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ABSTRACT

Production-grade recommender systems rely heavily on a large-scale corpus used
by online media services, including Netflix, Pinterest, and Amazon. These sys-
tems enrich recommendations by learning users’ and items’ embeddings projected
in a low-dimensional space with two tower models (two deep neural networks),
which facilitate their embedding constructs to predict users’ feedback associated
with items. Despite its popularity for recommendations, its theoretical behav-
iors remain comprehensively unexplored. We study the asymptotic behaviors of
the two tower model applied in two-stage recommenders that entail a strong con-
vergence to the optimal recommender system. We establish certain theoretical
properties and statistical assurance of the two tower recommender. In addition
to asymptotic behaviors, we demonstrate that recommendation with two tower
architecture attains faster convergence by relying on the intrinsic dimensions of
the input features. Finally, we show numerically that the two tower recommender
enables encapsulating the impacts of items’ and users’ attributes on ratings, result-
ing in better performance compared to existing methods conducted using synthetic
and real-world data experiments.

1 INTRODUCTION

Recommender systems are pivotal to enabling contents consumption for users’ across various on-
line media platforms, affecting what media items we interact, or navigate through in order to incen-
tivize exploration. Moreover, recommender system has garnered significant attention over the past
decades and have become massively popular, especially in machine learning community due to its
widespread use in precision marketing and E-commerce, such as news feedingLi et al.| (2016), movie
recommendation Miller et al.| (2003)), online shopping Romadhony et al.| (2013}, and restaurant rec-
ommendation [Vargas-Govea et al|(2011). Content-based recommender systems |Lang| (1995)); [Paz-
zani & Billsus| (2007) pertain preprocessing techniques to renovate unstructured the contents of
item and the user profiles into numerical vectors. These vectors are then employed as inputs for
classical machine learning algorithms, such as decision trees [Middleton et al.| (2004), kNN Sub-
ramaniyaswamy & Logesh| (2017), and SVM |Oku et al.| (2006)); [Fortuna et al.| (2010). Collabora-
tive filtering approaches |[Hofmann & Puzichal (1999); Schafer et al.| (2007) predict a user’s ratings
based on the ratings of similar users or items, and employ techniques such as singular value de-
composition (SVD) [Mazumder et al.[(2010), restricted Boltzmann machines (RBM) Salakhutdinov
et al.[ (2007), probabilistic latent semantic analysis |Hofmann| (2004), and nearest neighbour meth-
ods [Koren et al| (2009). Hybrid recommender systems |Bostandjiev et al.| (2012) aim to integrate
collaborative filtering and content-based filtering techniques, exemplified by the unified Boltzmann
machines|Gunawardana & Meek|(2009), partial latent vector model |Kouki et al.| (2015)), approaches
utilizing user preferences Bao et al.| (2022), and user-item representations [Lee et al.|(2021). A uni-
fied Boltzmann machine introduces a means of encoding both content and collaborative information
as features for the purpose of rating prediction. HyPER |[Kouki et al.| (2015)) presented a statistical
relational learning framework capable of consolidating multi-level information sources, including
user-user and item-item similarity measures, content, and social information. It uses probabilistic
soft logic to make predictions, and can automatically learn to balance different information signals.
The utilization of deep neural networks in recommender systems has gained widespread adoption
in recent years, with various applications demonstrating significant success. Among the neural net-
work models commonly used for recommendation systems, the two tower model |Yi et al.| (2019);
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Su et al| (2023) has gained significant traction. This model employs two deep neural networks,
known as towers, which function as encoders to embed high-dimensional features of both users and
items into a low-dimensional space. The two tower model offers a significant advantage in its ability
to address the well-established cold-start problem by integrating features of both users and items
to generate precise recommendations for new users or items. Despite its widespread use in appli-
cations, such as book recommendation |Lu et al.| (2022)), application recommendation |Yang et al.
(2020), and video recommendation |Yi et al.| (2019), the theoretical underpinnings of the two tower
model remain largely underdeveloped in the literature.

Contributions: The primary contribution of our work involves establishing asymptotic character-
istics of the two tower recommender model concerning its robust convergence towards an optimal
recommender system. We conduct a thorough analysis of the approximation and estimation errors
of the two tower recommender model, assuming the smoothness of each embedding dimension of
user or item features is a continuous function of the corresponding input characteristics. The results
indicate that the robust convergence of the two tower recommender model is closely associated with
the smoothness of the optimal recommender system, as well as the inherent dimensionality of the
user and item features. Moreover, it is observed that the rate of convergence of the two tower model
increases as the smoothness of the true model improves or the maximum intrinsic dimensions of user
and item features decrease. In particular, as the underlying smoothness approaches infinity, the con-

vergence rate of the two tower model is bounded by O,, (\er (log |Q|)2> , where (Q represents the

set of observed ratings, and |-| represents the cardinality of a set. This convergence rate is faster than
the majority of the existing theoretical results outlined in [Zhu et al.| (2016). More importantly, the
established statistical guarantee for the two tower model serves as a strong theoretical justification
for its successful application in a wide range of scenarios.

2  PRIOR WORK

Recommendation Models: The industry has widely embraced two-stage recommender systems,
characterized by a candidate generation phase followed by a ranking process. Prominent examples
of such models can be found in platforms like LinkedIn Borisyuk et al.|(2016), YouTube |(Covington
et al. (2016); Y1 et al.|(2019);Zhao et al.|(2019), and Pinterest[Eksombatchai et al.|(2018)). Such two-
stage architecture enables the real-time recommendation of highly personalized items from a vast
item space. Most of such methods are dedicated to enhancing both the efficiency |Yi et al.|(2019);
Kang & McAuley|(2019); Chen et al.|(2023)) and recommendation quality [Chen et al.|(2019a); Zhao
et al| (2019) within the framework of this general approach, indicating a sustained commitment
to refining and optimizing these models. An instance of two-stage recommendations is two tower
architecture |Y1 et al.| (2019), which represents a comprehensive framework comprising a query en-
coder and a candidate encoder. This architectural design has gained substantial traction in the realm
of large-scale recommendation systems, as evidenced by its adoption in notable studies (Cen et al.
(2020); Yang et al.| (2020); [Lu et al.| (2022). Furthermore, it has emerged as a prominent approach
in content-aware scenarios |Ge et al.[(2020). Also, the application of two tower models within rec-
ommendation systems typically involves significantly larger corpora compared to their usage in
language retrieval tasks, thereby presenting the challenge of training efficiency. Our work primarily
centers on the quantification and behavioral aspects of two tower recommendation, with particular
emphasis placed on optimizing the overall recommendation performance by explicitly considering
the multi-level covariates information.

Hybrid Recommendation Systems: Ascertaining a singular model capable of achieving optimal
performance across all scenarios is unattainable |[Luo et al.| (2020). Consequently, the simultane-
ous deployment of two or more recommenders is widely embraced to capitalize on their respective
strengths [Burke|(2002). Considering that collaborative methods excel when ample data is available,
while content-based recommendation exhibits superiority in cold-start situations, prior discussions
have centered on a hybrid framework that combines content-based filtering with collaborative fil-
tering. This integration facilitates a system that accommodates both new and existing users |Geetha
et al.| (2018). Early integration techniques typically involve computing a linear combination of in-
dividual output scores to amalgamate the outcomes produced by diverse recommenders |Ekstrand &
Riedl|(2012).

3 PRELIMINARIES

Let Supp(ut) be the spectrum (or support) of a given probability measure p. Given a function g
defined as g : RP — R with its L?(p)-norm and L°°(u)-norm with respect to a non-negative
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measure (11) are [|g|| 2, =//, 9%( ) and [|g[| poc () = SUPgesupp(u) 9(@), respectively. We

denote the l3-norm of a vector x as ||:c||2 which is equal to \/ P _, x?. Given a set S and an e-ball
as the set of all points within distance € of x in the feature space X, we establish the definition of
N (e, S, ||||) as the least number of e-balls required to encompass .S utilizing a generic metric ||-||.

