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Abstract

We consider sequential treatment regimes where each unit is exposed to combina-
tions of interventions over time. When interventions are described by qualitative
labels, such as “close schools for a month due to a pandemic” or “promote this
podcast to this user during this week”, it is unclear which appropriate structural
assumptions allow us to generalize behavioral predictions to previously unseen
combinations of interventions. Standard black-box approaches mapping sequences
of categorical variables to outputs are applicable, but they rely on poorly understood
assumptions on how reliable generalization can be obtained, and may underperform
under sparse sequences, temporal variability, and large action spaces. To approach
that, we pose an explicit model for composition, that is, how the effect of sequential
interventions can be isolated into modules, clarifying which data conditions allow
for the identification of their combined effect at different units and time steps. We
show the identification properties of our compositional model, inspired by advances
in causal matrix factorization methods. Our focus is on predictive models for novel
compositions of interventions instead of matrix completion tasks and causal effect
estimation. We compare our approach to flexible but generic black-box models to
illustrate how structure aids prediction in sparse data conditions.
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Figure 1: Within unit n, actions Dt
n interact with

(latent) random effect parameters βn to produce
behavior Xt

n represented as a dense graphical
model with square vertices denoting interventions
do(d1:tn ) [33, 16]. Further assumptions will be
required for the identifiability of the impact of in-
terventions and their combination, including how
temporal impact takes shape and the number of
independent units of observation.

Many causal inference questions involve a treat-
ment sequence that varies over time. In the
(discrete) time-varying scenario, an unit n is
exposed to a sequence D1

n, D
2
n, D

3
n, . . . of ac-

tions, or treatments, potentially controllable by
an external agent [22, Ch. 19] intervening on
them. Each Dt

n can be interpreted as a cause of
the subsequent behavior Xt

n, X
t+1
n , . . . , and its

modeling amenable to the tools of causal infer-
ence [e.g., 35, 36, 31, 17, 11, 49]. For instance,
each Dt

n can take values in the space of par-
ticular drug dosages which can be given to an
in-patient, or combinations of items to be pro-
moted to a user of a recommender system. Here,
patients and users are the units, and Xt

n denotes
a measure of their state or behavior under time
t. Dependencies can result in a dense causal
graph, as in Fig. 1. Further background on this
classical problem is provided in Appendix A.
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Scope. We introduce an approach to predict the effects of actions within a combinatorial and sparse
space of categorical intervention sequences. That is, for an unit n and given past behavioral sequence
X1:t−1

n := [X1
n, . . . , X

t−1
n ], manipulable variablesD1:t−1

n := [D1
n, . . . , D

t−1
n ] and time-fixed covari-

ates Zn, we predict future behavior Xt
n, X

t+1
n , . . . , Xt+∆

n under the (partially hypothetical) interven-
tional regime do(d1:t+∆

n ). The latter denotes controlling the action variables by external intervention
[33]. For mean-squared error losses, prediction means learning E[Xt+δ

n | x1:t−1
n , zn,do(d

1:t+δ
n )],

0 ≤ δ ≤ ∆. We consider the case where sequential ignorability holds, by randomization or adjustment
[33, 22], in order to focus on predictive guarantees for previously unseen action sequences.

Challenge. Much of the sequential intervention literature in AI and statistics considers generic
black-box or parametric models1 to map sequences D1:t

n := [D1
n, D

2
n, . . . , D

t
n] to behavior Xt

n and
beyond, sometimes exploiting strong Markovian assumptions or short sequences and small action
spaces [11, 43]. An unstructured black-box for sequences, such as recurrent neural networks and their
variants [e.g. 23, 13, 45], can learn to map a sequence to a prediction. This is less suitable when actions
are categorical and sparse, in the sense that most entries correspond to some baseline category of “no
changes”. That is, there is no obvious choice of smoothing or interpolation criteria to generalize from
seen to unseen strings D1:T

n , with the practical assumption being that we observe enough variability
to reliably perform this interpolation. There is an increased awareness of problems posed by large
discrete spaces among pre-treatment covariates [47, 48], which is of a different nature as losses can be
minimized with respect to an existing natural distribution, as opposed to the interventional problem
where the action variables are allowed to be chosen and so sparsity conditions can easily result in
very atypical test cases of interest. Several papers address large intervention spaces (mostly for
non-sequential problems) without particular concerns about non-smooth, combinatorial identifiability
[25, 32, 38, 39]. A few more recent papers address explicit assumptions of identifiability directly
in combinatorial categorical spaces by sparse regression [2] or energy functions [8], but without
a longitudinal component. More classically, tools like the do-calculus [33] and their extensions
[15] can be used with directed acyclic graphs (DAGs) to infer combinatorial effects, although they
often restrict each manipulated variable to directly affect only a small set of variables (e.g. [5]).
With strong assumptions and computational cost, this may include latent variables [50]. Alternative
representation learning ideas for carefully extrapolating to unseen interventions are presented by [37]
in the non-sequential, non-combinatorial, setting.

In this paper, we consider the conservative problem of identification guarantees for the effect of
sequential combinations of interventions which may never have co-occurred jointly in training data,
formalizing assumptions that allow for the transfer and recombination of information learned across
units. These are not of the same nature as identifiability of causal effects from observational data
[33] or causal discovery [41], but of causal extrapolation: even in the randomized (or unconfounded)
regime, it is not a given that the distribution under a particular regime do(d1:tn ) can be reliably
inferred from limited past combinations of action sequences without an explicit structure on the
causal generative model. We will consider the case where actions imply non-stationary transitions:
once unit n is exposed to Dt

n = dtn, then Xt+∆
n will have transition dynamics that can be affected not

only by the choice of dtn but also the difference ∆, resulting in dense dependency structures such as
the one in Figure 1. As multiple treatments are applied to the same unit n, there will be a composition
of effects that will depend not only on the labels of the actions, but also on the order by which they
take place. If a substantive number of choices of treatments at time t is available, a large dataset
may have no two sequences D1:T

n and D1:T
n′ taking the same values, even when considering only the

unique treatment values applied to n and n′, regardless of ordering and time stamps.

Problem statement. Let each individual unit n be described by time-invariant features Zn and
a pair of time-series (X1:T

n , D1:T
n ). Here, V t1:t2 denotes a slice of a discrete-time time-series of

variables V t from t1 to t2, inclusive. That observations for all units stop at time T is not a requirement,
but just a way of simplifying presentation. Each Dt

n is a categorical action variable which, when
under external control, represents a potential intervention, encoded by values in N. We assume data
is available under a sequentially ignorable selection of actions [33, 22], either by randomization or
consequences of an adjustment. Dt

n describes a (possibly hypothetical) intervention which causes
changes to the distribution of Xt:∞

n . The special value Dt
n = 0 denotes an “idle” or “default”

treatment level that can be interpreted as “no intervention”. We are given a training set of units

1We include here models which explicitly parameterize causal contrasts in longitudinal interventions, such as
the blip models of [36].
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(Zn, X
1:T
n , D1:T

n ). The goal is to predict future sequence of behavior Xn⋆ for a (training or test) unit
n⋆ under a hypothetical intervention sequence do(d1:T+∆

n⋆ ). This process takes place under the stable
unit treatment value assumption (SUTVA) [24], meaning that action variables Dt

n only affect unit n.

Each intervention on Dt
n is allowed to have an impact on the whole future series t, t+ 1, t+ 2, . . . .

It can correspond to an instantaneous shock (“give five dollars of credit at time t”) or an action that
takes place over an extended period of time (“promote this podcast from time t to time t+ 5”): we
just assume the meaning to be directly encoded within arbitrary category labels 0, 1, 2, 3, . . . . In
a real-world scenario where a same action can be applied more than once, different symbols in N
should be used for each instance (e.g., 1 arbitrarily standing for “give five dollars”, and 2 for “give
five dollars a second time” and so on).

In Section 2, we provide an account of what we mean by compositionality of interventions, with
explicit assumptions for identifiability. In Section 3, we describe an algorithm for likelihood-based
learning, along with approaches for predictive uncertainty quantification. Further related work is
covered in Section 4 before we perform experiments in Section 5, highlighting the shortcomings of
black-box alternatives.

2 A Structural Approach for Intervention Composition

For simplicity, we will assume scalar behavioral measurements Xt
n, as the multivariate case readily

follows. Consider the following conditional mean model for the regime do(d1:tn ),

E[Xt
n | x1:t−1

n , zn,do(d
1:t
n )] = (ϕtn)

T(βn ⊙ ψt
n) =

r∑
l=1

ϕtnlβnlψ
t
nl, (1)

where ⊙ is the elementwise product, with ϕtn, βn and ψt
n defined below. We postpone explaining the

motivation for this structure to Section 2.1. First, we describe this structure in more detail.

Using p(·) to denote generic probability mass/density functions for random variables given by context,
assume p(xtn | do(d1:t′n )) = p(xtn | do(d1:tn )) for any t′ ≥ t (future interventions do not affect the
past), and p(zn | do(d1:tn )) = p(zn) for all t. We do not explicitly condition on D1:t

n in most of our
notation, adopting a convention where intervention indices do(d1:t

′

n ) are always in agreement with
the (implicit) corresponding observed D1:t

n = d1:tn . We define ϕtnl := ϕl(x
1:t−1
n , zn) as evaluations

of basis functions ϕl(·). For now, we will assume such ϕl(·) functions to be known. Each unit n has
individual-level coefficients βn. Causal impact, as attributed to do(d1:tn ), is given by

ψt
nl :=

t∏
t′=1

ψl(d
t′

n , t
′, t), (2)

where function ψl(d, t
′, t) captures a trajectory in time for the effect of Dt′

n = d, for t′ < t.
Compositionality will be described in the sequel in two ways: first, as a way of combining the
effects of actions in a type of recursive functional composition (compositional recursion); second, by
interpreting this function composition at time t in terms of an operator warping a baseline unit-level
feature vector βn with an interventional-level embedding vector ψ(dtn, t, t) (compositional warping).

