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Abstract
Imaging inverse problems aim to recover high-dimensional signals from undersam-
pled, noisy measurements, a fundamentally ill-posed task with infinite solutions
in the null-space of the sensing operator. To resolve this ambiguity, prior in-
formation is typically incorporated through handcrafted regularizers or learned
models that constrain the solution space. However, these priors typically ignore
the task-specific structure of that null-space. In this work, we propose Non-Linear
Projections of the Null-Space (NPN), a novel class of regularization that, instead of
enforcing structural constraints in the image domain, promotes solutions that lie
in a low-dimensional projection of the sensing matrix’s null-space with a neural
network. Our approach has two key advantages: (1) Interpretability: by focusing
on the structure of the null-space, we design sensing-matrix-specific priors that
capture information orthogonal to the signal components that are fundamentally
blind to the sensing process. (2) Flexibility: NPN is adaptable to various inverse
problems, compatible with existing reconstruction frameworks, and complemen-
tary to conventional image-domain priors. We provide theoretical guarantees on
convergence and reconstruction accuracy when used within plug-and-play methods.
Empirical results across diverse sensing matrices demonstrate that NPN priors
consistently enhance reconstruction fidelity in various imaging inverse problems,
such as compressive sensing, deblurring, super-resolution, computed tomography,
and magnetic resonance imaging, with plug-and-play methods, unrolling networks,
deep image prior, and diffusion models.

1 Introduction
Inverse problems involve reconstructing an unknown signal from noisy, corrupted, or undersampled
observations, making the recovery process generally non-invertible and ill-posed. This work focuses
on linear inverse problems of the form y = Hx∗ + ω ∈ Rm, where x∗ ∈ Rn is the target high-
dimensional signal, H ∈ Rm×n is the sensing matrix (with m ≪ n), y ∈ Rm represents the
low-dimensional measurements, and ω ∼ N (0, σ2I) is additive Gaussian noise. Numerous imaging
tasks rely on this principle, including image restoration—such as deblurring, denoising, inpainting,
and super-resolution (SR) [21] (structured Toeplitz sensing matrices)—as well as compressed sensing
(CS) [61, 4] (dense sensing matrices) and medical imaging applications like magnetic resonance
imaging (MRI) [36] (undersampled Fourier matrices) or computed tomography (CT) [59] (Radon
matrices). The challenge on the recovery task lies in the ill-posed nature of the inverse problem due
to the non-trivial null-space of the sensing matrix H leading to infinite solutions. Therefore, there
is a need to incorporate a signal prior to the reconstruction framework. Under this idea, variational
approaches formulate the signal estimator as

x̂0 = argmin
x̃

g(x̃) + λh(x̃) (1)

where g(·) is the data fidelity term and h(·) is a regularization function based on some prior of x∗.
*Equal contribution.
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Figure 1: Geometric comparison of subspace–prior learning versus direct reconstruction in a R3 toy example.
(a) In the low–dimensional projection space, the learned mapping G∗(y) trained on points inside the unit circle,
closely matches the true null–space projection Sx∗ for both training (solid) and test (semi-transparent) inputs,
whereas the direct–reconstruction estimate x̃0 projected into S is significantly inaccurate. (b) In the original
signal domain, the measurements Hx∗ = y define two intersecting planes.
One of the most common priors in imaging inverse problems is sparsity, which assumes that images
are compressible in a given basis [4]. Other widely used priors include low-rank structures [17] and
smoothness priors [19]. Additionally, plug-and-play (PnP) priors [55], which traces back its roots
from proximal algorithms [40], where these operators, usually defined by analytical models of the
underlying signals [61], are replaced by a general-purpose image denoiser [51]. This approach allows
the integration of classical image denoiser [37] such as BM3D [14], NLM [2], RF [16] and current
deep learning (DL) denoisers [62]. The idea behind DL-based denoisers is to train a deep neural
network (DNN) that maps from the noisy observation to the clean image [3, 53, 52, 24, 23]. Another
learning-based approaches are based on the null-space of H by embedding the sensing operator’s
structure directly into learned networks. In particular, Null-Space Networks exploit the decomposition
of a signal into measurement and null-space components, learning a corrective mapping over all null-
space modes to enhance interpretability and accuracy [45]. To improve robustness to measurement
noise, [6] introduced separate range-space and null-space networks that denoise both components
before recombination. Variants of this range–null decomposition have been applied in diffusion-
based restoration [11, 57, 58], GAN-prior methods [56], algorithm-unrolling architectures [5], and
self-supervised schemes [7, 10], consistently leveraging the full null-space projector to achieve
high-fidelity reconstructions.

However, existing learned priors typically promote reconstructions that lie within the subspace
spanned by clean training data, without explicitly accounting for the null-space of the sensing
matrix H. While the data fidelity term g(x̃) enforces consistency with the measurements, it does
not sufficiently constrain the null-space components of the solution, especially in the presence of
noise, often resulting in suboptimal reconstructions. In this work, we introduce a novel class of
regularization, termed Non-Linear Projections of the Null-Space (NPN), which directly promotes
solutions within a low-dimensional subspace of the null-space of H that is, within the space of vectors
orthogonal to the rows of H. Our method identifies a compact subspace of the null-space by selecting
only the most informative directions and trains a neural network to predict their coefficients directly
from measurements. By restricting corrections to this learned subspace, we concentrate regularization
on unobserved features most predictive of the true signal. This subspace plays a critical role in
addressing the ill-posedness of inverse problems, where conventional methods often struggle due to
the lack of constraints in directions invisible to the measurement operator. To enable this, we design a
projection matrix S whose rows lie in the null-space of H, constructed using either orthogonalization
techniques or analytical designs depending on the structure of H. A neural network is trained to
estimate this null-space projection from the measurements y, providing a non-linear prior that is both
data-adaptive and model-aware. We further propose a joint optimization framework in which both
the projection matrix S and the network are learned simultaneously, allowing the projection matrix to
adapt during training in a task-specific manner.

Our approach offers two key advantages for imaging inverse problems: interpretability and flexibility.
Interpretability: By leveraging a non-linear neural network G∗ to learn a projection onto a low-
dimensional subspace within the null-space of H, we focus on recovering signal components that
lie outside the range of the sensing matrix. Learning this projection, rather than directly estimating
the full signal x∗, reduces complexity through dimensionality reduction while maintaining a clear
connection to the geometry of the inverse problem. Flexibility: the learned prior can be readily
incorporated into a wide variety of reconstruction algorithms and image priors that can be adapted
to other imaging inverse problems. To illustrate the interpretability advantage, Figure 1(a) shows
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that the learned non-linear estimator G∗ closely matches the true null-space projection Sx∗ (green
surface), while the projection of the direct reconstruction x̃0 onto the same subspace spanned by S
results in significant errors. Moreover, when evaluating out-of-distribution samples within a 2× 2
grid in the range [2, 4]2, our method experiences only a minor increase in estimation error, while
the direct reconstruction approach drastically amplifies these errors. In Figure 1(b), we demonstrate
that integrating our non-linear subspace prior into the inverse reconstruction process effectively
regularizes the solution space. The learned subspace helps uniquely resolve the inverse problem,
providing a solution close to the true signal x∗. A zoomed zone near the true solution is shown, where
there is a small estimation error with respect to the true value; this is due to the inherent network error
in the true subspace. Note that here we did not use any prior h(x̃), which can reduce the estimation
error. See the Appendix A.1 for more details on the setting to obtain this example. We develop a
theoretical analysis showing benefits in the convergence rate when the NPN regularizer is used in
PnP algorithms. The theory states that the algorithms have a significant speed-up (with respect to
the non-regularizer counterpart) in convergence improvement zone (CIZ), which takes into account
the inherent estimation error of the learned prior. Additionally, we showed that the NPN regularizer
is minimized up to a constant depending on the error of the learned prior if the algorithm reaches
optimum values. The theory is validated in a comprehensive evaluation of the method in five imaging
inverse problems: CS, MRI, deblurring, SR, and CT. Although our theoretical findings are based on
PnP methods, we also validated the NPN regularization in unrolling networks, deep image prior, and
diffusion models.

2 Related work

2.1 Variational reconstructions methods

Variational methods solve (1) typically via proximal-gradient schemes that alternate a gradient step
on the data fidelity term, g(x̃) = ∥Hx̃ − y∥22, with a proximal step for h. A classical choice is
Tikhonov regularization for smoothness, h(x) = ∥Lx∥22, where L is a derivative operator or identity
to penalize energy and ensure well-posedness [19]. Alternatively, sparsity priors use an ℓ1-penalty in
a transform domain (e.g. wavelets) to promote compressibility of x [4]. Algorithms such as ISTA
and its accelerated variant FISTA have been widely used to solve ℓ1–penalized reconstructions with
provably faster convergence rates [1]. More recently, PnP replaces the proximal operator of h with a
generic denoiser x̃k = Dσ(x̃

k−1 − αH⊤(Hx̃k−1 − y)), thus, leveraging sophisticated image priors
without an explicit analytic penalty [55, 62]. PnP with both classical denoisers and deep-learning
models achieves state-of-the-art results, yet it leaves the null-space of H uncontrolled: any component
in the null-space of H may be arbitrarily modified by the denoiser.

