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ABSTRACT

Mean field theories provide optimization results for shallow neural networks by
analyzing the weight distribution in infinite width limits. Corresponding results
for finite sized networks are obtained by particle approximations, for which sharp
quantitative bounds are still an open problem. In this paper, we consider a mod-
ified mean field loss, which allows a more fine grained control over finite sized
networks. We prove convexity and equidistribution properties, which directly lead
to Barron type approximation results for networks sampled from local loss min-
imizers. We demonstrate that particle approximations of the new loss function
naturally lead to gradient descent methods with dropout type regularization.

1 INTRODUCTION

Continuum limits have proven to be helpful for both the optimization and approximation theory of
shallow neural networks. While there are several possible variants, in this paper we consider the
limit

= wolw) / an(w)or(w) dr(w), ()

for probability measure 7 and some function a, (w). The function o: W — H maps weights from
domain W C R to a Hilbert space , with the main motivation coming from shallow neural
networks given by H = Ly and o(w)(z) = ReLU (v'x — b) for w = (v, b).

The limit @ is sometimes referred to as a two-timescale limit (Marion and Berthier, 2023} Takakura
and Suzukil 2024)), if the outer a; or a, (w) are chosen optimally. This differs slightly from the more
common limit | ao(w) dn(a,w) in mean filed theory, where a is not a function but included in the
measure’s domain.

1.1 APPROXIMATION THEORY

We want to approximate a target function f as close as possible by a neural network. For its con-
struction, we assume that f is given as a continuum limit

f= / 0 () (1) dr (), @)

and then we find the finite network by sampling w; ~ , effectively reversing the arrow in (I). This
leads to error bounds of the form

% Zzin; aio(w;) — f

for some norm || - || g~ defined in Section This norm matches Barron or variation norms for a
careful choice of 7. This choice, however, is not available in practice and the error bound works
for many other distributions. Indeed, for any probability distribution 7’ that has a density dm/dr’
with respect to m we can set ar := ardr/dr’ and obtain f = [ ar (w)o(w)dr’(w), as well as
the corresponding approximation errors. Despite the similarity in error bounds, the choice of 7 has
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profound practical implications. For unfavourable choices, the norm || f|| 5(-) may be excessively
large or even infinite.

This problem can already be seen in the simplest examples in one spacial dimension where shallow
ReLU networks correspond to splines and the choice of 7 to a (random) adaptive placement of spline
knots. Similar problems also arise in the selection of local refinement in adaptive finite element
methods (DeVore, [1998; |Cohen and Mirebeau, [2009). In those classical theories, the best choices
are achieved by equidistributing local errors or local smoothness. We argue that this principle still
applies to shallow neural networks, with equidistribution defined by

|ax(w)|]|o(w)|| = constant in w. 4)

As we see in Section the left hand side can be understood as a local smoothness indicator,
relative to the distribution 7. The condition also ensures that all samples w; ~ , receive the same
outer weight ax(w;), up to a scaling factor. With equidistribution , the norm || f{| 5., reduces to the
Barron or variation norm found in current approximation results. The main objective of this paper
is to show that such theoretical choices are attained by practical optimization methods.

1.2 MEAN FIELD LIMIT

Mean field theory leverages the continuum limit (1) to understand the optimization of neural net-
works, starting from the objective
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or more commonly with the alternative continuum limit | ac(w) d(a, w). This problem is convex
in 7 and optimized by Wasserstein gradient flow or Langevin dynamics. Implications for finite
networks are achieved by replacing 7w with a particle approximation 7 ~ % Z:’;l 0w, for which
Wasserstein gradient flow matches the gradient flow of the finite networks.

While the methods converge to global optima, it is not clear that all global optima are good ones:
They achieve zero loss and thus match the exact representation (2). But as we have seen, there are
many such representations with severely different performance of finite approximations. The very
recent paper Takakura and Suzuki|(2024), which we became aware of after completion of this paper,
controls this choice by an extra penalty term, similar to the || f|| 5, norm above. We choose an

alternative route without penalties but a different loss function.

1.3 NEW CONTRIBUTIONS

Instead of the standard mean field loss (3)), we optimize the expected sampling error in the approxi-
mation bound (3)) directly
2
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Unlike mean field theory, the expectation is outside of the norm, which ensures that the loss is non-
zero and provides a direct control over finite sized networks. Due to the outer product measure
™ =7 @ --- @ and the m-dependent function a, this optimization problem may appear overly
difficult. Nonetheless, the main results of this paper show that it has several favourable properties:

1. Theorem 3.1} The optimization problem () is convex over admissible probability distribu-
tions 7.

2. Lemmas[3.2] [3.4} Local minimizers 7 satisfy the equidistribution property (@)
|ar(w)] ||o(w)|] = constant + perturbations, for all w, ™ — a.s.

3. Theorem[3.3] 3.5} Local minimizers 7 achieve the approximation errors
2
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for all m € N, where || B(s,¢) 18 a stable variant of classical Barron norms and e, 0 pertur-
bation terms dependent on a (w).



4. Sectiond} As for the standard mean field loss, Wasserstein gradient flow matches gradient
flow of finite networks. For corresponding gradient descent methods, the outer expectation
naturally leads to a dropout regularization.

We consider two variants for these results, depending on the definition of a,(w). The first is an
idealized scenario, with a streamlined analysis, where a, is given as the Radon-Nikodym derivative
of an ideal distribution. The second is a more practical choice, where a, is defined as the optimal
coefficients of finite networks, averaged over off-diagonal weights.

1.4 LITERATURE REVIEW

Approximation The approximation theory of neural networks seeks to understand how well a
target function f can be approximated by a neural network. Universal approximation theorems

[T989]; [Hornik et al., [1989; Barronl [1993}, [Zhou), [2020; [Lu et al.| 2017, [Hanin and Sellke),
2017) show that this is possible to arbitrary accuracy.

Since these early results, lots of effort has been spent on a more fine grained picture that seeks
quantitative error bounds given various different smoothness properties of the target function and ar-
chitectures of the networks. For Sobolev or Besov smooth targets, classical approximation methods
like finite elements or splines are effective and neural networks match their performance (Gribon-
val et al}, 2022} [Giihring et al., 2020} [Opschoor et al.| 2020; [Li et al.} 2019; [Suzukil [2019). If one
allows discontinuous weight assignments, neural networks can achieve higher approximation rates
that classical methods (Yarotskyl [2017; 2018}, [Yarotsky and Zhevnerchuk}, [2020} [Daubechies et al.}
2022}, [Shen et al 2019; [Lu et al., [2021). Sobolev and Besov smoothness is not suitable for high
dimensional targets and with more tailored smoothness assumptions in Barron and variation norms,
neural networks achieve dimension independent approximation rates (Bach|, [2017; [Klusowski and
Barron| 2018} [Weinan et al. [Li et al.l 2020} [Siegel and Xul [2020; 20224} Bresler and Nagaraj,
2020; [Parh1 and Nowak, 2021} [Unser, [2023; Siegel and Xu, 2024). More information is contained
in the reviews (Pinkus, [DeVore et al., 2021}, [Weinan et al., 2020} [Berner et al.,[2022).

Approximation theorems state the existence of good neural network approximation, but usually do
not include a corresponding training mechanism. Early results for gradient descent trained networks
(Jentzen and Riekert, [2022} Tbragimov et al.| 2022} [Drews and Kohler, 2022} [Kohler and Krzyzak]
[2022} |Gentile and Welper, 2024} [Welper} 20244} [2025) rely on the convex outer layer, or lazy lin-
earized training regimes and therefore cannot match the full approximation power known in theory.
Barron smoothness approximation results can be achieved by greedy algorithms
20220} [Siegel et all,[2023)) which reduce training to another non-convex sub-problem.

Landscape Analysis Properties of the training objective are studied in landscape analysis. With
strong assumptions or over-parametrization, local minima are global minima (Soudry and Carmon),
2016} [Kawaguchil, [2016;[Nguyen and Heinl, 2017} |Ge et al.,[2018; [Du and Lee] 2018} [Soltanolkotabil
et al [2019; |Venturi et al., 2019; Kawaguchi et al., [2019; [Kawaguchi and Huang, [2019). In dif-
ferent regimes this is not true (Swirszcz et al., 2017} [Safran and Shamir, 2018}, [He et al
Ding et al.} 2022} [Jentzen and Riekert, 2024), or local minima are path connected (He et al., [2020).
Approximation properties of critical points, are studied in (2024b). The reference achieves
sharp optimization bounds for one dimensional problems by optimizing the network weights. In
comparison, we optimize the weight distribution and obtain results in high dimensions.

Lazy Training Regime For very wide networks, the gradient descent training dynamics are dom-
inated by linearization at the initial value. This leads to gradient descent convergence based on the
neural tangent kernel, originally introduced in (Jacot et al., 2018}, [Li and Liang}, 2018}, [Allen-Zhu
et al), [2019; Du et al., 2019bza), and then further developed in e.g. (Zou et al., [2020; |Arora et al.,
2019azb; Su and Yang| 2019; Lee et al., 2019} [Song and Yang, 2019} [Zou and Gu, [2019; Kawaguchi|
and Huang| 2019} |Chizat et al., 2019; [Oymak and Soltanolkotabi, 2020; [Ji and Telgarskyl, [2020;
Nguyen and Mondelli, [2020; |Bai and Lee, 2020} |Cao and Gu, [2020; |Chen et al., 2021} Song et al.
2021} [Lee et al., [2022; |Gentile and Welper, 2024} [Welper, 2024a; 2025} [Welper and Keene, [2025).
Due to the inherent linearization, these approaches do not match the network’s full potential, con-

firmed by empirical studies 2023) and in (Lee et al., [2020; [Seleznova and Kutyniok]
2022).




