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Abstract
Off-policy evaluation (OPE) is often used to as-
sess or compare whether a policy learned from
previously collected behavior data is reliable
enough to deploy, but good decisions require un-
certainty diagnostics that reflect the actual error
of the estimator being used. A common prac-
tice is to report the normalized-weight effective
sample-size proxy ÊSS = 1/

∑
i w̄

2
i , and to treat

it as evidence about the reliability of an OPE es-
timate. We argue that this interpretation is too
broad: ÊSS is best understood as a practical ap-
proximation motivated by self-normalized impor-
tance sampling (SNIS), not as a universal uncer-
tainty measure. First, even within importance
sampling, it is incomplete because fixed normal-
ized weights can correspond to different estimator
variances when the reward variance changes; sec-
ond, across direct, hybrid, and fitted evaluators
such as DM, MRDR, and FQE, it is not estimator-
agnostic at all. This leaves cross-estimator uncer-
tainty comparison as an open problem. We there-
fore argue that interval-based summaries provide
a more promising common language for compar-
ison: confidence-interval width can be reported
in practice, while empirical coverage provides a
simulation-based calibration metric for evaluating
whether intervals are valid.

1. Introduction
Offline reinforcement learning (RL) relies on OPE to assess
a candidate policy using previously collected data. In high-
stakes and large-scale settings such as healthcare, recom-
mendation systems, education, and public-policy decision
making, a point estimate alone is insufficient to select or
reject a policy based on limited observational data (Gottes-
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man et al., 2018; 2019; Li et al., 2010; Doroudi et al., 2019;
Tang and Wiens, 2021). A practitioner also wants to know
how uncertain the estimate is, whether one estimator is more
reliable than another, and whether the same uncertainty sum-
mary can be compared meaningfully across estimator fam-
ilies. Two uncertainty summaries are especially common
in this discussion. The first is effective sample size (ESS),
typically reported for importance-sampling (IS)-based esti-
mators. The second is a confidence interval (CI), obtained
through asymptotic, concentration-based, or bootstrap pro-
cedures. These summaries are both widely used, but they
come from different inferential logics: ESS originates in-
side weighted Monte Carlo estimation, whereas a CI is an
inferential object that can in principle be defined for any
estimator (Elvira et al., 2022; Hao et al., 2022).

That distinction matters because modern OPE consists of
many estimator families. IS methods rely on empirical like-
lihood ratios between an evaluation policy and a behavior
policy (Precup et al., 2000; Jiang and Li, 2016). Direct meth-
ods rely on learned value or reward models (Voloshin et al.,
2021). Hybrid estimators such as DR, WDR, and MRDR
combine model-based predictions with weighted correction
terms (Jiang and Li, 2016; Farajtabar et al., 2018). Fitted
evaluators such as FQE estimate policy value through iter-
ative fitted value-function regression (Le et al., 2019; Hao
et al., 2022; Voloshin et al., 2021). Since these families are
driven by different stochastic objects, there is no obvious
reason to expect a single quantity defined with IS weights to
serve as a universal uncertainty summary across all of them.

This paper makes that point precise. Our first claim is
internal to importance sampling: the common normalized-
weight ESS proxy is a partial diagnostic of weight degener-
acy rather than a complete measure of estimator uncertainty.
Our second claim is cross-OPE family: because modern
OPE estimators are driven by different sources of random-
ness and approximation error, a weight-based ESS is not an
estimator-agnostic solution to cross-estimator uncertainty
comparison. This does not solve the broader comparison
problem; rather, it clarifies why that problem remains open.
We therefore study confidence-interval width as a value-
scale uncertainty summary, and empirical coverage as a
simulation-based calibration metric for evaluating interval
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procedures across estimator families. We do not propose a
new method for constructing confidence intervals; instead,
we study how interval-based summaries can be used as di-
agnostics for comparing uncertainty across OPE estimators.

2. Problem Formulation
We consider a finite-horizon discounted Markov decision
process (MDP) M = (S,A, P,R, d1, γ, T ), where S and
A are the state and action spaces, P (· | s, a) is the transition
kernel, R(· | s, a) is the reward distribution, d1 is the initial-
state distribution, γ ∈ (0, 1] is the discount factor, and T is
the horizon. Let πb denote the behavior policy and πe the
evaluation policy, both stochastic S → ∆(A).

Off-policy evaluation. We observe an offline dataset D =
{τi}Ni=1 of N trajectories generated independently under πb.
Each trajectory has the form

τi = (si,0, ai,0, ri,0, . . . , si,T−1, ai,T−1, ri,T−1).

Let Pπ denote the trajectory law induced by d1, P , and
policy π. Since the trajectories in D are independent and
generated under πb, the dataset law is PN

πb
:=
(
Pπb
)⊗N

.
The target quantity is the value of the evaluation policy,

V (πe) = E
τ∼Pπe

[
T−1∑
t=0

γtrt

]
.

We study four broad OPE families. The first consists
of importance-sampling estimators, including ordinary IS,
weighted IS (i.e., SNIS), and PDIS (Precup et al., 2000;
Jiang and Li, 2016). The second consists of direct estima-
tors, including DM and related model-based value estima-
tors (Voloshin et al., 2021). The third consists of hybrid
estimators, such as DR, WDR, and MRDR, that combine
model-based predictions with weighted correction terms
(Jiang and Li, 2016; Farajtabar et al., 2018). The fourth
consists of fitted evaluators, most notably FQE, together
with related fitted value-function methods (Le et al., 2019;
Hao et al., 2022; Tang and Wiens, 2021).

For trajectory-wise IS, let

wi =

T−1∏
t=0

πe(ai,t | si,t)
πb(ai,t | si,t)

denote the trajectory importance ratio for sample i, let w̄i =
wi/

∑N
j=1 wj denote its normalized version, and let Gi =∑T−1

t=0 γtri,t denote its discounted return. Then

V̂IS(D) =
1

N

N∑
i=1

wiGi, V̂SNIS(D) =

N∑
i=1

w̄iGi.

Per-decision IS instead applies the cumulative importance
ratio only up to the time at which each reward is observed.

