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Abstract

The Robust Regularized Markov Decision Pro-
cess (RRMDP) is proposed to learn policies ro-
bust to dynamics shifts by adding regularization
to the transition dynamics in the value function.
Existing methods mostly use unstructured reg-
ularization, potentially leading to conservative
policies under unrealistic transitions. To address
this limitation, we propose a novel framework,
the d-rectangular linear RRMDP (d-RRMDP),
which introduces latent structures into both tran-
sition kernels and regularization. We focus on
offline reinforcement learning, where an agent
learns policies from a precollected dataset in the
nominal environment. We develop the Robust
Regularized Pessimistic Value Iteration (R2PVI)
algorithm that employs linear function approxi-
mation for robust policy learning in d-RRMDPs
with f-divergence based regularization terms on
transition kernels. We provide instance-dependent
upper bounds on the suboptimality gap of R2PVI
policies, demonstrating that these bounds are in-
fluenced by how well the dataset covers state-
action spaces visited by the optimal robust policy
under robustly admissible transitions. We estab-
lish information-theoretic lower bounds to verify
that our algorithm is near-optimal. Finally, numer-
ical experiments validate that R2PVI learns robust
policies and exhibits superior computational effi-
ciency compared to baseline methods.

1. Introduction

Offline reinforcement learning (RL) (Levine et al., 2020)
facilitates policy learning from fixed datasets, eliminating
the need for direct interaction with the environment. When
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the policy deployment environment differs from the one
where the dataset was collected, robust policies that remain
effective under the environment shift are required (Garcia
& Fernandez, 2015; Packer et al., 2018; Zhang et al., 2020;
Wang et al., 2024b; Guo et al., 2024). A widely adopted
framework for learning such policies is the distribution-
ally robust Markov decision process (DRMDP) (Iyengar,
2005; Nilim & EI Ghaoui, 2005), which models dynam-
ics changes as an uncertainty set around the nominal tran-
sition kernel. In this setup, an agent seeks policies per-
forming well even in the worst-case environment within
the uncertainty set. The most common design of uncer-
tainty sets is the (s, a)-rectangularity (Iyengar, 2005; Nilim
& El Ghaoui, 2005), which independently models uncer-
tainty for each state-action pair. Although mathematically
elegant, the (s, a)-rectangularity can result in overly conser-
vative policies, especially when the state and action spaces
are large. To address this issue, Goyal & Grand-Clement
(2023) introduce the r-rectangular uncertainty set, which
parameterizes transition kernels using latent factors. This
concept has since been incorporated into d-rectangular lin-
ear DRMDPs (d-DRMDPs, Ma et al. (2022)), extending
its applicability to robust decision-making with linear func-
tion approximation. Building on d-DRMDPs, recent works
(Blanchet et al., 2024; Wang et al., 2024a; Liu & Xu, 2024b)
propose provably efficient algorithms that leverage function
approximation for robust policy learning.

However, the d-DRMDP framework has several problems
that remain unaddressed, which we summarize as follows.
Theoretical Gaps: Current understanding of d-DRMDPs
is largely restricted to uncertainty sets defined by the Total
Variation (TV) divergence (Liu & Xu, 2024a;b). For uncer-
tainty sets defined by the Kullback-Leibler (KL) divergence,
prior works (Ma et al., 2022; Blanchet et al., 2024) rely
on additional regularity assumptions regarding the KL dual
variable, which is hard to validate in practice. Moreover,
the x2-divergence defined uncertainty set has demonstrated
effectiveness in certain empirical applications (Panaganti
& Kalathil, 2022; Xu et al., 2023) and has also been ana-
lyzed under the (s, a)-rectangularity (Shi et al., 2024). Yet
there are no theoretical results or efficient algorithms for
d-DRMDPs. Practical challenges: Existing practical al-
gorithms (Ma et al., 2022; Liu & Xu, 2024b; Wang et al.,
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2024a) depend on a dual optimization oracle (see Remark
4.2 in Liu & Xu (2024a)) to estimate the robust value func-
tion. The computation complexity of these methods is pro-
portional to the feature dimension d and the planning hori-
zon H. While heuristic methods like the Nelder-Mead algo-
rithm (Nelder & Mead, 1965) can approximate the oracle,
they become computationally expensive when dealing with
high-dimensional features (large d) and extended planning
horizons (large H), which are common in real-world appli-
cations. These limitations raise an important question:

Can we design efficient offline robust RL algorithms
using general f-divergence' uncertainty models
with linearly structured transitions?

In this work, we provide a positive answer to this ques-
tion. Inspired by the robust regularized MDP (RRMDP)
framework with the (s, a)-rectangularity condition (Yang
et al., 2023; Zhang et al., 2020; Panaganti et al., 2024a),
where the uncertainty set constraint in DRMDP is replaced
by a regularization penalty term measuring the divergence
between the nominal and perturbed dynamics, we propose
the d-rectangular linear RRMDP (d-RRMDP) framework.
Specifically, d-RRMDP replaces the d-rectangular uncer-
tainty set in d-DRMDPs with a carefully designed penalty
term that preserves the linear structure. The motivations
are two folds: (1) it has been shown by Yang et al. (2023)
that the robust value function under the RRMDP is equiv-
alent to that under the DRMDP with (s, a)-rectangularity
as long as the regularizer is properly chosen; (2) removing
the uncertainty set constraint simplifies the dual problem
for certain divergences (Zhang et al., 2024), potentially im-
proving computational efficiency and facilitating theoretical
analysis. We summarize our contributions as follows:

* We establish that key dynamic programming principles,
including the robust Bellman equation and the existence
of deterministic optimal robust policies, hold under the
d-RRMDP framework. Additionally, we derive dual for-
mulations of robust Q-functions with TV, KL and x? di-
vergences defined regularization, highlighting their linear
structures.

* We propose a computationally tractable meta-algorithm,
Robust Regularized Pessimistic Value Iteration (R2PVI),
for offline d-RRMDPs with general f-divergence regu-
larization. For TV, KL, and 2 divergences, we provide
instance-dependent upper bounds on the suboptimality
gap of policies learned by R2PV], in a general form of

H gt d
BSUPPGL{*(PO) Zh:1 E ’P[Zi:1 ¢ (s, a)li”A;l |
s1 = s], where d is the feature dimension, H is the
horizon length, ¢(s,a) is the feature mapping, X is the

'The general f-divergence includes widely studied divergences
such as Total Variation, Kullback-Leibler, and x? divergences.

regularization parameter, and (3 is a problem-dependent
parameter whose specific form depends on the choice
of the divergence (see Section 5.1 for details). The set
U (P°) is derived from our theoretical analysis, and it
does not represent an uncertainty set in the conventional
DRMDP framework. We further construct an information-
theoretic lower bound, demonstrating that this instance-
dependent uncertainty function is intrinsic.

* We conduct experiments in simulated environments, in-
cluding a linear MDP setting (Liu & Xu, 2024a) and the
American Put Option environment (Tamar et al., 2014).
Our findings show that: 1. The d-RRMDP framework
yields equivalent robust policies as d-DRMDP with appro-
priately chosen regularization parameters. 2. R2PVI sig-
nificantly improves algorithms designed for d-DRMDPs
in terms of the computation complexity, and is compara-
ble to algorithms designed for standard linear MDPs.

Notations. In this paper, we denote A(S) as the proba-
bility distribution in the state space S. For any H € N,
[H] represents the set {1,2,3,---, H}. For a vector v €
R?, we denote v; as the i-th element. For any function
V .S — [0,H], we denote Vi, = minges V(s) and
Vinax = maxses V (s). For any distribution p € A(S),
we denote Var,.,, V(s) as the variance of the random vari-
able V(s) under . For any two probability measures P
and @ satisfying that P is absolute continuous with re-
spect to @, the f-divergence is defined as Dy (P||Q) =
Js f(P(s)/Q(s))Q(s)ds, where f is a convex function
on R and differentiable on R satisfying f(1) = 0 and
f(t) = +oo,Vt < 0. The Total Variation (TV) diver-
gence, Kullback-Leibler (KL) divergence and Chi-Square
(x?) divergence between P and @ are defined by f(z) =
|z —1]/2, f(z) = zlogx, f(x) = (z — 1)2, respectively.
Given a scalar «, we denote [V (s)], = min{V(s),a}.
Given an interval I, we define [V'(s)]; as the result of clip-
ping V' (s) to lie within the interval I. We denote I as the
identity matrix and 1, € R¢ as the one-hot vector with the
i-th element equals to one.

2. Related Work

Distributionally Robust MDPs. The seminal works of
Satia & Lave Jr (1973); Iyengar (2005); Nilim & El Ghaoui
(2005) proposed the framework of DRMDP. There are sev-
eral lines of works studying DRMDPs under different set-
tings. Zhou et al. (2021); Panaganti et al. (2022; 2024b); Shi
& Chi (2024); Liu & Xu (2025) studied the offline DRMDP
assuming access to an offline dataset and provided sample
complexity bounds under the coverage assumption on the
offline dataset. Liu & Xu (2024a); Liu et al. (2024); Lu et al.
(2024) studied the online DRMDP where an agent learns
robust policies by actively interacting with the nominal envi-
ronment. Blanchet et al. (2024); Panaganti et al. (2022) stud-
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ied the DRMDP with general function approximation, they
focused on the offline setting with the (s, a)-rectangularity
assumption. Ma et al. (2022); Liu & Xu (2024b); Wang et al.
(2024a) studied the offline d-DRMDP, they proposed prov-
ably efficient and computationally tractable algorithms and
provided sample complexity bounds under different kinds
of coverage assumptions on the offline dataset.

RRMDPs. The work of Yang et al. (2023); Zhang et al.
(2024) proposed the RRMDP, which can be regarded as
a generalization of the DRMDP by substituting the uncer-
tainty set constraint in DRMDP with the regularization term
defined as the divergence between the perturbed model and
the nominal model. In particular, Yang et al. (2023) studied
the tabular RRMDP and proposed a model-free algorithms
assuming access to a simulator. Zhang et al. (2024) studied
the offline RRMDP, they established connections between
RRMDPs with risk sensitive MDPs, and derived the policy
gradient principle. Moreover, they studied general function
approximation and proposed a computationally efficient al-
gorithm, RFZI, for RRMDPs with KL-divergence defined
regularization terms. Zhang et al. (2024) firstly discovered
that the duality of the robust value function has a closed ex-
pression under the KL-divergence. Panaganti et al. (2024a)
studied the offline RRMDP with regularization terms de-
fined by the general f-divergence. They studied general
function approximation and provided sample complexity
results. They further proposed a hybrid algorithm, which
learns robust policies with both historical data and inter-
active data collection, for RRMDPs with TV-divergence
defined regularization term. Existing works focus on the
(s, a)-rectangularity uncertainty regularization, which is dif-
ferent from ours.

3. Problem Formulation

In this section, we provide preliminaries for RRMDPs.

Markov decision process (MDP). We first introduce the
concept of MDPs, which is the basis of our settings. Specif-
ically, we denote MDP(S, A, H, P°,r) as a finite horizon
MDP, where S is the state space, .4 is the action space, H
is the horizon length, P° = {P?}L | are nominal transi-
tional kernels, and the (s, a) € [0, 1] is the deterministic
reward function assumed to be known in advance. For any
policy m, the value function and Q-function at time step h
are defined as V7 (s) = EP° [ 7L, ri(se, a0)|sn = s,7],

and QF (s,a) = P’ [ZtH:h ri(st, at)|sp = s,ap = a,7r].

Robust regularized MDP (RRMDP) We define a finite
horizon RRMDP as RRMDP(S, A, H, P, r, )\, D, F),
where M\ is the regularizer, D is the probabil-
ity divergence metric, and F is the feasible set
of all perturbed transition kernels. For any pol-

icy m, the robust regularized value function is de-
fined as V,Z”‘(s) = infpef]EP[Zf:h [re(se,a) +
AD(Py(:|st, ar)||P2(+|s¢, ar))]|sn = s, 7] and robust Q-

function as Q) (s, a) = infpe]-‘]EP[EfI:h [7e(se,ar) +
)\D(Pt("sh a’t)||PtO('|5ta at))] |3h = Ss,ap = a, ﬂ-]'

The RRMDP framework has been referred to by different
names in the literature, including the penalized robust MDP
(Yang et al., 2023), the soft robust MDP (Zhang et al., 2024),
and the robust ¢-regularized MDP (Panaganti et al., 2024a).
For consistency, we adopt the term RRMDP in this work.
In RRMDPs, the perturbed transition kernel class F typi-
cally encompasses all possible kernels. However, for envi-
ronments with large state-action spaces, / may be overly
broad, including transitions that are unrealistic or irrelevant.
To address this, we introduce latent structures on transi-
tion kernels and design regularization terms that penalize
changes in the latent structure, sharing similar ideas with
the design of r-rectangular (Goyal & Grand-Clement, 2023)
and d-rectangular (Ma et al., 2022) uncertainty sets.

The d-rectangular linear RRMDP (d-RRMDP). In this
paper, we propose the novel d-RRMDP, which admits a lin-
ear structure of the feasible set and reward function. Specif-
ically, a d-RRMDP is a RRMDP where the nominal envi-
ronment PV is a special case of linear MDP with a simplex
feature space (Jin et al., 2020, Example 2.2), and the feasible
set F involves kernels defined based on the linear structure
of the nominal transition kernel. We make the following
assumption on reward functions and transition kernels:

Assumption 3.1 (Jin et al. (2020)). Given a known state-
action feature mapping ¢ : S x A — R? satisfying
Zle ¢i(s,a) = 1,¢:(s,a) > 0, we assume the re-
ward function {r;}L | and the nominal transition ker-
nels { P}, admit linear structures. Specifically, for all
(h,s,a) € [H] x S x A, we have r(s,a) = (¢(s,a),0h),
and P}?(‘S, a’) = <¢(57 a)?ll/(})L(.)>’ where {Bh}gzl are
known vectors with bounded norm |82 < +/d and
th = (M s 1 2s o 5 1 a)s 15 () € A(S), Vi € [d].

With Assumption 3.1, the robust regularized value function
and Q-function are defined as

H
E{PHL h[ re(Se, ar)
g B[ 2 e

; (3.1

H
E(P}i h[z Tt(st, at)
t=h

Ao 00 Dl )] 51 = 5.0 = 7.

V7r,)\ _ inf
h ) P EA(S)EPi—

+ )‘<¢(5t7 at)v D(”’tH”’t

Sh =8,T

—_

" (s,a) = inf

M EA(S)T, Pr=(¢,pt)

where D (p|[®) = [D(s]|p?)]ie(q)- In other words, we
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only consider perturbed kernels in the linear feasible set

Fu=A{P = {P};21|Pa(-ls,a) = (d(s, a), ("),
Bh = (Bn1s 2y fing) | pni(0) € A(S), Vi € [d}.

The optimal robust regularized value function and Q-
function are defined as:

Vi (s) = sup VA (s),
N " (3.2)
h7/\(sv CL) = Sllp QZ.A(Sa a)'

Based on (3.2), the optimal robust policy is defined as the
policy that achieves the optimal robust regularized value
function, 7 = argmax, V;"(s), Vs € S.

Dynamic programming principles for --RRMDPs For
completeness, we first show that the dynamic programming
principles (Sutton & Barto, 2018) hold for d-RRMDPs.
Proposition 3.2. (Robust Regularized Bellman Equation)
Under the d-rectangular linear RRMDP, for any policy 7
and any (h, s,a) € [H] x S x A, we have

A .
(s,a) =rRr(s,a) + inf
@ (5,0) n(s.a) HREA(S)E, Pr=(d,pn) [

By py(1s.0) [Viia (8)] + M@(s,a), D(pal[15))],
th/\(s) = anﬂ(-\s) [QZ’X(Sa a)} . 3.3)

Next, we show that the optimal robust policy is deterministic
and stationary. Hence, we can restrict the policy class II to
the deterministic and stationary one.

