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Abstract

As inference in Bayesian networks (BNs) can quickly become intractable, probabilistic
circuits (PCs) have been established as the go-to choice for performing tractable infer-
ence. However, modeling with BNs remains popular as their graphical structure closely
aligns with the semantics of the problem, making them modular and interpretable. As
this generally does not apply to PCs trained from data, we propose probabilistic circuit
networks (PCNs). PCNs model variables using separate PCs each covering the variable
and its parents, so that the marginal distributions can be updated in response to changes
upstream. To this end, an iterative proportional fitting (IPF) procedure can be employed,
which remains tractable owing to the tractability properties of PCs. While the inference
procedure of PCNs is only approximate and thus performs worse than BNs w.r.t. accuracy,
we experimentally show that PCNs are more sample-efficient than full PCs and remain
computationally tractable despite implementing the graphical structure directly.

1. Introduction

Bayesian networks (BNs) and probabilistic circuits (PCs) each have clear strengths that the other
lacks. BNs explicitly model a directed acyclic graph (DAG) over the represented variables, which
makes them interpretable, modular, and enforces (conditional) independencies directly through the
graph structure. This modularity facilitates adaptable models where individual components can be
inspected and changed, and enables interventions when the BN follows a causal graph (Zečević et al.,
2021; Busch et al., 2025; Wang and Kwiatkowska, 2023). On the other hand, marginal inference
in BNs is generally intractable, scaling exponentially with the graph’s treewidth. PCs address this
by supporting tractable marginal inference (Choi et al., 2020), where computations across layers
can be parallelized efficiently (Peharz et al., 2020). However, a PC does not follow a DAG over
its variables, and with this, the modularity and structural guarantees of BNs are lost. While it is
possible to transform BNs into PCs (Zhao et al., 2015), this results in a single, monolithic circuit
that loses the modular structure. Ideally, one would want a model that retains the graph-based
modularity and interpretability of BNs while leveraging the tractability of PCs for inference.

This paper introduces Probabilistic Circuit Networks (PCNs), a model class that connects
individual PCs along a DAG (Figure 1). In a PCN, every node1 in the graph is represented by
a small PC whose scope covers the respective variable and its parents. In this work, we focus
on the discrete case, where all variables have a finite number of states. Inference proceeds in
a downstream manner: when evidence is observed or a parent’s marginal distribution changes, the
updated marginals are passed to their children nodes, and each receiving PC is adjusted accordingly.
The key mechanism for this adjustment is the use of scaling factors applied to the leaf nodes of each
PC. For tree-structured graphs, these scaling factors can be computed exactly in a single step. For
arbitrary graphs, where parent variables can be correlated, we frame the problem as a matrix scaling
problem and employ iterative proportional fitting (IPF) (Deming and Stephan, 1940) to compute the

1. At least conceptually. In practice, nodes without parents can be simplified and no PC is built for those.
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Figure 1. PC Networks. Given a DAG, the scope of each node consists of the current variable and its

parents. Over this scope, a PC is trained for each node. The resulting set of PCs over the DAG is the

PC network. For computing probabilistic queries on this network, a “message-passing” style of inference is

applied, where evidence is passed down the edges, updating the respective PC nodes along the way.

correct factors. Crucially, each step of IPF requires marginalizing over the local PC, which, owing
to the tractability of PCs, can be done in polynomial time. This turns what would normally be an
intractable procedure into an efficient one, showcasing an interesting synergy between a traditional
statistical method and PCs.

In their current form, PCNs have one major downside. The inference procedure used in PCNs is
approximate, as downstream correlations not captured by the local factorization are lost (related
to mean-field approximation (Jordan et al., 1999)). As our experiments show, this leads to higher
prediction errors compared to exact BN inference on real-world benchmark graphs. Still, PCNs
exhibit substantially higher sample efficiency than monolithic PCs and, most notably, scale grace-
fully to graph sizes where exact BN inference becomes infeasible. We see this work primarily as
a methodological contribution, exploring the idea of having PCs interact and update each other’s
marginals along a graph structure.