Beyond the Lazy Regime More recent papers (Damian et al., 2022; [Lee et al., [2024; Mousavi-
Hosseini et al., 2023) show that neural networks can achieve superior results to linearization or
kernel methods. In particular, they can train high dimensional functions of type g(Ux) with some
intrinsic lower dimensionality given by a wide matrix U € R™*? with r < d.

Mean Field Limits Earlier results (Chizat and Bach,2018;|Mei et al., [2018; Rotskoff and Vanden-
Eijnden, 2018} |[Hu et al., |2020; [Sirignano and Spiliopoulos, 2020; Bach and Chizat, 2021)) consider
the limiting objective (5) and particle discretizations. They show convergence to global minima for
gradient flow time ¢ — oo and weight m — oco. Newer results contain finer grained quantitative
error bounds for gradient flow time (Chizat, |2022; Nitanda et al., [2022)) and discretization (Chen
et al., |2023; Suzuki et al., 2023 Takakura and Suzuki, [2024)).

1.5 NOTATIONS

The notations used throughout the paper are summarized in Appendix

2 CONTINUUM LIMIT AND APPROXIMATION

2.1 CONTINUUM LIMIT

Throughout this paper, we assume that the target function f is given by

;= / o (w) d(w), @)

where ¢ is contained in the space M of finite signed measures on WV. In case ¢ is not unique, we
choose a minimizer of the Barron norm in (I2)), below.

Note that the continuum limit does not include outer weights a. While in mean field theory outer
and inner weights (a,w) — v are often joined into one single variable, we marginalize instead. E.g.
if f is given by a probability density p(a,w), we obtain

= // w)ap(a,w) da dw = /a(w) (/ ap(a, w) da) dw = /o‘(w) do(w), (8)

with signed measure ¢(A) = [ A ( [ ap(a, w) da) dw. Appendlx shows that ¢ is often unique,
unlike p, which can accommodate dlfferent distributions of w by adapting the distribution of a.

2.2  APPROXIMATION: MAUREY SAMPLING

The main interest of continuum limits is to derive properties of their discrete practical counterparts.
To study approximation properties, these are constructed by sampling.

In detail, we construct finite networks by replacing the integral representation with a sample
mean. However, we cannot sample from ¢ directly because it is signed and not normalized, hence not
a probability. Therefore, let ¢ be absolutely continuous with respect to some probability measure 7
from which we sample instead. Then, we can rewrite the continuum limit with the Radon-Nikodym
derivative a, := d¢/dm so that

_ d¢ _
f= /U(w)% dr(w) = Eyrr [ar(w)o(w)] )

and replace the expectation by mean

1 m
~ - ;aw(wi)a(wi), (10)

with 7-i.i.d samples w;. To state error bounds, we define the Barron norm relative to T:

1 ey = 171+ 1 5y ey = Bumr [las(wio()?] .

Then, along standard lines, (Weinan et al., 2022} |Siegel and Xu| [2024) reviewed in Appendix @
we obtain:



Theorem 2.1. Let f and ¢ be given by (I). Let ¢ be absolutely continuous with respect to some
probability measure w, let a; = d¢/dn be the Radon-Nikodym derivative and let w;, i € [m] be
i.i.d sampled from . Then

2
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We now turn to the best possible choice of 7. Intuitively, we want to place the samples w; so that
all summands in the sample mean (I0) have the same weight. Formally, this means that the size
of the summands |a,(w)| ||o(w)|| is independent of w, which we refer to as equidistribution. The
optimality of this choice is confirmed in Lemma|[3.2]and leads to standard Barron type approximation
error bounds (Weinan et al., |2022} [Siegel and Xu, [2024), shown in Appendix @

Corollary 2.2. Let f and ¢ be given by (7). For measurable sets W C W, define the probability
measure

7)< 1715 [ ol dioi(w) = [ llo@ll diél(w).
w w
Let a, = d¢/dm be the Radon-Nikodym derivative and w;, i € [m] be i.i.d sampled from 7. Then
ar ()| lo(W)|| = [f|px) = || 7-almost surely and

2
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Based on the last corollary, we define the Barron norm

1fllp = I+ 1f]5 /15 :/IIU(UJ)H d|o|(w). (12)

One usually takes the infimum over all eligible ¢, which we have already done in the definition (7).
Our definition is similar to the Barron norms in|Ongie et al.[(2020), but there are several alternatives
in the literature. E.g. the Barron norms in [Weinan et al.|(2022) use the continuum representation
with outer weights as in (8) and define | f|; = inf, Eyyr|ax (w)||w|, which for ReLU activations is
slightly larger than ours. An overview over alternative definitions of Barron norms is given in|Siegel
and Xu|(2021).

The remarkable property of Theorem|2.1|and Corollary|2.2]is the dimension d independent error rate
m~/2, which can be improved slightly to m~2~3a for ReLU activations (Siegel and Xul [2024).
However, these results are of theoretical nature because practically we do not know ¢, 7 or a,. Also
note that an optimal choice of the sampling distribution 7 is paramount because the norm || f|| B(r)

can be significantly larger than the optimal || f|| 5, even infinite, leading to poor performance of the
discrete sample mean.

2.3 EXAMPLES

Appendix contains a simple model problem, where 7 can be computed directly and equidistri-
bution is comparable to classical approximation methods like splines or finite elements. The choice
of sample distribution is also crucial in Monte Carlo integration | f(z) dr(x), where sampling from
« directly is preferred over sampling from generic distributions weighted by 7’s density.

3 MAIN RESULTS

As we have seen in the last section, low approximation errors require a careful choice of the sample
distribution 7. Since all distributions, subject only to absolute continuity, achieve zero mean field
loss (3), we use the more fine grained loss

2

min /() := min Eyomm

13
TEM4 1 TEM 1 ’ ( )

= an(wi)otun) - f
i=1



which offers direct control over finite sized networks. Despite the product measure and nonlinear
map m — a,, we show that local minimizers achieve equidistribution and Barron type approxi-
mation errors, first for idealized a, in Section E] and then for more practical choices in Section

B2

3.1 EXAcCT OUTER WEIGHTS

In this section, for arbitrary probability measure ¢ < ™ € M 1, we define the outer weights by
the Radon-Nikodym derivative

Ay 1= % f = /O’(w) d¢(w) = /O’(U))% dﬂ'(w) = Eynn [aﬂ(w)a(w)] ) (14)

where again we choose ¢ with minimal Barron norm |f|p in case it is not unique. Despite the
product measure w ~ 7" and the dependence of a, on , the loss /() is convex on the set of
permissible probability distributions, proven in Appendix [E.1]

Theorem 3.1. Let ¢ and a, be given by (14). Then the loss is convex on the set of probability
measures T € My 1 with ¢ < 7 and a, € L*().

It follows that all local minima are global. The first order optimality criteria yield equidistribution,
independent of m, shown in Appendix [E.2]
Lemma 3.2. Let 7 be an absolutely continuous ¢ <  local minimizer of (13), with a, € L*(r)
defined in (14) and ||o ()| € L>°(r). Then

|ax(w)] |lo(w)]| =N, m-almost surely,

for some \ € R.

Corollary suggests that A\ = | f| 5, which justifies our definition of the Barron norm (12). We
directly obtain the following approximation properties for finite networks sampled from optimizers
7, proven in Appendix [E.3]

Theorem 3.3. Let a, € L*(r) given by (T4), and 7 be a local minimizer of the loss (13). Then
2
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3.2 AVERAGED OUTER WEIGHTS

The results in the last section are based in the idealized outer weights a, = d¢/dn. They provide
a streamlined theory, but are are not available in practice. Therefore, in this section we consider
computable alternatives.

Construction of Outer Weights: Best Approximation To construct practical approximations of
ar, we first consider finite sized neural networks: For width M, outer weights a € RM and inner
weights w € WM | define the shallow neural network

1 M
fa,'w = M ;aig(wi)a

with optimal outer weights

a(w) = argmin+ Hfa,'w - fH2 ) f’w = fa(w),wv (15)
acRM

where arg min™ picks the candidate with minimal Euclidean norm, in case the minimizers are not
unique. From these, we construct a, (w), depending only on one single w = w; and distribution 7,
by averaging over all other weights

aﬂ'(w) = ]sz,...,'wMNﬂ' [al (wa w2, ... ,U}]u)] .



We only pick the first component a1, which is multiplied with o (w) = o (w1 ) in the network. Unlike
a, in the last section, the new a, can be practically approximated by replacing the expectation by a
sample mean.

The idealized coefficients a, are chosen so that the limiting network E,r [ar(w)o(w)] = f
matches the target function f exactly. Lemma in the appendix shows that the new coefficients
a satisfy this identity approximately

Ewnr [ar(w)o(w)] = Ewnr [fuw]
where f,, is the best approximation of f given inner weights w;. We can ensure that E,,~ [fw] is

close to f by choosing sufficiently large width A/ > m in the definition of a,, compared to width
m in the network loss (T3).