Proposition 3.3. Under the d-rectangular linear RRMDP,
there exists a deterministic and stationary policy 7*, such

A A
that for any (h,s,a) € [H] x 8 x A, V;" "(s) =V, (s),
*A A
and Q} (s,a) = Q" (s, a).

With Proposition 3.2 and Proposition 3.3, we can derive the
following robust regularized Bellman optimality equation:

*, A .

(s,a) =rp(s,a) + inf

n"(8:0) =rals,a) uheA<s>d,Ph,:<¢,uh>[
]ES/NP}L("S,G) [V}E—)\l(sl)] =+ >‘<¢(57 a)a D(Hh| |H(i)L)>] )

Vi (s) = max Q3 (s, a). (3.4)

A direct consequence of (3.4) is the optimal policy 7** =
{w,*l”\} I is the greedy policy with respect to the optimal
robust Q-functions {Q}*}£_ . Thus, in order to estimate
7, it suffices to estimate Q}*, Yh € [H].

Offline dataset and learning goal. An agent works with
an offline dataset D with K i.i.d. trajectories collected from
the nominal environment by a behavior policy 7°. Specif-
ically, for the 7-th trajectory {(s7,a],r7)}L, we have

aj, ~ 7, (). v}, = ru(s}, af). and s7_y ~ PR(|s], af)
for any h € [H]. The agent aims to learn the optimal robust
policy 7* from the offline dataset D. Given a learned policy
7, we evaluate 7 by the suboptimality gap defined as follows

SubOpt(7, 51, A) := V" (s1) — V"M (s1).  (3.5)

4. Robust Regularized Pessimistic Value
Iteration (R2PVI)

In this section, we first develop a meta-algorithm for d-
RRMDPs with general f-divergence defined regulariza-
tion. To instantiate the meta-algorithm under specific f-
divergences, we provide exact dual formulations of Q-
functions with TV, KL and y2-divergence defined regu-
larization, respectively.

We first show that robust Q-functions admit linear represen-
tations under d-RRMDPs.

Proposition 4.1. Under Assumption 3.1, for any tuple

(m,s,a,h), we have QT (s,a) = (¢(s,a), 0 + wi™),

where wit = (wi),why, ,wZ:;\)T € RY, and
TN s i i TN

Wy ; = inf,, .ea(s) [E“h"[vml(s)] + )‘D(/lh,i”ﬂ%i)]

The linear representation of the robust Q-function enables
linear function approximation for parameter estimation. The
definition of parameter w; involves a regularized optimiza-
tion. For any function V : § — R, the dual formulation of

the regularized optimization problem (Yang et al., 2023) is:

inf Eso,V(s) + ADy(ul|p?)

HEA(S)
-V
= sup [ — AEgp0 {f* (ozi(s))] + a],
acER A
where f* is the conjugate function of f. We

propose to estimate w,)L‘ through the ridge regres-

sion. We define the intermediate variable wy ,(a) =

Eqopo0 [f*(o‘%v(s))] and obtain an estimation uﬂ)ﬁ’i(a) =

: * _VLA ’ T T
[argming, e o Y10, (F*(“=52) — ¢(sF,a7) Tw)? +
a_vh%\ﬁ»l (s) )]:I 7". We

Mwl3]" = [A; 25 blsh,ap) f* (5
then estimate wy, ; by @y, ; = sup,er{—Aw; () + a}.
Leveraging Proposition 3.2 and the pessimism principle
(Jin et al., 2021) developed to take account for the distribu-
tion shift arising from the offline dataset, we propose the
meta-algorithm in Algorithm 1.

Remark 4.2. We emphasize that this general framework
may encounter numerical challenges when computing the
supremum over «, especially depending on the choice of the
divergence function f. In particular, the smoothness and cur-
vature of the conjugate function f* can significantly affect
the stability and efficiency of the optimization. For instance,
some divergences lead to non-smooth or non-strongly con-
vex conjugates, making the maximization problem harder to
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Algorithm 1 R2PVI under general f-divergence
Require: Dataset D, Regularizer A > 0
L init Vi, (1) =0
2: for episode h = H,--- ,1do
3:  Compute Ay, Zle o(sT,al)p(sT,al) T +41
N ,
4 (o) < [ IS0 @(sh, ap) £ (R
> Duality Estimation for general f-divergence
5: w}i\,i — SupaeR{*)‘wi){,i(Q) +a}
6:  Construct the penalty I'y, (-, -).
7. Estimate Q7(-,-) < min{(¢(-,-),0n + W) —
Tn(ey), H—h+1}t.
8  Construct 7, (+|-) + argmax, (Q}(-,-), 7 ()4
and VM () (@ (), Tn(]))a
9: end for

solve accurately. Therefore, while this framework is general,
we highlight that divergence-specific algorithm designs are
necessary to ensure tractability and numerical stability.

Next, we instantiate the f-divergence with TV, KL and
x2-divergences respectively, and specify the estimation pro-
cedure corresponding to different divergences.

4.1. R2PVI with the TV-Divergence

In this section, we show how to get the estimation in Line
4 and Line 5 of Algorithm 1 for TV divergence defined
regularization. We first present the following duality result.

Proposition 4.3. Given any probability measure p° €
A(S) and value function V' : § — [0, H], if the dis-
tance D is chosen as the TV-divergence, the dual for-
mulation of the original regularized optimization prob-
lem is formed as: inf, e a(s) EsnpV (8) + AD1y (]| 1) =
Espo [V (8)Vain -

Remark 4.4. We compare the duality of the regularized
problem in Proposition 4.3 with the duality of the constraint
problem in DRMDPs with TV-divergence defined uncer-
tainty sets (Shi & Chi, 2024): infpcyn (poy EPV(s) =
WX [V, Vinnod 1B [V (9)]a — pler — ming [V(s')]a) }.
The former has a closed form, while the later involves an
optimization over the dual variable . We show later this dis-
tinction makes R2PVI much more computationally efficient
compared to algorithms designed for DRMDPs.

Next, we present the parameter estimation procedure. Given
an estimated robust value function VhAH, we denote a1 =
ming Vh’\_s_1 (s")+ A. By the linear representation in Proposi-
tion 4.1, the duality for TV-divergence in Proposition 4.3 and
the linearly structured nominal kernel in Assumption 3.1,

we estimate the parameter wfl‘ as follows

K

UA]fAz = argminz ([Vh)\+1(sg+l)]ah,+1
weRd

“.1)

T=1
2
- d)(‘s;a a;)Tw) + ’YHngv
where ~y is the regularizer in the ridge regression.

Remark 4.5. Thanks to the closed form expression of the
duality for TV in Proposition 4.3, R2PVI does not need the
dual optimization oracle as the DRPVI algorithm proposed
for the d-DRMDP (Liu & Xu, 2024b, see their equation (4.4)
and Algorithm 1 for more details). DRPVI needs to solve
the dual optimization oracle separately for each dimension
in each iteration, which is not necessary in our algorithm.

4.2. R2PVI with the KL-Divergence

Similar to the TV-divergence, we next derive the estimation
in Line 4 and Line 5 of Algorithm 1 for KL divergence
defined regularization. We first present the duality result.

Proposition 4.6. (Zhang et al., 2024, Example 1) Given
any probability measure ;° € A(S) and value function V :
S — [0, H], if the probability divergence D is chosen as the
KL-divergence, then the dual formulation of the original reg-
ularized optimization problem is: inf,ca(g) Es~,V (s) +
ADkr (p]|1%) = —Alog B0 [V (/2]

The duality of KL also has a closed form. we will shown
in Section 5 and Section 6 the closed form solution will
reduce the computational cost and also ease the theoreti-
cal analysis. Next, we present the parameter estimation
procedure. According to the linear representation of Q-
functions in Proposition 4.1, the duality for KL-divergence
in Proposition 4.6 and the linearly structured nominal ker-
nel in Assumption 3.1, we estimate the parameter wﬁ by a
two-step procedure. Given an estimated robust value func-
06_‘7’3\+1(S)/)‘ by uA;;L —

tion V;\ |, we first estimate E,,,

. _UX (sT 2
argmin,, cga Zle (e Vicn (sie)/A (T ap) w)” +
7v||w||3. Then we take a log-transformation to get an estima-
tion of w%:

W) = —Alog max{w), e H/ ). 4.2)
Note that the max operator is to ensure the ridge-regression
estimator is well-defined to take the log-transformation, and

N 7 A
e~ "/ is the lower bound on E,0e Vi1 (8)/A,

Remark 4.7. The algorithm proposed by Ma et al. (2022)
relies on dual optimization oracles under DRMDPs with
KL divergence defined uncertainty sets, while our algorithm
takes advantages of the closed-form duality solution. Their
algorithm also relies on an additional value shift technique
to guarantee the estimated parameter is well-defined to take
the log-transformation, while our algorithm does not.
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4.3. R2PVI with the y2-Divergence

It remains to derive the estimation in Line 4 and Line 5 of
Algorithm 1 for y2-divergence defined regularization. We
first present a result on the duality of the x2-divergence.
Proposition 4.8. Given any probability measure p° €
A(S) and value function V : S — [0, H], if D is chosen
as the x2-divergence, the dual formulation of the original
regularized optimization problem is:

inf Es.,V \D 0 = 43
anf By (8) + ADyz2 (pl[117) (4.3)
1
sup {ESNHO V(s)]a — o Varg. 0 [V(s)]a}.
@€ [Vimin; Vimax)

Next, we present the parameter estimation procedure. Ac-
cording to the linear representation of the Q-function in
Proposition 4.1, the duality for x2-divergence in Proposi-
tion 4.8 and the linear structure of the nominal kernel in
Assumption 3.1, we estimate the parameter wg as follows.
First, we propose a new method motivated by the variance
estimation in Liu & Xu (2024b) to estimate the variance
of the value function in (4.3). Specifically, given an esti-

mated robust value function th+1 and dual variable «, the
estimations of .0 [Vh)‘H (5)]a and Eq 0 [‘A/hﬁrl (s)]? are:

K
B [Vh)\Jrl (8)]a = [argmin Z([Vh)\ﬂ (sh1)]a

weR? T
7

Blshap) T +ollwlf]
[0,H]

4.4)

K
A 0 A . A T
BT = |angnin (72 (7)1
weR* 4
- oo Tw? ol
[0,H2]

(4.5)

where the superscript ¢ represents the ¢-th element of a
vector. Then we construct the estimator ﬁ)i‘ element-wisely:

Wi = _ Inax_ Bt Vi1 (8)lat
@€[(Vi2 Dmins (Vi Dmax]
1 -~ 0 .~ 1 ~ 0

ST (9)]0) — BV ()2
We note that the above parameter estimation procedure in-
volves an optimization, which is distinct from that of TV
and KL, since the duality of x? does not admit a closed
form expression. Specifically, it estimates the parameter
wﬁ element-wisely. For each dimension, it solves an opti-
mization problem over an estimated dual formulation. This
parameter estimation procedure shares a similar spirit with
that in d-DRMDPs with TV divergence defined uncertainty
sets (Liu & Xu, 2024b; Wang et al., 2024a).

(4.6)

To conclude, we summarize the TV, KL and X2 divergences
instantiation of Algorithm 1 in Algorithm 2.

5. Suboptimality Analysis

In this section, we establish theoretical guarantees for al-
gorithms proposed in Section 4. First, we derive instance-
dependent upper bounds on the suboptimality gap of policies
learned by the instantiated algorithms. Next, under a par-
tial coverage assumption on the offline dataset, we present
instance-independent upper bounds for the suboptimality
gap and compare them with results from previous works.
Finally, we provide an information-theoretic lower bound to
highlight the intrinsic characteristics of offline d-RRMDPs.

Algorithm 2 R2PVI under TV, KL and x? divergence

Require: Dataset D, Regularizer A > 0

1 init V4, () =0

2. for episode h = H,--- ;1 do

3:  Compute Ay, Zle o(sT,al)p(sT,al) " +~1

4:  Obtain the parameter estimation 'uA;})L‘ as follows:
TV-divergence: use (4.1)
KL-divergence: use (4.2)
x2-divergence: use (4.6)

5: Construct the penalty T's (-, ). > Pessimism

6:  Estimate Q)(-,-) « min{(¢(-,-), 0 + w}) —
Tn(ey), H—h+1}t.

7. Construct 7, (-|-) + argmax,, (Qﬁ(, V7] ))a

and V}f‘(‘) — <Q2(v ) Th(-])) A
8: end for

> Duality Estimation

5.1. Instance-Dependent Upper Bound

Theorem 5.1. Suppose Assumption 3.1 holds. We set v =
Land Ty, (s,a) = B0, [|6:(-, )1illo in Algorithm 2,
Let § € (0,1). 5 is chosen as follows.

* (TV) B = 16Hd/&rv,

* (KL) B8 = 16dAe/*/(H/X + &v),

* (X)) B =8dH?*(1+1/X)\/&,

where &ry = 2log(1024HdY?K?/5), &
log(1024dA\?K3H/§) and &2 = log(192K°H®d3(1
H/2)\)3/6).  Then with probability at least 1 —
for any s € S, we have SubOpt(7,s,\)
285Up peyr (poy Soner B T[Sy 106(s, @) 1i 41 |1
s], where U* (P?) is the robustly admissible set defined as

u/\(PO) _ ®

(h,s,a)E[H]xSx.A

and uii\(&a?p/%) = { E?:l ¢i<s>a)ﬂh,i(')
D(pn,ill1f. ) < maxaes Vi3 (s)/ Vi € [d]}.

Remark 5.2. Theorem 5.1 provides instance-dependent up-
per bounds on the suboptimality gap, closely resembling the
bounds established for algorithms tailored to d-DRMDPs
with TV divergence defined uncertainty sets (Liu & Xu,

I |/\P’1—- Il

Up(s,a; 1), (5.1)
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2024b; Wang et al., 2024a). Notably, 2/*(P°) in Theo-
rem 5.1 represents a subset of the feasible set Fy in the
d-RRMDP. While the RRMDP framework does not impose
explicit uncertainty set constraints, this term naturally arises
from our theoretical analysis (see Lemma C.1 and its proof
for details). Specifically, we show that only distributions
within &/* (P°) are relevant when considering the infimum
in the robust regularized value and Q-functions (3.1). Intu-
itively, the regularization term in (3.1) should not exceed
the change in expected cumulative rewards, so it should
be upper bounded by the optimal value function. Similar
terms are also found in Zhang et al. (2024, Definition 1) and
Panaganti et al. (2022, Assumption 1).

5.2. Instance-Independent Upper Bound

Next, we derive instance-independent upper bounds on the
suboptimality gap, building on Theorem 5.1. To achieve
this, we adapt the robust partial coverage assumption on
the offline dataset, originally proposed for d-DRMDPs (As-
sumption A.2 of Blanchet et al. (2024)). This adaptation is
straightforward and involves replacing the uncertainty set in
the d-DRMDP framework with the robustly admissible set
defined in (5.1).

Assumption 5.3 (Robust Regularized Partial Coverage).
For the offline dataset D, we assume that there exists some
constant ¢’ > 0, such that V(h, s, P) € [H] x S x U*(PY),

Ap =1+ K- ct 'E’T*’P[qﬁf(s,a)lq;lﬂsl = s].

