/* 3. ℓ2-Distance-based Clustering */

16 for t ∈ [T ] \
⋃K̂

k=1 Sk do
17 f̂0(t) := argmink∈[K̂]

∥∥∥X̂t⋆k,:
− X̂t,:

∥∥∥
2

Return: K̂, f̂0 : [T ]→ [K̂]

If K is unknown, the procedure consists of three sub-
stages (Kannan and Vempala, 2009; Yun and Proutière,
2016; van Vuren et al., 2024). First, we perform adap-
tive thresholding, where the rank of W is estimated
via singular value thresholding as R̂,3 and a low-rank
spectral embedding is formed (lines 6–7). Second, we
perform density-based clustering, where for each tra-
jectory t, we construct a neighborhood Qt based on
ℓ2 distance in the embedding space, and then greedily
form clusters by selecting tk⋆—the trajectory with the
largest uncovered neighborhood—as a cluster “center”
and assigning its neighbors (lines 8–15). Finally, for the
remaining trajectories, we perform assignment, where
each trajectory is assigned to its nearest cluster center
in ℓ2 distance (lines 16–17).

Theoretical Analysis. We now present the error
rate of Stage I:

3It could be that rank(W ) ≪ K; see Appendix H.
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Theorem 4.1: Error Rate of Stage I

Let δ ∈ (0, 1). Suppose that Assumption 1
holds, and that the trajectories are sufficiently
long in the following sense:

H ≳
1

πminγps
log

1

πminδ
∨ S

∆2
W γps

log
H

δ
log

TH

δ
.

Then, we have: denoting R = rank(W ),

P

(
ET (f̂0, f) ≲

TRS

Hγps∆2
W

log
TH

δ

)
≥ 1− δ.

Proof sketch. We first prove ∥W − Ŵ ∥2→∞ ≲√
S

Hγps
log TH

δ (Lemma B.1), our key technical nov-
elty. From here, the proof largely follows that of Yun
and Proutière (2016, Algorithm 2). Note that the decay
rate is independent of π−1

min, which is crucial in obtaining
a tight requirement on H when combined with Stage II.
Such rate is possible as the weighting by

√
π(s) in our

embedding L cancels out with both Õ
(
1/
√
Hπ(s)

)
for ℓ2-estimation of p(·|s) and Õ

(
1/
√
Hπ(s)γps

)
for

the estimation of
√
π(s), which arises from triangle in-

equality. The full proof is deferred to Appendix B.

Towards a Parameter-Free Algorithm. When K
is known, our algorithm does not require knowledge
of the pseudo-spectral gap γps, and vice versa. How-
ever, to achieve a truly parameter-free algorithm where
both K and γps are unknown, one must first estimate
γps. This is because estimating the number of clusters
K relies on spectral thresholding derived from Marko-
vian concentration bounds, which inherently depend
on γps (line 6 of Algorithm 1). Since Stage II is al-
ready parameter-free as we will see later, obtaining a
reliable estimator for γps is the sole remaining hurdle.
Theoretically, we only require a high-probability lower
bound on γps; specifically, an estimator γ̂ps satisfying
(1/2)γps ≤ γ̂ps ≤ (3/2)γps would allow our current
analysis to hold up to constant factors.

Crucially, this estimation introduces additional sample
complexity requirements on the trajectory length H. A
straightforward approach of taking the minimum over
per-trajectory estimators, such as the one proposed by
Wolfer and Kontorovich (2024, Theorem 1), can furnish
the required lower bound. However, this necessitates a
longer trajectory length of H ≳ γ−3

ps (log T )
2 (ignoring

other factors). This is strictly more demanding than
our known-parameter regime by an extra γ−2

ps factor and
a log T term. The extra log T dependence arises from
the union bound over T trajectories and can potentially

Algorithm 2: Likelihood Improvement

Input: f̂0 : [T ]→ [K], {(st,1, · · · , st,H)}t∈[T ]

1 Estimate p(k)(·|·) for each k ∈ [K] as follows:
denoting Ĉ0 := (f̂0)

−1(k), for all s, s′ ∈ S,

p̂
(k)
0 (s′|s)←

∑
t∈Ĉ0

∑
h∈[H−1] 1[st,h = s, st,h+1 = s′]∑

t∈Ĉ0

∑
h∈[H−1] 1[st,h = s]

.

2 Refine the cluster estimates via trajectory-wise
maximum likelihood estimator: for each t ∈ [T ],

f̂(t)← argmax
k∈[K]

L(k; t) ≜
H−1∑
h=1

log p̂
(k)
0 (st,h+1|st,h)


Return: f̂ : [T ]→ [K]

be mitigated via logarithmic subsampling. Conversely,
the extra γ−2

ps factor is likely unavoidable in the fully
parameter-free setting, given the minimax lower bounds
for estimating the pseudo-spectral gap itself (Wolfer
and Kontorovich, 2019, Theorem 4). We defer further
details and extended discussions to Appendix I.

4.2 Stage II. One-Shot Trajectory Likelihood
Improvement

Algorithm Design. By the Neyman-Pearson
lemma (Neyman and Pearson, 1933) and from our
information-theoretic lower bound (Theorem 3.1), we
must perform trajectory-wise likelihood testing to
achieve the optimal performance. But, we do not know
the transition kernels p beforehand. Hence, we first
utilize the “good enough” f̂0 : [T ]→ [K] from Stage I
to estimate the transition kernels p̂0 (line 1). Then, we
perform likelihood-based reassignment of the cluster la-
bels based on p̂0 (line 2). A keen reader may note that
this is essentially the hard Expectation-Maximization
(EM) algorithm (Celeux and Govaert, 1992; Kearns
et al., 1997).

Theoretical Analysis. For the analysis of Stage II,
we consider the following additional assumption:

Assumption 2 (η-regularity across the chains). There
exists ηπ, ηp > 1 such that:

max
s∈S

max
k,k′

π(k)(s)

π(k′)(s)
≤ ηπ, max

s,s′∈S
max
k,k′

p(k)(s′|s)
p(k′)(s′|s)

≤ ηp.

We now present the final error guarantee of Algorithm 2;
the proof is deferred to Appendix C. Recalling that Dπ

is the stationary divergence (Eqn. (4)),
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Theorem 4.2: Error Rate of Stage I+II

Suppose Assumptions 1 and 2 hold, and that
T,H are sufficiently large in the following sense:

TH ≳
(S log T )2

γpsαminD2
π

, and

H ≳
1

γps

(
S2 log T ∨ log T

πmin
∨ ηpηπRS log(TH)

αminDπ∆2
W

)
.

Then, for some Cη ≍ 1
η2
p
, we have that w.h.p.a,

ET (f̂ , f) ≲ T exp
(
−CηγpsHDπ

)
. (7)

awith probability tending to 1 as T → ∞.

One can immediately see that the obtained upper
bound on the clustering error rate nearly matches the
lower bound (Theorem 3.1), but there are two gaps,
which we elaborate on in the subsequent section.

Necessity of Assumption 2. We first clarify that
Assumption 2 does not require the chains to be uni-
form, i.e., it does not impose π(k)(s) ≍ 1/S, as is
commonly assumed in stochastic block models (Yun
and Proutière, 2014a) or block Markov chains (Sanders
et al., 2020; Jedra et al., 2023). Instead, our assumption
only requires that if one chain exhibits non-uniformity
in certain states, the other chains must exhibit similar
non-uniformity in those same states.

Crucially, this assumption is only required for the the-
oretical analysis of Stage II; Stage I’s guarantee (Theo-
rem 4.1) relies solely on Assumption 1. Theoretically,
Assumption 2 acts as a proof artifact necessary to
bound the summands when applying the Markovian
Bernstein concentration inequality (Paulin, 2015) to
the empirical likelihood ratios. Consequently, our cur-
rent proof technique does not cover scenarios in which
it fails, such as near-deterministic transitions in which
a chain remains in a distinct state.

Empirically, however, this strong assumption is rarely
necessary. When Assumption 2 fails, it often implies
that certain chains are highly non-uniform and thus
trivially easy to distinguish, a regime where we expect
Stage II to remain robust. To handle potential numer-
ical instabilities in such extreme scenarios – such as
division by zero when candidate models assign near-
zero probabilities to observed transitions – one can
easily regularize the likelihood evaluation via Laplace
smoothing (Laplace, 1812). Provided Stage I yields a
sufficiently accurate initial clustering, this smoothed
likelihood ratio faithfully captures the high information
content, heavily penalizing incorrect models while in-
ducing negligible bias. The precise theoretical analysis
is left to future work.

What If Reversible? Conversely, one might ask
whether additional structural assumptions, notably re-
versibility, a common property in Markov chain Monte
Carlo (MCMC) methods (Robert and Casella, 2004),
would simplify the analysis or yield sharper bounds.

Assuming reversibility would indeed simplify certain
aspects of the proof. First, the classical spectral
gap (Lezaud, 1998) becomes well-defined, eliminating
the need to rely on the pseudo-spectral gap. Second,
one could apply Bernstein’s inequality specifically tai-
lored for reversible Markov chains (Paulin, 2015, Theo-
rem 3.9), which yields slightly improved constants.

However, beyond these simplifications, we do not ex-
pect the reversibility assumption to yield fundamen-
tally sharper bounds. The order of Markovian con-
centration remains the same regardless of reversibil-
ity; only the governing gap parameter (spectral vs.
pseudo-spectral) changes. Furthermore, Wolfer and
Kontorovich (2021) established minimax-optimal rates
for estimating Markov chain kernels, demonstrating
that simple visitation-based empirical transition estima-
tion yields a tight upper bound for any ergodic Markov
chain, whereas their lower-bound construction involves
reversible chains (Wolfer and Kontorovich, 2021, Sec-
tion 6.4). Because our transition estimation in Stage II
mirrors this approach (applied to grouped trajectories
based on the initial clustering), restricting the scope to
reversible chains is unlikely to improve the theoretical
clustering error rate.

5 DISCUSSIONS

Throughout the discussions, for simplicity, we assume
αmin ≍ 1/K, i.e., roughly balanced cluster sizes.

(1) Gaps Between Upper and Lower Bounds.
By comparing our lower bound (Theorem 3.1) and
upper bound (Theorem 4.2), we identify two key gaps.

The first concerns the clustering error rates: the lower
bound scales as exp(−2HD), while the upper bound
scales as exp(−CηγpsHDπ), where Cη is a constant
depending on the regularity parameters ηp and ηπ.
The upper bound thus contains an additional multi-
plicative factor of γps in the exponential term. The
second gap pertains to the requirement on the horizon
length H. Specifically, the lower bound holds for any
H ≥ 2 and T ≥ 1, while the upper bound requires
H = Ω̃(γ−1

ps (S
2 ∨ π−1

min ∨KS)) and TH = Ω̃(γ−1
ps KS2),

omitting logarithmic and other factors.

Specifically, the first gap arises from employing the
Markovian Bernstein concentration inequality of Paulin
(2015), which relies on decomposing the trajectories
of the Markov chain into nearly independent blocks of
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length proportional to γpsH (Yu, 1994; Janson, 2004;
Lezaud, 1998). Recent results confirm that this depen-
dence on γps in the exponent is indeed unavoidable for
(reversible) Markov chains: there exist chains for which
the concentration rate matches this dependency (Jiang
et al., 2018; Fan et al., 2021; Rabinovich et al., 2020).
The second gap stems from the concentration of Ŵ
around W , which in turn requires accurate estimation
of the transition kernels. Wolfer and Kontorovich (2021,
Theorem 3.2) show the following requirement on H: if
H = o

(
1

ε2πmin
+ S

γps

)
, then no estimator can achieve

ε-accuracy in ∥·∥2→∞.4

We believe these gaps indicate that the current lower
bound is loose, as the lower bound analysis assumes
complete knowledge of the p’s; we leave it to future
work to establish a tighter lower bound. Conceptually,
this fits within a nonparametric testing viewpoint (Tsy-
bakov, 2009): how does uncertainty in the underly-
ing measures degrade testing power and, in turn, the
achievable clustering error?

(2) Comparison with Kausik et al. (2023). From
an algorithmic perspective, a notable limitation of
Kausik et al. (2023) is that their approach requires prior
knowledge of the problem parameters K, α, and ∆,
whereas our proposed algorithm is entirely parameter-
free. Turning to the statistical guarantees, we recall
their condition for exact cluster recovery:
Assumption 3 (Assumption 2 of Kausik et al. 2023).
∃α,∆ > 0 s.t. ∀k ̸= k′ ∈ [K] ∃s = s(k, k′) :

π(k)(s), π(k′)(s) ≥ α and
∥∥∥p(k)(·|s)− p(k

′)(·|s)
∥∥∥
2
≥ ∆.

Theorem 5.1 (Theorem 3 of Kausik et al. 2023). Sup-
pose that Assumptions 1 and 3 hold. Set the occur-
rence and histogram clustering thresholds as β = α

3

and τ = 3∆2

4 . Then, with H ≳ K3/2tmix
(log(T/(αδ)))

4

α3∆6

and T ≳ K2S log(1/δ)
α3∆8 , their Algorithm 2 attains exact

clustering with probability at least 1− δ.

Kausik et al. (2023) treat α and ∆ as constants, inde-
pendent of the number of states S and the trajectory
length H. This assumption allows their condition on H
to avoid any polynomial dependence on S, and ensures
that the requirement on T scales only linearly with
S. In effect, they implicitly assume that for every pair
k ̸= k′, there exists a highly visited state s(k, k′) with
constant separation and from which clusters can be
identified. However, this assumption does not generally
hold. For example, in uniform-like Markov chains where
π(s) ≍ 1/S, they require5 H ≳ γ−1

ps K
3/2S3(log T )4

4Their theorem is stated for ∥·∥1→∞, but the same ar-
gument applies to ∥·∥2→∞ with minimal modification.

5Kausik et al. (2023) wrote their guarantees in terms
of the mixing time tmix. Here, for a clear comparison, we

and T ≳ K2S4 log T (with δ = 1/T ), which are
impractically large. In the same regime, our algo-
rithm requires only H ≳ γ−1

ps (S
2 ∨ KS) log T and

TH ≳ γ−1
ps KS2, significant improvements. An interest-

ing future direction is to ask whether an instance-wise
near-optimal algorithm can be designed – achieving
the near-optimal error rate guarantee when the cluster
recovery condition requires only H ≳ γ−1

ps log T un-
der Assumption 3 with α∆2 = Ω(1), yet requires only
H ≳ γ−1

ps (S
2∨π−1

min∨KS) log T (or better) in the worst
case, ignoring other factors.