Our contributions are as follows.

1. We introduce PCNs, a model class that places individual PCs at every node in a DAG and
connects them through marginal updates, retaining the modularity and interpretability of BNs.

2. We show how scaling factors can update the local PCs to reflect changed marginals, and how
IPF can be used to compute these factors by leveraging the tractability properties of PCs.

3. We conduct experiments showcasing the trade-offs of PCNs. While approximate inference
introduces error, PCNs are more sample-efficient than full PCs and scale to problems where
BN inference is no longer feasible.

2. Preliminaries

Probabilistic Circuits. A Probabilistic Circuit (PC, Choi et al. (2020)) is a computational graph
that represents a joint probability distribution over a set of random variables X = {X1, . . . , XN}. A
PC C consists of three types of nodes: leaf nodes, sum nodes, and product nodes. Each node n has a
scope ϕ(n) ⊆ X, denoting the set of variables modeled by that node. Leaf nodes model distributions
over (commonly) single variables using simple base distributions such as Gaussians or categorical
distributions. Sum nodes compute weighted mixtures of their children, nsum(x) =

∑
c∈ch(n) wc · c(x)

with weights wc ≥ 0 satisfying
∑

c∈ch(n) wc = 1. Product nodes combine independent groups of

variables via nprod(x) =
∏

c∈ch(n) c(x). To ensure that the PC represents a valid and tractable
probability distribution, we assume smoothness, i.e., all children of a sum node have the same scope,
and decomposability, i.e., the scopes of the children of any product node are pairwise disjoint.

Related Work. It is possible to transform BNs into PCs (and the other way around) (Zhao et al.,
2015), resulting in single, potentially exponentially large PCs, losing the modularity of BNs. Cutset
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Bayesian networks (Rahman et al., 2019) are similarly motivated by the generalization benefits
of leveraging the true graphical structure, splitting the BN into two parts to speed up inference,
however, some components can remain intractable. Lastly, neural components can be used to change
the PC parameters in such a way that different marginal distributions are modeled depending on
the input (Shao et al., 2022; Zečević et al., 2021; Busch et al., 2025). However, these approaches
can fail to generalize to unseen inputs, as the neural component is not guaranteed to generalize to
data points beyond the training distribution.

3. Probabilistic Circuit Networks

PCNs are graphical structures that implement PCs at every node. The scope of every PC within a
PCN is the union of the current variable and its parents.

Definition 1 (Probabilistic Circuit Network). A probabilistic circuit network (PCN) for some
directed acyclic graph G = (V,E) is a tuple C+ = (V,CCC), where CCC = {C1, . . . , CN} is a set of PCs,
such that for every node Vi ∈ V there exists a corresponding Ci ∈ CCC with scope ϕ(Ci) = (Vi∪pa(Vi)).

There must be some way for the PC components in a PCN to “communicate”, such that evidence
or changes in some variable can propagate to other parts of the network. In the following, we
propose an approach for updating the PC leaf parameters to take a specific parent distribution into
account, allowing for changes in a PCN to flow downstream (computation of full queries is discussed
later). To this end, we show how our inference procedure in PCNs ensures that the PC components
correctly compute

∑
z∈val(Z) P (xi|e, z)

∏
zj∈z q(zj), while leveraging the tractable marginal inference

property of PCs to marginalize Z ⊆ pa(X). Specifically, we show that with PCs Ci, we can employ
an approach based on scaling factors α that builds upon these PCs such that for the resulting Cαi :

Cαi (xi) =
∑

z∈val(Z)

P (xi|e, z)
∏
zj∈z

q(zj). (1)

We employ scaling factors in such a manner that all leaf distributions are multiplied by their respec-
tive scaling factor that corresponds to a specific variable and value for all parent nodes. If there are
n = |z| parent variables with maximum cardinality d, then there are at most dn scaling factors. We
define αj(z, zj)→ R+ to return the scaling factor for the variable associated with index j obtaining
the value zj . Generally, this depends on all parent variables, which is why we need z as part of the
function input. Using these scaling functions, we define our local PCs in the PCN as

Cαi (xi) :=
∑

z∈val(Z)

∏
zj∈z

αj(z, zj)

 Ci(xi, z). (2)

Note that Cαi (xi) = Ci(xi) if we set αj(z, zj) = 1. Hence, our modified PCs are a generalization of
the underlying PC Ci.