Intuitively, Assumption 5.3 assumes that the offline dataset
has good coverage on the (s, a)-space visited by the optimal
robust policy 7* under any transition kernel in the robustly
admissible set. With Assumption 5.3 and Theorem 5.1, we
present instance-independent bounds as follows.

Corollary 5.4. Under the same setting as Theorem 5.1,
if we further assume Assumption 5.3 holds, then for any
d € (0,1) and s € S, with probability at least 1 — §, we
have

¢ (TV) SubOpt(#, s,\) < 16H2d*\/Ery /V T K;
* (KL) SubOpt(#, 5, \) < 16Xe™ d?H (& +&¢1)7 [V K;
* (x?) SubOpt(#,s,A\) < 8d?H3(1+1/X)/&2/V K.

We compare Algorithm 2 with algorithms proposed in pre-
vious works for the offline &-DRMDP in Table 1. For the
case with TV-divergence, the suboptimality bound of R2PVI
matches that of P2MPO (Blanchet et al., 2024) in terms of
d and H. DRPVI (Liu & Xu, 2024b) and DROP (Wang
et al., 2024a) admit tighter bounds on the suboptimality
gap, simply because their bounds are derived based on ad-
vanced techniques, such as reference-advantage decomposi-
tion (Xiong et al., 2022). We remark that our analysis can
be tailored to adopt the same techniques and assumption,
and thus get tighter bounds.

For the case with KL-divergence, existing theoretical results
(Ma et al., 2022; Blanchet et al., 2024) rely on an additional
regularity assumption regarding the KL dual variable, stat-
ing that the optimal dual variable for the KL duality admits a
positive lower bound 3 under any feasible transition kernel
(see Blanchet et al. (2024, Assumption F.1)). However, this
assumption presents the following drawbacks. First, it is
challenging to verify the assumption’s validity in practice;
second, even if such a lower bound holds, there is no straight-
forward method to determine the magnitude of the lower
bound. It can be seen from Table 1 that the suboptimality
bound of R2PVI matches that of DRVI-L (Ma et al., 2022)
in terms of d and H. However, our result depends on A
which is the regularization parameter and can be arbitrarily
chosen, while the result of DRVI-L depends on  which can
be extremely small such that \/E eH/B > \/XeH/X More-
over, Zhang et al. (2024)* studied the RRMDP with the
regularization term defined by the KL-divergence in their
Theorem 5 and the suboptimality bound also depends on the
term \/\ef’/*. Further, comparing the bounds of P2MPO
(Blanchet et al., 2024) and R2PVI, we can qualitatively
conclude that the regularization parameter A in d-RRMDPs
plays a role analogous to 1/p in d-DRMDPs. This relation
aligns with the intuition that a smaller A in &-RRMDPs or a
larger p in d-DRMDPs can induce a more robust policy.

For the case with X2 divergence, our bound is the first result
in literature. Compared with the TV divergence, the com-
plexity is higher due to the more complex geometry and dual
formulation of x? divergence. This observation aligns with
findings of tabular DRMDPs with TV and x? divergence
defined uncertainty sets (Shi et al., 2024). While existing
works have focused on the (s, a)-rectangular structured reg-
ularization, our work fills the theoretical gap in RRMDPs
by introducing the d-rectangular structured regularization, a
contribution that may be of independent interest.

5.3. Information-Theoretic Lower Bound

We highlight that in Theorem 5.1, suboptimality bounds

under cases with TV, KL, X2—divergence share the same term
H * d

SUP peyr (PO) > h=1 E7 ’P[Zi:1 pi(sn, ah)li”A;l |s1 =

s} In this section, we establish information theoretic

lower bounds to show that this term is intrinsic in offline
d-RRMDPs.

In order to give a formal presentation of the information-
theoretical lower bound, we define M as a class of d-
RRMDPs and SubOpt(M, 7, s, p) as the suboptimality gap
specific to one d-RRMDP instance M € M. We state the
information-theoretic lower bound in the following theorem.

2Zhang et al. (2024) studied the infinite horizon RRMDP with
a discounted factor ~y, we replace the effective horizon length ﬁ
by the horizon length H in the finite horizon setting.
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Table 1. Comparison of the suboptimality gap between this and previous works. The * symbol denotes results that require an additional
assumption (Assumption 4.4 of Ma et al. (2022) and Assumption F.1 of Blanchet et al. (2024)) on the KL dual variable, an assumption not
required by our R2PVTI algorithm. The parameter p represents the uncertainty level in DRMDPs, while A represents the regularization term
in RRMDPs. The Coverage column indicates the assumption used to derive the suboptimality gap: the robust partial coverage assumption
refers to Assumption A.2 of Blanchet et al. (2024), and the regularized partial coverage assumption represents Assumption 5.3.

Algorithm Setting Divergence Coverage Suboptimality Gap
DRPVI ~ 2 7—1/2

(Liu & Xu, 2024b) d-DRMDP TV full O(dH?K~1/?)
DROP ; Y A3/2 2 ) —1/2
(Wang et al., 2024a) d-DRMDP TV robust partial O(d*?H*K~'/?)
P2MPO (TV) . N2 172 f—1/2
(Blanchet et al., 2024) d-DRMDP TV robust partial O(d*H*K~1/2)
R2PVI-TV (ours) d-RRMDP TV regularized partial O(d*H?K~1/?)
DRVI-L . 3 H/B 32 173/2 10 —1/2\*
(Ma et al., 2022) d-DRMDP KL robust partial O(\/Be P H?2 K~1/?)
P2MPO (KL) . A(oH/B 12 172 —1 17 —1/2\%
(Blanchet et al., 2024) d-DRMDP KL robust partial O(e™/Ed°H?p~ 1 K~1/%)
R2PVI-KL (ours) d-RRMDP KL regularized partial ~ O(v/Xe!/Ad2H3/2K—1/2)
R2PVI-x? (ours) d-RRMDP x> regularized partial ~ O(d?H3(1 + A1) K~1/?)

Theorem 5.5. Let K > max{O(d®%),O(d*H?/\?)} be
the sample size, where we have regularizer \, dimension
d, horizon length H. There exists a class of d-rectangular
linear RRMDPs M and an offline dataset D of size
K such that for any 6 € (0,1), s € S, divergence D
among Dry, Dxp and D,», with probability at least
1 — 4, we have inf; sup ;e o4 SubOpt(M, 7, 5,\, D) > c-

H * d
SUP peyyr (PO) doh=1 E7 ’P[Zi:1 ||¢i(5hvah)1iHA;1 ’51 =
s], where ¢ is a universal constant.

Theorem 5.5 is a universal information theoretic lower
bound for d-RRDMPs with all three divergences studied in
Section 5. Theorem 5.5 shows that the instance-dependent
term is actually intrinsic to the offline d-RRDMPs, and Al-
gorithm 2 is near-optimal up to a factor 3, for which the
definition varies among different divergence metric D as
shown in Theorem 5.1. The proof outline of Theorem 5.5 is
inspired by that of Theorem 6.1 in Liu & Xu (2024b), but
here we need careful treatment on bounding the robust regu-
larized value function by duality under different choices of
f-divergences. We provide more details on the hard instance
construction, the proof techniques, and the comparison with
existing results in Appendix D.

6. Experiment

In this section, we conduct numerical experiments to ex-
plore (1) the robustness of R2PVI regarding dynamics
shifts, (2) how the regularizer A affects the robustness of
R2PVI, and (3) the computation cost of R2PVI. We evalu-
ate our algorithm in two off-dynamics problems that have

been used in the literature (Ma et al., 2022; Liu & Xu,
2024a). All experiments are conducted on a machine with
an 11th Gen Intel(R) Core(TM) i5-11300H @ 3.10GHz
processor, featuring 8 logical CPUs, 4 physical cores, and
2 threads per core. The implementation of our R2PVTI al-
gorithm is available at https://github.com/panxulab/Robust-
Regularized-Pessimistic-Value-Iteration.

Baselines. We compare our algorithms with three types
of baseline frameworks: (1) non-robust pessimism-based
algorithm: PEVI (Jin et al., 2021), (2) algorithms for d-
DRMDPs with TV divergence defined uncertainty sets: DR-
PVI (Liu & Xu, 2024b), (3) algorithms for d-DRMDPs with
KL divergence defined uncertainty sets: DRVI-L (Ma et al.,
2022). We do not implement P2MPO and DROP mentioned
in Table 1 in our experiment, due to the lack of code base
and numerical experiment in their works.

6.1. Simulated Linear MDPs

We borrow the simulated linear MDP constructed in Liu &
Xu (2024a) and adapt it to the offline setting. We set the
behavior policy 7® such that it chooses actions uniformly
at random. The sample size of the offline dataset is set
to 100. For completeness, we present more details on the
experiment set up and results in Appendix A.

In Figure 1(a), we compare R2PVI with its non-robust coun-
terpart PEVI (Jin et al., 2021). We conclude that PEVI
outperforms R2PVI when the perturbation of the environ-
ment is small, but underperforms when the environment
encounters a significant shift, which verifies the robustness
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Figure 1. Simulated results for linear MDP. In Figure 1(a) and Figure 1(b), the x-axis refers to the perturbation in the testing environment.
In Figure 1(c), the z-axis represents different robust level p and regularized penalty A, respectively. Figure 1(d) shows the robustness of
algorithms under different robust level p (DRPVI) or regularization penalty A (R2PVI).
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Figure 2. Simulation results for the simulated American put option
task. Figure 2(a) shows the computation time of R2PVI with
respect to the sample size V. Figure 2(b) shows the computation
time of algorithms with respect to the feature dimension d.

of R2PVI. The regularizer A controls the extent of robust-
ness of R2PVI by determining the magnitude of the penalty
as shown in Proposition 3.2. By Figure 1(b), we conclude
that a smaller A leads to a more robust policy. To illustrate
the relation between the d-RRMDP and the d-DRMDP, we
fix a target environment, and then test R2PVI with different
A and DRPVI (Liu & Xu, 2024b) with different p. We find
from Figure 1(c) that the ranges of the average reward are
about the same for the two algorithms, though the behaviors
w.r.t. A and p are opposite. Thus, we verify that the regu-
larizer A plays a similar role in the RRMDP as the inverted
robustness parameter 1/p in the DRMDP.

6.2. Simulated American Put Option

In this section, we test our algorithm in a simulated Amer-
ican Put Option environment (Tamar et al., 2014; Zhou
et al., 2021) that does not belong to the d-rectangular linear
RRMDP. This environment is a finite horizon MDP with
H = 20, and is controlled by a hyperparameter py, which
is set to be 0.5 in the nominal environment. We collect the
offline data from the nominal environment by a uniformly
random behavior policy. An agent uses the collected offline

dataset to learn a policy which decides at each state whether
or not to exercise the option. To implement our algorithm,
we use a manually designed feature mapping of dimension
d. For more details, we refer readers to Appendix A.2.

All experiment results are shown in Figure 2. In particular,
from Figure 2(a) and Figure 2(b), we can conclude that the
computation cost of R2PVI is as low as its non-robust coun-
terpart PEVI (Jin et al., 2021), and improves that of DRPVI
(Liu & Xu, 2024b) and DRVI-L (Ma et al., 2022) designed
for the d-DRMDP. This is due to the closed form duality
of TV and KL under the d-RRMDP framework. From Fig-
ure 1(d), we conclude that R2PVI not only demonstrates
robustness to environment perturbations but also matches
DRPVT’s performance for appropriate values of the robust
regularizer A\ and uncertainty level p.

7. Conclusion

We introduced the d-rectangular linear Robust Regularized
Markov Decision Process (d-RRMDP) framework to ad-
dress limitations of the d-rectangular DRMDP framework
for robust policy learning in literature, improving both the-
oretical robustness and computational efficiency. We de-
veloped R2PVI, a provably effective algorithm for learning
robust policies from offline datasets using f-divergence-
based regularization. Our results highlight the advantages
of d-RRMDPs, particularly in simplifying the duality oracle.
Experiments confirm R2PVT’s robustness and efficiency. It
remains an intriguing open question to improve the current
upper and lower bounds to study the fundamental hardness
of d-RRMDPs.

Impact Statement

This paper presents work whose goal is to advance the field
of Machine Learning. There are many potential societal
consequences of our work, none which we feel must be
specifically highlighted here.
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A. Additional Details on Experiments

In this section, we provide details on experiment setup.

A.1. Simulated Linear MDPs

Construction of the Simulated Linear MDP We leverage the simulated linear MDP instance proposed by Liu & Xu
(2024a). The state space is S = {1, -+ , x5} and the action space is A = {—1,1}* C R*. At each episode, the initial state
is always x;. From z 1, the next state can be x2, x4, x5 with probability defined on the arrows. Both x4 and x5 are absorbing
states. x4 is the fail state with O reward and x5 is the goal state with reward 1. The hyperparameter & € R* is designed to
determine the reward functions and transition probabilities and § is the parameter defined to determine the environment.
We perturb the transition probability at the initial stage to construct the source environment. The extend of perturbation
is controlled by the hyperparameter ¢ € (0, 1). For more details on the simulated linear DRMDP, we refer readers to the
Supplementary A.1 in Liu & Xu (2024a).

Hyperparameters The hyper-parameters in our setting are shown in Table 2. The horizon is 3, the /3, , § are set the same
in all tasks, the ||&||1 is set as 0.3, 0.2, 0.1 in Figure 1 in order to illustrate the versatility of our algorithms.

Table 2. Hyper-parameters.

Hyper-parameters Value
H (Horizon) 3

B (pessimism parameter) 1

y 0.1

) 0.3
1€ 0.3,0.2,0.1

A.2. Simulated American Put Option

Construction of the Simulated American Put Option In each episode, there are H = 20 stages, and each state h, the
dynamics evolves following the Bernoulli distribution:

1.02sp, w.
Sh1 = h WP PO , (A.D)
0.98sp, w.p 1l —po

where py € (0, 1) is the probability of price up. At each step, the agent has two actions to take: exercise the option aj, = 1
or not exercise a = 0. If exercising the option a;, = 0, the agent will obtain reward r;, = max{0, 100 — s, } and the state
comes to an end. If not exercising the option a;, = 1, The state will continue to transit based on (A.1) and no reward will be
received. To implement our algorithms, we use the following feature mapping:

_ [p1(sh) s+ ,a(sh),0] ifa=1
¢ (s, a) = {[O,--- ,0,max {0,100 — s5}] ifa=0"’

where ¢;(s) = max {0,1 — |s, — s;| /A}, {s;}%, are anchor states, s; = 80 s;11 —s; = A and A = 60/d. For more
details on the simulated American put option environment, we refer readers to the Appendix C of Ma et al. (2022).

Offline Dataset and Hyperparameters We set py = 0.5 in the nominal environment, from which trajectories are collected
by fixed behavior policy, which chooses a;, = 0. The 5 = 0.1 and v = 1 are set hyper-parameters in all tasks. For the time
efficiency comparison in Figure 2(a) and Figure 2(b), we counted the time it took for the agent to train once and repeated 5
times to take the average.

B. Proof of Properties of d-RRMDPs

In this section, we provide the proofs of results in Sections 3 and 4, namely, the robust regularized Bellman equation,
the existence of the optimal robust policy, and the linear representation of the robust regularized Q-function under the

12
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d-rectangular linear RRMDP.