(3) Different gaps: Dπ, ∆W , and α∆2. Through-
out this paper, we have introduced several notions of
separability gaps: the KL gap Dπ, the “aggregated” ℓ2
gap ∆W , and the ∆, α from Kausik et al. (2023). The
following proposition makes their relationships precise
(see Appendix D for the proof):

Proposition 5.1. We have the following: with pmax :=
maxk∈[K] maxs,s′∈S p(k)(s′|s),

(a) pmaxDπ ≳ α∆2; (b) pmaxDπ+
√
Dπ/πmin ≳ ∆2

W ;

(c) under Assumption 2, ∆2
W ≳ α∆2−O((√ηπ−1)2).

The inequality (b) holds up to uniform ergodicity con-
traction constants (see Appendix D). Because of our
particular choice of W (Eqn. (5)), the gaps ∆2

W , α∆2,
and Dπ are comparable. Indeed, for η-regular ergodic
Markov chains with α∆2 ≳ (

√
ηπ − 1)2, we roughly

have α∆2 ≲ ∆2
W ≲ pmaxDπ.

Intuitively, Kausik et al. (2023)’s α∆2 accounts for
separation from a single “good” state; ∆W aggregates
information across all states but in a geometrically sub-
optimal manner; our Dπ reflects the “correctly” aggre-
gated information. Moreover, for uniform-like Markov
chains where pmax ≍ 1

S , Proposition 5.1(b) implies a
factor-S gap between Dπ and the other two gaps.

Although our optimal clustering error rates depend only
on Dπ, the success of ℓ2-based spectral clustering in
Stage I requires H ≳ 1

Dπ∆2
W

. For comparison, Kausik
et al. (2023) requires H ≳ 1

(α∆2)3 , reflecting a heavier
dependence on more suboptimal separability gap. To
make the contrast between ∆2

W and α∆2 explicit, we
construct an instance of MMC – which may be of
independent interest – where the three gaps exhibit a
strict hierarchy in terms of S-factor (see Appendix E
for the proof):

Proposition 5.2. There exists an instance of clus-
tering in MMC such that Dπ ≍ S∆2

W ≍ S2α∆2.

write them in terms of γ−1
ps . Indeed, both are of same order,

up to log π−1
min (Paulin, 2015, Proposition 3.4).
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Figure 1: Clustering error rates of our and Kausik et al. (2023)’s algorithms on Cyclic-Bump MMC.

(4) Computational Scalability. While our algo-
rithm achieves near-optimal statistical guarantees,
it is not currently optimized for computational ef-
ficiency. Specifically, the SVD step in Stage I
(line 1 of Algorithm 1) requires O(TS2) space and
O
(
TS2 min(T, S2)

)
time, which poses a scalability bot-

tleneck for large state spaces S or trajectory counts T .
We leave the development of scalable variants to future
work; see Appendix J(1) for some potential directions.

6 EXPERIMENTS

Setting. We evaluate our algorithm on the Cyclic-
Bump MMC, a synthetic instance from Proposi-
tion 5.2 (Appendix E.1), with S = 10, ζ = 0.9/S,
and K = 3. We compare three variants of our method
(known K): Stage I, Stage I+II (EM1), and Stage
I+II (EM10), where the latter tests the benefit of mul-
tiple EM iterations. We benchmark against Kausik
et al. (2023), denoted Kausik (th1e-05), Kausik
(th1e-04), and Kausik (th1e-03), where ‘th’ refers
to the threshold level, a hyperparameter that we sweep
over {10−5, 10−4, 10−3}. ‘+EM’ denotes running 10
EM iterations on top of the subspace-based clustering
of Kausik et al. (2023). We also include the Oracle
likelihood test, which is statistically optimal by the
Neyman-Pearson lemma (Neyman and Pearson, 1933).
Further details are relegated to Appendix F.1.

Results. As shown in Figure 1, Stage I alone al-
ready outperforms Kausik et al. (2023). We also note
that their performance is highly sensitive to the tuning
of the threshold hyperparameter. Adding Stage II
refinement (EM1, EM10) further boosts accuracy—
especially in the low-H, high-T regime—approaching
the Oracle curve as theoretically predicted.

Additional Experiments. In Appendix F, we pro-
vide four ablation studies: the impact of Stage II itera-
tions, the impact of S and T on performance and run-
time, unknown K, and varying pseudo-spectral gaps
γps (Appendices F.2–F.5). We also evaluate on the
Last.fm 1K (Celma, 2010) dataset in Appendix F.6,
where we significantly outperform Kausik et al. (2023).

7 CONCLUSION

This paper studies trajectory clustering in MMCs. We
established an instance-specific lower bound on the
achievable clustering error and developed a compu-
tationally tractable two-stage algorithm that attains
near-optimal rates without requiring any prior knowl-
edge of the underlying MMC model. The key ingredient
is Stage I, which introduces a new injective Euclidean
embedding for ergodic Markov chains, thereby enabling
sharp concentration guarantees for spectral clustering.
We numerically validate the efficacy of our algorithm.
Further future directions are detailed in Appendix J.
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Checklist

1. For all models and algorithms presented, check if
you include:

(a) A clear description of the mathematical set-
ting, assumptions, algorithm, and/or model.
[Yes] Section 3,4

(b) An analysis of the properties and complexity
(time, space, sample size) of any algorithm.
[Yes] Section 3,4

(c) (Optional) Anonymized source code, with
specification of all dependencies, including
external libraries. [Yes] Appendix F.

2. For any theoretical claim, check if you include:

(a) Statements of the full set of assumptions of
all theoretical results. [Yes] Section 3,4

(b) Complete proofs of all theoretical results.
[Yes] The whole Appendix

(c) Clear explanations of any assumptions. [Yes]
Section 2, 4

3. For all figures and tables that present empirical
results, check if you include:

(a) The code, data, and instructions needed to re-
produce the main experimental results (either
in the supplemental material or as a URL).
[Yes] Appendix F.

(b) All the training details (e.g., data splits, hy-
perparameters, how they were chosen). [Yes]
Appendix F.

(c) A clear definition of the specific measure or
statistics and error bars (e.g., with respect to
the random seed after running experiments
multiple times). [Yes] Appendix F.

(d) A description of the computing infrastructure
used. (e.g., type of GPUs, internal cluster,
or cloud provider). [No] Simple CPU experi-
ments.

4. If you are using existing assets (e.g., code, data,
models) or curating/releasing new assets, check if
you include:

(a) Citations of the creator If your work uses
existing assets. [Yes] Appendix F

(b) The license information of the assets, if appli-
cable. [Not Applicable]

(c) New assets either in the supplemental material
or as a URL, if applicable. [Yes] Appendix F

(d) Information about consent from data provider-
s/curators. [Not Applicable]

(e) Discussion of sensible content if applicable,
e.g., personally identifiable information or of-
fensive content. [Not Applicable]

5. If you used crowdsourcing or conducted research
with human subjects, check if you include:

(a) The full text of instructions given to partici-
pants and screenshots. [Not Applicable]

(b) Descriptions of potential participant risks,
with links to Institutional Review Board (IRB)
approvals if applicable. [Not Applicable]

(c) The estimated hourly wage paid to partici-
pants and the total amount spent on partici-
pant compensation. [Not Applicable]
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Near-Optimal Clustering in Mixture of Markov Chains

A PROOF OF THEOREM 3.1 – FUNDAMENTAL LOWER BOUND

Let (ε, δ) ∈ [0, 1]×(0, 1/2], α ∈ ∆([K]), and T ∈ N be fixed. Let c = εT be the “target” number of misclassifications.
Let f (0) ≜ f : [T ] → [K] be the ground-truth clustering satisfying α(0) := α(f (0)) = α, and let us denote
C(0)k := (f (0))−1(k) = {t ∈ [T ] : f (0)(t) = k} be the set of trajectories in the k-th cluster.

We recall the following notion of distance between two clustering functions f, g : [T ]→ [K]:

ET (f, g) := min
σ∈Sym(K)

∑
t∈[T ]

1[f(t) ̸= σ(g(t))]. (8)

This is a proper metric on a suitable space of allocations, as shown in the following proposition (its proof deferred
to the end of this section):

Proposition A.1. Let F(T,K) := [K]T = {f | f : [T ] → [K]} and F̃(T,K) := F(T,K)/ ∼, where f ∼ g iff
∃σ ∈ Sym(K) s.t. f = σ ◦ g. Then, ET (·, ·) is a proper metric on F̃(T,K).

Let us arbitrarily fix a ̸= b ∈ [K] that we will optimize later. We construct MT alternate hypotheses {f (m) :
[T ]→ [K]}m∈[Mn] by re-allocating some trajectories from cluster b to a. We denote the probability measure and
expectation w.r.t. each m-th allocation as Pm and Em, respectively.

The construction will satisfy the following conditions for all m ∈ [MT ]: denoting C(m)
k := (f (m))−1(k) for k ∈ [K],

(C1) Ca(0) ⊂
⋂

m∈[MT ] Ca(m), |Ca(m)| = αan+ 2c, and |Cb(m)| = αbn− 2c,

(C2) ET (f
(m), f (ℓ)) > 2c, ∀m, ℓ ∈ {0} ∪ [MT ],

(C3) C(m)
k = C(0)k , ∀k ∈ [K] \ {a, b}.

The following lemma quantifies the minimum number of such hypotheses:

Lemma A.1. MT ≥ 2
(

αbT
16ec

)c
.

Proof. The combinatorial argument here is due to Yun and Proutière (2019, Appendix B), which we reproduce
here for completeness.

First, note that there are total of
(
αbT
2c

)
partitions satisfying (C1) and (C3) by moving 2c trajectories from Cb(0)

to Ca(m). For each such partition, there are at most
∑c

ℓ=0

(
2c
ℓ

)(
αbT−2c

ℓ

)
partitions that still satisfy (C1) and (C3)

but violate (C2), as such partitions must be created via swapping ℓ elements from Cb(m) and ℓ elements from
Ca(m) \ Ca(0) with ℓ ≤ c. Thus, we have that

MT ≥
(
αbT
2c

)∑c
ℓ=0

(
2c
ℓ

)(
αbT−2c

ℓ

) (∗)
≥

(
αbT
2c

)2c
22c−1

(
eαbT

c

)c = 2

(
αbT

16ec

)c

,

where at (∗), we use the elementary inequalities
(
n
m

)m ≤ (nm) ≤ ( enm )m for n ≥ m ≥ 1.

Then, for a clustering algorithm A that outputs a f̂A : [T ] → [K], consider the following hypothesis testing
procedure:

Ra(A) = argmin
m∈{0}∪[MT ]

min
σ∈Sym(K)

∣∣∣Ca(m)△f̂−1
A (σ(a))

∣∣∣ , (9)

where for two sets A,B, A△B := (A \B) ∪ (B \A) is their symmetric difference.

Intuitively, Ra outputs the most likely hypothesis out of {0} ∪ [MT ], given some estimated cluster for a. Let
E(m) := {Ra(A) = m} be disjoint events across m ∈ {0} ∪ [MT ]. Note that for each hypothesis m ∈ [MT ], the
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corresponding α(m) := α(f (m)) satisfies ∥α−α(m)∥2 = 2
√
2c

T = 2
√
2ε ≤ β. As A is (ε, β, δ)-locally stable and any

Type I/II error w.r.t. each model Ψ(m)
n results in at least s+ 1 misclassifications (see (C2)), we must have that

min

{
P0

(
E(0)

)
, min

m∈[MT ]
Pm

(
E(m)

)}
≥ 1− δ. (10)

Furthermore, we note that

P0

 ⋃
m∈[MT ]

E(m)

 ≤ δ, (11)

as if E(m) is true for some m ∈ [MT ], then

2c < ET (f, f
(m)) ≤ ET (f̂A, f) + ET (f̂A, f

(m)) ≤ ET (f̂A, f) + c =⇒ ET (f̂A, f) > c,

which holds with probability at most δ due to A being (ε, β, δ)-stable. Note that due to the disjointness of E(m)’s,
we additionally have that

1

MT

∑
m∈[MT ]

P0

(
E(m)

)
≤ δ =⇒ min

m∈[MT ]
P0

(
E(m)

)
≤ δ

MT
. (12)

We now define the log-likelihood ratio of the given trajectories
{
Tt = (st,1, · · · , st,H)

}
t∈[T ]

under the true model
(m = 0) and the m-th alternate model:

Q(m)
T := log

Pm({Tt}t∈[T ])

P0({Tt}t∈[T ])
=

∑
t∈Ca

(m)\Ca
(0)

log
P(a)(st,1, · · · , st,H)

P(b)(st,1, · · · , st,H)
. (13)

Taking the expectation w.r.t. the m-th alternate model, we have

Em

[
Q(m)

T

]
=

∑
t∈Ca

(m)\Ca
(0)

Em

[
log

P(a)(st,1, · · · , st,H)

P(b)(st,1, · · · , st,H)

]

=
∑

t∈Ca
(m)\Ca

(0)

Em

log µ(a)(st,1)

µ(b)(st,1)
+

H−1∑
h=1

log
p(a)(st,h+1|st,h)
p(b)(st,h+1|st,h)


= 2c

KL(µ(a), µ(b)
)
+

H−1∑
h=1

∑
s∈S

P(a)(st,h = s)KL
(
p(a)(·|s), p(b)(·|s)

)
(Law of total expectation w.r.t. st,h)

= 2(H − 1)c

 1

H − 1
KL
(
µ(a), µ(b)

)
+
∑
s∈S

P(a)
H (s)KL

(
p(a)(·|s), p(b)(·|s)

)
︸ ︷︷ ︸

=:D(a,b)

.

(P(a)
H (s) := 1

H−1

∑H−1
h=1 P(a)(st,h = s))

There are two paths from here, one inspired by the arguments of Jedra and Proutière (2023) that utilizes data
processing inequality, and another inspired by Yun and Proutière (2019) that utilizes Markov’s inequality. The
former leads to the non-asymptotic guarantee, while the latter leads to the asymptotic guarantee.

Non-asymptotic guarantee. We recall the KL-version of the data processing inequality6:

6This has been referred to as the “Fundamental Inequality” in Garivier et al. (2019), as using this allows for a strikingly
simple proof of distribution-dependent bandit regret lower bounds.
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Lemma A.2 (Data Processing Inequality; Lemma 1 of Garivier et al. (2019)). Consider a measurable space
(Γ,G) equipped with two probability measure P1 and P2. Then, we have that

KL(P1,P2) ≥ sup
Z

kl(E1[Z],E2[Z]), (14)

where supZ is over all possible G-measurable random variable Z : Ω→ [0, 1] and kl is the Bernoulli KL divergence,
i.e., kl(p, q) := p log p

q + (1− p) log 1−p
1−q for p, q ∈ (0, 1).

