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Abstract

In safety-critical applications, machine learning models should generalize well
under worst-case distribution shifts, that is, have a small robust risk. Invariance-
based algorithms can provably take advantage of structural assumptions on the
shifts when the training distributions are heterogeneous enough to identify the
robust risk. However, in practice, such identifiability conditions are rarely satisfied
— a scenario so far underexplored in the theoretical literature. In this paper, we aim
to fill the gap and propose to study the more general setting of partially identifiable
robustness. In particular, we define a new risk measure, the identifiable robust
risk, and its corresponding (population) minimax quantity that is an algorithm-
independent measure for the best achievable robustness under partial identifiability.
We introduce these concepts broadly, and then study them within the framework
of linear structural causal models for concreteness of the presentation. We use the
introduced minimax quantity to show how previous approaches provably achieve
suboptimal robustness in the partially identifiable case. We confirm our findings
through empirical simulations and real-world experiments and demonstrate how
the test error of existing robustness methods grows increasingly suboptimal as the
proportion of previously unseen test directions increases.

1 Introduction

The success of machine learning methods typically relies on the assumption that the training and
test data follow the same distribution. However, this assumption is often violated in practice. For
instance, this can happen if the test data are collected at a later time or using a different measuring
device. Without further assumptions on the test distribution, generalization under distribution shift is
impossible. However, practitioners often have partial information about the set of possible "shifts"
that may occur during test time, inducing a set of feasible test distributions that the model should
generalize to. We refer to the resulting set as the robustness set. With R(3; P) denoting the population
risk of a model parameterized by 3 for distribution P, the robust risk can be written as

Rrob(ﬁ) = sup R(ﬂap)v (1)
PEPron (0*)

where P,o,(0*) corresponds to the robustness set that we assume to be fully characterized by some
true parameter 0*. In safety-critical applications, the goal is often to find a minimizer of the robust
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Table 1: Comparison of various distributional robustness frameworks and what kind of assumptions
their analysis can account for (with an incomplete list of examples for each framework).

Framework accounts for bounded partial identifiability of partial identifiability of

shifts causal parameters robustness set
(7,16, 53,3, 47) v/ - X
(38, lslélfnitze réogmérlleg; 0,11 X X X
e / ‘ :
Partially id. robustness % v v

(this work)

risk, i.e. a robust prediction model that shows the best performance on the worst-case distribution out
of the robustness set.

A number of subfields in machine learning and optimization have addressed this problem. For
example, in distributionally robust optimization (DRO) [7, 16], the parameter 6* may be the training
distribution P and the robustness set the neighborhood of P in some probability distance metric [30,
35, 22, 15]. Relatedly, adversarial robustness [23, 32] studies the risk on worst-case transformations
of examples drawn from some distribution P and can be seen as equivalent to distribution shift
robustness [53]. DRO-type methods minimize the worst-case robustness against arbitrary distribution
shifts in the neighborhood without structural assumptions. Although being assumption-agnostic
can be viewed as a strength, it also has its caveat: even when available, prior knowledge about the
structure of expected test shifts cannot be incorporated. In such cases, the robust model’s prediction
might be overly conservative, resulting in suboptimal performance when the test shifts are in fact
more benign. [47].

In many practical scenarios, data from heterogeneous sources is available at training time — for
example, data from different geographic locations or time ranges. Due to the lack of modeling
assumptions, multiple environments in the DRO setting cannot, in general, be leveraged to achieve
better robustness in a given robustness set — in those contexts, the presence of multiple environments
is usually argued to enable robustness against a larger robustness set. Instead, domain experts can
anticipate which aspects of the joint probability distribution of (X, Y") are more likely to shift. Such
prior structural information can, for example, be incorporated through the framework of structural
causal models (SCMs), via the approach of causality-oriented robustness [34, 11]. Importantly,
the literature in this area has so far focused on settings when the desired robust objective R;o1,
is identifiable, i.e. computable from training data. Traditional causal learning and invariance-
based methods aim to fully identify some underlying causal parameter of the SCM for robustness
against all (potentially infinite) interventions [38, 42, 6, 29]. However, the training data is often not
heterogeneous enough to fully identify the causal parameter. Thus, another line of work [45, 50, 28]
focuses on the scenario when the causal parameter is not necessarily identifiable, but the test shifts
only occur in training directions, rendering the robust risk (1) identifiable. We provide an overview in
Table | and an additional discussion of related work in Appendix A.

In practice, causality- and invariance-based methods often result in wrong representations of the
data [27, 44] and end up performing similarly to empirical risk minimization (ERM) that ignores the
multi-environment information [3, 24, 43]. Many possible explanations for this observation have
been proposed in the literature. In our work, we focus on the non-identifiability failure scenario. In
particular, we extend the discussion of invariance-based methods to include the partially identifiable
setting, where not only the causal parameter, but the robust risk (1) is not determinable using training
data either'. Specifically, we aim to discuss the following question:

What is the optimal worst-case performance any model can have for given structural relationships
between test and training data and how do existing methods comparatively perform in such settings?

"Here, we mean partial identifiability of the robust risk, which is reminiscent of outputting uncertainty sets
for a quantity of interest in the field of partial identification [54, 19].



When the robust risk is not identifiable from training data, we obtain a whole set of possible objectives
that includes the true robust risk. In this case, we are interested in the best achievable robustness for
any algorithm that we capture in a quantity called the identifiable robust risk:

Riobp(B) :=  sup sup  R(B;P). 2
possible  PEPp(6*)
true model 6*

Note that R,op,1p(83) is well-defined even when the standard robust risk is not identifiable — it
takes the supremum over the robust risks induced by all possible true model parameters 6* that are
consistent with the given set of training data distributions. Furthermore, the minimal value of the
identifiable robust risk corresponds to the optimal worst-case performance in the partially identifiable
setting. Spiritually, this minimax population quantity is reminiscent of the algorithm-independent
limits in classical statistical learning theory [58].” Even though our partial identifiability framework
can be evaluated for arbitrary modeling assumptions on the distribution shift (such as covariate/label
shift, DRO, etc.), we present it in a concrete setting for clarity of the exposition. Specifically, we
discuss linear structural causal models (SCMs) with unobserved confounding (cf. Section 2), similar
to the setting of IV (instrumental variables) and anchor regression [45, 46].

The identifiable robust risk (2) not only represents a notion of algorithm-independent optimality
for any combination of training and test shifts. In the linear SCM setting in Section 2, we also
show theoretically and empirically that the ranking and optimality of different robustness methods
change drastically in identifiable vs. partially identifiable settings. The same can be observed in
experiments on real-world data. Our experimental results strongly indicate that evaluation and
benchmarking on partially identifiable settings are important for determining the effectiveness of
robustness methods. Finally, while the identifiable robust predictor is only provably optimal for the
linear SCM, experiments on real-world data in Section 3.3 suggest that our estimator may significantly
improve upon other invariance-based methods in more realistic scenarios.

2 Setting

In this section, we first introduce the linear causal model setting and describe our structural assump-
tions on the training and test distributions. Then, we introduce our framework for distributional
robustness that allows for partial identifiability and define the identifiable robust risk, the worst-case
robust risk among the possible robust risks induced by the training distributions.

2.1 Data distribution and a model of additive environmental shifts

Data distribution. We are given multiple training environments indexed by e € & ain, Where
Etrain 18 @ countable environment index set. For each training environment e, we observe data
(Xe,Y.) ~ PXY consisting of input covariates X, € R? and the target variable Y, € R, which
are generated by the linear structural causal model (SCM) (3) and its corresponding causal graph,
depicted in Figure 1. Throughout the paper, we assume that we observe the collection of training
distributions Pg» g, ... = {]P’gi’}e/}eegtrain, omitting 8* when it is clear from the context. We discuss
the corresponding finite sample setting in Appendix D.

We assume that the true unobserved parameters §* := (3*, *) € ©, where © € R (@+1(A+1) are
invariant across environments. The joint covariance ¥* of the noise (7, ) can be written in block
* *
form as ¥* = < E"T 5,
She  (97)

and hence the case where X7 . # 0. Note that the confounded noise setting is, in general, more
challenging than the independent noise setting, since, given any number of environments, common
estimators such as the linear regression estimator are biased away from the causal parameter 3*.

> . We allow the presence of latent confounders between X, and Yz,

Additive distribution shift. The distribution shift between environments is modeled by the (ran-
dom) additive shift A, € R¢ with mean E [4.] = p. and covariance matrix Cov[A.] = .. In

*In particular, extending (2) to its finite-sample counterpart would introduce a more natural extension of the
classical minimax risk statistical learning theory. In this work, we focus on identifiability aspects instead of
statistical rates.
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Figure 1: (Left) Causal graph corresponding to the SCM in Equation (3). Observed variables
(X, Y.) are indicated by solid circles while unobserved variables, namely the additive shift A, and

confounders H, are shown in dashed circles. Note that here, bidirectional edges indicate that the
relationship between two nodes can be in either direction.

3

general, the environment shifts A, can be degenerate, i.e. the covariances 3. are not assumed
to be full rank. For simplicity of presentation, we further assume that &,,;, contains a reference
environment e = 0 satisfying pg = 0 and X9 = 0. In Appendix B, we discuss how our results
apply if this condition is not met. Our additive shift structure implies that the joint distribution
PXY:A = P4 x PX.YI4 changes in each environment. However, we do not allow for direct inter-
ventions on Y or the latent confounders, that is PX>Y 14 remains invariant. Note that our distribution
shift setting is more general than covariate shift: due to unobserved confounding, the conditional

e Y|X . .
distribution Pe | also varies across environments.