Let

wi,0:t =

t∏
ℓ=0

πe(ai,ℓ | si,ℓ)
πb(ai,ℓ | si,ℓ)

.

The per-decision IS estimator is

V̂PDIS(D) =
1

N

N∑
i=1

T−1∑
t=0

γtwi,0:tri,t.

Thus, trajectory-wise IS multiplies the entire return by the
full trajectory ratio wi, whereas PDIS weights each reward
only by the importance ratios accumulated up to that time
step. This can reduce variance in sequential settings because
early rewards are not multiplied by later importance ratios.

Evaluating OPE point estimate. For a generic OPE esti-
mator V̂ (D), we write the dataset-level error as

Err(D) = V̂ (D)− V (πe).

We also consider absolute error AE(D) =
∣∣∣V̂ (D)− V (πe)

∣∣∣
and squared error SqErr(D) =

(
V̂ (D) − V (πe)

)2
. The

corresponding mean-squared error is

MSE = E
D∼PN

πb

[(
V̂ (D)− V (πe)

)2]
.

Uncertainty quantification in OPE. In Sections 3 and 5,
we explore two popular ways of communicating OPE uncer-
tainty, namely effective sample size (ESS) and confidence
intervals (CI), which can serve as diagnostics for the quality
of OPE. Before explaining the details, we first define what
constitutes a “good” uncertainty diagnostic.
Definition 1 (Uncertainty diagnostic). An uncertainty diag-
nostic is any statistic or inferential object reported alongside
an OPE point estimate in order to summarize the reliability,
dispersion, or calibration of that estimate.
Definition 2 (Useful diagnostic). A useful uncertainty diag-
nostic should be:

1. well-defined for the estimator under consideration,

2. informative about the uncertainty quantity of interest,
and

3. comparable across estimators when cross-estimator com-
parison is the goal.

Definition 2 separates two questions that are often conflated.
A diagnostic may be meaningful within one estimator fam-
ily but fail as a cross-estimator comparison tool. For ex-
ample, a normalized-weight diagnostic is well-defined for
importance-sampling estimators because those estimators
explicitly use importance ratios, but the same object is not
naturally defined for DM or FQE. Conversely, an interval-
based diagnostic can be reported for any estimator equipped
with a valid interval-construction procedure, but its interpre-
tation still depends on the validity of that procedure.
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3. Effective Sample Size: From Monte Carlo to
Self-Normalized Importance Sampling

3.1. Classical motivation

Effective sample size (ESS) originates as a variance-ratio
concept inside importance sampling, especially in the self-
normalized setting. Informally, it asks how many direct
Monte Carlo samples from the target distribution would be
needed to match the variance of an importance-sampling
estimate. Early derivations trace back to Kong and coau-
thors; see Elvira et al. (2022) for a detailed reconstruction
and critique of the standard practical approximation.

Consider the expectation I = EX∼π[h(X)], where π is
the target distribution and h is the integrand. If samples
can be drawn directly from π, the Monte Carlo (MC) es-
timator is ÎMC = N−1

∑N
i=1 h(Xi), with i.i.d. Xi ∼ π.

If samples are instead drawn from a proposal distribu-
tion q, the self-normalized importance-sampling estima-
tor is ĨSNIS =

∑N
i=1 w̄ih(Xi), where Xi ∼ q, wi =

π(Xi)/q(Xi), and w̄i = wi/
∑N

j=1 wj . The conceptual
definition of effective sample size is the variance ratio
ESS = N ·Var(ÎMC)/Var(ĨSNIS). This definition is useful
conceptually, but it is computable in practice.

3.2. The standard normalized-weight approximation

The exact ESS is intractable because it requires the vari-
ances of both the MC estimator and the SNIS estima-
tor. The quantity most commonly reported is instead
ÊSS = 1/(

∑N
i=1 w̄

2
i ) ≈ ESS. As reviewed by Elvira et al.

(2022); Kong (1992), this expression is obtained through a
sequence of assumptions and approximations applied to the
conceptual definition, which we summarize below.

Start from ESS = N ·Varπ(ÎMC)/Varq(ĨSNIS). Since ĨSNIS
is biased at finite N , an exact error comparison would in-
volve mean-squared error rather than only variance. The
derivation nevertheless treats MSEq(ĨSNIS) ≈ Varq(ĨSNIS),
thereby ignoring finite-sample bias.

Let W = π(X)/q(X) and H = h(X). If π
is a normalized probability density, then Eq[W ] =∫
{π(x)/q(x)}q(x) dx = 1. The SNIS estimator is the ratio

estimator ĨSNIS = (N−1
∑N

i=1 WiHi)/(N
−1
∑N

i=1 Wi).
This identity does not require the weights to be normal-
ized sample-by-sample; the denominator is random, while
Eq[W ] = 1 is a population-level normalization used in the
approximation.

A delta-method expansion of this ratio gives an approxi-
mation to Varq(ĨSNIS). At this point, the variance still de-
pends on both the weights W and the integrand H = h(X).
The common derivation then applies additional moment ap-
proximations that reduce this dependence to Varq(ĨSNIS) ≈

Varπ(ÎMC)(1 + Varq(W )). This is the key simplification:
the effect of h is absorbed into the direct Monte Carlo vari-
ance term, leaving the remaining inflation factor to depend
only on the variability of the weights. This loss of explicit
dependence on h is one reason the final proxy should be
interpreted cautiously; when the variability of h(X) differs
across regions emphasized differently by q and π, weight
concentration alone cannot describe the estimator variance.

Substituting the approximation into the variance-ratio defini-
tion gives ESS ≈ N/(1+Varq(W )). Since Eq[W ] = 1, we
have 1 + Varq(W ) = Eq[W

2], so ESS ≈ N/Eq[W
2]. Re-

placing population moments by empirical plug-in estimates
using unnormalized weights wi gives

ÊSS = N

(
N−1

∑N
i=1 wi

)2
N−1

∑N
i=1 w

2
i

=

(∑N
i=1 wi

)2
∑N

i=1 w
2
i

=
1∑N

i=1 w̄
2
i

,

where w̄i = wi/
∑N

j=1 wj .