Effect families. We consider two variants for ψ(·). The first is a time-bounded variant which,
for d > 0, defines ψl(d, t

′, t) := wdl,t−t′ , where wdl,t−t′ is a free parameter for 0 ≤ t − t′ < kd,
otherwise wdl,t−t′ = wdl,kd−1. The intuition is that the effect of intervention level d has no shape
constraints but it cannot affect the past and it must settle to a constant after a chosen time window
hyperparameter kd > 0. The default level d = 0 has no effect and no free parameters, with
ψl(0, t

′, t) = 1. The second variant is motivated by real-world phenomena where causal impacts
diminish their influence over time and result in a new equilibrium [9]. We consider a time-unbounded
shape with exponential decay, parameterized as

ψl(d, t
′, t) := σ(w1dl)

t−t′ × w2dl + w3dl, (3)

where σ(·) is the sigmoid function, so that 0 < σ(w1d) < 1. As t grows, σ(w1d)
t−t′ goes to 0.

w3d is the stationary contribution of an intervention at level d. In particular, for d = 0, we define
w10l = w20l = 0 and w30l = 1, while for d > 0 we have that w1dl, w2dl and w3dl are free parameters
to be learned. Let us interpret the previous kd hyperparameter as the dimensionality of intervention
level d. As the model of Eq. (3) is given by vectors w1d, w2d, w3d, we here define kd = 3.
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2.1 Representation Power: Compositional Recursion and and Compositional Warping

Eq. (1) is reminiscent of tensor factorization and its uses in causal modeling [7, 3], where the
primary motivation comes from the imputation of missing potential outcomes [24] taking place on a
pre-determined period in the past. From a predictive perspective, it can be motivated from known
results in functional analysis (such as Proposition 1 of [25]) that allows us to represent a function
f(x) by first partitioning its input into (xa, xb) and controlling the approximation error given by an
inner product of vector-valued functions,

f(xa, xb) ≈ fTa (xa)fb(xb), (4)

which we call the factorization trick. In practice, we choose the dimensionality of such vectors {fa(·),
fb(·)} by a data-driven approach. Although those results apply typically to smooth functions with
continuous inputs (such as the Taylor series approximation, which relies on vectors of monomials
with coefficients constructed from derivatives), discrete inputs such as D1:T

n , at a fixed dimensionality
T , can be separated from the other inputs as

f(n, d1:T , x1:T , z) := fTd (d
1:T )fnxz(n, x

1:T , z). (5)

Here, similarly to classical ANOVA models, fd(·) is a one-hot encoding vector for the entire
(exponentially sized) space of possible d1:Tn trajectories. That is, fd(·) is binary with exactly one
non-zero entry, corresponding to which of the possible trajectories d1:Tn took place. The codomain of
fnxz(·, ·, ·) must be a set of vectors of corresponding (exponential in T ) length.

In what follows, we will start from the premise of further partitioning f(n, d1:T , x1:T , z) :=
E[XT+1

n | x1:Tn , zn,do(d
1:T
n )] by applying the factorization trick of Eq. (4) repeatedly, justifying the

generality of the right-hand side (RHS) of Eq. (1). We will accomplish this by first introducing more
structure into the respective fd(d1:T ), based on a recursive composition of functions. We will then
show in Proposition 1 how the RHS of Eq. (1) follows. We also provide a complementary theoretical
result in Proposition 2 which, by assuming a bounded T , describes the choice of dimensionality in
the application of Eq. (4) as controlling a formal approximation error for a general class of functions.

Main results: factorization trick with compositional recursion. As we do not want to restrict
ourselves to fixed T (and N ), not to mention an exponential cost of representation, we will resort to
fixed-dimensionality embeddings of sequences and identities. In particular, we design fd(d1:t) to have
a finite and tractable output dimensionality rg for all t. Inspired by sequential hidden representation
models such as recurrent neural networks, for each entry l ∈ 1, 2, . . . , rg in the output of fd(·), we
define fdl(d1:t) via the following recursive definition:

fdl(d
1:t) := gl(d

1:t, t, t),

gl(d
1:t′ , t′, t) := hl(gl(d

1:t′−1, t′ − 1, t), dt
′
, t′, t), 0 < t′ ≤ t,

hl(v, d, t
′, t) := hl1(v)

Thl2(d, t
′, t).

(6)

The base case for t′ = 0 is gl(d1:0, 0, t) ≡ 1 for all t, with d1:0 undefined. Moreover, we define
hl(v, 0, t

′, t) ≡ v for any (v, t′, t) – that is, intervention level Dt′

n = 0 does nothing.

In order to define hl(v, d, t′, t) for d > 0, we will apply the same trick of splitting the input into two
subsets, and defining a vector representation on each. The representational choice hl(v, d, t′, t) :=
hl1(v)

Thl2(d, t
′, t) requires a choice of dimensionality rhl

for the inner vectors hl1 , hl2 . Recursively
applying (6) in this product form can still be done relatively efficiently, but choosing rhl

= 1 for all l
simplifies matters. Finally, we apply the factorization trick one last time to define fnxz(n, x1:T , z)
within Eq. (5) to get to a factorization form analogous to Eq. (1). More formally:

Proposition 1 Let (i) f(n, d1:T , x1:T , z) := fTd (d
1:T )fnxz(n, x

1:T , z), where function sequences
fd(d

1:T ) and fnxz(n, x1:T , z) are defined for all T ∈ N+ and have codomain Rrg ; (ii) fdl(d1:T )
be given as in Eq. (6) with rhl

= 1; (iii) the l-th entry of fnxz(n, x1:T , z) be given by
fnxzl(n, x

1:T , z) := ul(n)
Tvl(x

1:T , z), where both ul(·) and vl(·, ·) have codomain Rrs′ ; (iv)
vl(x

1:t, z) be defined analogously to fdl(d1:t) as in Eq. (6), carrying out the fixed-size z as an
extra argument. Then there exists some integer r and three functions a, b and c with codomain
Rr so that f(n, d1:T , x1:T , z) =

∑r
l=1 al(x

1:T , z) × bl(n) × cl(d
1:T , T ). Moreover cl(d1:T , T ) =∏T

t=1ml(d
t, t, T ) for some function ml : N3 → R.
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Proofs of this and next results are given in Appendix B. The above shows that if we start with an
assumption that the ground truth function takes some desired form, then there is some finite r for
which our combination of basis functions can parameterize the ground truth function for arbitrary
T , analogous to Eq. (1), where (a, b, c) plays the role of (ϕ, β, ψ). On the other hand, we show a
companion result below: that if we hold T fixed, there is some fixed value for r, which depends
polynomially on T , such that any measurable ground truth function can be approximated by our
combination with some appropriate choice of basis functions.

Proposition 2 Given a fixed value of T , suppose we have a measurable function f :
⋃T

t=2 X 1:t−1 ×⋃T
t=1 Dt × Z → Rd, t ≤ T , where X 1:t−1 and Z are compact, Dt is finite. Let x ∈

⋃T
t=2 X 1:t−1

and let d ∈
⋃T

t=1 Dt. For d = 1, · · · , dmax, let md :
⋃T

t=1 Dt → {1, · · · , T} with md(d) =
t if ∃t s.t. dt = d else 0. Then, for any ϵ > 0, there exist r = O(T dmax+1) and measurable
functions ϕl : X 1:t−1 ×Z → Rd and ψld′ : Dt → R, and real numbers βl, such that

supx∈⋃T
t=2 X 1:t−1,d∈

⋃T
t=1 Dt,z∈Z

∣∣∣∣∣f(x,d, z)−
r∑

l=1

ϕl(x, z)× βl ×
dmax∏
d=1

ψld′(md′(d))

∣∣∣∣∣ ≤ ϵ. (7)

Notes. The theoretical results above are reminiscent of the line of work on matrix factorization (e.g.,
Appendix A of [4]). Eq. (1) and Eq. (2) are motivated by the success of approaches for representation
learning of sequences, which assume that we can compile all the necessary information from the
past using a current finite representation at any time step t. However, Propositions 1 and 2 further
imply that, for f(n, d1:T , x1:T , z) := E[XT

n | x1:T−1
n , zn,do(d

1:T
n )], the representation of functions

in a multilinear combination of adaptive factors (Eq. (1)) is motivated by more fundamental results in
functional analysis. Our assumption that no value of d (other than the baseline 0) can be used more
than once has mostly an empirical motivation, as this would imply unrealistic assumptions about the
same intervention having the same effect when applied multiple times. Ultimately, we assume that the
factors hl2(d, t

′, t) leading to Eq. (2) are time-translation invariant, being a function of d and t− t′

only. While it is possible to generalize beyond translation invariant models, as done in the synthetic
controls literature [1] that inspired causal matrix factorization ideas [7, 3, 4], this would complicate
matters further by requiring a fourth factor into the summation term of Eq. (1) encoding absolute
time. Models for time-series forecasting with parameter drifts can be tapped into and integrated with
our model family, but we leave these out as future work.

Interpretation: compositional warping. At the start of the process, where all units are assumed
to be at their “natural” state (assuming D1

n = 0), we can interpret η1n := βn as a finite basis
representation, with respect to ϕ1n, of E[X1

n | Zn,do(d
1
n = 0)] = (ϕ1n)

Tη1n. Each η1nl can be seen as
a latent feature of unit n. Effect vector ψt

n defines a warping of ηt−1
n that describes how treatments

affect the behaviour of an individual in feature space, with the resulting ηtn := ηt−1
n ⊙ ψt

n. The
modifier ψt

n can be interpreted as reverting, suppressing or promoting particular latent features that are
assumed to encode all information necessary to reconstruct the conditional expectation of Xt

n from
the chosen basis (notice that intervention level 0 implies ηtn = ηt−1

n since we define ψl(0, t
′, t) = 1).

This presents a sequential warping view of compositionality of interventions. Our framing also
conveniently reduces the problem of identifiability of conditional effects to the problem of identifying
baseline vectors βn and warp function embeddings ψl(d, t

′, t), as we will see next.

2.2 Identification and Data Assumptions

Assume for now that functions ϕ are known. As commonly done in the matrix factorization literature,
assume also that we have access to some moments of the distribution. In particular, for given N data
points and T time points, we have access to E[Xt

n | x1:t−1
n , zn,do(d

1:t
n )]. We will impose conditions

on the realizations of X1:T
n and values chosen for d1:Tn , as well as values of N and T as a function of

r, in order to identify each βn and the parameters of ψl(d, t
′, t) for all intervention levels d of interest.