In summary, our model (3) describes a multi-environment setting where different training distribu-
tions vary by changing the distribution P of the random additive shifts A., but the causal model
parameters 6* remain invariant across all training and test environments. It can model a variety
of multi-environment settings in the related literature. For instance, choosing |Egrain| = 1 and
A~ NO,MEZ4MT), where M € R4 ¥, € RI%9, yields the setup of continuous anchor
regression [45]°. Discrete anchor regression [45] corresponds to a discrete environment index set
Eirain = [m],m € N, and deterministic mean shifts A, = . € R%. The more general additive shift
setting in [49] corresponds to Egain = [m] and A ~ N (fie, X¢). Note that in the above works, the
environment index is modeled as a random variable E ~ P¥ through which one assigns weights to
different training environments. The results in this paper only depend on the support of P¥, that is,
whether an environment was seen or not. Thus, the population-level guarantees — the focus of this
paper — are the same for any distributions with the same support on P¥.

Structural assumptions on test distribution shift. During test time, we expect to observe data that
follows a new, previously unseen distribution IP’?Z’S?. The test data are generated by the same SCM (3),
but with a new additive shift A ~ }P’f}est with corresponding finite mean pis and covariance Xeeg.
Even though we do not observe Pﬁgif during training, we do assume partial knowledge about the
directions and sizes of possible distributions of the shift variable P2, that is

E [AtestAleslT] = Diest + /fétest,ulesl—r = Miest; “4)

where Miqs¢ > 0. If the test distribution of X is given (as in the domain adaptation setting), one can
directly estimate the shift of the test environment and set Miest := E [AteslAtestT]*l. In the following,
we consider the distributional robustness setting in which partial knowledge about test shifts is given
in form of their maximum strength ~ and general direction M C R?. We can then formalize this
partial knowledge by setting Micst = yIIaq, where v > 0 and II 14 is an orthogonal projection onto
the subspace M.’

2.2 Classical distributional robustness

Given the test shift directions M and strength ~y, our goal is to find an estimator using the training
data that has a small risk over the entire set of shifted test distributions, called the robustness set, that

3Note that in the anchor regression setup, the environment shift A, called anchor, is also observed, thus the
training data consist of (4, X,Y").

“Even though we do not observe A, the structural assumptions on A correspond to assumptions on
E [XtestXlestT] _E [X()XJ]

>When more refined information on the test shifts is given by a general PSD matrix Mies, € , We can
replace it by the upper bound Miesy < )\max(Mtest)Hrange< Miest) and apply our results on the upper bound.

Rdxd



we define as

Por (YTpg) = {Pyt ¢ E[AwesiAiest '] < 7T} Q)

,test

For a given robustness set Py» (Y11 r), we define the robust risk

Rrob(ﬁ; 9*7 ’YHM) = sup R(ﬁa P)7 (6)
PEPyx (vIIrm)

and the corresponding robust predictor 37" = arg mingega Reob (85 0%, 71Iam), where R(8; P) =
Ep[(Y — BT X)?] denotes the risk w.r.t. to the squared loss. The robust risk and the robust predictor
can be explicitly computed as a function of the true model parameters 0* = (5*, ¥*) and the test
shift bound yIIx4:

30 =argmin  sup  Ep[(Y - B'X)% ="+ (YIIp + 35) 'S 7
BERT  PEPyx (vIIm)
In practice, neither the model parameters 8* nor the robust risk R}, itself can generally be fully
identified. Instead, in the next sections we show that the robust prediction model can usually only be
set-identified, except for specific combinations of the training and test shifts.

2.3 Partially identifiable robustness framework

In this section, we formally introduce the identifiable robust risk and related notions that allow us to
characterize model robustness in the case when the robust predictor cannot be identified. We start
with the notion of observational equivalence [17]:

Definition 1 (Observational equivalence). We call model parameters 61 = (1,%1) and 03 =
(B2, X2) observationally equivalent with respect to a set of shift distributions {P2 : e € Eivain }° if
they induce the same set Py ¢,.... of training distributions over the observed variables (X.,Y,) as
described in Section 2.1, i.e.

XY XY
Pel,e - Pez,e .

Forall e € Erain -

By observing Py~
set defined as

we can identify the model parameters up to the observationally equivalent

,Etrain?

Ocq :={0=(8,%) €0 : Pyg, i = Por Errain }-

When the observationally equivalent setis not a singleton, prior work only considers scenarios
where the robustness set (5) and hence also the robust prediction model are still identifiable (see
Equation (7)). This scenario is shown in Figure 2a and discussed again in Section 3.2. In general,
however, the observation of multiple training environments Py« ¢,,... neither identifies the model
parameters nor the robustness set or robust risk, which is the partially identified setting that we focus
on. Instead, we can only compute a superset of the robustness set

Po.,(nm) == | Po(vTTae) D Po- (YTTu)
0EOq

and correspondingly, a set of robust risks {R.on(8; 60,7110 ) : 6 € Ogq} and robust predictors
Bg’:; = {B5°" : 0 € Oq}. In this case, we would still like to achieve the “best-possible” robustness,
which is intuitively test shift robustness for the “hardest-possible” parameters that could have induced
the observed training distributions.

Definition 2 (Identifiable robust risk and the minimax quantity). Consider the data model (3). The
identifiable robust risk is defined as

Rrob,ID (6; ®cqa VHM) = GSI(I)p Rrob (ﬂ, 0, VHM)' (®)
€0eq

We will denote its minimizer as B*°°'° and refer to it as the identifiable robust predictor. The optimal
robustness on test shifts bounded by Y1l o4 given training data Py~ is described by the minimax
quantity

,Etrain

m(@eqa ’YHM) = inf Rrob,ID (Ba 66(17 7HM)- (9)
BER
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(a) Identifiable setting (b) Partially identifiable setting

Figure 2: Relationship between identifiability of the model parameters and identifiability of the robust risk.
(a) The classical scenario where the test shift directions Meen are contained in the span of training shifts so
that the robust risk and thus its minimizer are point-identified. (b) The more general scenario of this paper,
where the shift directions during test time M e, can contain new shift directions and the robust risk can only be
set-identified.

The definition of the identifiable robust risk reflects the absence of knowledge of the model pa-
rameters in test shift directions that were not observed during training. In words, the most robust
parameter choice 3"°P is the one that minimizes the worst-case robust risk for parameters in the
observationally equivalent set. In the next sections, we compute these quantities explicitly for the
setting of Section 2. This will allow us to compare the best achievable robustness in the partially
identified case with the guarantees of prior methods in this setting.

3 Main results for partially identified robustness

We now compute the identifiable robust risk (8) and derive a lower bound for the minimax quantity
(9) in the additive shift setting. We then compare the identifiable robust risk of existing robustness
methods and ordinary least squares (OLS) with the minimizer of the identifiable robust risk both
theoretically and empirically.

3.1 Minimax robustness results for the SCM

The degree to which the model parameters 6* in the linear SCM setting (3) can be identified depends
on the number of environments and the total rank of the additive shifts. This is well-studied, for
instance, in the instrumental variable (IV) regression literature [4, 9]. In particular, in the setting of
Section 2.1, the causal parameter 5* can only be identified along the mean and variance shifts of
the covariates across the training data. Therefore, if not enough shift directions are observed, it is
merely set-identifiable. In the following, we show how set-identifiability of the model parameters
translates into set-identifiability of the robust prediction model (7). More formally, we denote by S
the subspace consisting of all additive shift directions seen during training:

S :=range [ Z (Ee +ue,u;r)] . (10)

e€E¢rain

The definition of the space S induces the following orthogonal decompositions of the causal parameter
and test shift directions M:

B*=p5+B5, and Iy <SST +RRT, (11)

where S and R are matrices with orthonormal columns such that range S C S, range R C S+ and
range S, range R are the smallest subspaces satisfying Equation (11)’. The matrix S corresponds
to test shift directions along the model can be identified. Conversely, R corresponds to test shift
directions, along which the model is non-identified. The vector 3° is the identifiable part of the
causal parameter. It uniquely defines a set of identified model parameters that reads

* * * L * * 1 L * L
05 = (85,55, 55, (08)?) = (B5, 55, 5 + 585, (o) + 2(55 ¢, 85 ) + (85, 5585))

In general, the distribution of A. is unknown, since A, is unobserved. In our setting, IP’g4 can be identified
because of the reference environment. Otherwise, one proceeds with relative shifts as described in Appendix B.
"The choice of S and R is not unique, but the subspaces range S, range R, which matter for our results, are.



and can be computed from the training distributions. In the next proposition, we show that the model
parameters and robust predictor can be identified up to a set around 6, which can be interpreted as
the set’s geometric center. From the characterization of this set, it directly follows that the robust
predictor is only identifiable if the test shifts are in the direction of the training shifts, i.e. M C S.

Proposition 1 (Identifiability of model parameters and robust predictor). Suppose that the set of
training and test distributions is generated according to Section 2.1, with some model parameter
0 € ©. Then, it holds that

(a) the model parameters generating the training distribution (3) can be identified up to the following
observationally equivalent set :

Ocq =0 N{B° + 0,5}, 55 =S, (05)* =225 +a' Spara e ST 6% (12)

(b) the robust predictor 7°° as defined in Equation (7) is identified up to the set

B&* {8 + (Ypm + £5)7'85 ¢ + (VIm + 55) ' o € range R} 3 7. (13)

The proof of Proposition | is provided in Appendix F.1. Proposition | implies two well-known
settings: If we observe a rich enough set Pg, ., of training environments such that S = R, the
model parameters are uniquely identified, corresponding to the setting of full-rank instruments [4].
However, even in the under-identified case S # R?, if the test shift directions M are contained in the
space S of training-time shifts, i.e. R = 0, the robust prediction model is identifiable from training
data regardless of the identifiability of the model parameters. This is the setting considered e.g. in
anchor regression [45] and discussed again in Section 3.2 and Appendix C.