In the above lemma, let (Γ,G) be our observation space of T trajectories, P1 = Pm, P2 = P0, and Z = 1{E(m)}.

Then, we have that

2(H − 1)cD(a,b) =
1

MT

∑
m∈[MT ]

KL (Pm,P0)

≥ 1

MT

∑
m∈[MT ]

kl
(
Pm(E(m)),P0(E(m))

)
(Lemma A.2)

≥ kl

 1

MT

∑
m∈[MT ]

Pm(E(m)),
1

MT

∑
m∈[MT ]

P0

(
E(m)

) (joint convexity of kl)

= kl

 1

MT

∑
m∈[MT ]

Pm(E(m)),
1

MT
P0

 ⋃
m∈[MT ]

E(m)


 (E(m)’s are disjoint)

(∗)
≥ kl

(
1− δ,

δ

MT

)
(∗∗)
≥ (1− δ) log

MT

δ
− log 2

≥ 1

2
log

1

δ
+

c

2
log

αbT

16ec
− 1

2
log 2 (Lemma A.1, δ ∈ (0, 1/2])

≥ 1

2
log

1

2δ
+

c

2
log

αminT

16ec
.

(∗) follows from Pm(E(m)) ≥ 1− δ (as the algorithm is (ε, β, δ)-stable), Eqn. (11), and the following well-known
properties of kl:

• q 7→ kl(p, q) is increasing in [p, 1], as

∂qkl(p, q) = −
p

q
+

1− p

1− q
=

q − p

q(1− q)
≥ 0,

• p 7→ kl(p, q) is increasing on p ∈ [1/2, 1] when q < 1/2, as

∂pkl(p, q) = log
p

q
− log

1− p

1− q
= log

p

1− p
+

1− q

q
≥ 0.

(∗∗) follows from kl(p, q) ≥ p log 1
q − log 2 (Eqn. (11) of Garivier et al. (2019)).

We conclude by rearranging the resulting inequality in terms of δ and optimizing over a ̸= b ∈ [K].

(for non-asymptotic)

Asymptotic guarantee. Let m∗ = argminm∈[MT ] P0[E(m)]. Then,

Pm∗ [Q(m∗)
T ≤ logMT ] = Pm∗

[
Q(m∗)

T ≤ logMT , E(m
∗)
]
+ Pm∗

[
Q(m∗)

T ≤ logMT , (E(m
∗))∁

]
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≤ exp(logMT )P0

[
Q(m∗)

T ≤ logMT , E(m
∗)
]
+ Pm∗

[
(E(m

∗))∁
]

(change of measure from the alternate model m∗ to the true model)

≤MTP0[E(m
∗)] + δT

≤ 2δT , (Eqn. (12))

where (δT )T∈N is such that δT → 0 as T →∞.

Thus, by Markov’s inequality,

1− 2δT ≤ Pm∗

[
Q(m∗)

T > logMT

]
≤ 2(H − 1)cD(a,b)

logMT

≤ 2(H − 1)cD(a,b)

c log αbT
16ec + log 2

. (Lemma A.1)

≤ 2(H − 1)cD(a,b)

c log αminT
16ec + log 2

.

Taking the min over a ̸= b ∈ [K] and the limit n→∞, we have that

lim inf
T→∞

2(H − 1)D
log αmin

16eε

≥ 1. (15)

(for asymptotic)

Proof of Proposition A.1. Positivity and symmetricity are trivial. Thus, it remains to show the triangle inequality.
Let f, g, h ∈ F(T,K). Then,

ET (f, h) = min
σ∈Sym(K)

∑
t∈[T ]

1[f(t) ̸= σ(h(t))]

≤ min
ν∈Sym(K)

min
σ∈Sym(K)

∑
t∈[T ]

1[f(t) ̸= ν(g(t)) ∨ ν(g(t)) ̸= σ(h(t))]

≤ min
ν∈Sym(K)

min
σ∈Sym(K)

∑
t∈[T ]

(
1[f(t) ̸= ν(g(t))] + 1[ν(g(t)) ̸= σ(h(t))]

)
≤ min

ν∈Sym(K)

∑
t∈[T ]

1[f(t) ̸= ν(g(t))] + min
ν∈Sym(K)

min
σ∈Sym(K)

∑
t∈[T ]

1[ν(g(t)) ̸= σ(h(t))]

= ET (f, g) + min
ν′∈Sym(K)

1[g(t) ̸= ν′(h(t))] (ν′ = ν−1 ◦ σ)

= ET (f, g) + ET (g, h).
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B PROOF OF THEOREM 4.1 – INITIAL SPECTRAL CLUSTERING

We remark in advance that the proofs of all supporting lemmas and propositions are deferred to the end of this
section.

We begin by establishing the following concentration result for Ŵ :
Lemma B.1 (Concentration of Ŵ to W ). Let δ ∈ (0, 1). For each s ∈ S and t ∈ [T ], the following holds with
probability at least 1− δ, given that H ≥

(
25

1−π(s) ∨ 52
)

2
π(s)γps

log 8
πminδ2

:∥∥∥∥∥∥∥
√
π(f(t))(s)p(f(t))(·|s)− 1√

HN̂t(s)
N̂t(s, ·)

∥∥∥∥∥∥∥
2

≤ 4

√
2

Hγps
log

8(Hπ(s) + 1)

πminδ2
. (16)

If we additionally assume that H ≥ 9π(s)
πmin

, the following holds with probability at least 1− δ:

∣∣∣(W )t,: − (Ŵ )t,:

∣∣∣ ≤ r̂ ≜ 8

√
S

Hγps
log

H

δ
=⇒

∥∥∥W − Ŵ
∥∥∥
2→∞

≤ 8

√
S

Hγps
log

TH

δ
. (17)

First, as
∥∥∥W − Ŵ

∥∥∥
2
≤
√
T
∥∥∥W − Ŵ

∥∥∥
2→∞

(Cape et al., 2019, Proposition 6.3), with our choice of σ̂thres :=

8
√

TS
Hγps

log TH
δ (line 3), we have from Lemma B.1 and Weyl’s inequality for singular values (Horn and Johnson,

2012, Problem 7.3.P16) that P
(
R̂ ≤ R = rank(W )

)
≥ 1 − δ. We will condition on this event throughout the

remainder of the proof.

Then, we have that ∥∥∥X̂V̂ ⊤
1:R −W

∥∥∥2
F
≤ 2R

∥∥∥X̂V̂ ⊤
1:R −W

∥∥∥2
2

≤ 4R

(∥∥∥X̂V̂ ⊤
1:R − Ŵ

∥∥∥2
2
+
∥∥∥Ŵ −W

∥∥∥2
2

)
≤ 8R(σ̂thres)

2, (with probability at least 1− δ)

= 29R
TS

Hγps
log

TH

δ
.

Let us denote Ŷ := X̂V̂1:R. We now have the following lemma:
Lemma B.2. Additionally assume that H ≳ S

∆2
W γps

log H
δ log TH

δ . Then, if t ∈ [T ] is misclassified in Algorithm 1,

then
∥∥∥Ŷt,: −Wt,:

∥∥∥
2
> ∆W

4 .

Then, we have that with probability at least 1− δ,

ET (f̂0, f) ≤

∥∥∥Ŷ −W
∥∥∥2
F

∆2
W

24

≤ 213TRS

Hγps∆2
W

log
TH

δ
.

B.1 Proof of Lemma B.1

Note that ∥∥∥∥∥∥∥
√

π(f(t))(s)p(f(t))(·|s)− 1√
HN̂t(s)

N̂t(s, ·)

∥∥∥∥∥∥∥
2
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≤
√
π(f(t))(s)

∥∥∥∥∥p(f(t))(·|s)− N̂t(s, ·)
N̂t(s)

∥∥∥∥∥
2

+

∣∣∣∣∣∣∣
√
π(f(t))(s)−

√
N̂t(s)

H

∣∣∣∣∣∣∣
∥∥∥∥∥N̂t(s, ·)

N̂t(s)

∥∥∥∥∥
2

≤
√
π(f(t))(s)

∥∥∥∥∥p(f(t))(·|s)− N̂t(s, ·)
N̂t(s)

∥∥∥∥∥
2︸ ︷︷ ︸

(i)

+

∣∣∣∣∣∣∣
√
π(f(t))(s)−

√
N̂t(s)

H

∣∣∣∣∣∣∣︸ ︷︷ ︸
(ii)

∥∥∥∥∥N̂t(s, ·)
N̂t(s)

∥∥∥∥∥
1︸ ︷︷ ︸

=1

Let us bound (i) and (ii) separately. For simplicity, we omit the dependency on t ∈ [T ].

Bounding (i). Here, we follow the proof strategy of Wolfer and Kontorovich (2021, Theorem 3.1), with two
crucial modifications: the quantity being bounded is the ℓ2-norm (not ℓ1-norm) error, and we only need to bound
the error stemming from a single state s.

Let ns ∈ N to be determined later, and let Pπ be the probability measure induced when the Markov chain starts
from its stationary distribution. Then,

Pπ

∥∥∥∥∥p(·|s)− N̂(s, ·)
N̂(s)

∥∥∥∥∥
2

> ε

 ≤ 3ns∑
n=ns

Pπ

∥∥∥∥∥p(·|s)− N̂(s, ·)
N̂(s)

∥∥∥∥∥
2

> ε, N̂(s) = ns

+ Pπ

(
N̂(s) ̸∈ Jns, 3nsK

)
.

For the first term, we utilize the scheme of reducing learning the Markovian transition kernel to learning a
discrete distribution, as described in the proof of Billingsley (1961, Theorem 3.1). Then, denoting p̂n(·|s) to be
the estimate of p(·|s) from n i.i.d. samples of p(·|s), we have that

3ns∑
n=ns

Pπ

∥∥∥∥∥p(·|s)− N̂(s, ·)
N̂(s)

∥∥∥∥∥
2

> ε, N̂(s) = n

 ≤ 3ns∑
n=ns

Pπ

(∥∥p(·|s)− p̂n(·|s)
∥∥
2
> ε
)

(∗)
≤

3ns∑
n=ns

exp

(
−ε2n

2

)

≤ (2ns + 1) exp

(
−ε2ns

2

)
,

where (∗) follows from the following ℓ2-concentration of learning discrete distribution:
Lemma B.3 (Theorem 9 of Canonne (2020)). Let S be a finite state space, p ∈ P(S), and δ ∈ (0, 1). We are
given {si}i∈[N ] with si

i.i.d.∼ p. Let p̂N ∈ P(S) be defined as p̂N (s) := 1
N

∑
i∈[N ] 1[si = s] for each s ∈ S. Then,

we have the following:

P
(
∥p− p̂N∥2 ≥ ε

)
≤ exp

(
−ε2N

2

)
, (18)

We now choose ns =
Hπ(s)

2 and utilize the Markovian Bernstein concentration, which we recall here:
Lemma B.4 (Theorem 3.4 of Paulin (2015)). Suppose of (Xh)h≥1 is an ergodic Markov chain over S with transition
probability p, initial distribution µ, and pseudo spectral gap γps. Let ϕ ∈ L2(π) with sups∈S |ϕ(s)− Eπ[ϕ]| ≤ C
for some C > 0, and Vϕ := Varπ[ϕ]. Then, we have the following: for any u ≥ 0,

P

 H∑
h=1

(ϕ(Xh)− Eπ[ϕ(Xh)]) ≥ u

 ≤ exp

− u2γps

8
(
H + 1

γps

)
Vϕ + 20Cu

 . (19)

For two integers a ≥ b, denote Ja, bK := {a, a+ 1, · · · , b}. We then have that

Pπ

(
N̂(s) ̸∈

s
Hπ(s)

2
,
3Hπ(s)

2

{)
= Pπ

(
N̂(s)−Hπ(s) ̸∈

s
−Hπ(s)

2
,
Hπ(s)

2

{)
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≤ Pπ

(∣∣∣N̂(s)−Hπ(s)
∣∣∣ > Hπ(s)

2

)

≤ 2 exp

− (Hπ(s)/2)2γps

8
(
H + 1

γps

)
π(s)(1− π(s)) + 20(Hπ(s)/2)


≤ 2 exp

(
−Hπ(s)γps

104

)
. (Assume that H > 1

γps
)

Combining everything, we have that

Pπ

∥∥∥∥∥p(·|s)− N̂(s, ·)
N̂(s)

∥∥∥∥∥
2

> ε

 ≤ (Hπ(s) + 1) exp

(
−ε2Hπ(s)

2

)
+ 2 exp

(
−Hπ(s)γps

104

)
,

and thus, with H ≥ 1
γps
∨ 104

π(s)γps
log 2

δ , we have that

Pπ

∥∥∥∥∥p(·|s)− N̂(s, ·)
N̂(s)

∥∥∥∥∥
2

>

√
2

Hπ(s)
log

2(Hπ(s) + 1)

δ

 ≤ δ. (20)

Here, we recall the following result that quantifies the price of non-stationarity due to the initial distribution µ
not necessarily being the stationary distribution π:

Lemma B.5 (Proposition 3.10 of Paulin (2015)). Let (X1, · · · , XH) be a (time-homogeneous) Markov chain with
stationary distribution π. For any measurable g : SH → R and initial distribution µ ∈ ∆(S), we have that for any
u ≥ 0,

Pµ

(
g(X1, · · · , XH) ≥ u

)
≤

√√√√√
∑
s∈S

µ(s)2

π(s)

Pπ

(
g(X1, · · · , XH) ≥ u

)
. (21)

Especially as |S| <∞, we can bound
∑

s∈S
µ(s)2

π(s) ≤
1

πmin
.

Thus,

P

∥∥∥∥∥p(·|s)− N̂(s, ·)
N̂(s)

∥∥∥∥∥
2

>

√
2

Hπ(s)
log

2(Hπ(s) + 1)

δ

 ≤√ δ

πmin
.

Reparametrizing finally gives

P

∥∥∥∥∥p(·|s)− N̂(s, ·)
N̂(s)

∥∥∥∥∥
2

>

√
2

Hπ(s)
log

8(Hπ(s) + 1)

πminδ2

 ≤ δ

2
, (22)

given that H ≥ 1
γps
∨ 104

π(s)γps
log 8

πminδ2
.