The theoretical results presented, which describe how parameters are identifiable from population
expectations and known function spaces determined by a prescribed basis ϕ of known and finite
dimensionality r, will then provide the foundation for a practical learning algorithm in the sequel.

Assumption 1 For a given individual n, we assume there is an initial period T0n ≥ r with “no
interventions” i.e., Dt

n = 0 for all 1 ≤ t ≤ T0n .
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Assumption 2 Let An be a (T0n − 1) × r matrix, each row t = 1, 2, . . . , T0n − 1 is given by
ϕn(x

1:t
n , zn)

T realizations under regime do(d1:tn ). Let An be full rank with left pseudo-inverse A+
n .

The first assumption can be interpreted as allowing for a “burn-in” period for unit n under only the
default action. The second assumption ensures enough diversity among realized features ϕn so that a
least-squares projection can be invoked to identify βn, as formalized in the following proposition.

Proposition 3 Let bn be a (T0n − 1)× 1 vector with entries E[Xt+1
n | x1:tn , zn,do(d

1:t+1
n )]. Under

Assumptions 1 and 2, βn is identifiable from An and bn.

The next assumption is the requirement that any action level d of interest is carried out across a
large enough number of units. Moreover, they must be sufficiently separated in time from follow-up
non-default action levels so that their parameters can be identified. Assumption 4 is a counterpart to
Assumption 2, ensuring linear independence of feature trajectories.

Assumption 3 For a given intervention level d, assume ψl(d, t
′, t) ̸= 0 for all l, t, t′ and that there

is at least one time index t, and one set Nd containing all units n where dt+1
n = d, such that: (i)

Nd := |Nd| ≥ r; (ii) ∀n ∈ Nd, d
t+2
n = · · · = dt+kd−1

n = 0, where kd is the dimensionality of the
intervention level d.

Assumption 4 Let n1, n2, . . . , nNd
index the elements of a set of units Nd. For t′ = 1, 2, . . . , kd−1,

let Adt′ be a Nd × r matrix where each row i = 1, . . . , Nd is given by ϕni
(x1:t+t′−1

ni
, zni

)T realized
under regime do(d1:t+t′−1

ni
). We assume that each Adt′ is full rank with left pseudo-inverse A+

dt′ .

This leads to the main result of this section:

Theorem 1 Assume we have a dataset of N units and T time points (d1:Tn , x1:Tn , zn) generated by
a model partially specified by Eq. (1). Assume also knowledge of the conditional expectations
E[Xt

n | xt−1
n , zn,do(d

1:t
n )] and basis functions ϕl(·, ·) for all l = 1, 2, . . . , r and all 1 ≤ n ≤ N and

1 ≤ t ≤ T . Then, under Assumptions 1-4 applied to all individuals and all intervention levels d that
appear in our dataset, we have that all βn and all ψl(d, ·, ·) are identifiable.

Notice that nothing above requires prior knowledge of all intervention levels which will exist, and
could be applied on a rolling basis as new interventions are invented. There is no need for all units
to start synchronously at t = 1: the framing of the theory assumes so to simplify presentation, with
the only requirement being that each unit is given a “burn-in” period of at least T0 steps and that
each new intervention level d is applied to at least r units which have not been perturbed recently by
relatively novel interventions. Ultimately, the gap between a novel intervention level and the next one
should be sufficiently large according to the complexity of the model, as indexed by r. This makes
explicit that we do not get free identification: the more complex the domain requirements, the more
information we need, both in terms of the time waited and the number of observations.

3 Algorithm and Statistical Inference

This section introduces a learning algorithm, as well as ways of quantifying uncertainty in prediction.
We also allow for the learning of adaptive basis functions ϕ. As Eq. (1) does not define a generative
model, which will be necessary for multiple-steps-ahead prediction, for the remainder of this section
we will assume the likelihood implied by Xt

n | x1:t−1
n , zn,do(d

1:t
n ) ∼ N (f(x1:t−1

n , zn, d
1:t
n ), σ2).

Here, the conditional mean f(·, ·, ·) is given by Eq. (1). As σ2 is not affected by D, it can be
easily shown to not require further identification results. In general, if parameters in our likelihood
are implied by a finite set of estimating equations, we can parameterize it in the multilinear form
analogous to (1) and repeat the analysis of the previous section. In practice, the functionals (such as
the conditional expectations of Xt) used in an estimating equation are unknown. Matrix factorization
methods can be used directly by first applying a smoothing method to the data to get plug-in estimates
of these functionals [42], but we will adopt instead a likelihood-based approach.

3.1 Algorithm: CSI-VAE

We treat each βn as a random effects vector, giving each entry βnl an independent zero-mean
Gaussian prior with variance σ2

β . Along with all hyperparameters, we optimize the (marginal) log-
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likelihood by gradient-based optimization. With a Gaussian likelihood, the posterior and filtering
distribution of each βn can be computed in closed form, but in our implementation we used a
black-box amortized variational inference framework [27, 30, 34] anyway that can be readily put
together without specialized formulas and is easily adaptable to other likelihoods. We use a mean-
field Gaussian approximation with posterior mean and variances produced by a gated recurrent
unit (GRU) model [14] composed with a multilayer perceptron (MLP). Therefore, the approximate
posterior at t time steps follows from µq,β,n := MLP(GRUηβ,1

(d1:tn , x1:tn , zn)), and log σq,β,n :=

MLP(GRUηβ,2
(d1:tn , x1:tn , zn)). Prediction for Xt+1:t+∆

n is done by sampling M trajectories, where
for each trajectory we first sample a new βn from the mean-field Gaussian approximation. We set
each forward X̂t+i

n to be the corresponding marginal Monte Carlo average. Each basis vector ϕtn
is parameterized via another GRU model such that ϕtn := MLP(GRUϕ(x

1:t−1
n , zn)). Although the

theory in the previous section relies on known basis functions, we could train this GRU up to a
threshold time point of T0 and freeze it from that point, each βn being defined as the unit-level
coefficient vector under this basis. In practice, we found that doing end-to-end learning provides a
modest improvement, and this will be the preferred approach in the experiments. We do find that it is
sometimes more stable to condition only up to time T0 for the computation of the variational posterior
of β. Hence, we adopt this pipeline for any results reported in this paper, unless otherwise specified.
We call our method Compositional Sequential Intervention Variational Autoencoder (CSI-VAE).

3.2 Distribution-free Uncertainty Quantification

Conformal prediction (CP) [46, 19] provides prediction intervals with coverage guarantees. The
intervals are computed using a calibration set of labeled samples and include the future samples with
non-asymptotic lower-bounded probability. We consider Split Conformal Prediction in two setups.

1. Hold-out predictions. We have a set of historical users, n = 1, . . . , N , whose behavior has
been observed until time t+∆. The task is to predict the behaviour at time t+∆ of a new
user, n = N + 1, who has been observed up to time t, i.e. to predict Xt+∆

N+1 given X1:t
N+1

and D1:t
N+1. If we assume we have used the history of the new user X1:t

n , n = 1, . . . , N + 1,
to train the model, calibration and test samples are exchangeable.

2. Next-intervention predictions. We have observed the behavior of all users, n = 1, . . . , N+
1, up to time t and aim to predict the effects of the next intervention, which happens at time
t + 1 for all users, i.e. Dt+1

n ̸= 0, holding Dt+2:t+∆
n = 0. The task is to predict Xt+∆

n
under do(d1:t+∆

n ) for n = 1, . . . , N + 1, but in what follows we will drop the explicit
do(·) indexing to keep notation lighter, referring explicitly to past observed D1:t only (as
its sampling distribution matters), and assuming sequential ignorability by assumption or
randomization. Calibration and test are not exchangeable, because i) the joint distribution
after time t, PT ∼ (Xt+∆

n , X1:t
n , D1:t

n ) may be different from the one before time t, PC ∼
(Xt′+∆

n , X1:t′

n , D1:t′

n ), t′ < t−∆ and ii) we only used Xt′

n , D
t′

n , t′ = 1, . . . t, for training.

CP algorithms are applied on top of given point-prediction models, where we will use X to denote
the cross-sectional sample space of any Xt. In our case, the underlying model is f , which predicts
the expected user behaviour at time t + ∆ given the user history up to time t, i.e. X̂t+∆

n :=
f(D1:t

n , X1:t
n , Zn) ≈ E[Xt+∆

n |D1:t
n , X1:t

n , Zn,do(D
1:t, dt+1, 0t+2:t+∆)] for a chosen implicit dt+1

and with 0t+2:t+∆ denoting the default action 0 being taken at t+ 2, . . . , t+∆.

Setup 1. Calibration and test scores, {Sn = |Xt+∆
n − f(D1:t

n , X1:t
n , Zn)|}Nn=1 and

SN+1 = |Xt+∆
N+1 − f(D1:t

N+1, X
1:t
N+1, Zn)| are exchangeable, i.e. Prob(S1, . . . , SN + 1) =

Prob(Sσ(1), . . . , Sσ(N+1)) where σ is any permutation of {1, . . . , N + 1}. The Quantile Lemma,
e.g. Lemma 1 of [44], implies the prediction interval

C = {x ∈ X , |x− X̂t+∆
N+1| ≤ Q̂α} (8)

Q̂α = inf
q

{
N∑

n=1

1(|Xt+∆
n − X̂t+∆| ≤ q) ≥ nα

}
, nα = ⌈(1 +N)(1− α)⌉

is valid in the sense it obeys
Prob

(
Xt+∆

N+1 ∈ C
)
≥ 1− α, (9)

where the probability is over the calibration and test samples.
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Setup 2. The prediction intervals defined in (8) may not be valid, i.e. (9) may not hold, because
the calibration and test samples, St′

n = |Xt′+∆
n − f(D1:t′

n , X1:t′

n , Zn)| with t′ ≤ t and t′ > t,
n = 1, . . . , N , are not exchangeable. Theorem 2 provides a bound on the coverage gap, i.e. a
measure of violation of (9), under the assumption that the distribution shift is controlled by a
perturbation parameter, ϵ > 0.

