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Abstract
Advanced machine learning models often rely on massive datasets distributed across many

nodes. To reduce communication overhead in large-scale stochastic optimization, compression is
widely used, though it may introduce noise and harm convergence. Error feedback mitigates this
by accumulating and reusing compression error, while Hessian-vector products provide variance
reduction and improve complexity. Building on these ideas, we design a distributed algorithm
for finding 𝜀-stationary points of nonconvex 𝐿-smooth functions that leverages error feedback,
normalization, and second-order momentum. Unlike prior methods requiring problem parameters
to tune stepsizes, our algorithm is parameter-agnostic: it uses 𝒪(1) batch size and a time-varying
learning rate independent of 𝐿 and the functional gap. The method achieves 𝒪(𝜀−3) communication
complexity.

1. Introduction

Distributed optimization has gained significant attention in Machine Learning (ML) due to the
growing scale of modern problems, such as training deep neural networks with billions of parameters
on massive datasets [15, 47]. To keep training feasible, tasks like stochastic gradient computation
are parallelized via distributed methods [33, 52, 90]. These methods are particularly relevant in
Federated Learning (FL), where data is naturally distributed and must remain private [42, 49, 55].

A central challenge in distributed training is communication efficiency. Compression tech-
niques [3, 38, 86] reduce communication by applying a compressor to transmitted gradients. How-
ever, aggressive compression can harm training or even cause divergence. Error feedback methods
address this by compensating lost information, e.g., EF14 [5, 32, 74, 77, 87], EF21 and its vari-
ants [26, 27, 29, 34, 45, 71].

Normalization [35, 89, 90] further stabilizes error feedback in nonconvex optimization and
reduces parameter sensitivity. Yet normalized updates may amplify errors; large batches mitigate this
but are costly. Cutkosky and Mehta [19] showed momentum can remove the need for large batches
when optimizing nonconvex functions.

Finding global optima of nonconvex functions is NP-hard [57], so analysis focuses on critical
points. SGD finds an 𝜀-approximate critical point in 𝒪(𝜀−4) stochastic gradients [30]. Despite
heuristics such as adaptive methods and learning-rate schedules [46, 54, 70], no asymptotic im-
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provement over this rate exists, which is optimal for first-order methods [9]. To go beyond, limited
second-order information can be exploited.

Tran and Cutkosky [83] proposed SGDHess, which uses Hessian-vector products to correct
momentum bias and achieves the optimal 𝒪(𝜀−3) complexity. Similarly, Arjevani et al. [8] gave
lower bounds showing 𝑝th-order methods (𝑝 ≥ 2) cannot beat this rate. While Newton’s method is
powerful, its 𝒪(𝑑3) cost is prohibitive for deep learning [14]. By contrast, Hessian-vector products
can be computed as efficiently as gradients [62].

Recently, He et al. [37] proposed NEOLITHIC, a nearly optimal first-order method with
compression, but higher-order information was not considered.

These developments raise a key question:
Can one design a method that combines communication compression, error feedback, normaliza-

tion, and practical higher-order momentum for nonconvex distributed optimization, with convergence
guarantees?

In this paper, we answer this question positively.

2. Preliminaries

Problem formulation. We consider the distributed nonconvex stochastic optimization problem:

min
𝑥∈R𝑑

𝑓(𝑥) :=
1

𝑛

𝑛∑︁
𝑖=1

𝑓𝑖(𝑥), 𝑓𝑖(𝑥) := E𝜉𝑖∼𝒟𝑖
[𝑓𝑖(𝑥; 𝜉𝑖)] , for 𝑖 = 1,2, . . . ,𝑛. (1)

Here, 𝑛 is the number of clients, 𝑥 ∈ R𝑑 represents the parameters of the model we aim to train, and
𝑓𝑖(𝑥) is the loss of model parameterized by the vector 𝑥 on the data 𝒟𝑖 privately known by client 𝑖.

The goal is to find an 𝜀-approximate stationary point, i.e. a point 𝑥 such that E [‖∇𝑓(𝑥)‖] ≤ 𝜀.
The expectation is taken with respect to the randomness of the stochastic gradient oracle and the
internal randomness of the algorithm.

Assumptions. We impose standard assumptions on objective functions and compression operators
for analyzing first-order optimization algorithms.

Assumption 1 The function 𝑓 : R𝑑 → R is bounded from below, i.e., 𝑓 inf = inf
𝑥∈R𝑑

𝑓(𝑥) > −∞.

Furthermore, each 𝑓𝑖 : R𝑑 → R𝑑 is 𝐿-smooth if there exists 𝐿 > 0 such that

‖∇𝑓𝑖(𝑥)−∇𝑓𝑖(𝑦)‖ ≤ 𝐿 ‖𝑥− 𝑦‖ , ∀𝑥,𝑦 ∈ R𝑑.

Assumption 2 The local stochastic gradient ∇𝑓𝑖(𝑥; 𝜉) at client 𝑖 is an unbiased estimator of ∇𝑓𝑖(𝑥)
with bounded variance if it satisfies

E [∇𝑓𝑖(𝑥; 𝜉𝑖)] = ∇𝑓𝑖(𝑥), and E
[︁
‖∇𝑓𝑖(𝑥; 𝜉𝑖)−∇𝑓(𝑥)‖2

]︁
≤ 𝜎2

𝑔 , ∀𝑥 ∈ R𝑑.

Furthermore, the local stochastic Hessian ∇2𝑓𝑖(𝑥; 𝜉) at client 𝑖 is an unbiased estimator of ∇2𝑓𝑖(𝑥)
with bounded variance if it satisfies

E
[︀
∇2𝑓𝑖(𝑥; 𝜉𝑖)

]︀
= ∇2𝑓𝑖(𝑥), and E

[︁⃦⃦
∇2𝑓𝑖(𝑥; 𝜉𝑖)−∇2𝑓(𝑥)

⃦⃦2]︁ ≤ 𝜎2
ℎ, ∀𝑥 ∈ R𝑑.

Assumption 3 (Contractive compression) A biased but possibly randomized compressor 𝒞 :
R𝑑 → R𝑑 is 𝛼-contractive with its sample 𝜉𝑖 ∼ 𝒟𝑖 if there exists 𝛼 ∈ (0,1] such that

E
[︁
‖𝒞(𝑣)− 𝑣‖2

]︁
≤ (1− 𝛼) ‖𝑣‖2 , ∀𝑣 ∈ R𝑑.
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Table 1: A theoretical comparison of error feedback methods using contractive compressors for
distributed optimization in a heterogeneous setting.

Method Work Complexity
EF14 Seide et al. [74] 𝒪

(︀
𝜀−4
)︀

Choco-SGD Koloskova et al. [48] 𝒪
(︀
𝜀−4
)︀

EF21-SGD Fatkhullin et al. [26] 𝒪
(︀
𝜀−4
)︀

EF21-SGDM Fatkhullin et al. [27] 𝒪
(︀
𝜀−4
)︀

‖EF21-SGDM‖ Khirirat et al. [45] 𝒪
(︀
𝜀−4
)︀

‖EF21-SGDM-HES‖ This work 𝒪̃
(︀
𝜀−3
)︀

3. New method and upper bounds

We propose a distributed algorithm, ‖EF21-SGDM-HES‖ (Algorithm 1), which combines error
feedback, normalization, and Hessian-corrected momentum. Unlike most error feedback methods
that require knowledge of problem parameters to tune stepsizes, our algorithm is parameter-agnostic:
it uses 𝒪(1) batch size per iteration and a time-varying learning rate depending only on the iteration
count, not on 𝐿 or the functional gap 𝑓(𝑥0)− 𝑓 inf .

Previous work includes EF21 [71], which guarantees convergence with any contractive com-
pressor without restrictive assumptions, and EF21-SGDM [27], which incorporates local stochastic
gradients and first-order momentum for nonconvex problems.

We also study ‖EF21-SGDM‖, a normalized variant of EF21-SGDM from [45], originally
analyzed for generalized-smooth nonconvex optimization. Normalization was shown to significantly
stabilize error feedback in that setting. Here, we establish convergence under the standard smooth
Assumption 1, while removing stepsize dependence on 𝐿, making the method parameter-agnostic
and practical for training neural networks.

Let Δ0 = 𝑓(𝑥0)− 𝑓 inf and E [𝑉0] = Δ0 +
2𝛾0

√
1−𝛼

1−
√
1−𝛼

.

Theorem 1 (Convergence of ‖EF21-SGDM‖) Let function 𝑓, functions {𝑓𝑖}𝑛𝑖=1 and stochastic
gradients satisfy Assumptions 1 and 2. Let the set of compressors satisfy Assumption 3. Denote
through 𝑥̃𝑇 a random point equal to 𝑥𝑡 with probability 𝛾𝑡∑︀𝑇−1

𝑡=0 𝛾𝑡
, 𝑡 = 0, . . . ,𝑇 − 1. Then the iterates

{𝑥𝑡}𝑇−1
𝑡=0 of ‖EF21-SGDM‖ satisfy

E [‖∇𝑓(𝑥̃𝑇 )‖] ≤
𝑉0

𝛾0𝑇
1/4

+
2𝐷1𝐿 log 𝑇

𝑇 1/4
+

2𝜎𝑔√
𝑛

log 𝑇

𝑇 1/4

+
1

𝑇 1/4
𝛾0

(︂
𝐿+

4
√
1− 𝛼

1−
√
1− 𝛼

𝐿

)︂
+

1

𝑇 1/4

64
√
1− 𝛼

1−
√
1− 𝛼

𝜎𝑔.

It follows from Theorem 1 that ‖EF21-SGDM‖ has a convergence rate of 𝒪
(︁
log 𝑇

𝑇 1/4

)︁
. Therefore, the

complexity of the algorithm is 𝑇 = 𝒪̃
(︀
𝜀−4
)︀
.

In Theorem below we state the convergence result for the main algorithm of our paper —
‖EF21-SGDM-HES‖. In contrast to ‖EF21-SGDM‖, the first-order heavy ball momentum is
replaced with Hessian-vector product correction in the momentum [83]. Using fast Hessian multipli-
cation [62], Hessian-vector products can be evaluated as efficiently as gradients.
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Algorithm 1 Normalized EF21 with Hessian-corrected momentum ‖EF21-SGDM-HES‖

1: Input: Starting point 𝑥0 ∈ R𝑑, number of epochs 𝑇, constant 𝛾0 > 0, initial batchsize 𝐵init ≥ 1,

2: Set 𝑣0𝑖 = 𝑔0𝑖 = 1
𝐵init

∑︀𝐵init
𝑗=1 ∇𝑓𝑖(𝑥

0,𝜉0𝑖,𝑗), 𝑖 = 1, . . . ,𝑛
3: for 𝑡 = 0, . . . , 𝑇 − 1 do

4: Set 𝛾𝑡 = 𝛾0

(︁
1

𝑡+1

)︁ 3
4 and 𝜂𝑡 =

(︁
2

𝑡+2

)︁ 1
2 for ‖EF21-SGDM‖

5: Set 𝛾𝑡 = 𝛾0

(︁
1

𝑡+1

)︁2/3
and 𝜂𝑡 =

(︁
2

𝑡+2

)︁2/3
for ‖EF21-SGDM-HES‖

6: Master computes 𝑥𝑡+1 = 𝑥𝑡 − 𝛾𝑡
𝑔𝑡

‖𝑔𝑡‖
7: Master computes 𝑥̂𝑡+1 = 𝑞𝑡𝑥

𝑡+1 + (1 − 𝑞𝑡)𝑥
𝑡, where 𝑞𝑡 ∼ 𝑈 ([0,1]) , only for

‖EF21-SGDM-HES‖
8: for all nodes 𝑖 = 1, . . . , 𝑛 do
9: 𝑣𝑡+1

𝑖 = (1− 𝜂𝑡) 𝑣
𝑡
𝑖 + 𝜂𝑡∇𝑓𝑖

(︀
𝑥𝑡+1,𝜉𝑡+1

)︀
heavy ball (HB) momentum for ‖EF21-SGDM‖

10: 𝑣𝑡+1
𝑖 = (1− 𝜂𝑡)

(︁
𝑣𝑡𝑖 +∇2𝑓𝑖

(︁
𝑥̂𝑡+1,𝜉𝑡+1

)︁ (︀
𝑥𝑡+1 − 𝑥𝑡

)︀)︁
+ 𝜂𝑡∇𝑓𝑖

(︀
𝑥𝑡+1,𝜉𝑡+1

)︀
second-

order momentum (SOM) for ‖EF21-SGDM-HES‖
11: Compress 𝑐𝑡+1

𝑖 = 𝒞𝑡+1
𝑖

(︀
𝑣𝑡+1
𝑖 − 𝑔𝑡𝑖

)︀
12: 𝑔𝑡+1

𝑖 = 𝑔𝑡𝑖 + 𝑐𝑡+1
𝑖

13: end for
14: Master computes 𝑔𝑡+1 = 1

𝑛

∑︀𝑛
𝑖=1 𝑔

𝑡+1
𝑖 via 𝑔𝑡+1 = 𝑔𝑡 + 1

𝑛

∑︀𝑛
𝑖=1 𝑐

𝑡+1
𝑖

15: end for

Theorem 2 (Convergence of ‖EF21-SGDM-HES‖) Let function 𝑓, functions {𝑓𝑖}𝑛𝑖=1 and stochas-
tic gradients satisfy Assumptions 1 and 2. Let the set of compressors satisfy Assumption 3. Denote
through 𝑥̃𝑇 a random point equal to 𝑥𝑡 with probability 𝛾𝑡∑︀𝑇−1

𝑡=0 𝛾𝑡
, 𝑡 = 0, . . . ,𝑇 − 1. Then the iterates

{𝑥𝑡}𝑇−1
𝑡=0 of ‖EF21-SGDM-HES‖ satisfy

E [‖∇𝑓(𝑥̃𝑇 )‖] ≤
E[𝑉0]

𝛾0𝑇 1/3
+ 8𝐷1𝛾0

(︂
𝜎𝑛√
𝑛
+ 𝐿

)︂
log 𝑇

𝑇 1/3
+ 2𝐷2

𝜎𝑔√
𝑛

log 𝑇

𝑇 1/3

+ 3𝛾0

(︂
𝐿

2
+

4
√
1− 𝛼

1−
√
1− 𝛼

(𝜎𝑛 + 𝐿)

)︂
1

𝑇 1/3
+

24
√
1− 𝛼

1−
√
1− 𝛼

𝜎𝑔 ·
1

𝑇 1/3
.