2.2 Null-space learned reconstruction

Harnessing the sensing model into a learning-based reconstruction network enables more accurate
reconstructions [45]. Particularly, null-space networks (NSN) [45] harness the range-null-space
decomposition (RNSD), which states that a vector x ∈ Rn is decomposed as x = Pr(x) + Pn(x)
where Pr(x) = H†Hx, with H† denoting the Moore–Penrose pseudoinverse, is the projection onto
the range space of H and Pn(x) = (I−H†H)x is the null-space projection operator. NSN exploits
this structure by learning a neural network R : Rn → Rn such that the reconstruction becomes
x̂ = H†y + (I−H†H)R(H†y). This approach benefits the interpretability of the reconstruction.
However, this method does not take into account the inherent noise of the measurements; thus, [6]
introduces deep decomposition networks (DDN), a more robust formulation is presented where two
models Rr and Rn are employed to improve recovery performance. Consider two architectures, DDN-
independent (DDN-I) x̂ = H†y + Pr(Rr(H

†y)) + Pn(Rn(H
†y)) and DDN-Cascade (DDN-C)

x̂ = H†y+Pr(Rr(H
†y)) + Pn(Rn(H

†y+Pr(Rr(H
†y)))). The range-null-space decomposition

has also been used to enhance data fidelity in diffusion models for image restoration [11, 57, 58],
generative adversarial network priors [56], unfolding networks [5], and self-supervised learning
[7, 10]. In these works, the sensing matrix H structure is incorporated into the reconstruction
network through a learned-based RNSD that allows high-fidelity reconstructions. Different from
these approaches, our method does not apply the full null-space projection operator. Instead, we first
identify a compact subspace of Null(H) by selecting a projection matrix S ∈ Rp×n whose rows span
the most informative null-space directions. We then train a network G∗ : Rm → Rp to predict the
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coefficients ys = Sx directly from the measurements. On the other hand, the learned NSN [45] is
optimized to improve the recovery performance of a determined regularized inverse problem (i.e.,
Tikhonov-based solutions), which makes it algorithm-specific and does not work as a plug-in for
other recovery methods. In our case, since we optimize the network offline, only with the knowledge
of H and S, it can be easily integrated in a wide range of recovery methods.

3 Method
In our approach, we design learned priors promoting solutions in a low-dimensional subspace of the
null-space of H. First, let’s define some useful properties.
Definition 1 (Null-Space). The null-space of a matrix H is defined as

Null(H) = {x ∈ Rn : Hx = 0} = {x : x ⊥ hj ,∀j ∈ {1, . . . ,m}}.

Thus, we consider a projection matrix S ∈ Rp×n, with p ≤ (n−m), with rows orthogonal to H rows,
implying that si ⊥ hj ∀i ∈ {1, . . . , p},∀j ∈ {1, . . . ,m}. Based on Def. 1, si ∈ Null(H) meaning
that any projection ys = Sx lies onto a low-dimensional subspace of the null-space of H. Based
on this observation, we propose to learn a data-driven prior G(·) restricted to the low-dimensional
null-space of H, such that G(y) ≡ Sx∗. Specifically, we select a projection matrix S ∈ Rp×n whose
rows span a subspace of Null(H). Consequently, we solve

x̂ = argmin
x̃

g(x̃) + λh(x̃) + γ

ϕ(x̃)︷ ︸︸ ︷
∥G∗(y)− Sx̃∥22, (2)

and G∗ : Rm → Rp is a neural network trained to map the measurements y into the low-dimensional
subspace Sx∗, γ is a regularization parameter, the regularizer ϕ aims to promote solutions on
the learned manifold in the null-space of H. Our framework introduces a novel regularization
strategy that embeds data-driven models into inverse-problem solvers by constraining solutions to the
nonlinear low-dimensional manifold induced by G∗, in contrast to existing learned priors that restrict
reconstructions to the range of a pre-trained restoration or denoising network [52, 24, 29]. Note that
we used the Euclidean norm in the regularizer; however, since the network G∗ has some error with
respect to Sx∗, one could use a more robust function such as the Huber loss or a weighted norm.
Nevertheless, in our experiments, the Euclidean norm works well by adjusting the hyperparameter
γ. One interpretation of the proposed regularization is that it improves the data-fidelity term g(x̃)
as it promotes low-dimensional projections of blind signal features to H. Our approach is closely
related to NSN-based methods [6, 45, 58], as those methods aim to regularize deep learning-based
recovery networks, harnessing the RNSD. In our case, making analogy with these models, we can
view the reconstruction in (2) as x̃ = H†y + γS†G(y) + priorh,λ where the projection onto the
null-space Pn(·) is replaced by the range-space S which promotes solution lying in the p ≤ (n−m)
most informative null-space modes instead of the entire null-space operator.

3.1 Design of the matrix S

To design the matrix S, it is necessary to analyze the structure of H depending on the inverse problem.
Below are insights based on the sensing matrix structure for exploiting the null-space in our prior.

Compressed Sensing (CS): In CS, the sensing matrix H ∈ Rm×n is typically dense and randomly
generated. Previous approaches [20, 38] use the remaining (n−m) rows of a full-rank Hadamard,
Gaussian, or Bernoulli matrix as S. Due to the lack of inherent structure in such matrices, we adopt
an orthogonalization strategy based on the classical QR decomposition for designing the matrix S
(see Alg. 1 in Appendix A.2).

Magnetic Resonance Imaging (MRI): In MRI, the forward operator H corresponds to a discrete
2D discrete Fourier transform (DFT) undersampled, where only a subset of frequency components
(k-space lines) is acquired during the scan. Specifically, let F = {f⊤1 , . . . , f⊤n } denote the full set of
n orthonormal rows of the 2D DFT matrix. The sensing matrix H then consists of m < n selected
rows, i.e., {h⊤

1 , . . . ,h
⊤
m} := Fh ⊂ F . These rows define the measurements taken in the Fourier

domain. To construct the null-space projection matrix S, we exploit the fact that the remaining
rows in F—those not used in H—span the null-space of the sampling operator. Thus, we define
{s⊤1 , . . . , s⊤p } := Fc

h, where Fc
h = F \ Fh is the complement of the sampled frequencies. Because

the DFT matrix is orthonormal, these complementary rows are guaranteed to be orthogonal to the
measurement space and form a natural basis for the null-space of H.
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Computed Tomography (CT): In parallel–beam limited–angle CT, the forward operator samples
the Radon transform only at a subset of projection angles. Let Θ be the full discrete angle set,
Θh ⊂ Θ the acquired angles, R is the discrete Radon transform matrix with rows indexed by Θ, and
H = PΘh

R the forward operator; we define S directly as the complement of the acquired angles,
S = PΘc

h
R with Θc

h = Θ \Θh, so S stacks the rows of R corresponding to the non-acquired angles.

Structured Toeplitz matrices (Deblurring and Super-Resolution): The forward model H is
built upon a Toeplitz matrix based on the convolution kernel denoted as H[i, i + j] = h[j] with
i = 1, . . . ,m and j = 1, . . . , n. The action of H corresponds to a linear filtering process, attenuating
high-frequency components. From a frequency point of view, the matrix S should block the low
frequencies sampled by H. Thus, we design the matrix S as S[i, i+ j] = 1−h[j] with i = 1, . . . ,m
and j = 1, . . . , n.. In super-resolution, the sensing matrix is H = DB where B ∈ Rn×n is a
convolution matrix build with a low-pass filter b and D ∈ Rm×n is a decimation matrix denoting√

n
m the super-resolution factor (SRF). We construct the matrix S similarly to the deblurring case,

i.e., S[i, i+ j] = 1− b[j] with i = 1, . . . ,m and j = 1, . . . , n.

3.2 Learning the NPN Prior

Given the design of the projection matrix S, which spans a structured low-dimensional subspace
orthogonal to the measurement operator H, we train the network G to estimate the null-space
component x∗ of the signal. To further improve the representation power of the NPN prior, we
propose to jointly optimize the neural network G and the projection matrix S. While the initial
design of S ensures that its rows lie in the null-space of the measurement operator H, optimizing
S during training allows the model to discover a task-adaptive subspace that best complements the
measurements. This formulation still preserves the orthogonality between H and S, while improving
the quality of the previously learned. The optimization objective is

G∗,S = argmin
G,S̃

Ex∗,y∥G(Hx∗)− S̃x∗∥22 + λ1∥x∗ −A†Ax∗∥22 + λ2∥A⊤A− I∥22, (3)

where A = [H⊤, S̃⊤]⊤, λ1, λ2 > 0 control the trade-off between estimation accuracy and orthog-
onality enforcement. The first term trains G to predict the projection Sx from the measurements
y, following the MMSE objective. The second term enforces near-orthogonality between the row
spaces of S and H by pushing S⊤S+H⊤H ≈ I. The third term promotes full-rank behavior and
numerical stability of the combined system matrix A, preventing collapse or redundancy in the
learned subspace. Importantly, this formulation enables end-to-end learning of a null-space–aware
regularizer, where the matrix S is initialized using principled designs (e.g., QR orthogonalization or
frequency complements in MRI), but is then refined during training to maximize consistency with
the true signal statistics and the learned estimator G. This formulation has great benefits in cases of
non-structured or dense matrices, such as those in CS; however, for well-defined matrices, such as
Fourier-based or Toeplitz matrices, finding orthogonal complements has a straightforward analytical
solution, and it is not required to jointly optimize it.