Thus, the practical quantity ÊSS should be interpreted as a
normalized-weight proxy motivated by SNIS. It is useful
for summarizing weight concentration, but it is not an ex-
act variance ratio and should not be treated as a universal
uncertainty measure.

3.3. What the approximation measures

Within importance sampling, ÊSS measures weight concen-
tration. If all normalized importance weights are equal (to
1/N ), then ÊSS = 1/(N/N2) = N . If a small number
of normalized importance weights dominate, then

∑
i w̄

2
i

is large and ÊSS is small. In that sense, ÊSS is a useful
summary of weight degeneracy (Elvira et al., 2022).

At the same time, once the final approximation is written en-
tirely in terms of normalized empirical weights, it can only
reflect this single aspect of uncertainty due to importance
sampling reweighting. It does not, by itself, encode every
source of variation that affects the estimate.

Remark 1. Throughout the remainder of the paper, ÊSS
refers specifically to the normalized-weight proxy

ÊSS =
1∑N

i=1 w̄
2
i

,

with w̄i = wi/
∑N

j=1 wj . This is the practical approx-
imation associated with the self-normalized importance-
sampling derivation above. We do not claim that it is
the unique or canonical ESS notion for every importance-
sampling estimator (as was explored in Elvira et al. (2022)).
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4. Inherent Limitations of Weight-Based ESS
Even Within Importance Sampling

Our critique begins inside the IS OPE family itself. Even
there, a diagnostic based only on realized importance ratios
is necessarily incomplete. Although the practical proxy ÊSS
is motivated by the self-normalized setting, the underlying
criticism is broader: any uncertainty summary that depends
only on realized importance ratios can at most summarize
ratio concentration, not the full uncertainty of the estimator.

The most direct OPE example is reward variance. Even if
the IS ratios are the same, estimator uncertainty can still
change as rewards become more or less noisy.

To illustrate this point, consider a contextual bandit
with an IS estimate V̂IS = 1

n

∑n
i=1 ρiri, where ρi =

πe(ai|si)/πb(ai|si). A tempting interpretation would
be that, if two OPE problems have the same realized
importance-ratio structure, then a weight-based ESS proxy
should represent the same uncertainty. The following propo-
sition shows that this interpretation is false.

Proposition 1. There exist two contextual-bandit OPE prob-
lems with identical realized importance ratios, and hence
identical normalized-weight ÊSS, but different IS variances.

Proof. Consider a contextual bandit with i.i.d. sam-
ples (si, ai, ri)

n
i=1, where si|d, ai ∼ πb(·|si), and

ri ∼ R(·|si, ai). Let ρ(s, a) = πe(a|s)/πb(a|s),
µ(s, a) = Er∼R(·|s,a)[r], and σ2

R(s, a) = Varr∼R(·|s,a)(r).
For the ordinary importance-sampling estimator V̂IS =
n−1

∑n
i=1 ρ(si, ai)ri, independence gives Var(V̂IS) =

n−1Var(ρ(s, a)r), where the variance is over s ∼ d,
a ∼ πb(·|s), and r ∼ R(·|s, a). Applying the law of to-
tal variance over the state, action, and reward randomness:

Var(V̂IS) =
1

n

{
Vars∼d

(∑
a

πe(a | s)µ(s, a)

)
+ Es∼d

[
Vara∼πb(·|s)(ρ(s, a)µ(s, a))

]
+ Es∼d

[
Ea∼πb(·|s)

[
ρ(s, a)2σ2

R(s, a)
]]}

.

The final term shows that the IS variance depends explicitly
on the conditional reward variance σ2

R(s, a). Now construct
two worlds W1 and W2 with the same state distribution
d, behavior policy πb, evaluation policy πe, and reward
mean function µ(s, a), but with different conditional reward
variances on at least one state-action pair with positive prob-
ability. The first two terms in the displayed expression are
identical across the two worlds, but the final reward-variance
term differs, so the two worlds have different IS estimator
variances. However, because d, πb, and πe are the same in
both worlds, a coupled dataset with the same sampled state-
action pairs (si, ai) has identical realized ratios ρ(si, ai).

Therefore any diagnostic depending only on the realized
ratios, including normalized-weight ÊSS, is identical across
the two worlds.

Proposition 1 makes the basic limitation explicit. A
normalized-weight ESS proxy only summarizes concen-
tration of realized importance ratios. It does not account
for reward variance and therefore cannot be a complete
uncertainty measure even for estimators in the importance-
sampling family.

Remark 2. Our point is not that ÊSS is useless within
importance sampling; it can still be informative about one
specific failure mode, namely weight degeneracy. The point
is narrower and more important: ÊSS is incomplete as a
summary of estimator uncertainty, even where it is most
naturally motivated.

5. Non-Portability of Weight-Based ESS
Across OPE Families

Section 4 showed that normalized-weight ESS is already
incomplete inside the importance-sampling family. The
broader cross-family question is harder. Modern OPE in-
cludes direct, hybrid, and fitted estimators whose dominant
uncertainty sources differ substantially, so cross-estimator
uncertainty comparison remains open. The point of this
section is therefore not to claim a complete solution, but
to show why a weight-based ESS is not estimator-agnostic
and why interval-based summaries are a more promising
candidate common language.

The key distinction is between estimators whose randomness
is fundamentally organized around empirical importance
ratios and estimators whose randomness comes primarily
from model fitting or approximation error. For ordinary IS,
SNIS, and PDIS, the estimator is explicitly built from ratios
between πe and πb. It is therefore natural that one might
inspect a diagnostic constructed from those same ratios.
Even then, as Section 4 showed, a ratio-only diagnostic is
incomplete. But at least it is attached to a central stochastic
object in the estimator.