Core Idea of PCNs

Scaling factors can be applied to the leaves corresponding to the parent variables in such a
way that the resulting PC is a valid PC that correctly represents the updated probability
distribution under a change of marginal distribution of the parent variables. These scaling
factors can be computed in a tractable manner.

First, we consider the simple case where the underlying DAG is a tree.

Theorem 2. For any PCN C+ where the underlying graph G is a tree, the scaling factors α can be
computed exactly in a single step.
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Proof Idea. In a tree, each node has at most one parent. The scaling factor for each parent value is
simply the ratio between the updated marginal q(z) and the original marginal Ci(z). This ratio can
be computed directly and applied to the corresponding leaf nodes. Full proof in Appendix A.1.

In the case of arbitrary graphs, the simple ratio-and-update procedure no longer works, as parent
variables can be correlated and changing the marginals of one variable also affects the others. How-
ever, we can frame this problem as a matrix scaling problem and apply iterative proportional fitting
(IPF, Deming and Stephan (1940)) to compute the desired scaling factors.

Theorem 3. For any PCN C+ over an arbitrary DAG and assuming positivity of the local joint
distributions, the scaling factors α can be computed in polynomial time.

Proof Idea. While applying the ratio update from the tree case to each parent individually does not
yield the correct scaling factors, each such step corresponds to one step in IPF (Fig. 2). Under the
assumption of positivity, IPF is known to converge to the true solution. While IPF generally scales
exponentially with the number of dimensions (i.e., parent nodes), the tractable marginalization of
PCs means the joint distribution does not have to be computed explicitly, as is usually required.
This turns IPF into a polynomial-time algorithm. Full proof in Appendix A.2.

Stop When
Close Enough

Solve

Match A

Match B

Match A
Iterative Proportional Fitting

Figure 2. IPF for Fitting Marginals. Iteratively updating

each parent’s marginals following the IPF procedure eventually

yields the desired scaling factors up to a specified tolerance ϵ.

Approximate Inference Proce-
dure. The previous only proves the
correctness of the updating proce-
dure. For query computation, we
use an inference procedure related
to mean field approximation (Jordan
et al., 1999). In short, we iterate over
all variables in a hierarchical manner,
passing down the marginal distribu-
tions by utilizing scaling factors. For
any query, we multiply the local prob-
abilities, similar to a factorization of a
joint probability distribution, to com-
pute the final query probability. As
correlations that cannot be modeled
downstream are not taken into account, it is generally not exact for all types of queries. For exam-
ple, P (B,C) on the graph B ← A → C would use the standard marginals passed down from A,
which would result in computing the query as P (B) · P (C). Other queries that do not require such
cross-branch correlations can still be computed exactly. The algorithm is included in Appendix B.

4. Experiments

Error of the Approximate Inference Procedure. To investigate PCN accuracy in realistic
settings, we use datasets from the Bayesian Network Repository (Scutari, 2010) and run conditional
queries (assigning evidence to 1/3 of all variables and randomly choosing one as target variable).
Note that for conditional queries especially, approximations might be particularly harmful w.r.t.
the prediction error.2 We compare with the true probabilities obtained from the ground truth
BN. In Table 1, we see that PCNs perform substantially worse than exact BN inference, with errors
typically in the low single digits. While this highlights the cost of the approximation, the predictions
remain in the vicinity of the true values. We illustrate positive properties of PCNs in the following
experiments.