Bounding (ii). Note that

∣∣∣∣∣∣∣
√

π(s)−

√
N̂(s)

H

∣∣∣∣∣∣∣ =
∣∣∣∣π(s)− N̂(s)

H

∣∣∣∣√
π(s) +

√
N̂(s)
H

≤ 1√
π(s)

∣∣∣∣∣π(s)− N̂(s)

H

∣∣∣∣∣ .
Again, we invoke Lemma B.4:

Pπ

∣∣∣∣∣π(s)− N̂(s)

H

∣∣∣∣∣ >
√

32π(s)(1− π(s))

Hγps
log

8

πminδ2


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≤ 2 exp

− 32π(s)(1− π(s))H log 8
πminδ2

8
(
H + 1

γps

)
π(s)(1− π(s)) + 20

√
32π(s)(1−π(s))H

γps
log 8

πminγps


≤ 2 exp

− 2
√

Hπ(s)(1− π(s)) log 8
πminδ2√

Hπ(s)(1− π(s)) + 5
√

2
γps

log 8
πminδ2

 (H ≥ 1
γps

)

≤ 2 exp

−2
√
Hπ(s)(1− π(s)) log 8

πminδ2

2
√
Hπ(s)(1− π(s))

 (H ≥ 50
π(s)(1−π(s))γps

log 8
πminδ2

)

=
πminδ

2

4
.

Using Lemma B.5, we then have

P

∣∣∣∣∣π(s)− N̂(s)

H

∣∣∣∣∣ >
√

32π(s)(1− π(s))

Hγps
log

8

πminδ2

 ≤ δ

2
. (23)

Combining everything. By union bound, we have that with probability at least 1− δ,∥∥∥∥∥∥∥
√
π(f(t))(s)p(f(t))(·|s)− 1√

HN̂t(s)
N̂t(s, ·)

∥∥∥∥∥∥∥
2

≤

√
2

H
log

8(Hπ(s) + 1)

πminδ2
+

√
32(1− π(s))

Hγps
log

8

πminδ2

≤ 4

√
2

Hγps
log

8(Hπ(s) + 1)

πminδ2
. (24)

B.2 Proof of Lemma B.2

Here, we are largely inspired by the proof strategies of Yun and Proutière (2014a, Appendix C) and Yun and
Proutière (2016, Appendix C.2).

We start by defining the following sets:

Ik :=

{
t ∈ f−1(k) :

∥∥∥Ŷt,: −Wt,:

∥∥∥2
2
≤ 1

4
(r̂)2 log

TH

δ

}
, k ∈ [K] (25)

O :=

{
t ∈ [T ] : min

t′∈[T ]

∥∥∥Ŷt,: −Wt′,:

∥∥∥2
2
≥ 4(r̂)2 log

TH

δ

}
. (26)

Intuitively, Ik is the subset of trajectories of f−1(k) that will be classified accurately (with high probability), and
O is the set of trajectories that are clustered at the end (i.e., lines 12-13).

Then the following properties hold:

(i)
(⋃K

k=1 Ik
)
∩Qt = ∅ for any t ∈ O. This is because for any t′ ∈ Ik,∥∥∥Ŷt,: − (Ŷ )t′,:

∥∥∥2
2
≥ 1

2

∥∥∥Ŷt,: −Wt,:

∥∥∥2
2
−
∥∥∥(Ŷ )t′,: −Wt,:

∥∥∥2
2

((a+ b)2 ≤ 2(a2 + b2))

≥ 2(r̂)2 log
TH

δ
− 1

4
(r̂)2 log

TH

δ
(Definition of O and Ik)

=
7

4
(r̂)2 log

TH

δ
≥ (r̂)2 log

TH

δ
,

i.e., t′ ∈ Qt ⇒ t′ ̸∈
⋃Ks

k=1 Ik.
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(ii)
∣∣[T ] \ ∪Kk=1Ik

∣∣ ≤ RT
log TH

δ

. This is because

∣∣∣[T ] \ ∪Kk=1Ik
∣∣∣ ≤

∥∥∥Ŷ −W
∥∥∥2
F

mint∈[T ]\∪K
k=1Ik

∥∥∥Ŷt,: −Wt,:

∥∥∥2
2

≤ 8RT (r̂)2

1
4 (r̂)

2 log TH
δ

=
32RT

log TH
δ

(iii) Ik ⊆ Qt for any t ∈ Ik. This is because for any t, t′ ∈ Ik,∥∥∥Ŷt′,: − Ŷt,:

∥∥∥2
2
≤ 2

∥∥∥Ŷt′,: −Wt′,:

∥∥∥2
2
+ 2

∥∥∥Ŷt,: −Wt,:

∥∥∥2
2
≤ (r̂)2 log

TH

δ

(iv) If Qt ∩ Ik ̸= ∅, then Qt ∩
⋃

k′ ̸=k Ik = ∅. We show this via reductio ad absurdum. Suppose there exists k ̸= k′

such that Qt ∩ Ik ̸= ∅ and Qt ∩ Ik′ ̸= ∅. Let tk ∈ Qt ∩ Ik and tk′ ∈ Qt ∩ Ik′ . Then, by definition of Qt,

r̂

√
log

TH

δ
≥
∥∥∥Ŷtk,: − Ŷtk′ ,:

∥∥∥
2

≥
∥∥Wtk,: −Wtk′ ,:

∥∥
2
−
∥∥∥Ŷtk,: −Wtk,:

∥∥∥
2
−
∥∥∥Ŷtk′ ,: −Wtk′ ,:

∥∥∥
2

≥ ∆W − r̂

√
log

TH

δ
.

Recalling the definition of r̂, one can easily check that if H ≥ 28 S
∆2

W γps
log H

δ log TH
δ , above cannot be true,

a contradiction.

Claim B.1. K̂ = K.

Proof. Without loss of generality, assume that |I1| ≥ |I2| ≥ · · · ≥ |IK |.

We first show that for each k ∈ [K],

∃t⋆k ∈
⋃

k′∈[K]

Ik′ \
k−1⋃
ℓ=1

Sℓ s.t.

∣∣∣∣∣∣Qt⋆k
\

k−1⋃
ℓ=0

Sℓ

∣∣∣∣∣∣ ≥ |Ik|.
Due to the properties (iii) and (iv), and the greedy nature of lines 7-10, the above is indeed true.

Let {t⋆1, · · · , t⋆K} be the selected “centers” with Ik ⊆ Qt⋆k
.

Now, we show that after k has reached K + 1 in line 10, the while loop terminates. By property (ii), the number
of remaining trajectories is ∣∣∣∣∣∣[T ] \

⋃
k∈[K]

Qt⋆k

∣∣∣∣∣∣ ≤
∣∣∣∣∣∣[T ] \

⋃
k∈[K]

Ik

∣∣∣∣∣∣
(ii)

≤ 32RT

log TH
δ

,

which is precisely the termination criterion at line 7.

Thus, if a trajectory t is misclassified in the sense that it gets assigned to t⋆k′ instead of t⋆k, then it must be that∥∥∥Ŷt,: − Ŷt⋆k

∥∥∥
2
>
∥∥∥Ŷt,: − Ŷt⋆

k′

∥∥∥
2
. By the triangle inequality, this then implies that

∥∥∥Ŷt,: −Wt,:

∥∥∥
2
+
∥∥∥Ŷt⋆k,:

−Wt⋆k,:

∥∥∥
2
+
��������:0∥∥∥Wt,: −Wt⋆k,:

∥∥∥
2
≥
∥∥∥Ŷt,: − Ŷt⋆k,:

∥∥∥
2

>
∥∥∥Ŷt,: − Ŷt⋆

k′ ,:

∥∥∥
2

>
∥∥∥Wt,: −Wt⋆

k′ ,:

∥∥∥
2
−
∥∥∥Ŷt,: −Wt,:

∥∥∥
2
−
∥∥∥Ŷt⋆

k′ ,: −Wt⋆
k′ ,:

∥∥∥
2
,
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i.e., ∥∥∥Ŷt,: −Wt

∥∥∥
2
>

1

2

(∥∥∥Wt,: −Wt⋆
k′ ,:

∥∥∥
2
−
∥∥∥Ŷt⋆

k′ ,: −Wt⋆k,:

∥∥∥
2
−
∥∥∥Ŷt⋆k,:

−Wt⋆
k′ ,:

∥∥∥
2

)
≥ 1

2

(
∆W −

1

2
∆W

)
=

1

4
∆W . (t⋆k, t

⋆
k′ ∈

⋃K
k=1 Ik, see the proof of property (iv))

B.3 Proof of Lemma B.3

As the exact constants for the ℓ2-distance concentration have been left to exercise in Canonne (2020), we provide
the complete proof here.

First, we have that

E
[
∥p̂N − p∥22

]
=
∑
s∈S

E
[
(p̂N (s)− p(s))2

]
=

1

N2

∑
s∈S

Var[Bin(N, p(s))] (Np̂N (s) ∼ Bin(N, p(s)))

=
1

N

∑
s∈S

p(s)(1− p(s))

=
1

N

1−
∑
s∈S

p(s)2

 ≤ 1

N

(
1− 1

S

)
, (Cauchy-Schwartz inequality)

i.e., with N ≥ 4
ε2

(
1− 1

S

)
,

E
[
∥p̂N − p∥2

] (∗)
≤
√
E
[
∥p̂N − p∥22

]
≤ ε

2
,

where (∗) follows from Jensen’s inequality.

We now utilize the McDiarmid’s inequality (McDiarmid, 1989) to turn this into a tight high-probability guarantee.
For sN = (s1, · · · , sN ), let us define

f(sN ) := ∥p̂N − p∥2 =

√√√√ N∑
i=1

(p̂N (si)− p(si))2.

Now, let s¬i = (s1, . . . , si−1, s
′
i, si+1, . . . , sN ) for s′i ∈ {0, 1} and p̂¬i

N be the empirical distribution using x¬i.
Observe that

|f(s)− f(s¬i)| =
∣∣∣∥p̂N − p∥2 − ∥p̂¬i

N − p∥2
∣∣∣

≤ ∥p̂N − p̂¬i
N ∥2 (Triangle inequality)

=
1

N
|si − s′i| ≤

1

N
.

Thus, f satisfies the bounded difference property with ci = 1/N .

Combining everything, we have that

P
(
∥p̂N − p∥2 ≥ ε

)
≤ P

(
∥p̂N − p∥2 − E[∥p̂N − p∥2] ≥

ε

2

)
(with N ≥ 4

ε2

(
1− 1

S

)
)

≤ exp

− 2
(
ε
2

)2
N
(

1
N

)2


= exp

(
−ε2N

2

)
.
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C PROOF OF THEOREM 4.2 – LIKELIHOOD IMPROVEMENT

The proof largely follows the recipe of likelihood improvement for SBM clustering (Yun and Proutière, 2014b,a),
which dates back to the seminal works of Abbe (2018); Amini et al. (2013) and recently extended to other variants
such as labeled SBM (Yun and Proutière, 2016) and block Markov chains (Jedra et al., 2023; Sanders et al., 2020).

Let H ⊆ [T ] be the maximum subset satisfying the following: whenever t ∈ f−1(k) ∩H,

∑
s,s′∈S

N̂t(s, s
′) log

p(k)(s′|s)
p(k′)(s′|s)

≥ C(H − 1)Dπ, ∀k′ ̸= k. (27)

The first proposition bounds |H∁| in-expectation, which then leads to a w.h.p. guarantee via Markov’s inequality:

Proposition C.1. Suppose that H ≳
η2
p

γpsDπ
log 1

πmin
. With C = 1

2 , We have that

E[|H∁|] ≤ T (K − 1) exp

(
− γps(H − 1)Dπ

128(4η2p + 5 log ηp)

)
. (28)

Thus, by Markov’s inequality, we have that

P

|H∁| ≥ T exp

(
− γps(H − 1)Dπ

256(4η2p + 5 log ηp)

) ≤ K exp

(
− γps(H − 1)Dπ

256(4η2p + 5 log ηp)

)
. (29)

We next show that all trajectories in H are correctly classified with high probability:

Proposition C.2. Suppose that the following requirements on H and T hold:

H ≳
1

γps

(
S2 log T ∨ log T

πmin
∨ ηpηπRS log(TH)

αminH∆2
WDπ

)
, TH ≳

(S log T )2

γpsαminD2
π

. (30)

Then, all trajectories in H are correctly classified with probability at least 1− 1√
πminT

− 1
TH .

Note that the probability in Eqn. (29) goes to 0 as T → ∞. from our requirement that H ≳ log T (ignoring
other factors). Finally, the proof concludes by taking the worst-case, namely, that all the trajectories in H∁ are
misclassified, and applying a union bound.

C.1 Proof of Proposition C.1

First note that

E[|H∁|] =
∑
t∈[T ]

P

∃k′ ̸= f(t) ∈ [K] s.t.
∑

s,s′∈S
N̂t(s, s

′) log
p(f(t))(s′|s)
p(k′)(s′|s)

< C(H − 1)Dπ


≤ (K − 1)

∑
t∈[T ]

max
k′ ̸=f(t)∈[K]

P

 ∑
s,s′∈S

N̂t(s, s
′) log

p(f(t))(s′|s)
p(k′)(s′|s)

< C(H − 1)Dπ


≤ (K − 1)

∑
t∈[T ]

max
k′ ̸=f(t)∈[K]

P

 ∑
s,s′∈S

N̂t(s, s
′) log

p(f(t))(s′|s)
p(k′)(s′|s)

< C(H − 1)Dπ(t; k
′)

 ,

where we denote Dπ(t; k
′) := D(f(t),k′)

π =
∑

s∈S π(f(t))(s)KL(p(f(t))(·|s), p(k′)(·|s)).

As done in Sanders et al. (2020); Jedra et al. (2023), define an “augmented” Markov chain, Xt,h := (st,h, st,h+1).
For notational simplicity, let us denote p := p(f(t)) and π = π(f(t)).
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This is a Markov chain on S × S, with transition probability kernel p̃(st,h+1, st,h+2|st,h, st,h+1) = p(st,h+2|st,h+1)
and stationary distribution π̃(s, s′) = π(s)p(s′|s). We have the following property that we provide the proof at
the end:
Lemma C.1. If the pseudo-spectral gap of (st,h)h is γ, then so is that of (Xt,h)h.

Now define a function ϕk′ : S × S → R as

ϕk′(Xt,h) :=
∑

s,s′∈S
1[st,h = s, st,h+1 = s′] log

p(s′|s)
p(k′)(s′|s)

= log
p(st,h+1|st,h)

p(k′)(st,h+1|st,h)
. (31)

To apply the above concentration, we compute the necessary quantities. First, by Assumption 2, we have that for
any (s, s′) ∈ S × S,

|ϕ(s, s′)− Eπ[ϕ]| =

∣∣∣∣∣∣log p(s′|s)
p(k′)(s′|s)

−
∑

s,s′∈S
π(s)p(s′|s) log p(s′|s)

p(k′)(s′|s)

∣∣∣∣∣∣ ≤ 2 log ηp.