That is no longer true once one moves beyond IS estimators.
The direct method (DM) estimates policy value by fitting
a reward model or value model and then evaluating that
model under the target policy. Its uncertainty is therefore
driven by regression error, misspecification, and extrapola-
tion rather than by a native vector of realized importance
ratios (Voloshin et al., 2021). Hybrid estimators such as
DR, WDR, and MRDR combine a model-based term with
a weighted correction, so their uncertainty depends jointly
on model-estimation error and the correction term (Jiang
and Li, 2016; Farajtabar et al., 2018). Fitted Q-evaluation
(FQE) is different again: it is produced by iterative fitted
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value-function regression, so its uncertainty is governed by
fitted Bellman error, approximation error, and finite-sample
error propagation through the learned value function (Le
et al., 2019; Hao et al., 2022). These are not minor varia-
tions of the same estimator; they are different procedures
with different dominant sources of uncertainty. We make
the cross-family requirement in Definition 2 precise with
the following notion of estimator-agnosticity.

Definition 3 (Estimator-agnostic diagnostic). For a class
of estimators E , a diagnostic De is estimator-agnostic over
E if it is defined from the stochastic objects that determine
each estimator e ∈ E , and if the resulting quantity has the
same target interpretation across all e ∈ E .

Proposition 2. A diagnostic that depends only on empirical
importance ratios cannot be estimator-agnostic across IS,
DM, MRDR, and FQE.

Proof. Let a ratio-only diagnostic have the form

Dρ(D) = ϕ(ρ1, . . . , ρN ),

where ρi denotes an empirical importance ratio, or a
trajectory-wise product of per-step ratios, and ϕ is any mea-
surable function of these ratios alone. For IS-type estima-
tors, the same ratios appear in the estimator itself, e.g.

V̂IS(D) =
1

N

N∑
i=1

ρiGi, V̂SNIS(D) =

N∑
i=1

ρ̄iGi.

Thus Dρ is defined from a native stochastic object used
directly in the estimator.

For DM, the estimator has the generic form

V̂DM(D) = E
s∼d1

[∑
a

πe(a | s)Q̂(s, a)

]
,

or an analogous plug-in value based on a fitted reward or
transition model. Its defining stochastic object is the fitted
model Q̂, r̂, or P̂ (and crucially depends on the chosen
hypothesis classes when fitting these models), not the vector
(ρ1, . . . , ρN ). Therefore two datasets can induce the same
empirical importance-ratio vector but different fitted models,
and hence different DM uncertainty.

For FQE, the estimator is determined by the fitted sequence
of value-function regressions

Q̂H , Q̂H−1, . . . , Q̂1,

so its error depends on regression error, approximation er-
ror, and propagation through the fitted Bellman recursion.
Again, (ρ1, . . . , ρN ) is not a sufficient stochastic object for
the estimator. For MRDR and related hybrid estimators, ra-
tios enter only through correction terms, while the estimator
also depends on fitted nuisance functions. Hence Dρ can

describe a native object for IS-type estimators and at most
one component of hybrid estimators, but it is not defined
from the determining stochastic objects of DM or FQE. By
Definition 3, it is therefore not estimator-agnostic across
these families.

Proposition 2 identifies a portability failure rather than a cor-
rectness failure. The problem is not that normalized-weight
ESS is inherently wrong. The problem is that it is derived
from one estimator family and often interpreted as though it
were a universal cross-family uncertainty summary.

Our discussion is also related to estimator selection for OPE,
where the goal is to choose among estimators using logged
data, as in policy-adaptive estimator selection (Udagawa
et al., 2023). We view this as complementary: our goal is
not to select as estimator, but to clarify which uncertainty
diagnostics are portable when multiple estimators are com-
pared.

5.1. Interval-based summaries as a candidate common
language

If a weight-based ESS is not estimator-agnostic, what kind
of uncertainty summary can be compared across OPE fami-
lies? The relevant requirement is not merely that the quantity
can be computed for every dataset. A diagnostic can be com-
putable while still failing to summarize the uncertainty of
the estimator being reported. For cross-family comparison,
the diagnostic should have a common target interpretation
across estimators: it should describe uncertainty in V̂ (D),
rather than only the behavior-evaluation policy mismatch.

Confidence intervals are more natural from this perspective.
For any estimator V̂ (D), one may attempt to construct an
interval C(D) = [L(D), U(D)] intended to contain V (πe)
with a prescribed probability under repeated sampling. The
interval width, Width(D) = U(D)−L(D), is computable
in practice and summarizes the estimator’s reported uncer-
tainty on the value scale. Unlike ÊSS, this quantity is tied
directly to the reported uncertainty of the value estimate
rather than only to the concentration of IS ratios.

This perspective addresses the shortcomings of weight-
based ESS emphasized in this paper. First, CI width can
respond to reward variance, which is invisible to a ratio-only
proxy. Second, interval width can be reported for direct, hy-
brid, and fitted evaluators, not only for importance-weighted
estimators. Third, the interval is expressed on the same
value scale as V̂ (D), making it easier to compare reported
uncertainty across estimator families, provided the interval
construction is justified for each estimator.

Meanwhile, the problem of cross-estimator uncertainty com-
parison remains open; interval validity is still estimator-
specific. In practice, intervals are usually obtained through
one of three routes: an asymptotic normal approximation
when a limiting distribution is available; a concentration-
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based construction, often conservative but finite-sample mo-
tivated (Thomas et al., 2015; Liu et al., 2018); or a bootstrap
procedure, when bootstrap validity has been established for
the estimator in question (Hao et al., 2022). Thus, interval-
based summaries should be understood here not as a final
theoretical solution, but as a more promising practical frame-
work for estimator-agnostic comparison.

5.2. A concrete positive example: bootstrap inference
for FQE

Among the estimators discussed here, FQE provides the
clearest currently available positive example of estimator-
specific interval inference. Under linear function approxima-
tion and suitable regularity conditions, the FQE estimation
error is asymptotically normal, its asymptotic variance is ef-
ficient, and an episode-level bootstrap consistently estimates
its sampling distribution (Hao et al., 2022).

Theorem 1 (Bootstrap inference for FQE, after Hao et al.
(2022)). Under the regularity conditions studied by Hao
et al. (2022), the FQE estimation error is asymptotically nor-
mal, and an episode-level bootstrap consistently estimates
its sampling distribution. Consequently, the resulting boot-
strap confidence intervals and bootstrap variance estimates
are asymptotically valid for FQE under those assumptions.