2. In some preliminary experiments on synthetic data, we found that synthetic problems where conditional proba-
bilities are set uniformly at random tend to result in very small approximation errors. While this makes PCN
look great, it results in a misleadingly high prediction performance.
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Figure 3. PCs and PCNs Sample Efficiency. Average L1 error for different sample sizes.

Dataset BN PCN

asia 0.30 ± 0.06 0.81 ± 0.17
child 0.60 ± 0.05 6.11 ± 0.90
alarm 0.36 ± 0.08 4.40 ± 0.76
insurance 0.55 ± 0.07 5.66 ± 0.97
win95pts 0.22 ± 0.04 2.59 ± 0.70
hepar2 0.41 ± 0.03 1.30 ± 0.26
hailfinder 1.06 ± 0.08 6.26 ± 0.90
water 0.31 ± 0.02 0.74 ± 0.19
barley 2.00 ± 0.21 8.50 ± 1.55
mildew 1.59 ± 0.28 6.30 ± 1.67

Table 1. Comparison BN and PCN on

Real Graphs. Shown are the average L1

errors, scaled in such a way that an error

of 1 indicates that the predicted and true

probabilities are, on average, off by 1%.

Higher Sample-Efficiency. We run the same setup
as for the previous experiment but compare with a
standard PC for asia, child, insurance, and alarm.
The number of samples is increased in steps between
{50, 100, 250, 500, 1000, 10000} and the average L1 error
is plotted. As can be seen from Fig. 3, PCN, despite
the approximate inference procedure, performs substan-
tially better than the single PC in the low sample regime.
This is plausibly explained by the PCN enforcing all (con-
ditional) independence by strictly enforcing the graph
structure. The error bars between PCs and PCNs start
overlapping for the large sample regime, but PCNs still
perform better on the three larger datasets. While PC
performance could likely be improved with better hyper-
parameters (we use identical settings across all experi-
ments, only scaling the architecture with the number of
variables), PCNs may be less sensitive to such choices, as
they rely on many smaller PCs.

W BN Error PCN Error BN Time PCN Time

4 0.21 ± 0.06 0.22 ± 0.06 0.01 ± 0.00 0.38 ± 0.03
5 0.25 ± 0.04 0.23 ± 0.10 0.02 ± 0.01 0.63 ± 0.03
6 0.26 ± 0.09 0.27 ± 0.09 0.03 ± 0.00 0.92 ± 0.03
7 0.32 ± 0.13 0.30 ± 0.14 3.52 ± 4.96 1.22 ± 0.06
8 0.24 ± 0.05 0.25 ± 0.04 314.70 ± 509.33 1.67 ± 0.06

Table 2. Comparison BN and PCN on Grid Graphs. Shown are

average L1 errors (scaled so that 1 corresponds to 1% average deviation)

and inference times in seconds.

Scaling Due to Tractable
Inference. We now employ
the same setup but on grid
graphs with width W , i.e., W 2

nodes where each node has at
most 2 parents: its left and top
neighbor. We track L1 error
and inference time for a query
where the first (top left) and
last (bottom right) variables
are given as evidence. Table 2
shows that the approximate in-
ference procedure works well for this type of query with distant evidence, and that PCNs scale much
better than BNs due to tractable (polynomial) inference time. BN inference time explodes as the
treewidth scales with grid width, whereas PCNs still provide results in reasonable time.

5. Conclusion

PCNs show how PCs can be connected along a DAG to create a probabilistic model that benefits
from both the tractability of PCs and the modularity of BNs, with IPF leveraging PC tractability
to efficiently update downstream components. While the approximate inference procedure limits
practical application, we hope this methodology inspires future research on modular PC approaches.
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Florian Peter Busch, Moritz Willig, Matej Zečević, Kristian Kersting, and Devendra Singh Dhami.
Structural causal circuits: Probabilistic circuits climbing all rungs of pearl’s ladder of causation.
Transactions on Machine Learning Research (TMLR), 2025.