Also, note that

Varπ[ϕ] ≤ Eπ[ϕ
2]

=
∑
s,s′

π(s)p(s′|s)

(
log

p(s′|s)
p(k′)(s′|s)

)2

≤ 2

(
max
s′∈S

p(s′|s) ∨ p(k
′)(s′|s)

p(s′|s) ∧ p(k′)(s′|s)

)2∑
s∈S

π(s)KL
(
p(·|s), p(k

′)(·|s)
)

(Lemma 19 of SM6.3 of Sanders et al. (2020))

≤ 2η2pDπ(t; k
′). (Assumption 2)

With this, we have that

Pπ

 ∑
s,s′∈S

N̂t(s, s
′) log

p(k)(s′|s)
p(k′)(s′|s)

< C(H − 1)Dπ(t; k
′)


= Pπ

H−1∑
h=1

(ϕk′(Xt,h)− E[ϕk′(Xt,h)]) < −(1− C)(H − 1)Dπ(t; k
′)


≤ exp

(
− (1− C)2(H − 1)2(Dπ(t; k

′))2γps
32η2p(H − 1)Dπ(t; k′) + 40(log ηp)(H − 1)Dπ(t; k′)

)
(Lemma B.4, Lemma C.1, and H > 1

γps
)

≤ exp

(
− (1− C)2

8(4η2p + 5 log ηp)
γps(H − 1)Dπ(t; k

′)

)

≤ exp

(
− (1− C)2

8(4η2p + 5 log ηp)
γps(H − 1)Dπ

)
.

We choose C = 1
2 and invoke Lemma B.5, which yields

P

 ∑
s,s′∈S

N̂t(s, s
′) log

p(k)(s′|s)
p(k′)(s′|s)

<
(H − 1)Dπ(t; k

′)

2


≤

√√√√ 1

πmin
exp

(
− 1

32(4η2p + 5 log ηp)
γps(H − 1)Dπ

)

=

√√√√exp

(
log

1

πmin
− 1

32(4η2p + 5 log ηp)
γps(H − 1)Dπ

)
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≤ exp

(
− γps(H − 1)Dπ

128(4η2p + 5 log ηp)

)
,

where the last inequality is true when H − 1 >
64(4η2

p+5 log ηp)

γpsDπ
log 1

πmin
.

Proof of Lemma C.1. For notational simplicity, we omit the dependency on t. Let P and P̃ be the (bounded)
linear operators corresponding to the original Markov chain sh and the augmented Markov chain Xh := (sh, sh+1),
respectively. Then, it is clear that P̃ =

⊕
s∈S P , where

⊕
denotes the (matrix) direct sum.

We now denote P ∗ and P̃ ∗ be their adjoints on L2(π) and L2(π̃), respectively, i.e., their time reversals (Lezaud,
1998). By a well-known property of direct sum (Horn and Johnson, 2012), we have that P̃ ∗ =

⊕
s∈S P ∗. This

can also be seen via explicit computation:

p̃∗(y, y′|x, x′) :=
π̃(y, y′)p̃(x, x′|y, y′)

π̃(x, x′)
=

π(y)p(y′|y)p(x′|x)1[y′ = x]

π(x)p̃(x′|x)
=

π(y)p(x|y)
π(x)︸ ︷︷ ︸

=p∗(y|x)

1[y′ = x].

The off-diagonal zero blocks correspond to where 1[y′ = x] = 0.

Thus, we have that for every k ∈ N, (P̃ ∗)kP̃ k =
⊕

s∈S(P
∗)kP k, i.e., the spectrum of (P̃ ∗)kP̃ k is precisely S

copies of that of (P ∗)kP k. This immediately implies that γps(P̃ ) = γps(P ).

C.2 Proof of Proposition C.2

Recall that

L(k; t) :=
H−1∑
h=1

log p̂
(k)
0 (st,h+1|st,h) =

∑
s,s′∈S

N̂t(s, s
′) log p̂

(k)
0 (s′|s) (32)

where

p̂
(k)
0 (s′|s) :=

∑
t∈(f̂0)−1(k)

∑
h∈[H−1] 1[st,h = s, st,h+1 = s′]∑

t∈(f̂0)−1(k)

∑
h∈[H−1] 1[st,h = s]

. (33)

Then, Algorithm 2 ensures that t is misclassified if and only if

Et ≜ L(f̂(t); t)− L(f(t); t) > 0. (34)

We decompose Et as

Et =
∑

s,s′∈S
N̂t(s, s

′) log
p(f̂0(t))(s′|s)
p(f(t))(s′|s)︸ ︷︷ ︸

≜E1,t

+
∑

s,s′∈S
N̂t(s, s

′) log
p̂
(f̂0(t))
0 (s′|s)

p(f̂0(t))(s′|s)︸ ︷︷ ︸
≜E2,t

+
∑

s,s′∈S
N̂t(s, s

′) log
p(f(t))(s′|s)
p̂
(f(t))
0 (s′|s)︸ ︷︷ ︸

≜E3,t

We now upper bound E2,t and E3,t.

To do so, we start with the following concentration for N̂t(s, s
′), which can be derived via Lemma B.4 (similar to

Eqn. (23)): for each k ∈ [K] and t ∈ f−1(k)

P

∣∣∣N̂t(s, s
′)− (H − 1)π(k)(s)p(k)(s′|s)

∣∣∣ ≳√Hπ(k)(s)p(k)(s′|s)
γps

log
1

πminδ2

 ≤ δ, (35)
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i.e., N̂t(s, s
′) ≲ Hπ(k)(s)p(k)(s′|s) +

√
Hπ(k)(s)p(k)(s′|s)

γps
log T with probability at least 1− 1√

πminT 2

We then bound the intermediate estimation error of the transition probabilities:
Lemma C.2. Let δ ∈ (0, 1), and suppose that H ≳ 1

γpsπmin
log 1

δ . Then, for each k ∈ [K] and s, s′ ∈ S, the
following holds with probability at least 1− δ:∣∣∣∣∣log p̂

(k)
0 (s′|s)

p(k)(s′|s)

∣∣∣∣∣ ≲
√

1

γpsαkTHπ(k)(s)p(k)(s′|s)
log

αkT√
πminδ

log
1

√
πminδ

+
ηpηπe

(0)

αkT
. (36)

Then, for each t ∈ f−1(k), we have that with probability at least 1− 1√
πminT 2 ,

E2,t ≲
∑

s,s′∈S
Hπ(k)(s)p(k)(s′|s)

√ 1

γpsαkTHπ(k)(s)p(k)(s′|s)
log T +

ηpηπe
(0)

αkT


+
∑

s,s′∈S

√
Hπ(k)(s)p(k)(s′|s)

γps
log T

√ 1

γpsαkTHπ(k)(s)p(k)(s′|s)
log T +

ηpηπe
(0)

αkT


=
∑

s,s′∈S

√Hπ(k)(s)p(k)(s′|s)
γpsαkT

log T

+
Hηpηπe

(0)

αkT

+
∑

s,s′∈S

√ 1

αkT

(log T )3/2

γps
+

√
Hπ(k)(s)p(k)(s′|s)

γps
log T

ηpηπe
(0)

αkT


≤ S

√
H

γpsαkT
log T +

Hηpηπe
(0)

αkT
+

S2(log T )3/2

γps
√
αkT

+ S

√
H

γps
log T

ηpηπe
(0)

αkT

(
∑

s,s′∈S
√

π(k)(s)p(k)(s′|s) ≤ S)

≲ S

√
H

γpsαkT
log T +

Hηpηπe
(0)

αkT
(when H ≳ S2 log T

γps
)

and the same for E3,t.

Now invoking Theorem 4.1 and the union bound, we have that with probability at least 1− 1√
πminT

− 1
TH ,

E2,t, E3,t ≲ S

√
H

γpsαminT
log T +

Hηpηπ
αminT

TRS

γpsH∆2
W

log(TH). (37)

With this, we deduce that t ∈ H is misclassified only if

HDπ ≲ −E1,t < E2,t + E3,t ≲ S

√
H

γpsαminT
log T +

ηpηπ
αmin

RS

γps∆2
W

log(TH),

where the first inequality follows from the definition of H. By taking the contrapositive, we can deduce that if

HDπ ≳ S

√
H

γpsαminT
log T ∨ ηpηπ

αmin

RS

γps∆2
W

log(TH)

hold, then t ∈ H must be classified correctly after one-shot likelihood improvement.

We now collect all the requirements in blue throughout the proof, which gives:

H ≳
S2 log T

γps
∨ log T

γpsπmin
∨ ηpηπRS log(TH)

Dπαminγps∆2
W

, TH ≳
(S log T )2

D2
πγpsαmin

. (38)

The proof then concludes with union bound over t ∈ H.
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C.3 Proof of Lemma C.2

We denote Nt(s) := (H − 1)π(f(t))(s) and Nt(s, s
′) := (H − 1)π(f(t))(s)p(f(t))(s′|s) as the expected number of

visitations/transitions under the respective chain’s stationary distribution.

As x
1+x ≤ log(1 + x) ≤ x for x > −1, we have that∣∣∣∣∣log p̂

(k)
0 (s′|s)

p(k)(s′|s)

∣∣∣∣∣ ≤
∣∣∣∣∣ p̂(k)0 (s′|s)
p(k)(s′|s)

− 1

∣∣∣∣∣
=

∣∣∣∣∣∣
∑

t∈(f̂0)−1(k) N̂t(s, s
′)∑

t∈(f̂0)−1(k) N̂t(s)

1

p(k)(s′|s)
− 1

∣∣∣∣∣∣

=

∣∣∣∣∣∣∣∣∣∣∣∣
∑

t∈(f̂0)−1(k) N̂t(s, s
′)∑

t∈(f̂0)−1(k) Nt(s, s′)

∑
t∈(f̂0)−1(k) Nt(s)∑
t∈(f̂0)−1(k) N̂t(s)︸ ︷︷ ︸

≜Eest

∑
t∈(f̂0)−1(k) Nt(s, s

′)∑
t∈(f̂0)−1(k) Nt(s)

1

p(k)(s′|s)︸ ︷︷ ︸
≜Ecluster

−1

∣∣∣∣∣∣∣∣∣∣∣∣
.

Throughout the proof, let E(k)0 := f̂−1
0 (k)\f−1(k) and C(k)0 := f−1(k)∩ f̂−1

0 (k), which satisfies f̂−1
0 (k) = E(k)0 ∪̇C

(k)
0 .

We first bound Eest:∣∣∣∣∣∣
∑

t∈f̂−1
0 (k) N̂t(s, s

′)∑
t∈f̂−1

0 (k) Nt(s, s′)
− 1

∣∣∣∣∣∣ =
∣∣∣∣∑t∈f̂−1

0 (k)

(
N̂t(s, s

′)−Nt(s, s
′)
)∣∣∣∣∑

t∈E(k)
0

Nt(s, s′) +
∑

t∈C(k)
0

Nt(s, s′)

≤

∣∣∣∣∑t∈f̂−1
0 (k)

(
N̂t(s, s

′)−Nt(s, s
′)
)∣∣∣∣∑

t∈C(k)
0

Nt(s, s′)

≤

∣∣∣∣∑t∈f̂−1
0 (k)

(
N̂t(s, s

′)−Nt(s, s
′)
)∣∣∣∣

(αkT − |E(k)0 |)(H − 1)π(k)(s)p(k)(s′|s)
(|C(k)0 | ≥ αkT − |E(k)0 |)

≤
2

∣∣∣∣∑t∈f̂−1
0 (k)

(
N̂t(s, s

′)−Nt(s, s
′)
)∣∣∣∣

αkT (H − 1)π(k)(s)p(k)(s′|s)
. (|E(k)0 | ≤ e(0) ≤ αminT

2 ≤ αkT
2 )

Defining Xt := N̂t(s, s
′)−Nt(s, s

′), note that Xt’s are independent across t and satisfy Eπ[Xt] = 0. Let us define
an event M :=

{
|Xt| ≤M, ∀t ∈ f̂−1

0 (k)
}
, where M > 0 is chosen later. By Hoeffding’s inequality (Hoeffding,

1963) conditioned onM, we have that for any z ≥ 0,

Pπ


∣∣∣∣∣∣∣
∑

t∈f̂−1
0 (k)

(
N̂t(s, s

′)−Nt(s, s
′)
)∣∣∣∣∣∣∣ ≥ z

∣∣∣∣∣∣∣∣M
 ≤ exp

(
− z2

2M2|f̂−1
0 (k)|

)
.

Using Lemma B.5 to change Pπ to P and the fact that |f̂−1
0 (k)| ≤ 3αkT

2 , we have

P


∣∣∣∣∣∣∣
∑

t∈f̂−1
0 (k)

(
N̂t(s, s

′)−Nt(s, s
′)
)∣∣∣∣∣∣∣ ≥ z

∣∣∣∣∣∣∣∣M
 ≤ 1

√
πmin

exp

(
− z2

6M2αkT

)
.

We choose M ≍
√

Hπ(s)p(s′|s)
γps

log αkT√
πminδ

. Then, by Eqn. (35), we have that P(M∁) ≤ δ
2 . By reparametrizing
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z ≍M
√

αkT log 1√
πminδ

and union bound, we have that

P


∣∣∣∣∣∣∣
∑

t∈f̂−1
0 (k)

(
N̂t(s, s

′)−Nt(s, s
′)
)∣∣∣∣∣∣∣ ≥

√
αkTHπ(s)p(s′|s)

γps
log

αkT√
πminδ

log
1

√
πminδ

 ≤ δ.

Then, combining everything, the following holds with probability at least 1− δ:∣∣∣∣∣∣
∑

t∈f̂−1
0 (k) N̂t(s, s

′)∑
t∈f̂−1

0 (k) Nt(s, s′)
− 1

∣∣∣∣∣∣ ≲
√

1

γpsαkTHπ(s)p(s′|s)
log

αkT√
πminδ

log
1

√
πminδ

. (39)

For the other term, we have that∣∣∣∣∣∣
∑

t∈f̂−1
0 (k) Nt(s)∑

t∈f̂−1
0 (k) N̂t(s)

− 1

∣∣∣∣∣∣ ≤ 1∑
t∈f̂−1

0 (k) N̂t(s)

∣∣∣∣∣∣∣
∑

t∈f̂−1
0 (k)

(
N̂t(s)−Nt(s)

)∣∣∣∣∣∣∣
≲

1∑
t∈f̂−1

0 (k) N̂t(s)

√
αkTHπ(s)

γps
log

αkT√
πminδ

log
1

√
πminδ

(with probability at least 1− δ/2)

(∗)
≲

1∑
t∈f̂−1

0 (k) Nt(s)

√
αkTHπ(s)

γps
log

αkT√
πminδ

log
1

√
πminδ

(with probability at least 1− δ/2, assuming that H ≳ 1
γpsπmin

log 1
δ )

≲

√
1

γpsαkTHπ(s)
log

αkT√
πminδ

log
1

√
πminδ

,

where (∗) follows from Lemma B.4.