4 Theoretical analysis

We analyze how the convergence property of a PnP algorithm is affected under this new regularization.
Without loss of generalization, we focus on one of the most common PnP approaches, which is based
on proximal gradient methods. The iterations are given by

x̃ℓ+1 = T(x̃ℓ) := Dσ

(
x̃ℓ − α

(
∇g(x̃ℓ) +∇ϕ(x̃ℓ)

))
, (4)

where Dσ(·) is the denoiser operator and σ is an hyperparameter modeling the noise variance and
ℓ = 1, . . . , L with maximum number of iterations L.

Based on this formulation, we analyzed two main aspects: (i) the convergence rate of the algorithm,
and (ii) the convergence behavior of the regularization function ϕ(x̃ℓ+1) = ∥G∗(y)− Sx̃ℓ+1∥22. Our
theoretical developments leverage the restricted isometry property defined over a specific Riemannian
manifold MD, induced by the image-space of the denoiser Dσ . For the denoiser to exhibit isometric-
like properties, certain criteria must be satisfied, including boundedness, Lipschitz continuity, and
a low-rank Jacobian. These properties can be guaranteed through spectral normalization during
denoiser training [43]. Such assumptions are commonly employed in the convergence analysis of
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iterative projection methods [46] and have been suitably adapted for PnP convergence analyses [31].
Additionally, we introduce assumptions regarding the estimation error of the model G∗, assuming a
Gaussian error distribution. Furthermore, we define a CIZ in the algorithm iterations based on the
estimation error norm. For the guarantees, we consider the noiseless case, i.e., ω = 0.
Definition 2 (Restricted Isometry Property [46]). Let MD ⊂ Rn be a Riemannian manifold given
by the denoiser’s image space Im(Dσ), thus S ∈ Rp×n satisfies the restricted isometry property with
respect to MD with a restricted isometry constant (RIC) ∆S

MD
∈ [0, 1) if for all x, z ∈ MD with

(1−∆S
MD

)∥x− z∥22 ≤ ∥S(x− z)∥22 ≤ (1 + ∆S
MD

)∥x− z∥22. (5)

Assumption 1 (Prior mismatch). The trained model G∗ using (3), we assume that

G∗(Hx∗) =

Ground truth value︷ ︸︸ ︷
Sx∗ +N(Hx∗)︸ ︷︷ ︸

Non-linear error term

. (6)

Thus, considering that the nonlinear operator N is K-Lipschitz continuous, and H satisfies Definition
2 with a constant ∆H

MD
, thus we have ∥N(Hx∗)∥22 ≤ K(1 + ∆H

MD
)∥x∗∥22.

Definition 3 (Convergence Improvement Zone (CIZ) by ϕ(xℓ)). We define a zone where the proposed
NPN prior improves the convergence of the PnP algorithm. For that, S satisfies the RIP with RIC
∆S

MD
∈ [0, 1), the CIZ by ϕ are the iterations Lϕ = {1, . . . , Lϕ} where Lϕ ≤ L such that the

network estimation error N(Hx) for all ℓ ∈ Lϕ satisfies that

∥N(Hx)∥22 ≤ ∥Sx̃ℓ − Sx∗∥22 = ∥S
(
x̃ℓ − x∗) ∥22 ≤ (1 + ∆S

MD
)∥x̃ℓ − x∗∥22

Assumption 2 (Bounded denoiser). We consider that for x, z ∈ Rn, Dσ is a bounded denoiser, with
a constant δ > 0, if

∥Dσ(x)−Dσ(z)∥22 ≤ (1 + δ)∥x− z∥22
We are now equipped to develop the first theoretical benefit of the proposed method.
Theorem 1 (PnP-NPN Convergence). Consider the fidelity term g(x̃) = ∥y −Hx̃∥22, and assume
the denoiser Dσ satisfies Assumption 2. Let the matrix S be constructed according to (3) and satisfy
the RIP condition (Definition 2) with constant ∆S

MD
∈ [0, 1). Then, for a finite number of iterations

ℓ = 1, . . . , Lϕ within the CIZ, the residual ∥xℓ+1 − x∗∥22 decays linearly with rate

ρ ≜ (1 + δ)
(
∥I− α(H⊤H+ S⊤S)∥22 + (1 +∆S

MD
)∥S∥22

)
< 1 (7)

The proof of the theorem can be found in Appendix A.3. A key insight from Theorem 1 is the role of
the CIZ Lϕ, which characterizes the subset of iterations where the proposed regularizer outperforms
provides improved convergence. Specifically, due to the inherent mismatch between the ground-truth
projection Sx∗ and its learned estimate G∗(Hx∗), the NPN prior is only effective while the projected
estimate Sx̃ℓ remains closer to Sx∗ than the residual error N(Hx∗). Outside this zone, the regularizer
may no longer provide beneficial guidance to the reconstruction. Nevertheless, thanks to the design
of the matrix S either through analytical construction or data-driven optimization, it is guaranteed
to be orthogonal to the rows of the sensing matrix H. This orthogonality ensures that the operator
norm

∥∥I− α(H⊤H+ S⊤S)
∥∥2
2

remains small for an appropriate step size α. Furthermore, when the
spectral norm of S and its restricted isometry constant ∆S

MD
are sufficiently low, the acceleration

factor ρ falls below one. This guarantees that the PnP-NPN algorithm will converge to a fixed point
within the zone Lϕ, thereby validating the theoretical and practical benefits of incorporating the NPN
prior into the reconstruction framework.

The second analysis of the proposed approach is the convergence of the regularization.
Theorem 2 (Convergence of NPN Regularization). Consider the iterations of the PnP-NPN algorithm
defined in (4) for ℓ = 1, . . . , L. Assume that the estimation error of the trained network G∗ satisfies
Assumption 1, and that both S and H satisfy the Restricted Isometry Property (RIP) over the manifold
MD with constants ∆S

MD
,∆H

MD
∈ [0, 1). Further assume that the residual term N(Hx∗) is K-

Lipschitz continuous, thus ∥N(Hx∗)∥22 ≤ K(1 + ∆H
MD

)∥x∗∥22. Then, after ℓ iterations, the NPN
regularization term satisfies the following upper bound:

∥G(y)− Sx̃ℓ+1∥22 ≤ C1∥x∗ − xℓ∥22 +K∥x∗∥22(1 + ∆H
MD

) + C2∥xℓ − xℓ+1∥22, (8)

where C1 =
(

1
2α +K(1 + ∆H

MD
)∥x∗∥22

)
(1 + ∆S

MD
), C2 =

(
1 + ∆S

MD

)2 (
1 + 1

2α

)
.
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The proof of Theorem 2 is provided in the technical Appendix A.4. This result shows that the
regularization value ϕ(xℓ+1) decreases as the reconstruction error ∥x∗ − xℓ∥22 diminishes over the
course of the iterations. From Theorem 1, we know that ∥x∗ − xℓ∥22 is reduced, thereby ensuring a
monotonic decrease in the regularization term. Moreover, since Theorem 1 guarantees convergence
of the sequence {xℓ} to a fixed point, the difference ∥xℓ − xℓ+1∥22 asymptotically vanishes as
ℓ → ∞. Therefore, in the limit, the regularization value is bounded above by a residual term
determined by the Lipschitz constant K, which can be minimized by including spectral normalization
in G, the norm of the ground truth signal ∥x∗∥22, and the RIP constant of the sensing matrix:
limℓ→∞ ϕ(xℓ+1) ≤ K∥x∗∥22(1 + ∆H

MD
). This bound quantifies the asymptotic regularization

performance of the NPN prior in terms of the approximation quality of the learned model and the
sensing operator geometry.

Our theoretical analysis has focused on integrating the proposed NPN regularizer into projected-
gradient-descent-based PnP methods. However, the same regularization strategy can be applied to a
broad class of learning-based solvers. For example, in algorithm-unrolling architectures [39], deep
equilibrium models [18], and learning-to-optimize frameworks [8], one can insert the NPN proximal
step alongside the usual network updates, with end-to-end training of all learnable parameters [44, 9].
Although we demonstrate the empirical benefits of NPN within an unrolled network in Section 5, a
full theoretical treatment of these extensions is left for future work. We also incorporate the NPN
regularization in Deep Image Prior (DIP) [54] framework (see Appendix A.7 for more details) and
in two diffusion-based solvers [15], diffusion posterior sampling (DPS) [12], and DiffPIR [65] (see
Appendix A.8 for more details).

5 Experiments

The proposed NPN regularization was evaluated in five imaging inverse problems: compressed
sensing, super-resolution, computed tomography, single coil MRI, and deblurring. The method was
implemented using the PyTorch framework. For the recovery algorithm, we adopt the FISTA solver
[1], with a deep denoiser [25], regularization by denoising (RED) [41], and sparsity prior [1], see
Appendix A.5. All simulations were performed on an NVIDIA RTX 4090 GPU, with code in 1.

Compressed Sensing: The single-pixel camera (SPC) is used along with the CIFAR-10 dataset [28],
with 50, 000 images for training and 10, 000 for testing. All images were resized to 32 × 32. The
Adam [26] optimizer was used with a learning rate of 5× 10−4. H is a random binary sensing matrix
with m/n = 0.1. S is initialized by QR decomposition, with Algorithm 1 in Appendix A.2. Then, G
(for which we used a ConvNeXt [33]) and S are optimized following Eq. (3).