Y Choi, Antonio Vergari, and Guy Van den Broeck. Probabilistic circuits: A unifying framework
for tractable probabilistic models. UCLA. URL: http://starai. cs. ucla. edu/papers/ProbCirc20.
pdf, 6, 2020.

W Edwards Deming and Frederick F Stephan. On a least squares adjustment of a sampled frequency
table when the expected marginal totals are known. The Annals of Mathematical Statistics, 1940.

Michael I Jordan, Zoubin Ghahramani, Tommi S Jaakkola, and Lawrence K Saul. An introduction
to variational methods for graphical models. Machine learning, 37(2):183–233, 1999.

Frederick Mosteller. Association and estimation in contingency tables. Journal of the American
Statistical Association, 1968.

Robert Peharz, Steven Lang, Antonio Vergari, Karl Stelzner, Alejandro Molina, Martin Trapp, Guy
Van den Broeck, Kristian Kersting, and Zoubin Ghahramani. Einsum networks: Fast and scalable
learning of tractable probabilistic circuits. In International Conference on Machine Learning
(ICML), 2020.

Tahrima Rahman, Shasha Jin, and Vibhav Gogate. Cutset bayesian networks: A new representation
for learning rao-blackwellised graphical models. In Proceedings of the Twenty-Eighth International
Joint Conference on Artificial Intelligence, 2019.
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In this appendix, we first prove the theorems in Appendix A, show an algorithm for the approximate
inference procedure in Appendix B, discuss the causal capabilities of PCNs in Appendix C and
include a short ablation study on the runtime complexity of IPF in Appendix D. Code for all
experiments can be found on https://anonymous.4open.science/r/pcn-0564/README.md.

A. Proofs

A.1. Tree Scenario

Theorem 2. For any PCN C+ where the underlying graph G is a tree, the scaling factors α can be
computed exactly in a single step.

Proof. We consider the scenario of tree-structured graphs, i.e., any node in the graph has no more
than one parent node. We want to show that the actual probability of the marginal distribution of
a node given its parent is the same as the marginal probability of that node in the respective PC
after applying the scaling factors. The computation for any nodes without parents is trivial and
results in P (xi) = Ci(xi). Since there is only one parent, the parent can either have evidence or be
marginalized. If there is evidence, Equation 1 simplifies to Cαi (xi) = P (xi|e), which can be computed
using a PC without any modifications. If the parent is marginalized, it remains to be shown that

Cαi (xi) =
∑

z∈val(Z)

P (xi|z)q(z) =
∑

z∈val(Z)

P (xi, z)

P (z)
q(z) (3)

holds for any distribution q(X).

The idea for our scaling factors α entails that all probability values associated with z = 0 are
multiplied by one scaling factor and all values associated with z = 1 are associated with another
scaling factor (and extending this to whatever the cardinality of the parent variable is beyond the
binary setting). In the PC, this can be achieved in a simple and efficient manner by multiplying all
leaves corresponding to the respective value with the appropriate scaling factor (in a slight abuse
of notation, we use α(zj) instead of αj(zj , zj), as there is only a single parent variable). Thus, we
define

Cαi (xi) :=
∑

z∈val(Z)

α(z)Ci(xi, z). (4)

Let us set

α(z) = q(z)/Ci(z). (5)

Since Ci(z) = P (z) and Ci(xi, z) = P (Xi, z), it follows that

Cαi (xi) =
∑

z∈val(Z)

α(z)Ci(xi, z) =
∑

z∈val(Z)

q(z)

Ci(z)
Ci(xi, z) =

∑
z∈val(Z)

q(z)

P (z)
P (xi, z) (6)

=
∑

z∈val(Z)

P (xi, z)

P (z)
q(z), (7)

proving Equation 3 and with it the correctness of our approach.