B.1. Proof of Proposition 3.2

Proof. We prove the a stronger proposition by induction from the last stage H. Specifically, besides the equations in
Proposition 3.2 hold, we further assume that there exist transition kernels {fi;}2,, P, = (¢, f1;), such that for any
(h,s) € [H] x S,

H

VA (s) = E{P L, [Z [7e(se, ar) + Mp(se, ar), D(ﬂt||ug))‘sh = 3,77] . (B.1)
t=h

As there is no transitional kernel involved, the base case holds trivially. Suppose the conclusion holds for stage /2 + 1, that is
to say, there exists P;,t = h+ 1,h+ 2,--- , H such that

H

vh”Q(s):E{Pi}f’w[ 7 [relsesa) + Meblse, ar), Dlael )] |11 :s,w}
t=h+1

For the case of h, recall the definition of Q7, we have

H
™A _ . {P,}L 0 ‘ _ _
= f E t=h A D = =
h (s,a) MtGA(S)bI}Pt:<¢¢Ht> [; [Tt(stvat) + <¢(3t7at)7 (Nt”“t»] Sh = §,0Qh a’ﬂ-:|
=rp(s,a) + inf M(sn, an), D(pn||))

B EA(S)E, Pr=(,1at)

H
—|—/ Ph(cls’|s,(L)I[*I{P‘}{ih+1 [ Z [H(St,at) + /\<¢(St,at)7D(NtHN?)>] ‘3h+1 = S/aﬂ-:|
S 11

t=h
<rn(s,a) + inf Mo(sn,an), D 0
M@ B NG an), D))

H

*/ Ph<ds'|s,a>E“5”““{ > [n<st,at>+A<¢(st,at>,D(ﬂt|u‘2>>]\5h+1s’vﬂ]
S t=h+1

= Thisa + inf A Shy @ 7D > +Es’~ -|s,a Vﬂl’A S/ 5 B.2
n(s,a) BrEA(S), Pr=(¢,1un) (@ (sn; an), D(pnllpn)) Pr(-]s, )[ h+1( )] (B.2)

where (B.2) follows by the inductive hypothesis of Vhﬂfi (s). On the other hand, we can lower bound QZ’/\(& a) as

mA(s,a)
= inf b\ D 0

Th(sa a) + utGA(S)}iI,lPt:M),ut} <¢(5hv ah)a (l"’th‘h»

. H
[ Piasls B S i) + Ao ). Dl )] [sna = o]
S t=h+1

>rp(s,a) + inf Mo (sp,ap), D o B.3

n(s,a) P (D(sn;an), D(pallpen)) (B.3)

H
Pr d/ inf E{Pt}fl:h,-f—l A D 0 ‘ )

+ [ Prastsa e 32 [0 + Mook Dl Do = '

= Th(87 a’) + inf )‘<¢(Sh? ah)7 D(Nh”ll/}g» + Es’NPh(-\s,a) [Vh?r)i(s/)}v (B.4)

ur€A(S)E, Pr=(¢,un)

where (B.3) follows by the Fatou’s lemma, (B.4) follows by the definition of Vh:’_’} (s). Hence, combining the two above

inequalities, we conclude the proof of the first equation. Next we focus on the proof of the (B.1), by which we aim to proof
the existence of transition kernel { P, }L, . By the fact that
A

= inf Egop, 150 [V (8)] + M(s,a), D 9N,
n(s,a) m(s,a)+“h€A(s);r’1Ph:<¢’”h>[ Pu(ls.a) (Vi (8)] + M (s, a), D(pnl|pp)]

13
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we notice that the inf problem above is constraint by the distance D. Therefore by Lagrange duality and the closeness of
distribution A(S), there exists fi;, € A(S)?, P, = (¢, f11,) such that

n(s,a) = (s, 0) + By p, (o [Vid (5] + Mo (s, a), D(fun]|17)). B.5)

Now it remains to proof (3.3). By the definition of V' A (s), we have

Vo (s) (B.6)
H
— inf {Pf}t h A D 0 ‘ =
S [; rilen @) + Mlos,au), Dipullic)] jon = o
. H
— inf E{Pedi=n A D 0 ’ =s,ap =
m@(@ﬁ‘?a:@,wa;”(a's) | o)+ X @00, D) o1 = .0 = 7
H
< 37 wlalsBPHE | S [r(sra0) + M5t 00). DGl )] |51 = .00 = .7
acA t=h
=Y w(als)Qp (s, a), (B.7)
acA

where (B.7) comes from (B.5) and the inductive hypothesis. On the other hand, by the definition of QZ”\ (s,a), we have

> mlals)Qp (s, a)

acA
. H
— E f ]E{Pt}th|:§ , _1_)\ , 7D 0 ‘ =s, =a, :|
wen m(ale) meA(S)}inPt:@,m) t=h [Tt(St “ o) (MtHut»] oA

M=

W(a\s)]E{Pt}tH:h [ [re(se, ar) + Mp(s, ar), D(pel|f))] ‘Sh = S,ap = a, W}

< inf
Mt EA(S), Pr=(¢p,p11) acA

= Vhﬂ7)\(s)7 (B'S)

t

Il
>

where (B.8) comes from the definition of V' ’\(s) Combining the two inequalities (B.7) and (B.8), we have

Vit (s) = Barr(ls) [@F (5, )]

This proves the (3.3) for stage h. Therefore, by using an induction argument, we finish the proof of Proposition 3.2. O

B.2. Proof of Proposition 3.3

Proof. We define the optimal stationary policy 7* = {7} }/L | as: for all (h,s) € [H] x S,

mr(s) = argmax |1y (s, a) + inf Eyp, (1s.a) [V (8] 4+ M(s,a), D 9 }
o) =argmax () + Lt B [V )]+ A@(5.0). D 0]

Now it remains to show that the regularized robust value function V" ”\, h A induced by policy 7* is optimal, i.e., for all

(h,s) € [H] x S,

Vi (s) = Vi (9), Q7 M s,a) = Q5 (s, a).

By the (3.2), we only need to prove the first equation above, then the optimality of the ) holds trivially. we prove this
statement by induction from H to 1. For stage H, the conclusion holds by:

Vir*(s) = sup Vi A(s)

- f EPx Lam) + Mé(sm,an), D 0] |su = s, }
bl;p“HeA(S);I}DH b [re(sm,am) + M(sm,am), D(pm||py)] |sa = s,m

14
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=sup |ru (s, Ta(SH)) + inf Mo(s,a), D 9
w (o (o) + b M@(sa), D))
= Vi ()

Now assume that the conclusion holds by stage h + 1. Hence, we have that for all s € S,
LN o, A
Vh+1 (s) = Vh+1(s).

For the case of h, by (3.2), we have

Vi s)

= Eorr; (]s) [QZ*’A(S, a)]

= Eqn (1) | n(50) + enelE o Bonricisa Vi ()] + Mo, @), Dl lf)] |

= Eqnrt(1s) [T’h(& a) + MeA(S)rilr}]gh:((m%> [Es P, (-]5,0) [Vh*ﬁ(sl)] + XMo(s,a), D(Hh”lt%»]} (B.9)
= max [Th(5> a) + HheA(s)(iiI’l;h:w’uh) [Egmpyls. [V ()] + Mo (s, a), D(Nh”l‘(})b»ﬂv (B.10)

where (B.9) holds by the inductive hypothesis, (B.10) holds by the definition of 7*. On the other hand, recall the definition
of Vh*’)‘(s), then for any s € S, by (3.2) we have

Vi (s)
= sup V;7(s)

—
VA
S

Qi \(s,a)]

=supEqr, (s)
s

= SUD E g, ([5) (s, @) + inf Eqeory (o Vit ()] + (@ (s, @), D(gan145))]]
SUP B, (o) |ralsa) + b [Beep s [Viga (5] MS(5 a), Dlganl117))]
< supE,., [ La) + inf Eyop (oo VI ()] + Mb(s,a), D 0 } B.11
<SUpEonr, ol [rulsa)+ il Beericls [Vifi (0] + Me(s o), Dl )] B.1D
= inf Eoop, (s [V (8)] + M(s,a), D 0
aeA [rh(s’a) T A= (i) [Eor~rpucion [Vifa (5] + Mo(s,0) (”h”“h»ﬂ
=V As), (B.12)
where (B.11) holds by the fact that V;", *(s) < Vi (s),Vs € S, (B.12) holds by (B.10). In turn, we trivially have
vy As) > ‘/}ZT*A(S) due to the optimality of the value function. Hence, we obtain Vh”*’)‘(s) =V *(s),Vs € S. Therefore,
by the induction argument, we conclude the proof. O

B.3. Proof of Proposition 4.1

Proof. By Proposition 3.2, we have

sy =mlsa)+ it (B (e [V )]+ M5 @), Dlpanllih)]
d
= (@0 o)+ int | [(8(6,0) Buon AN + 2 3 61toa) Dl )
= (¢(s,a),0,) + (¢p(s,a), w™)
= (#(s5,a),0n + wp™).
Hence we conclude the proof. O

15
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B.4. Proof of Proposition 4.3

Proof. The optimization problem can be formalized as:

inf Es, V(s) + ADpy(u||n”) subject toZu(s) =1,u(s) > 0.
uw

Denote y(s) = pu(s) — u°(s), the objective function can be rewritten as:

Eswu ( ) + )‘DTV /J,H,LL Zlu + )‘/22 ‘M(S) -
S V) + 1060+ A2 (o)
= EoupoV(s) + > V(s)y(s) +A/2) ly(s)

Recall the constraint Y y(s) = 0,y(s) > —u’(s), by the Lagrange duality, we establish the Lagrangian function:

£=min max (S [y(s)(V(s) = uls) = )+ A/2ly(s) Zu (s)).

y wpu>0,reR

In order to achieve the minimax optimality, for any s, term y(s)(V (s) — u(s) — 7)) + A/2|y(s)| should obtain a bounded
lower bound with respect to y(s), which requires that u(s), r should satisfy the following conditions:

Vs €5, [V(s) = u(s) — 7| < A/2 = max{V(s) — p(s)} —min{V(s) — p(s)} < A.
With the constraint above, we denote g(s) := V(s) — u(s), we have

£= max min{ Y [y(s)(V(s) = als) = 1) +A/2ly(s) |~ 2l °(s)}

n>0reR y
max — S S
maxses(V(s)—p(s))—minses(V(s)—p(s))<A ZM( )N )

max $)ul(s) b — Egu oV
max, g(s)—ming g(s)g)\,g(s)SV(s){Zg( ),U ( )} ne ( )

Thus we have,

EopV (s) + ADry (1 1)

= ESN V S { } _ ESN V s
1o (s) + max, g(s)—ming g( )<)\7g(5)<v(s) Z g(s 10 (s)
= ES"‘I"O [V(S)}me_;'_)\, (B13)
where (B.13) holds by directly solving the max problem. Hence we conclude the proof. 0

B.5. Proof of Proposition 4.8
Proof. Similar to the proof of Proposition 4.3, define y(s) = u(s) — u°(s), with lagrange duality, we have:

s 2
£= STV + 6 + AT S~ S0+ vlou) —r e
=3 (U ) o) - )+ SV - S uo@ms))_

Noticing that £ is a quadratic function with respect to y(s), therefore after we fix the term p(s), 7 and compute the min with
respect to y(s), we have

5 SV (s) — pls) — )+ S VO(s) — 30 ns)ls)

16
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1
VDY BV = ) — (ES~H° V- M])Q} + EsupolV -4 (B.14)
1
=Esu o[V —p] — EV sopo [V — 1]
1
= sup Egupo[V(8)]a — B\ Varg.,0[V(8)]as (B.15)
€[ Viin, Vinax]

where (B.14) comes from maximizing r, and (B.15) comes from maximizing p(s),s € S and the observation that
u(s) =0or V(s),Vs € S when achieving its maximum. Hence, we conclude the proof. O
C. Proof of the Upper Bounds of Suboptimality

In this section, we prove Theorem 5.1 and Corollary 5.4. For simplicity, we denote @], = ¢(s7,, a},). According to the
robust regularized Bellman equation in Proposition 3.2, we first define the robust regularized Bellman operator: for any
(h,s,a) € [H] x § x Aand any function V : § x A — [0, H],

A . T ! 0
1% = f Eop, (foa [V M(s,a), D . C.1
7;L (S7a) T}L(Sv CL) + uhGA(S)}lr,lPh:(¢,uh> [ s'~Pp(-|s,a) [ h+1(8 )] + <¢(S a) (Mh”uh»] ( )

WehaveQZ’)‘( a) =TV, h+1(s,a).

C.1. Proof of Theorem 5.1

We start from bounding the suboptimality gap by the estimation uncertainty in the following Lemma.

Lemma C.1. If the following inequality holds for any (h, s,a) € [H] x S x A:
|7;z/\vh)\+1(51 a) - <d)(87 a)a wl)L\>| < Fh(sa a)v

then we have

H

SupOpt(7,s,A) <2  sup ZE” Py (sh,an)ls1 = s].
Peu(PO) 3

C.1.1. PROOF OF THEOREM 5.1 - CASE WITH THE TV DIVERGENCE

Algorithm 3 Robust Regularized Pessimistic Value Iteration under TV distance (R2PVI-TV)
Require: Dataset D, regularizer A > 0, v > 0 and parameter 3

1 init Vi (1) =0

2: for episode h = H,--- ,1do

3 A X0, d(sh, af)(b(sh,a7)) T 4T

4 apyr 4+ minges{V;}1(s)} + A
5o g AT (ST D(sh ) Vi (s7)ansn) < Estimated by (4.1)
6 Tn() ¢ B0, 610 ) Lilla-
7:
8
9

Qﬁ(, ) A min{¢(~, ')T(eh + wh) - ( ) H—-h+ 1}+
o Fa(]) < argmax,, (QA( ), (-]))a and V() = (Qn (), 7n(-])) a
: end for

For completeness, we present R2PVI specific to the TV distance in Algorithm 3, which gives a closed form solution of (4.1).
Now we present the upper bound of weights as follows.