It follows from Theorem 2 that ‖EF21-SGDM-HES‖ has a convergence rate of 𝒪
(︁
log 𝑇

𝑇 1/3

)︁
. There-

fore, the complexity of the algorithm is 𝑇 = 𝒪̃
(︀
𝜀−3
)︀
, which is better than the complexity

𝑇 = 𝒪̃
(︀
𝜀−4
)︀
, of ‖EF21-SGDM‖. In the next section we establish the lower bounds and show that

Algorithm 1 ‖EF21-SGDM-HES‖ is optimal.

4. Conclusion

This paper addresses the role of higher-order methods in distributed stochastic nonconvex optimiza-
tion under communication constraints. We propose ‖EF21-SGDM-HES‖, the first algorithm to
combine communication compression with Hessian-based momentum in the nonconvex setting. Our
method achieves a nearly optimal convergence rate of ̃︀𝒪(𝜀−3), improving upon existing first-order
methods, and matches the established lower bound for second-order methods.
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The algorithm is parameter-agnostic and converges with constant batch sizes. Synthetic experi-
ments confirm that ‖EF21-SGDM-HES‖ offers improved convergence over its first-order counterpart,
despite initial oscillations from Hessian noise. These results highlight the potential of higher-order
information in efficient distributed optimization.
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Appendix A. Related work

Distributed optimization. The massive amount of data needed for state-of-the-art models has
made distributed computing systems a necessity [21]. As data and model sizes continue to grow,
single-machine approaches can no longer scale to meet storage and computational requirements. The
distributed nature of data collection and processing has led to the emergence of Federated Learning
(FL) [49, 55] — a framework in which heterogeneous clients collaboratively train a shared model on
diverse, decentralized data, without sharing their raw data, thereby preserving privacy. In FL, devices
communicate directly with a central server that coordinates the optimization process. Each device
performs local computations on its private dataset and sends results—such as model updates—to
the server. The server aggregates these updates, carries out global computations, and distributes the
updated model parameters back to the devices. This cycle repeats until the model converges or reaches
a satisfactory level of accuracy. Typically, in each round, every client transmits a dense gradient
vector, which often contains millions of parameters, which imposes a substantial communication
overhead on the network. Techniques capable of diminishing the volume of bits transmitted include:
acceleration [51, 58, 59, 88], local training [24, 44, 55, 56, 66], and communication compression,
which is investigated in our paper.

Communication compression. The majority of common compression techniques fall into one
of two categories: sparsification or quantization. Quantization transforms input vectors from a high-
precision domain such as 32-bit values into a reduced set of discrete representations such as 8-bit
values. Algorithms that use quantization include SignSGD [12, 75], QSGD [3], TernGrad [86].
Natural compressors were introduced in [38]. Correlated quantizers were studied in [60, 79].
Sparsification techniques minimize communication overhead by transmitting only a selected sparse
part of the vector at each step. A common sparsification strategy involves randomly discarding some
entries to produce a sparse vector [85]. Another common approach is to transmit only a subset
of the largest values in the gradient [78]. Convergence results with sparsification can be found in
works [4, 23]. Many examples of biased and unbiased sparsifiers, such as TopK and RandK, as
well as many quantizers, are explored in works [13, 22]. Szlendak et al. [80] considered correlated
sparsification and suggested a PermK sparsifier.

Error feedback (error compensation). Error feedback mechanisms have been introduced to
enhance the convergence of compression algorithms while maintaining communication efficiency.
EF14, the earliest version of error feedback, was introduced by Seide et al. [74]. It was later rigorously
analyzed in the context of first-order algorithms, both in single-node settings [43, 77] and distributed
environments [5, 11, 32, 67, 81, 82, 87]. Building on the foundations of error feedback, EF21,
introduced by [71], delivers fast convergence guarantees for distributed gradient methods under any
contractive compression scheme without relying on restrictive assumptions such as bounded gradient
norms or data heterogeneity. EF21 can be effectively extended to stochastic optimization settings
via large mini-batch strategies [26] or momentum-based techniques [27]. Advancing the field even
further, EControl, proposed by Gao et al. [29], establishes provably tighter complexity bounds for
distributed stochastic optimization over previous error feedback frameworks.

Lower bounds. Lower bounds define the theoretical limits of how well an algorithm or a class
of algorithms can perform in optimization. Much of the existing research has focused on deriving
such bounds, especially in the context of convex problems, [1, 6, 7, 10, 25, 28, 59].

In the nonconvex setting, [16, 17] introduce the zero-chain model and derive tight complexity
bounds for both deterministic and randomized first-order algorithms. [16] establish that for any
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randomized algorithm here exists a function 𝑓 with 𝑝-th order Lipschitzian derivatives such that
algorithm must perform at least 𝜀−

𝑝+1
𝑝 oracle queries to locate an 𝜀-stationary point. Arjevani

et al. [9], Zhou and Gu [94] subsequently broaden the methodology to encompass both finite-sum
and stochastic optimization settings. [8] establish a stochastic oracle complexity lower bound of
Ω(𝜀−3) for finding an 𝜀-approximate stationary point. Moreover, they demonstrate that this bound
remains unimprovable even when employing stochastic 𝑝-th order methods for any 𝑝 ≥ 2, assuming
all derivatives up to order 𝑝 are Lipschitz. Within distributed stochastic optimization employing
communication compression, Philippenko and Dieuleveut [64] establish an algorithm-specific lower
bound for strongly convex functions. [39] studies nonconvex distributed scenario, [37] studies
nonconvex, convex and strongly convex distributed scenarios.

Normalization. One popular modification of the SGD-type methods is the use of normalized
updates [35, 89, 90]. This update method builds on the key idea that in nonconvex problems, unlike
convex ones, the size of the gradient often says little about the function value, whereas its direction
still points toward the steepest descent. Khirirat et al. [45] show that normalization stabilizes the
behavior of error feedback algorithms for minimizing nonconvex functions. Normalization usually
demands that the gradient noise be very low or that the algorithm use extremely large batch sizes
to ensure convergence. This is because normalization can amplify even tiny errors. Cutkosky and
Mehta [19] prove that adding momentum eliminates the need for large batch sizes when optimizing
non-convex objectives.

Momentum. Inspired by the heavy-ball [65] and acceleration [58] algorithms in convex opti-
mization, momentum seeks to enhance the convergence rate on non-convex objectives by altering
the update rule. Essentially, the update maintains a running average of past gradients, aiming to
improve stability and conditioning, thereby enabling better performance compared to standard SGD.
Momentum has proven remarkably effective in practice [46]. Although several studies [70, 91] have
examined momentum-based methods, none have established meaningful theoretical advantages over
SGD. [9] showed that the rate of vanilla SGD is optimal.

Second-order methods. Due to the quadratic scaling of Hessian matrices with respect to the
problem dimension—requiring 𝑑2 floating-point values per matrix—the main bottleneck in deploying
second-order methods in distributed settings lies in the communication overhead. To mitigate the
prohibitive cost of transmitting full Hessians, numerous algorithms such as DiSCO [53, 72, 93, 95],
GIANT [69, 76, 84], and DINGO [18, 31] have adopted strategies that leverage Hessian-vector
products to encode second-order information more compactly. Parallel to these approaches, a distinct
line of research has drawn inspiration from compressed first-order methods to directly apply lossy
compression to Hessian matrices. Techniques such as DAN-LA [92], Quantized Newton [2],
NewtonLearn [40], FedNL [73], Newton-3PC [41], Basis Learn [68], and IOS [20] significantly
reduce communication by lowering the number of bits required to represent the Hessian.

Appendix B. Our contributions

In this paper, we explore the construction of lower bounds for a certain class of algorithms, as well as
the development of stochastic estimators for 𝑝-th order derivatives. We address one of the important
questions in distributed stochastic optimization: whether 𝑝-th-order methods offer any advantages
over lower-order methods. This work makes the following core contributions:
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◆ New method. We propose a new method for stochastic distributed nonconvex optimization,
called ‖EF21-SGDM-HES‖ — Normalized EF21 with Hessian-corrected momentum. To
the best of our knowledge, this is the first algorithm in nonconvex case that incorporates
communication compression and the second-order momentum. It also exploits a modern error
feedback mechanism to mitigate the negative effects of compression and enhance convergence
while maintaining communication efficiency. Additionally, it employs normalized updates to
stabilize practical performance. The pseudocode, discussion of the method, and convergence
guarantees can be found in Section 3.

◆ Optimal rate. We investigate whether higher-order methods can improve the sample and
communication complexities. We obtain an affirmative answer. Previous first-order dis-
tributed stochastic optimization metods such as ‖EF21-SGDM‖ by Khirirat et al. [45] and
NEOLITHIC by He et al. [37] achieve the rate of 𝒪

(︀
𝜀−4
)︀
. We use a limited access to second-

order information employing Hessian-corrected momentum to achieve a better rate of 𝒪̃
(︀
𝜀−3
)︀

for ‖EF21-SGDM-HES‖ (see Section 3). We establish the lower bound for distributed stochas-
tic methods of 𝑝-th order, 𝑝 ≥ 2, with communication compression on nonconvex problems
(see Section ??). The complexity bound is Ω

(︀
𝜀−3
)︀

which implies that ‖EF21-SGDM-HES‖
is nearly optimal up to the logarithmic factor (see Table 1).

◆ No parameter dependence. The learning rate of ‖EF21-SGDM-HES‖ depends neither
on the smoothness constant 𝐿 nor on the suboptimality gap 𝑓(𝑥0) − 𝑓 inf , but only on the
iteration count (i.e., it uses a time-varying learning rate, see Line 5 in Algorithm 1). Both of
these quantities are rarely known in practice. Error feedback algorithms may require large
batch size to converge. ‖EF21-SGDM-HES‖ converges with the batchsize of 𝒪 (1) . The
parameter-agnostic nature of our algorithm makes it particularly well-suited for real-world
problems. Additionally, we incorporate time-varying stepsizes into ‖EF21-SGDM‖ method
from [45] and prove its convergence in the 𝐿-smooth case.

◆ Assumptions on samples. In our analysis, we do not impose the standard assumption that
individual sample functions are 𝐿-smooth, i.e., we do not require their gradients to be Lipschitz
continuous. Instead, we relax this condition and only assume that the variance of the stochastic
gradients, as well as the variance of the stochastic Hessians, are uniformly bounded. These
assumptions are sufficient to ensure the convergence of the proposed methods without relying
on strong smoothness conditions.