MRI: We employed the fastMRI knee single-coil MRI dataset [27], which consists of 900 training
images and 73 test images of knee MRIs of 320× 320. The training set was split into 810 images for
training and 90 for validation, and all images were resized to 256×256. For G we used a U-Net based
architecture [42] and trained it for 60 epochs with a learning rate of 1 × 10−4, using the AdamW
optimizer [35] with a weight decay of 1× 10−2 and a batch size of 4. Performance was evaluated at
acceleration factors (AF = n

m ) of 4, 8, and 16, using a Radial undersampling mask [32].

Deblurring and Super-Resolution: For the deblurring inverse problem, we used a 2-D Gaussian
kernel with a variance σ. For these experiments, we used the CelebA [34] dataset resized to 128×128,
using 8000 images for training and 2000 for testing. Here, we employed a U-Net architecture for the
network G. In this case, we used the Adam optimizer with a learning rate of 1× 10−3 and a batch
size of 32. The results for the super-resolution case are shown in Appendix A.10.

Computed Tomography: We evaluated the proposed regularization on the limited-angle CT inverse
problem, using 60 out of 180 total views (spaced every 1°) under a parallel-beam geometry. We train
the DM for 1000 epochs with batch size 4 using the AdamW optimizer and learning rate 3× 10−4.
We used a cosine variance schedule ranging from β1 = 1× 10−4 to β1 = 0.02 with T = 1000 time
steps. The LoDoPaB-CT dataset [30] was resized to 256× 256 and used for training; in testing, we
used 10 test set slices. G is a U-Net which was trained for 100 epochs with a learning rate 3× 10−4

and a batch size of 4 using AdamW.

1github.com/yromariogh/NPN
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a) c)b)

Figure 2: PnP-FISTA convergence analysis in CS. (a) Reconstruction error. (b) Null-space prediction
error for (red) Initialization S̃ = QR(H) from Algorithm 1, and (blue) Designed S with Eq. (3) and
m/n = p/n = 0.1. In this case, the CIZ from Definition 3 is highlighted in light red and light blue.
(c) Acceleration ratio of signal convergence; here, the CIZ is defined as the empirical convergence
ratio of the proposed solution that is lower than the baseline (black).
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Figure 3: Convergence curves for σ ∈ {2, 5, 10} in deblurring, AF ∈ {4, 8, 12} in MRI.

5.1 Convergence Analysis

To confirm numerically the theoretical results obtained in Sec. 4, we show Fig. 2 with 3 general
cases: Baseline (black), where only H is used; PnP-NPN with designed S (blue), where G and S
are jointly trained following Eq. (3), with λ1 = 0.001, λ2 = 0.01; PnP-NPN with QR (red) where
the projection matrix S̃ = QR(H) is fixed (for details about QR(·) see Algorithm 1 in Appendix
A.2), only G is trained, and λ1 = λ2 = 0. In Fig. 2(a), we plot the error Eℓ = ∥xℓ − x∗∥22, showing
that both NPN-QR (red) and NPN-designed (blue) decay much faster than the baseline (black)
over the first ∼75 iterations. Fig. 2(c) tracks the projection onto null-space ∥Sx∗ − Sxℓ∥22, which
steadily decreases where ∥N(Hx∗)∥22 ≤ ∥S(xℓ − x∗)∥22, whereas the baseline’s reprojection error
(dashed black) remains high where. The CIZ is defined as in Def. 3. Fig. 2(c) shows the per-step
acceleration ratio ∥xℓ+1−x∗∥22/∥xℓ−x∗∥22, where both NPN curves dip well below the baseline. In
this scenario, the CIZ is defined as the iterations when the convergence ratio of the proposed method
is lower than that of the baseline, with the designed S achieving the smallest Rℓ around ℓ ≈ 50–75,
confirming stronger per-iteration error reduction. The results show that empirical improvements
in the algorithm convergence are predictable with the CIZ validating Theorem 1. Figure 3 shows
convergence plots in PSNR for MRI with AF = {4, 8, 12}, and for deblurring and σ = {2, 5, 10},
where NPN regularization consistently yields higher reconstruction quality and faster convergence
compared to the baseline. Additional results with other state-of-the-art denoisers in PnP-ADMM are
shown in Appendix A.11 for the image deblurring task. For the CS scenario, the selection p and the
joint optimization in Eq. (3) is fundamental, see Appendices A.11 and A.12 for detailed analysis.

5.2 Visual results

Figure 4 presents reconstruction results for MRI with an AF = 4, CT with an acquisition of 30
views of a total of 180, and for deblurring with σ = 2 using PnP with the DnCNN prior [63]. The
estimate x̂0 is obtained via equation (1), while the estimate x̂ is obtained with NPN regularization
through equation (2). Results show that the learned prior effectively approximates the true nullspace
G(y) ≈ Sx∗ with an estimation PSNR of 28.11 dB in deblurring, 39.13 dB for MRI. Moreover, the
reconstruction x̂ obtained with NPN regularization preserves high-frequency details and provides
overall improved performance than x̂0.
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Figure 4: Deblurring and MRI reconstruction results for PnP and PnP-NPN using a DnCNN prior,
with 5 dB SNR measurement noise. The measurements are denoted by y, the nonlinear approximation
of the null-space of H by ŷs, and the true null-space by y∗

s . The estimation x̂0 is obtained with (1),
and x̂ is obtained with the proposed regularization with (2). The ground truth signal is x∗.

Inverse Problem Baseline NPN NSN
Sparsity PnP RED Sparsity PnP RED DNSN [45] DDN-C [6] DDN-I [6]

CS (γ = 0.1) 15.93 20.04 17.45 16.15 21.12 17.53 20.10 20.03 20.7
MRI (AF = 4) 36.86 35.99 36.00 38.16 38.08 38.07 35.2 33.7 33.2

Deblurring (σ = 2) 29.27 30.78 32.84 31.77 31.42 33.67 33.07 33.03 32.70

Table 1: State-of-the-art comparison for CS, MRI, and Deblurring. For each task, the best results are
highlighted in bold teal , while the second-best results are shown in underline orange .

5.3 State-of-the-art comparison

We compared our approach with other state-of-the-art recovery methods that exploit the null-space
structure. Mainly, we compare with the DNSN [45] and the DDN-I and DDN-C [6] (For more
details on the implementation of these methods, refer to Appendix A.9). The results for CS, MRI,
and Deblurring are in Table 1, showing consistent improvement or competitive performance of the
proposed method. In Appendix A.14, we show a comparison where the same neural network as G,
instead of estimating Sx it estimates directly x, and incorporates it as a regularizer in a PnP-ADMM
algorithm, where we show that the proposed method achieves superior performance.

Method p/n
CIFAR-10 STL10

PnP Unrolling PnP Unrolling

Baseline 0.0 20.04 24.32 20.09 18.35

NPN

0.1 21.12 28.53 19.91 19.64
0.3 21.07 28.75 21.14 20.23
0.5 20.78 27.64 20.77 18.76
0.7 20.09 26.73 20.31 18.45
0.9 20.41 29.90 21.02 19.48

Table 2: Dataset generalization results for
SPC in PnP and Unrolling. Each S, G∗, and
Unrolling were optimized with CIFAR-10,
and tested with the CIFAR-10 and STL10.
For each dataset, the best results are high-
lighted in bold teal , while the second-best
results are shown in underline orange .

5.4 Performance in data-driven models and
dataset generalization

In Table 2 we report PSNR (dB) for both PnP and
unrolling solvers on CIFAR-10 [28] (in-distribution)
and STL10 [13] (out-of-distribution) across projec-
tion ratios p/n. PnP achieves a 1 dB boost at
p/n = 0.1 and sustains 1 dB gains on STL10, peak-
ing when p/n = 0.3. Unrolling delivers up to 5.6 dB
in-distribution improvement but only 1.9 dB cross-
dataset gain at p/n = 0.3 before declining. Overall,
PnP ensures stable generalization, while unrolling
maximizes peak PSNR; p/n ≈ 0.3 provides the best
balance between accuracy and robustness. In general,
NPN improves both PnP and unrolling reconstruc-
tion performance regarding dataset changes.

5.5 Deep Image Prior

We consider the deblurring task with a kernel bandwidth of σ = 4.0. We train G with the Places365
dataset [64], where we used 28.000 images for training and 7000 images for testing. All images were
resized to 128× 128. The network K was trained following (15) using the Adam optimizer with a
learning rate of 1e−3 for 1000 iterations. The network K is a U-Net of the same size as G. In Fig. 5
is shown the reconstruction performance of DIP and NPN-DIP for different values of γ. The results
show significant improvements of up to 5 dB and convergence improvements.

9



5.6 Diffusion model solvers
We integrated the proposed regularization term into
two widely adopted DM frameworks, DPS [12] and
DiffPIR [65]. Table 3 shows the obtained results for
different values of γ. For DPS, the NPN regularization
consistently improves reconstruction performance by
up to 1.85 dB. For DiffPIR, it yields improvements of
up to 0.61 dB. Figure 6 shows reconstruction results
using NPN within DPS and DiffPIR; yellow arrows
highlight improved image details with NPN. Details
on the implementation of NPN into DPS and DiffPIR
are provided in the Appendix A.8.