A.2. General Graphs

Theorem 3. For any PCN C+ over an arbitrary DAG and assuming positivity of the local joint
distributions, the scaling factors α can be computed in polynomial time.

https://anonymous.4open.science/r/pcn-0564/README.md
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Proof. For the general case, we again need to consider the general problem

Cαi (xi) =
∑

z∈val(Z)

P (xi|eEi , z)
∏
zj∈z

q(zj). (8)

For simplicity, we omit the evidence eEi . Note that each evidence could also be written as being
part of z, with the corresponding probability q being 1 if the evidence is matched and 0 otherwise.
Therefore, we will focus on this problem:

Cαi (xi) =
∑

z∈val(Z)

P (xi|z)
∏
zj∈z

q(zj). (9)

We first investigate whether the same approach as for the tree scenario is still correct. By setting
the scaling factors as αj(z, zj) = q(zj)/Ci(zj), we get

Cαi (xi) =
∑

z∈val(Z)

∏
zj∈z

q(zj)

Ci(zj)

 Ci(xi, z) =
∑

z∈val(Z)

∏
zj∈z

q(zj)

P (zj)

P (xi, z) (10)

We observe that independence between all Z where P (z) =
∏

zj∈z P (zj) is sufficient for proving that
our approach works as intended. We plug this in and obtain

∑
z∈val(Z)

(∏
zj∈z q(zj)

P (z)

)
P (xi, z) = P (xi|z)

∏
zj∈z

q(zj), (11)

showing how independence of parent variables enables efficient computation of the correct scaling
factors.

Without independence, the single-step ratio update is insufficient. However, the problem of adjusting
a joint distribution to match given marginals while staying as close as possible to the original is a
well-studied one, often referred to as matrix or tensor scaling (Deming and Stephan, 1940; Bishop
et al., 1975; Sinkhorn, 1964). Iterative proportional fitting (IPF), or for more than two variables,
multidimensional IPF (Barthélemy and Suesse, 2018), solves exactly this problem by yielding the
unique distribution that matches the target marginals while minimizing the KL divergence to the
original (Rüschendorf, 1995; Mosteller, 1968). Each step of IPF corresponds to applying the ratio
update from the tree case to a single parent variable, which is exactly the operation shown above.
Under the assumption that the original joint distribution is strictly positive, IPF is guaranteed to
converge to the correct solution.

It remains to show that IPF can be executed in polynomial time. Consider a node with p parent
variables, each with cardinality at most d. One iteration of IPF consists of updating the scaling
factors for each of the p parents in turn. Each such update requires computing the marginal of Ci
for each value of the respective parent variable, i.e., d marginals per parent, after which the scaling
factors are applied as multiplicative corrections on the leaf nodes at negligible cost. This amounts to
dp PC inference calls per iteration.3 Let S(p) denote the cost of a single inference call for a PC over
p+ 1 variables. Since PC inference is linear in the circuit size, S(p) is polynomial in p for standard
PC architectures. For the number of iterations k(p), IPF is known to exhibit linear convergence
under positivity (Rüschendorf, 1995), meaning each iteration reduces the error by a constant factor.
In practice, k grows modestly with p, as confirmed by our ablation in Appendix D. The per-node
complexity is therefore O(d · p · S(p) · k(p)), which is polynomial in p and d. This stands in contrast
to the O(dp) scaling of variable elimination in BNs, which is what makes inference in PCNs feasible
for graphs where BN inference is not.

3. Without a PC, i.e., using an explicit joint probability table, computing these marginals would itself scale ex-
ponentially in p. This is precisely where the tractability of PCs becomes essential: each additional parent only
increases the cost by a constant multiplicative factor.
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Algorithm 1 Factorized Inference Procedure

Input: DAG G over n variables, Evidence e ∈ val(E) with E ⊂ X
pquery ← 1

{Iterate over all variables}
for i = 1 to n do
Z← Pa(Xi) \E {All marginalized parents}
E ← Pa(Xi) ∩E {All parents with evidence}

if Xi ∈ E then
q(Xi = ei)← 1
q(Xi = (1− ei))← 0
plocal =

∑
z∈val(Z) P (Xi = ei|eE , z)