◆ Numerical evaluation. We conduct a synthetic experimental study to evaluate the performance
of two parameter-agnostic optimization methods: ‖EF21-SGDM‖ and its Hessian-enhanced
variant, ‖EF21-SGDM-HES‖. Using data generated via scikit-learn with controlled
parameters (𝑀 = 10 clients, 𝑛 = 100 samples per client, 𝑑 = 20 dimensions, and regular-
ization parameter 𝜆 = 4), we assess convergence behavior under identical initialization and
update settings. Our results show that while ‖EF21-SGDM-HES‖ exhibits greater oscillations
due to noisy Hessian approximations, it ultimately achieves superior convergence performance
compared to the baseline method.
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Appendix C. Technical Lemmas

Basic Facts. For a concave function 𝑓(·), 𝑛 ∈ N and 𝑥1,𝑥2, . . . ,𝑥𝑛,𝑦 ∈ R𝑑,

⟨𝑥, 𝑦⟩ ≤ ‖𝑥‖ ‖𝑦‖ , (2)

‖𝑥+ 𝑦‖ ≤ ‖𝑥‖+ ‖𝑦‖ , (3)

‖𝑥+ 𝑦‖2 ≤ 2 ‖𝑥‖2 + 2 ‖𝑦‖2 , and (4)

𝑓

(︂∑︀𝑛
𝑖=1 𝑥𝑖
𝑛

)︂
≤ 1

𝑛

𝑛∑︁
𝑖=1

𝑓(𝑥𝑖). (5)

Appendix D. Upper Bounds

Recall that Algorithm 1 updates the iterates {𝑥𝑘} using the gradient update:

𝑥𝑡+1 = 𝑥𝑡 − 𝛾𝑡
𝑔𝑡

‖𝑔𝑡‖
,

where 𝑔𝑡 = 1
𝑛

∑︀𝑛
𝑖=1 𝑔

𝑡
𝑖 , and 𝑔𝑡+1

𝑖 is the memory vector defined by

𝑔𝑡+1
𝑖 = 𝑔𝑡𝑖 + 𝒞𝑡+1

𝑖

(︀
𝑣𝑡+1
𝑖 − 𝑔𝑡𝑖

)︀
. (6)

Here, 𝑣𝑡+1
𝑖 is the momentum vector defined by

𝑣𝑡+1
𝑖 = (1− 𝜂𝑡) 𝑣

𝑡
𝑖 + 𝜂𝑡∇𝑓𝑖

(︀
𝑥𝑡+1,𝜉𝑡+1

)︀
and (7)

𝑣𝑡+1
𝑖 = (1− 𝜂𝑡)

(︁
𝑣𝑡𝑖 +∇2𝑓𝑖

(︁
𝑥̂𝑡+1,𝜉𝑡+1

)︁ (︀
𝑥𝑡+1 − 𝑥𝑡

)︀)︁
+ 𝜂𝑡∇𝑓𝑖

(︀
𝑥𝑡+1,𝜉𝑡+1

)︀
(8)

for ‖EF21-SGDM‖ and ‖EF21-SGDM-HES‖, respectively.

E𝜉𝑡+1,𝑞𝑡+1
[∇2𝑓𝑖(𝑥̂

𝑡+1,𝜉𝑡+1)(𝑥𝑡+1−𝑥𝑡)] = E𝜉𝑡+1,𝑞𝑡+1
[∇2𝑓𝑖(𝑥̂

𝑡+1,𝜉𝑡+1)](𝑥𝑡+1−𝑥𝑡) = E𝑞𝑡+1 [∇2𝑓𝑖(𝑥̂
𝑡+1)](𝑥𝑡+1−𝑥𝑡) =

∫︁ 1

0
∇2𝑓𝑖(𝑞𝑥

𝑡+1+(1−𝑞)𝑥𝑡)(𝑥𝑡+1−𝑥𝑡)𝑑𝑞 = ∇𝑓𝑖(𝑥
𝑡+1)−∇𝑓𝑖(𝑥

𝑡)

Lyapunov Function: To analyze ‖EF21-SGDM‖ and ‖EF21-SGDM-HES‖, we rely on the
following Lyapunov function.

𝑉𝑡 = Δ𝑡 + 𝐶1,𝑡𝒱𝑡 + 𝐶2,𝑡𝒰𝑡,

where

𝒱𝑡 =
1

𝑛

𝑛∑︁
𝑖=1

‖𝑔𝑡𝑖 − 𝑣𝑡𝑖‖, and 𝒰𝑡 =
1

𝑛

𝑛∑︁
𝑖=1

‖𝑣𝑡𝑖 −∇𝑓𝑖(𝑥
𝑡)‖

with the coefficients defined by

𝐶1,𝑡 =
2𝛾𝑡

1−
√
1− 𝛼

, 𝐶2,𝑡 =
2𝛾𝑡

√
1− 𝛼

1−
√
1− 𝛼

.

Lemma 3 Let Assumption 1 hold. Then for the iterates {𝑥𝑡}𝑡≥0 generated by the following gradient
update

𝑥𝑡+1 = 𝑥𝑡 − 𝛾𝑡
𝑔𝑡

‖𝑔𝑡‖
(9)
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satisfy

Δ𝑡+1 + 𝛾𝑡‖∇𝑓(𝑥𝑡)‖ ≤ Δ𝑡 + 2𝛾𝑡‖∇𝑓(𝑥𝑡)− 𝑔𝑡‖+ 𝛾2𝑡 𝐿

2
, (10)

where Δ𝑡 := 𝑓(𝑥𝑡)− 𝑓 inf for any 𝑡 ≥ 0.

Proof Applying 𝐿-smoothness of 𝑓(𝑥) (Assumption 1) and the update (9), we have

𝑓(𝑥𝑡+1) ≤ 𝑓(𝑥𝑡) + ⟨∇𝑓(𝑥𝑡), 𝑥𝑡+1 − 𝑥𝑡⟩+ 𝐿

2
‖𝑥𝑡+1 − 𝑥𝑡‖2

= 𝑓(𝑥𝑡)− 𝛾𝑡⟨∇𝑓(𝑥𝑡), 𝑔𝑡/‖𝑔𝑡‖⟩+ 𝐿

2
𝛾2𝑡

≤ 𝑓(𝑥𝑡)− 𝛾𝑡‖𝑔𝑡‖+ 𝛾𝑡⟨∇𝑓(𝑥𝑡)− 𝑔𝑡, 𝑔𝑡/‖𝑔𝑡‖⟩+ 𝐿

2
𝛾2𝑡

(2)
≤ 𝑓(𝑥𝑡)− 𝛾𝑡‖𝑔𝑡‖ − 𝛾𝑡

⃦⃦
∇𝑓(𝑥𝑡)− 𝑔𝑡

⃦⃦
+

𝐿

2
𝛾2𝑡

(3)
≤ 𝑓(𝑥𝑡) + 𝛾𝑡‖∇𝑓(𝑥𝑡)‖+ 2𝛾𝑡‖∇𝑓(𝑥𝑡)− 𝑔𝑡‖+ 𝐿

2
𝛾2𝑡 .

Denoting Δ𝑡+1 := 𝑓(𝑥𝑡+1)− 𝑓 inf for 𝑡 ∈ {0, . . . , 𝑇 − 1}, we finish the proof.

Lemma 4 Let Assumptions 1, 2, and 3 hold. Then, the iterates {𝑥𝑡} generated by Algorithm 1
satisfy

E𝑡[𝒱𝑡+1] ≤
√
1− 𝛼𝒱𝑡 +

√
1− 𝛼𝜂𝑡𝒰𝑡 +𝐴𝑡 +

√
1− 𝛼𝜂𝑡𝜎𝑔,

where

𝐴𝑡 =

{︃√
1− 𝛼𝛾𝑡𝐿̄+

√
1− 𝛼(1− 𝜂𝑡)𝛾𝑡𝜎ℎ for ‖EF21-SGDM-HES‖

√
1− 𝛼𝜂𝑡𝛾𝑡𝐿̄ for ‖EF21-SGDM‖

Here, 𝐿̄ = 1
𝑛

∑︀𝑛
𝑖=1 𝐿𝑖.

Proof Denote ℱ𝑡 := {𝒞𝜏
1 , . . . ,𝒞𝜏

𝑛}𝑡𝜏=1 as sigma-algebra. We have

E[‖𝑔𝑡+1 − 𝑣𝑡+1‖|ℱ𝑡]
(3)
≤ 1

𝑛

𝑛∑︁
𝑖=1

E[‖𝑔𝑡+1
𝑖 − 𝑣𝑡+1

𝑖 ‖|ℱ𝑡]

(6)
=

1

𝑛

𝑛∑︁
𝑖=1

E[‖𝐶𝑡+1
𝑖 (𝑣𝑡+1

𝑖 − 𝑔𝑡𝑖)− (𝑣𝑡+1
𝑖 − 𝑔𝑡𝑖)‖|ℱ𝑡]

(5)
≤ 1

𝑛

𝑛∑︁
𝑖=1

(︀
E[‖𝐶𝑡+1

𝑖 (𝑣𝑡+1
𝑖 − 𝑔𝑡𝑖)− (𝑣𝑡+1

𝑖 − 𝑔𝑡𝑖)‖2|ℱ𝑡]
)︀1/2

A. 3
≤ 1

𝑛

𝑛∑︁
𝑖=1

(︀
E[(1− 𝛼)‖𝑣𝑡+1

𝑖 − 𝑔𝑡𝑖‖2|ℱ𝑡]
)︀1/2

=

√
1− 𝛼

𝑛

𝑛∑︁
𝑖=1

‖𝑣𝑡+1
𝑖 − 𝑔𝑡𝑖‖

(3)
≤

√
1− 𝛼

𝑛

𝑛∑︁
𝑖=1

‖𝑣𝑡+1
𝑖 − 𝑣𝑡𝑖‖+

√
1− 𝛼

𝑛

𝑛∑︁
𝑖=1

‖𝑣𝑡𝑖 − 𝑔𝑡𝑖‖. (11)
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To complete the upper-bound for E[‖𝑔𝑡+1−𝑣𝑡+1‖|ℱ𝑡], we must bound
⃦⃦
𝑣𝑡+1
𝑖 − 𝑣𝑡𝑖

⃦⃦
for ‖EF21-SGDM-HES‖

and ‖EF21-SGDM‖

Case I: ‖EF21-SGDM‖. From the definition of the Euclidean norm,

‖𝑣𝑡+1
𝑖 − 𝑣𝑡𝑖‖

(7)
= ‖(1− 𝜂𝑡)𝑣

𝑡
𝑖 + 𝜂𝑡∇𝑓𝑖(𝑥

𝑡+1, 𝜉𝑡+1
𝑖 )− 𝑣𝑡𝑖‖

= 𝜂𝑡‖𝑣𝑡𝑖 −∇𝑓𝑖(𝑥
𝑡+1, 𝜉𝑡+1

𝑖 )‖
= 𝜂𝑡‖𝑣𝑡𝑖 −∇𝑓𝑖(𝑥

𝑡) +∇𝑓𝑖(𝑥
𝑡)−∇𝑓𝑖(𝑥

𝑡+1) +∇𝑓𝑖(𝑥
𝑡+1)−∇𝑓𝑖(𝑥

𝑡+1, 𝜉𝑡+1
𝑖 )‖

(3)
≤ 𝜂𝑡‖𝑣𝑡𝑖 −∇𝑓𝑖(𝑥

𝑡)‖+ 𝜂𝑡‖∇𝑓𝑖(𝑥
𝑡)−∇𝑓𝑖(𝑥

𝑡+1)‖
+𝜂𝑡‖∇𝑓𝑖(𝑥

𝑡+1)−∇𝑓𝑖(𝑥
𝑡+1, 𝜉𝑡+1

𝑖 )‖
A. 1+ (9)
≤ 𝜂𝑡‖𝑣𝑡𝑖 −∇𝑓𝑖(𝑥

𝑡)‖+ 𝜂𝑡𝛾𝑡𝐿𝑖 + 𝜂𝑡‖∇𝑓𝑖(𝑥
𝑡+1)−∇𝑓𝑖(𝑥

𝑡+1, 𝜉𝑡+1)‖.

By taking the expectation over stochastic gradients E𝜉𝑡+1
𝑖

[·], and by Assumption 2,

E𝜉𝑡+1
𝑖

[‖𝑣𝑡+1
𝑖 − 𝑣𝑡𝑖‖] ≤ 𝜂𝑡‖𝑣𝑡𝑖 −∇𝑓𝑖(𝑥

𝑡)‖+ 𝜂𝑡𝛾𝑡𝐿𝑖 + 𝜂𝑡𝜎𝑔.

Case II: ‖EF21-SGDM-HES‖. From the definition of 𝑣𝑡+1
𝑖 ,

𝑣𝑡+1
𝑖 − 𝑣𝑡𝑖

(8)
= (1− 𝜂𝑡)(𝑣

𝑡
𝑖 +∇2𝑓𝑖(𝑥̂

𝑡+1, 𝜉𝑡+1
𝑖 )(𝑥𝑡+1 − 𝑥𝑡)) + 𝜂𝑡∇𝑓𝑖(𝑥

𝑡+1, 𝜉𝑡+1
𝑖 )− 𝑣𝑡𝑖

= 𝜂𝑡(∇𝑓𝑖(𝑥
𝑡)− 𝑣𝑡𝑖) + 𝜂𝑡(∇𝑓𝑖(𝑥

𝑡+1)−∇𝑓𝑖(𝑥
𝑡))

+(1− 𝜂𝑡)(∇2𝑓𝑖(𝑥̂
𝑡+1, 𝜉𝑡+1

𝑖 )(𝑥𝑡+1 − 𝑥𝑡)−∇2𝑓𝑖(𝑥̂
𝑡+1)(𝑥𝑡+1 − 𝑥𝑡))

+(1− 𝜂𝑡)(∇2𝑓𝑖(𝑥̂
𝑡+1)(𝑥𝑡+1 − 𝑥𝑡)) + 𝜂𝑡(∇𝑓𝑖(𝑥

𝑡+1, 𝜉𝑡+1
𝑖 )−∇𝑓𝑖(𝑥

𝑡+1)).