Lemma C.2. (Bound of weights - TV) For any h € [H], we have

N Kd
il < VA b < Hy[ 25

17
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Proof of Theorem 5.1 - TV. The R2PVI with TV-divergence is presented in Algorithm 3. We derive the upper bound on the
estimation uncertainty I', (s, a) to prove the theorem. We first decompose the difference between the regularized robust
bellman operator 77;\ and the empirical regularized robust bellman operator 7;Lk as

|77L)\Vh/\+1(57a) - <¢(S,a),’li);>;>’ (C.2)
d
= Z ®i(s, a)(wi){,i - UA}iAzz)
i=1

d
= Z(ﬁi(s,a)li(w w;})’
K

= WZ@ (s,a) LA, "w) +Z¢>z (5, ) LAY @ (s7, an) g (Videa ()] ) (C3)

i=1 =1 T=1

< VZH@ (5,0) 1] o1 willa- 1+le¢z (s,a) L3l p IIZ¢ (57 @b )R (Vi1 ($)]ans)la1s - (C4)

i=1 Tzl
i

(i)

where (C.3) comes from the definition of w7 7» while (C.4) follows by the Cauchy-Schwartz inequality. By Lemma C.2 and
the fact that Vh+1( s) < H and v = 1, we have

(@) = wiill -0 < A2 willz < HVA,

where the last inequality comes from the fact that | A; || < ~y~'. Now it remains to bound term (i), as Vh’\H depends on
data, which makes it difficult to bound it directly by concentration equality. Instead, we consider focus on the function class
Vi(Ro, Bo,7):

Vh(R()vBOv’Y) = {Vh($,07ﬂ7A) 1S — [07H]5 ||0||2 < RO?IB € [OaBO]a’ymin(Ah) > 7}7

where V,(z;0, 8, A) = max,ec.4[@(s, a)TH ﬁzz 1 10i (s, a)||A 1][0, i—h+1]- By Lemma C.2 and the definition of Vh+1’

when we set Ry = H+/Kd/v, By = 8 = 16Hd+/E7v, it suffices to show that Vh+1 € Vh11(Ro, Bo, 7). Next we aim to
find a union cover of the V11 (Ro, Bo, W)’ hence the term (ii) can be upper bounded. Let NV}, (¢; Ry, By, y) be the minimum
e-cover of Vj,(Ry, By, \) with respect to the supreme norm, A3, ([0, H]) be the minimum e-cover of [0, H] respectively. In
other words, for any function V' € Vj,(Ro, By, ), an+1 € [0, H], there exists a function V' € V},(Ry, By, ) and a real
number «, € [0, H] such that:

sup |V (s) = V'(s)| < € Jae — apq1| < e
SES

By Cauchy-Schwartz inequality and the fact that [la + b]|3 —, < 2[|al|% 1 + 2[|b|| . and the definition of the term (ii), we
h h h

have

2

‘2 + 2“ Z¢ Shvah)nh([vhﬂ]awl - [Vh“]o‘e)

K
(i) <2 3 @(sh ap)mi (Vi la,)
T=1

= A
K 2 - 2 2¢2 K2
s4\\Z¢<s;7a;>nz<[v,;maé>\A_l+4HZ¢<sz7a;>nz<[vmaé—[v,:ﬂ]ag LT (©9)
T=1 h T=1 h
where (C.5) follows by the fact that

- o) 72 2 2 = LTy o 260K°
2| 3 osT b (Vo = Wl ) [, <20 D0 167A 9T < =

T=1 h T=1,7"=1
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Meanwhile, by the fact that |[‘A/h>‘+1]af —Viiilad < |Vh)‘+1 — Vi 11l, we have

2
(C.6)

K
4 2 otsh a2 ]a, — Wiilad) |
T=1 h

K
<4 Z |7 AL o | max |nf ([Vidy]a, — [Viliila) |
T=1,7"=1
K
<4t > |¢pA, e |
T=1,7"=1
2 2
i (€7
5

By applying the (C.7) into (C.5), we have

(i <4 I3 o Viaalo ||, + 2K )
1 S sup SpyQp )7 Qe B . .
V’€Nn (€ Ro,Bo,7),ae €N, ([0,H]) o Ayt v

=1
By Lemma F.3, applying a union bound over N}, (¢; Ry, By, ~y) and NV}, ([0, H]), with probability at least 1 — 6 /2H, we have

K

T T T ! 2 662K2
1 sup |3 dtshanmi(Vila)|| ., +
V' N (€iRo, Bo ) s N ([0,H]) | 25 A v
2H - Ry, B 0,H 62 K2

Applying Lemma F.1, we have

log [NVi (€ Ro, Bo, \)| < dlog(1 + 4Rg/e€) + d® log(1 + 8d'/>Bf /v€)
= dlog(1 +4K3/2d~1?) 4+ d*log(1 4+ 843/ B K*H2)
< 2d%log(1 + 8d~%/2B2K?H?). (C.10)

Similarly, by Lemma F.2, we have
Wa([0, H])| < 3H /e
Combining (C.10) with (C.8) and (C.9), by setting ¢ = dH /K, we have

2H [N (€ Ro, Bo,7)[Na([0, H])| Ge? K2

5
< 4H?*(4d?log(1 + 8d~*/2B2K?H %) + log(3K/d) + dlog(1 + K) + 2log 2H/5) + 6d>H?
< 16H2d*(log(1 + 8432 B2K?H~?) + log(1 4+ K)/d + 3/8 4 log H/¥)

< 32H%d?log8d~3/?BIK*H™' /s

= 32H?d*log 1024 HdY ? K?€1y /6

= 32H2d*(log 1024 HdY 2 K? /5 + log 1v)
2

< 64H? d*€1y = %.

Recall the upper bound in (C.4), we have with probability at least 1 — 4,

[TV (5,0) — (@(s,a), 7))

(i)? < 412 (2log +dlog(1+ K/7)) +

d d K
<Y 6i(s, 0 Lilly 2 wdllp o + S 6u(s, ) Lilly | 32 Sk a1 ()]
i=1 T=1

o
i=1 An

19



Robust Offline Reinforcement Learning with Linearly Structured f-Divergence Regularization

d

Z 16i(s, a)Lill o1 (HVd + 5/2)

d
Z |6(s,a)Lifl 514 (C.11)

where (C.11) follows by the fact that 2H+/d < (. Hence, the prerequisite is satisfied in Lemma C.1, we can upper bound
the suboptimality gap as:

H

SubOpt (7, s,A) <2 sup ZE”*’P[Fh(sh,ah)\sl =s]
PeUN(PO)

d
=23- sup ZE’T [ZH@(&G)liHA;l‘Sl zs}.
i=1

PeUNPY)

This concludes the proof. O

C.1.2. PROOF OF THEOREM 5.1 - CASE WITH KL DIVERGENCE

Algorithm 4 Robust Regularized Pessimistic Value Iteration under KL distance (R2PVI-KL)
Require: Dataset D, regularizer A > 0, > 0 and parameter 3

1 init V(1) =0

2: for episode h = H,--- ;1 do

3 Ap 30 @(s]a7) (8(sF,ap)) T+

Sy
Vip1 (hyn)
)

4 W+~ Afl(Zf L @(s],a})e”

5: he /\logmax{w e H/AY

6: (7 )eﬂZizl H¢1(7 )]-'HA’1

7 Qp(s) - min{p(- )T (On +wp) —Ta( ), H —h+ 1}F

8: (| < argmax,, (Qh(-, ), ma(]-)) A and VA = (Qa G ) Fn(]))a
9: end for

For completeness, we present the R2PVI algorithm specific to the KL distance in Algorithm 4. Note that we have used the
following closed form solution

. K ARIG D T \2 5
W), = argmin (e_ X — ¢(s7,,ap) 'w) + vl|w]|3. (C.12)
weR T
K VA Gy
h+1 htl
= Z o(s],,af,)e” ). (C.13)
=1

Our proof relies on the following lemmas on bounding the regression parameter and e-covering number of the robust value
function class.

Lemma C.3 (Bound of weights - KL). For any h € [H],

N Kd
e}l < VLl < /=%

Lemma C.4 (Bound of covering number - KL). For any h € [H], let V}, denote a class of functions mapping from S to R
with the following form:

Vi(2:6, 6, An) = max { $(s, )76 - Mog(HﬁZn@, Lila )}

)
S H—h+1
N =1 [0, ]
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the parameters (0, 3, A,) satisfy ||0]|2 < L, 8 € [0, B], Ymin(Ar) > 7. Let M, (€) be the e-covering number of V with
respect to the distance dist(V, V2) = sup,, |Vi(x) — Va(x)|.Then

log [Np(€)| < dlog(1 4 4L/€) + d?log(1 + 8\2d'/2 B2 /~e?).

Proof. The R2PVI with KL-divergence is presented in Algorithm 4. Similar to the proof of TV divergence, we decompose
the estimation uncertainty between 7, and 7, as:

|771)\Vh/\+1(3a a) — (¢(s,a),wp)| = |B(s, a)" (6, — Mogwy — 6, + A log max{w},, e_H/’\})|
= |¢(s,a) " (Alog max{w},, e */*} — Aogw;)|

max{wy, ;, e e H/INY
‘Zd)l (s,a)log w}){, ’
max {1}, ;, e 1/*}
SAZgbi(s,a)’log Z})\ ’
i=1 hi
d
< )\Z ®i(s, a)f log (1 + eH/A| max{zi);m, e_H/’\} — w,’}lm (C.14)
i=1
d
<AY  di(s,a)log (14 ey, , —w) ) (C.15)
=1
d d
< Mog (- dils.a) + ™Y du(s, 0l , —wi ) (C.16)
i=1 i=1
d
= Mog (14237 gy(s,a)1] |y, — wi )
i=1
where (C.14) and (C.15) comes from the fact that:
VA ") A-B
wf)L\,i = ES/NM‘}’M [6_ ’A :| > ES’NM?W [e_H/)\] = e_H/A7 | logA - 10gB| = IOg (1 + In|1n{ABl})’

and (C.16) comes from the Jensen’s inequality applying to function log(x). Therefore, our next goal is to bound the term
S0 di(s,a)1] [}, — wp|. Specifically, we have

d
Z@(Sva)lﬂ‘% - w})L\|
i=1
d
= z:gb,-(s,a)liT wy
i=1
d
= Z bi(s,a)1] |wp
i=1

d K é
= outsan] (fud — A3 YD oh(eh) wh| + [y 1Z¢h ¢} 12 gy Lo
=1 T=1

@@ (i)

1 Vh+1(5h+1)
E (éh)e
K

K Vi1 (shg1)
*AﬁlZ¢E(¢£)ng+A;12¢;(¢;)ngf LS (e R
T=1

T=1

=),

Next, we upper bound term (i) and (ii), respectively. For the first term, we have:

d d
> dils,a) 1] - = ¢ils,a)1] (Jwp — AL (A — yDw;))

i=1 i=1
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d
=7 di(s,a)1] A,y

i=1
d
<7D lIdi(s )Ll lwillp (C17)
i=1
d
S WY |dis a)Lillx; 1 (C.18)
i=1

where (C.17) follows from the Cauchy-Schwartz inequality, (C.18) follows from the fact that:
lwpllar < A2 lwille < v/,

where the last inequality follows from Lemma C.3 and the fact that || A, '|| < y~!. Now it remains to bound the term (i),
by the definition of 77, (f) = Ey . po(|s7,ar)[f(8')] — f(5],41), the term (ii) can be rewritten as:

& )

Ah12¢;[<¢;)%276 |
1Z¢hnh( Vhﬂ())’

S5

(iii)

d
() =Y i(s,a)1]

i=1

d
= Zd)i(s,a)lT

<le¢zsa1||A .

For the rest of the proof, it’s left to bound the term (iii). As the Vh’\H depends on the offline dataset, which makes it
difficult to upper bound directly from concentration equality due to the dependence issue, we seek for providing a uniform
concentration bound applied to the term (iii), i.e. we aim to upper bound the following term:

‘ 1

v
| o)

VEVh11(R,B,Y)
Here for all h € [H], the function class is defined as:
Vh(RvaA/) = {Vh(xaevﬁvAh) : ||0||2 S R?ﬂ € [073}77min(Ah) Z 7}7

where Vi, (26, 8, Aj) = maxac a{d(s,a) 70 — Aog(1+ 8% [l¢i(-, )14 Ia-2)}o,#—n-+1)- In order to ensure Vi, €
Vit1(Ro, Bo, \), we need to bound 8, = ), — Alog max{w)}, e~*/*}. Following the fact that:

10nll2 < 1164/l + Al log max{abj,, e/} |2.

By Lemma C.3, e~ #/* < max{wj, ;, e #/*} < max{||w}, ||, e #/*} < max{/Kd/X, e */*}, therefore the term can
be bounded as:

A Kd
16nl2 < Vd + M\Wdmax (log \/T H//\)

< HVd+ dVEK\
< 2HIVEKN. (C.19)

Hence, we can choose Ry = 2Hdv/ KX and By = 8 = 16d\ef’/*\/(H/X + &k ), then we have for all h € [H], X7,;\+1 €
Vh+1(Ro, Bo, A). Next we aim to find a union cover of the V;1(Rg, Bo, ), hence the term (iii) can be upper bounded.

22



Robust Offline Reinforcement Learning with Linearly Structured f-Divergence Regularization

Forall e € (0,\),h € [H], let Ni(e; R, B, X) := Np,(€) denote the minimal e-cover of V,, (R, B, \) with respect to the
supreme norm. In other words, for any function V* € Vi(R, B, )\), there exists a function V' € N h-+1(€) such that

5161P|Vh+1( T) — Vf;+1(95)| <e

Hence, given Vh’\H, V41 satisfying the inequality above, recall the definition of 1}, = 7} (f) = Egnpo(|sy.ar) [f(s))] —

f(s},41), we have:
L VR ® Va1
i) ()

E _V}f\ﬁ»l(s)  Viga(® _V}LA+1(S’L+1) _ Vag1Gng1)
A — A —_ A A
‘ s~ PY( |S;7a2)[e e } e +e
E 7V;f‘+1(5) 7V/l+1(5) 70}5\+1(5h+1) 7V;i+1(5h+1)
A f— A A — A
< ‘ s~PO(-|sT,aT) [6 e ” + e e
< 2e/A 4 2¢/X = 4e/ A, (C.20)
where (C.20) follows from the fact that for any s € S,
Vi () Vii1(®) VR 1 ()= V) 1 (9)] j
‘e_ X —e 2 <e b —1<ex —1<2¢/),

where the last inequality is held by the fact that € € (0, \). By the Cauchy-Schwartz inequality, for any two vectors a, b € R?
and positive definite matrix A € R?*4, it holds that |la + b||3 < 2[|a||% + 2||b||4, hence for all h € [H], we have:

K ’ oA
V! 1 (s) 2 v, (s) v, (s) 2
9 h+1 P _ Yh41 r _ Yh41
GiD] <2HZ hnh( ’ )HA*1 ZHZ h[nh(e ’ ) nh(e ’ )H‘A;l

<o S o (e [ et 3 jenngter

T,7'=1
2 32¢2K?
<2 sup H o ( )H JLenT (€21
VEN 11 (e) Z bt A A2y
We set f(s) = e‘w, by applying Lemma F.3, for any fixed h € [H],6 € (0, 1), we have:
2 H K
( sup nh( )H ) 24(210{;M+dlog (1+7))) <¢/H. (C22)
VEN4+1(e Ay d Y
Hence, combining (C.22) with (C.21) and let v = 1, then for all h € [H], it holds that
Vh+1(9) HNy 11 (e 42 K2
qubhnh( )H <8(210g%+d10g(1+[()+ % ) (C.23)
with probability at least 1 — §. By Lemma C.4, recall L = Ry = 2Hd+/ K X in this setting, we have
log(|Nns1(€)]) < dlog(1 4 4Ry /€) + d?log(1 + 8)\2d'/2B?/€?). (C.24)

We then set e = d\/K € (0,\) and define ' = $/\ef!/* = 16d+/(H/\ + &kr) for brevity, then (C.24) can be bounded
as:

log(|Nii1(€)]) < dlog(1 + ARgK/dN) + d?log(1 + 8A2K2d~3/2e* ?)
= dlog(1 4+ 4R K /d)) + d? log(e™2/* 4 8X2K2d~3/23"%) + 24> H/
< 2d?1og(8N2K2d~3/23"?) 4+ 2d° H/ \.
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Therefore, by combining the result with the inequality (C.23), we can get

Hquhnh( Vh“”)” <8(2log%+4d2H/A+4d21og(8A2K2d*3/25’2)+4d2+dlog(1+K))

< 8(4d*H/ X + 4d* log(8\2K3Hd~%/%3"% /5)) (C.25)
= 8(4d>H/\ + 4d* log(8N\ K3 Hd~3/% /5) 4 4d* log(8'?))
< B7/4, (C.26)

where (C.25) follows by the fact that 21og & + 4d? + dlog(1 + K) < 4d?log(£E ), and (C.26) is held due to the fact that

1024d\ K3 H
3% /4 = 64d> (H/A t log LN KTH : )
, , 1024d™2 N2 K3 H
= 8(8d2H/)\ + 4d? log(8N\2 K3 Hd™3/% /§) + 4d? log Of + 4d* log(128)>
> 8(4d2H/>\ + 4d? log(8N2K3 Hd™3/2§) + 4d? 1og(ﬂ’2)), (C.27)
where (C.27) holds by
1024d\? K3 H
log(f'?) = log (256d2 (H/)\ + log 7))
B
1024d\2 K3 H
< log(256d%) + (H/)\ + log f)
1024d"2 N2 K3 H
< log(128) + log ————— + H/\.