We can define an L-layer neural network which can be viewed as a composition of individual func-
tions formulated as f(z,0) = hy o hy_1 o ... o hy(z), where the entirety of the parameters is
represented by © = ((A1,b1),...,(AL,bL)), hi(x) = o(Ajx + b;) designates the [-th layer, and o
refers to function composition. The key components of each layer are A; € RP1*Pi-1 refers to the
weight matrix, and b; € R?! refers to the bias term. The number of neurons in the /-th layer is repre-
sented by p;, and o(+) denotes an activation function that acts component-wise. Common examples
of activation functions include the sigmoid function o(z) = 1/(1 + exp(—x)) and the ReLU func-
tion o(z) = max(x,0). In order to simplify notation, the expression f(x,©) will be represented
as f(x) where possible. To describe the architecture of the neural network represented by f, we
designate the number of layers as U( f), the parameter scale is defined as the maximum value of the
infinity norm of the bias vector b; and the vectorized weight matrix A;, taken over all layers [ in f. It
is represented by D(f) = max;—y . y(p) max {||bi]| , ||vec(4:)|| o } and the number of effective

parameters as Z(f) = U(f ) (|bu]y + [vec(Ay)|,), where vec(-) is a function that converts a matrix

into a vector. Now, we 1everage the concept of Holder space[]_-l, which is a space of functions that
are defined on a given domain and satisfy certain conditions related to their smoothness and regular-
ity (Chen et al.|(2019b)). Specifically, we can define a function space of Holder continuous functions
and use it to approximate the unknown user-item preference function [Liu et al.| (2021). The degree
of smoothness or regularity of the function can be controlled by choosing an appropriate value of
the Holder exponent. Assuming a degree of smoothness 5 > 0, the Holder space can be defined as
follows (3, [0,1]7) = {f € CI([0,1)7) | 3017y < o0} here, the set CL7)([0,1]7)
comprises all functions that have | 5| times differentiable and continuous derivatives on the domain
[0,1]”, where | -] represents the floor function. The Holder norm is described as follows,

0% f(x) — 0°f(a)

f py = max sup [0°f(x)|+ max sup

H ||7‘[(67[O71] ) a:”a‘|1<ﬁwe[0’1]D| ( )| a:HO‘H1:|ﬁJ a:,xIG[(),l]D,l’#ﬂ?/ || ||B LBJ
where the Holder exponent «; > 0 is an integer with « = (ay,...,ap), and
o*f = 07',...,0p". Additionally, we generalize the Holder space H(S, |0, 1}D M) =
{f e H(B3,[0,117) | £l ) < M} to be considered as a closed ball with radius M, and

so HP(3,]0,1]7 , M) :H(ﬁ, [0,1] M) X H(B,[0,1]7 M) x ... x H(B,[0,1]7, M).

3.1 Two TOWER RECOMMENDATION MODEL

Our focus in this work is on a specific recommender system approach, namely the two tower
model |Yi et al.| (2019), which is a neural network architecture that is often used for two-stage rec-
ommendation. The two towers of the model are responsible for the candidate retrieval and ranking
stages, respectively. Two tower models are capable of learning complex relationships between users
and items, and it is able to scale to large datasets. In numerous recommender models, covariates are
unstructured and high-dimensional, and may include information such as user profiles and textual
item descriptions. There is a prevailing belief that such information can often be represented in
a low-dimensional intrinsic form, and can be seamlessly incorporated into the feature engineering
phase of a deep learning model. For a standard recommender model with user covariates denoted
as x, € RPw and item covariates as #; € RP%, the two tower model is formulated as in given
Equation |1| and a schematic overview in Figure|l| The two deep neural networks are described as
f:RP» — RP and f : RPi — RP delineating x,, and Z; into the same p-dimensional embedding
space. The two tower model follows recommendation approach to be based on the dot product be-
tween the feature vectors extracted from the two towers, f(z,) and f(Z;). The cost function for
optimizing the two tower model can be structured as per Equation 2]

"https://en.wikipedia.org/wiki/Holder_condition
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Ry, &) = (f(za), f(&)) (1)

min o D (ks = (7). F@)?+ A {70) + 707}
£.f (u,i)eQ
2

This given equation represents the cost function of the two
tower model, where J(-) can be the penalty term of L;-norm
or Lo-norm for avoiding overfitting in the deep neural net-
work, and k,,; refers to the number of layers in the user/item
towers. The optimization problem presented in Equation [I]
can be efficiently solved using an established open-source
neural network library such as PyTorch|Paszke et al.|(2019).
Figure 1: An illustration of the One commonly used approach is to utilize SGD to simulta-

Two Tower recommender model. neously update the parameters of f(x,) and f (Z;), allowing
for parallel computation.
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Here, « denotes the learning rate and M represents a subset of uniformly sampled elements from
. While the optimization task in Equation [2]is non-convex, this algorithm is ensured to converge
to some stationary point (Chen et al|(2012). Given that when the user and item covariates x,, and
Z; respectively are encoded using one-hot encoding, the Equation [I] simplifies to the conventional
collaborative filtering approach based on SVD. The two tower model represents a hybrid recommen-
dation which combines the advantages of collaborative filtering and content-based filtering methods
by utilizing low-dimensional representations for both users and items. The use of deep neural net-
work structure facilitates the flexible representation of users and items, and enables the capture of
non-linear covariate effects, which is not possible with linear modeling |B1 et al.| (2017); Mao et al.
(2019). Subsequently, the two tower model can mitigate the cold-start problem by incorporating
new users and items using their respective covariate representations [Van den Oord et al.[(2013). We
highlight that the optimization task presented in Equation [2] offers a general framework for devel-
oping deep recommender systems, and the two neural network structures can be modified to suit
various data sources, such as using for the sequential data Twardowski|(2016) via a recurrent neural
network (RNN) or for images via a convolutional neural network (CNN) [Truong & Lauw|(2019);
Yu et al.|(2019).

4 ASYMPTOTIC BEHAVIORS

We aim to establish some theoretical properties of the two tower model, which relate to its strong
convergence to the true model. This is considered one of the initial efforts in quantifying the
asymptotic behaviors of deep recommender systems. Our work focuses on examining the model’s
properties and establishing a theoretical foundation to support its reliability and effectiveness in
producing accurate recommendations. Assuming that the given model generates the observed

data {(wy, T4, ki), (u,i) € Q}, provided z; € [0,1]D", x, € [0, 1]D“, and €,; comprise a
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sub-Gaussian noise bounded by B, with variance o2, which are independent and identically dis-
tributed. Also, it follows based on the Holder norm that f* = (f,..., f;), f* = (fi,..., f;)

with f* € H(B,[0,1]7" M) and 7 € H(B,[0,1]"", M), where sup, . 0. |7 (z)| < M and
f;(:c)‘ < Mforallj=1,...,p.

SUPge[0,1)Pi

kui = R*(Z‘u, jz) + €ui = <f*(mu)a f*(jz» + €uiy (3)

4.1 PROBLEM FORMULATION AND ANALYSIS

In this paper, we characterize two classes of deep neural network with bounded parameters
for users and items as Fp, (W,L,B,M) = {f | Z(f) < W, U(f) < L,D(f) <

Basupxe[(),l]Du maXj=1,..,p |fj(x)‘ < QM}?‘FDi(W7 E, B, M) = {f | Z(f) < Wa U(f) <L,
fi(x)
f and f is made in order to reduce the dimensionality of the parameter space required for the ap-

proximation. For the sake of conciseness, we designate Fp, (W, L, B, M) and Fp,(W, L, B, M)
as Fp, and Fp,. Additionally, we further provide a definition for the class of deep recommender
systems as R® = {R(z, &:) = (f(zu), f(%:)) | f € Fp,(W,L,B,M), f € Fp,(W,L, B, M)},

where ® = (W, L, B, M, W, i, B) represents the parameters required for estimating the size of
R®. The estimate R can be formulated as

< 2M}, provided assumption of the boundedness of

D(f) < B, SUPgelo,1)P: MAXj=1,....p

A 1
R =arg min —
gRERq’ |9

S (= R + A (AN + I3+ S A+ )
=1

(u,1)eQ =1

J(R)

Our main formulation in this section is to estimate the approximation error of the two tower model,
which we define as a deep recommender system. Our proposed strategy in Theorem {.1| which
presents and incorporates the existing theoretical approaches in|[Nakada & Imaizumi (2020) but has
been adapted to consider specific challenges faced in deep recommender systems. One of these
challenges is the high-dimensionality of the input for these systems, which often reside on a low-
dimensional manifold, particularly in cases where the input data contains sparse binarized features
such as one-hot encoding or bag-of-words. To estimate the intrinsic dimension of the input space .S,
we define its upper Minkowski dimension based on |[Falconer| (2004) as

dim(S) = inf {d* >0] lil% sup N (e, S, ||.||OO)€‘1* = 0}
e—

It is worth noting that the upper Minkowski dimension of a discrete input space is invariably 0.
Therefore, when binarized features are included in the input of deep recommender systems, they
typically do not enhance the upper Minkowski dimension.