γ NPN–DPS NPN–DiffPIR

0.0 (Base) 28.22 31.30

10−5 28.55 31.88

10−4 28.30 31.91
0.1 30.06 28.98

0.2 30.07 28.57

Table 3: Ablation over γ for two meth-
ods. Best results are bold teal ; second-
best are underline orange .

Figure 5: Performance of DIP and NPN-DIP for different
values of γ in Deblurring.

DPS
0.784 | 29.10

NPN-DPS
 0.818 | 31.72

DiffPIR
0.872 | 33.27

NPN-DiffPIR 
0.866 | 33.67

SSIM | PSNR

Figure 6: Reconstruction results using NPN within
DPS and DiffPIR.

6 Limitations
While the proposed method introduces some additional complexity, such as training a dedicated neural
network for each sensing configuration (H,S), the networks are lightweight and tailored to specific
inverse problems, keeping computational demands modest (see Appendices A.5 and A.14 for details).
The current integration into learning-based reconstruction frameworks (e.g., unrolling networks)
involves a two-stage training process, first for the NPN regularizer, then for the reconstruction model,
but this modular design enables flexible adaptation. Future work could explore joint end-to-end
training of the NPN regularizer and reconstruction network to further enhance performance and
efficiency. Unlike NSN-based methods [45, 6], which directly reconstruct, our approach learns a
subspace projection offline, adding an extra training step but offering improved compatibility with
different solvers. Although we devise some design criteria for selection S, there are scenarios in
which the method can fail upon this design, we provide a detailed discussion in A.13 on this aspect
from the point of view of finding non-linear relations between Hx and Sx.

7 Conclusion and future outlooks
We introduce Non-Linear Projections of the Null-Space for regularizing imaging inverse problems.
Intuitively, the regularization promotes selective coefficients of the signal in the null-space of the
sensing matrix. This formulation allows flexibility in what features of the null-space we can exploit.
Our proposed method is equipped with strong theoretical guarantees for plug-and-play restoration
algorithms, showing that the proposed regularization has a zone of convergence improvement con-
trolled by the network error. Additionally, we show that our regularizer converges to a constant
depending also on the network estimation error when the algorithm reaches the optimum. We validate
our theoretical findings in five distinctive imaging inverse problems: compressed sensing, magnetic
resonance, super-resolution, computed tomography, and deblurring. Results validate the theoretical
developments, and we have improved performance with state-of-the-art methods. This approach
opens new frontiers to regularize the imaging inverse problems in different solvers, such as deep
equilibrium models and consensus equilibrium formulations.
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depend on implicit assumptions, which should be articulated.

• The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

• The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

• If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

• While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs
Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?
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Answer: [Yes]
Justification: All theoretical results in the paper are accompanied by clearly stated assump-
tions and complete proofs. Each theorem, definition, and assumption is properly numbered,
cross-referenced, and supported by formal derivations, either in the main paper or in the
supplementary material, with intuitive sketches provided where appropriate.
Guidelines:

• The answer NA means that the paper does not include theoretical results.
• All the theorems, formulas, and proofs in the paper should be numbered and cross-

referenced.
• All assumptions should be clearly stated or referenced in the statement of any theorems.
• The proofs can either appear in the main paper or the supplemental material, but if

they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

• Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

• Theorems and Lemmas that the proof relies upon should be properly referenced.
4. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?
Answer: [Yes]
Justification: The paper provides a comprehensive experimental description with its corre-
sponding settings for reproducing the results
Guidelines:

• The answer NA means that the paper does not include experiments.
• If the paper includes experiments, a No answer to this question will not be perceived

well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

• If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.

• Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

• While NeurIPS does not require releasing code, the conference does require all submis-
sions to provide some reasonable avenue for reproducibility, which may depend on the
nature of the contribution. For example
(a) If the contribution is primarily a new algorithm, the paper should make it clear how

to reproduce that algorithm.
(b) If the contribution is primarily a new model architecture, the paper should describe

the architecture clearly and fully.
(c) If the contribution is a new model (e.g., a large language model), then there should

either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.
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5. Open access to data and code
Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [Yes]

Justification: The code will be uploaded in the supplementary material with sufficient
instructions to reproduce the results of the paper.

Guidelines:

• The answer NA means that paper does not include experiments requiring code.
• Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

• While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

• The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

• The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

• The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

• At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

• Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLs to data and code is permitted.

6. Experimental setting/details
Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]

Justification: The paper provides comprehensive details regarding the experimental setup,
allowing for reproducibility and a clear understanding of the reported results.

Guidelines:

• The answer NA means that the paper does not include experiments.
• The experimental setting should be presented in the core of the paper to a level of detail

that is necessary to appreciate the results and make sense of them.
• The full details can be provided either with the code, in appendix, or as supplemental

material.

7. Experiment statistical significance
Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [No]

Justification: The paper reports only the mean performance metrics for all experiments.

Guidelines:

• The answer NA means that the paper does not include experiments.
• The authors should answer "Yes" if the results are accompanied by error bars, confi-

dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.
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• The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

• The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

• The assumptions made should be given (e.g., Normally distributed errors).
• It should be clear whether the error bar is the standard deviation or the standard error

of the mean.
• It is OK to report 1-sigma error bars, but one should state it. The authors should

preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

• For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

• If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.

8. Experiments compute resources
Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]

Justification: The paper mentions the computational resources employed to obtain the
experimental results, and it is complemented with the memory and time of execution in the
supplementary material

Guidelines:

• The answer NA means that the paper does not include experiments.
• The paper should indicate the type of compute workers CPU or GPU, internal cluster,

or cloud provider, including relevant memory and storage.
• The paper should provide the amount of compute required for each of the individual

experimental runs as well as estimate the total compute.
• The paper should disclose whether the full research project required more compute

than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

9. Code of ethics
Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]

Justification: This research fully complies with the NeurIPS Code of Ethics. It does not
involve any sensitive information, personal data, human participants, or applications with
significant societal risks. All datasets utilized are publicly accessible and ethically obtained,
and every experiment was conducted transparently, fairly, and reproducibly.

Guidelines:

• The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.
• If the authors answer No, they should explain the special circumstances that require a

deviation from the Code of Ethics.
• The authors should make sure to preserve anonymity (e.g., if there is a special consid-

eration due to laws or regulations in their jurisdiction).

10. Broader impacts
Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [Yes]
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Justification: The paper considers applications in medical imaging (MRI), which opens new
frontiers for further automated and precise medical diagnosis as well as improved image
restoration task for commercial cameras.
Guidelines:

• The answer NA means that there is no societal impact of the work performed.
• If the authors answer NA or No, they should explain why their work has no societal

impact or why the paper does not address societal impact.
• Examples of negative societal impacts include potential malicious or unintended uses

(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

• The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

• The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

• If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

11. Safeguards
Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?
Answer: [NA]
Justification: The generated weights, models, and results do not have risk for misuse as only
a public dataset was used.
Guidelines:

• The answer NA means that the paper poses no such risks.
• Released models that have a high risk for misuse or dual-use should be released with

necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

• Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

• We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

12. Licenses for existing assets
Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?
Answer: [Yes]
Justification: The paper properly cites original work on the used models, data and technical
developments.
Guidelines:

• The answer NA means that the paper does not use existing assets.
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• The authors should cite the original paper that produced the code package or dataset.
• The authors should state which version of the asset is used and, if possible, include a

URL.
• The name of the license (e.g., CC-BY 4.0) should be included for each asset.
• For scraped data from a particular source (e.g., website), the copyright and terms of

service of that source should be provided.
• If assets are released, the license, copyright information, and terms of use in the

package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

• For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

• If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.

13. New assets
Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [Yes]

Justification: We release both code and trained models as part of this work. All assets are
thoroughly documented, including setup instructions, usage examples, model architecture
details, training procedures, and licensing information. The assets are provided in the
anonymized repository for review to support reproducibility and ease of use.

Guidelines:

• The answer NA means that the paper does not release new assets.
• Researchers should communicate the details of the dataset/code/model as part of their

submissions via structured templates. This includes details about training, license,
limitations, etc.

• The paper should discuss whether and how consent was obtained from people whose
asset is used.

• At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

14. Crowdsourcing and research with human subjects
Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]

Justification: The paper does not involve crowdsourcing nor research with human subjects.

Guidelines:

• The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

• Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

• According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

15. Institutional review board (IRB) approvals or equivalent for research with human
subjects
Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?
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Answer: [NA]
Justification: The paper does not involve crowdsourcing nor research with human subjects
Guidelines:

• The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

• Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

• We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

• For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.

16. Declaration of LLM usage
Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigorousness, or originality of the research, declaration is not required.
Answer: [NA]
Justification: This research does not involve LLMs as any important, original, or non-
standard components.
Guidelines:

• The answer NA means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

• Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)
for what should or should not be described.
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A Technical Appendices

A.1 Settings for experiment in Figure 1

To illustrate this concept, we developed a toy example with x∗ ∈ R3, H ∈ R2×3, and constructed an
orthonormal vector S ∈ R1×3 relative to the rows of H, following Algorithm 1. A training dataset
p(x) was generated, consisting of random points within a circle centered at the origin. Using this
dataset, we trained a two-layer neural network defined as G(Hx) = Vϕ(WHx), with parameters
W ∈ Rk×2 and V ∈ R1×k, with k = 50 hidden neurons, optimized via the problem stated in (3). For
comparison, we also trained a network of similar size to directly reconstruct x̃0 from measurements
Hx∗.