So far, we have described how the identifiability of the robust prediction model depends on the
structure of both the training environments (via the space S) and the test environments (via M). We
now aim to compute the smallest achievable robust loss for the general partially identifiable setting,
which allows for R # 0. In particular, we provide a lower bound on the best-possible achievable
distributional robustness formalized by the minimax quantity (9). First observe that without further
assumptions on the parameter space ©, the observationally equivalent setis unbounded, and the
identifiable robust risk (8) can be infinite. The following assumption allows us to provide a fine-
grained analysis of robustness in a partially identified setting.

Assumption 3.1 (Boundedness of the causal parameter). There exists a constant C > O such that
any causal parameter 3 generating the SCM (3) is norm-bounded by C, i.e. ||8||2 < C and hence
6 = B(C) x RE+DX(+D),

Furthermore, two key quantities that appear in the bounds are S;,; = R? — range R, the space of

directions which are either identified or unperturbed during test time, and Cier = /C? — ||35]2,
the maximum norm of the non-identified part of the causal parameter 5*. Finally, recall that the

reference distribution Pgi’g is observed and hence identifiable.

Theorem 3.1. Assume that the training and test data follow the data-generating mechanism in
Section 2.1 with test time shifts decomposed as in Equation (11) for some semi-orthogonal matrices
S, R with range S C S, range R C S*. Further, let Assumption 3.1 hold with parameter C. The
identifiable robust risk (8) is then given by

RrobaD (35 Ocq: YIr) = Yr0(Crer + | R Bll2)* +7IIST (85 = B)II3 + R(B: Pyvyy),  (14)
Further, we obtain the following lower bound for the minimax quantity as defined in Equation (9):

= Vg 20CE,, + mingrs_o Reob(B;05,7SST), if v > von;

11
H(Oeq M) {Z MRz0CEe, + mingecga Reon(8;6°,75ST),  else,

_ (s(Z)+D|RRTSS

where vy, = o ”‘5H. Moreover, if R # 0, for small shifts
. Sm(G)eWVHM) _ Teox—1vS |\2
»1yll>% - - (Cxer + [|[RR 275 )" (15)

We prove Theorem 3.1 in Appendix F.2. In the case of no new test shifts, i.e., R = 0, is discussed
in prior work [45, 49], as the strength -y of the shift grows, the identifiable robust risk saturates. On



the other hand, if R # 0, i.e., the test shift contains new directions w.r.t. to the training data, the
best achievable robustness 9(Oeq, YII () grows linearly with +, and thus no infinite robustness is
possible. We highlight that the minimax quantity is attained by the identifiable robust predictor

ﬂrOb’ID = arg min Rrob,ID (67 Geqa "YHM )7

BER
and for v > ~y, the lower bound corresponds to its identifiable robust risk and thus is tight. Moreover,
v > Y, P IP can be explicitly computed from the training distributions (cf. Appendix F.2) and is
orthogonal to the space range R of non-identifiable test shift directions. In other words, for large
shifts v in non-identified directions, the optimal robust model would "abstain" from prediction in
those directions. For smaller y, 37°"P gradually utilizes less information in the non-identified
directions, thus interpolating between maximum predictive power (OLS) and robustness w.r.t. new
directions (abstaining). Note that the model 5*°%IP is a population quantity that is identifiable
from the collection of training distributions. When only finite samples are available, we discuss in
Appendix D how we can still estimate the minimax quantity by minimizing an empirical loss function
(17) that can be computed from multi-environment data. Additionally, in Appendix D, we provide
details on the computation of the empirical identifiable robust risk and the corresponding estimator.

3.2 Theoretical analysis of existing finite robustness methods

We now evaluate existing finite robustness methods in our partial identifiability framework and
discuss in which scenarios they are far from the best achievable robustness. A spiritually similar
systematic comparison of domain adaptation methods is presented in [12], however, in our setting,
the robust risk is not identifiable from data. We impose a probability distribution on the environment
variable E € Eipain s.t. P[E = €] = w,, which allows us to compare to the anchor regression
framework and similar, where the environment weights are required to obtain an estimate of Megt.
In our discussion, we focus on discrete anchor regression [45] and pooled OLS estimators®. In
discrete anchor regression, for each environment e, we observe data (X., Y.) following the SCM
Xe=pe+mn; Yo = ﬁ*TXe + &, where p, € R¢ are mean shifts and the noise is distributed like in
Equation (3). The discrete anchor regression estimator minimizes the following robust risk:

ﬁanchor = arg min Rrob (ﬁv 9*7 ’yManchor)a
BERE

where M pchor = Zee Eirain weueu;r. The pooled ordinary least squares (OLS) estimator Sops
corresponds to Banchor With v = 1. We observe that the test shifts bounded by v M,y chor are fully
contained in the space of identified directions S, since S = range Ueeg,,... ueu;r = range Manchor-
Thus, according to Proposition 1, the robust risk and robust predictor Bapchor are identifiable for all
~v > 0. We now evaluate the robustness performance of S.nchor and Sors with respect to the more
general shifts bounded by Myew := YManchor + 7' RRT, thus consisting of training-identified shifts
M nchor and a possibly smaller share of previously unseen shifts in range R C S+. With respect to
M 6w, the robust risk is only partially identified, and identifiable robust risk (8) given by

Rrob,ID (ﬂa eeqa Mnew) = VI(Cker + ||RTﬁH2)2 + Rrob(ﬂ; 9*, ’YManchor)-

We evaluate how the identifiable robust risks (14) of both previous methods depend on the strength
~" of the previously unseen shift:

Rrob,ID (Banchoﬁ eeqa Mnew)/’yl = (Cker + ||RRT (E; + ’yManchor)_lzﬁ,gn)Q + 0(’)’/)§
Rrob,ID (ﬁOLS; eeqa Mnew)/’yl = (Cker + ||RRT (E; + Manchor)_IEigH)Q + O('}/)-
In contrast, for the best achievable robustness in the anchor settingk’ it holds

M(Oeq> Mpew i
M = C}%er +o(v), if 7" = yan;

,7/
. S)Jt((_)e 7Mnew) * —
Jim + = (Crer + |RRT (55 + ¥Manchor) "' E5 ¢ll)*-

8In Appendix C, we show that analogous results hold for continuous anchor regression and the method of
distributionally robust invariant gradients (DRIG) [49].
“Here, we only vary ', whereas ~ is fixed.
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Figure 3: Test error under a partially unidentified distribution shift A of the baseline estimators Sor.s, Sanchor
(using the "correct" ) for finite robustness and the identifiable robust predictor in (mean-shifted) multi-
environment finite-sample experiments in the classical identified setting (left) and the partially identified
robustness setting (right). The details of the experimental setting can be found in Appendix E.

Thus, the anchor regression estimator is optimal in the limit of small unseen shifts but significantly
deviates from the best achievable robustness for smaller shifts. This is due to the fact that the term
[RRT (3} +~vManchor) " X5 ¢[| only goes to zero as y — oo (yielding the minimax risk) if Manchor
is full-rank, otherwise, it is strlctly bounded from below as X7 is full-rank. Moreover, under some
conditions on the covariance matrix (e.g., if ¥} is block—diagonalizable w.r.t. S and S*), pooled
OLS and the anchor estimator achieve the same rate in +’, showcasing how finite robustness methods
can perform similarly to empirical risk minimization if the assumptions on the robustness set are not
met. We provide additional comparisons in Appendix C.

3.3 Experimental results

In this section, we provide empirical evidence of our theoretical conclusions in Section 3.1 and
Section 3.2. In particular, we compare the prediction performance of multiple existing robustness
methods to the minimax lower bound, estimated by the identifiable robust predictor — including
partially idenfitiable settings in which the test data contains shifts in previously unseen directions.
‘We observe that both in a synthetic adversarial setting, empirical risk minimization and invariance-
based robustness methods have significantly sub-optimal test loss in the partially identified setting,
confirming our theoretical predictions in Section 3.2.Furthermore, we observe that even though the
minimizer of identifiable robust risk is optimal only for the linear causal setting in Section 2.1, it
surprisingly outperforms existing methods in a real-world experiment.

Experiments on synthetic Gaussian data We simulate Gaussian covariates according to Equa-
tion (3) with multiple environments differing by linearly independent randomly selected mean shifts.
Given a fixed confounding model represented by a noise covariance ¥ and fixed directions S of
training mean shifts, we "evaluate" the identifiable robust risk by first picking the most adversarial
B* for fixed ¥ and S, and then computing its robust risk (6). We describe the full details of the
data generation and loss evaluation in Appendix E. We consider two shift scenarios: in the first
one, corresponding to the identifiable case in Figure 2a, the test environment is only perturbed by
bounded shifts in training directions, as considered in prior work [45, 49]. In the second scenario,
corresponding to the non-identifiable case Figure 2b, the test environment is perturbed by a mixture of
tralmng shifts and shifts in previously unobserved directions. We compute the empirical minimizers

BOLS /Banchor and ,me ID of the OLS, anchor regressmn and identifiable robust losses, respectively,
and compare their test MSE (mean squared error) in Figure 3. In the first (identifiable) setting —
Figure 3 (left) — the robust risk is asymptotically constant across - for both robust methods, while the
error for the vanilla ERM or OLS estimator increases linearly. In contrast, in the second, partially
identified, setting — Figure 3 (right) — all estimators exhibit linearly increasing test errors; however the
slopes of the anchor and OLS estimator are much steeper and lead to larger errors than the empirical
minimizer of (14) that closely matches the analytic theoretical lower bound.