Theorem 4.1. Let dim(Supp(p1.,)) < dy dim(Supp(;)) < d; be the given Minkowski dimension,
provided the probability measure of x,, and X; refers to ., and ;, respectively. Then, for any € > 0,
3® = (W,L,B,M,W,L,B) with W = O(¢ /)W = O(e~%/F), and B = O(e™*®), and
B = O(¢™*), such that

I R < 300

where [1,,; represents the probability measure of (., Z;) on Supp(p) X Supp(u;).

Theorem [.1] provides a measure of the approximation error of the two tower model. The upper
bound on the approximation error in Theorem implies that there exists some ® for which the
true model can be effectively approximated by R®, provided that the underlying true functions f*
and f* in Equationhave sufficient smoothness. Moreover, Theoremremains valid irrespective
of the value of L, indicating that the approximation error of the two tower model can converge to
zero with any number of layers. We defer the proof to the appendix
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4.2 ROBUST CONVERGENCE

In order to establish the robust convergence of the two tower model, introductory lemmas are re-
quired to quantify its entropy. These lemmas are essential for measuring the estimation error of
R and balancing it with the approximation error. Therefore, we propose the following lemmas to
evaluate the entropy of R®, which is a critical factor in deriving the estimation error of R.

Lemma 4.2. Let the functional space be Kp(W,L,B,M) = {f(;0) : © € Sp(2W, D) x
Sé*Q(2W,2W) x Sp(p,2W)}, where Sp(c,d) = {(A,b) | A € [—B,B]CXd,b € [-B, B]‘}.
There exists a mapping Q : Fp(W,L, B, M) — Kp(W, L, B, M) such that f(x) = Q(f)(z) for
any f € Fp(W, L, B, M) provided Z(Q(f)) < 14LW log W.

The functional spaces Fp, and Fp, comprise neural networks with distinct layer architectures and
widths, rendering it difficult to establish their entropy in a manner that is amenable to analysis.
However, Lemma [4.2] establishes that 7, and Fp, can be embedded into larger functional spaces
Kp, and Kp, that consist of deep neural networks with consistent dimensions. Consequently, the
entropy of Kp, and Kp, can be directly estimated as a parametric model Zhang| (2002), thereby
providing an upper bound for the entropy of Fp, and Fp,, respectively. Furthermore, it is crucial to
note that the effective number of parameters in Kp is of the same magnitude as that of Fp, except
for a trivial logarithmic term.

Lemma 4.3. For any f(x 0),f'(z;0) € Kp(W,L,B,M), it remains valid
that - sup|, <1 [ f(z;0) = f'(z;0')]], <  pC(W,L,B)e, given that|®@ — 0| <

ewhere C(W, L, B) = (WB)* (% + wh=) - (o )-

Lemma [.3]introduces a continuity property of Holder-type for the neural networks that belong to
Kp(W, L, B, M). Here, the term C(W, L, B) may tend to infinity concerning the dimensions W,
L, and B. This continuity property enables the computation of the functional class’s entropy for the
neural networks associated with users and items, in the following Lemma[4.4] the proof of which is
deferred to the appendix

Lemma 4.4. Given &= (W L,B, M, W, L, B), it remains valid that, log/\f[ (e, R® (i) <
Co(WlogW  +  WlogW)log(e 'Cs(C(W,L,B) + C(W,L B))) provided
J\/'[.](G,Rq),||-||L2(HM)) depicts the e-bracketing quantity of R® with respect to the metric
A2y, Co = 28max L, LY, C3 =2 3/2 )\ max{B, BY, and C(-,-,-) is stipulated as per
H HL (Nuz ) p ) ) p )4
Lemma@é]

Lemma4.4|ascertains an upper limit on the bracketing entropy of the two tower recommender model,
thereby serving as a fundamental component in deducing the estimation error associated with the
two tower recommender model. This inference is accomplished through the application of empirical
process theory and certain large deviation inequalities. The use of identical measures of entropy has
also been employed in seminal work [Zhou| (2002)) to quantify the expressive capacity of diverse
functional classes.

Theorem 4.5. If all the conditions described in Theoremare realized, then it remains valid that

P(|R=R*(22,..) < Lui |97/ GO0 (10g]Q))2) > 1-24 exp(—Cy Q) FFH0) 1og |0

given 4\ q|J(Ry) < Ly; \Q|726/(25+d“i) log |Q| , where, L,; = max{L, L} with
= O(Blog, B/dy) and L = O(Blog, B/d;), C1 = 6 max{(50p> M*+40?),1}(25p° M*+B?) /13,
B, = O(|Q|°) for ¢ < dy; /(4B + 2d.;) in which d,;; = max{d,, d;}.

The underlying parameters of R® are W and W which equals
(/) log |Q), B = O(|0*™/ ) 10g |02]), and B = O(|Q***/ 77 log|0]).

Theorem provides evidence of the convergence of the two tower recommender model towards
the true model at a rapid rate, explicitly determined by the values of (3, d,, and d;. In particular,
when 3 attains a competent magnitude, the convergence rate approximates O, (|| ™" (log|2])?),
surpassing the majority of existing findings Zhu et al.|(2016). This advantage arises primarily from
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the smooth representation of covariates provided by the latent embeddings of users and items, result-
ing in a significantly reduced number of parameters compared to conventional collaborative filtering
approaches. As a consequence, the two tower recommender model exhibits an accelerated rate of
convergence. Furthermore, it is intriguing to observe that with predefined S, d.,, and d;, the value
of L,; remains constant. This implies that finite depths of the two tower recommender model are
adequate for approximating the true model, while the widths of the user network and item network

increase at a rate of O(|Q\d“/ (2+dui) 100 |2]). A detailed proof of which is deferred to the ap-

pendix

4.2.1 THEORETICAL GUARANTEES FOR TOP-K RETRIEVAL OBJECTIVES

Theorem 4.6. Let R i (h) denote the expected Top-k retrieval error (mis-retrieval risk) for a two-

tower model h(x,,%;) = (f(x4), f(X;)), defined as the probability that the ground-truth relevant
item i* is ranked below the k-th position among a set of items L:

R (h) = Eqiy~p [[(rank(i*|u, h) > K)]

Under the assumptions of Theorem 4.5, and assuming the ground-truth score gap between relevant
item i* and any irrelevant item j satisfies a margin condition A = R*(u,i*) — R*(u,j) > 0, the
Top-k retrieval error converges as:

) < |I| *ﬁ
Ric(h) 22 - Oy (1] 7407 )
where |Z| is the total item corpus size. This guarantees that as sample size || increases, the proba-
bility of missing the relevant item in the top-k set vanishes, confirming the model’s effectiveness as
a candidate generator.

Theorem bridges the gap between the pairwise error and the Top-k classification metric. It
informs that optimizing the two tower model minimizes the Top-k retrieval error, validating its use
for recall-oriented tasks. The error scales linearly with the corpus size |Z| and inversely with K,
providing a justification for using larger K in the retrieval stage to ensure recall. This bound assures
that as the estimator / converges to ¥, the probability of missing the relevant item in the retrieval
set vanishes. The term \TI(I explicitly captures the retrieval nature, a larger candidate set size K
linearly reduces the risk of a miss. A detailed proof of this is reported in the appendix [B] We also
provide a theoretical lens on system constraints introduced as a constrained optimization problem in
Theorem [B. 1} where the constraint (latency) directly influences achievable performance by limiting
the richness of the function class.