Theorem 2 Assume we have N calibration samples,

St′

n = |Xt′

n − f(D1:tn
n , X1:tn

n , Zn)|, t′ = tn +∆ < t, n = 1, . . . , N (10)

where tn is the time user n experienced the last intervention before t. Assume there exists ϵ > 0 such
that, for all n,

pT (S
t+∆
n ) = (1− ϵ)pC(S

t+∆
n ) + ϵpδ(S

t+∆
n ), (11)

where pT and pC are the (unknown) densities of the test and calibration distributions, pδ is a bounded
arbitrary shift density, and pmin = minn=1,...,N pC(S

t′

n ) > 0. Then,

Prob
(
Xt+∆

N+1 ∈ C
)
≥ 1− α− 1

pmin

ϵ

1− ϵ
. (12)

In the proof, we use the likelihood-ratio-weighting approach of [44] to obtain the empirical test
distribution from the calibration samples and bound its quantile from below. The statement follows
from standard inequalities on the mean and variance of the ϵ-perturbed distribution. We prefer this
approach to conformal prediction adaptive models for time series, e.g. [20] or [6], for two reasons: i)
adaptive schemes have asymptotic coverage guarantees that can not be used to estimate the uncertainty
on a single time step and ii) optimized density estimates are a byproduct of our prediction model.

4 Further Related Work

[9] leverages Bayesian structural time-series models to estimate causal effects, and motivates our
exponential decay model in Eq. (3). Unlike [9], who focus on single interventions, our model
explicitly addresses the complexity arising from sequential interventions, taking a more detailed
perspective on the dynamic interplay of treatments over time. Several approaches for conformal
prediction in causal inference have emerged in recent years [e.g., 44, 28], including matrix completion
[21] and synthetic controls [12]. Our focus has not been on individual nor average treatment effects,
but directly on expected potential outcomes, similarly to the work on causal matrix completion
[7, 3, 4, 42]. Unlike the matrix completion literature, we focused on prediction problems, out-of-
sample for both units and time steps. Moreover, the matrix completion literature is usually framed
in terms of marginal expectations E[Xt

n(d)], as opposed to conditional expectations (notice that [4]
considers covariates, but those are included as part of the generative model). Marginal models have
some advantages when modeling multiple-step-ahead effects [18], but they also involve complex
computational considerations that we leave for future work. Compositionality based on additivity
instead of the factorization trick is discussed by e.g. [29], but additivity lacks the connection
to an explicit principle for universal function approximation. Finally, there is a rich literature
on confounding adjustment where exogeneity of Dt

n cannot be assumed, see [22] for a textbook
treatment. We can rely on standard approaches of sequential ignorability [36] to justify our method
in the absence of randomization.

5 Experiments

We run a number of synthetic and semi-synthetic experiments to evaluate the performance of the
CSI-VAE approach. In this section, we summarize our experimental set-up and main results. The
code for reproducing all results and figures is available online2. In Appendix C, we provide a detailed
description of the datasets and models. In Appendix D, we present further analysis and more results.
Finally, in Appendix E, we present an illustration of uncertainty quantification results.

2The code is available at https://github.com/jialin-yu/CSI-VAE
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Table 1: Main experimental results, averaged mean squared root error over five different seeds.

Full Synthetic Semi-Synthetic Spotify

Model T+1 T+2 T+3 T+4 T+5 T+1 T+2 T+3 T+4 T+5

CSI-VAE-1 36.53 41.46 41.73 41.12 41.32 68.23 82.94 83.53 81.97 79.63
CSI-VAE-2 97.80 118.25 117.79 127.25 135.03 253.85 312.53 305.08 303.68 302.83
CSI-VAE-3 138.78 164.02 141.71 132.59 125.55 757.94 937.07 800.55 704.66 634.72

GRU-0 229.72 269.66 220.95 208.30 188.43 215.42 260.65 193.41 137.20 117.06
GRU-1 230.76 270.83 220.93 208.33 184.92 223.61 269.69 205.91 141.53 126.36
GRU-2 93.73 101.03 118.01 88.53 132.28 154.18 187.42 177.96 133.36 127.58
LSTM 114.71 126.65 137.12 105.22 137.19 130.35 156.02 133.28 94.35 85.92
Transformer 111.66 122.08 150.57 175.84 87.89 133.42 157.66 154.61 164.70 158.03

Table 2: P-values from two-sample t-tests against the null hypothesis that models perform no better
on average than its counterpart. Significance at 0.05 indicated with one asterisk, 0.001 with two.

Full Synthetic Semi-Synthetic Spotify

Model CSI-VAE-2 CSI-VAE-3 GRU-0 GRU-1 GRU-2 LSTM Transformer CSI-VAE-2 CSI-VAE-3 GRU-0 GRU-1 GRU-2 LSTM Transformer

CSI-VAE-1 < 0.001∗∗ < 0.001∗∗ < 0.001∗∗ < 0.001∗∗ < 0.001∗∗ < 0.001∗∗ < 0.001∗∗ < 0.001∗∗ < 0.001∗∗ < 0.001∗∗ < 0.001∗∗ < 0.001∗∗ < 0.001∗∗ < 0.001∗∗

CSI-VAE-2 \ 0.057 < 0.001∗∗ < 0.001∗∗ 0.249 0.627 0.510 \ < 0.001∗∗ 0.058 0.081 < 0.05∗ < 0.05∗ < 0.05∗

CSI-VAE-3 \ \ < 0.001∗∗ < 0.001∗∗ < 0.05∗ 0.228 0.544 \ \ < 0.001∗∗ < 0.001∗∗ < 0.001∗∗ < 0.001∗∗ < 0.001∗∗

GRU-0 \ \ \ 0.990 < 0.001∗∗ < 0.001∗∗ < 0.001∗∗ \ \ \ 0.705 0.129 < 0.05∗ 0.109
GRU-1 \ \ \ \ < 0.001∗∗ < 0.001∗∗ < 0.001∗∗ \ \ \ \ 0.061 < 0.001∗∗ 0.052
GRU-2 \ \ \ \ \ 0.195 0.205 \ \ \ \ \ < 0.05∗ 0.870
LSTM \ \ \ \ \ \ 0.758 \ \ \ \ \ \ < 0.05∗

Datasets and oracular simulators. The first step to assess intervention predictions is to build
a set of proper ground truth test beds, where we can control different levels of combinations of
interventions. We build two sets of oracular simulators. (1) The Fully-synthetic simulator is
constructed primarily based on random models following our parameterization in Section 2. (2) The
Semi-synthetic simulator is constructed based on a real-world dataset from Spotify3 which aims to
predict skip behavior of users based on their past interaction history. See details in Appendix C. For
each type of simulator, we generate 5 different versions with different random seeds. From simulator
(1), we construct a simulated dataset of size 50, 000, containing 5 different interventions happening to
the units at any time after an initial burn-in period of T0 = 10, although only maximum 3 of these can
be observed for any given unit. We set r = 5 as the true dimensionality of the model. For simulator
(2), we construct simulated datasets of size 3, 000, again containing 5 different interventions, an
initial period T0 = 25, a maximum of 3 different interventions per unit, and r = 10. The task is
to predict outcomes for interventions not applied yet within any given unit (i.e., at least from the 2
options left). In simulator (2), parameters ϕ and β are learned from real-world data. Interventions are
artificial, but inspired by the process of showing different proportions of track types to an user in a
Spotify-like environment. For both setups, we use a data ratio of 0.7, 0.1, 0.2 for training, validation
and test, respectively. We report the final results in Table 1 with another constructed holdout set
(5, 000 points for the fully-synthetic case, and 1, 000 for the semi-synthetic one).

Compared models. We implemented three variations: (1) CSI-VAE-1 follows exactly our setup in
Section 2; (2) CSI-VAE-2 can be considered as an ablation study, which relaxes the product form of
Eq. (1) and replace it with a black-box MLP applied directly to (ϕtn, βn, ψ

t
n) (and hence may not

guarantee identifiability); (3) CSI-VAE-3 is another ablation study, where the equation for ψ (Eq.
(2)) is replaced by a black-box function taking the sequence of actions D as a standard time-series.
We compare our model against: (1) GRU-0, a black-box gated recurrent unit (GRU, [13]) composed
with a MLP, using only the past history of X1:t

n and Zn; (2) GRU-1, another GRU composed with a
MLP that takes into account also the latest intervention Dt

n; and (3) GRU-2, which uses not only Dt
n

but also the entire past history D1:t
n just like CSI-VAE. In general, GRU-2 can be considered as a

very strong and generic black-box baseline model. In addition, we conduct experiments comparing
other popular black-box baseline models: (4) LSTM, [23]; and (5) Transformer, [45]. For those, we
use the same input setup as in the case of the GRU-2 model.

Results. Each experiment was repeated 5 times, using Adam [26] at a learning rate of 0.01, with 50
epochs in the fully-synthetic case and 100 for the semi-synthetic, which was enough for convergence.
We selected the best iteration point based on a small holdout set. The main results are presented in
Tables 1 and 2, which show the superiority of our model against strong baselines. We also observed

3https://open.spotify.com/
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Figure 2: Top: 5-run evaluation of test mean squared error on the fully-synthetic (left) and semi-
synthetic cases (case). CSI-3 was removed on the right due to very high errors. Bottom: how errors
change as training sizes are increased, CSI-1 vs. GRU-2 (left: fully-synthetic, right: semi-synthetic).

that the identifiability results and compositional interactions of intervention effects are both critical,
as evidenced by the drop in performance for CSI-VAE 2 and 3 in Table 1.

In Appendix D, we provide the following further experiments: (1) different choices of r (summary:
using r less than the true value gracefully underfits, while there is evidence of some overfitting for
choices of r which overshoot the true value — mitigated by regularization); (2) different sizes of
the training data (summary: even with more data provided, our model consistently outperforms
the black-box models by a significant margin; we show that a generic black-box cannot solve this
problem by simply feeding in more data); and (3) a demonstration of conformal prediction that allow
us to better calibrate the predictive coverage compared to vanilla model-based prediction.

6 Conclusion

We introduced an approach for predictions of sequences under hypothetically controlled actions, with
a careful accounting of when extrapolation to unseen sequences of controls is warranted.

Findings. Embeddings are important given sparse categorical sequential data [45]. However, large
combinatorial interventional problems benefit from models that carefully lay down conditions for the
identification of such embeddings. Naïve sequential models, however flexible, cannot fully do the
heavy lifting of generalizing in the absence of structure. Information has to come from somewhere.