Construction of Outer Weights: Abstraction The main results in this section are still true if we
replace the least squares minimizer by an arbitrary function a: W — RM subject only to the
symmetry condition

Pa(w) = a(Pw), for all permutation matrices P € RM*M (16)

This symmetry is satisfied by our original least squares coefficients (I3]) as shown in Lemma[F.1] As
before, we define

Ar(W) =Ky, wpimor (@1 (W, w2, ..., wpr)], Jw = fa(w)w (17

and optimize the loss

1 m
in ¢ = in Eyonm || — ar(w; i) — 18
in ((r) == min > an(wi)o(w) — f (18)
n(1)=1 n(1)=1 =1

Perturbation Terms The approximation a, of a, results in extra perturbation terms A; and A,
which we define next. With g (w) = a(w)o(w) — f and notations from Appendix[A.2] set

M
n(80) =23 [ [ {g005). Bun, as(w)) o) dvtun) drws), (19)

V(Al) =2M <G7r7V (]Ew\l [f'w - fw\l])>a (20)

V(A2) = 2(m - l)M <Ew [fw - f] v (Ew\l [fw - fw\l])> y 21
for all v € M. For A1, we provide two variants that are equal up to an irrelevant constant by Lemma
[F-10]in the appendix: The first is elementary but more complicated. Note that for j = 1, the w; in the
expectation is bound by the v integral and therefore the outer dr(w,) integrates a constant and can
be removed. The second variant is a simplification given existence of some GG, € H, independent
of w such that

(@r(w)o(w) — f,o(w)) = (Gr,o(w)), m—as. inwéeW. (22)

The left hand side is a function of w and for common choices of ¢, by means of choosing G, the
right hand side can represent arbitrary functions of w, subject to some regularity like Barron smooth-
ness. E.g. for shallow neural networks without bias on the sphere # = L?(S?~!), the expression
(Gr,o(w)) = [ Gr(z)ReLU(wTz) dz is a function of w in the same way the symmetric variant
f(z) = [ a(w) ReLU(w”'z) dw is a function of z.

We postpone a more careful discussion of the perturbation terms to Appendix [B] In short, we expect
|A1| < M~1/2 and |Ay| < mM~1/2 so that they vanish for m < M. Furthermore, if we choose
m = 1, the second term is zero.

Equidistribution Our first main result shows equidistribution analogous to Lemma 3.2] up to the
two perturbation terms A; and As. The proof is in Appendix [F.4]

Lemma 3.4. Let 7 be a local minimum of with a; € L?(7™), defined in (16), and perturbation
terms A, defined in (19) or 20) and Ao defined in 21). Then

|ax(w)||o(w)|| = A+ Ay (w) + Ag(w), m-almost surely

for some constant A € R.



Approximation In Section we have seen how equidistribution leads to approximation results
in Barron norms. We introduce a stable variant, to account for perturbation errors. For measure
m € M, function §: W — R, ¢ > 0 and A € R, consider the equidistribution bound

]A— la(w)|? Ha(w)||2’ < 6(w) T —as. (23)

and the approximation bound
[Ewnr [a(w)o(w)] - ]| < e 24)
Then we define the stable Barron norm by

|f\125,(576) :=sup {\ € R| 37 € M 1,3a € L*(n) so that and are satisfied } .

To compare this with the Barron norm, we choose 7 as in Corollary and a, = d¢/dn. Then 7
is a probability measure and the corollary shows that (23)) and (24) are satisfied with perturbations

d=e=0and A :=|f |?3 If the continuum limit is unique so that we can skip the minimum after
([, it follows that

‘f|B(6:O,e:O) =flp-
The second main result shows approximation for stable Barron smoothness, analogous to Theorem
[3.3] The proof is in Appendix [F'5]

Theorem 3.5. Let 7 be a local minimum of with a; € L?(n™), defined in (16), and perturba-
tion terms A1 defined in (19) or 20) and Ay defined in 21). Define

d(w) = A+ Ar(w) + As(w), € := [|Ewnr [fo = f]I

w-almost surely for arbitrary X € R. Then for allm € N
1 ’
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Both Lemmas [3.2] and [3.4] show equidistribution 7-almost surely. Hence, it may fail on sets of zero
m-measure but non-zero Lebesgue measure. For the choice a,, the absolute continuity ¢ < 7
ensures that such sets are irrelevant for the exact representation or approximation. However, the
results for a, have no such condition and m may be zero on relevant subsets. However, such sets
cannot be too important as long as the approximation error € is small.

4 TOWARDS PRACTICAL ALGORITHMS

The main theorems provide equidistribution and approximation properties of locally optimal dis-
tributions 7 of inner neural network weights. Practically, we need to sample or approximate these
distributions. This section provides a preliminary and informal discussion along the lines of mean
field theory.

Wasserstein Gradient Flow A natural candidate to optimize the losses (I3) or (I8) is Wasserstein
gradient flow (WGF), given by
7 =div (7V, V(7))

where V¢(m)(w) denotes the Riesz representation D[{(7)]v = [ V£(7)(w) dv(w) of the direc-
tional derivatives. The WGF is implicitly understood in a distributional sense

// {o(t, w) — Vyp(t,w) - Vo, Vi l(m)(w)} dr(w)dt =0, (25)

for all smooth and compactly supported functions ¢: [0,00) x W — R.

To obtain a finite representation of 7, we use a particle approximation, determined by weights w €
R™ for large m > m, M, trained by regular gradient flow:

1 — .
Ty = — ; Sy W = —MmV (). (26)



On the one hand, discretizing in time and expectation, leads to gradient descent methods with
dropout type regularization, as we see in the next paragraph. On the other hand, gradient flow
training of w matches WGF training of the corresponding distribution 7,,. The proof is well known
(Chizat and Bach| [2018) and included for completeness in Appendix [g

Lemma 4.1. Let the discrete measures T, be defined by gradient flow (26). Then they satisfy the
Wasserstein gradient flow 25).

The following result characterizes the stationary points of WGF, see Appendix [G|

Lemma 4.2. Let w € W™ be a stationary point of gradient flow, together with m = m,, defined in

[26). Let a, be defined by ([T, with a1 € L*(m), A1 be defined by or and As by 21).
Then for all i € [m] we have

Voo [ =ml@n(wi)or(w)[ + Au(ws) + Ao(w)] = 0.

If w was a continuous variable, the zero gradient would imply equidistribution on connected com-
ponents of 7’s support. Confined to discrete points, analogous conclusions require extra regularity,
which is left for future work.

Gradient Descent and Dropout To obtain a practical algorithm, we replace expectations with
sample means

N
1 Y . ,
ar = ay(v) = N Zal(v,v<1), vl ~ M, (27

2

, v~ (28)

() ~ i) = Nil >

;iamz)o(vz) ~f

for some numbers N, and Ny, and we replace gradient flow by gradient descent with learning rate ~y

wn+l

= wW" — YV l(Tyn)

Since the samples v/ are a sub-selection of of the discrete w, the gradient is well defined. Unrav-
elling the discrete measure 7, this is a standard gradient descent iteration with two differences:
First, instead of optimizing both a; and w; simultaneously, we ensure that the outer coefficients are
always in an optimized state. Second, we apply two extra sample means. As we see in the follow-
ing, these are comparable to dropout (Nitish et al., 2014) regularization in standard neural network
training.

The connection is easiest for the outer expectation of ¢(r). If we add all summands from the mean
(28) as separate gradient descent steps and always use the newest possible sample distribution, we
obtain the iteration

2
, v~ (29)

w™)

n+1l __ n _ lv
N, ¥

% Z ar(vi)o(vi) = f

see Appendix [G.3|for details. Since 7, is a sum of Dirac deltas, the possible values of v; are given
by the set {wy, . .., wy }. Hence, the sum over m random elements of this set is identical to dropout
of the full sum L > ar (w;)o(w;).

Similarly, intertwining gradient descent optimization and mean for the coefficients a, yields the
iteration

2

A
an(v) =a” t(v) — Ve , vi=v, vy~ (30)

1 M
— N ar N (v)o(v) - f
Py

for all particles v € {wy,...,wn}, see Appendix for details. Again the inner sum has random
terms dropped out of the full sum over all v; € {wy, ..., wn}.



5 NUMERICAL EXPERIMENTS

In the following preliminary numerical experiments we train the function f(x,y) = 2 on the
domain [—1, 1]2. While the domain is two dimensional, the function only depends on one variable to
see if gradient descent can find this intrinsic low dimensionality. We train a shallow ReL U network
on n = 100 uniformly random samples, with 500000 gradient descent steps of learning rate 0.01,
widths 16, 32, 64, 128,256 and dropout 0, 0.5, 0.7. Instead of computing a.,., we include the outer
weights in the regular gradient descent training.

Convergence rates are shown in Figure Up to some outliers, they stay below the predicted m /2.

As rates in low dimensions can be higher (Siegel and Xu}, [2024), this is not unexpected. Without
dropout, the overall error is lower, because the outer coefficients are not disrupted by removed
neurons.

Figure [2| shows ||a;o(w;)]|| for all network indices 7, sorted by magnitude. This quantity is equidis-
tributed in the continuum limit in Lemmas [3.2] and [3:4] on the support of 7. It seems that gradient
descent either aligns the inner weights with the support or deactivates neurons by setting the outer
coefficients to zero, so that we see two distinct plateaus in the figure. Note also that in Section 4]
our loss leads to dropout regularization, without which the equidistribution disappears in the exper-
iments.

The bottom row of Figure |I| shows the inner weights v; of o(w;) = ReLU(vl'z + b;) with w; =
(vi, b;). Since the target f is intrinsically one dimensional, all these points should be aligned with the
x axis. While this is not the case for unregularized training, dropout does achieve partial alignment.
Interestingly, the aligned and nonaligned points belong to different plateaus in the equidistribution
plots, as indicated by their color. Since this quantity is easily computable, this may be exploited for
new neuron pruning and growing strategies in future work.

m dropout

0.0 0.5 0.7
16 | 3.56 134 095
32 | 1.54 -0.24 0.17
64 | 1.18 0.67 0.86
128 | 0.87 053 0.81

Figure 1: Estimated convergence rates for varying width m and dropout.
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A NOTATIONS

A.1 STANDARD NOTATIONS

For m, M € N, we define [m] := {1,...,m}. For a vector w = [wy,...,w)] and index set
A C [M], we write w\p := [w;];e(m)\a- For small sets we abbreviate wy\; = w\(;}, w\;; =
w\ g; ;3 etc. For arx: W — R, the expression a,(w), applied to a vector w € WM is evaluated
component-wise.

