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Abstract

We consider approximate inference for a class of Cox point processes i.e., point1

processes with stochastic intensities. Specifically, we consider processes where the2

Poisson intensity function is modeled as the solution of a stochastic differential3

equation (SDE). We propose a VAE-like approach where the latent variable is4

the solution to an SDE, the decoder is fixed (mapping the intensity function to a5

realization of an inhomogeneous Poisson process), and the encoder maps a point6

process realization to a posterior path measure corresponding to a diffusion process.7

Using tools from the theory of enlargement of filtrations, we show that the posterior8

path measure lies in a variational family of SDE path measures. Consequently,9

evidence lower bound (ELBO) maximization coincides with likelihood maximiza-10

tion. We also introduce hybrid encoder architectures for modeling the drift function11

of the posterior SDE, conditioned on varying length point process sample paths.12

Experiments on synthetic data showcase the ability to recover the ground truth13

measure and highlight the potential of this framework for modeling over-dispersed14

point processes.15

1 Introduction16

Variational Autoencoders (VAEs) Dai and Wipf [2019] are highly powerful generative models for17

Euclidean data, where complex data distributions are typically captured using Gaussian priors and18

decoders. Many real-world phenomena, however, are more naturally represented as point processes:19

collection of event times in continuous time, which arise in settings such as queueing systems, neural20

spikes, and many others.21

A particularly flexible class of models is called Cox processes (doubly stochastic Poisson processes),22

where the intensity itself evolves according to a stochastic process. This formulation accommodates23

over-dispersion and better reflects uncertainty compared to homogeneous or inhomogeneous Poisson24

processes with deterministic intensities.25

In this work, we propose a VAE-like framework for point processes using Cox generative models,26

for generative and predictive tasks. Unlike classical VAEs, where the variational family typically27

excludes the true posterior, our construction admits the true posterior as a member of the variational28

class, ensuring maximization of the log-likelihood via maximizing ELBO. We further introduce29

several neural architectures for parametrizing the posterior dynamics, allowing trade-offs between30

model flexibility, inference accuracy, and computational efficiency.31
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2 Background and Notations32

Throughout the paper, the central object of interest is a one-dimensional1 point process on a com-
pact interval [0, T ], which can either be represented either by its event times {τ1, τ2, ..., τNT

} or
equivalently as a counting process

Nt =

NT∑
i=1

1[τi ≤ t].

In particular, our focus is on Cox processes (doubly stochastic Poisson processes), in which the33

underlying (nonnegative) intensity is driven by some stochastic differential equation34

dZt = b(Zt, t) dt+ σ(Zt, t) dBt, (1)

and the process N0:T := (Nt)0≤t≤T is an inhomogeneous Poisson process with rate Zt conditioned35

on a sample path of Z. Recall that an inhomogeneous Poisson process is characterized by the36

following four properties:37

i. N0 = 0;38

ii. Nt −Ns ⊥⊥ Nv −Nu if s < t ≤ u < v (independent increments);39

iii. P(Nt+h −Nt = 1) = Zth+ o(h);40

iv. P(Nt+h −Nt ≥ 2) = o(h).41

To describe parametrized models, we write bθ and uβ for neural networks with parameters θ and β.42

The prior SDE for the intensity is43

dZt = bθ(Zt, t) dt+ σ(Zt, t) dBt, (2)

which induces a likelihood Pθ(N0:T ) for the observed point process. For variational inference, we44

introduce a controlled SDE representing the approximate posterior:45

dZt =
[
bθ(Zt, t) + σ(Zt, t)uβ (Zt, t, {τi > t})

]
dt+ σ(Zt, t) dBt, (3)

where {τi > t} denotes the set of future event times. We use Pϕ(N0:T ) to denote the corresponding46

likelihood, with ϕ = (θ, β).47

3 Methodology48

3.1 The VAE structure and Evidence Lower Bound49

Similar to a traditional Gaussian VAE, we have an encoder-prior-decoder structure (Fig. 1).

Figure 1: An illustration of the Point Process VAE structure.

50

We can also derive the Evidence Lower Bound (ELBO):51

logPθ(N0:T ) ≥ EQϕ,N0:T

[
logP (N0:T |Z)−

1

2

∫
u2β(Zt, t, N0:T ) dt

]
=: ELBO; (4)

see Wang et al. [2021] for a detailed derivation.52

1This can be naturally generalized to n-dimensional point process for modeling several queues.
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3.2 Theoretical Foundations53

A natural concern is whether the class of approximate posteriors in our framework is rich enough to54

contain the true posterior, since this is not the case in classical Gaussian VAEs, where maximization55

of the ELBO does not imply maximization of the log-likelihood. The good news is, it can be shown56

that the true posterior intensity can indeed be described via an SDE, with an extra control term in57

the drift. The tools used to show this come from a branch probability theory called Enlargement58

of Filtrations. Using Jacod’s absolute continuity condition (condition (A) in Jacod [2006]), we can59

prove the following theorem:60

Theorem 3.1. Let N0:T be a one-dimensional point process on the interval [0, T ], and let the prior
intensity process be described by some SDE

dZt = b(Zt, t) dt+ σ(Zt, t) dBt,

then the "posterior" intensity process conditioned on N0:T can be described via
dZt =

[
b(Zt, t) + σ(Zt, t)

2h(Zt, t, {τi > t})
]
dt+ σ(Zt, t) dBt,

where

h(Zt, t, {τi > t}) := ∂

∂Zt
logE

[
exp

(
−
∫ T

t

Zs ds

) ∏
τi>t

Zτi

∣∣∣∣∣Zt

]
.