We now bound Ecluster:∑
t∈(f̂0)−1(k) Nt(s, s

′)∑
t∈(f̂0)−1(k) Nt(s)

1

p(k)(s′|s)
=

∑
t∈C(k)

0
p(k)(s′|s)Nt(s) +

∑
t∈E(k)

0
p(f̂0(t))(s′|s)Nt(s)(∑

t∈C(k)
0

Nt(s) +
∑

t∈E(k)
0

Nt(s)
)
p(k)(s′|s)

≤

∑
t∈C(k)

0
Nt(s) + ηp

∑
t∈E(k)

0
Nt(s)∑

t∈C(k)
0

Nt(s) +
∑

t∈E(k)
0

Nt(s)
(Assumption 2)

≤

∑
t∈C(k)

0
Nt(s) + ηp

∑
t∈E(k)

0
Nt(s)∑

t∈C(k)
0

Nt(s)

= 1 +
ηp
∑

t∈E(k)
0

Nt(s)∑
t∈C(k)

0
Nt(s)

.

Recalling that π(k)(s)’s satisfy η-regularity (Assumption 2), we then have that∑
t∈(f̂0)−1(k) Nt(s, s

′)∑
t∈(f̂0)−1(k) Nt(s)

1

p(k)(s′|s)
− 1 ≤

ηp
∑

t∈E(k)
0

(H − 1)π(f̂0(t))(s)

(αkT − |E(k)0 |)(H − 1)π(k)(s)
(|C(k)0 | ≥ αkT − |E(k)0 |)

≤ 2ηpηπ|E(k)0 |
αkT

(Assumption 2, |E(k)0 | ≤ e(0) ≤ αminT
2 ≤ αkT

2 )

We also have that∑
t∈(f̂0)−1(k) Nt(s, s

′)∑
t∈(f̂0)−1(k) Nt(s)

1

p(k)(s′|s)
=

∑
t∈C(k)

0
p(k)(s′|s)Nt(s) +

∑
t∈E(k)

0
p(f̂0(t))(s′|s)Nt(s)(∑

t∈C(k)
0

Nt(s) +
∑

t∈E(k)
0

Nt(s)
)
p(k)(s′|s)
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≥

∑
t∈C(k)

0
Nt(s) + η−1

p

∑
t∈E(k)

0
Nt(s)∑

t∈C(k)
0

Nt(s) +
∑

t∈E(k)
0

Nt(s)
(Assumption 2)

= 1 +
(η−1

p − 1)
∑

t∈E(k)
0

Nt(s)∑
t∈C(k)

0
Nt(s) +

∑
t∈E(k)

0
Nt(s)

> 0,

i.e., we can bound Ecluster as

|Ecluster − 1| ≤ 2ηpηπe
(0)

αkT
. (40)

Combining everything, we are done.
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D PROOF OF PROPOSITION 5.1 – RELATIONSHIP BETWEEN DIFFERENT
GAPS

D.1 (a) Relationship between Dπ and Kausik et al. (2023)’s α,∆

We first recall the following lemma connecting the KL divergence and the L2-distance between two probability
measures on a finite state space S:

Lemma D.1. For two probability mass functions p, q over a finite state space S, we have

log e
2

qmax ∨ pmax
L2(p, q) ≤ KL(p, q) ≤ 1

mins∈S q(s)
L2(p, q), (41)

where pmax := maxs∈S p(s), qmax := maxs∈S q(s), and L2(p, q) :=
∑

s∈S(p(s)− q(s))2

Then, note that for each k ̸= k′,

D(k,k′) ≥ π(k)(s(k, k′))KL
(
p(k)(·|s(k, k′)), p(k

′)(·|s(k, k′))
)
≥
(
log

e

2

)
α∆2

pmax
,

where we recall that pmax := maxk∈[K] maxs,s′∈S p(k)(s′|s).
Remark 4. Note that the first inequality is tight if such s(k, k′) is unique because s(k, k′) is the only state from
which k and k′ can be meaningfully distinguished. Also, if there are W (k, k′) number of such s(k, k′)’s, then the
lower bound can be improved to

(
log e

2

)
W (k, k′) α∆2

pmax
.

Proof of Lemma D.1. The second inequality is due to Csiszar and Talata (2006, Lemma 6.1). The first inequality
is due to a Stackoverflow post and user Ze-Nan Li’s answer, whose proof we reproduce here for completeness.

Let us define η(s) := q(s)−p(s)
p(s) and partition S as follows:

S =
{
s ∈ S : η(s) > 1

}︸ ︷︷ ︸
≜S+

∪̇
{
s ∈ S : η(s) ≤ 1

}︸ ︷︷ ︸
≜S−

. (42)

Then it is easy to see that

(i) For s ∈ S+, 1 + η(s) ≤ 2η(s) = eη(s) log 2, and

(ii) For s ∈ S−, 1 + η(s) ≤ eη(s)−cη(s)2 , where c := log e
2 .

Then,

KL(p, q) :=
∑
s∈S

p(s) log
p(s)

q(s)

= −
∑
s∈S+

p(s) log(1 + η(s))−
∑
s∈S−

p(s) log(1 + η(s))

≥ − log 2
∑
s∈S+

p(s)η(s)−
∑
s∈S−

p(s)(η(s)− cη(s)2)

= c
∑
s∈S+

p(s)η(s)−
��

����*
0∑

s∈S
p(s)η(s) + c

∑
s∈S−

p(s)η(s)2

= c
∑
s∈S+

(q(s)− p(s)) + c
∑
s∈S−

(q(s)− p(s))2

p(s)

≥ c
∑
s∈S+

q(s)
q(s)− p(s)

q(s)
+

c

pmax

∑
s∈S−

(q(s)− p(s))2.

https://mathoverflow.net/questions/393458/is-there-an-inequality-relation-between-kl-divergence-and-l-2-norm/434695#434695
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Now, for s ∈ S+, we have that 0 < q(s)−p(s)
q(s) ≤ 1, and thus,

KL(p, q) ≥ c
∑
s∈S+

q(s)
q(s)− p(s)

q(s)
+

c

pmax

∑
s∈S−

(q(s)− p(s))2

≥ c
∑
s∈S+

q(s)

(
q(s)− p(s)

q(s)

)2

+
c

pmax

∑
s∈S−

(q(s)− p(s))2

≥ c

qmax ∨ pmax

∑
s∈S

(q(s)− p(s))2︸ ︷︷ ︸
=L2(p,q)

.

D.2 (b) Relationship between Dπ and ∆W

We first provide the full statement of (b), then provide its proof:

Proposition D.1. We have

∆2
W ≤ min

k ̸=k′

{
2pmax

log e
2

D(k,k′)
π + 4H2

(
π(k), π(k′)

)}
, (43)

where H2(·, ·) is the Hellinger distance: H2(p, q) := 1
2

(∑
s∈S(

√
p(s)−

√
q(s))2

) 1
2

. Furthermore, we also have
the following slightly more relaxed bound:

∆2
W ≤ 7

(
pmaxDπ +

(
⌈logρ M−1⌉+ 1

1− ρ

)√
1

2πmin
Dπ

)
, (44)

where ρ and M are the contraction constants from the definition of uniformly ergodic Markov chains7.

Proof. For each s ∈ S,∥∥∥∥√π(k)(s)p(k)(·|s)−
√
π(k′)(s)p(k

′)(·|s)
∥∥∥∥2
2

=

∥∥∥∥∥
√
π(k)(s)

(
p(k)(·|s)− p(k

′)(·|s)
)
+

(√
π(k)(s)−

√
π(k′)(s)

)
p(k

′)(·|s)

∥∥∥∥∥
2

2

≤ 2π(k)(s)
∥∥∥p(k)(·|s)− p(k

′)(·|s)
∥∥∥2
2
+ 2

(√
π(k)(s)−

√
π(k′)(s)

)2 ∥∥∥p(k′)(·|s)
∥∥∥2
2

≤ 2π(k)(s)
∥∥∥p(k)(·|s)− p(k

′)(·|s)
∥∥∥2
2
+ 2

(√
π(k)(s)−

√
π(k′)(s)

)2

≤ 2pmax

log e
2

π(k)(s)KL
(
p(k)(·|s), p(k

′)(·|s)
)
+ 2

(√
π(k)(s)−

√
π(k′)(s)

)2

(Lemma D.1)

We conclude the first part by summing over s ∈ S and taking a minimum over k ̸= k′.

For the second part, we start by recalling Le Cam’s inequality (Tsybakov, 2009, Lemma 2.3):

H2
(
π(k), π(k′)

)
≤ TV

(
π(k), π(k′)

)
.

7Recall that the Markov chain with stationary distribution π and transition matrix P is uniformly ergodic if there
exists ρ ∈ (0, 1) and M > 0 such that maxs∈S

∥∥∥PH(s, ·), π
∥∥∥
1
≤ MρH for all H ∈ N.
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We utilize the perturbation bound for Markov chains (Mitrophanov, 2005, Corollary 3.1) to obtain

TV
(
π(k), π(k′)

)
≤
(
⌈logρ M−1⌉+ 1

1− ρ

)
max
s∈S

TV
(
p(k)(·|s), p(k

′)(·|s)
)

≤
(
⌈logρ M−1⌉+ 1

1− ρ

)√
1

2
max
s∈S

KL
(
p(k)(·|s), p(k′)(·|s)

)
(Pinsker’s inequality)

≤
(
⌈logρ M−1⌉+ 1

1− ρ

)√
1

2πmin

∑
s∈S

π(k)(s)KL
(
p(k)(·|s), p(k′)(·|s)

)
=

(
⌈logρ M−1⌉+ 1

1− ρ

)√
1

2πmin
D(k,k′)

π .

As 2
log e

2
< 7, we finally have that

∆2
W ≤ 7 min

k ̸=k′

{
pmaxD(k,k′)

π +

(
⌈logρ M−1⌉+ 1

1− ρ

)√
1

2πmin
D(k,k′)

π

}

= 7

(
pmaxDπ +

(
⌈logρ M−1⌉+ 1

1− ρ

)√
1

2πmin
Dπ

)
,

where the last equality follows from the fact that z 7→ c1z+c2
√
z is strictly increasing for z > 0 and c1, c2 > 0.

D.3 (c) Relationship between ∆W and Kausik et al. (2023)’s α,∆

Similarly, for each s ∈ S,∥∥∥∥√π(k)(s)p(k)(·|s)−
√
π(k′)(s)p(k

′)(·|s)
∥∥∥∥2
2

=

∥∥∥∥∥
√
π(k)(s)

(
p(k)(·|s)− p(k

′)(·|s)
)
+

(√
π(k)(s)−

√
π(k′)(s)

)
p(k

′)(·|s)

∥∥∥∥∥
2

2

≥ 1

2
π(k)(s)

∥∥∥p(k)(·|s)− p(k
′)(·|s)

∥∥∥2
2
−
(√

π(k)(s)−
√
π(k′)(s)

)2 ∥∥∥p(k′)(·|s)
∥∥∥2
2

≥ 1

2
π(k)(s)

∥∥∥p(k)(·|s)− p(k
′)(·|s)

∥∥∥2
2
− π(k)(s)

1−

√
π(k′)(s)

π(k)(s)

2

≥ 1

2
π(k)(s)

∥∥∥p(k)(·|s)− p(k
′)(·|s)

∥∥∥2
2
− π(k)(s)

(
√
ηπ − 1)2 ∨

(
1− 1
√
ηπ

)2
 . (Assumption 2)

Summing over s ∈ S and taking the min over k ̸= k′, we have:

∆2
W ≥

1

2

∑
s∈S

π(k)(s)
∥∥∥p(k)(·|s)− p(k

′)(·|s)
∥∥∥2
2
−

(
√
ηπ − 1)2 ∨

(
1− 1
√
ηπ

)2


≥ 1

2
α∆2 −

(
√
ηπ − 1)2 ∨

(
1− 1
√
ηπ

)2
 . (45)
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E PROOF OF PROPOSITION 5.2 – HARD INSTANCE WITH S-DEPENDENT
SEPARATION ACROSS GAPS

Fix S ≥ 2, K ≥ 1, horizon H, and 0 < ζ < 1/S. For simplicity, we assume that S ≥ K, and we also fix the initial
distribution to be uniform, i.e., µ = Unif([S]) with S = [S].

E.1 Construction of Cyclic-Bump MMC

We now introduce our construction, which we refer to cyclic-bump MMC. Intuitively, this is done by starting
from an everywhere-uniform chain, then repeatedly adding doubly-stochastic perturbations via a small circulant
flow of magnitude ζ.

Rigorously speaking, we first define the uniform chain’s transition kernel U = 1
S11

⊤, where 1 is an S-dimensional
all-1 column vector. We set the first chain to be P (1) = U . Then, define the remaining K − 1 kernels as

P (k+1) := U + ζ
(
Ck − Ck+1

)
, (46)

where the k-step cyclic right-shift permutation matrix Ck is defined as(
Ck
)
i,j

:= 1[j ≡ i+ k mod S]. (47)

Claim E.1. For all k ≥ 1, P (k) defines an ergodic Markov chain with uniform stationary distribution: π(k)(·|s) =
Unif([S]) for all s ∈ [S].

Proof. The statement is trivial for k = 1, and so we focus on k ≥ 2.

P (k) is well-defined, doubly-stochastic transition matrix. Entrywise-positivity follows from our choice ζ < 1
S . As

for doubly-stochasticity, first note that as each of Ck and Ck+1 is a permutation matrix, every row and column
sums to 1. Thus, every row and column of Ck − Ck+1 sums to 0. As U is doubly-stochastic, so is P (k).