Limitations. Unlike the traditional synthetic control literature [1], we assume a model for time
effects based on autoregression and truncated or parametric time/intervention interactions. While
it is possible to empirically evaluate the predictive abilities of the model using a validation sample,
high-stakes applications (such as major interventions to counteract the effect of a pandemic) should
take into consideration that uncontrolled distribution shifts may take place, and careful modeling of
such shifts should be added to any analytical pipeline to avoid damaging societal implications.

Future work. Besides allowing for an explicit parameterization of drifts, accounting for unmeasured
confounding that may take place among past actions and states is necessary to increase the applica-
bility of the method. Moreover, when each action level d is itself a combination of cross-sectional
actions, causal energy-based models such as [8] can be combined with the compositional factorization
idea to also generalize to previously unseen cross-sectional combinations of actions.
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Appendix

A General Background

Much of traditional causal inference aims at estimating the outcome of a single-shot treatment that is
not intertwined within a sequence with uncontrolled intermediate outcomes [24]. However, many
causal questions involve sequential treatments. For example, we might be interested in estimating the
causal effects of medical treatments, lifestyle habits, employment status, marital status, occupation
exposures, etc. Because these treatments may take different values for a single individual over time,
they are often refereed to as time-varying treatments [22].

In many designs, it is assumed that a time-fixed treatment applied to individuals in the population
happens at the same time (i.e. there is a shared global clock for everyone). A more relaxed setting
(and more practical, as described in this paper) is that (categorical) interventions can happen to
different individuals at different time steps, potentially resulting in no pair of identically distributed
time-series. The purpose now is to estimate the causal effect or to predict expected outcomes under
time-varying treatments as a time-series, rather than estimating/imputing missing potential outcome
snapshots from a fixed time interval that has taken place in the past.

One typical way of designing experiments under a binary treatment (0 or 1) [35, 36] of time-varying
treatments is to have d̄0 = (0, 0, · · · , 0) (“never treated”) and d̄1 = (1, 1, · · · , 1) (“always treated”)
as the two options in the design space. This allows us to answer what the average expected outcome
contrasted between these two options. A fine-grained estimation at every time step will require further
levels of contrast for other regimes, such as d = (0, 1, · · · , 1) and d = (1, 0, · · · , 0). However, the
number of combinations grows exponentially on T , the number of time steps, even when only binary
treatments are at the stake.

In this paper, we did not consider identification strategies that may be necessary when confounding
is an issue. Conditional ignorability holds when we are able to block unmeasured confounders
using observable confounders only. Similarly, in a time-varying setting, we achieve sequential
conditional ignorability by conditioning on the time-varying covariates, including past actions ([22],
and Chapter 4 of [33]). In our manuscript, we will have little to say about the uses of conditional
sequential ignorability and other adjustment techniques for observational studies, as these ideas
are well-understood and can be applied on top of our main results. Hence, we decided to focus on
treatments that act as-if randomized so that we can explore in more detail our contributions.

B Proofs

Proposition 1 Let (i) f(n, d1:T , x1:T , z) := fTd (d
1:T )fnxz(n, x

1:T , z), where function sequences
fd(d

1:T ) and fnxz(n, x1:T , z) are defined for all T ∈ N+ and have codomain Rrg ; (ii) fdl(d1:T )
be given as in Eq. (6) with rhl

= 1; (iii) the l-th entry of fnxz(n, x1:T , z) be given by
fnxzl(n, x

1:T , z) := ul(n)
Tvl(x

1:T , z), where both ul(·) and vl(·, ·) have codomain Rrs′ ; (iv)
vl(x

1:t, z) be defined analogously to fdl(d1:t) as in Eq. (6), carrying out the fixed-size z as an
extra argument. Then there exists some integer r and three functions a, b and c with codomain
Rr so that f(n, d1:T , x1:T , z) =

∑r
l=1 al(x

1:T , z) × bl(n) × cl(d
1:T , T ). Moreover cl(d1:T , T ) =∏T

t=1ml(d
t, t, T ) for some function ml : N3 → R.

Proof. The proof is tedious and the result intuitive, but they help to formalize the main motivation
for Eqs. (1) and (3).

fTd (d
1:T )fnxz(n, x

1:T , z) =
∑rs

l′=1 fdl′(d
1:T )fnxzl′(n, x

1:T , z)

=
∑rs

l′=1 fdl′(d
1:T )

∑rs′
l′′ ul′l′′(n)vl′l′′(x

1:T , z)

=
∑rs′

l′′=1

∑rs
l′=1 ul′l′′(n)vl′l′′(x

1:T , z)fdl′(d
1:T )

=
∑r

l=1 al(x
1:T , z)× bl(n)× cl(d

1:T ),

where r = rs×rs′ and al(x1:T , z) := vl′l′′(x
1:T , z) for l = l′× l′′; bl(n) := ul′l′′(n) for l = l′× l′′;

and cl(d1:T ) = fdl′(d
1:T ) for l′ = ⌈l/rs′⌉, where ⌈·⌉ is the ceiling function.
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Finally, each cl(d
1:T ) is by definition some fdl′(d

1:T ). From Eq. (6) and the assumptions,
fdl′(d

1:T ) = gl′(d
1:T , T, T ), and gl′(d1:t, t′, t) := hl′(gl(d

1:t′−1, t′ − 1, t), dt
′
, t′, t). For t′ > 0 and

d > 0, we have that h′l is given by hl′1(gl′(d
1:t, t′ − 1, t))hl′2(d

t, t′, t). For t′ = 0, hl′(v, d, t′, t) ≡ 1,
and for t′ > 0 and d = 0, hl′(v, d, t′, t) ≡ gl′(d

1:t′−1, t′ − 1, t). By recursive application, this
implies fdl′(d1:T ) =

∏T
t′=1:dt′>0 hl′2(d

t′ , t′, T ) and the result follows. □

Proposition 2 Given a fixed value of T , suppose we have a measurable function f :
⋃T

t=2 X 1:t−1×⋃T
t=1 Dt × Z → Rd, t ≤ T , where X 1:t−1 and Z are compact, Dt is finite. Let x ∈

⋃T
t=2 X 1:t−1

and let d ∈
⋃T

t=1 Dt. For d = 1, · · · , dmax, let md :
⋃T

t=1 Dt → {1, · · · , T} with md(d) =
t if ∃t s.t. dt = d else 0. Then, for any ϵ > 0, there exist r = O(T dmax+1) and measurable
functions ϕl : X 1:t−1 ×Z → Rd and ψld′ : Dt → R, and real numbers βl, such that

supx∈⋃T
t=2 X 1:t−1,d∈

⋃T
t=1 Dt,z∈Z

∣∣∣∣∣f(x,d, z)−
r∑

l=1

ϕl(x, z)× βl ×
dmax∏
d=1

ψld′(md′(d))

∣∣∣∣∣ ≤ ϵ. (13)

Proof. First, let

f̂(x,d, z) :=

r∑
l=1

ϕl(x, z)× βl ×
dmax∏
d=1

ψld′(md′(d)).

Notice that we can construct an equivalent definition of Dt for some fixed t as follows. We for now
call the new object D̄t:

D̄t =

{
v ∈ Rdmax

∣∣∣∣vd ∈ {0, · · · , t}∀d; vd′ ̸= vd whenever d′ ̸= d and vd ̸= 0

}
. (14)

Note that there is a one-to-one correspondence between D̄t and Dt, and denote the bijection connect-
ing them by g : D̄t → Dt. Since both sets are finite, we can approximate f with f̂ , if and only if we
can approximate f ◦ i× g × i by f̂ ◦ i× g × i. So, without loss of generality, just consider D̄t as Dt.

The set of all sequences of treatments is the union of Dt over t = 1, ..., T , for some known T :

DT =

T⋃
t=1

Dt known T . (15)

Note that

|Dt| < (t+ 1)dmax (16)

|DT | <
T∑

t=1

(t+ 1)dmax (17)

therefore the size of DT is polynomial in T .

Fixing the ground truth function f at D ∈ DT gives us a new function
⋃T

t=1 X 1:t−1 × Z → X .
Analogously, fixing f̂ at some D ∈ DT also gives a new function in the same function space. Since
DT is finite, we can enumerate its elements. Thus, for every D(i) ∈ DT , i = 1, · · · , |DT |, write
down f̂ fixed at D(i) as:

f̂(X1:t−1, D(i), Z) =

r∑
l=1

ϕl(X
1:t−1, Z)βlψl1(D

(i)
1 )ψl2(D

(i)
2 ) · · ·ψldmax(D

(i)
dmax

). (18)

We can then express the vector field as: f̂(·, D(1), ·)
...

f̂(·, D(|DT |), ·)

 =


β1
∏dmax

d=1 ψ11(D
(1)
1 ) · · · βr

∏dmax

d=1 ψr1(D
(1)
1 )

...
...

...
β1
∏dmax

d=1 ψ11(D
(|DT |)
1 ) · · · βr

∏dmax

d=1 ψr1(D
(|DT |)
1 )


︸ ︷︷ ︸

W

ϕ1(·, ·)...
ϕr(·, ·)


(19)
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By choosing r = |DT | and appropriate values for βl and ψld(D
(i)), we can make W invertible.