5 EXPERIMENTS

We present a thorough numerical evaluation of the two tower recommender model, represented
as T?Rec is conducted on various synthetic and real-world datasets. We compare its perfor-
mance against a range of established competitors, including regularized SVD (rSVD), SVD++, co-
clustering algorithm (Co-Ca), and K-nearest neighbors (KNN). We implement T?Rec framework
via TensorFlow (Abadi et al.l |2016), while the other baseline models’ implementations are acces-
sible in the Pythonic libra.r of simple recommendation system engine (Hug, [2020). The rSVD
method uses an alternative least square (ALS) algorithm for estimating latent factors of users and
items. SVD++ utilizes stochastic gradient descent (SGD) to minimize a regularized squared error
objective. Co-Ca categorizes users and items into clusters that are assigned distinct baseline ratings.
SlopeOne is primarily an item-based collaborative filtering approach that leverages ratings of simi-
lar items for prediction, and KNN predominantly exploits the weighted average of the ratings of the
top-K most similar users for prediction.

Training Settings: The present study involves tuning parameters for several methods through grid
search. To accomplish this, the datasets are partitioned into two sets, one for training and the other
for testing. For the training set, the optimal model for SVD++, KNN, rSVD, and Co-Ca is selected
based on 5-fold cross-validation of the training set. Meanwhile, the optimal model for T?Rec is
determined using a validation set that is 20% of the size of the training set. This approach helps

Zhttps://surpriselib.com
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Table 1: Performance comparison of varied baseline models along with our proposed approach for
T?Rec is reported. The size of the rating matrix size(K ) and d represents the intrinsic dimension.
The RMSE values are averaged over 50 replications and each of the model variants report the stan-
dard errors. Our proposed approach for T?Rec stands best in each scenario as shown in the shaded
part.

Model rSVD KNN Co-Ca SVD++ T?Rec

size(K),d RMSE SE RMSE SE RMSE SE RMSE SE RMSE SE
(1500,1500),20 1.566 | 0.008 1.990 | 0.013 1.815 | 0.012 1.507 | 0.008 | 0.496 | 0.011
(1500,1500),30 1.742 | 0.009 | 2.063 | 0.011 1.944 | 0.010 1.704 | 0.007 1.330 | 0.010

(1500,1500),40 1.845 | 0.007 | 2.075 | 0.012 | 2.015 | 0.011 1.806 | 0.007 1.604 0.01
(2000,2000),20 1.908 | 0.010 | 2.074 | 0.016 1.907 | 0.013 1.849 | 0.008 | 0.438 | 0.022
(2000,2000),30 2.041 0.013 | 2.120 | 0.012 | 2.027 | 0.013 1.995 | 0.011 1.358 | 0.013
(2000,2000),40 2.110 | 0.010 | 2.150 | 0.010 | 2.089 | 0.010 | 2.073 | 0.009 1.703 | 0.009
(3000,3000),20 2.105 | 0.023 | 2.301 0.024 | 2.149 | 0.022 | 2.198 | 0.021 0.373 | 0.010
(3000,3000),30 2.196 | 0.012 | 2311 0.012 | 2.246 | 0.015 | 2.204 | 0.012 1.353 | 0.013
(3000,3000),40 2209 | 0.020 | 2.338 | 0.021 2.291 0.021 2219 | 0.019 1.862 | 0.010

Results on Yelp dataset

Cold-start 1.058 | 0.0002 | 1.058 | 0.0002 | 1.058 | 0.0002 | 1.058 | 0.0002 | 0.965 | 0.0004
Warm-start 0.965 | 0.0007 | 1.045 | 0.0008 | 1.055 | 0.0008 | 0.907 | 0.0006 | 0.955 | 0.0007
Overall 1.032 | 0.004 1.054 | 0.0004 | 1.057 | 0.0004 | 1.037 | 0.0003 | 0.962 | 0.0004

to reduce the computational cost associated with cross-validation. The hyperparameters related to
the regularization parameter )\ in T?Rec and rSVD are defined as grid values 10~6+%/3 where
k={0,1,...,24}. The hyperparameters for the number of clusters in Co-Ca and the neighborhood
parameter K in KNN are determined by specifying a grid of possible values {5, 10, ...,50}. The
KNN algorithm employs a similarity measure based on the mean square similarity difference of
common ratings between any two users or items (Hugl 2020). For T?Rec, which is a deep neural
network-based method, the SGD learning rate is initialized to 1e—2 and has a decay rate of 0.9 and
a minimum learning rate of 5e—3. To prevent overfitting, an early-stopping scheme is utilized.

5.1 RESULTS ON SYNTHETIC INSTANCES

We investigate different scenarios of a synthetic example, wherein we set the sizes of the rating
matrix R, = {rui}1<u<n,1<i<m as (n,m) = (1500,1500), (2000,2000), and (3000,3000), while
keeping the number of observed ratings fixed at 100k. This leads to sparsity levels ranging from
0.011 to 0.044. Secondly, we define the nominal dimensions of z,, and Z; represented by D,, and
D, is 50. The dimension of the representation p is 30 and the users and items true functions is
formulated as

(@) = (ff(mu),...,f;(xu)),and ]F*(iu) = (fl*(iu), cees N;(ju))

D, D, D,—1
Given f7 (2,) = Z oy sin(2may;) + Z Bjicos(2mz ) + Z CilTulTy(14+1) and

D; D; Di—1
f]’.“(:ﬁu) = Z djl sin(27riil) + Z ﬁjl COS(Q’]T.’%Z]) + Z le‘%il‘%i(l—&-l)v

where aji, &;1, Bji, Bji, i, and (j; drawn uniformly from a sample region of [—0.15,0.15]. To
replicate the low inherent dimensionality of covariates, we sample x,; and z;; with | = 1,...,d,
from [0, 1], and it can be updated as x,; = 2,,—q) and &y = T;;_q), provided [ = d +1,...,50
and the intrinsic dimension d € {20, 30, 40}. Ultimately, the ratings are produced by the subsequent

model, r,; = < (), f *(Zw) > +€ui, where ¢,,; delineates a Gaussian distribution with the mean of

zero and variance of 0.1. For each case, the deep neural networks are configured for both users and
items in the two tower recommender model (T?Rec) as a five-layer fully-connected neural network
comprising 50 neurons in each hidden layer and 30 neurons in the output layer. The root mean square
errors (RMSE) are calculated and averaged across each baseline models, and their standard error(s)
(SE) are also computed which is reported in Table[I} The results presented in Table [I| demonstrate
that T?Rec outperforms all other baseline models across all cases, achieving improvements in test
errors ranging from 12.6% to 81.3%. The advantage of T2Rec over existing methods becomes more
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pronounced as the dimensions of the rating matrix (n and m) increase and the sparsity of the rating
matrix intensifies. This can be attributed to the fact that conventional methods are susceptible to
the cold-start issue in sparse rating matrices, whereas T?Rec is more robust, particularly when the
intrinsic dimensionality of covariates is low, thus, it can significantly address the cold-start issue.
These findings lend empirical support to the theoretical results presented in Theorem [{4.5] which
demonstrates that the convergence rate of T?Rec is positively associated with the reduction in the
intrinsic dimensionality (d) of covariates.