This result justifies our assumption: the posterior intensity lies in the same family of SDEs as the61

prior, but with an additional term. Thus, the encoder uβ can be interpreted as learning this drift62

correction, namely, σ(Zt, t)h(Zt, t, {τi > t}).63

3.3 Architectural Choices64

While the prior drift bθ only depends on (Zt, t) and can be modeled with a simple MLP, the posterior65

drift correction uβ depends on the entire event sequence {τi}, making it significantly harder to model.66

To this end, we consider three progressively more expressive architectures for uβ :67

1. [remaining count] A fully connected neural network with inputs Zt, t, and NT −Nt;68

2. [count vector] A fully connected neural network with inputs Zt, t, and the binned counts69

(NT/k, N2T/k −NT/k, ..., NT −N(k−1)T/k);70

3. [deep set] A Deep Sets architecture with boundary conditions enforced.71

With the first architecture, all future information is summarized by a single number—the remaining72

number of events. This mode suffices for learning the prior, but consistently fails to approximate the73

true posterior dynamics. The second architecture seeks to incorporate all the information of the event74

sequence by taking the binned counts of the events as inputs. This improves over the first method,75

but not by much. In particular, uβ still can’t learn the posterior dynamics. Inspired by Zaheer et al.76

[2018], we incorporate a Deep Sets architecture which takes a varying length of inputs together with77

strictly enforced boundary constraints. Analytically, we know that h satisfies the following properties:78

i. for any event time τ ,

lim
s↗τ

h− lim
s↘τ

h =
1

Zτ

(discrete jumps at event times );79

ii.
h = O(t− T ).

Furthermore, uβ needs to be invariant to the order of the arrival times input {τi} . Therefore, we
designed the neural network uβ to take the following form:

uβ(Zt, t, {τi > t}) = σ(Zt, t)

(
NT −Nt

Zt
+ (t− T )

[
1 + (T − t)NN(Zt, t, {τi > t})

])
,

where NN(Zt, t, {τi > t}) uses a Deep Sets architecture, i.e.,

NN(Zt, t, {τi > t}) = ρ

(
Zt, t,

∑
τi>t

ψ(τi)

)
with ρ and ψ being fully connected neural networks.80
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3.4 Training81

We discretize the SDE using Euler–Maruyama and apply a pathwise reparameterization trick, analo-82

gous to the Gaussian VAE. Gradients of both bθ and uβ are estimated via Monte Carlo with mini-batch83

size of 16. Optimization is carried out using Adam with learning rate 0.005.84

4 Numerical Experiments85

We use CIR intensity as the ground truth, since it is a positive-valued process, and is widely used86

model in finance/queueing We generated 128 samples {N i
0:T }128i=1 of Cox processes on the interval87

[0, 4] with CIR intensity:88

dZt = 0.3(80− Zt) dt+
√
Zt dBt, and Z0 = 5. (5)

Only {N i
0:T }128i=1 is used towards training, while the true prior remains unknown to the model. Fig. 2a89

below shows a comparison between intensity paths generated using the learned prior and using the90

true prior (Deep Sets architecture is used for uβ). To show the power of Deep Sets architecture in91

learning the correct posteriors, we also compare the learned posterior intensities in all three modes92

against the "true posterior" intensities generated via Metropolis-Hastings. For reference, we choose93

the point process sample with the most number of events (most extreme) for posterior conditioning.94

The event times are marked as blue dots on the time axis.95

(a) Comparison of intensity paths from the learned
prior (black) against the true CIR prior (red). The
overlap demonstrates that the learned bθ success-
fully recovers the underlying dynamics.

(b) Posterior intensities learned under the “remain-
ing count” architecture (red) compared against
the ground-truth posterior obtained via Metropo-
lis–Hastings (black).

(c) Posterior intensities learned under the “count
vector” (binned counts) architecture (red) com-
pared against the ground-truth posterior (black).

(d) Posterior intensities learned using the Deep Sets
architecture with boundary constraints (red) com-
pared against the ground-truth posterior (black).

Figure 2

These results confirm that simple encoders (remaining count, binned counts) cannot capture posterior96

dynamics, while the Deep Sets architecture obtains close agreement with true posterior intensities.97

5 Conclusion98

We establish a variational framework for generative modeling of point processes, demonstrating99

the importance of structured neural encoders for posterior inference. Our results highlight the100

value of combining modern ML architectures with classical tools from probability and operations101

research, particularly for uncertainty quantification in event-driven systems. Future directions include102

multivariate extensions and applications to event-driven decision-making systems (with marked103

Poisson process).104
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