Therefore,

‖𝑣𝑡+1
𝑖 − 𝑣𝑡𝑖‖

(3)
≤ 𝜂𝑡‖𝑣𝑡𝑖 −∇𝑓𝑖(𝑥

𝑡)‖+ 𝜂𝑡‖∇𝑓𝑖(𝑥
𝑡+1)−∇𝑓𝑖(𝑥

𝑡)‖
+(1− 𝜂𝑡)‖∇2𝑓𝑖(𝑥̂

𝑡+1, 𝜉𝑡+1
𝑖 )−∇2𝑓𝑖(𝑥̂

𝑡+1)‖op‖𝑥𝑡+1 − 𝑥𝑡‖
+(1− 𝜂𝑡)‖∇2𝑓𝑖(𝑥̂

𝑡+1)‖op‖𝑥𝑡+1 − 𝑥𝑡‖
+𝜂𝑡‖∇𝑓𝑖(𝑥

𝑡+1, 𝜉𝑡+1
𝑖 )−∇𝑓𝑖(𝑥

𝑡+1)‖
A. 1+ (9)
≤ 𝜂𝑡‖𝑣𝑡𝑖 −∇𝑓𝑖(𝑥

𝑡)‖+ 𝜂𝑡𝛾𝑡𝐿𝑖

+(1− 𝜂𝑡)‖∇2𝑓𝑖(𝑥̂
𝑡+1, 𝜉𝑡+1

𝑖 )−∇2𝑓𝑖(𝑥̂
𝑡+1)‖op‖𝑥𝑡+1 − 𝑥𝑡‖

+(1− 𝜂𝑡)𝛾𝑡‖∇2𝑓𝑖(𝑥̂
𝑡+1)‖op

+𝜂𝑡‖∇𝑓𝑖(𝑥
𝑡+1, 𝜉𝑡+1

𝑖 )−∇𝑓𝑖(𝑥
𝑡+1)‖

By taking the expectation over stochastic gradients E𝜉𝑡+1
𝑖 ,𝜉𝑡+1

𝑖
[·], and by Assumption 2,

E𝜉𝑡+1
𝑖 ,𝜉𝑡+1

𝑖
[‖𝑣𝑡+1

𝑖 − 𝑣𝑡𝑖‖] ≤ 𝜂𝑡‖𝑣𝑡𝑖 −∇𝑓𝑖(𝑥
𝑡)‖+ 𝜂𝑡𝐿𝑖𝛾𝑡 + (1− 𝜂𝑡)𝐿𝑖𝛾𝑡 +

+(1− 𝜂𝑡)𝛾𝑡𝜎ℎ + 𝜂𝑡𝜎𝑔.

Finally, plugging the bound for E𝜉𝑡+1
𝑖 ,𝜉𝑡+1

𝑖
[‖𝑣𝑡+1

𝑖 − 𝑣𝑡𝑖‖] of two cases into (11), we obtain the
results.
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Lemma 5 Let Assumptions 1 and 2 hold. Then, the iterates {𝑥𝑡} generated by Algorithm 1 satisfy

E𝑡[𝒰𝑡+1] ≤ (1− 𝜂𝑡)𝒰𝑡 + (1− 𝜂𝑡)𝛾𝑡𝐿̄+ 𝜂𝑡𝜎𝑔, for ‖ EF21-SGDM‖
E𝑡[𝒰𝑡+1] ≤ (1− 𝜂𝑡)𝒰𝑡 + (1− 𝜂𝑡)𝛾𝑡

(︀
𝜎ℎ + 2𝐿̄

)︀
+ 𝜂𝑡𝜎𝑔, for ‖ EF21-SGDM-HES‖

where 𝐿̄ = 1
𝑛

∑︀𝑛
𝑖=1 𝐿𝑖.

Proof We begin by proving the bounds for 𝑈𝑡, 𝑈̄𝑡 for ‖EF21-SGDM‖.

Case I: ‖EF21-SGDM‖ From the definition of 𝒰𝑡+1 and 𝑣𝑡+1
𝑖 ,

𝒰𝑡+1
(7)
=

1

𝑛

𝑛∑︁
𝑖=1

⃦⃦
(1− 𝜂𝑡)𝑣

𝑡
𝑖 + 𝜂𝑡∇𝑓𝑖(𝑥

𝑡+1, 𝜉𝑡+1
𝑖 )−∇𝑓𝑖(𝑥

𝑡+1)
⃦⃦

=
1

𝑛

𝑛∑︁
𝑖=1

‖(1− 𝜂𝑡)(𝑣
𝑡
𝑖 −∇𝑓𝑖(𝑥

𝑡)) + (1− 𝜂𝑡)(∇𝑓𝑖(𝑥
𝑡)−∇𝑓𝑖(𝑥

𝑡+1))

+𝜂𝑡∇𝑓𝑖(𝑥
𝑡+1; 𝜉𝑡+1

𝑖 )− 𝜂𝑡∇𝑓𝑖(𝑥
𝑡+1)‖

≤ 1− 𝜂𝑡
𝑛

𝑛∑︁
𝑖=1

⃦⃦
𝑣𝑡𝑖 −∇𝑓𝑖(𝑥

𝑡)
⃦⃦
+

1− 𝜂𝑡
𝑛

𝑛∑︁
𝑖=1

⃦⃦
∇𝑓𝑖(𝑥

𝑡)−∇𝑓𝑖(𝑥
𝑡+1)

⃦⃦
+
𝜂𝑡
𝑛

𝑛∑︁
𝑖=1

⃦⃦
∇𝑓𝑖(𝑥

𝑡+1; 𝜉𝑡+1
𝑖 )−∇𝑓𝑖(𝑥

𝑡+1)
⃦⃦

A. 1+ (9)
≤ 1− 𝜂𝑡

𝑛

𝑛∑︁
𝑖=1

⃦⃦
𝑣𝑡𝑖 −∇𝑓𝑖(𝑥

𝑡)
⃦⃦
+ (1− 𝜂𝑡)𝐿̄𝛾𝑡

+
𝜂𝑡
𝑛

𝑛∑︁
𝑖=1

⃦⃦
∇𝑓𝑖(𝑥

𝑡+1; 𝜉𝑡+1
𝑖 )−∇𝑓𝑖(𝑥

𝑡+1)
⃦⃦
.

Therefore,

E𝑡[𝒰𝑡+1]
A. 2
≤ (1− 𝜂𝑡)𝒰𝑡 + (1− 𝜂𝑡)𝐿̄𝛾𝑡 + 𝜂𝑡𝜎𝑔.

Case II: ‖ EF21-SGDM-HES‖ From the definition of 𝑣𝑡+1
𝑖 ,

‖𝑣𝑡+1
𝑖 −∇𝑓𝑖(𝑥

𝑡+1)‖ = ‖(1− 𝜂𝑡)(𝑣
𝑡
𝑖 −∇𝑓𝑖(𝑥

𝑡)) + (1− 𝜂𝑡)𝑆𝑖,𝑡+1 + 𝜂𝑡𝑒𝑖,𝑡+1‖
≤ (1− 𝜂𝑡)‖𝑣𝑡𝑖 −∇𝑓𝑖(𝑥

𝑡)‖+ (1− 𝜂𝑡)‖𝑆𝑖,𝑡+1‖+ 𝜂𝑡‖𝑒𝑖,𝑡+1‖,

where

𝑆𝑖,𝑡+1 = ∇2𝑓𝑖(𝑥̂
𝑡+1, 𝜉𝑡+1

𝑖 )(𝑥𝑡+1 − 𝑥𝑡)−∇𝑓𝑖(𝑥
𝑡+1) +∇𝑓𝑖(𝑥

𝑡), and

𝑒𝑖,𝑡+1 = ∇𝑓𝑖(𝑥
𝑡+1, 𝜉𝑡+1

𝑖 )−∇𝑓𝑖(𝑥
𝑡+1).
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Therefore, from the definition of 𝒰𝑡+1,

E𝑡[𝒰𝑡+1] ≤ (1− 𝜂𝑡)E𝑡[𝒰𝑡] +
1− 𝜂𝑡
𝑛

𝑛∑︁
𝑖=1

E𝑡

[︁⃦⃦⃦
𝑆𝑖,𝑡+1

⃦⃦⃦]︁
+ 𝜂𝑡

1

𝑛

𝑛∑︁
𝑖=1

E𝑡[‖𝑒𝑖,𝑡+1‖]

= (1− 𝜂𝑡)𝒰𝑡 +
1− 𝜂𝑡
𝑛

𝑛∑︁
𝑖=1

E𝑡

[︁⃦⃦⃦
𝑆𝑖,𝑡+1

⃦⃦⃦]︁
+ 𝜂𝑡

1

𝑛

𝑛∑︁
𝑖=1

E𝑡[‖𝑒𝑖,𝑡+1‖]

A. 2
≤ (1− 𝜂𝑡)𝒰𝑡 +

1− 𝜂𝑡
𝑛

𝑛∑︁
𝑖=1

E𝑡

[︁⃦⃦⃦
𝑆𝑖,𝑡+1

⃦⃦⃦]︁
+ 𝜂𝑡𝜎𝑔

(5)
≤ (1− 𝜂𝑡)𝒰𝑡 +

1− 𝜂𝑡
𝑛

𝑛∑︁
𝑖=1

√︃
E𝑡

[︂⃦⃦⃦
𝑆𝑖,𝑡+1

⃦⃦⃦2]︂
+ 𝜂𝑡𝜎𝑔.

To complete the bound for E𝑡[𝒰𝑡+1], we must bound E𝑡

[︂⃦⃦⃦
𝑆𝑖,𝑡+1

⃦⃦⃦2]︂
.

E𝑡

[︂⃦⃦⃦
𝑆𝑖,𝑡+1

⃦⃦⃦2]︂
= E𝜉𝑡+1

𝑖

[︂⃦⃦⃦
∇2𝑓𝑖(𝑥̂

𝑗+1, 𝜉𝑡+1
𝑖 )(𝑥𝑡+1 − 𝑥𝑡)− (∇𝑓𝑖(𝑥

𝑡+1)−∇𝑓𝑖(𝑥
𝑡))
⃦⃦⃦2]︂

A. 2
= E𝜉𝑡+1

𝑖

[︂⃦⃦⃦
(∇2𝑓𝑖(𝑥̂

𝑡+1, 𝜉𝑡+1
𝑖 )−∇2𝑓𝑖(𝑥̂

𝑡+1))(𝑥𝑡+1 − 𝑥𝑡)
⃦⃦⃦2]︂

+
⃦⃦
∇2𝑓𝑖(𝑥̂

𝑡+1)(𝑥𝑡+1 − 𝑥𝑡)− (∇𝑓𝑖(𝑥
𝑡+1)−∇𝑓(𝑥𝑡))

⃦⃦2
(4)
≤ E𝜉𝑡+1

𝑖

[︂⃦⃦⃦
(∇2𝑓𝑖(𝑥̂

𝑡+1, 𝜉𝑡+1
𝑖 )−∇2𝑓𝑖(𝑥

𝑡+1))(𝑥𝑡+1 − 𝑥𝑡)
⃦⃦⃦2]︂

+2
⃦⃦
∇2𝑓(𝑥̂𝑡+1)

⃦⃦2
op

⃦⃦
𝑥𝑡+1 − 𝑥𝑡

⃦⃦2
+ 2

⃦⃦
∇𝑓(𝑥𝑡+1)−∇𝑓(𝑥𝑡)

⃦⃦2
A. 2+(9)
≤ 𝛾2𝑡

(︀
𝜎2
ℎ + 4𝐿2

𝑖

)︀
.