Real-world data experiments We consider the single-cell gene expression dataset from [41],
which consists of single-cell observations over d = 622 genes collected from both observational and
several interventional environments. Following [48], we only select the 28 genes that are active in the
observational environment. For each gene j = 1, ..., 28, we generate a dataset D; where Y := X
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Figure 4: The figures show the performance of the identifiable robust predictor (Rob-1D) compared to other
methods as a function of perturbation strength s (which is obtained by selecting the s x 100 percent of data
points closest to the observational mean). Different panels correspond to the proportion of unseen shift directions
at test time. For each panel and perturbation strength s, each point represents an average over the 28 target genes
and three experiments (i.e., training environments).

is the target variable and the covariates are the three genes most strongly correlated with Y. For each
D;, we perform three experiments — every experiment uses a different interventional environment
besides the observational data as training data (an illustration of the data structure can be found in
Figure 5). We then separately compute the mean-squared error on subsets of samples from all three
interventional environments (including held-out samples from the interventional environment used for
training). As a proxy for shift strength v > 0, for each test environment, we pick the s x 100% of data
points closest to the observational mean. More details on this process can be found in Appendix E.
We describe the computation of the identifiable robust estimator in Appendix D. In Figure 4, we
show the test MSE of various OOD methods and the identifiable robust estimator as a function of s,
presented in four different scenarios: no unseen shifts (left), some proportion of unseen shifts (middle
panels) and 100% unseen shift directions (right). We compare the performance of anchor regression
[45], invariant causal prediction (ICP) [38], Distributional Robustness via Invariant Gradients (DRIG)
[49], and OLS with our estimated lower bound Rob-ID. We observe that the performance ranking of
the robustness methods significantly varies with the proportion of new test shift directions. When
no new shift information is present, anchor regression and DRIG are optimal. However, as soon as
some unseen directions are present, their performance becomes inferior to OLS/ERM and the gap to
the minimizer of the identifiable robust risk (in the setting in Section 2) grows with the proportion
of unseen shifts. While the MSE of the previous invariant methods increases drastically with the
strength of the test shift, the test loss of the identifiable robust predictor remains relatively stable.

4 Conclusion and future directions

This paper introduces the identifiable robust risk that is well-defined even in settings where the robust
risk is not computable from training distributions. When the robustness set is identifiable (such as
anchor regression-related methods [45, 49]), the identifiable robust risk reduces to the conventional
robust risk. In this paper, we instantiate our general framework for linear structural causal models
with additive shifts. We compute tight lower bounds for this setting and show how existing invariance-
based methods are suboptimal. Further, we demonstrate how i) the benefits of invariance-based
methods strongly decrease in the partially identifiable setting; and ii) this suboptimality increases
with perturbation strength and proportion of previously unobserved test shifts.

The main limitation of our paper is its reliance on a linear causal setting to explicitly compute the
observationally equivalent set and estimate the minimax quantity. However, we expect that the results
and intuition developed in this paper can be extended to linear shifts in a lower-dimensional latent
space via a suitable parametric or non-linear map [55, 10]. Important future directions include
extending our results to more general causal graphs, non-linear relationships between covariates,
non-additive shifts and the classification setting. Further, a potential use of our work is in the field of
active intervention selection (e.g, [60, 21]). By computing the most adversarial model parameter for
a given estimator, e.g., OLS, we can obtain an intervention which minimizes the identifiable robust
risk of the estimator on the next unseen shift.
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Appendix
The following sections provide deferred discussions, proofs and experimental details.
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A Extended related work

To put our work into context, first, we discuss relevant distributional robustness literature organized
according to structural assumptions on the desired robustness set. Second, we summarize existing
views on partial identifiability in the causality and econometrics literature and how our findings
connect to their perspective.

No structural assumptions on the shift. DRO: Distributionally robust optimization (DRO) tackles
the problem of domain generalization when the robustness set is a ball around the training distribution
w.r.t. some probability distance measure, e.g., Wasserstein distance [53, 35] or f-divergences [7, 16].
Considering all test distributions in a discrepancy ball can lead to overly conservative predictions, and
therefore, alternatives have been proposed in, e.g., the Group DRO literature [47, 20, 31]. However,
these methods cannot protect against perturbations larger than the ones seen during training time and
do not provide a clear interpretation of the perturbations class [49].

Structural assumptions on the shift. Robustness from the lens of causality takes a step further, by
assuming a structural causal model [37] generating the observed data (X, Y). Infinite robustness
methods: The motivation of causal methods for robustness is that the causal function is worst-case
optimal to predict the response under interventions of arbitrary direction and strength on the covariates
[34, 11]. For this reason, causal models achieve what we call infinite robustness. Depending on the
assumptions of the SCM, there are different ways to achieve infinite robustness. When there are
no latent confounders, several works [38, 18, 33,42, 2, 6, 51, 57, 29, 1] aim to identify the causal
parents and achieve infinite robustness by exploiting the heterogeneity across training environments.
In the presence of latent confounders, it is possible to achieve infinite robustness by identifying the
causal function with, e.g., the instrumental variable method [5, 25, 52, 8, 36]. There are different
limitations to infinitely robust methods. First, the identifiability conditions of the causal parents
and/or causal function are often challenging to verify in practice. Second, ERM can outperform these
methods when the interventions (read shifts) at test time are not arbitrarily strong or act directly on
the response or latent variable [3, 24]. Finite robustness methods: In real data, shifts of arbitrary
direction and strength in the covariates are unrealistic. Thus, different methods [45, 26, 28, 49, 14]
trade off robustness against predictive power to achieve what we call finite robustness. The main idea
of finite robustness methods is to learn a function that is as predictive as possible while protecting
against shifts up to some strength in the directions that are observed during training time. These
methods, however, only provide robustness guarantees that depend on the heterogeneity of the training
data and do not offer insights into the limits of algorithm-independent robustness under shifts in new
directions.

Fartial identifiability: The problem of identification is at the center of the causal and econometric
literature [39, 4]. It studies the conditions under which the (population) training distribution uniquely
determines the causal parameters of the underlying SCM. Often, the training distribution only offers
partial information about the causal parameters and, therefore, determines a set of observational
equivalent parameters. This setting is known as partial or set identification and is used in causality
and econometrics to learn intervals within which the true causal parameter lies [54]. In this work, we
borrow the notion of partial identification to study the problem of distributional robustness when the
robustness set itself is only partially identified.

B Extension to the general additive shift setting

We discuss how our setting changes when we relax the assumptions on the existence of the reference
environment. We consider the data-generating process in Equation (3), where & ain = [m], m € N.
If no environment e exists with y, = 0 and X, = 0, we first pick an arbitrary distribution IF’fi;-Y as
the reference environment'? . We denote 3], := 25 + ¥

First, we show we can express the space S of training additive shift directions defined in Equation (10)
in the general case. We center all distributions by fiyef, $0 that E [X .| = pe — pires for all € € Eirain.

"In practice, it is useful to pick a distribution with the smallest covariance, i.e. tr Cov(X,ef) < tr Cov(Xe)
for all e.
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With respect to the arbitrary reference environment, we now define

S ‘= range U (Ze - E1ref + (,u ,Ufref)(ﬂe - ,uref)T) - Rd-
e€E¢rain

We now consider test shifts with respect to the environment Pfify ', We define the test shift upper
bound 7II,4. Again, we can decompose the upper bound as YIIn; = vSST + YRR, where
SST and RR' are orthogonal projections onto S N M and S+ N M, respectively. Again, we
can decompose the causal parameter 3* as * = 35 + BSL. The projection 35 of the causal
parameter onto the relative training shifts induces the following observationally equivalent parameters
corresponding to the reference distribution:

= (85,50, 55, (08)%) = (B5, %0, 50 e + 5085, (08)” +2(Sh ¢, 85) + (85,21 857)).

Again, #° can be identified from the training distributions and is referred to as the identiﬁed model

parameters. The following adapted version of Proposition 1 shows that assuming shifts on ]P’ref , the
robust prediction model is only identifiable if the test shifts are in the direction of the relative training
shifts:

Proposition 2 (Identifiability of reference distribution parameters and robust prediction model).
Suppose that the set of training and test distributions is generated according to Equations (3) and (4).
Then, 6° is observationally equivalent to 8* and computable from training distributions. Furthermore,
it holds that

(a) the model parameters generating the reference distribution can be identified up to the following
observationally equivalent set :

Ocq ={B° + 0,5, 50 =S, (0£)° =20 85 . + ' Sha:a e ST} 30

(b) the robust prediction model 37°° as defined in Equation (7) is identified up to the set

B+ (M +2) 7185 e + {(/Ip + ;) 'ov: o € range R} 5 7

The proof is analogous to Appendix F.1. A version of Theorem 3.1 for perturbations on the reference
environment follows accordingly.

C Comparison to finite robustness methods continued

C.1 Continuous anchor regression [45]

In the continuous anchor regression setting, during training we observe the distribution according
tothe SCM X = MA +n;Y = BT X + &, where A ~ N(0,34) is an observed g-dimensional
anchor variable and M € R?*9 is a known matrix. Note that in this setting, we do not have a
reference environment, but, since the anchor variable is observed, the distribution of the additive
shift M A is known. The test shifts are assumed to be bounded by Miosy = YM3I 4 M T. Since
range Miost C S = range M, no new directions are observed during test time, in other words, R = 0.
Thus, both the corresponding robust loss and the anchor regression estimator can be determined from
training data. It holds that

ﬁanchor = arg min Rrob (57 9*7 'YMZAMT)~
BERC

Again, the pooled OLS estimator corresponds to 3,nchor With v = 1. Similar to the discrete anchor
case, in case the test shifts are given by My ey, = YM X4 M T+ ~' RRT, the identifiable robust risk
(8) is given by

Rrob,ID(ﬂ; ®eq7 Mnew) = 'V/(Cker + ||RT6||2)2 + Rrob(ﬂ; 9*, ’YMEAMT)

"In other words, we require that the test distribution is a shifted version of the (arbitrarily) chosen reference
distribution.
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and for the best achievable robustness of the anchor estimator it holds

7?/rob,ID (6anchora @eq; Mnew)/'y/ = (Cker + HRRT(Z; + FVMZAMT)_lz;SLgH)Q + 0(7/);
IM(Ocqs Muew)

. / .
l}m Rrob,ID (ﬂanchora @eq§ Mnew)/'Y = lim ; .
~'—0 ~'—0 y

The above results follow by plugging Mew With M := M, chor into the proof of Theorem 3.1 in
Appendix F.2.