Now, consider the vector field given by the ground truth function fixed at all values of D ∈ DT : f(·, D(1), ·)
...

f(·, D(|DT |), ·)

 , (20)

and consider its transformation under W−1:

W−1

 f(·, D(1), ·)
...

f(·, D(|DT |), ·)

 . (21)

Since recurrent neural networks are universal approximators [40], for every δ > 0 we can choose
ϕ1, · · · , ϕr such that

supx∈⋃T
t=2 X 1:t−1, z∈Z

∥∥∥∥∥∥∥
ϕ1(x, z)...
ϕr(x, z)

−W−1

 f(x, D(1), z)
...

f(x, D(|DT |), z)


∥∥∥∥∥∥∥
2

2

≤ δ. (22)

Since W is a finite matrix, its operator norm is well-defined. Then

supx∈⋃T
t=2 X 1:t−1, z∈Z

∥∥∥∥∥∥∥W
ϕ1(x, z)...
ϕr(x, z)

−

 f(x, D(1), z)
...

f(x, D(|DT |), z)


∥∥∥∥∥∥∥
2

2

(23)

≤supx∈⋃T
t=2 X 1:t−1, z∈Z∥W∥2op

∥∥∥∥∥∥∥
ϕ1(x, z)...
ϕr(x, z)

−W−1

 f(x, D(1), z)
...

f(x, D(|DT |), z)


∥∥∥∥∥∥∥
2

2

(24)

≤∥W∥2opsupx∈⋃T
t=2 X 1:t−1, z∈Z

∥∥∥∥∥∥∥
ϕ1(x, z)...
ϕr(x, z)

−W−1

 f(x, D(1), z)
...

f(x, D(|DT |), z)


∥∥∥∥∥∥∥
2

(25)

≤∥W∥2opδ. (26)

However,

supx∈⋃T
t=2 X 1:t−1, d∈DT z∈Z |f(x,d, z)− f̂(x,d, z)| (27)

=
(

supx∈⋃T
t=2 X 1:t−1, z∈Zmaxd∈DT |f(x,d, z)− f̂(x,d, z)|2

)1/2
(28)

≤

(
supx∈⋃T

t=2 X 1:t−1, z∈Z

∑
d∈DT

|f(x,d, z)− f̂(x,d, z)|2
)1/2

(29)

=

supx∈⋃T
t=2 X 1:t−1, z∈Z

∥∥∥∥∥∥∥W
ϕ1(x, z)...
ϕr(x, z)

−

 f(x, D(1), z)
...

f(x, D(|DT |), z)


∥∥∥∥∥∥∥
2

2


1/2

(30)

≤∥W∥2opδ. (31)

Therefore, choosing δ = ϵ/∥W∥2op gives us the desired result.

□

Proposition 3 Let bn be a (T0n − 1)× 1 vector with entries E[Xt+1
n | x1:tn , zn,do(d

1:t+1
n )]. Under

Assumptions 1 and 2, βn is identifiable from An and bn.
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Proof. Let bn be a (T0n−1)×1 vector where each entry t is given by E[Xt+1
n | x1:tn , zn,do(0

1:t+1)],
where 01:t+1 denotes all actions kept at the default level of 0 from time 1 to time t+ 1. We know
from standard least-squares theory, and the given assumptions, that as long as the number T0 ≥ r of
observations is larger than or equal to the dimension r and the matrix is full rank, that the system is
(over-)determined and βn = A+

n b. □

Theorem 1 Assume we have a dataset of N units and T time points (d1:Tn , x1:Tn , zn) generated
by a model partially specified by Eq. (1). Assume also knowledge of the conditional expectations
E[Xt

n | xt−1
n , zn,do(d

1:t
n )] and basis functions ϕl(·, ·) for all l = 1, 2, . . . , r and all 1 ≤ n ≤ N and

1 ≤ t ≤ T . Then, under Assumptions 1-4 applied to all individuals and all intervention levels d that
appear in our dataset, we have that all βn and all ψl(d, ·, ·) are identifiable.

Proof. By Assumptions 1 and 2, and Proposition 3, all βn are identifiable.

For the next step, let

ηtnl := βnl ×
t∏

t′=1

ψl(d
t′

n , t
′, t),

and

α∆t

dl :=

∆t∏
t′=1

ψl(d, 1, t
′).

Consider now the first time t where an intervention level d > 0 is assigned to someone in the entire
dataset. By Assumption 3, there exists a dataset Nd with the given properties where, for all n ∈ Nd,
we have ηtnl = βnl ×

∏t
t′=1 ψl(d

t′

n , t
′, t) = βnl, since all interventions prior to t have been at level 0.

Let bdt′ be a Nd × 1 vector where each entry i is given by E[Xt+t′

ni
| x1:t+t′−1

ni
, zni

,do(d1:t+t′

ni
)], for

t′ = 1, 2, . . . , kd − 1. Consider the time-bounded case with free parameters wdl,1, l = 1, 2, . . . , r.
Given Assumption 4, we can solve for ηt+1

n = A+
d1
bd1

, the vector with entries ηt+1
nl .

As ηt+1
nl = ηtnl × ψl(d, t+ 1, t+ 1) = ηt+1

nl × wdl,1, with non-zero ηnl by Assumption 3, this also
identifieswdl,1. Also by Assumption 3, at time point t+2 we have that ηt+1

nl = ηtnl×ψl(d, t+1, t+2)
for all units in Nd, which by analogy to the previous paragraph, identifies ψl(d, t + 1, t + 2) and
consequently wdl,2. As this goes all the way to t+ kd − 1, this identifies all of ψl(d, · · · , ·).
If intervention d level is the time-unbounded model of Eq. (3), by Assumption 3, we also identify
α1
d, α2

d and α3
d, as they are defined by functions ψl(d, t + 1, t + t′) = ψl(d, 1, t

′) for t′ = 1, 2, 3
that we established as identified by the reasoning in the previous paragraph. As σ(w1dl)× w2dl −
σ(w1dl)

3 × w2dl = α1
dl − α3

dl and

σ(w1dl)× w2dl − σ(w1dl)
2 × w2dl

σ(w1dl)2 × w2dl − σ(w1dl)3 × w2dl
=
α1
dl − α2

dl

α2
dl − α3

dl

,

solving for the above results in

w1dl = σ−1

(
α2
dl − α3

dl

α1
dl − α2

dl

)
,

w2dl =
α1
dl − α3

dl

σ(w1dl)− σ(w1dl)3
,

w3dl = α1
dl − σ(w1dl)× w2dl.

So far we have established identification of the ψ(d, ·, ·) functions for the first intervention level d that
appears in the dataset (the value d is not unique, as it is possible to assign different intervention levels
d′ in parallel at time t, but to different units). We now must show identification for the remaining
interventions d > 0 levels that take place in our dataset after time t.

Assume the induction hypothesis that ts is the s-th unique time an intervention level d > 0 is assigned
to some unit in the dataset, and all intervention levels d⋆ that appeared up prior to td have their
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functions ψl(d
⋆, ·, ·) identified. We showed this is the case for t1 = t, which is our base case. We

assume this to be true for ts and we will show that this also holds for ts+1.

Let d be an intervention level assigned at ts+1 and let Nd the corresponding subset of data assumed
to exist by Assumption 3. For any n ∈ Nd, let s− be the last time a non-zero intervention d− has
been assigned to n prior to s+1. Also by Assumption 3, this must have taken place at least kd− steps
in the past. By the induction hypothesis, ψl(kd− , ·, ·) is identifiable, and therefore so is the case for
all ψl(kd≺ , ·, ·) for intervention levels d≺ taking place for the first time prior to ts. This also implies
that ηtsnl is identified, and the rest of the argument proceeds as in the base case. □

Theorem 2 Assume we have N calibration samples,

St′

n = |Xt′

n − f(D1:tn
n , X1:tn

n , Zn)|, t′ = tn +∆ < t, n = 1, . . . , N (32)
where tn is the time user n experienced the last intervention before t. Assume there exists ϵ > 0 such
that, for all n,

pT (S
t+∆
n ) = (1− ϵ)pC(S

t+∆
n ) + ϵpδ(S

t+∆
n ), (33)

where pT and pC are the (unknown) densities of the test and calibration distributions, pδ is a bounded
arbitrary shift density, and pmin = minn=1,...,N pC(S

t′

n ) > 0. Then,

Prob
(
Xt+∆

N+1 ∈ C
)
≥ 1− α− 1

pmin

ϵ

1− ϵ
. (34)

Proof. Let PT and PC be the joint distributions of (Xt′

n , D
t′

n ) for t′ > t and t′ ≤ t and wt′

n =
pT (Xt′

n ,Dt′
n )

pC(Xt′
n ,Dt′

n )
. For any t′ > t, we can estimate PT by weighting the calibration samples with wt′

n ,
n = 1, . . . , N , i.e.

PT (X,D) ≈ Z−1
N∑

n=1

wt′

n1((X,D) = (Xt′

n , D
t′

n )), Z =

N∑
n=1

wt′

n . (35)

Conditional on the calibration samples, the (1− α)-th empirical quantile of PT (X,D) is

QT (1− α) = infq

{(
Z−1

N∑
n=1

wt′

n1(Sn ≤ q)

)
≥ 1− α

}
(36)

= infq

{(
N∑

n=1

(
wt′

n

Z
− 1

N
+

1

N

)
1(Sn ≤ q)

)
≥ 1− α

}
(37)

= infq

{(
1

N

N∑
n=1

1(Sn ≤ q)

)
≥ 1− α−

N∑
n=1

(
wt′

n

Z
− 1

N

)
1(Sn ≤ q)

}
(38)

≥ infq


(

1

N

N∑
n=1

1(Sn ≤ q)

)
≥ 1− α−

√
N

√√√√ N∑
n=1

(
wt′

n

Z
− 1

N

)2
 (39)

= QC(1− α− gap), (40)

where gap =
√
N
Z

√∑N
n=1 (w

t′
n − E[wt′ ])

2
= N

Z V[wt′ ] = V[wt′ ]

E[wt′ ]
, with E[wt′ ] and V[wt′ ] being the

empirical mean and variance of wt estimated on the N calibration samples. Under the theorem

assumptions, we have wt′

n = (1 − ϵ) + ϵ
δ(St′

n )

pC(St′
n )

. Then, E[wt′ ] = 1 − ϵ + ϵE[δ(S
t′ )]

pC(St′ )
≥ 1 − ϵ and

V2[wt′ ] = E[wt′ − E[wt′ ]]2 ≤ ϵ2V2

(
δ(St′ )

pC(St′ )

)
≤ ϵ2

(minS pC(St′ ))2
V2[δ(St′)] ≤ ϵ2

(minS pC(St′ ))2
.

The statement follows from
Prob(Z ≤ a) ≥ Prob(Z ≤ b) if a ≥ b, (41)

and the Quantile Lemma on St+∆
N+1, which implies Prob(St+∆

N+1 ≤ QC(1−α∗)) ≥ 1−α∗, where α∗
obeys

α∗ = α+ gap ≤ α+

√
V2[wt′ ]

E[wt′ ]
≤ ϵ

minS pC(S)

1

1− ϵ
. (42)

□
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C Simulators

We design two simulators: (1) a fully-synthetic simulator; and (2) a semi-synthetic simulator.