The episode-level qualifier is important. In sequential data,
transitions within an episode are dependent, so resampling
individual transitions does not in general preserve the de-
pendence structure relevant for inference. The available
bootstrap theory for FQE therefore works by resampling
episodes rather than transitions (Hao et al., 2022).

The role of Theorem 1 in this paper is illustrative. It does
not show that uncertainty quantification is equally well un-
derstood across all OPE families. Rather, it shows the kind
of estimator-specific inferential result that is needed once
one leaves the importance-sampling family. The uncertainty
summary must be tied to the actual estimator and its own
stochastic structure, not forced back into a weight-based
proxy that was derived elsewhere.

6. Simulation Study
We evaluate the paper’s claims with controlled tabular sim-
ulations. The simulation study answers three questions.
First, within importance sampling, can ÊSS fail to capture
uncertainty when the importance-ratio structure is fixed
but reward noise changes? Section 6.2 answers this with
a contextual-bandit reward-noise intervention, with an ad-
ditional within-family scatterplot deferred to Appendix F.
Second, across estimator families, do CI width and cover-
age provide a more useful comparison layer than a shared
weight diagnostic? Sections 6.4 and 6.5 answer this with
short-horizon tabular MDP experiments. Third, what hap-

pens in a harder long-horizon regime with stronger behavior-
evaluation mismatch? Section 6.3 answers this with a long-
horizon mismatch stress test, and Appendix G gives an
additional FQE-specific bootstrap calibration check.

Across all experiments, ground-truth values V (πe) are com-
puted exactly by dynamic programming from the known
tabular model. Sequential intervals use episode-level boot-
strap resampling. The reported practical simulation uses
200 bootstrap resamples for bootstrap intervals. The short-
horizon coverage and width summaries in Figure 3 use 1000
repeated datasets per plotted condition, while the FQE boot-
strap calibration study in Appendix G uses 200 repeated
datasets per plotted condition.

6.1. Experimental design
The study uses three environment classes. The first is a
contextual bandit with S = 10 states, A = 5 actions, and
horizon H = 1. The second is a short-horizon tabular MDP
with S = 30, A = 3, and horizon H = 5. The third is
a long-horizon tabular MDP with S = 40, A = 3, and
horizon H = 20. The estimator set consists of IS, SNIS,
PDIS, DM, DR, MRDR, and FQE, though each experiment
uses only the estimators relevant to its question.

The policy-mismatch parameter α controls the separation
between the behavior policy πb and evaluation policy πe.
For each environment, we first generate state-, action-, and,
for MDPs, time-dependent policy logits Lt,s,a, and define

πe(a | s, t) = softmax(Lt,s,·/0.85)a.

We then define an anti-target policy

πanti(a | s, t) ∝ max
a′

πe(a
′ | s, t)− πe(a | s, t) + 10−3.

The behavior policy is the mixture

πb(· | s, t) = (1− α)πe(· | s, t) + απanti(· | s, t),

followed by a behavior-probability floor of 0.02 and renor-
malization. The evaluation policy is also floored at 10−4 and
renormalized. Thus α = 0 makes behavior nearly identical
to evaluation, while larger α moves behavior toward actions
assigned lower probability by the evaluation policy. The
parameter α is therefore a policy-mismatch interpolation pa-
rameter, not a bound on total variation distance, maximum
probability difference, or maximum importance ratio.

For each estimator V̂ (D), we report the OPE absolute er-
ror AE(D) = |V̂ (D) − V (πe)|, the empirical estimator
variance across repeated datasets, the normalized-weight
proxy ÊSS when applicable, and the mean 90% confidence-
interval width. We also report empirical 90% coverage as
a simulation calibration metric, not as a deployable uncer-
tainty diagnostic, since it requires the known ground-truth
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value V (πe). When studying diagnostic usefulness, we com-
pute Spearman correlations between ÊSS and absolute error
and between CI width and absolute error, then aggregate
those correlations across conditions.

The sample-size grids are experiment-specific. The reward-
noise intervention uses n ∈ {100, 500, 1000}. The within-
family scatterplot uses n = 500. The short-horizon cross-
family coverage, width, and diagnostic-strength experiments
use n ∈ {50, 100, 200, 300, 500, 1000}. The long-horizon
mismatch stress test fixes n = 300. The FQE bootstrap
calibration study uses n ∈ {50, 100, 200, 300, 500, 1000}.
Full data-generating details for all three environment classes
are given in Appendix A.

6.2. Bandit reward-noise sanity check

We begin with the cleanest empirical test of the inter-
nal limitation discussed in Section 4. In this experi-
ment, the behavior policy, evaluation policy, and mismatch
level are held fixed in a contextual bandit, while only
the reward-noise scale changes. The reward-noise scale c
ranges over {0.1, 0.25, 0.5, 1.0, 2.0, 4.0}, with sample sizes
{100, 500, 1000}. In the implementation this parameter is
named reward variance scale, but it multiplies the
reward standard deviation; therefore the conditional reward
variance scales as c2. Figure 1 reports the n = 500 condi-
tion for IS and SNIS, the two estimators most directly tied
to the ESS argument.

Figure 1 separates the weight diagnostic from reward-driven
uncertainty. Mean ÊSS remains essentially flat across the
reward-noise grid, while estimator variance, mean abso-
lute error, and mean CI width all increase sharply. Since
the behavior-evaluation mismatch structure is fixed, the
normalized-weight proxy remains governed by the empiri-
cal ratio structure. The uncertainty of the value estimate still
increases because the conditional reward noise increases.
This is the within-family failure mode predicted by theory.

The experiment does not imply that ÊSS is useless inside
importance sampling. It shows that ÊSS cannot stand in
for full uncertainty, because it is blind to changes in reward
variance that do not materially alter the realized weights.
Appendix F gives an additional within-family scatterplot
analysis showing that, in a representative IS-family condi-
tion, the dataset-level association between ÊSS and realized
absolute error can also be weak.