A.2 Algorithms for designing S

We developed an algorithm for obtaining S from H satisfying that SH⊤ = 0. The algorithm is
based on the QR decomposition, first, computing a full QR decomposition of H⊤ ∈ Rn×m, yielding
an orthonormal basis Qfull ∈ Rn×n for Rn. The columns from m + 1 to n of Qfull form a basis
for Null(H), which we denote by N ∈ Rn×(n−m). To construct a subspace of the null space, the
algorithm samples a random Gaussian matrix P ∈ R(n−m)×p, which is orthonormalized via QR
decomposition to produce U ∈ R(n−m)×p. This ensures that the resulting subspace is both diverse
and well-conditioned. Finally, the matrix S is obtained as S = U⊤N⊤ ∈ Rp×n, which consists of p
orthonormal vectors that span a random p-dimensional subspace within Null(H).

Algorithm 1 GENERATE ORTHONORMAL ROWS TO H VIA QR DECOMPOSITION

Require: Matrix H ∈ Rm×n, desired number of rows p
Ensure: Matrix S ∈ Rp×n whose rows are orthonormal and lie in Null(H)
1: Qfull ← QR

(
H⊤)

2: N← Qfull[:, m+ 1:n] ▷ Nullspace basis, size n× (n−m)

3: Sample P ∼ N (0, I) ∈ R(n−m)×p

4: U← QR(P) ▷U ∈ R(n−m)×p with orthonormal columns
5: S← U⊤ N⊤ ▷ Resulting p× n matrix of orthonormal rows
6: return S

A.3 Proof of Theorem 1

Here we provide the technical proof for Theorem 1.

Theorem 1 (PnP-NPN Convergence). Consider the fidelity g(x̃) = ∥Hx̃− y∥22, the denoiser Dσ

satisfies assumption 2, the matrix S satisfies the RIP condition 2 with constant ∆S
MD

∈ [0, 1).
The optimized network G∗ satisfies assumption 3. We run iterations as in (4) in the convergence
improvement zone for ℓ = 1, . . . , Lϕ. The algorithm converges to a fixed point if

ρ ≜ (1 + δ)
(∥∥I− α(H⊤H+ S⊤S)

∥∥+ (1 +∆S
MD

)∥S∥
)
< 1 (9)

Proof:

∥xℓ+1 − x∗∥ = ∥T(xℓ)− T(x∗)∥
Assumption 2

≤ (1 + δ)
∥∥xℓ − α

(
H⊤(Hxℓ − y) + S⊤(Sxℓ − (Sx∗ +N (Hx∗))

)
− x∗∥∥

2

= (1 + δ)
∥∥xℓ − x∗ − α(H⊤H+ S⊤S)(xℓ − x∗) + S⊤N (Hx∗)

∥∥
2

= (1 + δ)
∥∥(I− α(H⊤H+ S⊤S))(xℓ − x∗) + S⊤N (Hx∗)

∥∥
triang. ineq.

≤ (1 + δ)
∥∥I− α(H⊤H+ S⊤S)

∥∥ ∥xℓ − x∗∥+ (1 + δ)∥S⊤N (Hx∗)∥
Definition 3

≤ (1 + δ)
∥∥I− α(H⊤H+ S⊤S)

∥∥ ∥xℓ − x∗∥+ (1 + δ)∥S∥∥S
(
x̃ℓ − x∗

)
∥

Definition 2
≤ (1 + δ)

(∥∥I− α(H⊤H+ S⊤S)
∥∥+ (1 +∆S

MD
)∥S∥

)
∥xℓ − x∗∥
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A.4 Proof of Theorem 2

Theorem 2 (Convergence of NPN Regularization). Consider the iterations of the PnP-NPN algorithm
defined in (4) for ℓ = 1, . . . , L. Assume that the estimation error of the trained network G∗ satisfies
Assumption 1, and that both S and H satisfy the Restricted Isometry Property (RIP) over the manifold
MD with constants ∆S

MD
,∆H

MD
∈ [0, 1). Further assume that the residual term N(Hx∗) is K-

Lipschitz continuous, thus ∥N(Hx∗)∥ ≤ K(1 + ∆H
MD

)∥x∗∥. Then, after ℓ iterations, the NPN
regularization term satisfies the following upper bound:

∥G(y)− Sx̃ℓ+1∥ ≤ C1∥x∗ − xℓ∥+K∥x∗∥(1 + ∆H
MD

) + C2∥xℓ − xℓ+1∥, (10)

where C1 =
(

1
2α + (1 +∆S

MD
)2 +K(1 + ∆H

MD
)(1 + ∆S

MD
)∥x∗∥

)
, C2 =(

(1 + ∆S
MD

) + 1√
2α

)
.

Proof: We begin by recalling the definition of the regularization function:

ϕ(x) = ∥Sx− Sx∗ −N(Hx∗)∥.

From the iteration difference, we have:

ϕ(xℓ+1)− ϕ(xℓ) = ∥S(xℓ+1 − xℓ)∥2 + 2⟨xℓ+1 − xℓ,S⊤(Sxℓ − Sx∗ −N(Hx∗))⟩. (11)

Define the intermediate step:

qℓ = xℓ − αS⊤(Sxℓ − Sx∗ −N(Hx∗)), α > 0.

Optimality implies:
∥xℓ+1 − qℓ∥ ≤ ∥x∗ − qℓ∥.

Substituting the definition of qℓ and rearranging gives:

∥xℓ+1 − xℓ + αS⊤(Sxℓ − Sx∗ −N(Hx∗))∥2 ≤ ∥x∗ − xℓ + αS⊤(Sxℓ − Sx∗ −N(Hx∗))∥2.

Expanding both sides and reorganizing terms, we obtain:

2α⟨xℓ+1 − xℓ,S⊤(Sxℓ − Sx∗ −N(Hx∗))⟩ ≤ ∥x∗ − xℓ∥2 − ∥xℓ+1 − xℓ∥2

+ 2α⟨x∗ − xℓ,S⊤(Sxℓ − Sx∗ −N(Hx∗))⟩.

Dividing by 2α and substituting back into (11) yields:

ϕ(xℓ+1)− ϕ(xℓ) ≤ ∥S(xℓ+1 − xℓ)∥2 + 1

2α
∥x∗ − xℓ∥2 − 1

2α
∥xℓ+1 − xℓ∥2

+ ⟨x∗ − xℓ,S⊤(Sxℓ − Sx∗ −N(Hx∗))⟩. (12)

Next, applying Assumptions 2 and 3, we bound:

⟨x∗ − xℓ,S⊤(Sxℓ − Sx∗ −N(Hx∗))⟩
≤ ∥S(xℓ − x∗)∥2 +K(1 + ∆H

MD
)(1 + ∆S

MD
)∥x∗∥∥xℓ − x∗∥.

Substituting this back into (12), we get:

ϕ(xℓ+1)− ϕ(xℓ) ≤ ∥S(xℓ+1 − xℓ)∥2 − 1

2α
∥xℓ+1 − xℓ∥2

+
1

2α
∥x∗ − xℓ∥2 + ∥S(xℓ − x∗)∥2

+K(1 + ∆H
MD

)(1 + ∆S
MD

)∥x∗∥∥xℓ − x∗∥. (13)

Using the triangle inequality and the RIP property again, we simplify:

ϕ(xℓ) ≤ (1 + ∆S
MD

)∥xℓ − x∗∥+K(1 + ∆H
MD

)∥x∗∥.
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Hence, regrouping terms, we achieve a final compact form analogous to the desired inequality:

∥G(y)− Sxℓ+1∥ = ϕ(xℓ+1)

≤
(

1

2α
+ (1 +∆S

MD
)2 +K(1 + ∆H

MD
)(1 + ∆S

MD
)∥x∗∥

)
∥x∗ − xℓ∥

+K(1 + ∆H
MD

)∥x∗∥+
(
(1 + ∆S

MD
) +

1√
2α

)
∥xℓ+1 − xℓ∥. (14)

A.5 Neural network details

SPC: For the single-pixel camera experiments, we employ a ConvNeXt-inspired backbone [33].
The network has five ConvNeXt blocks, each comprising two successive 3 × 3 convolutions with
ReLU activations. A final 3× 3 convolutional layer projects the 128 features back to one channel.
The output feature map is flattened and passed through a linear module to match the measurement
dimensionality. We use cosine-based positional encoding with a dimension of 256, and set the number
of blocks to 5 and the base channel width to 128.

MRI and Deblurring: To train G for the MRI and Deblurring experiments, we use a U-Net ar-
chitecture [42] with three downscaling and three upscaling modules. Each module consists of
two consecutive Conv → ReLU blocks. The downscaling path uses max pooling for spatial re-
duction, starting with 128 filters and increasing up to 1,024 at the bottleneck. The upscaling path
performs nearest-neighbor interpolation before each module, progressively reducing the number of
filters. A final 2D convolutional layer without activation produces the output. Skip connections link
corresponding layers in the encoder and decoder.