5
By the bound on (i), (ii), (iii), for all h € H and (s,a) € S x A, with probability at least 1 — ¢, it holds that

d
TVika(s:0) = (@(s.a), )| < Alog (14 AV +5/2) 3 lon(s.ailla )

i=1
d
< Mog (1+ 28" [64(5,)Lil ) (C.28)
=1
d
<8 lIgi(s,a)Lillx-1, (C29)

i=1
where (C.28) follows by the fact that 5/ > 21/d, (C.29) follows by the fact that log(1 4 ) < x holds for any positive x.
Thus, by Lemma C.1, we can upper bound the suboptimality gap as:

H

SubOpt(71,s) <2  sup ZEW*’P[F}L(S;L,G}L)‘Sl =]
PeuN(PO) 1=

=28 sup ZEﬂ P{Z”gf)zsalnA 1|81 = s|.

PEUr(PY) 1

Therefore, we conclude the proof. O

C.1.3. PROOF OF THEOREM 5.1 - CASE WITH x? DIVERGENCE

For completeness, we present the R2PVI algorithm specific to the x? distance in Algorithm 5, which gives closed form
solution of (4.4) and (4.5). Before the proof, we first present the bound on weights under x2-divergence:

Lemma C.5 (Bound of weights - x?). For any h € [H],

e < va(m + 2.
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Algorithm 5 Robust Regularized Pessimistic Value Iteration under y? distance (R2PVI-x?)
Require: Dataset D, regularizer A > 0, > 0 and parameter
1: init V1§\+1(') =0
2: for episode h = H,--- ,1do
K T T T T
3 AhU<_ S ®(shyap)(d(sh,a3)) " + 1
n Ry — K T T C T :
4 BV (9)]a 1A, (00 @k af) T[Vika (87 )] o, < Estimated by (4.4)
" 1Y — K T T ¥ T :
s BV ()G < (A (2rm 6(shs ) T IV (s ]a)]o, 12 < Estimated by (4.5)
6:  Estimate iy, ; according to (4.6)
7
8
9
10:

Taly) = By [16:( o
QA )  min{g(-, )T (81 + ) — Tl ), H = h41}*
#n(-|") ¢ argmax,, (QN(,-), ()4 and V() < (QR(, ), 7)) 4

end for

Proof of Theorem 5.1 - x%. The R2PVI with x2-divergence is presented in Algorithm 5. By the definition of 7;}, 7?, we
have

EAVhAH(S a) = (¢(s,a), ﬁ’l){>
= d)(&a) (6 + wh 0, — )

d
= Z ®i(s, a)(wli\,i — W ;)
i—1

d

A 1 N N

=Y aits,)| s {Eeusy Va0l + 35 Bumpy 7(5))” = 5 Bamsy [ (5
i=1 acly,

~ 0 ~ ]. A 0 A ~ 0
— sup (B (a5 B0 (9]0)? — B T ()13 }. (C.30)
a€l0,H]

To continue, for any ¢ € [d], we denote

N 1 N N
;= E, VA o+ —(E, VA o)?— —E, 1% 2%
i = angmax {Eovyg (V1(0)a + 35 Bomig Vs (90 = F3Eamy 7))

Hence, (C.30) can be further upper bounded as
771Af/vh)\+1 (S’ a) - <¢)<S, a’)7 wf>L\>

<3 65,0 By 10V = 17 9 ) (5 B 2 5N + BV 1 0))) 1)

®

d
=2 0i(5,0) (Bansg [V (9)]5, — BV (9)]2,) (C31)

(i)

Next, we bound (i) and (ii), respectively.

Bounding term (i). We define

K .
~ 0 N 1
BV 1 (5)]a = [argmin > (V1 (5F e — (s, a) Tw)?* + 3]

weR? T
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Considering the gap between the E/h.i [Vid, 1(5)]a; and RHh. [Vi, 1(5)]a; due to the definition that [Hh.i Vi1 (8)]a =
[fE“?w [Vh’\H ()], 10, 7> We eliminate the clip operator at first. We rewrite (i) as follows:

N A 0 A~
,, By [T (9o + BT (9)]0) +1)

d
= Z ¢i(57 a) (]ESNH%. [V}f\q-l (5)]041 - Eu%”’ [VhA+1(S)]ari) ( !
d
= Z ¢i(57 a) (ESN/L%J [Vh)\-&-l (S)]az - Eu(}i? [Vh)\-l-l (S)]ai)

0 o TRy

B VA (), — BP9 VA ()],
0~ YT '

EN;L,i[VhAJrl(s)]ai — EM"vi[Vh)\Jrl(S)]ai

% (g5 a1 (), + BT (5)a) +1)

=C;

We claim that |C;| < 14 H/2\, Vi € [H]. We prove the claim by discussing the value of RHh.i [‘A/hA+1 (8)]a; in the following
three cases:

Case . [E/ni [VhA+1(s)]ai < 0. By the fact that E,._ 0 - [Vhﬁ_l (8)]a; < H, we have:

ESN[J,[’)IJ [Vh)\+1 (8)]ai

~ =0 .~
ESNM(;;J [Vh)\Jrl(S)]Oti - Eﬂh'i [VhA+1(S)]0ti

|Ci| =

1 N
(BESN% V1 ()]s + 1) <1+ H/4M,

where the equality holds by 75 E. 0 [ViA1(8)]a, + 1 < 1+ H/4X. Hence the claim holds by Case L.
CaseIL. 0 <R/ [V,;\H(s)}a < H. The claim holds trivially, as we have:

1 N ~ o A
Cil = 5 By Vi1 ()]s + B2 (V1 (5)]a) +1 < 1+ H/2A,
Hence, we conclude the claim.

Case III. /7. [Vid 1(s)]a; > H. Notice that

1 ~ E’SNMUL i [Vh)\—kl(s)]ai —-H
1Cil = | (5 Bompg Vi (9)]a, + H) +1) T o
’ ESNH‘;/J[V}LJA(S)]M — B ViR ()]
1 N H— Eswuo i[VhA+1(S)](¥i
_ (ﬁ(Esw%,i[Vhﬁl(sﬂm +H) + 1) S b, -
E h'l[vh-y—l(s)}oﬁ, - ]Esw,ug’i[vh-i-l (S)]az
< H/2)\+1, (C.32)

where (C.32) holds by the fact that R [V{‘H (8)]a; > H.
With the upper bound for C;, we can upper bound (i) as

d
|(1)| = ‘ Z ¢1(57 a) (]ESN;A?M [Vh)\-i-l(s)]ai - Eu%’% [Vh)il-l (8)]‘11)01
i=1
d

d K
= "YZ ¢i(87 a)liA}ZlEui [Vh/\(s)]aici + Z ¢i(37 a)]-iA}:I Z ¢(5}:a a;)n;([f//f\—i-l]ai)ci

=1 i=1 T=1

d K
< 1+ H/20 D 6, ) Lillacr (v + || D2 b(sh af i (Vi)
i=1 T=1

A;I). (C.33)

26



Robust Offline Reinforcement Learning with Linearly Structured f-Divergence Regularization

Bounding term (ii). Similar to bounding (i), we can deduce that:

d
|(iD)| = ‘ Z bi(s, a)(ESNugvi[Vh/\H(S)]ij - E“%’i[‘}h)\ﬂ(S)]iﬂ
i=1

d d
<AH?Y di(s,a)Liflan + D (s, a) il (C.34)
=1

i=1

K
> s anmi(Val2)| s
=1 .

where (C.34) follows by the Cauchy Schwartz inequality and the fact that E__, 0
combining (C.31), (C.33) and (C.34), we have '

EAVFL)\-i-l(Sa Cl) - <¢(3’ a)) 11)})1\>

[Vh)\(s)]ii < H? Vi € [d]. Hence

i

d d K
< (14 H/2)) ('YHZ ||¢1‘(57a)1i||A;1 + Z ¢ (s, a)liHA;‘ Z & (sh aﬁ)nﬁ([‘}hﬁl]a;)
i=1 i=1 =1

’A;l)

d d
FAH? Y 615, a)Lill s + 3 [6i(s, )i -
=1

i=1

K
> s ann (Va2 -
=1 h

On the other hand, we can similarly deduce that there exists o s.t.
<¢(S7 a)v UA]})» - 7;L/\Vh)\+1(57 a)

EKZ¢>(sﬁ,aﬁ)n%([Vhﬁﬂa;)HA;l)

T=1

d d
< (1 H/20) (YH Y 6n(s, )il 0+ D 0i(s, )il o0
=1

i=1

d d
+yH?Y (s, a)lil o1 + > [di(s, a)Lil| 5
=1

=1

K
> B(s, aﬁ)’?}:([vﬁ\ﬂ]i;)
T=1

‘A;l'
Then for all i € [d], there exists &; € {a, o}, such that
T Vit (s,a) = (@(s, a), wp)|

d d
< (1 H/2) (YH Y 6n(s, )il -0 ) +7H? Y 1915, )Li] oo
i=1 i=1

+ i los(s,a)Lilla+ (1 + /20| S 66Tl (Ve i+ i¢<sz,amn;avhﬁﬂzguw).

Now it remains to bound the terms

| S $(sT (TRl |, and | i¢<s;,a;>n;<mﬂa>u
=1 h =1

-1
Ay

(iii) @iv)

Similar to the proof in KL divergence, we aim to find a union function class Vj, 11 (Ro, B, A), which holds uniformly that
‘/'h)‘_~_1 € Vht1(Ro, Bo, A), here for all h € [H], the function class is defined as:

Vi(Ro, Bo, \) = {Vi(2;6,8,A) : S — [0, H], ||8]]2 < Ro, 5 € [0, Bo], Ymin(An) > 7},

where Vj,(2;0, 3, A) = max,ca[¢p(s,a)T0 — BZL ls (s, a)||A;1][0}H,h+1]. By Lemma C.5, when we set Ry =

VAd(H + H?/2)\), By = 8 = 8dH?(1 + 1/\) /&2, it suffices to show that Vh)‘H € Vh+1(Ro, Bo, ). Next we aim to
find a union cover of the Vj,11(Ryg, Bo, 7), hence the term (iii) and (iv) can be upper bounded. Let N}, (¢; Ry, Bo,y) be
the minimum e-cover of V,, (R, B, \) with respect to the supreme norm, A} ([0, H]) be the minimum e-cover of [0, H]
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respectively. In other words, for any function V' € Vj,(R, B, A), a € [0, H], there exists a function V' € V), (R, B, \) and a
real number «. € [0, H] such that:

sup [V (s) = V'(s)] < ¢, |a—ae| <e.
sES
Recall the definition of (iii) and (iv). By Cauchy-Schwartz inequality and the fact that [la + b]|3 1 < 2[|al|2 . + 2] 1,
h h h
we have

2

‘2 + 2” Z o (si, ap)np (Vitala = Vikala,) Al

=1 h

2 , 2 22 K2
‘ +4H Z¢ (s> ap)mh (Vi iJae — WViiala) At E,Y ;o (G35

=1 h

K
Gi)? < 2| > @(s7, ap )i (Vo)
=1

K
<4 3 e(sf aDmi (Vi)

where (C.35) follows by the fact that

K

2
2 -1 47
D M YA

T=1,7"=1

2e2 K2

2“ Z¢ shyam)mn (Vidala — Vidala.)

Meanwhile, by the fact that [V}, 1]a. — Vi 1]a.| < |Vidy — Viiy |, we have

2

K
4| Y e anmi (Vo = Vi o)
T=1

K
<4 > |oRA, ¢ [max np (Vi . — Vigala.)
T7=1,7"=1
K
<4t Y lonAy o |
T=1,7"=1
42 K?
< .
Y

—1
Ah,

2

By applying the above two inequalities and the union bound into (C.35), we have

+
AL Y

’2 6e2 K2

K
(i) < 4 sup H > blshai)mi (Vigala.)
T=1

V'€Nw(€e;Ro,Bo,7),ac €N ([0,H])

By Lemma F.3, applying a union bound over N, (e; Ro, By, ~y) and NV}, ([0, H]), with probability at least 1 — 6 /2H, we have

2 6e2 K2
1 sup |3 stshapmi(Viigla )|, +
V'eNL(€;R0,Bo,Y),ae €N ([0, H]) Z heEn R Ayt v

2H|N,, (€ Ry, Boﬁ)HNh([Q H))|
1)

6e2 K2

§4H2<210g +dlog(1+K/’y)) +

Similarly, by the fact that ||a + b”ifl < 2||CLH3\;1 + 2||b]|2

AL noticing (iv) has the almost same form as (iii), we have
h

L . 2 K . . 2
() < 2| 3 dlsi (Vi l2) |, 2| D2 esi anni (V212 = 2|
T=1 h =1 h

2 24H?2e2K?
\ =2 (C.36)

A 0

K
< 4| Y ook anni (V2
T=1
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where (C.36) follows by the fact that

SURTIN( 2 2 . a1, o SHPEPK?
2” 24’ st )R (Vi d — Vida2,) ‘A*l < 8H"€ Z oA, @r | < —
h T=1,7"=1
and
K
AN Bl ap (Vi 2, = Vil )15
T=1
K
<4 Z PR AL @ [max nf (Vid1]a. = [Vigala)
T=1,7"=1
K
<16H?¢ ) 9nA 97 |
T=1,7"=1
16H%e? K>
< —-.
v
We apply the union bound and Lemma F.3, with probability at least 1 — §/2H
2H ; Ry, B 0,H 24H?2 K?
(iv)* < 4H* (210g [N (e Bo, 37 ) IN((0, H]) + dlog(1 —i—K/’y)) s
Y
Therefore, with probability at least 1 — 9§,
T Vit (s,a) = (¢(s, a), 7)) (C.37)

d

d
SYH(L+H/20) Y N1i(s, a)Lillp o +7H? Y (s, a)Lil| 0
i=1 =1

d K
+Z|\¢i<s,a>1i\u;(<l + H/20)|| > éshs ap) i (Vs

Ll S ool (V2
h =1

_1)
Ah

d
Z |6i(s, @) 1] 5 lyH(1+H+H/2)\)

6e2 K2
Y

+ (14 H/QA)\/4H2 (2 log 2HINL (€ Ro, 337 NING (0, HDI dlog(1 + K/v)) +

+ dlog(1 + K/7) (C.38)

+ \/4H4 (2108 2H [N (e ROvBO(S, V)N ([0, H))|

24H?2e2 K2
), 2]

By the fact that Ry = v/d(H + H?/2)), Lemma F.1 and Lemma F.2, we can upper bound the term |\, (¢; Ro, Bo,v)| and
IN.L([0, H])| as follows:

log |\ (€; Ro, Bo, )| < dlog(1 + 4Ro/€) + d?log(1 + 8d"/? B2 /v¢?), log [N, ([0, H])| < log(3H]e).
We set e = %, ~ = 1, with the upper bound above, we have

2H N} (€ Ro, Bo, )|V ([0, H])| Ge? K2

4H?
h)

2log

/N

+ dlog(1+ K/7)> +

2

H’K
< 4H? (2 log B 4 dlog(1 + K) + dlog(1 + dY/2(1 + H/20)K) + d?log(1 + d*/2 B2K?2) + 3/2)

]

2
< 4H? (2d log 3

K
+ 2dlog(K) + dlog(d**(1 + H/2\)K) + 2d° log d/ 2B2K2)
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2

6HK
< 8Hd? ( log +log(K) + log(dY/2(1 + H/2)\)K) + log 8d*/ 2321(2)
= 8H?d*(log 48K° H? B%d(1 4 H/2\)/6).
Similarly, we can upper bound the third term in (C.38) as follows:

2H| Ny, (e; Ry, By, v)||INL([0, H 24H?*K*

2H|N(e; Ro, Bo, ) |INA ([0, H])| 24e2 K2
5 +dlog(1+ K/7)) + )

< 8H*d*(log 48K° H>B?d(1 + H/2))/6).