6.3. Long-horizon mismatch stress test

The long-horizon tabular MDP experiment studies a regime
where ratio-based methods visibly deteriorate under increas-
ing behavior-evaluation policy mismatch. The sample size
is fixed at n = 300, and the policy-mismatch interpola-
tion parameter varies over α ∈ {0.0, 0.2, 0.4, 0.6, 0.8}. As

defined in Section 6.1, larger α moves πb away from πe

toward an anti-target policy, increasing the concentration of
cumulative importance ratios. The estimators compared are
PDIS, DM, DR, MRDR, and FQE.

Figure 2 shows the sharpest regime distinction in the simu-
lations. As mismatch increases, PDIS deteriorates dramat-
ically: panel A shows a sharp rise in mean absolute error,
panel B shows the corresponding collapse in ÊSS, and panel
C shows a dramatic increase in CI width. By contrast, DM,
FQE, and to a lesser extent DR and MRDR, remain much
more stable over the same mismatch range.

This is the appropriate interpretation of ÊSS. Within the
IS-like family, and especially under large mismatch, the
normalized-weight proxy is doing something real: it detects
weight collapse. But the same scalar does not provide a
common uncertainty scale for non-IS estimators, whose
dominant uncertainty mechanisms are different. The stress
test therefore reinforces both parts of the paper’s argument:
ÊSS is meaningful in its native regime, yet non-portable
across estimator families.

6.4. Coverage and width as cross-family interval
summaries

If weight-based ESS is not estimator-agnostic, a natural
alternative is to compare interval procedures through quan-
tities defined on the value scale. Figure 3 reports empirical
90% coverage, used as a calibration metric, and mean 90%
CI width, used as a reported uncertainty summary, over sam-
ple sizes n ∈ {50, 100, 200, 300, 500, 1000} for DM, DR,
FQE, MRDR, and PDIS.

Figure 3a uses the known simulation ground truth to com-
pare calibration across estimator families. Coverage is poor
for several estimators at very small sample sizes but gener-
ally improves as the number of episodes increases. PDIS
starts closest to nominal coverage and remains relatively
well calibrated across the grid. DR also approaches nominal
coverage as n grows. DM, MRDR, and especially FQE
under-cover at small sample sizes before improving sub-
stantially at larger n. Thus, empirical coverage exposes
calibration differences that cannot be assessed from interval
width alone.

Figure 3b provides the companion efficiency picture. PDIS
produces the widest intervals at every sample size, although
its widths shrink sharply as n increases. DR is also rel-
atively wide, while DM, MRDR, and FQE are narrower.
The width curves are not uniformly monotone: for example,
FQE width initially increases before decreasing at larger
sample sizes. This reinforces the main point that width
should be interpreted together with coverage; a narrow in-
terval is attractive only if it is also reasonably calibrated.
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Figure 1. Bandit reward-noise sanity check. Panel A shows that mean normalized-weight ESS is nearly unchanged as the reward-noise
scale c increases. Panels B–D show that estimator variance, mean absolute error, and mean CI width increase over the same range. The IS
and SNIS curves are nearly indistinguishable in this experiment.

Figure 2. Long-horizon mismatch stress test. Panel A plots mean absolute error versus mismatch α. Panel B plots mean normalized-
weight ESS. Panel C plots mean 90% CI width. As mismatch increases, PDIS shows a sharp error blow-up, corresponding collapse in
normalized-weight ESS, and dramatic CI-width inflation. The model-based and fitted estimators remain much more stable.

(a) Empirical 90% coverage. (b) Mean 90% CI width.

Figure 3. Coverage and width as cross-family interval summaries in the short-horizon MDP. Panel A reports empirical 90% coverage
versus sample size, with the dashed line marking nominal 0.9 coverage. Panel B reports mean 90% CI width versus sample size, with
standard-error bars over plotted interval widths pooled across mismatch conditions. Width should be interpreted together with coverage:
narrow intervals are useful only when they are also reasonably calibrated.
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Figure 4. Cross-family diagnostic strength summary. Bars show
condition-matched mean absolute Spearman correlations with re-
alized absolute error. Error bars denote standard errors across
condition-level correlations. CI width is more strongly associated
with absolute error than normalized-weight ESS for DR, FQE, and
MRDR, while PDIS is the main case where the two diagnostics
are competitive.

Together, the two panels in Figure 3 show why interval-
based reporting is more informative than a shared weight
diagnostic, but also why it is not a complete solution. CI
width gives a value-scale uncertainty summary that can be
reported for all interval-equipped estimators. Empirical
coverage gives a calibration check in simulation.

6.5. Cross-family diagnostic strength

We next summarize diagnostic usefulness directly by
comparing dataset-level rank associations with realized
absolute error. The short-horizon tabular MDP exper-
iment varies the behavior-evaluation mismatch parame-
ter α ∈ {0.0, 0.2, 0.4, 0.6, 0.8} and sample size n ∈
{50, 100, 200, 300, 500, 1000}, and compares PDIS, DM,
DR, MRDR, and FQE. For each condition, we compute the
absolute Spearman correlation between ÊSS and absolute
error, and the analogous correlation between CI width and
absolute error.

Figure 4 provides an aggregate version of the comparison.
For DR, FQE, and MRDR, CI width is more informative
about realized absolute error than ÊSS. For DM, both sum-
maries are weak. PDIS is the main case where ÊSS remains
competitive with CI width, consistent with its IS-like struc-
ture. This supports the portability claim: ÊSS can be useful
in its native regime, but its usefulness is family-dependent,
whereas CI width is a more portable value-scale uncertainty
summary.

6.6. Bootstrap-based FQE inference

We also include an FQE-specific bootstrap calibration study,
since the theory section identifies FQE as a concrete ex-
ample where estimator-specific bootstrap inference has ex-
isting asymptotic support. Appendix G reports empiri-

cal 90% coverage and mean CI width for bootstrap-based
FQE in short- and long-horizon settings over sample sizes
n ∈ {50, 100, 200, 300, 500, 1000}. The short-horizon set-
ting uses the S = 30, A = 3, H = 5 MDP, and the long-
horizon setting uses the S = 40, A = 3,H = 20 MDP.
Both use α = 0.4.