Throughout the paper 7 denotes a Hilbert space with norm || - || and inner product (-, -). Finite
signed measures on WV are denoted by M, restriction to positive measures by M and probability
measures by M ;. For measures i, v € M, we denote the positive and negative parts by u4 and
p— and the variation by |u|. We abbreviate pu(f) := [ f(z)du(x). We denote absolute continuity
by u < v and singularity by ¢ L v. The product measure is u™ := ®7;1 . We use standard
LP(m) spaces for functions YW — R and Bochner spaces LP(m;H) for functions W — H. We
denote the Gateaux derivative of ¢(7) in direction v by D[{(r)]v.

A.2 FREE AND BOUND VARIABLES

We make judicious use of free and bound variables. For example in the expression

1
w/ sin(w) dw
0

the outer w is a fee variable and can be replaced with any number. The inner w is bound by the
integral and can be renamed
1
w / sin(v) dv
0

to avoid name collisions. The convention is typically used as follows: For some function a: RM —
R, the expression E,, , [a(w)] has bound variables ws, . . . wys and free variable w;. This allows us

to make sense of expressions like v/(Eq, , [a(w))] for an arbitrary measure v. The outer v/(-) denotes
an integral with respect to v and takes in a function. The inner expression is a function of the single
free variable w; — Ky, , [a(w)]. We automatically bound the v integration to the only free variable
so that

V(Ew,, [a(w))] = /szp.qwm [a(wy,wa, ..., wyr)] dv(wy).

This convention is analogous to free and bound variables in mathematical logic and after getting
used to, it provides a compact notation that avoids a serious amount of indices and technicalities
throughout this paper.

B PERTURBATIONS

The main results Lemma [3.4]and Theorem [3.5]demonstrate equidistribution and approximation sub-
ject to two perturbation terms A; and A;. In this section, we consider some preliminary simplifica-
tions and estimates.

For both A; and Ay, we need an estimate for E,,\ ; [H Jw = fw\1 H] . Standard approximation results
from Theorem [2.1]|yield

Ew\l [wa - fw\l”] < Ew\l [”fw - f”] +Ew\1 [Hf - fw\l”] = O(M_1/2)>

which is insufficient because both A; and A5 contain a factor of M. However, the estimate is rather
crude since usually f., , is much closer to fy, than f, which is exploited in the following lemma

and yields an improved error of O(M ~1). The proof is in Appendix
Lemma B.1. Let a and f,, be given by (13)). Then, we have

B, |fuwr = fuo, || € M B, [laz (w)]] [lo(w1)] -
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The main obstacle to proceed further is the absolute value around a;. Since f,, — f for M — oo,
one may expect that also al(w) — ax(wy). Then, in the limit coefficients are non-oscillatory in
the sense that Eq,, [Ja(w)1]] S [Ew,, [a(w)1]| = |@x(w1)| and the right hand side is roughly the

Barron norm M ! | f| ;. This allows us to further bound the perturbation terms as in the following
corollary. To state the result, we use the space

H(w) := span{o(w;) : i € [M]} 31)
and likewise for shortened vectors like w\ ;. For the proof, see Appendix @
Corollary B.2. Let w be a local minimum of (18) with G defined in 22)), best approximations
a1 € L?(7), fu, defined in (15) and H(w) defined in (BT)). Assume
Buw,, [lai(w)]] < ¢[Ew,, [a1(w)]|
for some ¢ > 0 and define
A::ZC[ inf |Gy — hl| + (m — 1) |Ew [fu — ] r 0| oo (rea)s
e G = Bl + (= 1) [Bu £ = A r =m0
€= ||Ewnn [fuw — fIII -
Then for allm € N

m 2

1 _
azaﬂ(wz) o(wi;) — f

i=1

Eqpronn < (1B a + m(A)] +

We may expect that [|@r0| 1o (x3) is bounded, that |Eqy [fuw — f]|| S M~1/? and, similar to
approximation by neural networks, that infy,e3;(w, ,) |G — bl < M ~1/2_Inspecting the proof, this

yields the perturbations A = |A; + Ap| with |A1| < M~1/2,|Ay| < mM~/2. In conclusion, for
non-oscillatory coefficients, and M sufficiently larger than m, the perturbation terms are negligible
and we obtain Barron type approximation results.

C MAUREY SAMPLING AND BARRON SPACES

C.1 PROOF OF THEOREM 2. TJAND COROLLARY
In this section, we prove Theorem [2.T]and Corollary 2.2] These are minor adaptions from Theorem
4 in|Weinan et al.|(2022)) and Theorem 1 in|Siegel and Xu|(2024).

Lemma C.1. Let X; € H be mean zero independent random variables. Then for independent
copies X| of X;

1 & s 1 & 9
ﬁZEE/ 1X: — Xl :@ZEHXiH
i=1

i=1

Proof. For the first and last term we have
2

1 m 1 m m
SN =Y E ) ZEHXH

For the middle term we have

E

1 & / ) /271 - /[ 2 2 ) /]71m 2
gt B 1, = X = 55 SR [l + X 2% X0] = 15 DRI,

which concludes the proof.
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Proof of Theorem2.1] Define the random variables X; := = ax(w;)o(w;) — f. Then by construction
(©) the random variables have zero mean E [X;] = 0, are i.i.d. and by Lemma|C.1| we have

m

ZX

where the last equality follows from the definition of the Barron norm.

m

2 2
S EIZHX XH <7]EZHGW w;)o(w; H :EU‘B(”)’

O

Proof of Corollary[2.2} First note that the normalization factor | f |];1 ensures that 7(J/) = 1 so that
m is a probability measure. Since for all continuous functions f by the definition of = we have

[ sty o) = [ RE ST ojw) = [ ) K i),

we must have Jﬂl = I\LJZ‘B)H , almost surely and thus |a,| = <T = # H(IszlB)H It follows that
|ax(w)| [|o(w)|| = |f|p almost surely, which directly implies | f| ) = |f|5 and the stated error

bound by Theorem 2.1}
0

C.2 EXAMPLE

To better understand the role of m, it is instructive to consider the approximation of a target function
f:10,1] — R in one dimension with o(w) := ReLU(x — w). In this setup, shallow networks of
width m are identical to much better understood linear splines with m free knots at locations w;.
We would like to place most knots, where f is complicated, measured by high derivatives, e.g. for

f(z) = \/x as follows:

0 1

Such an adaptive placement of knots is achieved in the construction of Barron approximation results
in Corollary n Wthh can be explicitly computed as follows. For ¢ given by density d¢(w) =
pe(w) dw so that f(z) = [ReLU(z — w)py(w) dw, differentiating twice, yields

£(0) = [ 8o = wipalw) dw = po(z)

and thus the density p, = f” is the second derivative. Then the sample distribution 7 is given
by density pr(w) ~ |lo(w)]|pe(w)| ~ [o(w)||f"”(w)|. Note carefully that regions where f is
difficult to approximate, indicated by a large derivative | f”/(w)|, have equally large density. Hence,
sampling places most knots w; in difficult regions as desired.

For other sample distributions 7, the approximation results can be worse or even fail. Indeed, the
Barron norm with respect to arbitrary 7 is

- _do, o f"(w)
1f ]l iy = E llax(w)o(w)|?, ar(w) = %(w) = o)

which can be infinite, even if the optimal choice || f|| 5 is finite. E.g. for uniform 7 and f(z) =
|z — 1/2|* with o € (1.0, 1.5). In this case, Theorem [2.1]and Corollary [2.2] provide approximation
rate m~'/2 for sampling from the optimal distribution but none for sampling from the uniform
distribution.

The argument for this simple model problem relies in the observation that the second derivative of
a ReLU activation is a Dirac delta. This remains true for standard shallow networks in multiple
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dimensions if we replace the second derivative with higher derivatives, a ramp filter and a Radon
transform, as shown in|Parhi and Nowak] (2021, Lemma 17). The problem of finding a good sample
distribution 7 is even more important in high dimensions as it must reveal intrinsic low dimensional
structures of the target f.

D AUXILIARY RESULTS

D.1 GRADIENTS

This section provides several basic gradients that are used repeatedly in the proofs of the main
results. Recall that M denotes the vector space of finite signed measures on WV and H denotes a
Hilbert space.

Lemma D.1. For m,v € M, let g € L*(|7|;H) N L*(|[v|;H). Then the flowing two Gateaux
derivatives are well defined:

D, | [t antw)| v = [ ot antw).

D, | [ tate)gtw) ax(ew)] v =2 [ ta(e).gtw) dla )0 0)

Proof. Follows directly from elementary computation of the difference quotients. All necessary
integrals are finite by the given assumptions. O

Lemma D.2. Form,v € M, let g € L*(|x|; H) N L*(|v|; H). Then the flowing Gateaux derivative
is well defined:

o s

2
dr™(w) | v

m

Zg(wi)

i=1

= mr(1)" v (lgll*) + 2m(m — (1) 2 (x(g), v(g)) + (1)

for some constant A € R.

Proof. Let D be the derivative in the lemma. It follows from Lemma [D.1] that the derivative exists
with

2 m
H dr(wj) dv(wy).

By symmetry, we can permute each summand so that k is replaced by 1 and the expression simplifies
to

m 2

H dr(w;) dv(wy) = m(v @ 7™ 1)

m

Zg(wi)

i=1

We abbreviate G ('w\l) =3, g(wl) and split the norm accordingly

D =m(v @) (lglw)|?)
+2m(v @ 7™ ((g(w), Glw\1)))
+mv e ) (o))
=I+4+1I+1II

The first summand simplifies to

1=mw (Jlg*) (1)
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and the second to
Il =2m <l/(g),7Tm71(G)> =2m(m — 1) (v(g), m(g)) 7™ 3(1),

where in the last step we have used that 7™~ 1(G) = Y7, w(g)7™ 2(1) = (m — L)m(g)7™ 2(1).
Finally, the last term is

1T = mu (1) (HG(w\1)||2) = (1),
for some constant A € R independent of v. Combining all summands shows the lemma.
O

Lemma D.3. Formt,v € M, let g, € L*(|7|, H) be Gateaux differentiable with respect to m € M
and direction v € M so that w — D [g.(w)|v € L*(|n|,H). Then the flowing Gateaux derivative
is well defined:

/Dﬂ égﬂ(wi)

= mr()" [ Dy [lgn(w)*] v drw) + 2m(m — a1 (r(g), (Daloale)).