5.2 RESULTS ON A REAL-WORLD DATASET

We employ an open source dataset of Yel;ﬂ which comprises four varied linked components such
as user, review, business, and check-in. The user segment entails personal information for approxi-
mately 5.2M Yelp community users, encompassing their number of reviews, count of fans, elite ex-
perience status, and personal social network information. Furthermore, behavioral aspects of users,
such as the average rating given to reviews and voting data received from other users such as ‘useful’,
‘funny’, and ‘cool’, are also included. The business segment offers information about the location,
latitude-longitude coordinates, review counts, and categories for nearly 174k businesses. Within the
review segment, each review encompasses information about the user, the associated business, the
textual comment, and the corresponding star rating for that business. Finally, the ‘check-in’ seg-
ment provides the counts of check-ins recorded at each business. By leveraging the user, business,
and review segments, we generate profiles for users and businesses, which will subsequently serve
as covariates in the T?Rec model analysis. For data preprocessing, we rely on cities that contain
a minimum of 20 businesses, given businesses that have accumulated at least 100 reviews. This
selection criteria yields a set of 15,090 businesses in the item set. For each business, we employ
one-hot encoding to numerically represent their ‘location’ and ‘category’, utilizing these variables
as part of the item covariates. In terms of users, we gather information on their elite experience,
which is binary in nature and indicates whether they have ever held elite user status within the Yelp
community. Additionally, we consider the overall feedback they have received, including ratings
such as ‘useful’, ‘cool’, and ‘funny’. Moreover, we build covariates for both users and businesses
based on the textual reviews they have generated. Concretely, we undertake a systematic approach to
gather all textual reviews and subsequently utilize the term frequency-inverse document frequency
(TF-IDF) technique to derive the 300 most salient 1-gram, 2-gram, and 3-gram representations. This
process allows for the conversion of each review into an integer covariate vector of length 300, em-
ploying the bag-of-words technique. Subsequently, for a given user or business entity, we calculate
the average of the bag-of-words representations derived from its reviews. These averaged represen-
tations are then concatenated with the previously constructed covariates obtained in the initial stage.
Furthermore, an intriguing phenomenon is observed in users’ comments regarding various aspects
of restaurants. Users tend to express their opinions using words that carry polarity, as exemplified in
statements such as ‘Oh yeah! Not only that the service was good, the food is good the serving is good
and the service is amazing’, and ‘Jamie our waitress is so sweet and attentive’. In this first exam-
ple, the user employs the terms ‘good’ and ‘amazing’ to describe the quality of both the ‘food’ and
‘service’ provided by the restaurant. Similarly, in the second example, the user employs the terms
‘sweet’ and ‘attentive’ to characterize the behavior of the ‘waitress’. From an intuitive standpoint,
comments pertaining to specific aspects of restaurants provide insight into their distinctive features.
Furthermore, aspects that frequently emerge within user reviews serve as indicators of their primary
concerns during the consumption process.

5.3 ABLATION ANALYSIS

We perform synthetic ablation studies to isolate the impact of intrinsic dimension (d,;) and smooth-
ness () on the convergence rate, controlling for all other factors. To strictly validate the convergence

. ___28 _ .
R — R*||? < || 2P+9w, we implemented a controlled synthetic
dui

bound derived in Theorem 4.5,
environment by generating user and item features on a low-dimensional latent manifold Z C R
which were then mapped non-linearly to a high-dimensional nominal space R” (D = 128) us-
ing sinusoidal embeddings to simulate complex manifold structures. The true preference function
is defined as R*(z,,z;) = tanh((z,,z;))”. The exponent -y serves as a proxy for the inverse of

3https://www.yelp.com/dataset
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smoothness, where v = 1.0 represents a standard smooth interaction (high 3), while v = 2.0 in-
duces sharper transitions (lower 3). We trained a standard two tower deep neural network with hid-
den dimension 64, embedding dimension 32 using the Adam optimizer across a log-spaced sweep
of sample sizes Q2] € [2 x 103,10°]. We observe a distinct power-law relationship between the

Ground-Truth Smoothness B
—e— B (Highen) (Rate: 0.2722)
100 10° 1 —o— B (Lower) (Rate: -0.0338)

6x107!

Test MSE (Log Scale)
Test MSE (Log Scale)

Intrinsic Dimension dui
—e— dy;=2 (Rate: -0.0030)
- 4 (Rate: -0.7636)

-2 | —&— du=8 (Rate: 0.2226) 4x1071
—e— dy=16 (Rate: 0.1681)
—e— diy= 32 (Rate: 0.0300)

10 10°
sample Size || (Log Scale)

10t 10°
sample Size |q) (Log Scale)

Figure 2: Impact of Intrinsic Dimension (d,;) Figure 3: Impact of Smoothness ()

sample size || and the MSE. The slope of the linear fit in the log-log scale plot reported in Fig.
corresponds directly to the convergence exponent _wiiﬁdui. With d,,; = 2, the model achieves the
steepest convergence slope, indicating high sample efficiency. And d,,; = 8 indicates that the slope
significantly flattens (becomes less negative). Quantitatively, moving from d,; = 2 to d,; = 8
resulted in a degradation of the empirical convergence rate, requiring exponentially more data to
achieve the same MSE threshold. This monotonic degradation confirms that the nominal dimension
(D = 128) is irrelevant to the statistical rate. The convergence bottleneck is strictly governed by the
complexity of the underlying manifold (d,;), validating the primary claim of our main Theorem.

In Fig. [3| we fixed the intrinsic dimension (d,; = 8) and varied the complexity of the ground-
truth function given the empirical rates. For high smoothness, the target function varies gradually
over the manifold allowing the two tower network to approximate it efficiently with fewer samples.
For low smoothness, the target function exhibits sharper non-linearities, effectively reducing the
Holder smoothness parameter 3. The empirical results align with our theoretical prediction that
the convergence rate improves as 5 — oo. The sharper descent for the smoother function proves
that feature engineering efforts that linearize or smooth user-item interactions (thereby increasing (3)
directly translate to theoretical gains in sample efficiency.

6 SUMMARY AND OUTLOOK

We quantitatively assess the asymptotic convergence properties of the two tower model toward an
optimal recommender system. The two tower model is designed to enhance recommendation accu-
racy by integrating multiple sources of covariate information. It employs two deep neural networks
to embed users and items into a lower-dimensional numerical space, utilizing a collaborative filtering
structure to estimate ratings. By leveraging the learning capabilities of deep neural networks, it can
extract informative representations of covariates in a non-linear manner. Of utmost significance, our
work contributes to the field by offering statistical assurances for the two tower model through the
quantification of its asymptotic behaviors in terms of both approximation error and estimation error.
Based on our current understanding, our established results constitute a scarce body of theoretical
assurances in the realm of deep recommender systems.
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A RESULTS ON A REAL-WORLD DATASET

Table [2] signifies that users consistently offer feedback on various aspects such as ‘food’, ‘service’,
‘place’, and ‘staff’ within their reviews, aligning with our initial expectations. Specifically, it is
intriguing to observe that the aspect of ‘price’ exhibits an extremely lower average polarity score
compared to other aspects. In fact, its average score stands at a mere 0.28, distinctly lower than other
evaluated dimensions. This discrepancy suggests that reviews incorporating references to ‘price’ are
more prone to lower overall ratings. Lastly, based on the observed data, we proceed by selecting the
200 most prevalent aspects derived from reviews, utilizing their associated average polarity scores.
We construct vectors of length 200, where each element represents the average polarity score as-
sociated with a specific aspect within a user’s or business’s reviews. Following the pre-processing
phase, we are left with a dataset comprising 15,090 unique businesses, 35,906 distinct users, and
a total of 688,960 ratings. To ensure robustness, we conduct numerical experiments 50 times. In
each replication, we randomly select 15k users and 10k businesses, along with their corresponding
observed ratings to form the experimental data. Subsequently, we partition the selected dataset into
training and testing sets, adhering to a 70: 30 ratio. The tuning process as delineated at the outset
of Section [3]is then applied. Furthermore, the remaining reviews are reserved for evaluating the
performance of the T?Rec in the context of the cold-start scenario.

B DEFERRED PROOFS

B.1 PROOF OF THEOREM [4.]]

Given the first claim in Theorem note that we have R* (z,,, %) = (f* (), f*(Z;)) with fi e
H(B,[0,1]P=, M) and f;‘ € H(B,[0,1]P:, M). Based on the low dimensionality approximation
from Theorem 5 Nakada & Imaizumil (2020), there exist Fp, (W, L, B, M) and Fp. (W, L, B, M)

with W = O(e=%/F), W = O(e=%/5), B = O(e~*) and B = O(e~*) such that for each j, we
have

inf P <
ijfDul(II}V,L,B,M) Hfj 1 Lo (u,) = €
inf Hf — f‘;‘ ) <e 4)

f;€Fp,(W,L,B,M)
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Table 2: The polarity scores associated with the ten most prevalent aspects as identified within the
chosen reviews. Here, SD depicts standard deviation.