C.1 General Setting

The simulators serve as fully controllable oracles to allow us to test the performance of our predictive
causal inference problems. In particular, we have the following parameters:

• N : the total number of training users.
• M : the total number of testing users.
• T : the total number of steps in a time series.
• T0: the number of steps in a time series when the intervention is the “default” one (D = 0).
• K: the number of different interventions (so that D ∈ {0, 1, · · · ,K − 1}).
• r: the dimensionality of the feature space.
• zdim: the number of time-invariant covariates.
• I: the maximum number of non-zero intervention levels in a time series.

Whenever possible, we set the same random seeds of 1, 2, 3, 4, 5 to aid reproducibility of results.
For the fully-synthetic simulator, a different seed indicates that it is a different simulator (as given
by random draws of simulator parameters based on this seed). This also reflects the randomness
coming from neural network parameter initialization, and data splitting when training models. For
the semi-synthetic simulator, the simulator parameters ϕ and β are learned from real world data, but
we will need to also draw synthetic parameters for ψ. In both cases, using different random seeds can
be considered as drawing new problems where each has unique parameters.

C.2 Fully-Synthetic Simulator

The first simulator is purely synthetic, where all parameters are randomly sampled from some pre-
defined distribution. The overall data generation process exactly follows the model we specified in
Section 2.

We generate a synthetic dataset for training with the following parameters: r = 5, T = 20, T0 = 10,
K = 5, N = 50, 000, and zdim = 5. We generate 200, 000 samples at first place, but only use the
first 50, 000 samples for training. To test our performance, we generate additional non-overlapping
M = 5, 000 samples with the same parameters, but this time with T = 25. We make predictions on
the last 5 time steps based on the first 20.

The intervention effect parameters are sampled from the following distributions, each with a size of
K × r. For d = 1, 2 :

w1d ∼ U(1, 2)
w2d ∼ U(1, 2)
w3d ∼ U(2, 3),

where U(a, b) is the uniform distribution in [a, b]. For d = 3, 4:

w1d ∼ U(−2,−1)

w2d ∼ U(−2,−1)

w3d ∼ U(−1, 0).

We set w1d = 0, w2d = 0 and w3d = 1 to reflect the “idle” or “default” intervention level d = 0.
Values are designed to symmetric around the default intervention value. We randomly generate
time-series {Dt

n} based on the identification results in Section 2.2, with the following rules:

1. we have enough default-intervention points (T0 = 10 ≥ r, see Assumption 1).
2. for each unique unit, non-zero action levels are sampled without replacement. We addition-

ally assume at least I > K/2 (in this case, I = 3) of the interventions show up in each
unit-level time series.
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3. once a d > 0 action happens, there must be at least two consecutive d = 0 actions (see
Theorem 1).

4. in the test dataset, at prediction time, we assume an unseen intervention in the first 20 time
series shows up at exactly step 21, and then the time-series has intervention level of 0 until
the end. For instance, the training sequence isD = [0, 0, · · · , 1, 0, · · · , 0, 2, 0] with T = 20,
and test sequence is D = [0, 0, · · · , 4, 0, · · · , 0, 3, 0] + [2, 0, 0, 0, 0] with T = 25.

We generate a time series {ψt
n}, based on Eq. (2), using the corresponding w1d, w2d, w3d values. We

generate r iid entries βnl ∼ N (µn, σn) for each user, as follows:

µn ∼ N (0, 1)

σn ∼ exp{N (0, 1)}.
For each user n, we generate zdim = 5 iid unit-specific covariates {Zn} as:

Zn ∼ N (0, 3).

The same is used to set up an initial X0
n (the initial starting point of the time series) with a random-

parameter MLP with input dimension of zdim and output dimension of 1. Finally, to create the
synthetic time series {X0:T

n } (0 comes from the initial starting point), we randomly generate a neural
network consisting of a single long-short term memory (LSTM) layer followed by a MLP to generate
ϕ at each time step. We further compose ϕ with a sigmoid function so that it is bounded between
[−1, 1]. We iteratively sample the {Xt

n} points with the conditional mean from Eq 1 (based on
X0:t−1

n , Zn, and D1:t
n ) plus a standard Gaussian additive error term at each step.

The outcome of this simulator gives us the following data: time-series {X0:T
n }, intervention sequence

{D1:T
n } and covariates Zn.

C.3 Semi-Synthetic Simulator

The second simulator is semi-synthetic, in the sense that the simulator parameters are learned based
on real world data from the WSDM Cup, organised jointly by Spotify, WSDM, and CrowdAI4. The
dataset comes from Spotify5, which is an online music streaming platform with over 190 million
active users interacting with a library of over 40 million tracks. The purpose of this challenge is
to understand users’ behaviours based on sequential interactions with the streamed content they
are presented with, and how this contributes to skip track behaviour. The latter is considered as an
important implicit feedback signal.

For a detailed description of the dataset, please refer to [10]. We created our simulator based on
the “Test_Set.tar.gz (14G)” file. After unzipping the test data, we randomly chose a file named
(“log_prehistory_20180918_000000000000.csv”) as our main data source. In our case, we only
use the columns named: “session_id”, “session_position”, “session_length”, “track_id_clean”, and
“skip_3”. Here, each unique “session_id” indicates a different sequence of interactions from an
unknown user. The length of the interaction is denoted by “session_length”, where each step is
denoted by “session_position”. The column “track_id_clean” indicates the particular track a user
listens to at each position in the process. “skip_3” is a boolean value indicating whether most of the
track was played by the user. We assign the number of 1 if it is “True” and 0 otherwise. We use this
value to later create Xt

n.

To process the data, we start by looking at the existing sequence lengths, and select the most frequent
sequence length in the data (20) (the actual corresponding session sequence is 10). This accounts
for approximately 58% of the original file. After filtering, there are around 228, 460 unique sessions
and 301, 783 unique tracks in the data. To further reduce the computational cost of constructing
a very large session-track matrix, we randomly sample a sub-population of 6, 000 unique session
ids, which then bring us to 26, 707 unique tracks. We build the session-track matrix where the
entry value is the number of counts a particular track has been listened to over a particular session
based on this sub-population. We apply singular-value decomposition (SVD)6 to this session-track
matrix to get session embeddings and track embeddings. For numerical stability reasons, we save

4https://research.atspotify.com/datasets/
5https://open.spotify.com/
6https://numpy.org/doc/stable/reference/generated/numpy.linalg.svd.html
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only the top 50 singular values and further normalize them using its empirical mean and standard
deviation. For track embeddings, we take the top 10 singular values after the normalization and
assign them into 10 clusters, using constrained K-means to to encourage equal-sized clusters7. Using
these clusters, we create a new categorical variable F and its continuous counterparth ϕ(F ), which
respectively represent the corresponding cluster and its centroid vector based on the value of its
associated “track_id_clean” entry. Next, we set Xt

n as the cumulative sum of the corresponding
binary “skip_3” value over each unique “session_id” with added zero-mean Gaussian noise with
standard deviation 1/2. We keep the first 5 singular values for the session embedding normalization
and consider them to be the session specific covariate Z. We save X , F , ϕ(F ) and Z as separate
matrices as the final output, which have shapes of 6, 000× 10, 6, 000× 10× 10, 6, 000× 10× 10
and 6, 000× 5, respectively.

To build the simulator, we further define the following two processes:

P (F t
n | F 1:t−1

n , X1:t−1
n , Zn) = softmax(f(F 1:t−1

n , X1:t−1
n , Zn)),

and
Xt

n = ϕ(F t
n)

Tβn + ϵtn,

where ϕ(F t
n) is the 10-dimensional embedding of categorical variable Fn given by the cluster centroid,

and ϵtn ∼ N(0, σ2
x).

Function f(·, ·, ·) is modeled with a deep neural network consisting of a single layer GRU and a MLP,
trained on the real F with cross entropy loss (as a likelihood based model). The second equation is
trained on the real X with an ordinary least square (OLS) regression with a ridge regularization term
(α = 0.01). Error variance is estimated by setting σ̂2

x to be equal to the variance of the residuals. This
defines a semi-synthetic model calibrated by our pre-processing of the real data.

We now need to define interventions synthetically, as they are not present on the real data. We choose
K = 5 as the size of the space of possible interventions. We will define interventions in a way to
capture the notion of changing the exposure of tracks in particular cluster k for particular user n at
time t. Since the real data does not contain information regarding how interventions can influence
the behaviour of Spotify users, similarly to the simulator setup for the fully-synthetic one, we use 5
random seed to indicate different possible changes to a user behaviour in the Spotify platform.

The intervention effect parameters are sampled from the following distributions, each with a size of
K × r. For d = 1, 2 :

w1d ∼ U(1, 1.5)
w2d ∼ U(1, 1.5)
w3d ∼ U(1.5, 2.0).

For d = 3, 4:
w1d ∼ U(−1.5,−1)

w2d ∼ U(−1.5,−1)

w3d ∼ U(0, 0.5).
We set w1d = 0, w2d = 0 and w3d = 1 to reflect the “idle” or “default” intervention level d = 0.
The values are designed to symmetric around the default intervention value. We randomly generate
time-series {Dt

n} based on the identification results in Section 2.2 and the rules we adopted in the
full-synthetic simulator in Appendix C.2. Notice that the above does not correspond exactly to the
model class we discuss in Section 2, as the product of intervention features ψ in Eq. (2) is pipeline
with the softmax operation of f(F 1:t−1

n , X1:t−1
n , Zn) to get F t

n, which is then composed with ϕ to
get ϕ(F t

n).

We generate a synthetic training dataset with the following parameters: r = 10, T = 35, T0 = 25,
N = 3, 000, and zdim = 5 (notice that we have the first 5, 000 for training, but only use the first 3, 000
samples for the actual baseline training, as we have additional experiments to check the influence
of more training data points). To test our performance, we generate additional non-overlapping
M = 1, 000 samples with the same parameters, but this time with T = 40 for making predictions on
the last 5 time-series steps based on the first 35.