C.2 Distributionally robust invariant gradients (DRIG) [49]

DRIG [49] uses the framework of Gaussian additive shifts A, ~ N (e, e ). For each environment e,
we observe data (X, Y. ) distributed according to the SCM X, = A, +n; Y, = B*TXE + &, where
the noise is distributed like in Equation (3). DRIG consider more a more general intervention setting,
additionally allowing additive shifts of Y and hidden confounders H. However, their identifiability
results can only be shown for the case of interventions on X, and since identifiability of the causal
parameter is a crucial part of our analysis, we only consider shifts on the covariates. DRIG assumes
existence of a reference environment e = 0 with pip = 0 and for which it is required that the second
moment of the reference environment is dominated by the second moment of the training mixture:

Z0 = Z we(ze + Meu;r)'
e€[m]
This assumption allows [49] to derive the DRIG estimator which is robust against test shifts upper
bounded by Mpric =7, cfm] we(Xe — Lo + peptd ). The following lemma allows us to make
further statements about Mpriq:

Lemma C.1. Let A and B be positive semidefinite matrices such that B < A. Then it holds that
range B C range A.

Proof. Tt suffices to show that ker A C ker B. (ker A C ker B implies that range A = (ker A)* C
(ker B)* = range B.) Consider x € ker A, x # 0. Then it holds that T (A — B)x = 2" Az —
2 Bz =0 — "Bz > 0, from which it follows that z T Bz = 0 and thus = € ker B. L]

Because of the assumption ¥o < >, elml We(Ze+ preft] ), by Lemma C.1 it follows that range ¥ C
Uesirange (X + pep] ) and thus

range Mpriq C range Z We(Ze + frepy )
e>1

Hence, the robustness directions achievable by DRIG in the "dominated reference environment"
setting are the same as the ones under the assumption >y = 0.

Again, we observe that the test shifts bounded by vMprig are fully contained in the space of
identified directions S. If the test shifts are instead bounded by M,y := YMprig + 7V RR',
including some unseen directions range R C S, the robust risk in the DRIG setting is only partially
identified. The identifiable robust risk (8) is given by

Rrob,ID(ﬂ; @eq7 Mnew) = 'V/(Cker + ||RTB||2)2 + Rrob(ﬂ; 9*, ’YMDRIG)7

and again, the DRIG estimator is optimal for infinitesimal shifts 7" and suboptimal for larger v':

Rrob,ID (BDRIG; eeqa Mnew)/’yl = (Cker + ||}%RT (E; + VMDRIG)712$7§H)2 + 0('}/);
S)J/t((aeqa Mnew)

/

= Ciops i > yin;

:
 M(Oug M _
iy PO Moow) _ (G5 |RRT(5 + o) B )

The above results follow by plugging My With M := Mprig into the proof of Theorem 3.1 in
Appendix F.2.
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D Empirical estimation of the identifiable robust predictor

In this section, we discuss how to compute the identifiable robust loss and its minimizer from finite-
sample multi-environment training data. We first describe the finite-sample setting and provide a
high-level algorithm. We then discuss some parts of the algorithm in more detail. Finally, we show
that under certain assumptions, the empirical identifiable robust loss is consistent.

D.1 Computing the identifiable robust loss

Algorithm 1 Computation of the identifiable robust loss

1: Input: Multi-environment data D = Uecg,,... De, test shift strength v > 0, test shift directions
M € R4, causal parameter upper bound C' > 0.

2: Step 1: Estimate the training shift directions S(D), its orthogonal complement S* (D), and the
identified causal parameter 35.

3: Step 2: Estimate the identified and non-identified test shift directions S, R and their projections
SST and RR™. R

4: Step 3: Estimate the norm Cl, of the non-identified causal parameter.

5: Step 4: Compute the identifiable robust loss function

En(ﬁ;ﬁsvggTaRRT) — Eref(B;D0> +£inv(/B;BSaS’ST7V) +£id(5;ékeraRRTv’y> .

reference loss invariance penalty term non-identifiability penalty term

6: Return: identifiable robust predictor and the estimated minimax "hardness" of the problem:
BP0 argmin £,,(8; 3%, ST, RRT);
BER
E)fn(Dv’Y? M) — énn}i ETL(ﬂ’ BS, SST7 RRT)
€R

Training data. We observe data from m + 1 training environments indexed by F € Epain =
{0, ...,m}, where E = 0 represents the reference environment. We impose a discrete probability
distribution PZ on the training environment E' € E;;ain, resulting in the joint distribution (X, Y, E) ~
PXYIE « PE. For each environment F = e, we observe the samples D, = {(Xc;,Ye,) ?;1,
where (X, ;, Y. ;) are independent copies of (X,,Y.) ~ PX YIE=e Then, the resulting dataset is
D = Ueeg,,uin Pe With n := ng + - - - 4+ nyy,. Furthermore, for each environment £ = e, we define
the weights w, = n./n.

Computation of the identifiable robust loss. In Algorithm 1, we present a high-level scheme for
computing the identifiable robust loss from multi-environment data, which consists of multiple steps.
First, nuisance parameters related to the training and test shift directions are estimated, which we
describe in more detail below. Afterwards, the three terms of the loss are computed: the (squared)
loss L. (8; Do) on the reference environment is computed as

no

Lret(B:Do) = ¥ (Yo — B7 X0,0)*.

i=1

The invariance penalty term Ly, (5; BS, 88T, ) (which increasingly aligns any estimator 3 in the

direction of the estimated invariant causal predictor 5 as v — oc0) can be computed as following in
the linear SCM setting:

ACinv(ﬁ; BS, SS’T?V) = 7||S§T(/8 - BS)HS
Finally, the non-identifiability penalty term L;q(/3; Crer, RRT 7) can be computed as follows:

Lia(B; Crer, RRT ) 4 7(Cher + | RRT B]12)*.
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The non-identifiability term, with increasing -y, penalizes any predictor 3 towards zero on the subspace
R of non-identified test shift directions. In total, the identifiable robust loss (in the linear SCM setting)
equals

L,(8; 65,897, RRT) = (Yo — 87 X0,:)* + 711857 (8 = 8%)|15 + 7(Crer + [|IRRT B]2)?,
=1

where we suppress dependence on C' and -y and only leave the dependence on the nuisance parameters.

Choice/Estimation of nuisance parameters. We now provide more details on the empirical
estimation of the nuisance parameters S, S, R, and 3°.

* The constant C' corresponds to the upper bound on the norm of the true causal parameter
B8*. Thus, the practitioner chooses C' in advance to ensure that (with high probability)
18*]l2 < C.

« The training shift directions S can be computed via

S(D) = range Z(COV(XP’) — Cov(X°) + prepr] — popg ), (16)
e=1
where for € € Eiyain, the matrix Cov(X¢) is the empirical covariance matrix estimated

within the training environment £ = e, and p, € R is the empirical mean of the covari-
ates within the training environment I/ = e. Additionally, we compute the orthogonal

complement S* (D) of the space S(D)'2.

* The decomposition of the test shift directions )/ into identified and non-identified shift
directions (and their corresponding projection matrices) can be computed as follows. Let

IIg and ITg, denote the projection matrices on S(D) and S+ (D), respectively. Consider
the singular value decompositions IIgM = Ugh SVST andlg. M =Ug. X¢. VSI Then,
define

S=Us R=Ug..
The subspaces range(I1¢ M) and range(I1g, M) are minimal subspaces contained in S and

S+, respectively, such that range(M) C range(II sM) @ range(Ilg, M). The matrices
SST and RRT are their corresponding projection matrices.

« The identified causal parameter 35 (approximately) equals the true causal parameter

[B* on the space of training shift directions S. As conjectured in the anchor regression
literature [45, 49, 26] (see, for example, the discussion right after Theorem 3.4 in [26] and
Appendix H.3 therein) for v — oo, the estimators ), . and 8] ;o converge to the causal
parameter 5* on S. Thus, the identified causal parameter can be estimated as

BS = Héﬁgr‘ichor or BS = HSB]%ORIG
for the setting of mean or mean+variance shifts, respectively.
D.2 Consistency of the identifiable robust predictor

For any estimator 3 € R? and given the estimated nuisance parameters ¢ := (SST, RRT, 35), we
define the sample identifiable robust risk as

2
£al89) = 3 (Vas = 7 X0)” 421887 (3% - 8)13 + 7 (VO - 1513 + 1ARTIR )

1€Dg
17)

"2In general, S(D) is a proper subspace of R? and the RHS of (16) corresponds to a sum of low-rank second
moments. This can be consistently estimated if, for instance, the rank of each shift is known (e.g. in the mean
shift setting), or the covariances have a spiked structure, allowing to cut off small eigenvalues.
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Correspondingly, we define the estimator of the identifiable robust predictor by
BroPIP = arg min £, (6, §), (18)
peB

where B C R? is some compact set whose interior contains the true parameter 57°P1P.

To show the consistency of (18), we first require consistency of the nuisance parameter estimators,
which we state as an assumption.

Assumption D.1. The estimated nuisance parameters p = (3 S T, Rﬁ—r, BS) are consistent, that is,
forn — oo,

IS8T —SST|p =0, |RRT —RRT||r >0, B55pS:=TIs8",

where for any matrix A € R™*4, | A||p = +/tr (AT A) denotes the Frobenius norm, and SST,
RRT are the corresponding population projection matrices onto IIs M, Ilg. M respectively.