Finally, by plugging the upper-bound of E𝑡

[︂⃦⃦⃦
𝑆𝑖,𝑡+1

⃦⃦⃦2]︂
into the upper-bound of E𝑡[𝒰𝑡+1], and by

the fact that
√
𝑎+ 𝑏 ≤

√
𝑎+

√
𝑏 for 𝑎,𝑏 ≥ 0,

E𝑡[𝒰𝑡+1] ≤ (1− 𝜂𝑡)𝒰𝑡 +
1− 𝜂𝑡
𝑛

𝑛∑︁
𝑖=1

√︁
𝛾2𝑡
(︀
𝜎2
ℎ + 4𝐿2

𝑖

)︀
+ 𝜂𝑡𝜎𝑔

≤ (1− 𝜂𝑡)𝒰𝑡 + (1− 𝜂𝑡)𝛾𝑡(𝜎ℎ + 2𝐿̄) + 𝜂𝑡𝜎𝑔

Lemma 6 (Descent inequality for ‖EF21-SGDM‖) Let Assumptions 1, 2, and 3 hold. Then, the
iterates {𝑥𝑡} generated by ‖EF21-SGDM‖ with the decreasing stepsizes 𝛾𝑡 satisfy

E [𝑉𝑡+1] ≤ E [𝑉𝑡]− 𝛾𝑡E
[︀
‖∇𝑓(𝑥𝑡)‖

]︀
+ 2𝛾𝑡E

[︀⃦⃦
∇𝑓(𝑥𝑡)− 𝑣𝑡

⃦⃦]︀
+

𝐿

2
𝛾2𝑡 + 𝛾2𝑡 ·𝐵1 + 𝜂𝑡𝛾𝑡 ·𝐵2,

where 𝑉𝑡 = 𝑓(𝑥𝑡)− 𝑓 inf +𝐶1,𝑡𝒱𝑡+𝐶2,𝑡𝒰𝑡, 𝒱𝑡 =
1
𝑛

∑︀𝑛
𝑖=1 ‖𝑔𝑡𝑖 − 𝑣𝑡𝑖‖, 𝒰𝑡 =

1
𝑛

∑︀𝑛
𝑖=1 ‖𝑣𝑡𝑖 −∇𝑓𝑖(𝑥

𝑡)‖,

𝐶1,𝑡 =
2𝛾𝑡

1−
√
1−𝛼

, 𝐶2,𝑡 =
2𝛾𝑡

√
1−𝛼

1−
√
1−𝛼

, 𝐵1 =
2
√
1−𝛼𝐿̄

1−
√
1−𝛼

and 𝐵2 =
4
√
1−𝛼

1−
√
1−𝛼

𝜎𝑔.
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Proof We derive the result in the following steps.
Step 1) Bound Δ𝑡 = 𝑓(𝑥𝑡)− 𝑓 inf by 𝐿-smoothness of 𝑓(𝑥). From Theorem 3,

Δ𝑡+1 ≤ Δ𝑡 − 𝛾𝑡‖∇𝑓(𝑥𝑡)‖+ 2𝛾𝑡‖∇𝑓(𝑥𝑡)− 𝑔𝑡‖+ 𝐿

2
𝛾2𝑡 .

Since ⃦⃦
∇𝑓(𝑥𝑡)− 𝑔𝑡

⃦⃦ (3)
≤

⃦⃦
∇𝑓(𝑥𝑡)− 𝑣𝑡

⃦⃦
+
⃦⃦
𝑣𝑡 − 𝑔𝑡

⃦⃦
(3)
≤

⃦⃦
∇𝑓(𝑥𝑡)− 𝑣𝑡

⃦⃦
+ 𝒱𝑡,

where 𝒰𝑡 =
1
𝑛

∑︀𝑛
𝑖=1

⃦⃦
𝑣𝑡𝑖 −∇𝑓𝑖(𝑥

𝑡)
⃦⃦

and 𝒱𝑡 =
1
𝑛

∑︀𝑛
𝑖=1

⃦⃦
𝑔𝑡𝑖 − 𝑣𝑡𝑖

⃦⃦
, we obtain

Δ𝑡+1 ≤ Δ𝑡 − 𝛾𝑡‖∇𝑓(𝑥𝑡)‖+ 2𝛾𝑡
⃦⃦
∇𝑓(𝑥𝑡)− 𝑣𝑡

⃦⃦
+ 2𝛾𝑡𝒱𝑡 +

𝐿

2
𝛾2𝑡 . (12)

Step 2) Bound 𝑉𝑡 = Δ𝑡 +𝐶1,𝑡𝒱𝑡 +𝐶2,𝑡𝒰𝑡 for some 𝐶1,𝑡,𝐶2,𝑡 > 0. Denote 𝑉𝑡 = Δ𝑡 +𝐶1,𝑡𝒱𝑡 +

𝐶2,𝑡𝒰𝑡 with 𝐶1,𝑡 =
2𝛾𝑡

1−
√
1−𝛼

and 𝐶2,𝑡 =
2𝛾𝑡

√
1−𝛼

1−
√
1−𝛼

. Therefore,

𝑉𝑡+1 = Δ𝑡 + 𝐶1,𝑡𝒱𝑡+1 + 𝐶2,𝑡𝒰𝑡+1

(12)
≤ Δ𝑡 − 𝛾𝑡‖∇𝑓(𝑥𝑡)‖+ 𝐿

2
𝛾2𝑡

+2𝛾𝑡
⃦⃦
∇𝑓(𝑥𝑡)− 𝑣𝑡

⃦⃦
+ 2𝛾𝑡𝒱𝑡 + 𝐶1,𝑡+1𝒱𝑡+1 + 𝐶2,𝑡+1𝒰𝑡+1.

By taking the expectation E𝑡 [·],

E𝑡 [𝑉𝑡+1] ≤ Δ𝑡 − 𝛾𝑡‖∇𝑓(𝑥𝑡)‖+ 2𝛾𝑡
⃦⃦
∇𝑓(𝑥𝑡)− 𝑣𝑡

⃦⃦
+2𝛾𝑡𝒱𝑡 + 𝐶1,𝑡+1E𝑡 [𝒱𝑡+1] + 𝐶2,𝑡+1E𝑡 [𝒰𝑡+1] +

𝐿

2
𝛾2𝑡

Theorem 4
≤ Δ𝑡 − 𝛾𝑡‖∇𝑓(𝑥𝑡)‖+ 2𝛾𝑡

⃦⃦
∇𝑓(𝑥𝑡)− 𝑣𝑡

⃦⃦
+(2𝛾𝑡 + 𝐶1,𝑡+1

√
1− 𝛼)𝒱𝑡 + (𝐶1,𝑡+1

√
1− 𝛼𝜂𝑡)𝒰𝑡 + 𝐶2,𝑡+1E𝑡 [𝒰𝑡+1]

+
𝐿

2
𝛾2𝑡 + 𝐶1,𝑡+1(

√
1− 𝛼𝜂𝑡𝛾𝑡𝐿̄+

√
1− 𝛼𝜂𝑡𝜎𝑔)

Theorem 5
≤ Δ𝑡 − 𝛾𝑡‖∇𝑓(𝑥𝑡)‖+ 2𝛾𝑡

⃦⃦
∇𝑓(𝑥𝑡)− 𝑣𝑡

⃦⃦
+(2𝛾𝑡 + 𝐶1,𝑡+1

√
1− 𝛼)𝒱𝑡 + (𝐶1,𝑡+1

√
1− 𝛼𝜂𝑡 + 𝐶2,𝑡+1(1− 𝜂𝑡))𝒰𝑡

+
𝐿

2
𝛾2𝑡 + 𝐶1,𝑡+1(

√
1− 𝛼𝜂𝑡𝛾𝑡𝐿̄+

√
1− 𝛼𝜂𝑡𝜎𝑔) + 𝐶2,𝑡+1

(︀
(1− 𝜂𝑡)𝛾𝑡𝐿̄+ 𝜂𝑡𝜎𝑔

)︀
.

If 𝛾𝑡+1 ≤ 𝛾𝑡, then we can prove that 𝐶1,𝑡+1 ≤ 𝐶1,𝑡, that 𝐶2,𝑡+1 ≤ 𝐶2,𝑡, that

2𝛾𝑡 + 𝐶1,𝑡+1

√
1− 𝛼 ≤ 2𝛾𝑡 + 𝐶1,𝑡

√
1− 𝛼

= 𝐶1,𝑡,

and that

𝐶1,𝑡+1

√
1− 𝛼𝜂𝑡 + 𝐶2,𝑡+1(1− 𝜂𝑡) ≤ 𝐶1,𝑡

√
1− 𝛼𝜂𝑡 + 𝐶2,𝑡(1− 𝜂𝑡)

= 𝐶2,𝑡.
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Therefore,

E𝑡 [𝑉𝑡+1] ≤ 𝑉𝑡 − 𝛾𝑡‖∇𝑓(𝑥𝑡)‖+ 2𝛾𝑡
⃦⃦
∇𝑓(𝑥𝑡)− 𝑣𝑡

⃦⃦
+
𝐿

2
𝛾2𝑡 + 𝐶1,𝑡(

√
1− 𝛼𝜂𝑡𝛾𝑡𝐿̄+

√
1− 𝛼𝜂𝑡𝜎𝑔) + 𝐶2,𝑡

(︀
(1− 𝜂𝑡)𝛾𝑡𝐿̄+ 𝜂𝑡𝜎𝑔

)︀
.

By taking the full expectation,

E [𝑉𝑡+1] ≤ E [𝑉𝑡]− 𝛾𝑡E
[︀
‖∇𝑓(𝑥𝑡)‖

]︀
+ 2𝛾𝑡E

[︀⃦⃦
∇𝑓(𝑥𝑡)− 𝑣𝑡

⃦⃦]︀
+
𝐿

2
𝛾2𝑡 + 𝛾2𝑡 ·𝐵1 + 2𝜂𝑡𝛾𝑡 ·𝐵2,

where 𝐵1 =
2
√
1−𝛼𝐿̄

1−
√
1−𝛼

and 𝐵2 =
2
√
1−𝛼

1−
√
1−𝛼

𝜎𝑔.

Lemma 7 (Descent inequality for ‖EF21-SGDM-HES‖) Let Assumptions 1, 2, and 3 hold. Then,
the iterates {𝑥𝑡} generated by ‖EF21-SGDM-HES‖ with the decreasing stepsizes 𝛾𝑡 satisfy

E [𝑉𝑡+1] ≤ E [𝑉𝑡]− 𝛾𝑡E
[︀
‖∇𝑓(𝑥𝑡)‖

]︀
+ 2𝛾𝑡E

[︀⃦⃦
∇𝑓(𝑥𝑡)− 𝑣𝑡

⃦⃦]︀
+
𝐿

2
𝛾2𝑡 + 𝛾2𝑡 · 𝐵̂1 + 𝜂𝑡𝛾𝑡 · 𝐵̂2 + (1− 𝜂𝑡)𝛾

2
𝑡 · 𝐵̂3,

where 𝑉𝑡 = Δ𝑡 + 𝐶1,𝑡𝒱𝑡 + 𝐶2,𝑡𝒰𝑡, 𝒱𝑡 =
1
𝑛

∑︀𝑛
𝑖=1 ‖𝑔𝑡𝑖 − 𝑣𝑡𝑖‖, 𝒰𝑡 =

1
𝑛

∑︀𝑛
𝑖=1 ‖𝑣𝑡𝑖 −∇𝑓𝑖(𝑥

𝑡)‖, 𝐶1,𝑡 =
2𝛾𝑡

1−
√
1−𝛼

, 𝐶2,𝑡 =
2𝛾𝑡

√
1−𝛼

1−
√
1−𝛼

, 𝐵̂1 =
3
√
1−𝛼𝐿̄

1−
√
1−𝛼

, 𝐵̂2 =
4
√
1−𝛼

1−
√
1−𝛼

𝜎𝑔, and 𝐵̂3 =
4
√
1−𝛼

1−
√
1−𝛼

𝜎ℎ.

Proof Denote 𝑉𝑡 = Δ𝑡 + 𝐶1,𝑡𝒱𝑡 + 𝐶2,𝑡𝒰𝑡 with 𝐶1,𝑡 =
2𝛾𝑡

1−
√
1−𝛼

and 𝐶2,𝑡 =
2𝛾𝑡

√
1−𝛼

1−
√
1−𝛼

. By following
the proof arguments in Theorem 6, we can prove that

E𝑡 [𝑉𝑡+1] ≤ Δ𝑡 − 𝛾𝑡‖∇𝑓(𝑥𝑡)‖+ 2𝛾𝑡
⃦⃦
∇𝑓(𝑥𝑡)− 𝑣𝑡

⃦⃦
+2𝛾𝑡𝒱𝑡 + 𝐶1,𝑡+1E𝑡 [𝒱𝑡+1] + 𝐶2,𝑡+1E𝑡 [𝒰𝑡+1] +

𝐿

2
𝛾2𝑡 .