2

vdr"(w)

Proof. Since the outer function ||||2 : H — R is Fréchet differentiable and the inner functions
7 — gr(w;) are Gateaux differentiable, by the chain rule we have

m 2

Z G (w;)

=1

m

D v =" 2(ge(w;), Dxlgn(w;)lv) = Y Dij.
i,f%

Undoing the derivative for the ¢ = j terms, we obtain
Dy = Da [lgx(w)|*] v

and thus by integrating and renaming the integration variable w; — w

m 2 m—
w(Ds) = [ s [lgn(w)|*] war(win(y) .
For i # j, the variables w; and wyj in the inner product are independent so that

" (Dyj) = 2 (n(gx), m(Dxlgalv)) m(1)" 2.
Noting that the last two right hand sides are independent of ¢ and j, we can eliminate the ¢, j sum
above and obtain the statement of the lemma.

O

Lemma D4. Let m,v € M withw(1) = 1 and ||o(-)|| € L=(|x]). Let gr(w) = ar(w)o(w) — f
for some a, € L*(|w|; H)NL?(|v|; H), Gateaux differentiable with respect to m € M and direction
v € M so that w — Dy[ax(w)|v € L*(|z])NL%(|v|). Let 7, v, both be absolutely continuous with
respect to some measure [, € M. Then there is a A € R with

Dr / igw(wi) 2

da"(w) | v =1+ 11+ II1+1V +V,
I=-m / lam (w)or(w)]]? div(an)

I = 2m/ <g7r(w),D7r [aﬁ(w)a(w)g} V> dp(w)
IIT =2m(m — 1) (7(gx), v(gx))

IV = 2m(m — 1) (n(gx), 7(Dx[g=]V))

V =v(l).

with

Sfor some \ € R.
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Proof. Let D be the derivative in the lemma. The two terms dependent on the argument 7 are g,
and d7"(w) so that, by the product rule we have

D= /j) ydwmw)+zz, /

where in the second term the inner g, is replaced by g, for some temporary p = 7 so that it is not
differentiated. The derivatives in the right hand side are given by Lemmas and Together
with the normalization 7(1) = 1, they yield

m

Zgﬂ' wz

dr™(w) | v ,

p=

(ws)

D= (i+IV)+ (i + I +V),
with
i=m [ Dy [lgaw)|] (),
1V = 2m(m 1) {x(ge), 7Dl

ii = mv (Jlga|)
IIT =2m(m — 1) (m(gx), v(gx))
V = Ar(1).

The terms /11, IV and V match the corresponding terms in the conclusion of the lemma. The terms
1 and 77 require some attention. For the former, using the chain rule and D, f = 0, we obtain

z‘=2m/<gﬁ<w>,D ()]} dr(w —2m/ 9n(0), Dy [ (w)o ()] v) drr(w).

Since 7 is absolutely continuous with respect to 4, there is a Radon-Nikodym derivative dm = du T du
so that

i= Qm/ g (W [az(w)o(w)]v) Z—Z dp(w).

Then, with D { } vdyu = d” dp = dv the product rule entails

i=2m [ (4ot Dx |antwlow) 57| v) dutw)

—om / (92 (w), an(w)or(w)) di(w)
=: 11+ 1.17.

Finally, invoking the definition of g, = a,0 — f, we conclude that

iii = —2m/||a,r 2 dv(w +2m/ £, ax(w)o(w)) dv(w).

Likewise, the term ¢7 expands to

it =m [ las(wo@)|* dviw) ~ 2m [ (f.azw)atw)) dviw) +m [ 1717 dvfw),

Combining ¢.7¢ and ¢¢ and cancelling terms, we obtain
zm—i—m——m/”a,r > dv(w +m/||f|| dv(w) =: I+ V..

Joining V' + V.i by adjusting the constant A — A+ m || sz, and adding all terms proves the lemma.
O
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D.2 FIRST ORDER OPTIMALITY CRITERIA

In this section, we briefly review first order optimality criteria for the optimization of probability
measures. To this end, we optimize a function ¢: M — R, confined to positive and normalized
measures:

min £().
TeEM 1

For positive measures v € M, by a short computation and rescaling, the one-sided first order
optimality criteria for the convex combinations ¢t — ¢(m 4+ t(v — 7)) att = 0 yield
Di(m)(v) + Av(l) > 0, Di(m)(m) + Aw(1) =0, (32)

for some constant A € R. With the definition —h(v) := D{(m)(v) + Av(1), we can extend the
criteria to arbitrary v € M and obtain standard KKT conditions:

stationarity: DUm)(v)+ )+ h(v) =0, veM
dual feasibility: h(v) <0, ve My
complementary slackness: h(m) =0

E PROOF OF MAIN RESULTS: EXACT OUTER WEIGHTS

E.1 PROOF OF THEOREM[3.1} CONVEXITY

To show convexity of the loss

f(ﬂ-) = IE’w~7'rm % Zzil aﬂ—(UJi)U(U}i) — f

we first expand the squared norm

m 2 m
Zaﬂ— wz 1 - wNﬂ'm < Zaﬂ wl ’L > + ||f||

:.I+II+III.

The third term 711 is constant and therefore convex. For the second term /1, we plug in the defini-
tion of a, = d¢/dm to obtain

1=-223 Bu, [ (otw). ) 52 (ws) dn(wy)

_ _2%2 / (o(ws), f) do(w),

where we have dropped the expectation [E,,, , because its argument is independent of w ;. This term
is independent of 7 and thus convex.

E(ﬂ') —wNTrm

It remains to show that the first term is also convex. To this end, we first expand the inner sum and
split indices ¢ = j and i # j

1 1
= 72 Z WA Ha‘fr wz)a(wi)HQ + me ZEwNW’” <aﬂ(wi)0(wi)7 aﬂ(wj)g(wj)>
i=1 i)
= 1.1+1.2.

The term 7.2 is analogous to I1: We plug in the definition of a,, and remove unnecessary expecta-
tions [E,,, for k # 4, j to obtain

12= — Z// o(w;),o(w;)) Zi(wz)qu(wj)dﬂ(wz)dﬂ(wj)

i#£j

m2 Z// o(w;),o(wy)) do(w;) do(w;),

i#]
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which is independent of 7 and therefore convex. Noting that all expectations in /.1 are identical, we

simplify to
2
- | (w)dr(w)

mI.1:/||U(w
= 1ot (%) @y arte) = [ ot 22w o,

By the Lebesgue decomposition theorem, we can split 7 = 7y + 7; into a part that is absolutely
continuous 7y < |¢| and a part that is singular 7 L |¢| with respect to |¢|. Since by assumption
¢+ < ¢ < T, itis not hard to see that Ty < |¢| < g and d|¢|/dn = d|¢|/dmy = (dmo/d|¢|)~*

on the support of |¢|, so that
B o (dmo\
1= [l (55) ) doitw)

The functions m — 7y and g — dmo/d|¢| are linear and since 7y and |¢| are non-negative mea-
sures, dmg/d| | is non-negative, as well, so that the inverse x — 2~ 1 is convex. Since all remaining
terms in the integral of 1.1 are also non-negative, it follows that I.1 is convex in 7. Together with
the convexity of 1.2, 11 and 11, this completes the proof.

E.2 PROOF OF LEMMA [3.2} EQUIDISTRIBUTION

We first compute the derivative of the loss

LemmakE.l. Letv < m € Mwithn(1) = 1and ||lo(-)|| € L>°(|r]), and bounded Radon-Nikodym
derivative dv/dr. Let a, € L*(|n|) be given by (14). Then with g, (w) = a(w)o(w) — f, there is
a X € R so that

(w;)

dr"™ (w = —m/ llax(w 1> dv(w) + v()),

Proof. Let D be the derivative in the lemma, which we compute by Lemma[D.4] To this end, we
first establish its assumptions. Since dv/dm is bounded, we have

Jlastw)Pavw) = [ las(@)PE@dn(w) 5 [ lasw)Pdrw) < oo

so that a, € L%(|v|;H). After eventually sphttmg of singular parts of 7 with respect to ¢ as in the
proof of Theorem 3.1] the derivative a, = d¢/dr is invertible and Gateaux differentiable with

dr\ dr\2dv  (do do dv dv
Diazlv=D || — v=—|— — — =——— = —a7 .
do o) do  \dr d¢ dr dr dn
Again using that dv/dr is bounded, we find D]a,]v € L?(|n|) so that all assumptions of Lemma
[D.4] are satisfied. The lemma shows that the derivative is of the form D = I +IT + 111+ IV +V

and provides formulas for the left hand side. The terms I and V' are unchanged in the formula we
wish to prove so that it remains to show that 11, I1I and I'V are zero.

IIT and IV vanish because both contain the factor 7 (g, ), which is zero. Indeed, since ¢ is abso-
lutely continuous with respect to 7, the Radon-Nikodym derivative exists and a, = %. Hence

f= [ o dsw) = [ o) 3w dn(w) = [ en(wiotw) drw) = r(ao)

and thus in particular 7(g,) = 0.

The remaining term I7 contains the factor D, [aﬂ(w)a(w)g—ﬂ v for an arbitrary measure p with

respect to which 7 and v are absolutely continuous. The particular choice is not important, e.g.
= |m| 4 |v| is one possibility. Plugging in a. = d¢/dn, we obtain

D, {aﬂ(w)o(w)f&] v =D, [a( )jf jﬂ v =D, [a(w)j;ﬂ v =0,
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where in the last step we have used that the term in the bracket is independent of 7. Hence also
I11 = 0, which competes the proof.