AH? (2 log

— H? (4H2(2 log

Hence, we apply this bound into the (C.38), we have
(b (s, a),p) — T Vi (s, a)|

d
< D lb(s a)Lillp 2 (H(1+ H + H/2))

+ (1 4+ H/2\ + H)\/8H2d2(log 48K5H2B2d(1 + H/2)\)/6))
d
< (s, a) a1 2(H/A + H)/8H2d?(log A8KSH?B2d(1 + H/2)) /5) (C.39)
i=1

d
< Z | (s, a)].iHA;I 2(H/X + H)Hd\/S(log 192K5HSd3(1 + H/2X)3/6) + log&y2)

i=1
d
= llo(s, a)Lil|p-12(H /X + H)Hd\[8(&y2 +log&y2)
i=1
d
<8 llp(s,a)Lill a1, (C.40)
i=1

where (C.39) comes from the fact that 1 + 1/\ < 1 + H /2, the (C.40) comes from the fact that log £, 2 < &, 2. Hence, the
prerequisite is satisfied in Lemma C.1, we can upper bound the suboptimality gap as:

H

SubOpt(#,5,\) <2 sup > E™ F[Ty(sn,an)|s1 = s]
PEZ/{*(PU)h:1

H d
=28 sup ZEW*,P[Z||¢i(g,a)1i||A;1|51:5]

PeUNP?) = i=1

This concludes the proof. O

C.2. Proof of Corollary 5.4
Proof. The proof follows the argument in (F.15) and (F.16) of (Blanchet et al., 2024). Specifically, we denote

Ap, =E"F {(d)i(sh;ah) ) (bi(snan)Li) " [s1 = S] V(h,i,P) € [H] x [d] x U*P°). (C.41)

By Assumption 5.3, setting v = 1, we have

d
sup ZE’T {Zﬂﬁbi(sh,ah)liHAhﬂsl:s}

PeUNPY) i—1

= sup ZZE“ P[\/Tr (¢ (s, an) 1) (i(sn, an)1i) T A}, )|31=5]

PeUr(PO) =1 i
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H

< sup \/Tr E™ P [(¢i(sn, an)1:)(di(sn, an)1:) T |s1 = s]A;T) (C.42)
PE”A(PO)h 1i= 1

-1
<  sup Tr (A ¥ (I+K-ct-AP (C.43)
()ZZV : )
— s E’T*P¢z(sh7ah)|81—8})2
pEuA(PO)h L 1 1+4ct- K- (E™P[¢i(sn,an)|s1 = s])?
< sup Y (C.44)
PEZ/I)‘(PO ZZ CT

hlzl

Y CTK
where (C.42) is due to the Jensen’s inequality, (C.43) holds by the definition in (C.41) and Assumption 5.3, (C.44) holds by
the fact that the only nonzero element of Aﬁi is the ¢-th diagonal element. Thus, by Theorem 5.1, with probability at least
1 — 6, for any s € S the suboptimality can be upper bounded as:

d
N BdH
SubOpt(7,s,A) <3  sup IE” P ¢i(s,a)1;|[x-1|51 = 5| < ,
where
16Hd/é1v, if Dis TV;
B =< 16d\e/A\/(H/N + &k1), if Dis KL;
8dH?(1+1/N)\/,z2, if D is x 2.
Hence, we conclude the proof. O

D. Proof of the Information-Theoretic Lower Bound

In this section, we prove the information-theoretic lower bound. We first introduce the construction of hard instances in
Appendix D.1, then we prove Theorem 5.5 in Appendix D.2

D.1. Construction of Hard Instances

1—e—
€+ A
(a) The source MDP environment. (b) The target MDP environment.

Figure 3. The nominal environment and the worst case environment. The value on each arrow represents the transition probability. The
MDP has two states, s1 and s2, and H steps. For he nominal environment on the left, the s; is the good state where the transition is
determined by an error term €, and s2 is a fail state with reward 0 and only transitions to itself. The worst case environment on the right is
obtained by perturbing the transition probability at each step of the nominal environment. The magnitude of the perturbation A} (e, D) at
each stage h depends on the divergence metric D, the regularized A and the parameter €.

The construction of the information-theoretic lower bound relies on a novel family of hard instances. We illustrate one
such instance in Figure 3. Both the nominal and target environments satisfy Assumption 3.1. The environment consists of

31



Robust Offline Reinforcement Learning with Linearly Structured f-Divergence Regularization

two states, s and so. In the nominal environment Figure 3(a), s; represents the good state with a positive reward. For any
transition originating from s, there is a 1 — € probability of transitioning to itself and an e probability of transitioning to s
regardless of the action taken, where € is a parameter to be determined. The state s is a fail state with zero reward and can
only transition to itself. The worst-case target environment Figure 3(b) is obtained by perturbing the transition probabilities
in the nominal environment. The perturbation magnitude A7 (e, D) depends on the stage h, regularizer )\, divergence metric
D, and parameter e.

The family of d-rectangular linear RRMDPs are parameterized by a Boolean vector & = {&}, } (], Where &, € {—1, 1},
For a given £ and regularizer ), the corresponding d-rectangular linear RRMDP M, gp is constructed as follows. The state

space S = {1, 72} and the action space A = {0, 1}<. The initial state distribution 1 is defined as

d+1 1

m and /LO(IQ) = —.

#0(51) = d+2

The feature mapping ¢ : S x A — R+ is defined as

d
T_ (% %2 4y N
(b(Sl,(l) _(d7 d> ad71 Zd70)7
¢(827a)7 = (0707 70a071)7

which satisfies ¢;(s,a) > 0 and Z?Zl ¢i(s,a) = 1. The nominal distributions {f) } [ are defined as

1) = (1= €8s, + €0ay, (1 =€), + €0ay, -+, (1 =€), + €65y, 05,) |, Vh € [H],
d+1

where € is an error term injected into the nominal model, which is to be determined later. Thus, the transition is homogeneous
and does not depend on action but only on state. The reward parameters {0, },c () are defined as

T 5. Eni+1 &a+1 '“fhdJrll
0] =0 (M=, S 2 0) v e [H],

where 0 is a parameter to control the differences among instances, which is to be determined later. The reward r}, is
generated from the normal distribution rj, ~ N (rp,(sn,an), 1), where 7,(s, a) = ¢(s,a) T 6y,. Note that

§
rh(s1,a) = ¢(s1,a) 0, = Q—d(<£h7a> +d) >0 and 75(s2,a) = ¢(s2,a) 0, =0, Ya € A,

Thus, the worst case transition kernel should have the highest possible transition probability to s2, and the optimal robust
policy should lead to a transition probability to s, as small as possible. Therefore the optimal action at step h is

a*:<1+€h1 148 1+§hd)
h 2 72 2 )

We illustrate the designed d-rectangular linear RRMDP M, é\ in Figure 3(a) and Figure 3(b).

Finally, the offline dataset is collected by the following procedure: the behavior policy 7° = {wz} nepm) is defined as
m ~ Unif({eq, - ,eq4,0}),Vh € [H],

where {e; };c[q) are the canonical basis vectors in R?. The initial state is generated according to 1o and then the behavior
policy interact with the nominal environment K episodes to collect the offline dataset D.

Remark D.1. We would like to highlight the difference between our hard instances and the hard instances developed
in Liu & Xu (2024b). We find out that instances developed in Liu & Xu (2024b) only allow perturbations measured in
TV-divergence. The reason is that in their nominal environment, both s; and s are absorbing states, and thus P (-|s, a)
only has support on s, which could be either s; or so. In this case, any perturbation to Py (-|s, a) would cause a violation of
the absolute continuous condition in the definition of the KL-divergence and the x2-divergence’. In comparison, we inject a

31t has been shown in Proposition 2.5 of Lu et al. (2024) that the TV divergence can be extended to allow for two distributions with
different support.
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small error € in the nominal kernel such that PP (-|s1, a) has full support {s1, s2} when the transition starts from s;. Hence,
we can make perturbations on P (+|s1, a) safely without violating the absolutely continuous condition. Additionally, Liu &
Xu (2024b) only construct perturbation in the first stage, while we admit perturbation in every stage h in order to make our
instance more general.

D.2. Proof of Theorem 5.5

With this family of hard instances, we are ready to prove the information-theoretic lower bound. For any & € {—1,1}4H let
Q¢ denote the distribution of dataset D collected from the instance M¢. Denote the family of parameters as Q = {—1, 1}4#
and the family of hard instances as M = { M : £ € Q}. Before the proof, we introduce the following lemma bounding the
robust value function.

Lemma D.2. Under the constructed hard instances in Appendix D.1, let § = d3/2/v/2K and K > d>H?/(2)?). For any
h € [H], we have

ZZH: " h(d+ (ZfﬂE “ﬂ)) — Vi (s1) < fie), (D.1)
Jj=h =1

where f;(e) is a error term, which is defined as:

0, if Dis TV,
f(e) = { (H — h)re(e — 1), if Dis KL;
(H —h)Xe(1 —¢€)/4, ifDis x2

Furthermore, if we set the € as

1—2-VH ifDis TV,
€= < min{l — 27YH d3/2/(64\V2K)}, ifDisKL; (D.2)
min{1 — 2-VH# q3/2/(8\V2K)}, ifDis x?,

then we have f}(¢) < d*/?H/32V2K.

Proof of Theorem 5.5. Invoking Lemma D.2, we have

VF*A(S ) . Vﬂ',)\(s ) > iii(l _ e)j—l(l—i_fgﬁ _ é—E‘n'a) _ f)\(e)
1 1 1 1) = 2 st 9 J Jt 1
5 L& .
= =YD (= T L - GET (2 — 1) — £(6)
=1 i=1
5 N ‘
=172 2 (1= Mg — B (205 — 1) — f7(e)
=1 i=1
5 o ,
=120 2 (=g —E7 (a5 — 1) = f}e) (D.3)
=1 i=1
5 ’ H d
1= et Z Z &0 — E™ (25 — 1) — f7(e), (D.4)

where (D.3) follows from the fact that £;; € {—1,1}. To continue,

5 H d 5 H d
1d Z Z i — E™(2a5 — 1)| = 1d Z Z &0 — E™(2a;; — 1)[1{&n; # sign(E(2a;; — 1))}
j=1i=1

j=11i=1
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S H d
> 12 20 2 Hews # sign(E(20: ~ D)}

j=1i=1

)

where Dy (-, -) is the Hamming distance. Then applying the Assouad’s method (Lemma 2.12 in Tsybakov (2009)), we have
dH

infsupEe[Dy(€,€7)] 2 5 | min inf[Q(0(D) # ) + Qer (D) # €7
dH 1 1/2
> (1—(iDH@%g):lDKL(@g\l@g«)) ). (D.6)

where Dy represents the KL divergence. Next we bound Dy (Q¢||Q¢~ ), according to the definition of Q¢ (D), we have

K H
= H H (ahlsh) Ph (Sha1lshs an) Ri(rylsh. ap),
k=171=1

where Ry, (r]|s],, aj,) refers to the density function of (7, (s}, a},), 1) at r]. By the fact that the difference between the
two distributions Q¢ (D) and Q¢~ (D) lie only in the reward distribution corresponding to the index where £ and £™ differ,
we have

Die1(Qe(D) Qe (D ZDKL( (G )W (57en) = gz < 3 (-7

where the last inequality follows from the definition of J. By the fact that § = d®/2 //2K, we have

1) —e)H-1
RN

inf sup subopt(M,7,s,\) > max DKL(Q§||Q§W)) 1/2) — fMe) (D.8)

 MeM 4 (£.6m)=1

SH(1 —e)H-1
> % — file) (D.9)

d3/2H 1—¢ H-1
U9

8v2K

d3/2H B d3/2H (D 10)

T 16vV2K 322K )
1 H d

> E™ i(s,a)1; =s|, D.11
= 128\/5}; {g 1935, a)Lillz1 ]2 S} (D.1D)

where (D.8) holds by applying the inequality (D.4), (D.5) and (D.6) in order, (D.9) holds by (D.7), (D.10) holds by the
definition of € in (D.2), and (D.11) holds by Lemma F.4. Hence, it is sufficient for taking ¢ = 1/ 128+/2. This concludes the
proof.

O

E. Proof of Technical Lemmas
E.1. Proof of Lemma C.1
Proof. We first decompose the SubOpt(7, s, A) as follows:
SubOpt(#, s, A) = Vi (s) — Vi (s)
= Vi (s) = Vi(s) + Vi (s) = Vi (s),
() (ii)
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where ‘A/f‘(s) is computed in the algorithm. We next bound the term (i) and (ii) respectively. For term (i), the error comes
from the estimated error of the value function and the Q-function, therefore by (3.2) and the definition of the Qﬁ (s,a) in
meta-algorithm, for any h € [H|, we can decompose the error as:

Vi A (s) = Vi(s) = Qf (s, mh(s)) — @i (s, 7a(s))
< QF (s, mh(5)) — QA(s, 7 (5)) (E.1)
= TV (5, 75(9)) = TV (5. (8)) + T Vi (5,77 (5)) — Qi (s, 7 (s))
= TV (5, 75(9)) = TV (s, (s)) + 07 (s, 5 (5)), (E2)

where (E.1) comes from the fact that 7, is the greedy policy with respect to Qﬁ (s, a), the regularized robust Bellman update
error & is defined as:

(s, a) = TV (s,a) — Qr(s,a),¥(s,a) € S x A, (E.3)

which aims to eliminate the clip operator in the definition of Qﬁ (s,a). Denote the worst transition kernel w.r.t the regularized
Bellman operator as P = { P}, } n[], Where P, is defined as:

Py(ls,a) = argmin [Eorp, (1s.0) Vi1 ()] + Me(s, a), D(pn|p)]
BREA(S)E, Pp=(¢,ptn)

d
= di(s,a) argmin [Egy, Vit (s)] + AD (unillif ;)]
i=1 “‘}L.iEA(S)

d
= Z¢i(8,a)ﬂh,i(')7

where the /iy, ; is defined as fis ; = argmin,,, . ca(s) [Eomp , (Vi1 ()] 4+ AD (i |45, ;)] - Hence the difference between
the regularized Bellman operator and the empirical regularized Bellman operator can be bounded as

TV (5, 75(8) = TR Vi (s, ()

= ; 9 + inf ]Es’N s,k (s Vﬂ-*’)\ ' +A ’ h 7D OL
a(s, mh(s)) s EA(S) P pin) (B (g o [V 1 (8] + M, 77 (), Dkanllsr))]
—ra(s, mh(8)) — inf By, (st () [Vimer (8)] + Mp(s, 75 (5)), D(panl|23))]

BREA(S), Pr=(¢,pn)
A *, A
=< Eswﬁh(.\s,w;(s))[Vh+1(s/)] - Eswﬁh(~|sm;(s)) [Vh+1(3/)]
¥ *, A
= Es’Nﬁ’h(-\s,w}t(s))[VhAJrl(s/) —Viia (. (E4)
Combining inequality (E.2) and (E.4), we have for any h € [H]|
Vi M) = Vi(s) < Eswﬁh(.|5,ﬂ;(s))[Vh/\+1(5/) S COERACE AG) (E.5)