Depending on the assumptions of the data-generating process, Assumption D.1 can be shown to hold.
For example, in the anchor regression setting [45], the consistency of the projection matrices ST,

IA{I%T, and II¢ holds if the dimension of S is known (due to the mean shift structure). The proof
relies on the Davis—Kahan theorem (see, for example, [59]) and the consistency of the covariance
matrix estimator. Moreover, in the anchor regression setting, it is conjectured that the estimator
B2 4o CONverges to its population counterpart (as discussed right after Theorem 3.4 in [26] and

Appendix H.3 therein) which implies that BS =11 B chor COnsistently estimates B =sB*.

Under the assumption of the consistency of the nuisance parameter estimators, we can now show
that (18) is a consistent estimator of the identifiable robust predictor.

Proposition 3. Consider the estimator me’ID of the identifiable robust predictor defined in (18).
Suppose the optimization problem is over a compact set B C R% whose interior contains the true
minimizer B2 Moreover, suppose Assumption D.] holds. Finally, assume that the covariance

matrix E[Xo X, ] > 0 with bounded eigenvalues and E [Y] < co. Then, 3> is consistent, i.e.,
as n,ng — oo it holds that

Arob,ID P srob,ID
B =B :

D.3 Proof of Proposition 3

For ease of notation define 3y := ™" and B = BrOb’ID. For any parameter of interest 5 € 5 and

nuisance parameters ¢ = (Pg, Pg,b), define the function

2
(z,9) = gp.o(2,y) = (y—5T$)2+’7||Ps(b—5)||§+7(\/C—||b||§+||PRﬁ||2> . (19)

Using (19), the robust identifiable risk and its sample version defined in (17) can be written, respec-
tively as

L(5,0) = Blgse (X0, Yo)l, La(B0) = = 3 g.o (X, Vo).
=

Our goal is to show that B 5 Bo- First, we show that the minimum of the loss is well-separated.
Lemma D.1. Suppose that E [Xo X, | = 0. Then, for all § > 0, it holds that

inf {L(B,00): [|B— Boll2 > 6} > L(Bo, o). (20
Fix § > 0. From the well-separation of the minimum from Lemma D. 1, there exists € > 0 such that

{18 = Bollz > o} < {£(3,20) — £(Bo, 00) > ¢}
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Therefore,
P (118~ Boll2 > 8) <P (£(B,20) — L(Bo, p0) >e)
=P (£(B, 90) = £a(B,90) + £ (B, 00) = La(B,9)
+La(B. %) = La(Bo,#) + La(Bo, @) = L(Bo.20) > )
<P (L(B,0) = La(Bv0) > /4) + P (La(B,00) = La(B.0) > /4) @)
+ P (La(B.8) = La(Bo. %) > £/4) +P (La(Bo,#) = L(Bo,0) > 2/4). (22

We now want to prove convergence the four terms in (21) and (22). For this, we use the following
statements proved in Appendix D.4.

Lemma D.2. Suppose B C R? is a compact set. Moreover, assume that the covariance matrix
E [XoX, | = 0 with bounded eigenvalues and E [Y{] < oc. Then, as n,ng — oo it holds that

sup |La (B, ¢0) — L(B,90)| — 0. (23)
BEB

Lemma D.3. As n — oo, it holds that
sup |Ln (8, ) — L (B, 00)] 5 0. (24)
BeB

The two terms in (21) converge to 0 by Lemma D.2 and Lemma D.3, respectively. The first term
in (22) equals 0 since 5 minimizes 5 — £, (3, ). Finally, we observe that

sup |, (8, %) — L(B, 0)| = 0, (25)
BeEB
since we have that

sup |Ln (B, @) — L(B;po)| < sup [Ln(B, @) — Ln (B, po)| + sup [L, (B, ¢0) — L(B, ¢o)ls
BeB BeB peB

where the first term converges in probability by Lemma D.3, and the second term converges in
probability by Lemma D.2. This implies that the second term in (22) converges to zero. Since 6 > 0

was arbitrary, it follows that B L Bo.

D.4 Proof of auxiliary lemmas
D.4.1 Proof of Lemma D.1

By definition,

2
L(B,po) =E[(Yo — 87 X0)*] +71S5" (8% = B)II3 + (\/C = 18513 + IIRRTBHz) :

Since E [X( X | = 0, the first term is strongly convex in 3. Moreover, the second and third terms
are convex in 3. Therefore, £(, ¢o) is strongly convex in . Since L£(3, o) is also continuous in [,
it follows that there exists a unique global minimum. Let 5y denote the global minimizer of £(/3, o).
By the fact that £(8o, ¢0) is a global minimum, and by definition of strong convexity, there exists a
positive constant m > 0 such that, for all 3 € B,

L(B,00) > L(Bo,00) + 3118 = Boll3: 6)

Fix § > 0. Then, by (26), for all 5 € B such that |5 — So|2 > ¢ it holds that

2

L(B,00) > L(Bo, po) + % > L(Bo, ¢o)-

Since the inequality holds for all 8 € B such that |3 — 5o||2 > &, we conclude that
inf{L(B,¢0): [|8— Boll2 > 0} > L(Bo, ¥o)-

Since § > 0 was arbitrary, the claim follows.
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D.4.2 Proof of Lemma D.2

Recall that for any 5 € B

1
E(ﬂv 800) =E [95,(,00()(07 }/0)]7 En(/ﬁv QDO) = ni Z 98,00 (Xo,ivyﬂ,i)-
1€Dg

To show the result, we must establish that the class of functions {gs, ., : § € B} is Glivenko—Cantelli.
From [56], a set of sufficient conditions for being a Glivenko—Cantelli class is that (i) 3 is compact,
(il) B — g8,4,(x,y) is continuous for every (z,y), and (iil) 8 + ¢3,,, 18 dominated by an integrable
function. By assumption, (i) holds. Moreover, by (19), it follows that 5 — g3 ., is continuous
for all (z,y) and thus (ii) holds. We now show that (iii) holds. Since B is compact we have that
supges|lBll2 = C1 < oc. For fixed v > 0, and all (x, y), we have that

98,00 ('T’y) < sup |g,37tpo (JZ, y)|
peB

IN

sup(y — 87 ) + 29|55 7|3 (IBSIS + supllﬁl%)
BeB BeEB

2
Ty ( 118513 + RRTHF;ggwm)

< 2% 4207 2[5 + K = G(=,y),

27

where K < oo is a finite constant not depending on (z, y). Furthermore, we have that
E[G(Xo,Y0)] = 2R [Y2] 4+ 2C% tr (B[ XX, |) + K < oo, (28)

since E [Y2] < oo and E [X X, ] has bounded eigenvalues by assumption. From (27) and (28), it
follows that (iii) holds.

D.4.3 Proof of Lemma D.3

For fixed v > 0, we have that

s £4(8, ) — £a(8.90) < sup|ISST (35— B - IS5 - )E| @)

Y BeB
2
(\/c 1851 + ||RRT5|2) - (\/0 18518 + ||RRT5||2)

We can upper bound (29) as follows,

2
(30)

+ sup
BeB

sup |I1557 (35 = B)I13 — 1557 (5% - B
peB

= sup (85 — )T SST (5% — B) — (85— B)TSST(5° - )

BeB

= sup (65 - 5)TSST(° — 5% + (B° - %) SST (6 -
+(B5 = B)T(SST —SST)(B° - B)

< 2sup||8° — B2 1SS || 13° = B2 + sup||8° — BI3 |1SST — SST||r (€2
BeB BeR

< C1)|B5 = B5la + Co||SST — 88T |7 = 0, (32)

where (31) follows from the Cauchy—Schwarz inequality and that || A||s < ||A||F, the constants
C1,Csy < o0 in (32) follow from compactness of 3, and the convergence in probability follows from
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Assumption D.1. Furthermore, we can upper bound (30) as follows,

2
(\/c— 1513 + |RRT62) - (\/c— 18513 + |RRT52)

= su ‘C — 18515 + |1RRTBII3 + 20/ C — 18513 |1 RRT ]l

2
sup
BeB

~C+8%13 — IRRTBI3 — 24/C — 18513 |

IN

sup [I13513 — 1185113 + sup |87 (RRT — RRT)3|
peEB peB

+2sup [0~ 1351 1RRT 8 - /O = 15513
peB
=)+ (II)+ (III).
By Assumption D.1, (I) converges in probability to zero. Regarding (I1), we have

sup [8T(RRT ~ RRT)5| < suplBI3 |RRT — RRT[lr %0,
BeB

where the inequality follows from Cauchy—Schwarz and that || A||s < ||A|| 7, and the convergence
in probability follows from Assumption D.1 along with the compactness of B. It remains to upper
bound (/I1I). We have that

I]I
\\/ C1BSIZ IRET Blla — /O — 1853 1| RET B

—IBSI3 I1RRT Bll2 —/C = 18513 | R

~+ sup
BseB

— 115113

< <sup5||z IRRTIIF> — 15513 -

JETRETS — JETRRTH \ (Ve -1515)

< Cu 313 + 13915] " + VT sup |87 (RRT — RRT)3
S

+ bup

1/2
| (33)

1/2
A 1/2 A
< G153 + 1813| " + vV (;ugnm%nRRT—RRTHF) 0. 6o
S

The inequality in (33) follows from the compactness of 13, the fact that RRT has bounded eigenvalues,
and that |/ — /y| < |z — y['/? for all 2,y > 0. The inequality in (34) follows from Cauchy—
Schwarz and that || A||2 < ||Al| r. The convergence in probability follows form Assumption D.1 and
the compactness of 5.

E Details on finite-sample experiments

In this section, we provide more details of the data generation for our synthetic finite-sample
experiments as well as data processing for the real-world data experiments.