The results support a careful positive claim rather than a
sweeping one. In the short-horizon case, bootstrap-based
FQE coverage improves with sample size and approaches
the nominal level by the largest sample sizes. In the long-
horizon case, coverage remains poor through small and
moderate sample sizes and improves only at n = 1000.
The width behavior is also not monotone. In the short-
horizon setting, mean CI width increases at small sample
sizes before decreasing at larger n. In the long-horizon
setting, mean CI width increases across the sample-size
grid. A diagnostic audit confirmed that this pattern is not
due to plotting, aggregation, bootstrap-quantile, stale-cache,
or sample-labeling errors: bootstrap resampling is episode-
level, FQE is refit on each bootstrap resample, and widths
are computed as upper minus lower after quantile compu-
tation. We therefore interpret Appendix G as evidence of
finite-sample instability in bootstrap-based FQE inference,
especially in long-horizon settings, rather than as evidence
of uniformly reliable finite-sample calibration.

6.7. Main empirical takeaway

Taken together, the simulations give four main conclusions.
First, within the importance-sampling family, normalized-
weight ESS tracks weight concentration but fails to track all
uncertainty sources: when reward variance changes while
the mismatch structure is held fixed, actual uncertainty
changes sharply while ÊSS barely moves. Second, under
long-horizon mismatch, ÊSS correctly detects the collapse
of IS-like estimators, but this does not make it a common
uncertainty scale for non-IS estimators. Third, CI width is
reportable for all interval-equipped estimators, while empir-
ical coverage provides a simulation-based calibration check;
the two must be interpreted jointly because narrow inter-
vals can under-cover. Fourth, FQE supplies a concrete case
where estimator-specific bootstrap inference can be studied
directly, but the results also show that finite-sample calibra-
tion and width behavior remain strongly regime-dependent.

7. Conclusion
This paper argued that effective sample size should be inter-
preted relative to the estimator family from which it arises.
Within SNIS and related importance-sampling estimators,
the normalized-weight proxy ÊSS = 1/

∑
i w̄

2
i remains a

meaningful diagnostic of weight degeneracy, but it does
not capture all relevant sources of uncertainty even there.
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Across direct, hybrid, and fitted evaluators such as DM,
MRDR, and FQE, a single weight-based ESS cannot serve
as an estimator-agnostic uncertainty summary. This leaves
cross-estimator uncertainty comparison as an open problem.
CI width provides a more portable value-scale uncertainty
summary, while empirical coverage provides a simulation-
based calibration check for the interval procedure; both must
still be justified for the estimator under study.
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A. Simulation Data-Generating Processes
This appendix gives the complete data-generating specification for the simulations. All environments are finite-horizon
tabular environments with uniform initial-state distribution. Conditional on (t, s, a), rewards are Gaussian:

Rt | St = s,At = a ∼ N (µt,s,a, σ
2
t,s,a).

The transition tensor, reward means, reward standard deviations, and policies are generated from a fixed environment seed.
Repeated datasets within a condition are then generated independently from that fixed condition.

Policy construction. For each environment, evaluation-policy logits Lt,s,a are generated first. The evaluation policy is

πe(a | s, t) =
exp(Lt,s,a/0.85)∑
a′ exp(Lt,s,a′/0.85)

.

The anti-target probabilities are

πanti(a | s, t) =
maxa′ πe(a

′ | s, t)− πe(a | s, t) + 10−3∑
b{maxa′ πe(a′ | s, t)− πe(b | s, t) + 10−3}

.

The behavior policy is
π̃b(· | s, t) = (1− α)πe(· | s, t) + απanti(· | s, t).

A minimum probability floor of 0.02 is applied to π̃b, followed by renormalization. A floor of 10−4 is applied to πe, also
followed by renormalization.

For the contextual bandit, logits are
Ls,a = Xs + Ya + 0.20Zs,a,

where Xs ∼ N (0, 0.452), Ya ∼ N (0, 0.552), and Zs,a ∼ N (0, 1) independently. For the MDPs,

Lt,s,a = Bt,s,a + ut + va +Ws,

where Bt,s,a ∼ N (0, 0.62), ut is evenly spaced on [−0.4, 0.4], va is evenly spaced on [−0.6, 0.6], and Ws ∼ N (0, 0.32).

Contextual bandit. The contextual bandit has S = 10, A = 5, and H = 1. The transition is degenerate:

P (S1 = s | S0 = s,A0 = a) = 1.

Let xs be evenly spaced on [−1, 1], ya evenly spaced on [−0.6, 0.6], us evenly spaced on [0.8, 1.2], and va evenly spaced
on [0.9, 1.1]. The reward mean is

µs,a = 0.45 sin(1.7xs) + 0.25xs + 0.35ya + 0.20 cos(1.2xs)ya.

The reward standard deviation is
σs,a = c usva,

where c ∈ {0.1, 0.25, 0.5, 1.0, 2.0, 4.0} in the reward-noise sanity check. The policy mismatch parameter is fixed at α = 0.4
in that experiment.

Short-horizon MDP. The short-horizon MDP has S = 30, A = 3, and H = 5. For each (t, s, a), a support set of four
next states is sampled uniformly without replacement. If the current state s is not in the sampled support, it replaces the first
support element. Independent weights are then sampled from Unif(0.1, 1.0), the weight assigned to state s is increased by
1.0, and the row is normalized to define Pt(· | s, a).

Let τt be evenly spaced on [0, 1], xs evenly spaced on [−1, 1], and ya evenly spaced on [−0.8, 0.8]. The reward mean is

µt,s,a = 0.60 sin{2.2π(xs + 0.18τt)}+ 0.25ya + 0.10ϵt,s,a,

where ϵt,s,a ∼ N (0, 1) independently. The reward standard deviation is σt,s,a = 0.20 for all (t, s, a).
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Long-horizon MDP. The long-horizon MDP has S = 40, A = 3, and H = 20. Transitions are generated as in the
short-horizon MDP, except that the support size is five and the self-transition weight increase is 0.8.