O

Proof of Lemma[3.2] Let v € M be a positive measure with bounded Radon-Nikodym derivative
dv/dr. Then, the local minimizer 7 necessarily satisfies the first order optimality criteria (32)

De(m)]v +v(X) = 0,

with equality for v = 7. Together with the derivative from Lemma [E.T] this yields
_m/ () () |2 diw) + v(3) > 0,
or equivalently
d
/ [—m l|ax(w)o(w)|* + )\] d—y dm(w) >0
v
for all non-negative and bounded densities dv/dn, with equality if dv/dm = 1. Thus, it follows that
—m [lax(w)o(w)|* + A =0,

m-a.e. Dividing by m and redefining A, concludes the proof.

E.3 PROOF OF THEOREM 3.3l APPROXIMATION ERROR

By Theorem [3.1] 7 is a global minimum. Let 75 be the probability measure from Corollary 2.2}
Then, we have

tm) < brs) < 2 |f13.

F PROOF OF MAIN RESULTS: AVERAGED OUTER WEIGHTS

The results in this section make heavy use of our conventions on bound and unbound variables
summarized in Section[Al

F.1 SYMMETRY

The coefficients a(w) in (I6) are only confined to a symmetry condition. In this section, we show
that this condition is satisfied for least squares minimizers as well as several useful properties for the
proofs of the main results.

LemmaF.1. For f € H, 0: W — H and w; € W, i € [M], define

1 M
M Zaia(wi) — f
i=1

where arg min™ picks the candidate with minimal Euclidean norm, in case the minimizer is not
unique. Then for any permutation matrix P € RM*M 'ye have Pa(w) = a(Pw).

2

a = a(w) = argmin™
acRM

)

Proof. Abbreviating o; = o(w;) and solving the least squares problem, a satisfies the linear system
of equations
1 M
M
Auaw) b, Awi= || b= e
i,j=1
Its solution is invariant under permutations. Indeed, for permutation matrix P € R¥>*M replacing
w by Pw, we have Ap,,a(Pw) = bp,,. Butsince PT' = P~! we also have (PA,, PT)Pa(w) =
Pb,,, or equivalently A p,, Pa(w) = bp,,. Hence
Pa(w) = a(Pw) = A}, bpuw,
which concludes the proof.
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Lemma F.2. Ler p: [M] — [M] be a permutation that leaves the complement [M] \ A of a set
A C [M] invariant. Assume that the corresponding permutation matrix satisfies Pa(w) = a(Pw)
for some function a: WM — R. Let h: W — H be a function and 7, € My 1, k € A be
probability measures. Then we have

By ~miiken [@p (W)h(wp,)] = Buynmken [@i(w)h(wi)] - foralli € A.

Proof. Let E be the expectation on the left hand side in the lemma. By the given properties of the
permutation, we have

ap, (w1,...,wr) = ai(Wpy, ..., Wpy,),
so that

E= /api(wl,...,wM)h(wpi) H dmi(wp,, )

keA

:/ai(wpw"'?pr)h(wPi) H dﬂ-k(wpk)'

keA

Since p leaves the complement of A invariant, we can change the integration variables names w,, —
w; to obtain

E= /ai(wl,...,wM)h(wi) H dmy (wy,),

keA
which concludes the proof.

O

Lemma F3. Let A C [M]. Let w; € W fori ¢ A and sample w; € W, i € A iid. from
probability measure w. Assume a: WM — R satisfies Pa(w) = a(Pw) for all permutation

matrices P € RM*M and define fa(w)w = 714 Zf\il a;(w)o(w;). Then for Ex = By, or ica, we
have

Ej [a;(w)o(w;)] = Ea [aj(w)o(w;)] foralli,j e A (33)
and
M 1 .
Ep [a;(w)o(w;)] = WEA [fa(w)w] — o] ZEA laj(w)o(w;)] forallie A. (34)
JEA

Proof. We abbreviate a; = a;(w) and 0; = o(w;). The first identity follows directly from
Lemma [F.2) with 7, = 7, permutation p that swaps 7 and j and h = o. To show (34), we split the
indices across A:

1 1
Ex [fa('w),'w] = M ZEA [aigi] + M ZEA [CL@O’,‘,] :
i€A igh

By (33) all summands in the sum over ¢ € A are equal so that we can choose one index 7 € A and
collapse the sum:

A 1 .
Ea [fa(w)w] = %EA la;0;] + i ZEA [a;oq], forall i € A.
igA

Rearranging terms shows and concludes the proof.
O

Corollary F4. Assume w; € W, i € [M] are sampled i.i.d. from a probability measure 7. Assume
a: WM — R satisfies Pa(w) = a(Pw) for all permutation matrices P € RM>*M and define

Ja(w)w = ﬁ Zf\il a;(w)o(w;). Then we have

E[a;(w)o(w;)] = E[a;(w)o(w;)] =E [fa(w),w] foralli,j € A.

Proof. The result follows directly from Lemma [F.3|with A = [M]. Then M/|A| = 1 and the sum
over j ¢ A =[M]in vanishes. O
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F.2 DERIVATIVES

This section provides several derivatives for the main results. We abbreviate

gﬂ(w) = a‘n’(w)a(w) - fa (35)
with @, defined in (I7).
Lemma F.5. Let 7 € M 1, gr be given by (33) and f, be given by (I7). Then

'/T(g‘rr) = IEw~7rM [fw - f] .

Proof. Since all w;, i € [M] are distributed by 7, we have
7(gr) = Eu, [a(w1)o(w1) — f]
=Eu, [Ew\l lai(w)]o(w1) — f]
= Elew\l (a1 (w)o(w:) — f]
= Ey [a1(w)o(wy) — f]
= Eu [fa(w)w — f]
=Ew [fw — f],

where in the first equality we use the definition (35) of g, in the second the definition of a(wy),
in the fourth we join expectations, in the fifth we use Corollary [F4]and in the last the definition (I7)
of fu.

O

Lemma F.6. Let m € My 1, a1 € L*(7™) be defined by (16) and @, be defined by ([7). Then for
any v < 7 with bounded dv /dr

D, la(wy)]lv = (M —1) /Ew\u (a1 (w)] dv(w;), forall j # 1.
Proof. With definition (T7)) of a, applied to input w;, we compute the derivative

M
Dilan(wy)]v = D, [ / a;(w) [| dw(wi)]
=2

- Z/al(w)n dm(w;) dv(w;)

i#]
M
_ Z/]Ew\m [as (w)] dv(w;).

Next, we show that the summands are independent of j. Indeed, by Lemma@ withA =2,..., M,
permutation p that swaps indices j and arbitrary k #, h = 1 and 7, = v, we have

[ B @) dvtwy) = [ B, ar(w)] dvfun)

Therefore, in the sum above, we can choose an arbitrary index j # 1 and collapse the sum to the
factor M — 1, which concludes the proof.

O

LemmaF.7. Letm € M, 1, a1 € L2(7™) be defined by (16), a. by (I7) and g = @0 — f. Then
for any v < 7 with bounded dv/dr and i € [M]

T(Dxlgzlv) = MV (Ew,, [fw]) = v(gz) — v(1)f.
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Proof. Using the definition of g, and Lemma[F.6] for an arbitrary index j # 1, we have
T(Dx[gr]v) = B, [Dr[ar (w1)]vo(w:)]

— 1= 1) [ BB las (o) dv(uy)
= (M — 1)/Ew\j [a1(w)o(w)] dv(w;).

Invoking Lemma[F3|with A = [M] \ {;}, this implies
W(Dﬂ[gﬂ]l/) = M/Ew\j [fa(w),w] du(’u)j) - /Ew\j [a‘j(w)a(w]’)} dy(wj)
=1-1I

Using the abbreviation fu, = fg(w),w, We simplify the first term to

I= M/Ew\]. [fuw] dv(w;).

Since the f,, is invariant under permutations of w, we can replace j by an arbitrary index i € [M],
including 1, which was not allowed in the definition of j:

I= M/]Ew\i [fw] dv(w;) = Mv (Ew\i [fw]) .

To simplify 71, we use symmetry from Lemma[F2] to rename 1 <+ j so that
Il = /Ew\1 [a1(w)o(wy)] dv(wy)
— [ B la() o) dvwn) = [ an(wn)own) dvloy),

where the last step is the definition (17) of a. Inserting f, we can express this in terms of g, :

11 = [ artwnotw) - fav(uwn) + [ £dviwy)

:/ (w1) dv(wy) /fdl/wl
=y v(1)f.

Combining all terms

T(Drlgalv) = Mv (Bu,, [fu]) = v(gx) —v(1)f

concludes the proof.

The following corollary is a minor rearrangement of Lemma|[F.7] in the exact form used below.

Corollary F8. Let m € M, 1, a1 € L*(n™) be defined by (16), a. by (I7) and g = aro — f.
Then for any v < m with bounded dv /dm and i € [M]

W(D‘n'[gﬂ]’/) = Mv (Ew\i [fw - fw\ri}) + Mv (Ew\i [fw\@]) - I/(gﬂ) - V(l)f~
Proof. Follows directly from Lemma[F.7) with
Ew\i [fw] = Ew\i [f‘w - f’w\i] +Ew\i [fw\i]
O

Lemma F.9. Let 7 € My 1, a1 € L*(7™) be defined by (16), a, by (I7), Ay by (I9) and
9gr = G0 — f. Then for any v < m with bounded dv /dm

| D [llgw )] vam(w) = o(80) = 20091 = 2 092). ).
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We motivate the lemma with a simplified analogy, where:

s o(w)=1and f =0,

* the measures dm(w) = p(w) dw and dv(w) = v(w) dw and dé(w) = F(w) dw are given
by densities

* and the coefficients by a, = d¢/dm = F/p are defined by Radon-Nikodym derivatives as
for the exact outer weights (14).