E.1 Synthetic experiments

For the synthetic experiments, we generate a random SCM which satisfies our assumptions. For
d = 15, we randomly sample the joint covariance ¥* of (X,Y’), fixing its total variance and
the eigenvalues. We consider 7 environments including the reference environment, and for each
environment except the reference, we randomly generate mean shifts of fixed norm. Since we have 6
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non-zero random Gaussian mean shifts, it holds a.s. that dim & = 6. We then randomly generate an
"initial guess" for 5* € RY of fixed norm C' = 10. Now, with respect to the space S of the identifiable

directions induced by the mean shifts, we choose the most "adversarial" causal parameter 37, which
is equal to 8* on S, but on S+ has the opposite direction of the noise OLS estimator 22_12;,5.
We ensure that || 3%, |2 = C. Note that under the observed shifts, 3* and 3}, are observationally
equivalent. We complete 37, to the set 0,4, of observationally equivalent model parameters and

generate the multi-environment training data according to 6,4, and the collection of mean shifts.

For Figure 3 (left), we define the test shift upper bound as M,chor = 7SS T, where S is taken
to be a two-dimensional subspace of S. We vary v from 0 to 10, and for each v, we compute the
oracle anchor regression estimator by minimizing the discrete anchor regression loss. Additionally,
we compute the pooled OLS estimator and the identifiable robust predictor 37°"IP as described in
Appendix D. Finally, we generate test data with a Gaussian additive shift Aes; ~ N (0, Manchor). We
evaluate the loss of SoLs, Banchor and 512 on this test environment and include the population
lower bound.

For Figure 3 (right), we define the test shift upper bound as My, = vSST ++'RR", where R is
a 2-dimensional subspace of the space S* and we set v/ = 0.05+ to showcase the effect of small
unseen shifts compared to large identified shifts. We vary ~ from 0 to 40 and for each ~, compute the
oracle anchor regression estimator by minimizing the discrete anchor regression loss. Additionally,
we compute the pooled OLS estimator and the identifiable robust predictor 37°PIP as described in
Appendix D, for which we use knowledge of spaces S and R and prior knowledge of M.
Finally, we generate test data with a Gaussian additive shift Ay ~ N (0, Myew ). We evaluate the
loss of BoLs, Banchor and B PP on this test environment, plot the resulting test losses for different
estimators and include the population lower bound.

E.2 Real-world data experiments
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Figure 5: The figures illustrate the structure of the (a) training-time shifts and (b-c) test-time shifts
for different perturbation strengths on the example of two covariates. Panel (a) shows the training
data containing two environments—observational (blue) and shifted (orange) corresponding to the
knockout of the gene ENSG00000089009. Panels (b) and (c) show the training data in grey and test
data from a previously unseen environment (green). Panel (b) depicts the top 10% test data points
closest to the training support (perturbation strength = 0.1). Panel (c) illustrates the full test data
(perturbation strength = 1.0).

We consider the K562 dataset from [41] and perform the preprocessing as done in [13]. The
resulting dataset consists of n = 162,751 single-cell observations over d = 622 genes collected
from observational and several interventional environments. The interventional environments arise by
knocking down a single gene at a time using the CRISPR interference method [40]. Following [48],
we select only always-active genes in the observational setting, resulting in a smaller dataset of 28
genes. For each gene j = 1,...,28, we set Y := X as the target variable and select the three genes
Xkys ..., Xp, most strongly correlated with Y (using Lasso), resulting in a dataset with columns
Y, Xk, , ..., Xk, Given this dataset, we construct the training and test environments as follows. Let
O denote the 10,691 observations collected from the observational environment, and let Z; denote
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the observations collected from the interventional environment where the gene k; was knocked down.
We will denote by Z; , the s-th quantile of datapoints in Z; w.r.t. to the expression value of the gene
k;. These are the s x 100% of datapoints with the weakest shift compared to the observational mean
of the gene k;, and thus the parameter s € [0, 1] is a proxy for the strength of the shift. Furthermore,
denote by Z7 . a random sample of Z; ; of a certain size. For each i € {1, 2, 3}, we train the methods
on D" .= O UL, with |Z,| = 20. An illustration of the training data D" is shown in panel (a)
of Figure 5. For each shift strength s € {0.1,..., 1} we evaluate the models on the test samples from
the three interventional environments. An example of the test data for different shift strengths s and a
previously unseen direction is shown in Figure 5(b-c). Figure 4 shows the test MSE performance as
a function of perturbation strength. We compare our method Rob-ID, defined as the minimizer of
the empirical identifiable robust risk (17), with anchor regression [45], invariant causal prediction
(ICP) [38], Distributional Robustness via Invariant Gradients (DRIG) [49], and OLS (corresponding
to vanilla ERM). We use the following parameters for Rob-ID: v = 50, Cy, = 1.0, and M = Id.
For anchor regression and DRIG, we select v = 50. For ICP, we set the significance level for the
invariance tests to o = 0.05.

These numerical experiments are computationally light and can be run in ~ 5 minutes on a personal
laptop.?

F Proofs

F.1 Proof of Proposition 1

For every environment e € Eiyain, we observe the first moments E (X, ) and E (Y, ), and second
moments E (XX ), E (Y2) and E (X.Y.). Since it holds by assumption that y9 = 0 and £y = 0,
we have that E (Xo X, ) = 27, and so we can identify X7 uniquely. Furthermore, it holds that

E (XoYo) = ;8" + i, (35)
E(X.Ye) = (Se + pepd +55)8" + 55 . (36)

By taking the difference between Equation (36) and Equation (35), we can identify (X¢ + pe ,u;r) B*.
Thus, the causal parameter 5* is identifiable on the subspace S defined in Equation (10) and is
not identifiable on its orthogonal complement S+. Thus, for any for vector & € S* , the vector
B = B* + «a is consistent with the data-generating process. It remains to compute the covariance
parameters induced by an arbitrary 5 := 3* + «, for a € S*. For every environment e € Eyain, the
second mixed moment between X, and Y, has to satisfy the following equality

E(XcYe) = (Se + prepr] +35)8* + 55 = (Se + prep] +35)B+ Sy e,

from which it follows that %, ¢ = ¥y ¢ — Xja. By computing E (Y2) and inserting 8 = 5* + a
and in,i’ we similarly obtain
57 = (02)2 —2a'S} +a Sha
Thus, we obtain the following set of observationally equivalent model parameters consistent with
P@* 7gtrain :
Ocq = {B" + 0, 55,58 . — Tra, (07)° =225 +a' Shat a € St}
Since the observationally equivalent setis identifiable from the training distribution, but model

parameters 5*, 3% (crg)2 are not, it is helpful to re-express the observationally equivalent set through

YR
identifiable quantities. For this, we note that the "identified causal predictor" ¢ = g* — BSL induces
an observationally equivalent model given by

S S S vS S S S+ 2 S+ S+ s+
6° = (8%, 55, X (08)%) = (8%, 20, D e + 3387, (08)" +2(86, 8% ) + (87,3387 ).
From this reparameterization, we infer the final form of the observationally equivalent set :

Ocq = {B° + o, %, Eﬁ,g - Ya, (af)z — 2aTE§,E + aTE;a: acSt}so*

3We use a 2020 13-inch MacBook Pro with a 1.4 GHz Quad-Core Intel Core i5 processor, 8 GB of RAM,
and Intel Iris Plus Graphics 645 with 1536 MB of graphics memory.
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Therefore, Equation (12) follows. To find the robust predictor 37°?, we write down the robust loss
with respect to M;est and any 6, from the observationally equivalent set :

Rrob(ﬁ; eaa Mtest) = (68 +a— 5)T<Mtest + Z;)(ﬂs +a— 6)
+2(85 +a—B) (Bhe —Sra) + (08)* — 2085 +aTSa.

inserting v € S* and rearranging, Equation (13) follows.

F.2 Proof of Theorem 3.1

We structure the proof as follows: first, we quantify the non-identifiability of the robust risk by
explicitly computing its supremum over the observationally equivalent set of the observationally
equivalent model parameters (referred to as the identifiable robust risk). Second, we derive a lower
bound for the identifiable robust risk by considering two cases depending on how a predictor 3
interacts with the possible test shifts Mest. In this proof, we use more general notation, with the test
shifts bounded by a PSD matrix Mess = YM + +/ RRT, which rangeM C S and rangeR C S*.
The statement of the theorem follows by setting v = ~'. However, we believe that the more refined
statement is useful, e.g., when one expects strong shifts in training directions and only weak "new"
shifts.

Computation of the identifiable robust risk. For any model-generating parameter 0 = (3, %) it
holds that the robust risk of the model Equation (3) under test shifts Myt > 0 is given by

Rrob(g; 67 Mtest) = (ﬁ - B)T(Mtest + Z;)(B - 3) + 2(6 - B)Tzn,f + (05)2'

We recall that the observationally equivalent set of model parameters after observing the multi-
environment training data Equation (3) is given by

Ocq = {ﬂs + a, Z;, Ei,f — E;oz, (U;ss)2 - 2aTZif + aTEna o€ SJ‘}, (37)

where S is the span of identified directions defined in Equation (10). Moreover, we recall that by
Assumption 3.1, for any causal parameter 3 it should hold that ||3||2 = ||3° + |2 < C, which
translates into the following constraint for the parameter a:

lafl2 < 4/C? = B3 = Crer-

Inserting Equation (37) in Equation (8), we obtain

Rrob,ID (B7 ®eqa Mtest) = sup Rrob (Ba 904; Mtest)7
aeSt,
[laell2<Cher

where 6, is a short notation for (3° + «, I Ziﬁ - Xra, (af)2 - QOLTE;]S’g + o' Sra). We now
compute the supremum explicitly in case Mg has the form Moy = YM + 7/ RRT, where M is a
PSD matrix with range M C S and R is a semi-orthogonal matrix with range R C S*. Note that
this assumption includes both the setting of Theorem 3.1 and the setting of finite robustness methods
in Section 3.2. Forany o € S L, we write down the robust loss as

Rrob(?? 9047 Mtest) = (ﬁs - B)T(Mtest + E;)(BS - B) + Z(ﬁs - B)ngg + (05)2
+ aTMtesta + 204TMtest (68 - B)
= Rrob (B7 957 Mtest) + Of—r]\4testO‘ + 20[TMtest (BS - B)

The first term is the robust loss of 3 under test shift M;.,; and the identified model-generating
parameter 65, thus it does not depend on «. By the structure of M.y, we obtain that

fla) = a Miestor + QQTMtest(ﬂS —pB) = vYa"RR"a—a " RR'B.