Aspect Frequency Mean SD 25% 50% 75%
atmosphere 7096 0.42 0.21 0.40 0.44 0.56
food 66879 0.39 0.27 0.36 0.44 0.57
fries 7772 0.39 0.28 0.42 0.44 0.57
place 32201 0.34 0.32 0.32 0.43 0.57
prices 7179 0.28 0.32 0.23 0.43 0.44
salad 6508 0.38 0.27 0.32 0.44 0.57
sauce 7081 0.41 0.28 0.44 0.46 0.57
server 11874 0.43 0.24 0.42 0.49 0.56
service 71755 0.4 0.3 0.44 0.49 0.57
staff 29270 0.45 0.19 0.42 0.49 0.49

Then, we can leverage the well-proved theorem of the triangle inequality and the Cauchy-Schwartz
inequality, so that

R @) = B (@u, )| = |(Fl@a), F@)) = (@), 7 @) < |(F@) @) - (@)
+[(F@) = £ (@) F@))| < W@, | F@) = F @), + 1) = @l [ £@)|
Since f € Fp,(W,L,B,M) and f* € HP(8,[0,1]7:, M), we have | f(z,)|, < 2/pM and
*(Z) , < V/PM, which further implies that

p p
|R(zy, %) — R* (2, %) < M (22 Hfj - fi ) + Z f5 — ffHLoo(#u))
j=1 ‘ j=1

Let & = (W, L, B, M, W, L, B, M), then it follows from Equation |4 that

inf |R(xy, ;) — R* (24, Z)| = inf o |R(x4, Z;) — R* (24, Z5)|
RER® fi€Fp,(W,L,B,M),f;€Fp,(W,L,B,M)

P p
=M (Q;ijJTDHi(%L,B,M) Hfj =i L= (ui) * Z o ) 17 =4 HLOC(““))

i1 fi€Fp,(W.LB,M

< 3pMe

Proof of Lemma.2} For f(z) € Fp(W, L, B, M) with U(f) < L, we let y; represent the output
of the I-th layer of f and © = ((Ay,b1), (A2,b2),..., (Au(s),bu(s))) the parameter of f, where

Ay € [=B,B]Pr*Pi=1 by € [-B, B]P', po = D and py sy = p. We then construct f = Q(f) with
0 = ((A},by), (A3,by), ..., (A7, by)) as follows. Forl = 1, we let A} = (AT, 0pyxow_p,))"
and by = (b7, 0%, »,) "> and then the output of the first layer y, is given by
7 ’ ’ A b
yi = o(Ayz + b)) = (U( 17+ 1)) < (4] >
02w —p, 02w —p,

where ¢(.) is the element-wise ReLU function. For [ = 2,...,U(f) — 1, we let A} =
diag(A, 0 aw —p)) x 2w —p,_1)) and b, = (b], Oéwfpl))T’ and then

, , ' Ajy— b
yl:(f(Alyll—i—bl):(a( 1Y1-1+ 1)):< Yi >

O2w —p, O2w —p,
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The remaining (A;7 b;)’s forl = U(f),..., L areconstructed based on the value of U (f). IfU(f) =

L, as the last layer of f and f* are both linear, we set A} = (Ay, Opx (2w —p,_,)) and b, = by, and
then

Yy =Apyp_1 +b, = Aryr—1 +br = yu(y)
IfU(f) =L —1, weset

, AL_l Opol ><(2W—2PL72) ’ bLil
Apy = —Ap 1 Opr_1x(2W —2p1_2) by = —br
0(2W72pL—1)><PL72 O(QW*QPLfl)X(QW*QPsz) O(QW_ZPL’I)

Then, we have

o(AL-1yrL—2 +br—1)
) )

Yos = oy s+ Vo) (a<—AL1yH i)
02w —2p)

We further let AL = (Ip, —1Ip,0px (2w —2p)) and by, = 0, and then

yr = 0(Ap_1yr—2 +br_1) —o(—=Ar_1y1—2 — br_1) = Yu(s),

where the second equality follows from property of the ReLU function that o(z) — o(—z) = z. If
U(f) < L — 2, we first construct (A;,b;);l =U(f)+1,...,L—1as

, Ip —Ip Opx (2w —2p)
Al = —[p Ip Op><(2W—2p)
Opw_2p)xp Oew—_2pxp O@w_2p)x@W_2p)
and bz = 0oy . Then, we have
o(Av(pyun-1 +bup)

yy = oAy +b) = | o(—Avpyon-1 — bun
02w —2p)

We further set AL = (Ip, —1Ip,Opx 2w — 2p)) and b7, = 0,, then we have,

y1, = o(Au(pyyun-1 +buin) = o(=Aupyup-1 = bu) = yun
By the definition of Fp (W, L, B, M), the non-zero elements of A; is at most ¥, and hence the

. [
number of non-zero elements in A; is at most

o=, 2W W oow
4W+Z D SSW D (S x D) <8W [ Tode <12Wlog W,
1

s=2

where |.] is the floor function. Similarly, the number of non-zero elements in b; is less than
2W log W. The desired result then follows immediately.

Proof of Lemma For an L-layer neural network f(z;0) € Kp(W,L,B,M), its I-th
layer can be formulated

hl(ﬁt) = (hll(a:), hlg(.r), ceey hlpz (JE)) = Al(l‘) + bl (LE)

where hy;(z) = Z?l:’f Apij(z) + by, with pg = D and p;—1 = 2W for 2 < [ < L. It follows from
the triangle inequality that

sup Hf(ac)—f,(a?)H = sup HhLOhL,l0...0h1(9c)—h/LOh/Lflo...ohll(x)H
<1

llzllo <1 2 el 2

up_[760) = gp-1(@) + 91-10) = 2@ + -+ 1(0) = S @

H:vll

< S 9z (2) = gr1(@)lly + ... + S llg1(z) — go(x)ll, (6)
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where g(z) = hp o ... o0 h;+1 o hy o ... o hi(z). It then suffices to bound
sup|, <1 l9(x) — gi—1 ()|, for I = 1,..., L separately.

So, we first bound for any [ < 1 by mathematical induction.

L @)

B B A
hio...oh <(WB)' |1 — =
s ool SOV (14 ) - g
When [ = 1, note that the ReLLU function is a Lipschitz-1 function, then we have

D
sup |hii(x)] < sup Z |Ayij| - |zj] + b <WB+ B =E,

2]l o <1 lall o <152

fori = 1,...,p1. It then follows that sup, <, |h1(x)]|,, < E1. Following this, suppose that
Equationholds true for [ < k — 1, then

Prk—1
sup ||hgio...ohi(z)||o <  sup  |hgi(z)] < sup Z | Akij| - || + b
llzll oo <1 2/l oo <Er—1 Izl oo <Ek-1 51
B B
<WBE,_1+B=(WB)" (1 — =K
< k-1t (WB) (+WB—1> WB 1 k

fori = 1,...,pg. It then follows that sup, <1 [[hxo...hi(2)
true for any [ > 1.

< Ey, and thus Eq. |7/ holds

los

We elucidate to bound sup, <1 [[gi(z) — gi—1(2)||,- Note that,

p
sup [lgi(@) =g (@)lly <D sup |gii(x) — gi-1.4(x))|
1

lzll < im1 1zl <1
p ! ’ ’ ’
:Z sup ’hLio...ohHlohlo...ohl(l‘)—hLio...ohlohl,lo...ohl(x)‘
i—1 lzll o<1
p ’ ’ ! ! !
SZ sup hLiO...OthOhZ(x)—hLiO...OthOhl(x)‘
i=1 17l <Ei1
p !’ ’ ’7 ! ’7
gz sup ‘huo...ohl_‘_l(z)thio...ohH_l(:z:)
i=1 [|z—2'||  <e(WEi_141)
<pe(WB)E"Y(WE;_; + 1)
where g = (gi1, - - -, g1p), the second inequality follows from the fact that
Pi—1
sup  |hy(z) — hlz(sc)‘ < sup Z ‘Alij — Ayl - gl + ‘bli —b,| <e(WE;_1+1)
Hﬁunglfl H-'L'HOOSEZ—I j=1

and the last inequality is derived by repeatedly using the fact that
Sup”“ﬁ*m/HwﬁE ‘hli(a:) —hli(x/)’ < WBE forany E > 0 and I > 1. Therefore, subse-
quently plugging the definition of E; in Equation[7] we have,

L
<> sup (@) — gia(@)