Uniform Stationarity. Let u⊤ = 1
S1

⊤ be the row-vector describing the uniform distribution over [S]. Because u⊤

is invariant under any permutation, we have that u⊤Ck = u⊤. Hence

u⊤P (k) = u⊤U + ζ
(
u⊤Ck − u⊤Ck+1

)
= u⊤ + ζ(u⊤ − u⊤) = u⊤,

so π(k) = u is stationary. Finally, as P (k) is entrywise strictly positive, it defines an ergodic Markov chain, hence
π(k) (as defined previously) is indeed the unique stationary distribution of P (k).

E.2 Explicit Computations of the Gaps

With the above construction, we now compute each gap explicitly.

Computing α∆2. First, we know that α = 1
S , and so it suffices to compute ∆2, which is the (maximum) ℓ2-gap

of the outgoing transitions. From direct computations, we have that for k, k′ ≥ 2,∥∥∥P (k)(·|s)− P (1)(·|s)
∥∥∥2
2
= 2ζ2

and ∥∥∥P (k)(·|s)− P (k′)(·|s)
∥∥∥2
2
=

{
4ζ2, k′ − k ̸= ±1,
6ζ2, k′ − k = ±1.

All in all, we have that α∆2 = 6ζ2

S .
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Computing ∆2
W . By definition and the above computations, we have that

∆2
W := min

k ̸=k′

∑
s∈S

∥∥∥∥√π(k)(s)P (k)(·|s)−
√
π(k′)(s)P (k′)(·|s)

∥∥∥∥2
2

=
1

S
min
k ̸=k′

∑
s∈S

∥∥∥P (k)(·|s)− P (k′)(·|s)
∥∥∥2
2

=
1

S

∑
s∈S

2ζ2 = 2ζ2.

Computing Dπ. From direct computations, we have that for k, k′ ≥ 2,

KL
(
P (k)(·|s), P (1)(·|s)

)
=

1

S
log
(
(1 + ζS)(1− ζS)

)
+ ζ log

1 + ζS

1− ζS
,

KL
(
P (1)(·|s), P (k)(·|s)

)
=

1

S
log

1

(1 + ζS)(1− ζS)
,

and

KL
(
P (k)(·|s), P (k′)(·|s)

)
=


ζ log (1+ζS)2

1−ζS , k′ − k = 1,

ζ log 1+ζS
(1−ζS)2 , k′ − k = −1,

ζ log 1+ζS
1−ζS , k′ − k ̸= ±1.

As the above computation holds across all s’s and as π(k)’s are all uniform, it suffices to take the minimum over
the above five outcomes. As ζS ∈ (0, 1), it is clear that

ζ log
(1 + ζS)2

1− ζS
∨ ζ log

1 + ζS

(1− ζS)2
> ζ log

1 + ζS

1− ζS
>

1

S
log
(
(1 + ζS)(1− ζS)

)
+ ζ log

1 + ζS

1− ζS
,

and thus, it suffices to compare between KL
(
P (k)(·|s), P (1)(·|s)

)
and KL

(
P (1)(·|s), P (k)(·|s)

)
. The following

claim, whose proof is deferred to the end of this subsection, shows that the former quantity is smaller than the
latter:
Claim E.2. KL

(
P (k)(·|s), P (1)(·|s)

)
≤ KL

(
P (1)(·|s), P (k)(·|s)

)
.

All in all, we then have that

Dπ =
1

S
log
(
(1 + ζS)(1− ζS)

)
+ ζ log

1 + ζS

1− ζS
.

Comparing everything. Let ζ = 1
2S for simplicity.8 Then, we have that

α∆2 =
3

2S3
, ∆2

W =
1

2S2
, Dπ =

1

S
log

3
√
3

4
,

i.e., for this instance of clustering in MMC, we have that

S2α∆2 ≍ S∆2
W ≍ Dπ. (48)

Proof of Claim E.2. Let z = ζS ∈ (0, 1). Then, one can rewrite the inequality as

g(z) ≜ 2 log(1− z2) + z log
1 + z

1− z
≤ 0, ∀z ∈ (0, 1).

As g(0) = 0, it suffices to show that g(·) is monotone decreasing for z ∈ (0, 1). To see this, we compute its first
and second derivatives:

g′(z) = log
1 + z

1− z
− 2z

1− z2
, g′′(z) = − 4z2

(1− z2)2
≤ 0.

As g′(0) = 0 as well, we are done.
8One could do an asymptotic expansion of the KL-divergence for a more generic asymptotic comparison.
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E.3 Discussions

Various Perspectives on Cyclic–Bump MMCs. Our construction is most naturally viewed as circulant
perturbation of an ergodic Markov kernel with a divergence-free circulation on the transition graph: we add and
cancel small cyclic shifts so that row and column sums remain unchanged and the stationary distribution stays the
same, directly connecting to classical analyses of circulant/group-based chains and their spectra (Diaconis, 1988;
Levin and Peres, 2017). Geometrically, the perturbation is a small, local move inside the Birkhoff–von Neumann
polytope9: starting from the point U , we stay within the affine subspace of doubly-stochastic matrices by moving
along a divergence-free direction given by a scaled signed difference of permutation vertices, which is interesting
in its own right from a polyhedral viewpoint. The construction presented here shares principles with irreversible
and lifted Markov Chain Monte Carlo (MCMC) methods. Specifically, these methods introduce a cycle flow to
modify the chain’s spectral properties and accelerate mixing, all while preserving the target distribution (Chen
et al., 1999; Diaconis, 1988). Our work diverges from this literature in a crucial way: whereas lifting requires
expanding to a larger state space (Chen et al., 1999), our construction modifies the chain while preserving the
original state space [S].

What if K > S? Our construction assumed K ≤ S so that single-bump shifts can be chosen distinct; when
K > S,10 indices coincide modulo S (e.g., 1 and K + 1 ≡ 1 mod K), and the corresponding single-bump
components become identical (hence non-identifiable) if they use the same amplitude. To retain distinctness while
preserving the uniform stationary distribution and ergodicity, one can: (i) vary amplitudes across components,
taking P (k) = U + ζk

(
Ck − Ck+1

)
with ζk ̸= ζk′ and 0 < ζk < 1/S; (ii) use multi-bump combinations

P (k) = U+
∑

r∈Rk
ζk,r
(
Ck+r−Ck+r+1

)
with

∑
r ζk,r < 1/S and Rk ⊂ [K]; or (iii) adopt a general small circulant

combination P (k) = U +
∑S−1

m=1 ak,mCm with
∑

m ak,m = 0 and
∑S−1

m=1|ak,m| < 1/S (a simple sufficient positivity
condition). Option (iii) has a natural Fourier/representation-theoretic interpretation on the cyclic group (circulant
kernels diagonalized by the discrete Fourier transform); see Diaconis (1988) for background.

Why Dπ is Large while ∆2
W is Small? From an information–geometric perspective, the gap stems from the

Fisher information metric underlying KL divergence (Amari, 2016; Nielsen, 2020). This metric reweights directions
by the inverse probabilities, amplifying changes along low-mass coordinates. Rigorously, let gu be the Fisher
information metric on the probability simplex at the uniform distribution u = (1/S, . . . , 1/S), which reduces to
gu = diag(1/u) = SI on the tangent space – hence locally KL(p∥u) ≈ 1

2 (p−u)⊤gu(p−u) = S
2 ∥p−u∥22. The cyclic

bump changes exactly two coordinates per row by ±ε, which is a tiny absolute move – hence ∆2
W = Θ(ε2) – but

a relative change of order S larger, i.e., Dπ = Θ(εS). This is why the KL-based separation satisfies Dπ ≍ S∆2
W

compared to the ℓ2-based separation ∆2
W .

9This is the convex polytope generated by permutation matrices (Birkhoff, 1946).
10Here, we denote Ck := Ck mod S for k > S.
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F DEFERRED EXPERIMENTAL DETAILS & ADDITIONAL ABLATIONS

F.1 Deferred Experimental Details from Section 6

For the algorithms of Kausik et al. (2023), the number next to ‘th’ is the threshold level that is used to output an
initial estimate of the clustering from pairwise distances; see line 16 of Algorithm 2 of Kausik et al. (2023). The
“right” choice of the threshold level explicitly depends on the separation gap (see Kausik et al. (2023, Theorem 1)),
and thus, it is inherently heuristic in the absence of such knowledge. For this reason, we arbitrarily sweep over
{10−5, 10−4, 10−3}. We vary H ∈ {10, 20, · · · , 90, 100, 200, · · · , 500} and T ∈ {100, 200, · · · , 600}. For statistical
significance, we report results with δ = 0.05, shading the 95% bootstrapped confidence intervals (Efron, 1979;
DiCiccio and Efron, 1996) over 30 independent repeats for each configuration. Each repeat corresponds to a fresh
random draw of T trajectories. The codes are available in our GitHub repository.11

F.2 Ablation #1. Impact of Number of Iterations for Stage II

We utilize the same instance of MMC as in Section 6. Figure 2 examines how the clustering error evolves with
additional EM iterations in Stage II. While our theory only requires a single EM step, we observe consistent
empirical gains from running more iterations. The benefit is most pronounced when H is small or T is large,
where each additional iteration pushes the error curve closer to the oracle benchmark. The improvement largely
saturates after about 5–6 iterations, suggesting diminishing returns beyond this point. Importantly, all Stage II
variants still outperform Stage I alone, underscoring the added value of EM refinement.
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Figure 2: (Ablation #1) Clustering error on the synthetic MMC instance across EM iterations (up to 10).
Panels vary across T ∈ {100, 200, · · · , 600}; the x-axis varies across H ∈ {10, 20, · · · , 50}. Darker red curves
indicate more EM iterations; “Oracle” and “Stage I” are shown for reference.

F.3 Ablation #2. Impact of S and T on Performance and Runtime

To analyze the computational complexity of our two-stage algorithm, we measure wall-clock runtime as a function
of the state-space size S and the number of trajectories T . We decompose the total runtime into four components:

11https://github.com/nick-jhlee/optimal-mixture-markov

https://github.com/nick-jhlee/optimal-mixture-markov
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(i) embedding construction (line 4 of Algorithm 1), (ii) singular value decomposition (SVD) (line 5), (iii) K-means
clustering (lines 6–7), and (iv) likelihood reassignment (Algorithm 2). For the experiment varying S, we fix
T = 400 and H = 500, and sweep S ∈ {10, 20, 30, 40, 50, 60}. For the experiment varying T , we fix S = 40 and
H = 500, and sweep T ∈ {100, 200, 300, 400, 500, 600}. In both settings, we run 10 EM iterations in Stage II and
average over 30 independent trials.

Figure 3 below summarizes the results. The top row shows that clustering performance degrades as S increases
(left), due to the decreasing separation ζ = 0.9/S in our MMC construction, whereas performance improves as
T increases (right), as expected. The middle row reveals that SVD dominates the runtime for large S (left),
while likelihood reassignment dominates for large T (right). The bottom row quantifies the overall scaling: total
runtime grows quadratically in S with R2 ≈ 0.9583, confirming the O(TS2) SVD cost, and linearly in T with
R2 ≈ 0.9957, consistent with the O(T ) scaling of all algorithmic steps.
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Figure 3: (Ablation #2) Impact of S and T on the resulting clustering error and runtime.
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F.4 Ablation #3. Our Algorithm with Unknown K

Again, in the same instance of MMC as in Section 6, we evaluate the performance of our method when the number
of clusters K is unknown a priori. Recall that Algorithm 1 uses two fixed constants (64 for adaptive singular value
thresholding at line 6, and 32 for estimating K at lines 10–14). For this ablation, we replace these fixed values
with tunable hyperparameters c1 and c2, respectively. In practice, careful tuning of (c1, c2) is essential, since the
performance of the unknown-K variant is sensitive to the empirical tightness of the concentration bounds that
these parameters effectively calibrate. Within a reasonable range, we believe that adjusting (c1, c2) does not alter
the theoretical validity of our guarantee; the only difference is that the failure probability scales as Θ(δ) rather
than exactly δ.

We sweep over c1 ∈ {10−3, 10−2, 10−1} and c2 ∈ {10−3, 5·10−3, 10−2, 5·10−2, 10−1}, and extend the trajectory
length to H ∈ {100, 200, . . . , 1000} ∪ {1000, 2000, . . . , 20000} in order to probe the large-H regime where theory
predicts consistent recovery of K. We fix T = 100, and Stage II is fixed to run 10 EM iterations. The known-K
variant achieves perfect clustering and is therefore omitted from comparison.

Figure 4 summarizes the results. For small H (top row), the unknown-K variant often fails to recover clusters
reliably, especially for moderate choices c1 ∈ {10−2, 10−1}. In contrast, a more aggressive setting c1 = 10−3

succeeds even in the 100’s regime across all considered c2 values, indicating that performance is substantially
more sensitive to c1 than to c2. In the large-H regime (bottom row), c1 = 10−2 also succeeds consistently across
c2, whereas c1 = 10−1 continues to fail, again underscoring the high sensitivity of empirical performance to the
choice of c1. While there remains some dependence on c2—as reflected in differing convergence speeds with
increasing H—the overall recovery trends are qualitatively similar.
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Figure 4: (Ablation #3) Clustering error of the unknown-K variant on the synthetic MMC instance across
different (c1, c2) settings. Panels vary across c1 ∈ {10−3, 10−2, 10−1} (columns) and trajectory length H (rows:
top for H ≤ 1000, bottom for H ≥ 1000). Curves indicate different c2 values; Stage I and Stage I+II are shown
separately.

F.5 Ablation #4. Impact of γps

To demonstrate that the dependence on the pseudo-spectral gap γps in our final performance guarantee (Theo-
rem 4.2) is fundamental (at least with our current algorithm design), we construct a sequence of MMC instances
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where the information-theoretic gap Dπ is strictly constant, but γps varies.

We propose the “Signal in a Maze” construction. Let S = 10 and K = 2. We denote the state space as
S = {s1, s2, . . . , s10}. We partition this space into a signal region Sdiff = {s1, s2} and a mixing maze Smix =
{s3, . . . , s10}. Conceptually, the signal region contains the only states where the two underlying Markov chains
exhibit distinct transition behaviors. The maze acts as a sequence of identical, slow-mixing states that artificially
bottlenecks the traversal of the chain without altering the stationary distribution. Finally, a small leakage
parameter ϵ dictates the probability of transitioning between the signal region and the maze, ensuring the chain
remains ergodic while compartmentalizing the signal.