Recursively applying (E.5), we have

H
i) = Vlﬂ*’)‘(s) —VMs) < ZE”*’P[éﬁ(sh,ah)Hsl =s].
h=1

Next we bound term (ii), similar to term (i), by (C.1), the error can be decomposed to
Vit(s) = Vi (s) = Qn(s, 7n(s)) — Q) (s, a(s))
= T Vi1 (5,70 (s)) = 07 (s, 7n(s)) = TRVt (s, 7 (s)). (E.6)
Denote P™ = { P },c(x) Where Py} is defined as: V(s,a) € S x A,

Py (-|s,a) = argmin By (s Vi1 (s)] + M(s, a), D(pn|25))] -
nrEA(S)E, Pr=(¢,pn)
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Hence similar to the bound in (E.4), the difference between the regularized Bellman operator and the empirical regularized
Bellman operator can be bounded as

TAVidea (s, 7(5)) = TRVIEA (5,70 (5)) < Egropr (gs,n o [Vinra (87) = Vi i ()] (E.7)
Combining inequality (E.6), (E.7), we have for any h € [H]
Vi{\(s) - Vhﬁ’/\(s) < Es’~PZ‘(-|s,ﬁ'h(s))[Vh/\+1(8/) - Vhﬁ?(sl)] - 57)(3»7%(5)) (E.8)

Recursively applying (E.8), we have the “pessimisim” of the estimated value function that Vh € [H]

H
Vf\(s) =V )\ Z — O (sn, an)|s1 = 8]

Therefore combining the two bounds above, we have

SubOpt(i, 5, A) = (i) + (i) < ZE” P08 (sn,an)ls1 = 5] ZE”P — 0p(snyan)lls1 =s].  (E9)
h=1 h=1

Hence, it requires to estimate the range of the regularized Bellman update error 6,’) (s,a). Recall the definition in (E.3), we
claim that

0 < 0 (s,a) < 2T (s,a) (E.10)

holds for V(s,a,h) € S x A x [H]. For the LHS of (E.10), first we notice that if {(¢(s,a), w;) — T's(s,a) < 0, the
inequality holds trivially as Q7 (s,a) = 0. Next we consider the case where (¢ (s, a), w;) — s (s,a) > 0. By the definition
of Q@ (s, a) and the assumption in the lemma, we have
52\(53 a) - ﬁzAVh)\+1(sa a) - Qz(sa a)

= EAVh)\+1(sa a’) — min {<¢(8, a)v UA);/» - Fh(sv a)a H—h + 1}

2 77{\Vh>‘+1(8, a’) - <¢)(37 a)v ’11}})» + Fh(sﬂ a)

> 0.
On the other hand, by the assumption in the lemma, we have

<¢(57a)aw2> - Fh(sva) < 7;L>\Vh)\+1(saa) < H—-h+1.

Hence, we can upper bound 47 (s, a) as

0 (s,a) = TRV (s,a) — Qi(s, a)
= 77?17,1);1(3, a) — max{ ,a), 'u?f{) —T'x(s,a), 0}
< T Via(s,a) = (¢(s, a), wh> +I'n(s, a)
< 2T, (s, a).

This concludes the claim. Now it remains to bound the empirical transition kernel P. Noticing the fact that Vh €
[H], (s,a) € S x A,
AD(fi , 0,*) < Es/’\/ﬂh,i [IA/,L)‘_‘_l(s’)] + )‘D(ﬂh,z O,f)

= inf  [Egep Vi1 ()] + AD (il 1
Mh,ilélA(S) [ ) lh’l[ h+1(5 )] (ILL”v ||:u‘h,,zﬂ

i 0
< nf (B oy [V (8] + AD (i1, )] (E.11)

S Es N,u [Vh-i-l( /)]
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<
e Vi (o):

where (E.11) comes from the pessimism of value function, i.e Vh)‘ﬂ(s) <V (s),Yh € [H]. Hence, the empirical
transition kernel ﬁh( |s,a) is contained in the set 2/ (P°) defined in (5.1). Hence, by (E.9) and (E.10), we have

SubOpt(7, 5, A) < ZIE7r P 5h(sh,ah |s1 = 3] ZE”P — 0p(spyan)|s1 = 5|
h=1

H
< QZE”*’P[Fh(Sh,ahﬂsl = s]
h=1

H

<2 sup ZE”*’P[Fh(sh,ahﬂsl = s].
PeUN(PY) 1

This concludes the proof. O

E.2. Proof of Lemma C.2
Proof. For all h € [H], from the definition of wp,
Hwé ||2 = H]ESN;L‘,)L [Vh/\+1(s)}04h+1 ”2 < H\/E7

where the inequality follows from the fact that VhAH < H, for all h € [H]. Meanwhile, by the definition of w; in
Algorithm 3, and the triangle inequality,

K
e = A7 @57 an) Vit (5o |

T=1

K
<HY |IA; d(s7,a7)l2

T=1

= HZ Vol a) TA AL A (s ap)

H

< = D\, an) TA (s a, (E.12)
ﬂ7:1\/ (shap) " Ay @(s), af)
HVE | K

< — g @(s7,a})TA, ' @(sT,af) (E.13)

val
Hf\/Tr

Y(Ap —9T))

H\F
< 7\/ Tr(I)

Kd

v

=H

where (E.12) follows from the fact that ||A,j1 | < ~71, (E.13) follows from the Cauchy-Schwartz inequality. Then we
conclude the proof. O

E.3. Proof of Lemma C.3

Proof. By definition, we have
Vh+1< ) Vh+1( s)
B e 5, = e o) s < [ 1o)lads < va
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this concludes the proof of w}i‘. For 11)2‘,

fo\+1(slz+1>

K
il = A5 2 dlshah)e”

.

K
< Z A, (sh. a7l

N

= Z \/¢ Sh’ah)TA_l/QA 1A_1/2¢(sh’ah)

1
< — b(s7,a7) T AL p(sT, a, (E.14)
ﬂ;\/ (sh.ap) " Ay @(s], ap)
VE | &
SW ;(ﬁsh,ah VTA; o (sT, af) (E.15)
= f\/Tr Ah—’yI

5 -

where (E.14) follows from the fact that || A} || < 41, (E.15) follows from the Cauchy-Schwartz inequality. Then we
conclude the proof. O

E.4. Proof of Lemma C.4

Proof. Denote A = 32A; ", then we have ||0]|2 < L,||Al|2 < B2y~L. For any two functions V;, V» € V with parameters
(01, A1), (02, As), since both {-}[o, 71 and max, are contraction maps,

dist(V4, Va) (E.16)

< sup

s,a

$(s,0)T (61— 02) = A((log (1 + i I6:(s. a)Lilla, ) —log (1+ i I6:(s.a)Li]1a.) )|

L+ Z?ﬂ |¢i(s,a)li]|a,
d
+ > i1 l@i(s,a)1i]| a,

< s [67(61-62) I
PR, ||p||<1

d
1 ; i(s,a)1;
< sup ¢ (61 —8)+ N sup ’10g + 2371 I¢is, a)lillay | (E.17)
peR®:| | <1 pertfol<t! 14300 [l9i(s, a)lil|a,
we notice the fact that: for any z > 0,y > 0,
[log 1| = 105 (T2 + 1) < tog(la =41 + 1) < Jo .
Therefore, (E.17) can be bounded as:
d
EID< s [¢T(01—0:)+ A  sup \Z I 6i(s, a)Lill 4, — Z 645, @)Ll s
PER:[|p[|<1 PER:||$]I<1 i
= sup |¢T(91 - 02)| + A sup ‘ Z \/ Cbz]- A1¢'L i Qsz]- A2¢z
PER:[|p[|<1 PER:||P]I<1
<61 =62+ sup \/¢z — A2)¢il; (E.18)
$ERE: H¢H<1
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d
<61 = 622 + AV/[| Ay — Aq| oD > el

R[] <1 =S
< |61 — 022 + AV ]| A1 — As||p, (E.19)

where the (E.18) follows from the triangular inequality and the fact |\/z — \/y| < /|z —y|, and || - || denotes the
Frobenius norm. We next define that Cy is an ¢/2-cover of {8 € R?|||@||> < L}, and the C4 is an €2/4\2-cover of
{A € R™4|||A||r < d*/?B?*y~'}. By Lemma E.5, we have that:

ICo| < (1+4L/€)%,|Ca| < (1 + 8A2d'/2B2 j~e2) T,

By (E.19), for any V; € V), there exists 03 € Cg and Ay € C4 s.t Vo parametrized by (02, As) satisfying dist(V7, V2) < e.
Therefore, we have the following:

log |V (€)| < log|Ce| + log|Cal| < dlog(1+ 4L/€) + d?log(1 + 8A\2d'/2B? /~e?).
Hence we conclude the proof. O

E.5. Proof of Lemma C.5

Proof. By definition, we have that

~ 0 ~, 1 ~ 0 A 1 A 0 A
max (B0 (5ot g B R @) = B R 6RY]

~A
[P
B ‘ |:ae[(‘A/}LA+1)lnin)(‘}]’f\+1)nlax] 4)\

2

<+ 55l

.

(E.20)

where (E.20) follows by the fact that . [Vh)‘ﬂ(s)]a € [o, H],IAE“?W [Vh’\ﬂ(s)]i € [0, H?. O

E.6. Proof of Lemma D.2

Proof. We first proof the LHS of the lemma by induction from last stage H. From the definition of Vg”\ and 6y, we can
learn that

d
Vg’)\(51) =ru(si,m(s1)) = @(s1,m(s1)) 0y = % (d + Zin]E”aHi).
i=1

This is the base case. Now suppose the conclusion holds for stage h + 1, that is to say,
h d
T, i h— -
Vigi(s1) < 2d Z (1—e™" 1<d+ (ijiE aji))~
j=h+1 i=1

Recall the regularized robust bellman equation in Proposition 3.2 and the regularized duality of the three divergences, we
have

™A . TN 0
, - £ Eyop foa [V Me(s,a), D
QP ena) =)+ int [ e [V ()] + M5, 0), Dl 1))
< r(s1,0) + By po( sy, Vi (5))] (E21)
=rp(s1,a)+ (1 — e)Vhw_ﬁ(sl). (E.22)

Then with regularized robust bellman equation in Proposition 3.2 and the inductive hypothesis, we have
Vi (s1) = Q7 (s1,m(s51)
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< ru(s1,ma(s1)) + (1 — Vi) (1) (E.23)
5 S 5 & B}
= ﬁ(d'FZgME ahi) zdj_zh;rl (1—e)’™ h(d+ (;QZE a]z))

(Sdi:: 1— €)™ h(d+ (ZgﬂE a”)>

Hence, by the induction argument, we conclude the proof of the RHS. Furthermore, for any h € [H], we can upper bound
VA (s) as

H d
VIA(s) < % - e)j*h(d + (ZgﬁE”aﬁ)) < S(H —h) < MNH —h)/H < ), (E.24)
ji=h i=1

where the third inequality holds by the definition of 6. For the left, we prove by discussing the KL, x? and TV cases
respectively.

Case I - TV. The case for TV holds trivially as by Proposition 4.3, we have

W (s1,0) =ra(sta) + neas e B (s Viia (5] + Ae(s,a), D(unl|17))]
= ra(s1,) + (@(51,0) Eyrropsg Vi (i, (073 (51))40) (E.25)
= rn(s1,0) + By po (o0 [Viih (5 antn,, (V72 ()2
= ru(s1,a) + (1 — eV (s1), (E.26)

where (E.26) holds by (E.24). Hence, the inequality in (E.23) holds for equality. This concludes the proof for TV-divergence.

Case Il - KL. We prove by induction. The case holds trivially in last stage H. Suppose

SRSV IR e e
TG0 2 55 30 (= (XD 6E e ) ) — (= hele = 1)

j=h+1

Recall the duality form of Proposition 4.6, the Q-function at stage h can be upper bounded as:

™A . TN 0
: — ru(se, f Eyp, (foa) [V Me(s,a), D
Qp, " (s1,a) =rp(s1,a) + s EAS) S P (b gin) [Egnpyls,a) [Viga (8] + M(s, a), D(pnl|p))]

=rp(s1,a) + (@(s1,a), —AlogEy o™ VT (s /Ay
=rp(s1,a) — Alog (e +(1—€)e” ;fﬁ(sl)//\)
= rp(s1,a) + Vh+1( 1) — Mlog (ee Vil (s)/x 4 +(1—e)
ri(s1,a) + V7 (s1) — Ae(e¥iiG0/A _q) (E.27)
rr(s1,a) + Vi (s1) — Aee — 1), (E.28)

where (E.27) follows by the fact that log(1 + z) < x,Va > 0, (E.28) follows by (E.24). Therefore, by the inductive
hypothesis, we have

Vi (s1) = QN (s1,7(s1))
> rp(s1,mr(s1)) + (1 — e)Vhﬂ_ﬁ(sl) —Xe(e—1)

H d
5 . B}
— >y "+ (Y &iEmaz)) = (H = h)Ae(e - 1).
J=h i=1
This finishes the KL setting.
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Case III - y2. Similar to the case in TV, KL, by the duality of x2 in Proposition 4.8, we have
y y p

A . TN () 0
’ - f Eomp, (ls.a) Vi Mep(s,a), D
n(s1,0) = rn(s1,a) teas e [Egnry(lsa) [Viga (8] + Me(s,a), D(pnllpi))]

— 1— VT A € A 2
e 0-0,  mn, Ml SR}

> 1 (s1,0) + (1= ) [V (1) = 15 VA (s
(1 —¢)

> rp(s1,a) + (1 — )V (s1) — T (E.29)
where (E.29) follows by (E.24). Hence, similar to Case II, by induction, we have
5 & (1 —¢)
7'r,>\ _
(s 232 v h(“(zw 05)) = (H = ) ===
This finishes the x? setting, and we complete the proof. O

F. Auxiliary Lemmas

Lemma F.1 (Lemma D.3 of Liu & Xu (2024a)). For any h € [H], let V), denote a class of functions mapping from S to R
with the following form:

Vi(236, 5, Ar) = max { ¢(s,) 6 - 5Z||¢z illag )

)
[0,H—h+1]

the parameters (0, 8, Ay,) satisfy ||@]|2 < L, € [0, B], Ymin(Ar) > 7. Let N} (€) be the e-covering number of V with
respect to the distance dist(V4, V2) = sup,, |Vi(x) — Va(x)|. Then

log i, (€) < dlog(1 +4L/€) + d* log(1 + 8d/?B? /v€?).

Lemma F.2 (Corollary 4.2.11 of Vershynin (2018)). Denote the e-covering number of the closed interval [a, b] for some real
number b > a with respect to the distance metric d(a, ag) = oy — aa] as N([a, b]), then we have N, ([a, b]) < 3(b—a)/e.

Lemma F.3 (Lemma B.2 of Jin et al. (2021)). Let f : S — [0, R — 1] be any fixed function. For any ¢ € (0, 1), we have

(qush,ah (DI > RA(210g(1/) + dlog(1 +K/v))) 5

where ng(f) = Es’wPﬁ(-\sz,az)[f(sl)] - f(s;;-i-l)'

Lemma F.4 (Lemma F.3 of Liu & Xu (2024b)). If K > O(d®) and the feature map is define as Appendix D.1, then with
probability at least 1 — §, we have for any transition P,

H d
. Ad3/2H
P . . —
hg:lIE {;_1 ||¢z(s,@)11||A;1|sl = 31} < il

Lemma F.5 (Lemma 5.2 of Vershynin (2010)). For any ¢ > 0, the € -covering number of the Euclidean ball in R with
radius R > 0 is upper bounded by (1 + 2R/¢)%.
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