∏
zj∈z q(zj)

pquery ← pquery · plocal
else
q(Xi = 0)←

∑
z∈val(Z) P (Xi = 0|eE , z)

∏
zj∈z q(zj)

q(Xi = 1)←
∑

z∈val(Z) P (Xi = 1|eE , z)
∏

zj∈z q(zj)
end if

end for
Return: pquery

B. Approximate Inference

We include the algorithm on the approximate inference procedure (akin to mean field approxima-
tion (Jordan et al., 1999)) in Algorithm 1 for binary variables. The extension to different cardinalities
follows analogously.

C. On Interventions

If the underlying DAG G is causal, it is tempting to view a PCN as a causal model. Indeed, a PCN
encodes the same factorization as a causal Bayesian network. However, it does not correctly support
interventions on arbitrary variables. We consider three cases.

Root Variables. Intervening on a root variable is straightforward. Since a root has no parents,
the intervention simply replaces the marginal q with the interventional distribution, which is then
passed down the outgoing edges. All downstream computations remain correct.

Tree-Structured Graphs. In a tree, the intervened variable ignores its parent’s distribution and
passes down its intervened q to its children. Each child can then compute its updated distribution
as in the root case, since it has only one parent.

General Multi-Parent Case. For arbitrary graphs, interventions are generally not handled
correctly. Consider three nodes X, Y , Z with edges Z → X, Z → Y , and X → Y . In-
tervening on X with do(X = x̂) removes the edge Z → X, changing the factorization from
P (X,Y, Z) = P (Z)P (X|Z)P (Y |X,Z) to P do(X,Y, Z) = P (Z)P (Y |X = x̂, Z)1[X = x̂]. How-
ever, the local PC CY still encodes the observational joint P (Y,X,Z), which includes the correlation
between X and Z induced by the edge Z → X. When we apply scaling factors to update CY
and marginalize over Z, the tractable marginalization procedure of the PC implicitly uses this
observational correlation. The intervention should have removed it, but since CY was trained on
observational data, it cannot distinguish between the pre- and post-intervention distributions over
its parents. Correctly computing the interventional query would require enumerating all parent
configurations explicitly, defeating the purpose of using PCs for tractable marginalization.
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Size Iterations Error Runtime

2 3.00 ± 0.00 1.97 ± 0.27 0.09 ± 0.00
4 4.50 ± 0.50 2.99 ± 0.52 0.23 ± 0.02
8 5.00 ± 0.00 3.57 ± 0.10 0.58 ± 0.00
16 6.00 ± 0.00 6.96 ± 3.34 1.58 ± 0.00
32 8.50 ± 0.50 12.97 ± 3.29 5.02 ± 0.22
64 12.50 ± 0.50 25.40 ± 3.19 16.28 ± 0.65
128 27.00 ± 0.00 87.37 ± 5.36 77.23 ± 1.16

Table 3. IPF Statistics. Errors are scaled by 10−8, with the convergence threshold set to 100 · 10−8.

“Size” refers to the number of parent variables. All experiments use cardinality 4. Runtime in seconds.

D. IPF Ablation

In this experiment, we isolate the IPF procedure to investigate its runtime and convergence behavior
independently of the rest of the PCN pipeline. To this end, we generate random joint probability
tables over p = 2, 4, 8, . . . , 128 variables, each with cardinality 4, and apply IPF to fit new target
marginals. We record the number of iterations until convergence, the final error, and the wall-clock
runtime. Results are shown in Table 3.

All runs terminate correctly, with the final error falling below the specified convergence threshold.
The number of iterations grows modestly with the problem size, confirming the linear convergence
property discussed in Appendix A.2. Runtime scales superlinearly but remains far below exponential:
even for 128 variables (where an explicit joint table would have 4128 entries and could never be
processed by brute-force approaches), IPF with tractable PC marginalization terminates in under
80 seconds. This empirically supports the polynomial complexity analysis from our proof.
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