If R = 0, i.e., the test shifts consist only of the identified directions, we have f(a) = 0, independently
of «, and thus

7zrob,ID (By G')eqy Mtest) = 7zrob (By 95, Mtest)-
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This implies the first statement of the theorem.

We now consider the case where R # 0, i.e., RR' is a non-degenerate projection. Our goal is to
maximize f(«) subject to constraints & € S*, ||a/l2 < Cler. Let R be an orthonormal extension

of R such that range (R|R) = S*. Then, we can parameterize o € S+ as o = (R\R)(%) and the
corresponding Lagrangian reads

L(a,\) =~a"RRTa—a"RRTB + \(CE, — ||a]3)
=7|wl3 —w RTB+ ACiy — || (w, ®)][3).

Differentiating with respect to w, w yields

/!
__7 T3
w=—— /\R B;
w = 0.
After differentiating w.r.t. \, we obtain 777)\ =+ i ET‘%T“ . By inserting in the objective function and
2

comparing, we obtain the value of the identifiable robust risk:
Riob,1D (B Ocqs Miest) = 7' Crer + 27| R Bll2 + Ruob (B 0%, Micst).- (38)
Putting together the cases R = 0 and R # 0, and plugging in M.s; = 7SS +~'RR", we obtain

7?/rob,ID (37 Geqa Mtest) = ’Y/]IRgéO(Cker + HRTBHZ)Q + Rrob(g; 98’ ryM)
= 7' Trz0(Crer + | RTBll2)* + ST (8% = B)|13 + Ro (8%, B),

where R0 (5; 05,y M) is the robust risk of the estimator 3 w.r.t. the "identified" test shift v and

the identified model parameter 65, whereas R (#°, 3) is the risk of 3 on the reference environment
e=0.

Derivation of the lower bound for the identifiable robust risk. Now that we have explicitly
computed the identifiable robust risk, we devote ourselves to the computation of the lower bound for
its best possible value

jnf Rrob,ID (Ba @cq, MtCSt)'
BER

In this part, we will only consider the case R # 0, since the case R = 0 corresponds to the (discrete)
anchor regression-like setting, where both the robust risk and its minimizer are uniquely identifiable,
and computable from training data. We will distinguish between two cases.

Case 1: |R" |2 = 0. In this case, {3 is fully located in the orthogonal complement of R, which
consists of S and R. We will denote (the basis of) this subspace by Siot = S & R. Thus, Siot is the
"total" stable subspace consisting of identified directions in S and non-identified, but unperturbed

directions R. We will parameterize 3 as 8 = Syo,w. Thus, we are looking to solve the optimization
problem

BrobID — argmin (85 — Sieew) T (1SS T + E;)(ﬁs — Siotw) + 2(85 — Stotw)TE;ig + (U?)Z.

w

Setting the gradient to zero yields the asymptotic identifiable robust estimator

grobID — 88 4 6 L[S (v8ST + En)Stot]*lSLEis

= 58 + Shot [’YIdSmt + S;tznstot]ilst—zrztziga

39)

which corresponds to the loss value of

Rrob,ID (ﬂrOb’ID§ @eqa Mtest) = ’)/Clger + (Ug)2 - QEg,gTStot [St—(r)t (FYSST + En)stot]ilst—gtz;]g,f-
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Case 2:||[RT B2 # 0. Since for |[R" 3|2 # 0, the objective function is differentiable, we compute
its gradient to be

v,R/rob,ID (Ba @eQ7 Mtest) = 27/RRT6/”RRTﬁH + 2’7/RRTﬂ + vnrob(ﬂ; 957 FYM)
=2y RR'B/|IRRTB| + 27/ RRT B+ 2(3} + yM) (B — B%) — 252 ..

This equation is, in general, not solvable w.r.t. 3 in closed form. Instead, we provide the limit of the
optimal value of the function when the strength of the unseen shifts is small, i.e. v/ — 0. We know
that for v = 0, the minimizer of the identifiable robust risk is given by the anchor estimator

ﬂanchor = ﬂs + (E; + ’VM)_lzgﬁ

Thus, we lower bound the term 27 Ci||RTB| by the scalar product
27 Cxer (R B, R Banchor)/||Banchor || and expect it to be tight for small +'. After inserting
this lower bound in Equation (38) we obtain the minimizer of the lower bound of form

Bup =B+ (S +yM ++'RRT) (25, — v/Cre RRT (S + Y M) 'S5 ().
We can now lower bound | RR " B || as
IRRT Brp| = |RRT (25 + M) ™'Z] || — o(Y),

from which the rate for small 4 follows. If we set ¥ = 4’ and M = SST, the claim (15) of the
theorem follows. For Section 3.2, the lower bound directly implies optimality of the identifiable
robust risk of the anchor estimator when the strength of the unseen shifts 7' is small. Additionally. if
v = 0, i.e. only unseen test shifts occur, we conclude that the OLS and anchor estimators have the
same rates.

Lower bound ~;, for 4'.  Finally, we want to derive a lower bound on the shift strength +’ such
that for all 4/ > ~;;, Case 1 of our proof is valid, i.e. it holds that 5°PIP is given by the closed form
"abstaining" estimator (39). For this, we find 7, such that for all 4/ > ~y, zero is contained in the
subdifferential of Rop 1p (87°P1P; Ocqs Miest) at Br°PID  Then the KKT conditions are met, and

BrPID 5 the unique minimizer of the identifiable robust risk due to strong convexity of the objective.
We compute the subdifferential to be

S =v'Cuer{RR"B 1 ||Bl|2 < 1} + VRuob (8P 0%, vM).

Since 3PP is the minimizer of R.op,(3; 6, vM ) under the constraint R 3 = 0, the gradient is
zero in R+ and it remains to show that

IRRTVR:ob (B7°71; 0%, 4 M)|| < v/ Cicer,
or
7' 2 |IRRTVRuan (577 0%, yM)||/ Crcer.
Via an upper bound on the projected gradient, we derive the stricter condition
o IRRTSS 0+ n(23)
- Cker ’

where () is the condition number of the covariance matrix.
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Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: We state our contributions relative to prior work in the abstract, in Section I,
and in Appendix A.

Guidelines:

* The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]

Justification: In the abstract and in Section 1, we highlight the setting that we consider. We
explicitly describe the assumptions in Section 2 and summarize the limitations in Section 4.

Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

 The authors are encouraged to create a separate "Limitations" section in their paper.

* The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

* If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory Assumptions and Proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?
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Answer: [Yes]

Justification: Appendix F contains proofs of all results appearing in the main paper. Ap-
pendix B, Appendix C, and Appendix D are self-contained and contain derivations and proof
of the results.

Guidelines:

» The answer NA means that the paper does not include theoretical results.

* All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

* Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.

. Experimental Result Reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: Appendix E provides all the necessary information to reproduce the experi-
mental results presented in Section 3.2. We provide details on empirical estimation of the
proposed loss function in Appendix D.

Guidelines:

* The answer NA means that the paper does not include experiments.
* If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.
If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.
Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-

sions to provide some reasonable avenue for reproducibility, which may depend on the

nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.
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5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer:

Justification: While we do not provide the code, the paper provides all necessary information
on reproducing the experiment in Appendices D and E.

Guidelines:

* The answer NA means that paper does not include experiments requiring code.

¢ Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
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* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.
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proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.
6. Experimental Setting/Details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]
Justification: We specify all details to understand the experimental results in Section 3.2 and
Appendix E.
Guidelines:
* The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.

7. Experiment Statistical Significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]

Justification:

In the numerical experiment, shown in Figure 3, we provide the average test MSE and its
5% and 95%-quantiles over 100 repetitions for each method.

Guidelines:

» The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.
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example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

* It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

¢ For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

o If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.

Experiments Compute Resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]

Justification: The numerical experiment described in Section 3.2 is computationally very
light and can be run on a personal laptop in a few minutes. We describe this in Appendix E.

Guidelines:

* The answer NA means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code Of Ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]

Justification: We have read the NeurIPS Code of Ethics and confirm that our work conforms
to it in all aspects.

Guidelines:

¢ The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

Broader Impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [Yes]

Justification: Even if our work addresses the theoretical limits of distributional robustness,
we mention in the abstract and in Section | that the topic of distributional robustness is
central to safety-critical applications.
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* The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

» The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]

Justification: The work develops a theoretical framework and considers synthetic experi-
ments. Therefore, explicit safeguards do not seem applicable at this stage.

Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

* Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]

Justification: In the numerical experiment in Section 3.3, we cite the existing work that we
compare to our framework and the dataset used. In running the numerical experiment, we
reimplemented all the methods (including existing ones) for ease of comparison.

Guidelines:

» The answer NA means that the paper does not use existing assets.
* The authors should cite the original paper that produced the code package or dataset.
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 The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

¢ For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

o If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.
New Assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]
Justification: At this stage, the paper does not release new assets.
Guidelines:

» The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

 The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

Crowdsourcing and Research with Human Subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]

Justification: The paper does not involve crowdsourcing experiments or research with human
subjects.

Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional Review Board (IRB) Approvals or Equivalent for Research with Human
Subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]

Justification: The paper does not involve crowdsourcing experiments or research with human
subjects.
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* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.
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