A.6 Plug and Play algorithms

This work uses the PnP-FISTA, its unrolled version, and RED-FISTA algorithms to validate the
proposed approach. Below is shown algorithms for PnP and RED formulation and their NPN-
regularized counterparts. For unrolling FISTA, the only change is that the denoiser Dσ is changed to
a trainable deep neural network that is optimized in an end-to-end manner.

Algorithm 2 PnP-FISTA
Require: L,H,y, α
1: x0 = z1 = 0, t = 1
2: for ℓ = 1, . . . , L do
3: xℓ ← zℓ − αH⊤(Hzℓ − y)
4: xℓ ← Dσ(x

ℓ)
5: t′ = t

6: t =
1+
√

1+4(t′)2

2

7: zℓ+1 ← xℓ + t′−1
t

(xℓ − xℓ−1)
8: end for
9: return xℓ

Algorithm 3 NPN-PnP-FISTA
Require: L,H,S,y,G∗, α, γ
1: x0 = z1 = 0, t = 1
2: for ℓ = 1, . . . , L do
3: xℓ ← zℓ − α

(
H⊤(Hzℓ − y) + γS⊤(Szℓ −G∗(y))

)
4: xℓ ← Dσ(x

ℓ)
5: t′ = t

6: t =
1+
√

1+4(t′)2

2

7: zℓ+1 ← xℓ + t′−1
t

(xℓ − xℓ−1)
8: end for
9: return xℓ

Algorithm 4 RED-FISTA
Require: L,H,y, α, λ
1: x0 = z1 = 0, t = 1
2: for k = 1, . . . ,K do
3: xℓ ← zℓ−αH⊤(Hzℓ−y)−λ(zℓ−

Dσ(z
ℓ))

4: t′ = t

5: t =
1+
√

1+4(t′)2

2

6: zℓ+1 ← xℓ + t′−1
t

(xℓ − xℓ−1)
7: end for
8: return xℓ

Algorithm 5 NPN-RED-FISTA
Require: L,H,S,y,G∗, α, γ, λ
1: x0 = z1 = 0, t = 1
2: for ℓ = 1, . . . , L do
3: xℓ ← zℓ−α

(
H⊤(Hzℓ − y) + γS⊤(Szℓ −G∗(y))

)
−

λ(zℓ −Dσ(z
ℓ))

4: t′ = t

5: t =
1+
√

1+4(t′)2

2

6: zℓ+1 ← xℓ + t′−1
t

(xℓ − xℓ−1)
7: end for
8: return xℓ
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A.7 Deep Image Prior

Deep Image Prior (DIP) [54] is an unsupervised reconstruction framework that leverages untrained
neural networks to reconstruct the underlying signal. This approach, since it only compares with the
measurements y, its solution may overfit to the noise of the measurements. Therefore, the use of the
NPN provides a suitable approach to improve image consistency reconstructions. The optimization
problem with the proposed NPN regularization is

K∗ = argmin
K

∥y −HK(z)∥22 + γ∥G∗(y)− SK(z)∥22, x̂ = K∗(z), z ∼ N (0, 1), (15)

where γ is a regularization parameter.

A.8 Diffusion-based Solvers

Diffusion models (DMs) [47, 22, 49, 50] have recently gained attention due to their exceptional
capability in modeling complex image distributions via an iterative noising-denoising process. Condi-
tioning DMs entails guiding their generative reverse diffusion process using measured data to ensure
reconstructions align with the measurements. We have integrated our proposed regularization term
into two widely adopted diffusion-model frameworks, Diffusion Posterior Sampling (DPS) [12] and
DiffPIR [65]. These frameworks serve as canonical diffusion pipelines upon which newer methods
build. Our regularization could likewise be incorporated into other approaches, such as latent-space
diffusion models [15, 48].

DPS [12]: we denote N is the number of reverse diffusion steps, and i ∈ 0, . . . , N − 1 is the reverse-
time index; xi ∈ Rn is the current latent state and xN ∼ N (0, I) is the Gaussian start; ŝ = sθ(xi, i)
is the score/noise estimate produced by the network with parameters θ; x̂0 is the network’s prediction
of the clean sample at step i; αi ∈ (0, 1] is the per-step retention factor, βi = 1 − αi is the noise
increment, and ᾱi =

∏i
j=1 αj is the cumulative product (with ᾱ0 = 1); ζi > 0 is the data-consistency

step size and σ̃i ≥ 0 is the sampling noise scale at step i; z ∼ N (0, I) is i.i.d. Gaussian noise; x′i−1

denotes the pre–data-consistency iterate before applying the gradient correction; ∇xi∥y −Hx̂0∥22 is
the gradient of the quadratic data-fidelity term with respect to xi (through the dependence x̂0(xi));

Algorithm 6 DPS Sampling

Require: N, H, y, { ζi }Ni=1, { σ̃i }Ni=1 ▷ step
sizes and noise scales

1: xN ∼ N (0, I)
2: for i = N−1, . . . , 0 do
3: ŝ← sθ(xi, i)
4: x̂0 ← 1√

ᾱi
(xi + (1− ᾱi)ŝ)

5: z ∼ N (0, I)

6: x′
i−1 ←

√
αi(1−ᾱi−1)

1−ᾱi
xi +√

ᾱi−1βi

1−ᾱi
x̂0 + σ̃i z

7: xi−1 ← x′
i−1 − ζi∇xi

∥∥y −Hx̂0

∥∥2

2
8: end for
9: return x̂0

Algorithm 7 NPN-DPS Sampling

Require: N, H, y, { ζi }Ni=1, { σ̃i }Ni=1 ▷ step sizes
and noise scales

1: xN ∼ N (0, I)
2: for i = N−1, . . . , 0 do
3: ŝ← sθ(xi, i) ▷ score / noise-prediction net
4: x̂0 ← 1√

ᾱi
(xi + (1− ᾱi)ŝ)

5: z ∼ N (0, I)

6: x′
i−1 ←

√
αi(1−ᾱi−1)

1−ᾱi
xi +

√
ᾱi−1βi

1−ᾱi
x̂0 + σ̃i z

7: xi−1 ← x′
i−1 − ζi(∇xi

∥∥y − Hx̂0

∥∥2

2
+

γ∥G∗(y)− Sx̂0∥)
8: end for
9: return x̂0

DiffPIR [65]. σn > 0 denotes the standard deviation of the measurement noise, λ > 0 is the
data–proximal penalty that trades off data fidelity and the denoiser prior inside the subproblem;
ρi ≜ λ, σ2

n/σ̃
2
i is the iteration-dependent weight used in the proximal objective at step i; x̃(i)

0 is the
score-model denoised prediction of the clean sample at step i (before enforcing data consistency);
x̂
(i)
0 is the solution of the data-proximal subproblem at step i (i.e., the data-consistent refinement

of x̃(i)
0 ); ϵ̂ =

(
1 − αi

)−1/2
(
xi −

√
ᾱi, x̂

(i)
0

)
is the effective noise estimate implied by (xi, x̂

(i)
0 );

ϵi ∼ N (0, I) is the fresh Gaussian noise injected at step i; ζ ∈ [0, 1] mixes deterministic and
stochastic updates in the reverse diffusion (ζ = 0 fully deterministic, ζ = 1 fully stochastic).
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Algorithm 8 DiffPIR Sampling

Require: N, H, y, σn, {σ̃i}Ni=1, ζ, λ
1: Precompute ρi ← λσ2

n/σ̃
2
i for i = 1, . . . , N

2: xN ∼ N (0, I)
3: for i = N, . . . , 1 do
4: ŝ← sθ(xi, i)

5: x̃
(i)
0 ← 1√

ᾱi
(xi + (1− ᾱi)ŝ)

6: x̂
(i)
0 ← argminx ∥y − Hx∥22 + ρi∥x −

x̃
(i)
0 ∥22

7: ϵ̂← 1√
1−αi

(
xi −

√
ᾱi x̂

(i)
0

)
8: ϵi ∼ N (0, I)

9: xi−1 ←
√
ᾱi−1 x̂

(i)
0 +√

1− ᾱi−1

(√
1− ζ ϵ̂+

√
ζ ϵi

)
10: end for
11: return x̂

(1)
0

Algorithm 9 NPN–DiffPIR Sampling

Require: N, H, y, σn, {σ̃i}Ni=1, ζ, λ, γ, G
∗

1: Precompute ρi ← λσ2
n/σ̃

2
i for i = 1, . . . , N

2: xN ∼ N (0, I)
3: for i = N, . . . , 1 do
4: ŝ← sθ(xi, i)

5: x̃
(i)
0 ← 1√

ᾱi
(xi + (1− ᾱi)ŝ)

6: x̂
(i)
0 ← argminx ∥y − Hx∥22 + ρi∥x −

x̃
(i)
0 ∥22 + γ ∥G∗(y)− Sx∥22

7: ϵ̂← 1√
1−αi

(
xi −

√
ᾱi x̂

(i)
0

)
8: ϵi ∼ N (0, I)

9: xi−1 ←
√
ᾱi−1 x̂

(i)
0 +√

1− ᾱi−1

(√
1− ζ ϵ̂+

√
ζ ϵi

)
10: end for
11: return x̂

(1)
0

A.9 Implementation details on NSN-based methods

Recall the NSN-based models used in comparison:

1. Deep null space network (DNSN)[45]: x̂ = H†y + (I−H†H)R(H†y).

2. Deep decomposition network cascade (DDN-C) [6]: x̂ = H†y + Pr(Rr(H
†y)) +

Pn(Rn(H
†y + Pr(Rr(H

†y)))).