7https://github.com/joshlk/k-means-constrained
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To sample data from this simulator, we take the initial state of X0
n and F 0

n from the pre-processed
data. We use the Zn vector which comes from the real-world user embedding. Then, we iteratively
generate the next Fn via categorical draws from the softmax output based on user embedding Zn

all previous Fn and Xn. Once a categorical value of Fn is drawn, we replace it with its embedding
form ϕ(Fn), which is the centroid of its cluster. We use this ϕ(Fn) to generate Xn plus an additive
Gaussian noise with zero mean and homoscedastic variance learned from data.

The outcome of this simulator gives us the following data: time-series {X0:T
n }, intervention sequence

{D1:T
n } and covariates Zn.

D More Results

In this Section, we present more experimental results for our method. This includes: (1) the effect of
choosing r; (2) further examples of visualization and empirical results.

D.1 Effect of the Choice of r

The effect of different choices of r is presented in Fig. 3, with r = 5 being the ground truth parameter
from which the data is generated. We have also plotted the performance of our method under r = 3
and r = 10. We observed that when r is smaller than the ground truth, the model tend to under-fit
the data with a slightly higher MSE error. When r is bigger than the actual value, the MSE error
can be further reduced, but resulting in very large variance. We also show that this can be mitigated
with further regularization, such as applying L1 and L2 penalty terms during the likelihood learning
process.

The insight we draw from this is that, when applying our approach to real-world problems, we could
potentially choose a higher r without much concern about what an exact value should be. Using a
large r leads to higher variance but in general performs reasonably well compare to knowing the
true r (here, r = 5). We also notice that applying regularization techniques, even when we know the
right dimension of r, can be beneficial. This leads to a more stable performance (that is, with lower
variance), but does not change much of the mean estimate as shown in Fig. 3. This maybe partially
caused by the gradient optimization process when training the deep neural network. Hence, we claim
that the main price to be paid for a large choice of r is that this makes data requirements stricter (such
as the number of steps prior to the first intervention) in order to guarantee identification.

Figure 3: Effect of changing r for the fully-synthetic dataset.
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D.2 Additional Figures

Figure 4: Examples of reconstruction of training data for CSI-VAE-1 model.

Figure 5: Model-based uncertainty quantification of reconstruction for CSI-VAE-1.

Figure 6: Demonstration of prediction, in the synthetic data case, for CSI-VAE-1.

Figure 7: Residual distribution examples for CSI-VAE-1. In general, we observe a very long tail
effect across model predictions.

E Uncertainty Quantification

For the sake of illustration, we generate another new dataset with a random seed of 42 using the
synthetic simulator, based on the following specifications: r = 5, T = 20, T0 = 10, K = 5,
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N = 50, 000, zdim = 5, I = 3. We also generated two further datasets of M = 2, 000, one for
calibration and one for testing.

E.1 Plug-in Model-based Uncertainty Quantification

We first present the model-based uncertainty quantification at level of α = 0.95, in Fig. 8. Given
estimates of the conditional mean and homoscedastic error variance σ2 learned from data, we can
calculate predictive intervals as (µ− 1.96× σ, µ+ 1.96× σ). For purely model based uncertainty
quantification with plug-in parameter estimates, we do not need an additional calibration dataset,
but it is an obviously problematic one as it does not take into account estimation error and sampling
variability. The coverage rate is 57.75% on the test dataset without further calibration.

Figure 8: Plug-in model-based predictive interval and coverage.

E.2 Conformal Prediction

We then present the model-free uncertainty quantification at level of α = 0.95 (based on the Setup 1 in
Section 3.2), shown in Fig. E.2. We use the absolute value of the predictive residual as our conformity
score function, |y − f(x)|. We calibrate our model output based on the calibration dataset and then
apply it on the test dataset. We obtained a coverage rate of 95.30%. This is a significant improvement
upon what we see in Fig. 8 and demonstrates the effectiveness of the conformal prediction approach.

Figure 9: Conformal prediction predictive interval and coverage.
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NeurIPS Paper Checklist

1. Claims
Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?
Answer: [Yes]
Justification: We explain the particular scope in terms of examples we believe to be intuitive,
why we see this is a challenge and highlight what to expect from off-the-shelf solutions.
We point out to empirical gains on a particular regime of data (“sparse data conditions”) to
avoid overgeneralizing where we add value, and the gains are explicitly presented in the
empirical section of the paper.
Guidelines:

• The answer NA means that the abstract and introduction do not include the claims
made in the paper.

• The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

• The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

• It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]
Justification: The experimental section outlines scenarios where we do not do well, partic-
ularly on low sample size regimes and undershooting the right dimensionality of the true
process.
Guidelines:

• The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

• The authors are encouraged to create a separate "Limitations" section in their paper.
• The paper should point out any strong assumptions and how robust the results are to

violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

• The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

• The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

• The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

• If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

• While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.
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3. Theory Assumptions and Proofs
Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]

Justification: Section 2 in particular lists assumptions explicitly.

Guidelines:

• The answer NA means that the paper does not include theoretical results.
• All the theorems, formulas, and proofs in the paper should be numbered and cross-

referenced.
• All assumptions should be clearly stated or referenced in the statement of any theorems.
• The proofs can either appear in the main paper or the supplemental material, but if

they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

• Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

• Theorems and Lemmas that the proof relies upon should be properly referenced.

4. Experimental Result Reproducibility
Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: Data sources and references are properly accounted for, a no-frills view of
the main algorithm is given in Section 3 that directly allows for implementing the required
steps using off-the-shelf libraries. Appendices delineate in full detail how to reproduce the
necessary and important preprocessing steps.

Guidelines:

• The answer NA means that the paper does not include experiments.
• If the paper includes experiments, a No answer to this question will not be perceived

well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

• If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.

• Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

• While NeurIPS does not require releasing code, the conference does require all submis-
sions to provide some reasonable avenue for reproducibility, which may depend on the
nature of the contribution. For example
(a) If the contribution is primarily a new algorithm, the paper should make it clear how

to reproduce that algorithm.
(b) If the contribution is primarily a new model architecture, the paper should describe

the architecture clearly and fully.
(c) If the contribution is a new model (e.g., a large language model), then there should

either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).
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(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code
Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?
Answer: [Yes]
Justification: Yes, Jupyter notebooks with data preprocessing pipelines and running of
baselines is provided.
Guidelines:

• The answer NA means that paper does not include experiments requiring code.
• Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

• While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

• The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

• The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

• The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

• At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

• Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLs to data and code is permitted.

6. Experimental Setting/Details
Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?
Answer: [Yes]
Justification: Yes, the main text provides the high level choices made on running the
algorithms and the details are in the appendices.
Guidelines:

• The answer NA means that the paper does not include experiments.
• The experimental setting should be presented in the core of the paper to a level of detail

that is necessary to appreciate the results and make sense of them.
• The full details can be provided either with the code, in appendix, or as supplemental

material.
7. Experiment Statistical Significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?
Answer: [Yes]
Justification: Statistical tests for pairwise comparison of methods are provided, as well as
full boxplots for descriptive summarization of results.
Guidelines:
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• The answer NA means that the paper does not include experiments.
• The authors should answer "Yes" if the results are accompanied by error bars, confi-

dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

• The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

• The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

• The assumptions made should be given (e.g., Normally distributed errors).
• It should be clear whether the error bar is the standard deviation or the standard error

of the mean.
• It is OK to report 1-sigma error bars, but one should state it. The authors should

preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

• For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

• If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.

8. Experiments Compute Resources
Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?
Answer: [Yes]
Justification: As described in the Experiments section and appendices.
Guidelines:

• The answer NA means that the paper does not include experiments.
• The paper should indicate the type of compute workers CPU or GPU, internal cluster,

or cloud provider, including relevant memory and storage.
• The paper should provide the amount of compute required for each of the individual

experimental runs as well as estimate the total compute.
• The paper should disclose whether the full research project required more compute

than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

9. Code Of Ethics
Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?
Answer: [Yes]
Justification: We have read and complied with the Code of Ethics.
Guidelines:

• The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.
• If the authors answer No, they should explain the special circumstances that require a

deviation from the Code of Ethics.
• The authors should make sure to preserve anonymity (e.g., if there is a special consid-

eration due to laws or regulations in their jurisdiction).
10. Broader Impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?
Answer: [Yes]
Justification: The introduction lines up why the problem is important, while the Conclusions
mentions briefly possible misuses to be avoided.
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Guidelines:
• The answer NA means that there is no societal impact of the work performed.
• If the authors answer NA or No, they should explain why their work has no societal

impact or why the paper does not address societal impact.
• Examples of negative societal impacts include potential malicious or unintended uses

(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

• The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

• The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

• If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

11. Safeguards
Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?
Answer: [NA]
Justification: The paper poses no such risks beyond any of the usual issues that a generic
predictive model may bring.
Guidelines:

• The answer NA means that the paper poses no such risks.
• Released models that have a high risk for misuse or dual-use should be released with

necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

• Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

• We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

12. Licenses for existing assets
Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?
Answer: [Yes]
Justification: A link to the main empirical data source used is provided in the Experiments
section.
Guidelines:

• The answer NA means that the paper does not use existing assets.
• The authors should cite the original paper that produced the code package or dataset.
• The authors should state which version of the asset is used and, if possible, include a

URL.
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• The name of the license (e.g., CC-BY 4.0) should be included for each asset.
• For scraped data from a particular source (e.g., website), the copyright and terms of

service of that source should be provided.
• If assets are released, the license, copyright information, and terms of use in the

package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

• For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

• If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.

13. New Assets
Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [Yes]

Justification: The assets (code) are provides as Jupyter notebooks.

Guidelines:

• The answer NA means that the paper does not release new assets.
• Researchers should communicate the details of the dataset/code/model as part of their

submissions via structured templates. This includes details about training, license,
limitations, etc.

• The paper should discuss whether and how consent was obtained from people whose
asset is used.

• At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

14. Crowdsourcing and Research with Human Subjects
Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]

Justification: The paper does not involve crowdsourcing nor research with human subjects.

Guidelines:

• The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

• Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

• According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

15. Institutional Review Board (IRB) Approvals or Equivalent for Research with Human
Subjects
Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]

Justification: The paper does not involve crowdsourcing nor research with human subjects

Guidelines:

• The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.
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• Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

• We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

• For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.
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