Therefore, from the upper-bounds for E𝑡 [𝒱𝑡+1] and E𝑡 [𝒰𝑡+1] for ‖EF21-SGDM-HES‖,

E𝑡 [𝑉𝑡+1]
Theorem 4

≤ Δ𝑡 − 𝛾𝑡‖∇𝑓(𝑥𝑡)‖+ 2𝛾𝑡
⃦⃦
∇𝑓(𝑥𝑡)− 𝑣𝑡

⃦⃦
+(2𝛾𝑡 + 𝐶1,𝑡+1

√
1− 𝛼)𝒱𝑡 + 𝐶1,𝑡+1

√
1− 𝛼𝜂𝑡𝒰𝑡 + 𝐶2,𝑡+1E𝑡 [𝒰𝑡+1]

+
𝐿

2
𝛾2𝑡 + 𝐶1,𝑡+1

√
1− 𝛼𝛾𝑡𝐿̄+ 𝐶1,𝑡+1

√
1− 𝛼(1− 𝜂𝑡)𝛾𝑡𝜎ℎ + 𝐶1,𝑡+1

√
1− 𝛼𝜂𝑡𝜎𝑔

Theorem 5
≤ Δ𝑡 − 𝛾𝑡‖∇𝑓(𝑥𝑡)‖+ 2𝛾𝑡

⃦⃦
∇𝑓(𝑥𝑡)− 𝑣𝑡

⃦⃦
+(2𝛾𝑡 + 𝐶1,𝑡+1

√
1− 𝛼)𝒱𝑡 +

(︀
𝐶1,𝑡+1

√
1− 𝛼𝜂𝑡 + 𝐶2,𝑡+1(1− 𝜂𝑡)

)︀
𝒰𝑡

+
𝐿

2
𝛾2𝑡 + 𝐶1,𝑡+1

√
1− 𝛼𝛾𝑡𝐿̄+ 𝐶1,𝑡+1

√
1− 𝛼(1− 𝜂𝑡)𝛾𝑡𝜎ℎ + 𝐶1,𝑡+1

√
1− 𝛼𝜂𝑡𝜎𝑔

+𝐶2,𝑡+1

(︀
(1− 𝜂𝑡)𝛾𝑡

(︀
𝜎ℎ + 2𝐿̄

)︀
+ 𝜂𝑡𝜎𝑔

)︀
.

If 𝛾𝑡+1 ≤ 𝛾𝑡, then we can prove that 𝐶1,𝑡+1 ≤ 𝐶1,𝑡, that 𝐶2,𝑡+1 ≤ 𝐶2,𝑡, that

2𝛾𝑡 + 𝐶1,𝑡+1

√
1− 𝛼 ≤ 2𝛾𝑡 + 𝐶1,𝑡

√
1− 𝛼

= 𝐶1,𝑡,
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and that

𝐶1,𝑡+1

√
1− 𝛼𝜂𝑡 + 𝐶2,𝑡+1(1− 𝜂𝑡) ≤ 𝐶1,𝑡

√
1− 𝛼𝜂𝑡 + 𝐶2,𝑡(1− 𝜂𝑡)

= 𝐶2,𝑡.

Therefore,

E𝑡 [𝑉𝑡+1] ≤ 𝑉𝑡 − 𝛾𝑡‖∇𝑓(𝑥𝑡)‖+ 2𝛾𝑡
⃦⃦
∇𝑓(𝑥𝑡)− 𝑣𝑡

⃦⃦
+
𝐿

2
𝛾2𝑡 + 𝐶1,𝑡+1

√
1− 𝛼𝛾𝑡𝐿̄+ 𝐶1,𝑡+1

√
1− 𝛼(1− 𝜂𝑡)𝛾𝑡𝜎ℎ + 𝐶1,𝑡+1

√
1− 𝛼𝜂𝑡𝜎𝑔

+𝐶2,𝑡+1

(︀
(1− 𝜂𝑡)𝛾𝑡

(︀
𝜎ℎ + 2𝐿̄

)︀
+ 𝜂𝑡𝜎𝑔

)︀
.

By taking the full expectation, and by the fact that 𝜂𝑡 > 0,

E [𝑉𝑡+1] ≤ E [𝑉𝑡]− 𝛾𝑡E
[︀
‖∇𝑓(𝑥𝑡)‖

]︀
+ 2𝛾𝑡E

[︀⃦⃦
∇𝑓(𝑥𝑡)− 𝑣𝑡

⃦⃦]︀
+
𝐿

2
𝛾2𝑡 + 𝛾2𝑡 · 𝐵̂1 + 𝜂𝑡𝛾𝑡 · 𝐵̂2 + (1− 𝜂𝑡)𝛾

2
𝑡 · 𝐵̂3,

where 𝐵̂1 =
3
√
1−𝛼𝐿̄

1−
√
1−𝛼

, 𝐵̂2 =
4
√
1−𝛼

1−
√
1−𝛼

𝜎𝑔, and 𝐵̂3 =
4
√
1−𝛼

1−
√
1−𝛼

𝜎ℎ.

Lemma 8 Let Assumptions 1 and 2 hold. Then, the iterates {𝑥𝑡} generated by Algorithm 1 with
𝜂0 = 1 satisfy

⃦⃦
𝑣𝑡+1 −∇𝑓(𝑥𝑡+1)

⃦⃦
≤ 𝜎𝑔√

𝑛

⎛⎝ 𝑡∑︁
𝑗=0

⎛⎝ 𝑡∏︁
𝜏=𝑗+1

(1− 𝜂𝜏 )
2

⎞⎠ 𝜂2𝑗

⎞⎠1/2

+𝐵𝑡,

where

𝐵𝑡 =

⎧⎨⎩𝐿
∑︀𝑡

𝑙=0

(︁∏︀𝑡
𝑗=𝑙(1− 𝜂𝑗)

)︁
𝛾𝑙 for ‖EF21-SGDM‖;

4
(︁∑︀𝑡

𝑗=1

(︁∏︀𝑡
𝜏=𝑗(1− 𝜂𝜏 )

2
)︁
𝛾2𝑗

)︁1/2 (︁
𝜎ℎ√
𝑛
+ 𝐿

)︁
for ‖EF21-SGDM-HES‖.

Proof Denote 𝑒𝑡 = 𝑣𝑡 −∇𝑓(𝑥𝑡).
First, we bound

⃦⃦
𝑣𝑡+1 −∇𝑓(𝑥𝑡+1)

⃦⃦
for ‖EF21-SGDM‖:

𝑒𝑡+1 = (1− 𝜂𝑡)𝑒𝑡 + (1− 𝜂𝑡)𝑆𝑡+1 + 𝜂𝑡𝑒𝑡+1,

where 𝑆𝑡+1 = ∇𝑓(𝑥𝑡) − ∇𝑓(𝑥𝑡+1), 𝑒𝑡+1 = 1
𝑛

∑︀𝑛
𝑖=1 𝑒𝑖,𝑡+1, and 𝑒𝑖,𝑡+1 = ∇𝑓𝑖(𝑥

𝑡+1, 𝜉𝑡+1
𝑖 ) −

∇𝑓𝑖(𝑥
𝑡+1).

Next, by recursively applying the equation for 𝑒𝑡+1,

𝑒𝑡+1 =

⎛⎝ 𝑡∏︁
𝑗=0

(1− 𝜂𝑗)

⎞⎠ 𝑒0 +

𝑡∑︁
𝑙=0

⎛⎝ 𝑡∏︁
𝑗=𝑙+1

(1− 𝜂𝑗)

⎞⎠ · (1− 𝜂𝑙)𝑆𝑙+1

+
𝑡∑︁

𝑙=0

⎛⎝ 𝑡∏︁
𝑗=𝑙+1

(1− 𝜂𝑗)

⎞⎠ · 𝜂𝑙𝑒𝑙+1.
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If 𝜂0 = 1, then

𝑒𝑡+1 =
𝑡∑︁

𝑙=0

⎛⎝ 𝑡∏︁
𝑗=𝑙+1

(1− 𝜂𝑗)

⎞⎠ · (1− 𝜂𝑙)𝑆𝑙+1 +
𝑡∑︁

𝑙=0

⎛⎝ 𝑡∏︁
𝑗=𝑙+1

(1− 𝜂𝑗)

⎞⎠ · 𝜂𝑙𝑒𝑙+1

=
𝑡∑︁

𝑙=0

⎛⎝ 𝑡∏︁
𝑗=𝑙

(1− 𝜂𝑗)

⎞⎠ · 𝑆𝑙+1 +
𝑡∑︁

𝑙=0

⎛⎝ 𝑡∏︁
𝑗=𝑙+1

(1− 𝜂𝑗)

⎞⎠ · 𝜂𝑙𝑒𝑙+1

Therefore,

‖𝑒𝑡+1‖
(3)
≤

𝑡∑︁
𝑙=0

⎛⎝ 𝑡∏︁
𝑗=𝑙

(1− 𝜂𝑗)

⎞⎠ ⃦⃦⃦𝑆𝑙+1

⃦⃦⃦
+

⃦⃦⃦⃦
⃦⃦ 𝑡∑︁
𝑙=0

⎛⎝ 𝑡∏︁
𝑗=𝑙+1

(1− 𝜂𝑗)

⎞⎠ · 𝜂𝑙𝑒𝑙+1

⃦⃦⃦⃦
⃦⃦ .

Since ⃦⃦⃦
𝑆𝑙+1

⃦⃦⃦
≤ 𝐿

⃦⃦⃦
𝑥𝑙+1 − 𝑥𝑙

⃦⃦⃦
≤ 𝐿𝛾𝑙,

we obtain

‖𝑒𝑡+1‖
(3)
≤ 𝐿

𝑡∑︁
𝑙=0

⎛⎝ 𝑡∏︁
𝑗=𝑙

(1− 𝜂𝑗)

⎞⎠ 𝛾𝑙 +

⃦⃦⃦⃦
⃦⃦ 𝑡∑︁
𝑙=0

⎛⎝ 𝑡∏︁
𝑗=𝑙+1

(1− 𝜂𝑗)

⎞⎠ · 𝜂𝑙𝑒𝑙+1

⃦⃦⃦⃦
⃦⃦ .

By taking the expectation,

E [‖𝑒𝑡+1‖]
(5)
≤ 𝐿

𝑡∑︁
𝑙=0

⎛⎝ 𝑡∏︁
𝑗=𝑙

(1− 𝜂𝑗)

⎞⎠ 𝛾𝑙 +

⎯⎸⎸⎸⎷E

⎡⎣⃦⃦⃦⃦⃦⃦ 𝑡∑︁
𝑙=0

⎛⎝ 𝑡∏︁
𝑗=𝑙+1

(1− 𝜂𝑗)

⎞⎠ · 𝜂𝑙𝑒𝑙+1

⃦⃦⃦⃦
⃦⃦
2⎤⎦.

From Assumption 2, we can prove that E [𝑒𝑙] = 0, E
[︁
‖𝑒𝑙‖2

]︁
= 𝜎2

𝑔/𝑛, and E [⟨𝑒𝑙, 𝑒𝑖⟩] = 0 for 𝑙 ̸= 𝑗.
Thus,

E [‖𝑒𝑡+1‖] ≤ 𝐿

𝑡∑︁
𝑙=0

⎛⎝ 𝑡∏︁
𝑗=𝑙

(1− 𝜂𝑗)

⎞⎠ 𝛾𝑙 +
𝜎𝑔√
𝑛

⎛⎝ 𝑡∑︁
𝑙=0

𝑡∏︁
𝑗=𝑙+1

(1− 𝜂𝑗)
2𝜂2𝑙

⎞⎠1/2

.

Second, we bound
⃦⃦
𝑣𝑡+1 −∇𝑓(𝑥𝑡+1)

⃦⃦
for ‖EF21-SGDM-HES‖:

𝑒𝑡+1 = (1− 𝜂𝑡)𝑒𝑡 + (1− 𝜂𝑡)𝑆𝑡+1 + 𝜂𝑡𝑒𝑡+1

=
𝑡∏︁

𝜏=0

(1− 𝜂𝜏 )𝑒0 +
𝑡∑︁

𝑗=0

⎛⎝ 𝑡∏︁
𝜏=𝑗+1

(1− 𝜂𝜏 )

⎞⎠𝑆𝑗+1 +
𝑡∑︁

𝑗=0

⎛⎝ 𝑡∏︁
𝜏=𝑗

(1− 𝜂𝜏 )

⎞⎠ 𝜂𝑗𝑒𝑗+1,

where 𝑆𝑡+1 =
1
𝑛

∑︀𝑛
𝑖=1

(︁
∇2𝑓𝑖(𝑥̂

𝑡+1, 𝜉𝑡+1
𝑖 )(𝑥𝑡+1 − 𝑥𝑡)− (∇𝑓𝑖(𝑥

𝑡+1)−∇𝑓𝑖(𝑥
𝑡))
)︁

, 𝑒𝑡+1 =
1
𝑛

∑︀𝑛
𝑖=1 𝑒𝑖,𝑡+1,

and 𝑒𝑖,𝑡+1 = ∇𝑓𝑖(𝑥
𝑡+1, 𝜉𝑡+1

𝑖 )−∇𝑓𝑖(𝑥
𝑡+1).
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If 𝜂0 = 1, then by taking the Euclidean norm and the expectation,

E [‖𝑒𝑡+1‖]
(3)
≤ E

⎡⎣⃦⃦⃦⃦⃦⃦ 𝑡∑︁
𝑗=0

⎛⎝ 𝑡∏︁
𝜏=𝑗

(1− 𝜂𝜏 )

⎞⎠𝑆𝑗+1

⃦⃦⃦⃦
⃦⃦
⎤⎦+ E

⎡⎣⃦⃦⃦⃦⃦⃦ 𝑡∑︁
𝑗=0

⎛⎝ 𝑡∏︁
𝜏=𝑗

(1− 𝜂𝜏 )

⎞⎠ 𝜂𝑗𝑒𝑗+1

⃦⃦⃦⃦
⃦⃦
⎤⎦

(5)
≤

⎛⎝E

⃦⃦⃦⃦
⃦⃦ 𝑡∑︁
𝑗=0

𝑡∏︁
𝜏=𝑗

(1− 𝜂𝜏 )𝑆𝑗+1

⃦⃦⃦⃦
⃦⃦
2⎞⎠1/2

+

⎛⎝E

⃦⃦⃦⃦
⃦⃦ 𝑡∑︁
𝑗=0

𝑡∏︁
𝜏=𝑗+1

(1− 𝜂𝜏 )𝜂𝑗𝑒𝑗+1

⃦⃦⃦⃦
⃦⃦
2⎞⎠1/2

.