Rewards are sparse and mostly terminal. A set G of max(2, ⌊S/8⌋) = 5 goal states is sampled uniformly without
replacement. Each goal state g ∈ G is assigned a preferred action ag sampled uniformly from {1, . . . , A}. At the final time
H − 1,

µH−1,g,ag ← 6.0, µH−1,g,a ← µH−1,g,a + 0.08 · 6.0 for all a.

The penultimate reward table receives 0.15 times the final reward table. A small dense component equal to 0.08 times
the short-horizon dense reward function is then added at all times. The reward standard deviation is σt,s,a = 0.18 for all
(t, s, a).

B. Summary of the Standard ESS Approximation
As discussed in Section 3, the practical normalized-weight proxy ÊSS = 1/

∑N
i=1 w̄

2
i arises from a sequence of approx-

imations applied to the self-normalized importance-sampling variance-ratio definition ESS = N Var(ÎMC)/Var(ĨSNIS),
where ÎMC = 1

N

∑N
i=1 h(Xi) with Xi ∼ π, and ĨSNIS =

∑N
i=1 w̄ih(Xi) with Xi ∼ q, wi = π(Xi)/q(Xi), and

w̄i = wi/
∑N

j=1 wj .

The SNIS estimator can be written as the ratio ĨSNIS =
(

1
N

∑N
i=1 wih(Xi)

)/(
1
N

∑N
i=1 wi

)
. A delta-method expansion

around the population means of the numerator and denominator then gives a variance approximation under i.i.d. sampling
from a single proposal. Together with the approximation MSE(ĨSNIS) ≈ Var(ĨSNIS), which ignores finite-sample bias, and
subsequent moment simplifications, this leads to the practical form ESS ≈ N/(1 + Varq(W )) with W = π(X)/q(X).
Replacing population moments by empirical plug-in estimates yields

ÊSS = N

(
1
N

∑N
i=1 wi

)2
1
N

∑N
i=1 w

2
i

=
1∑N

i=1 w̄
2
i

.

Thus, the final proxy depends only on normalized empirical weights, which explains both its convenience and its limits.

C. Reward-Variance Counterexample
We expand the argument in Proposition 1. Consider a contextual bandit with i.i.d. samples (si, ai, ri), where actions are
drawn under πb, evaluation is with respect to πe, and ρi = πe(ai | si)/πb(ai | si). The ordinary importance-sampling
estimator is V̂IS = 1

n

∑n
i=1 ρiri.

Construct two worlds W1 and W2 with the same state distribution, behavior policy, and evaluation policy, and couple
them so that they share the same sampled state-action pairs (si, ai). Then the realized importance ratios are identical
sample-by-sample. Consequently, any weight-based proxy computed from those ratios is also identical in the two worlds.

Now let the reward distribution differ: inW1, ri | (si, ai) ∼ R1(· | si, ai), while inW2, ri | (si, ai) ∼ R2(· | si, ai), with
VarR1

(r | s, a) ̸= VarR2
(r | s, a) for at least one state-action pair of positive probability. Since the samples are i.i.d.,

Var(V̂IS) = 1
nVar(ρr). By the law of total variance, Var(ρr) = Var(Er|s,a[ρr]) + E(s,a)[Var(ρr | s, a)]. Because ρ is

determined by (s, a), we have Var(ρr | s, a) = ρ(s, a)2Var(r | s, a). Hence changing Var(r | s, a) changes the estimator
variance even when the entire realized ratio structure is fixed. Therefore the two worlds can have identical weight-based
ESS proxies but different estimator variances.

D. Additional Discussion of Cross-Family Non-Portability
The proof of Proposition 2 is given in the main text. Here we provide further intuition. A ratio-only diagnostic is a function
of the behavior-evaluation mismatch observed in the dataset. This is a native object for IS-like estimators, because those
estimators are themselves built from importance ratios. However, it is not a native object for model-based or fitted estimators.

For example, two datasets may have the same empirical importance-ratio vector but lead to different fitted value models
because their rewards, transitions, or feature realizations differ. A direct estimator or FQE estimator can therefore have
different uncertainty across those datasets even when the ratio-only diagnostic is unchanged. This illustrates why the issue is
not merely that ÊSS is imperfect, but that its target object is not shared across estimator families.
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E. Additional Cross-Family ÊSS Scatter

Figure 5 plots shared ÊSS against absolute error across estimator families in the short-horizon MDP. The clustered structure
reflects that ÊSS is a property of the behavior-evaluation mismatch and dataset, not a native uncertainty diagnostic for every
estimator. The plot is therefore used as a diagnostic visualization rather than as the main cross-family comparison.

Figure 5. Cross-family relationship between shared ÊSS and absolute error. The scatter shows that the same ÊSS values can correspond to
different error behavior across estimator families.

F. Additional Within-Family Diagnostic Plot

Figure 6 reports the dataset-level relationship between ÊSS and absolute error for IS and SNIS in a representative within-
family condition. The condition is the contextual bandit with n = 500, α = 0.4, and reward-noise scale c = 1.0.
The reported Spearman correlations are close to zero in both panels, showing a weak and noisy relationship between
normalized-weight ESS and realized absolute error.
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Figure 6. Within-family relationship between ÊSS and absolute error for IS and SNIS.

G. Additional FQE Bootstrap Calibration Plot
Figure 7 reports empirical 90% coverage and mean CI width for bootstrap-based FQE in short- and long-horizon settings.
Coverage improves with sample size, but the long-horizon case remains substantially harder. The corresponding widths are
not monotone: short-horizon width increases at small sample sizes before decreasing, while long-horizon width increases
across the grid. This behavior was verified as genuine under the regenerated practical simulation rather than a plotting,
aggregation, sample-labeling, or bootstrap-implementation bug.

Figure 7. Bootstrap-based FQE calibration. Panel A shows empirical 90% coverage for short- and long-horizon settings. Panel B shows
the corresponding mean CI width. The nonmonotone width behavior, especially the increasing long-horizon width, reflects finite-sample
instability of the bootstrap interval procedure in this harder regime.
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