Then the derivative D,[a,p] = D,[F'] = 0 vanishes because the inner function is independent of p.
Thus by the product rule, we have

0=2 / (a,(w), Dylay(w)p(w)]v) p(w) dw
_y / (0, (1). D lay(w)]o) plw) dus + 2 / (a,(1). ay(w)) D, [p(w)]o du
— / D, [Hap(w)”? v] p(w) dw + 2 / Ha/)((,f)H? v(w) dw.
=:d — ii.
We can now compare the term in this informal formula with terms in Lemma [F9] split into D =

I+ II+ III. Then, d is analogous to D and ii to I1. The remaining term [ is a perturbation and
111 is a constant, which will be joined with Lagrange multipliers for normalization (1) = 1.

The above motivation also allows a direct comparison with the main results for exact outer weights
ar in (]EI) Then, D, [app] corresponds to the derivative in term II in Lemma Here, we have
used that D[a,p] is zero and likewise Lemma shows that I is zero, which is a crucial step in
the proof of equidistribution Lemma 3.2}

Proof. Let D denote the left hand side in the lemma’s conclusion. Computing the derivative, plug-
ging in the definition of g,, and renaming w — wy for convenience below, we obtain

D= 2/<gﬂ(w),Dw[9w(w)]V> dm(w) = 2/<gw(w1)7Dw[@w(wﬂ]a(wl)w dm(ws).

We compute the derivative of @, (w) by Lemma with an arbitrary j # 1, and rearrange terms to
conclude that

D =2(M—1) // (9 (1), Eup,, , [aa (w)o(w1)]) dv(uw;) d(uwn).

Next, we swap the variables w; and w; and apply symmetry, Lemma with h(w) =
(gr(w), o(w)), to obtain

D=2(M 1) / / (9 (7). By, [ () ()] dv(wr) dn ().

Since D is independent of j # 1, so is the right hand side and we can average over all choices:

M
D=2 7 (W)), Bap, , , [@(w)] o(w;)) dv(wy) dr(wy).
3 [ ot B, )

Next, we add and subtract the missing j = 1 term in the sum:
M
D =23 [[ (90 (w) B, las () r(wy)) dwn) dn(wy).
=1

9 / (g (1), Eup,, [a (w)o (wr)]) dv(w)
=1 —1I.
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Note that 1 does not contain a 7 integral because w; is already integrated with respect to v and
(1) = 1. In order to simplify 11, we first replace the expectation with the definition of @,

11=2 [ (ga(wn),ar(wi)o(wn)) dvln).

We add and subtract f so that we can replace the second component of the inner product with g,:
11 =2 [ (galwn),aswn)otwn) = ) dvwn) +2 [ (g2(w0). ) dofun)
=2 [ lgawn)|? down) +2 [ (go(wr), 1) dv(un)

2
= 20(llg= ") + 2 ((gx) f) -
Collecting all terms D = I — IT and noting that I = v(A;), given by (19), completes the proof.

O

LemmaF.10. Letm € M 1, a1 € L*(7M) be defined by (16), a by (T7), A1 by (19) and G € H
by @2)). Then for any v < 7 with bounded dv /dr

V(A1) = 2M (Gr,v(Bup,, [fu])) -
Proof. Recall that v(A) is defined by
M
I=2 7 (W)), Bap, , , [a(w)] o(w;)) dv(wy) dr(wy).
3 [ ot B, )

Since Eqp, , ; [@;(w)] is scalar, we can factor it out of the inner product to obtain

M
123 / / (9 (17),0(1;)) B, , [ ()] dv(awn) dr ().

and invoke the given assumption of G :

M
=23 / / (G 0 (1)) B, (a5 (w)] () de(uw; ).

For j = 1, the variable w; = w; is bound to the v integral and the outer 7 integral can be removed.
For j # 1, note that unlike g, (wj;), the new quantity G is independent of w so that we can move
the outer 7 integral inside to join it with the expectation:

M
r=23 [ (G0 B, lay(w) dun).

Next, we move the sum inside and abbreviate it by f,,

M
I:2M/<G7T,H:Ew\1 %Zaj(w)o(wj) >du(w1)

=2 [ (Gr B, [fu]) dv(un)
=2M <G7r, V(Ew\l [f'w])> )

which proves the lemma.
O

The following is a slight rearrangement of Lemma[F.9|in the exact format that will be used below.
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Corollary F.11. Let m € My 1, a1 € L*(7™M) be defined by (16), a, by (I7) and g = a0 — f.
Then for any v < 7 with bounded dv /dw

[ D [lgntw)1?] () = v(81) 4 0(3) = 20092 = 2 92). ).

with

>l
I

0, if Ay is defined by (19),
A =2M (Gr,Eu,, [fuw,]) if Ay is defined by (20).

Proof. In case Ay is defined by (19), there is nothing to show. If it is defined by (20), by Lemma
[E10} we have

V(Al) =2M <G7r7 V(Ew\1 [fW])>
= 2M (G, V(B [foo = fw1])) +2M (G, v(Buw, [fuo,])) -
On the right hand side, the first term matches the alternative definition (20) of A;. The second
simplifies to ~
2M <G7|')]Ew\1 [fw\l] > V(l) = Al/(]')3

because the inner expectation E,y, , [ fw\l] does not depend on the integration variable w; of the v
integral. This concludes the proof.

O

Lemma F.12. Let 7 € M, 1, a1 € L*(7™) be defined by (16), a by (T7), Ay by (I9) or 20) and
Ao by @1). Then there is a constant A € R so that for all v < 7 with bounded dv /d the derivative

of the loss (18) is
D [U(m) v = —mu(||axo|®) + mAv(1) + mr(Aq) + mu(As).

Proof. With g = a0 — fand g, = > .~ g=(w;) by the product rule, we have
D, ]y = Dx | [ lg.I* dn"w)| o

2 n
=0 | [ |/ an"aw)|

The first term, for fixed inner 7 = 7, not differentiated, is given by Lemma [D.2] and the second by
Lemma|[D.3] With normalization 7 (1) = 1, this yields

D [(m)y=T+II+IIT+IV+V

_+ [ oellanlP] vt i)

with
I=mu(g-]%),
IT =2m(m — 1) (n(gx), v(gx)) ,
I1T = Av(1),

1V =m [ Dy [lgn()|P] vdr(u),
V =2m(m — 1)(7(gx), 7(Dx[gx]V)) -
By Corollary [E11] we have IV = IV.1 + IV.2 + IV.3 4+ IV.4 with
IVl = mu(Ay),

IV.2 = my(N),

V.3 = —2mu(|lgn|?),
IVA4A=—=2m (v(gs), f).
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By Lemma[F:3]and Corollary [F:8] we have V = V.1 4+ V.2 + V.3 + V.4 with

Vil= 2m(m - 1)M <Ew [fw - f] v (Ew\l [f'w - f'w\l])> )

V2=2m(m—-1)M <7T(g,r), v (Ew\l [fw\J» ,

V3= -2m(m —1)(7(gx),v(gx)) ,

Vi =-2m(m —1)(r(gx), (1) f).
The parts of 11, IV.2, V.2, V.4 inside of v(-) are independent of w; and therefore can be joined
into one constant Ap:

1T+ 1IV24V.3 =M v(l).

The terms /1 and V.3 cancel:
I1+v3=0.

Next, we join the terms I, IV.3 and IV.4. Using g, = a,o — f and defining Ay := m|| f||?, we
have:

I+ 1V3+IVaA = —mu(||g=|*) — 2m (v(gx), f)
= —mu(||axo|®) + 2mv((@xo, £)) — mv (| f*) = 2m (/(ax0), f) + 2mv (|| f]|*)

= —mv(|laxo|®) +m | £ v(1)
= —mw(||axo|?) + Aor(1).

The only remaining terms are IV.1 = mv(A;) and V.1 = mv(As), which are contained unchanged
in the statement of the lemma. Defining mA = A; + A2 and combining all terms concludes the proof.

O

F.3 STABLE BARRON NORMS AND MAUREY SAMPLING

The following corollary is a variant of standard Maurey sampling arguments in Corollary 2.2} ap-
plied to stable Barron norms.

Corollary F.13. Assume probability measure 1 € M 1 and a, € L*(r) satisfy the bounds (23)
(24) for some T integrable function § and € € R. Then for allm € N

2
Za"ﬂ' wz W; _f

’LUNTI'm

4 2 9
< — 2¢”.
< me|B(‘5’€) + 7(0)] + 2¢

Proof. Throughout this proof, let gr(w) = ax(w)o(w) — f, for arbitrary a,: VW — R, not only
ar = G as in our usual convention. Let w, w; and w}, i € [m] be i.i.d. sampled from 7. Since

gr(w) — 7(gx) has zero mean, by Lemma-we have

2
Zgw wz -7 g7r 2 ZEw w’ ||g7r wl) gﬂ'(wg)H

<= Z:Ew Jan ()o@ = = Ey las(wlo(w)]®,

which implies

< —Ey Jar(w)o(w)|* +2 (g

e

1 m

o Zgw(wi)
=1

From (23)) and (24)), we have |a,(w)[? ||U(w)||2 < A+ 6(w) and ||7r(g,r)||2 < €2 50 that

1 & ’
E Z gﬂ'(wi>
=1

Since a, and 7 are eligible candidates in the definition of the stable Barron norm, we have A <
| f15(s,¢)» Which concludes the proof.