27 ell<t

L 1 1 WB)L—1
= ;pe ((WB)L(B twE=1) (WB)— 1 >

sup |£(@) — £ @)

lzll<1

B L L (WB)E -1
- re <(WB)L<B YwE-1) T wB- 1)2>
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Proof of Lemma. For any R € R®, we have R(z,,%;) = (f(z4), f(il)), where f(z,) €
Fp,(W,L,B,M) and f(&;) € Fp,(W,L,B,M). It follows from Lemmathat there ex-
ists mapping Q. : Fp,W,L,B,M) — Kp,(W,L,B,M) and Q; : fD,i(W,L,B,M) —
Kp,(W,L, B, M) such that

R(wy, &) = (f(za), f(@)) = (Qu(f)(za), Qi(f)(&:)

for any (zy, ;) € Supp(fhui)- )
Let O¢ and ©¢ denote the effective parameters of Q,,(f) and Q;(f), then R can be parameter-

ized by Ag = (©g,00). Let 9={Ag : R(;Ag) € R*} and G {A(l) ...,A(QN)} be an €/2-
covering set of Q under the |.||_ metric. For any R(.;Ag) € R?, there exists AlQ € G such that
HAQ - A/QH < €/2, and thus

(o)

swp | R(@a, &) — R (00, )
@il oo <1

< (@) f@) = F @)+ s [~

2wl oo <1

+ s @) - S )

2 quii”oogl

= swp|(F@a) f@) —

o s || oo <1

~5
—
8

S
~
\.21
=

< s lfG) ||2Hf - f(@)

Hmuvi"l

<2Mp (s [[@N@) - @@+ s feune) - Qi)
1%l 2 lzullo <1 2
< eMp*/ (C(W, L, B) + C(W, L, B)) £ Cie )

where the last inequality follows from Lemma[4.3]
For each AgL) € G, we define a Ce-bracket as follows

n)y  Cae _ )y C
gg(‘rua fz) = R(xuv T35 Aég )) + 747 9n (xin $z) = R(xua Xi; A(Q )) - 746
On incorporating the above formulation with Equation @ it follows that for any Ag € Q, there
exists 1 < k < N such that

Cye
gg(muafz’) - R(l‘uaxz;AQ) > 74 - ‘R xual‘uAQ) R(xmffiQAg) >0,
9¥ (@u &) = R(@u, 1, Aq) < \R(:cu,xy; M)~ Rlaw, 7 AD| ~ S <0
for any (x,,%;) € Supp(iy;). Therefore, B = {[gf,g{]] , [92 , 95 ] yeeny [gN,g%]} forms a

Cje-bracketing set of R? under the ||-|| L2(p,,) MELTIC.
Using Lemma the size of Ag is at most 14LW logW + 14LW logW. Incorporating
with the definition of G yields

log N < (14LW log W + 14LW log W) log (e’12 max{B, B’}) .

We can substitute € by ¢/C}, which leads to the desired upper bound immediately.

B.2 PROOF OF THEOREM [4.3]

Let L, = max{LL}, 1y =  LglQ 7 eg?l0, M =
{R ER?:|R- R*Hi2(ﬂuz) > anl} and let Ry € R satisfy ||R — R*HQL‘X’(um) < n‘zm/él.
Further, we denote | R — K||Q = IQI > iea BTy, i) — K.;)?, and then it follows from the

definition of that,

2
*

P(|r- > 1) < Plsup(|[Ro = K[I§+ Ao = | R = K[ = A (R)) = 0) =

L2 (pus)
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where Jy = J(Ry). We further decompose M into small subsets. Specifically, we let

M” = {R S Rq) : 27/_1’[’)‘25” < ||R - R*Hiz(‘uui) S 2i77‘29|,2j_11]0}f0r ’L,] Z 1

and My = {R €R® 27 0%y < |R— R*3a(,,,.) < 20, J(R) < Jo}fori >1

Then, we have,

1<y 3P ( Sup (IR0 — K5, + Ny Jo — R — K|I§, — Xy J(R)) > 0>

i=1 j=0

= z P ( sup ([[Ro — K[§, + NajJo — | R = KIIg = Moy (R)) > 0)

Q=1 ReM;;

+ZP( Sup HR()*KHQ+/\‘Q|J0*HR K”Q)\QlJ(R))ZO) EIl +12

It thus suffices to bound /7 and I» separately. Let e = K — R*, then, we have

* 2 ~ * ~
IR = K|[&, = |R— R[5, + [lell5, - i Y €uilB(wy, &) — R (w0, %))
(u,i)eR

Therefore, E||R — K||?, = ||R — R*||2L2(um) +E |[|¢[|7,, and thus

E(|R — K3, = IR = K|l§) = R = R*|[72(,,.) — IR0 = R7|[72(,0,.)
> ||R = R 7200y — M /4-

Let Eq(R) = |R — K|}, — E(||R — K||3,), then, we have

eMi;

(RggifEQ(Ro) — Ea(R) = inf Aoy(J(R) = J(Ro) +  inf E(IR = KII;, = [ Ro Kné))
<P

(SUD (Ba(Ro) — Ea(R)) 2 inf Aay(J(R) = J(Ro)) + inf |7 — R [ 77|29/4>
ReM;; ReMi;

<P < sup (Eq(Ro) — Eq(R)) > (277" = D)\jqiJo + (2771 — 1/4)n|2Q>
ReM;;

=P < sup (Eq(Ro) — Eq(R)) > M(Lj)) )

ReM;;

where M (i, j) = (21~ — DAjapo + (271 — 1/4)fy.
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Subsequently, it follows from the assumption Ao Jo < (1/ 4)77\252| that

sup Var((R(zy,Z;) — Kui)? — (Ro(y, &) — Kui)?)

ReM;;
= sup Var((R(zu,%;) — R* (x4, %))* — (Ro(xu, #;) — R* (24, %:))%)+
ReM;;
Var(2€,;(R(y, %) — Ro(#y,1;))) < sup 2Var((R(zy, ;) — R* (x4, ;)% +
ReM;;
2Var((Ro(xy, ;) — R*(acu,:%i))2) + 4Eeii sup E(R(zy,Z;) — Ro(xu7ji))2
ReM;;
<2 sup E(R(wu, %) — R*(2u, %)) + 2B(Ro (20, Z;) — R* (24, 34))*
ReM;;
+40% sup E(R(zy, %) — Ro(24,3:))* < sup (50p>M* + 40?)
ReM;; ReM;;
* (12 * (12 i 1
(IR = B[ 2y + IR0 = B[ L2(,,,y) < (502 M* + 40°) (2', + ngm)

S C5M(27]) Ev(i7j)7 (9)

where Cs = 16 max{(50p> M* + 402),1}(25p> M* + B2).

Moreover, we now reaffirm the conditions (4.5 - 4.7) stated in|Shen & Wong| (1994). First, the rela-
tion between M (4, j) and v(i, 5) in Equation B.2]directly implies (4.6) with 7' = 2(25p>M* + B2)
and € = 1/2 based on|Shen & Wong (1994). Second, we let R?(7) = {R € R* : J(R) < 7.Jo},

where J(R) < 7Jj implies that max {B , B } < /7Jy. Then, it follows from Lemmathat,
log V|, (e, R®(7), ||'||L2(,Lm)) < Cy(W log W + W log W) log(Cge™1)

where Cs = Cs(C(W, L,/7Jy) + C(W, L,\/7Jy)), Cy and Cs are defined as in Lemma It
then follows that,

02 (i,5)
[ o BN R /1)
35 M (3,5

32

'3 (0.5) . -
< / \/C’Q(WlogWJrWlogW) log(Ceu=1)du/M (i, j) (10)
3 M(0.7)

32

we can follow based on the right-hand side of Equation [T0] which informs that it is non-increasing
in ¢ and M (4, j), it then can be formulated as

w2 (i) . .
/ \/CQ(WlogW+ Wlog W) log(Ceu=1)du/M (4, j)
33 M(i.5)

32

v'/2(1,9) . .
< / \/Cg(WlogW+WlogW)log(Cﬁu—l)du/M(l,j) (11)
3z M(1,5)

32
Note that W and W are adaptive parameters governing the rate of approximation error
|Ro = R*[|(,,,.)» Which must satisfy | Ro — R*||7(,. , < 1/2nq|. Thus, based on the con-
dition (4.7) from |Shen & Wong| (1994) holds by setting W = O(||%/@#+4) 1651Q)) and
W = O(|Q|d“i/(26+d“) log |2]), and the condition (4.7) directly implies (4.5) |Shen & Wong