We fix the leakage parameter ϵ = 0.05 and distinct transition probabilities p1 = 0.4 and p2 = 0.3. We parameterize
the sequence of MMCs by a bottleneck variable q ∈ (0, 0.5), which dictates the traversal speed through the maze.
For each k ∈ {1, 2} and given q ∈ (0, 0.5), we define the transition matrix P

(k)
q using a block-matrix structure:

P (k)
q =

[
B(k) E⊤

E Tq

]
,

where the constituent blocks are defined as follows:

1. Signal Block (B(k) ∈ R2×2): Governs transitions within Sdiff and dictates the distinguishing behavior
between the chains:

B(k) =

[
1− pk − ϵ pk

pk 1− pk − ϵ

]
.

2. Leakage Block (E ∈ R8×2): Connects the signal region to the ends of the maze. All entries are zero except
for the entries mapping s3 ← s1 and s10 ← s2, namely E1,1 = ϵ and E8,2 = ϵ.

3. Maze Block (Tq ∈ R8×8): A symmetric tridiagonal matrix representing the path graph of Smix, independent
of k:

Tq = tridiag(q, 1− 2q, q) + diag(−ϵ, 0, . . . , 0,−ϵ).

Explicitly, the main diagonal is (1− q − ϵ, 1− 2q, . . . , 1− 2q, 1− q − ϵ) and the first off-diagonals are all q.

By construction, P (k)
q is symmetric and doubly stochastic. Thus, the stationary distribution is strictly uniform:

π(1) = π(2) = π = [1/10, . . . , 1/10]⊤, which is entirely independent of q. Consequently, the stationary-weighted
KL divergence evaluates to:

Dπ =
1

10
KL
(
P (1)

q (s1, ·),P (2)
q (s1, ·)

)
+

1

10
KL
(
P (1)

q (s2, ·),P (2)
q (s2, ·)

)
.

Because the bottleneck parameter q only appears in the Tq block (which is identical across k = 1, 2), Dπ remains
exactly constant for all q.

However, as q → 0, the pseudo-spectral gap γps strictly shrinks, requiring trajectories of increasingly longer length
H to traverse the maze and observe the signal states. For q ∈ {0.01, 0.03, 0.05, 0.07, 0.09, 0.1, 0.2} (which is the
range of q’s at which we evaluate our algorithm), the pseudo-spectral gaps are numerically computed as:

γps ∈ {0.008399, 0.023994, 0.037832, 0.049807, 0.059931, 0.064334, 0.090893}.

We evaluate our algorithm on the above instance over H ∈ {100, 200, . . . , 2000}, with 30 repeats per configuration.
As shown in Figure 5, the rate of error decay against H is slower with lower γps (i.e., higher mixing time).

F.6 Additional Experiment with Last.fm 1K

Preprocessing. For this dataset, we follow the same pre-processing steps of Kausik et al. (2023), as provided
in their GitHub repository.12 We explain the preprocessing pipeline here for completeness. We use the Last.fm

12https://github.com/hetankevin/mdpmix

https://github.com/hetankevin/mdpmix
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Figure 5: (Ablation #4) Clustering error on another synthetic MMC instances with varying γps’s, over
H ∈ {100, 200, · · · , 2000}.

1K listening logs13 (userid-timestamp-artid-artname-traid-traname.tsv) and the Lastfm-ArtistTags2007
files14 tags.txt and ArtistTags.dat. The state space is the set of the top 100 tags (genres) from tags.txt.
Each artist is mapped to exactly one genre by retaining, for each artist, the tag with the highest rawtagcount
among the top 100 tags. We retain the top 10 users by the number of listening events, merge their events with
artist tags, and sort the results by user and timestamp. We keep only transitions where the genre changes (and
the user is unchanged), so consecutive plays of the same genre are collapsed into a single state. From each user,
we then form non-overlapping trajectories of length H along this sequence, yielding 75 trajectories per user;
the true cluster label of a trajectory is the user index. Trajectories are optionally shuffled with a fixed seed for
evaluation. This yields K = 10 clusters, S = 100 states, horizon H, and total number of trajectories T = 750
(with next-step trajectories) for the mixture-of-Markov-chains experiment.

We vary the horizon H ∈ {10, 20, . . . , 100}, repeat each setting 30 times with different seeds, and report
permutation-invariant cluster error rate with bootstrap 95% confidence intervals. We compare our method
(Stage I: spectral clustering only; Stage I+II: spectral clustering followed by 10 EM iterations) to the algorithms
of Kausik et al. (2023) (clustering-only and clustering + 10 EM iterations), with thresholds sweeped over
{10−6, 5 · 10−5, 10−5}. For all algorithms, we use Laplace smoothing with λ = 0.1 for numerical stability.

Results. Figure 6 below shows the overall results. We first note that we reproduce the general trend of the
algorithms reported in Kausik et al. (2023), as shown in their Figures 4 and 5. Secondly, note that our algorithms,
both Stage I and I+II, significantly outperform those of Kausik et al. (2023). This demonstrates that our algorithm
is also practically efficient on real-world datasets. Importantly, our algorithm (with Laplace smoothing) is shown
to perform beyond the theoretically predicted regime, i.e., when the regularity (Assumption 2) fails and when H
is small.

13http://mtg.upf.edu/static/datasets/last.fm/lastfm-dataset-1K.tar.gz
14https://web.archive.org/web/20110827230919/http://static.echonest.com/Lastfm-ArtistTags2007.tar.gz

http://mtg.upf.edu/static/datasets/last.fm/lastfm-dataset-1K.tar.gz
https://web.archive.org/web/20110827230919/http://static.echonest.com/Lastfm-ArtistTags2007.tar.gz
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Figure 6: (Last.fm 1K) Clustering errors for Last.fm 1K, over H ∈ {10, 20, · · · , 100}.
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G RELATIONSHIPS BETWEEN OUR L-EMBEDDING AND OTHER
SPECTRAL EMBEDDINGS

Diffusion Map (Coifman and Lafon, 2006). The objective of a diffusion map fundamentally differs from
our approach. Let X be a measure space endowed with a kernel k : X × X → R≥0. Diffusion maps provide a
meaningful Euclidean embedding of data points D ⊆ X via a reversible Markov process (random walk) over X ,
induced by the kernel k which encodes prior knowledge of the local geometry. Thus, its purpose is not to embed
a specific Markov chain, but rather to map a measure space onto a Euclidean space using a random walk.

(Weighted) Laplacian (Chung, 1997, Chapter 1.5). Similarly, the graph Laplacian is tailored for the
spectral analysis of weighted undirected graphs. While it offers an elegant probabilistic interpretation of eigenvalues
and eigenvectors, it is not directly applicable as an embedding for general, potentially non-reversible Markov
chains.

Symmetrized Form (Levin and Peres, 2017, Chapter 12). Recall that the symmetrized form is
D

1/2
π PD

1/2
π , where Dπ = diag(π). The left factor, D

1/2
π P , when vectorized, corresponds precisely to our

L-embedding. To the best of our knowledge, however, no prior work has analyzed the properties of the mapping
S :M 7→D

1/2
π PD

1/2
π as a Euclidean embedding for Markov chains. Specifically, its injectivity and concentration

properties remain systematically unexplored. In contrast, for our L-embedding, we explicitly establish injectivity
(Proposition 4.1) and derive sharp concentration bounds (Lemma B.1), both of which are critical for our Stage I
analysis (Theorem 4.1).

Doublet Frequency (Vidyasagar, 2014; Wolfer and Kontorovich, 2021). Defined as DπP , the doublet
frequency closely resembles our L-embedding. It satisfies injectivity up to the initial distribution and exhibits
similarly well-behaved concentration properties. However, its induced ℓ2-gap scales differently and does not align
as naturally with the information-theoretic gap Dπ or Kausik et al. (2023)’s notion og gap α∆2, whereas our
L-embedding explicitly facilitates these direct comparisons via ∆W (Section 5(3)).
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H RANK OF W MAY BE MUCH SMALLER THAN THE NUMBER OF
CLUSTERS K

Here, we show this via explicit constructions of K + 1 transition matrices whose induced W is of rank 2.

Let P, P ′ be two distinct ergodic transition matrices with a same stationary distribution π. Define the other
transition matrices as

P (k) =

(
1− k − 1

K

)
P +

k − 1

K
P ′, k ∈ {1, 2, · · · ,K + 1}. (49)

As π is also a stationary distribution of P (k) and ergodicity is preserved under convex combination, it can be easily
seen that every row of W is a convex combination of the 1-st and (K + 1)-th row. In other words, rank(W ) = 2,
yet there are K + 1 distinct transition matrices.

Due to its simple form, we can also compute ∆2
W in a closed form:

∆2
W = min

k ̸=k′

∑
s∈S

π(s)
∥∥∥p(k)(·|s)− p(k

′)(·|s)
∥∥∥2
2

= min
k ̸=k′

∑
s∈S

π(s)

∥∥∥∥k′ − k

K
p(·|s) + k − k′

K
p′(·|s)

∥∥∥∥2
2

=
∑
s∈S

π(s)
∥∥p(·|s)− p′(·|s)

∥∥2
2
min
k ̸=k′

(
k′ − k

K

)2

=
1

K2

∑
s∈S

π(s)
∥∥p(·|s)− p′(·|s)

∥∥2
2
> 0.
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I RELAXING THE KNOWLEDGE OF γps

We first recall the naïve idea briefly sketched in Section 5(4):

1. For each t ∈ [T ], compute the estimator γ̂ps,t of Wolfer and Kontorovich (2024) that estimates γ̂
(f(t))
ps while

satisfying the following:

P
(∣∣∣γ̂ps,t − γ(f(t))

ps

∣∣∣ ≤ 1

2
γ(f(t))
ps

)
≥ 1− δ

T
. (50)

2. Output γ̂ps :=
2
3 mint∈[T ] γ̂ps,t.

The union bound then immediately implies that γ̂ps satisfies P(γ̂ps ≤ γps) ≥ 1− δ. However, for Eqn. (50) to hold,
we require H ≳ γ−3

ps π−1
min log 1

πmin
log T

πmin
log T

πminγps
(Wolfer and Kontorovich, 2024, Theorem 1). Compared to

our requirement H ≳ γ−1
ps π−1

min log T (Theorem 4.2), this introduces an extra γ−2
ps factor and an extra log T factor.

As a lower bound of H ≳ γ−3
ps S logT

S is known (Wolfer and Kontorovich, 2019, Theorem 4), we conjecture that
the extra γ−2

ps factor is unavoidable.

As for the latter, we now describe a simple approach that could mitigate the extra log T factor:

1. Sample an index set I ⊂ [T ] of cardinality |I| = ⌈α−1
min log

K
δ ⌉, uniformly at random.

2. Repeat the “naïve” approach, with δ
T replaced with δ

|I| in step 1 and [T ] replaced with I in step 2.

The following lemma shows that with high probability, I “covers” all K chains:

Lemma I.1. P
(
I ∩ f−1(k) ̸= ∅, ∀k ∈ [K]

)
≥ 1− δ.

Under this event, then note that we only need to take the union bound over I, not [T ]. This then results in the
additional15 requirement of H ≳ γ−3

ps π−1
min log 1

πmin
log

log K
δ

αminπmin
log

log K
δ

αminπminγps
, which becomes free of any log T

factors.

We leave to future work the precise details of the proof of our entire algorithm (γps estimation, Stage I, and Stage
II), but we believe that it should be straightforward.

Proof of Lemma I.1. This follows from a simple combinatorial argument:

P
(
∃k ∈ [K] : I ∩ f−1(k) = ∅

)
≤
∑

k∈[K]

P
(
I ∩ f−1(k) = ∅

)
(union bound)

=
∑

k∈[K]

(
T−αkT

|I|
)(

T
|I|
)

=
∑

k∈[K]

|I|−1∏
i=0

T − αkT − i

T − i

≤
∑

k∈[K]

(1− αk)
|I| (the multiplicands monotonically decrease with i)

≤ Ke−αmin|I|.

Setting |I| = ⌈α−1
min log

K
δ ⌉ and simplifying gives the desired statement.

15Here, we emphasize that this requirement is in addition to that of our Theorem 4.2.
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J ADDITIONAL FUTURE DIRECTIONS

In this section, we present several directions for future work that extend beyond those mentioned in the main text.

(1) Towards Computationally Efficient Algorithms. As noted in Section 5(4), our algorithm prioritizes
parameter-free design and statistical efficiency over computational scalability. The construction of the empirical
data matrix Ŵ and its subsequent exact SVD in Stage I entail O(TS2) space and O

(
TS2 min(T, S2)

)
time

complexities, respectively. For environments with massive state spaces or trajectory counts, this can become
prohibitively heavy.

To alleviate this computational burden, future large-scale deployments could integrate randomized linear algebra
techniques, such as matrix sketching or fast low-rank approximations (Woodruff, 2014). Alternatively, one could
adapt the clustering pipeline to streaming environments (Yun et al., 2014), which would significantly reduce
the memory footprint. Exploring whether incorporating such approximations inherently induces a fundamental
trade-off between computational scalability and the tight statistical efficiency bounds established in this work
remains an important open question.

(2) Further Study of the L-Embedding. It is natural to explore how our L-based ℓ2 distance (Definition 4.1)
relates to broader information divergences beyond KL (Wang and Choi, 2023), as well as to bisimulation
metrics (Calo et al., 2024, 2025). Even modest equivalence or comparison results could clarify when L-geometry
best captures dynamics and when alternative metrics offer sharper statistical or algorithmic behavior.

Relatedly, it is important to determine whether the requirement H ≳ 1/∆2
W —or, more generally, an inverse-

squared dependence on an ℓ2 separation induced by any Euclidean embedding of the chains—is fundamental or
merely an artifact of our two-stage design. Establishing either (i) a matching lower bound phrased in terms of
∆W (or any embedding that dominates it), or (ii) an alternative initialization whose sample complexity depends
directly on the information gap Dπ rather than an ℓ2 proxy, would sharpen statistical limits and guide the choice
of representations. We believe this is related to refining the lower bound by considering the uncertainty of the
probability kernels; see the last paragraph of Section 5(1).

(3) Extension to MDPs. Extending our approach to estimation and learning in mixtures of MDPs (Banerjee
et al., 2025; Kausik et al., 2023) is another important direction. Progress here would connect with spectral methods
in structured RL (e.g., POMDPs (Azizzadenesheli et al., 2016, 2017; Jedra et al., 2023), HMMs (Anandkumar et al.,
2012; Hsu et al., 2012), and latent MDPs (Kwon et al., 2021, 2024b,a)) and could reveal performance separations
analogous to those observed when state abstraction or clustering is known a priori. We believe that this extension
would yield unique challenges due to controllable actions and policy-induced distributions (Jedra et al., 2023);
even harder when one considers history-dependent policies and active exploration-style approaches (Tarbouriech
and Lazaric, 2019; Tarbouriech et al., 2020).
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