< Lnt o) +2¢

O
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F.4 PROOF OF LEMMA [3.4} EQUIDISTRIBUTION

We heavily rely on the notational conventions in Appendix Let v € M be a positive measure
with bounded Radon-Nikodym derivative dv/dr. Then, the local minimizer 7 necessarily satisfies
the first order optimality criteria (32))

D [e(m)]v +v(A) >0,

with equality for v = w. With A; and Ay defined in (I9) or 20) and (ZI)), respectively, and
D, [¢(7)]v computed by Lemma |F.12| we obtain upon a redefinition of the constant A € R

—mv(||axo|?) + mAv(1) + mr(Ar) + mr(Ag) > 0.
Equivalently, we have
dv
/ [—m lan (w)o (w)]|?) + mA + mA; (w) + mA2(w)] & dn(w) > 0,
for all non-negative and bounded densities dv/dm, with equality if dv/dm = 1. Thus, it follows that
laro|* = A+ Ay + Ag
m-almost surely, as stated in the lemma.
F.5 PROOF OF THEOREM[3.3l APPROXIMATION ERROR

We heavily rely on the notational conventions in Appendix For arbitrary X and § := A + Ay +
Ay, by Lemma[3.4] we have

ja(w)]? o (w)[|* = A+ d(w) ™ —as.
for some A € R and thus
_ 2
‘A— ja(w) | o (w)|*| < [o(w), T as.
This establishes the first perturbation bound in the definition of stable Barron norms. By

Lemma the second perturbation bound 24) is satisfied with ||Eyx [g-]]| = |7(g)] =
Ew~r [fw — f]|| = €. Hence, the result follows from Corollary

G TRAINING

G.1 PROOF OF LEMMA 4.1 PARTICLE APPROXIMATION OF WGF

The proof is standard (Chizat and Bachl [2018) and only included to make the exposition self con-
tained. We first compute the gradient in the gradient flow of w(%):

Vo l(ma) = DIl Vs b,
1
-2 / Vo l(ra0) (1) Vo, 6w — w3) duw
1
- / Vo V() ()3 (w0 — ;) dw

1
= avwvﬂe(ww)(wi),

where in the third equality we have used integration by parts and the compact support of §. Hence,
the gradient flow of w(t) is equivalent to

wi(t) = _mvwig(ﬂw(t)) = _vwvﬂ'z(ﬁw(t))(wi(t))'

Next, we show that T (t) satisfies Wasserstein gradient flow, i.e. that

// 0t = Vot W)V Val (T ) (Wi) ATy dt = 0
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for all ¢(t,w) with compact support. Using that 7, ;) consists of Dirac deltas, we can remove the
inner integral to obtain

% Z / 0t — Vo (t, wi(8)) Voo Vel (Tap(ay ) (wi (£)) dt = 0.

Plugging in the identity for w;(t) above, this simplifies to

= z“‘:/ + Owp(t, w;(t))w;(t) dt ! f:/ d (t,wi(t)dt =0
- w , Wy wy = 7 , Wy =Y,
mia o 7 mia at”
where the last term is indeed zero because ¢ is compactly supported. This concludes the proof.

G.2 PROOF OF LEMMA [4.2]

We first characterize stationary points of Wasserstein gradient flow.

Lemma G.1. Let 7 be a stationary point of the Wasserstein gradient flow 23) with bounded support.
Then ¥V, V £(7) = 0 w-almost surely.

Proof. Let ¢(t) > 0 be compactly supported and normalized [ ¢(t) dt = 1 and ¢)(w) be compactly
supported, and equal to one on the support of 7. Then, plugging ¢(t,w) = ¢(t)(w)VL(7)(w)
into the distributional definition of WGF and using that 7 is stationary and therefore independent of
t, we obtain

0= / é(t) dt / D (w) V() (w) dr(w)
- / o(t) dt / Vo [0V () ()] - Voo V) (w) e (w0) .

The first summand vanishes because ¢ has compact support so that | <Z>(t) dt = 0. For the second,
we simplify ¢)(w) = 1 on the support of 7, and with [ ¢(t) dt = 1, we obtain

/ Vo Vel (7)(w)]? dr(w) dt = 0.
It follows that V.,V .¢(7)(w) = 0, w-almost surely.

O

Proof of Lemma Recall the notational conventions in Appendix By Lemma [F.12] the di-
rectional derivatives of the loss are given by

D, [l(m)]v = /—m @ (w)o(w)]|?) + mA + mAy (w) + mAq(w) dv(w)
so that by our conventions the gradient is

Vo l(1)(w) = —m ||ax (w)o(w)])? + mA + mA (w) + mAg(w),

m-a.e. By Lemma the discrete measure 7, is a stationary point of Wasserstein gradient flow.
Then by Lemma|G.1| we have V,,V£(7r) = 0 m-almost surely and thus

Vi [~ lax(w)o@)|* + A1 (w) + Az(w)| =0,

m-a.e. Since 7, is a sum of Dirac deltas at location wy;, this implies the lemma.
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G.3 PROOF OF (29)

In this section, we compute (29). To this end, we abbreviate
2

J J omo M
REPICLIESD S TP WNTLTIE R
and recall that gradient descent is given by
W = w" Tt — AV U (Tgyn—1),
or plugging in all intermediate steps as well as g(ﬂ') by
n—1 B n—1 Ny
w":wo—wszﬂ(ﬂwk wO——ZZV L(v7%), fuﬂkwwﬁk.
k=0 ¢ k=0 j=1

Instead of sampling v7/% ~ T, for all j, repeatedly from the same distribution, we always sample
from the latest one available. To this end, we denote by [ the lexicographic ordering the index pairs
jk and by [ the upper bound & = n and j = N, so that

w'=w" - lZVwL('ul) vl ~
Rewriting as a recursive formula
w' = w"l — lva(v[—l) oL~ T
N,
this yields the gradient descent iteration in (29).

G.4 PROOF OF (30)

In this section, we show (30). To this end, we abbreviate

MZa o(w;)

and compute the best approximation coefficients a(w) in (I3) by gradient descent
a"(w)=a ('w) — )\VaL(a ,w).
Summing the first component a; over samples w = (v, U<1) with v/ ~ 7

N
n 1 - n j
Za iy, v\1 Zal v, 'u\1 GIFZL(G 0, 0,)
a i=1

Abbreviating the left hand side by a (v), it converges to the mean

N,
~n ~ 1 - oo j
T0) = r(0) = = > af (w01,
C—t

L(a,w)

M we obtain

defined in (27). To ease the computation, we replace the argument a}' of L with dﬁ(vf ) to obtain
ar(v) = a (v) ZL (v,0],),0,0],).

Note that by our notational conventions the application of a” to the vector (v, "’]\1) is component
wise and that v belongs to the discrete set w1, .. ., wy, of all particles in the particle approximation
(26). Analogous to Appendix we can always use the newest possible a7 in the iteration and
relabel 7 to obtain

A

iy (v) =ay =" (v) — w, Vel oz “Hv, o), v, 00), v~

which provides (30).
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H PROOFS: PERTURBATIONS

H.1 PRELIMINARIES

Lemma H.1. Let a and f,, be given by (13) and H(w) by (B1). Then, for all w € WM and
h € H(w\,), we have

<fw - fW\17h> =0.
Proof. Since fy and fu, , are best approximations, we have

(fwsh) = (f,h), for all h € H(w),
<fw\1,h> = (f,h), forall b € H(w\q)

so that in particular ( fo, — fwis h) =0forall h € H(w\1).

h
Jh

H.2 PROOF oF LEMMA [B.1]

From Lemma[.1] we have
(fw *fw\17h> =0 forall h € H(w\q)

so that fy,,, is not only a best approximation of f but also of f.,, i.e.

. 2
fw,, = argmin [|¢ — fu|”.
PEH(w\1)

Since M ~'a;(w) is defined as a coefficient of the best approximation, we have f,, —
M~'ay(w)o(wy) € H(w;) and thus

[fw = fwill < [|fw = [fw = M7 ar(w)o(wi)]]| = M7 ||ay(w)o(w)] -

Applying the expectation on both sides and factoring out terms independent of w\, proves the
lemma.

H.3 PROOF OF COROLLARY [B.2|

The result is a direct consequence of Corollary [F13] To this end, we first bound the perturbation
terms A; and A, given in (20) and (21)), respectively. With the given assumptions, we have

Ew,, [la1(w)]] < ¢[Ea,, [@1(w)] | = [@r (w:)]
and therefore, with Lemma[B.1]
B,y [fo = fuil|| € Ew, |fw = fuou || £ M7 Ew,, (lar(w)]]lo(w)]
< M Hax(wi)] [lo(w)]] -
Together with
<h’ V(Ew\l [fw - f“’\l])> =0
for arbitrary h € H(w\1) by Lemma we bound the first perturbation term (20) by
V(Al) =2M <G7T7V(E‘w\1 [fw - f’w\1])>
=2M <G7r - ha V(Ew\l [fw - fw\l])>
< 2¢||Gr = | w(|ax (wi)] [lo (wi)]])-
Similarly, the second perturbation term (21)) is bounded by
v(A2) = 2(m = )M (Bu [fuo = f1,7 (Bu,, [fuo = fu,]))
< 2e(m = 1) [Ba [foo = fll[w(|ax (wi)] [|o(wi)]))-
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Since v < 7 is arbitrary, with § := A; + As we conclude that
|6(w)| < 2¢||Gr = Rl |az(w)] [lo(w)]]
+2¢(m — 1) |E [fu — f]l |ax(w)| [|o(w)]].
< 2¢[IGx = bll + (m = ) IBay [foo = FIIl | fanrll oo e
=: A.

Next, we establish the bounds (23)) and (249) for the definition of stable Barron norms. By Lemma
B4 we have

jar(w) | o ()|* = A+ §(w) T —as.
for some A € R. Combining the last two results yields
= 2
A= lan(@)? o ()| < Aw),

which shows (23). By Lemma the second perturbation bound (24) is satisfied with
|Ew~r (9]l = [17(gx)|] = |Ew~r [fw — f]ll = €. Hence, the result follows from Corollary
E131
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