(1994). Based on Theorem 3 in|Shen & Wong|(1994) with M = |Q|1/2 M(%,7) and v = v(4, ), we
have,
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o oo (1—€)|Q M(i, j)?
Z::g eXp( 2(4C5 M (i, j)+M(i,j)T/3))

< SZZexp ( (1= |Q (2! - DAjaJo + (2! - 1/4)77|2m)>

< 3Zexp(—07(1 — ) Q] (i — 1/4) ny) Zexp(—&(l =192/ (G — 1) Ny do)
exp(—Cr(1 — ) [Q] g, /4) 1

1-— exp(fc7(]_ — 6) |Q| T]|2m) 1-— exp(—C7(1 — 6) ‘Q| )\lQ‘JO)
exp(—C7(1 — €) |2y /4)

(12)
(1= exp(—Cr(1 — ) [ 2, /)2
where C7 = 3/(26C5) and the last inequality follows from the fact that \j|.Jo < 1 /477‘29|.
Similarly, 15 can be bounded by
- (1 — )| M>(i,0) - .
< —C(1—
By o (~smi e e ) < > 3exp(~Crll ~ [0 M(:0)
o0 exp(—Cr(1 - €) [Q] 7 /2)
3exp(—Cr(1 —€)|Q (2071 —1/2 3 (13)
< 2 oG 9IRS ) <3 - g o)

Combining Equation [B.2)and[T3] we have

xp(-Cr(1— )0y /) ew(-Cr(1 = [0y /2
(1= exp(—Cr (L — &) [ 2 /D) 1= exp(~Cr(l—e) [ i)

Let s = exp(—C7(1 — €) || 7 /4), then

I<L +1,<3

I < 352 n 352 < 352 +382 _652—333<24$2
“(1-5)2 1-st7"(1-52 1-s5 (1—-8)2 —

as s = 1/2. The desired result then follows immediately.

B.3 PROOF OF THEOREM [4.6]

We analyze the event where a relevant item ¢ is not retrieved in the Top-K. Let Z be the set of all
items. For item ¢ to be missed (i.e., rank(¢) > K), there must exist at least (|Z| — K) irrelevant
items j that are scored higher than i.Let S, ; ; = h(u,?) — h(u,j) be the score difference. The
mis-retrieval event implies:

: 1 _ , 1
I(rank(i) > K) < z Z I(h(u,j) > h(u,i)) = e ZH(SU,M <0)
JEI\{i} J#

Taking the expectation over users and items, the Top-k risk is bounded by the average pairwise
misranking error ([pair):

1zl -1

Ri(h) < B i [I(h(u, ) > h(u,i))]

We utilize the consistency result from Theorem 4.5. The learned estimator h converges to the true
preference R* in Ly norm. Let the true preference satisfy a margin A for relevant pairs: R*(u, ) —
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R*(u,5) > A > 0.A pairwise error occurs (h(u, j) > h(u, 1)) only if the estimation error exceeds
the margin. Specifically:

h(u,j) — h(u,i) >0 = (h(u,5) — R*(u,j)) — (h(u,i) — R*(u,)) > A
By Chebyshev’s inequality, the probability of this large deviation is bounded by the L5 error of the
estimator: R )
ooy < Blllh = RE
P(h(u,j) > h(u,1)) < — Az

. 28
Substituting the convergence rate from Theorem 4.5, ||h — R*||? =~ O(|Q| 27+ dui ):

- VAT 28
Rich) < B 200 (o 74

The exponent in the final probability bound effectively relates to the root of the squared error de-
pending on the tail bounds used, ensuring convergence. This confirms that minimizing the regression
loss (MSE) in the two tower model directly minimizes the Top-k retrieval risk.

B.4 LATENCY-CONSTRAINED TOP-K RETRIEVAL REGRET

Theorem B.1. Let 1D denote the hypothesis class of two tower models with embedding dimension
d. Let d,p be the optimal dimension that minimizes the true risk absent of constraints, and let dyqx
be the maximum dimension satisfying a strict latency constraint T (d) < Tya (Where T is strictly
monotonic in d, implying dyac < dop). We define the latency regret, Ay, as the excess Top-k retrieval
risk incurred strictly due to the architectural constraint:

Alat(dmax) - inf RK (h) — inf RK(]?,)
heH (dmax) heH (dopt)

Assuming the model capacity satisfies the nesting property H'® C H@HV) | the latency regret is
non-negative:
Alut(dmax) Z 0

Furthermore, the total Top-k retrieval risk for a learned model hq is bounded by the trade-off be-
tween this regret and the sample estimation error:

s . complexity(H(4)
Ric(hg) < Ric.a,. +0, <\/ p Qty( ))
—_— 2]

Constrained Approx. Risk

Estimation Error

Proof of Theorem[B.1|Let A, denote the Bayes-optimal scoring function. The true Top-k Retrieval
Risk for any model / is defined as R (h) = E(y ;+)~p[I(rank(i*|h) > K)].

For any embedding dimension d, the risk of the empirically learned model hg € H@ can be de-
composed into approximation error and Estimation Error relative to the optimal risk in that class,
denoted Rj; ; = infycq0) Ric(h).

Rk (hg) = Rya + (R (ha) — R .4)
——

Approximation Estimation

We assume that the hypothesis space is nested such that a model with embedding dimension d + 1
can represent any function representable by dimension d (e.g., by zero-padding the extra dimension).
Thus, H#(? C #H(4+1) Properties of infimum over nested sets imply that the approximation error is
non-increasing with respect to d:
inf Rg(h)> inf Rg(h) = R}, >R}
youf Ri(h) = nf  Ri(h) K. = R an
Given the latency constraint 7 (d) < Ty, we are forced to select a dimension d < dpax. Since
dmax < dopt, it follows directly that:
* *
RE e = B iy
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The Latency Regret is precisely this gap in achievable approximation power:
Alat(dmax) = >;(Jflmax - R}ydop( Z 0

This proves that the strictly enforced latency constraint introduces a fundamental, irreducible bias
(regret) into the candidate generation process.

Our theoretical viewpoint on latency-accuracy trade-off is considering that the total error compo-
nents as d varies. As d increases (up to dqp), the hypothesis space H(4) grows. Subsequently, the ap-
proximation error 2} , decreases (lowering bias). However, the model complexity (VC-dimension

or Rademacher complexity) increases. For a fixed dataset size |(2|, this causes the estimation error
term to increase (higher variance/overfitting risk). As d decreases (towards d,y), the hypothesis
space shrinks. The estimation rrror decreases (easier to train/converge), but the approximation error
Ry, , rises significantly.

Thus, the optimal engineering choice is finding the largest d < dp.x such that the reduction in
approximation error outweighs the increase in estimation variance and computational cost. The
latency regret Ay, quantifies exactly what is lost in theoretical recall capability by adhering to the
strict latency budget Tp,x.

C LIMITATIONS AND BROADER IMPACT

While our experiments solely focus on the recommendation task, the applicability of our approach
to other recommendation and retrieval tasks, such as news/social media recommendation, conversa-
tional recommendation, retrieval-augmented recommendation, or those involving multimodal side
information, remains uncertain. Additionally, it is important to acknowledge that the convergence
rate strategy employed for performance analysis relies on user-item interactions or their joint em-
bedding. Moreover, due to computing constraints, a key limitation of our work is not evaluating on a
production system. Therefore, investigating how to effectively leverage covariate information, such
as user demographics, item contents, and social network data, to achieve optimal recommendations
at the hybrid-/conversational-level presents a more promising avenue for future research.

Our work proposes asymptotic characteristics of the two-tower recommendation that can be used
to strengthen the understanding of the platforms utilizing deep recommender systems such as de-
confounded recommendation models |Xu et al.| (2023)), where confounders and deployed learning
algorithms [Xu et al.| (2022); Zhang et al.| (2023) require modeling non-linear covariate effects. Be-
ing an intricate construct for these inherent application-driven systems, we need to be aware of
the potential negative societal impacts behind the necessity of non-linear interactions among con-
founders or non-interacted items to desirable items|Xu et al.| (2022)) in some applications, such as the
risk-aware recommendations in the tourism insurance market, or improper assessment of operation
around flood disaster as a consequence of revealing non-linear interactions.
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