From Assumption 2, we can prove that E [𝑒𝑙] = 0, E
[︁
‖𝑒𝑙‖2

]︁
= 𝜎2

𝑔/𝑛, and E [⟨𝑒𝑙, 𝑒𝑖⟩] = 0 for 𝑙 ̸= 𝑗.
Thus,

E [‖𝑒𝑡+1‖] ≤

⎛⎝E

⃦⃦⃦⃦
⃦⃦ 𝑡∑︁
𝑗=0

𝑡∏︁
𝜏=𝑗

(1− 𝜂𝜏 )𝑆𝑗+1

⃦⃦⃦⃦
⃦⃦
2⎞⎠1/2

+
𝜎𝑔√
𝑛

⎛⎝ 𝑡∑︁
𝑗=0

𝑡∏︁
𝜏=𝑗+1

(1− 𝜂𝜏 )
2𝜂2𝑗

⎞⎠1/2

.

Next, from Assumption 2, we can show that E
[︁
⟨𝑆𝑙, 𝑆𝑗⟩

]︁
= 0 for 𝑙 ̸= 𝑗, and that

E [‖𝑒𝑡+1‖] ≤

⎛⎝ 𝑡∑︁
𝑗=0

𝑡∏︁
𝜏=𝑗

(1− 𝜂𝜏 )
2E
⃦⃦⃦
𝑆𝑗+1

⃦⃦⃦2⎞⎠1/2

+
𝜎𝑔√
𝑛

⎛⎝ 𝑡∑︁
𝑗=0

𝑡∏︁
𝜏=𝑗+1

(1− 𝜂𝜏 )
2𝜂2𝑗

⎞⎠1/2

.

Since

E[‖𝑆𝑗+1‖2] = E

⎡⎣⃦⃦⃦⃦⃦ 1𝑛
𝑛∑︁

𝑖=1

(︁
∇2𝑓𝑖(𝑥̂

𝑗+1, 𝜉𝑗+1
𝑖 )(𝑥𝑗+1 − 𝑥𝑗)− (∇𝑓𝑖(𝑥

𝑗+1)−∇𝑓𝑖(𝑥
𝑗))
)︁⃦⃦⃦⃦⃦

2
⎤⎦

≤ 1

𝑛2

𝑛∑︁
𝑖=1

(︂
E
[︂⃦⃦⃦

(∇2𝑓𝑖(𝑥̂
𝑗+1, 𝜉𝑗+1

𝑖 )−∇2𝑓𝑖(𝑥̂
𝑗+1))(𝑥𝑗+1 − 𝑥𝑗)

⃦⃦⃦2]︂)︂
+E

[︁⃦⃦
∇2𝑓(𝑥̂𝑗+1)(𝑥𝑗+1 − 𝑥𝑗)− (∇𝑓(𝑥𝑗+1)−∇𝑓(𝑥𝑗))

⃦⃦2]︁
≤ 1

𝑛2

𝑛∑︁
𝑖=1

(︂
E
⃦⃦⃦
(∇2𝑓𝑖(𝑥̂

𝑗+1, 𝜉𝑗+1
𝑖 )−∇2𝑓𝑖(𝑥

𝑗+1))(𝑥𝑗+1 − 𝑥𝑗)
⃦⃦⃦2)︂

+2E
⃦⃦
∇2𝑓(𝑥̂𝑗+1)

⃦⃦2
op

⃦⃦
𝑥𝑗+1 − 𝑥𝑗

⃦⃦2
+ 2E

⃦⃦
∇𝑓(𝑥𝑗+1)−∇𝑓(𝑥𝑗)

⃦⃦2
≤ 𝛾2𝑗

(︃
1

𝑛2

𝑛∑︁
𝑖=1

𝜎2
ℎ + 4𝐿2

)︃

≤ 4

(︂
𝜎2
ℎ

𝑛
+ 𝐿2

)︂
𝛾2𝑗 ,
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we obtain:

E [‖𝑒𝑡+1‖] ≤ 4

⎛⎝ 𝑡∑︁
𝑗=1

⎛⎝ 𝑡∏︁
𝜏=𝑗

(1− 𝜂𝜏 )
2

⎞⎠ 𝛾2𝑗

⎞⎠1/2(︂
𝜎ℎ√
𝑛
+ 𝐿

)︂

+
𝜎𝑔√
𝑛

⎛⎝ 𝑡∑︁
𝑗=0

⎛⎝ 𝑡∏︁
𝜏=𝑗+1

(1− 𝜂𝜏 )
2

⎞⎠ 𝜂2𝑗

⎞⎠1/2

.

D.1. Proof of Theorem 1

From Theorem 6,

𝛾𝑡E
[︀
‖∇𝑓(𝑥𝑡)‖

]︀
≤ E [𝑉𝑡]− E [𝑉𝑡+1] + 2𝛾𝑡E

[︀⃦⃦
∇𝑓(𝑥𝑡)− 𝑣𝑡

⃦⃦]︀
+

𝐿

2
𝛾2𝑡 + 𝛾2𝑡 ·𝐵1 + 𝜂𝑡𝛾𝑡 ·𝐵2

Theorem 8
≤ E [𝑉𝑡]− E [𝑉𝑡+1] + 2𝛾𝑡 · 𝐿

𝑡∑︁
𝑙=0

⎛⎝ 𝑡∏︁
𝑗=𝑙

(1− 𝜂𝑗)

⎞⎠ 𝛾𝑙 + 2𝛾𝑡 ·
𝜎𝑔√
𝑛

⎛⎝ 𝑡∑︁
𝑙=0

𝑡∏︁
𝑗=𝑙+1

(1− 𝜂𝑗)
2𝜂2𝑙

⎞⎠1/2

+
𝐿

2
𝛾2𝑡 + 𝛾2𝑡 ·𝐵1 + 𝜂𝑡𝛾𝑡 ·𝐵2,

where 𝐵1 =
2
√
1−𝛼𝐿̄

1−
√
1−𝛼

and 𝐵2 =
4
√
1−𝛼

1−
√
1−𝛼

𝜎𝑔. Therefore,

∑︀𝑇−1
𝑡=0 𝛾𝑡E

[︀
‖∇𝑓(𝑥𝑡)‖

]︀∑︀𝑇−1
𝑡=0 𝛾𝑡

≤
E [𝑉0] + 2

∑︀𝑇−1
𝑡=0 𝛾𝑡 · 𝐿

∑︀𝑡
𝑙=0

(︁∏︀𝑡
𝑗=𝑙(1− 𝜂𝑗)

)︁
𝛾𝑙 + 2

𝜎𝑔√
𝑛

∑︀𝑇−1
𝑡=0 𝛾𝑡

(︁∑︀𝑡
𝑙=0

∏︀𝑡
𝑗=𝑙+1(1− 𝜂𝑗)

2𝜂2𝑙

)︁1/2
∑︀𝑇−1

𝑡=0 𝛾𝑡

+
𝐿
2

∑︀𝑇−1
𝑡=0 𝛾2𝑡 +𝐵1

∑︀𝑇−1
𝑡=0 𝛾2𝑡 +𝐵2

∑︀𝑇−1
𝑡=0 𝜂𝑡𝛾𝑡∑︀𝑇−1

𝑡=0 𝛾𝑡
.

If 𝛾𝑡 = 𝛾0

(︁
1

𝑡+1

)︁3/4
and 𝜂𝑡 =

(︁
2

𝑡+2

)︁1/2
, then we can prove the following:

1.
∑︀𝑡−1

𝑗=0

(︁∏︀𝑡−1
𝜏=𝑗(1− 𝜂𝜏 )

)︁
𝛾𝑗 ≤

∑︀𝑡−1
𝑗=0

(︁∏︀𝑡−1
𝜏=𝑗+1(1− 𝜂𝜏 )

)︁
𝛾𝑗 ≤ 𝐶1𝛾𝑡/𝜂𝑡

2.
(︁∑︀𝑡−1

𝑗=0

(︁∏︀𝑡−1
𝜏=𝑗(1− 𝜂𝜏 )

2
)︁
𝜂2𝑗

)︁1/2
≤
(︁∑︀𝑡−1

𝑗=0

(︁∏︀𝑡−1
𝜏=𝑗(1− 𝜂𝜏 )

)︁
𝜂2𝑗

)︁1/2
≤ (𝐶2𝜂

2
𝑡 /𝜂𝑡)

1/2 =

𝐶2
√
𝜂𝑡

3.
∑︀𝑇−1

𝑡=0 𝛾2𝑡 /𝜂𝑡 =
∑︀𝑇−1

𝑡=0 𝛾0

(︁
1

𝑡+1

)︁3/2
·
(︁

2
𝑡+2

)︁−1/2
≤
∑︀𝑇−1

𝑡=0 𝛾0
1

𝑡+1 ≤
∫︀ 𝑇
1 𝛾0

1
𝑧𝑑𝑧 = 𝛾0 log 𝑇
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4.
∑︀𝑇−1

𝑡=0 𝛾𝑡
√
𝜂𝑡 =

∑︀𝑇−1
𝑡=0 𝛾0

(︁
1

𝑡+1

)︁3/4 (︁
2

𝑡+2

)︁1/4
≤
∑︀𝑇−1

𝑡=0 𝛾0
2

𝑡+2 ≤
∫︀ 𝑇+1
1 𝛾0

2
𝑧𝑑𝑧 = 2𝛾0 log 𝑇

5.
∑︀𝑇−1

𝑡=0 𝛾2𝑡 =
∑︀𝑇−1

𝑡=0 𝛾20

(︁
1

𝑡+1

)︁3/2
≤ 𝛾20

∫︀ 𝑇
1

1
𝑧3/2

𝑑𝑡 = −2𝛾20
1

𝑧1/2

⃒⃒⃒𝑇
1
= (1− 1√

𝑇
) · 2𝛾20 ≤ 2𝛾20

6.
∑︀𝑇−1

𝑡=0 𝛾𝑡𝜂𝑡 = 𝛾0
∑︀𝑇−1

𝑡=0

(︁
1

𝑡+1

)︁3/4 (︁
2

𝑡+2

)︁1/2
≤ 𝛾0

∑︀𝑇−1
𝑡=0

(︁
2

𝑡+2

)︁5/4
≤ 𝛾0

∫︀ 𝑇+1
2

25/4

𝑧5/4
𝑑𝑧 = 4𝛾0 · 4

(︁
− 1

𝑧1/4

⃒⃒𝑇+1

2

)︁
≤ 16𝛾0

7.
∑︀𝑇−1

𝑡=0 𝛾𝑡 =
∑︀𝑇−1

𝑡=0 𝛾0

(︁
1

𝑡+1

)︁3/4
≥ 𝛾0𝑇 · 1

𝑇 3/4 = 𝛾0𝑇
1/4

By applying these facts, we finally have

∑︀𝑇−1
𝑡=0 𝛾𝑡E‖∇𝑓(𝑥𝑡)‖∑︀𝑇−1

𝑡=0 𝛾𝑡
≤ 𝑉0

𝛾0𝑇 1/4
+

2𝐿𝐶1 log 𝑇

𝛾0𝑇 1/4
+

2𝐶2𝜎𝑔√
𝑛

· 𝛾0 log 𝑇
𝛾0𝑇 1/4

+
1

2

(︂
𝐿+

4
√
1− 𝛼

1−
√
1− 𝛼

𝐿

)︂
· 2𝛾20
𝛾0𝑇 1/4

+
4
√
1− 𝛼

1−
√
1− 𝛼

· 8𝜎𝑔𝛾0

𝛾0𝑇 1/4

=
𝑉0

𝛾0𝑇 1/4
+

2𝐿𝐶1 log 𝑇

𝑇 1/4
+

2𝜎𝑔√
𝑛
· log 𝑇
𝑇 1/4

+
1

𝑇 1/4
𝛾0

(︂
𝐿+

4
√
1− 𝛼

1−
√
1− 𝛼

𝐿

)︂
+

1

𝑇 1/4
· 64

√
1− 𝛼

1−
√
1− 𝛼

𝜎𝑔.

D.2. Proof of Theorem 2

From Theorem 7 we obtain

𝛾𝑡E
[︀
‖∇𝑓(𝑥𝑡)‖

]︀
≤ E [𝑉𝑡]− E [𝑉𝑡+1] + 2𝛾𝑡E

[︀⃦⃦
∇𝑓(𝑥𝑡)− 𝑣𝑡

⃦⃦]︀
+
𝐿

2
𝛾2𝑡 + 𝛾2𝑡 · 𝐵̂1 + 𝜂𝑡𝛾𝑡 · 𝐵̂2 + (1− 𝜂𝑡)𝛾

2
𝑡 · 𝐵̂3

Theorem 8
≤ E [𝑉𝑡]− E [𝑉𝑡+1] + 2𝛾𝑡

𝜎𝑔√
𝑛

⎛⎝ 𝑡∑︁
𝑗=0

⎛⎝ 𝑡∏︁
𝜏=𝑗+1

(1− 𝜂𝜏 )
2

⎞⎠ 𝜂2𝑗

⎞⎠1/2

+2𝛾𝑡 · 4

⎛⎝ 𝑡∑︁
𝑗=1

⎛⎝ 𝑡∏︁
𝜏=𝑗

(1− 𝜂𝜏 )
2

⎞⎠ 𝛾2𝑗

⎞⎠1/2(︂
𝜎ℎ√
𝑛
+ 𝐿

)︂

+
𝐿

2
𝛾2𝑡 + 𝛾2𝑡 · 𝐵̂1 + 𝜂𝑡𝛾𝑡 · 𝐵̂2 + (1− 𝜂𝑡)𝛾

2
𝑡 · 𝐵̂3,
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where 𝐵̂1 =
3
√
1−𝛼𝐿̄

1−
√
1−𝛼

, 𝐵̂2 =
4
√
1−𝛼

1−
√
1−𝛼

𝜎𝑔, and 𝐵̂3 =
4
√
1−𝛼

1−
√
1−𝛼

𝜎ℎ. Therefore,

∑︀𝑇−1
𝑡=0 𝛾𝑡E

[︀⃦⃦
∇𝑓(𝑥𝑡)

⃦⃦]︀∑︀𝑇−1
𝑡=0 𝛾𝑡

≤
𝑉0 + 2

∑︀𝑇−1
𝑡=0 𝛾𝑡

𝜎𝑔√
𝑛

(︁∑︀𝑡
𝑗=0

(︁∏︀𝑡
𝜏=𝑗+1(1− 𝜂𝜏 )

2
)︁
𝜂2𝑗

)︁1/2
∑︀𝑇−1

𝑡=0 𝛾𝑡

+
2
∑︀𝑇−1

𝑡=0 𝛾𝑡 · 4
(︁∑︀𝑡

𝑗=1

(︁∏︀𝑡
𝜏=𝑗(1− 𝜂𝜏 )

2
)︁
𝛾2𝑗
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Appendix E. Numerical Experiments

We consider the logistic regression problem with non-convex regularizer:

min
𝑥∈R𝑑

{︃
𝑓(𝑥) =

1

𝑀𝑛

𝑀∑︁
𝑚=1

𝑛∑︁
𝑖=1

log
(︁
1 + 𝑒−𝑏𝑚,𝑖⟨𝑎𝑚,𝑖,𝑥⟩

)︁
+ 𝜆𝑟(𝑥)

}︃
, where 𝑟(𝑥) :=

𝑑∑︁
𝑗=1

𝑥2𝑗
1 + 𝑥2𝑗

.

(13)
Let 𝜆 > 0 be a regularization parameter, 𝑎𝑚,𝑖 ∈ R𝑑 denote the input features, and 𝑏𝑚,𝑖 ∈

{−1, + 1} the corresponding binary labels. Here, 𝑀 represents the number of clients and 𝑛 the
number of data points per client. In our experiments, we set 𝜆 = 4, and synthetically generate the
data using the scikit-learn library [63], with 𝑀 = 10, 𝑛 = 10, and 𝑑 = 20.

We evaluate and compare the performance of ‖EF21-SGDM-HES‖ and ‖EF21-SGDM‖. Both
methods are parameter-agnostic, requiring no problem-specific tuning. For all experiments, we
initialize the algorithm with 𝑥0 as a vector of ones, and the control variates are set to the gradients of
the local objective functions: 𝑔0𝑖 = 𝑣0𝑖 = ∇𝑓𝑖(𝑥

0). The initial learning rate is set to 𝛾0 = 1.

Figure 1: Comparison between ‖EF21-SGDM-HES‖ and ‖EF21-SGDM‖ on problem (13) with
𝜆 = 4.
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Figure 1 presents two plots that illustrate the convergence behavior of the proposed methods. The
plot on the left depicts the convergence of the gradient norm. Initially, the ‖EF21-SGDM‖ method
exhibits slightly faster convergence compared to ‖EF21-SGDM-HES‖. This can be attributed to the
higher oscillations in ‖EF21-SGDM-HES‖, which are caused by noise in the Hessian approxima-
tions. However, once the optimization process stabilizes, ‖EF21-SGDM‖ demonstrates superior
performance relative to its counterpart that does not incorporate Hessian information.

Since our theoretical analysis pertains to the minimum gradient norm achieved over the course of
the iterations—rather than the gradient norms along the entire optimization trajectory—we illustrate
this metric in the plot on the right. As shown, the convergence is initially slower, but significantly
improves after the first few iterations.

Consistent with the results shown in Figure 1, the method ‖ ‖EF21-SGDM-HES‖ ‖ slightly
outperforms ‖ ‖EF21-SGDM‖ ‖, although it exhibits greater oscillatory behavior due to the inclusion
of Hessian information.
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Figure 2: Performance comparison of ‖EF21-SGDM-HES‖ against baseline methods on the CIFAR-
10 dataset using ResNet-18. The plots display (a) training loss, (b) test loss, and (c) test accuracy, all
as a function of epochs.

Appendix F. Deep Learning experiments

Datasets, Hardware, and Implementation. To evaluate the performance of the proposed methods
in training Deep Neural Networks (DNNs), we utilized the ResNet-18 architecture [36]. ResNet-18
is a prominent model for image classification, and its architecture is also frequently adapted for tasks
such as feature extraction in image segmentation, object detection, image embedding, and image
captioning. Our experiments involved training all layers of the ResNet-18 model, corresponding to
an optimization problem with 𝑑 = 11,173,962 parameters.

All implementations were developed in PyTorch [61], and experiments were conducted on the
CIFAR-10 dataset [50]. Numerical evaluations were performed on a server-grade machine running
Ubuntu 18.04 (Linux Kernel v5.4.0). This system was equipped with dual 16-core 3.3 GHz Intel
Xeon processors (totaling 32 cores) and four NVIDIA A100 GPUs, each with 40GB of memory.

To simulate a federated learning environment, we adopted a data distribution strategy inspired
by Gao et al. [29]. Specifically, 50% of the CIFAR-10 dataset was allocated to 10 clients based on
class labels, such that data points with the 𝑖-th label (for 𝑖 ∈ {0, . . . , 9}) were assigned to client
𝑖+ 1. The remaining 50% of the dataset was distributed randomly and uniformly among the clients.
Subsequently, each client’s local data was partitioned into a training set (90%) and a test set (10%).
This partitioning scheme introduces data heterogeneity, a common characteristic of federated settings.
For communication compression, we employed the Top-K sparsifier, retaining 10% of the coordinates
(i.e., 𝐾/𝑑 = 0.1).

In our PyTorch implementation of ‖EF21-SGDM-HES‖, hessian-vector products are computed
efficiently using automatic differentiation, leveraging the identity ∇2𝑓(𝑥, 𝑧)𝑣 = ∇𝑥⟨∇𝑥𝑓(𝑥, 𝑧), 𝑣⟩.
PyTorch’s capability to backpropagate through the differentiation process itself facilitates a straight-
forward implementation. To optimize computational cost, we approximate the Hessian-vector product
term ∇2𝑓𝑖(𝑥̂

𝑡+1,𝜉𝑡+1)(𝑥𝑡+1 − 𝑥𝑡). Instead of using a separate 𝑥̂𝑡+1 and sampling new 𝜉𝑡+1, we set
𝑥̂𝑡+1 = 𝑥𝑡 and reuse the same stochastic batch 𝜉𝑡+1 that is employed for computing the stochas-
tic gradient ∇𝑓𝑖(𝑥

𝑡+1,𝜉𝑡+1). This practical simplification avoids two additional backpropagation
calculations per iteration.

Baselines and Hyperparameter Tuning. We benchmark the proposed ‖EF21-SGDM-HES‖
against several state-of-the-art error feedback methods: EF21-SGD [26], EF21-SGDM [27],
‖EF21-SGDM‖ [45], and EControl [29].

32



PARAMETER-AGNOSTIC ERROR FEEDBACK ENHANCED WITH HESSIAN-CORRECTED MOMENTUM

For the baseline methods EF21-SGDM and EControl, the momentum parameter 𝜂 was set to
0.1, following the recommendations in Fatkhullin et al. [27] and Gao et al. [29], respectively. For
our proposed ‖EF21-SGDM-HES‖ and the ‖EF21-SGDM‖ baseline, we explored both constant 𝜂
values from the set {0.01, 0.1, 0.2} and theoretically motivated decreasing schedules. Specifically,
for ‖EF21-SGDM‖, we tested 𝜂𝑒 = (2/𝑒+2)0.5, and for ‖EF21-SGDM-HES‖, 𝜂𝑒 = (2/𝑒+2)0.67,
where 𝑒 denotes the epoch counter. These decreasing schedules are inspired by Algorithm 1 and the
convergence analyses in Theorems 1 and 2. In practice, to prevent 𝜂 from diminishing too rapidly,
we update it on a per-epoch basis rather than per-iteration.

Regarding stepsizes, EF21-SGD, EF21-SGDM, and EControl utilized a constant stepsize
scheme, with values tuned from the set {1.0, 0.1, 0.05, 0.01, 0.005}. For ‖EF21-SGDM‖ and our
proposed ‖EF21-SGDM-HES‖, corresponding to each selected 𝜂 schedule (constant or decreasing),
we evaluated both constant stepsizes 𝛾𝑒 ≡ 𝛾 ∈ {1.0, 0.1, 0.05, 0.01} and epoch-dependent decreas-
ing schedules: 𝛾𝑒 = 𝛾0(1/𝑒+1)0.75 for ‖EF21-SGDM‖, and 𝛾𝑒 = 𝛾0(1/𝑒+1)0.67 for ‖EF21-SGDM-HES‖.
Here, 𝑒 is the epoch counter, and the initial learning rate 𝛾0 for the decreasing schedules was tuned
from a similar range as the constant stepsizes.

All methods were trained for a fixed budget of 90 epochs. Since the per-iteration communication
cost is identical for all compared algorithms, the total number of epochs serves as a direct proxy for
the total bits communicated. Upon completion of all experimental runs, the optimal hyperparameters
(stepsize 𝛾𝑒 and momentum parameter 𝜂𝑒) for each method were selected based on the best validation
accuracy achieved and observed stable convergence behavior. A summary of the selected tuned
hyperparameters is provided in Table 2, and the best-achieved accuracy metrics for each method are
detailed in Table 3.

Table 2: Summary of the tuned hyper-parameters.

Method Learning rate 𝛾 Momentum 𝜂

EF21-SGD 1.0 —
EF21-SGDM 0.1 0.1
EControl 1.0 0.1
‖EF21-SGDM‖ 0.1 (2/𝑒+2)

0.5 †
‖EF21-SGDM-HES‖ 0.1 (2/𝑒+2)

0.67 †
† 𝑒 is the epoch’s index .

Table 3: Best performance metrics achieved by each method when training ResNet-18 on the CIFAR-
10 dataset. The best results are highlighted in bold.

Method Best Validation
Accuracy (%)

Corresponding Test
Accuracy (%)

Epoch of Best
Validation Accuracy

EF21-SGD 80.30 78.30 77
EF21-SGDM 77.74 76.26 33
EControl 80.36 78.63 90
‖EF21-SGDM‖ 82.22 81.88 76
‖EF21-SGDM-HES‖ 84.18 83.42 87
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Performance Comparison As indicated in Table 3, ‖EF21-SGDM-HES‖ achieves the best
accuracy on both the validation and test sets. Its advantage over other baselines is notably illustrated
in Figure 2. This figure demonstrates that ‖EF21-SGDM-HES‖ clearly attains the highest test
accuracy among all methods, and this superiority is consistently and stably maintained throughout
the learning procedure. In particular, it also achieves the lowest test loss (see Figure 2b).

It is worth noting that, while ‖EF21-SGDM-HES‖ demonstrates the best performance, other
methods such as ‖EF21-SGDM‖ also show notable improvements over earlier approaches. In
contrast, EF21-SGD and EControl exhibit more unstable convergence trajectories, characterized by
significant fluctuations in their performance metrics.
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