3. Deep decomposition network independent (DDN-I) [6]: x̂ = H†y + Pr(Rr(H
†y)) +

Pn(Rn(H
†y))

We used the source code 2 of [6] to implement the models R,Rr and Rn.

• Network R and Rn: is a lightweight version of the U-Net architecture for image segmenta-
tion. It features an encoder-decoder structure with skip connections. The encoder consists
of five convolutional blocks, each followed by max-pooling to extract features. The decoder
upsamples using transposed convolutions and refines the features with additional convo-
lutions, leveraging skip connections to combine low- and high-level features. The final
output is produced through a 1× 1 convolution, reducing the output to the desired number
of channels. This compact design makes it efficient for tasks with limited resources.

• Network Rr: It consists of a series of convolutional layers arranged in a sequential block
structure, where each block performs a transformation of the input image through convo-
lutional operations, followed by activation functions, such as ReLU, and normalization
techniques like batch normalization. The model starts with an input image, and through
several layers of convolutions, the features of the image are progressively refined. Each
layer extracts relevant features, while ReLU activations introduce non-linearity to improve
the model’s capacity to capture complex patterns. Batch normalization layers are added
to stabilize training and speed up convergence by normalizing the output of each convolu-
tional layer. The final output layer of the network reconstructs the denoised image. The
architecture is designed with a depth of 17 layers.

All models were trained for 100 epochs using the Adam optimizer with a learning rate of 1e-3 using
a mean-squared-error loss function.

A.10 Super resolution experiments

For this scenario, we use the Places365 dataset We set an SR factor SRF =
√

n
m = 4; downsampling

was performed with bilinear interpolation. The forward operator is modeled as H = DB ∈ Rm×n,

2https://github.com/edongdongchen/DDN
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Metric PnP-FISTA Baseline PnP-FISTA NPN Estimation of Sx
PSNR 22.01 23.75 24.95
SSIM 0.562 0.692 0.697

Table 4: Quantitative comparison of PnP-FISTA and PnP-FISTA NPN with the estimation of Sx.

where B ∈ Rn×n is a structured Toeplitz matrix implementing Gaussian blur with bandwidth σ = 2.0
and D ∈ Rm×n is the downsampling matrix.

To recover the information removed by H, we define the null-space projection operator, similar
to the deblurring case, S[i, i + j] = 1 − h[j], i = 1, . . . ,m, j = 1, . . . , n, which captures
the high-frequency details of the signal. We use the PnP-FISTA algorithm for evaluation with 60
iterations using α = 0.5 and γ = 0.1. In the following table, we show the reconstruction performance
with baseline PnP-FISTA and NPN PnP-FISTA, showing an improvement of 1.74 dB in PSNR and
0.13 in SSIM. Additionally, we show the network estimation of the null-space Sx metrics, showing
good estimation of the high-frequency details from the low-resolution image.

A.11 Additional Experiments

In Tables 5 and 6, we provide additional results of MRI and deblurring, respectively, using PnP, RED,
and sparsity priors for acceleration factors (AFs) of 4, 8, 12 (with 5 dB SNR measurement noise) and
σ of 2, 6, 10. These results validate the robustness of NPN regularization under different numbers of
measurements.

AF Method Prior

PnP Sparsity RED

4 Baseline 30.91 30.05 29.17
NPN 31.11 31.04 31.46

8 Baseline 27.25 26.72 27.59
NPN 29.88 30.02 28.84

12 Baseline 26.35 25.68 27.35
NPN 29.06 29.24 28.13

Table 5: MRI: PSNR (dB) for PnP vs. PnP–NPN
under different priors and AFs.

σ Method Prior

PnP Sparsity RED

2.0 PnP 30.78 29.27 32.84
NPN 31.77 31.42 33.67

5.0 PnP 24.47 23.17 24.79
NPN 25.72 25.32 25.34

10.0 PnP 20.49 19.61 20.48
NPN 20.81 20.60 20.54

Table 6: Deblurring: PSNR (dB) for PnP vs. PnP-
NPN under different priors and noise levels.

In Figures 7, 8, and 9, the effect of the parameter γ on the quality of the recovery is shown, for MRI,
Deblurring, and SPC, respectively.

Fig. 10 shows the results in terms of convergence of the PnP and PnP-NPN for SPC with m/n = 0.1.
The color of the line indicates the type of projection matrix used, orthonormal by QR (red) or designed
by Eq. 3 (blue). The color shade indicates the percentage of the low-dimensional subspace p/n,
ranging from 0.1 to 0.9. The best case is with p/n = 0.1 and S designed, which was the one used in
the experiments of the main paper.

Additionally, we implemented several state-of-the-art denoisers into the PnP framework. We also
change the FISTA algorithm used in the paper to an alternating direction method of multipliers
(ADMM) formulation. This algorithm splits the optimization problem into two subproblems: the data
fidelity and the prior. We employed several state-of-the-art denoisers such as Restormer [60], DnCNN
[63], DnCNN-Lipschitz [43], and DRUNet [62]. We validated the image deblurring application with
a Gaussian kernel bandwidth σ = 2.0. We used 200 iterations of the PnP-ADMM algorithm, the step
size α = 0.5, and the value of γ = 0.7. In Table 1 are shown the obtained results. Here, the proposed
regularization function consistently improves the baseline PnP-ADMM algorithm.
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Figure 7: Effect of γ in NPN on PSNR (dB) for
MRI reconstruction, with α = 1 × 10−4. The
maximum PSNR of 33.67 dB is achieved when
γ = 6× 10−3.

Figure 8: Effect of γ on PSNR (dB) in deblur-
ring reconstruction, with α = 0.5× 10−4. The
maximum PSNR of 31.25 dB is achieved when
γ = 0.263.
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Figure 9: Effect of γ on PSNR (dB) in SPC reconstruction, with α = 8 × 10−4. The maximum
PSNR of 21.17 dB is achieved when γ = 1.04.

Method Restormer DnCNN DnCNN-Lipschitz DRUNet Sparsity Prior

Baseline 29.86 29.55 30.36 29.68 28.75
NPN 32.62 32.12 32.35 32.07 29.75

Table 7: Comparison of PnP-ADMM method for image deblurring with σ = 2.0 using different
denoisers. The best result is highlighted in bold teal , and the second-best in orange underline .

A.12 Analysis on the selction of p and data adaptation

The selection of the size of S is important for the optimization (3) as the bigger value of p, the more
challenging the projection estimation becomes. We show the estimation error in the following table,
showing that the error increases by increasing the number of rows of S.
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Figure 10: Effect of the low-dimensional subspace dimension p/n and projection matrix S design on
signal convergence in SPC reconstruction, with α = 8× 10−4.

Table 8: Projection error for different values of p/n.

p/n ∥Sx∗−G(y)∥
∥Sx∗∥

0.1 0.1031
0.3 0.1544
0.5 0.1821
0.7 0.2566
0.9 0.2305

Additionally, to illustrate the effect of the data-driven adaptability of S, we clarify the following.
In compressed sensing, to span the null-space, we design a matrix orthogonal to H via the QR
decomposition, and via optimization using the regularization in Eq. (3), which promotes that the
rows of S lie in the null-space of H. To analyze how the data distribution affects the design of S,
we optimize four matrices, one for each dataset (MNIST, FashionMNIST, CIFAR10, and CelebA),
cross-validating the data-driven invertibility loss Ex∥x − S†Sx∥22. The results show that the QR-
initialized matrix provides good invertibility across all datasets, and that optimizing S via Eq. (3) on
each dataset further improves it. Thus, the data distribution can enhance the data-driven invertibility
of an already orthogonal matrix. Testing S on in-distribution samples yields the best invertibility
(bold), while diverse training data (e.g. CIFAR10) gives the second-best (underlined), suggesting a
single S could generalize across datasets.

Test/S design QR(H) Alg 1 MNIST FashionMNIST CIFAR10 CelebA
MNIST 9.28× 10−5 2.97× 10−5 4.99× 10−5 5.29× 10−5 5.56× 10−5

FashionMNIST 1.76× 10−4 7.07× 10−5 3.11× 10−5 5.05× 10−5 5.62× 10−5

CIFAR10 2.62× 10−4 1.67× 10−4 8.95× 10−5 4.01× 10−5 4.52× 10−5

CelebA 2.39× 10−4 1.55× 10−4 9.09× 10−5 4.68× 10−5 4.15× 10−5

Table 9: Cross dataset validation of data invertibility metric Ex∥x− S†Sx∥22
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A.13 Limitations on the selection of S

The method works when it is possible to find a non-linear correlation between null space (NS)
components Sx and measurements Hx, leveraging a dataset with triplets (xi,Hxi,Sxi). We promote
this correlation by solving Eq. (3) that balances the two terms: i) ∥Sx − G(Hx)∥ encourages a
non-linear correlation between Sx and Hx. ii) ∥I − A⊤A∥ where A = [H⊤,S⊤]⊤ promotes
orthogonality and ensures that S samples components from the NS of H.

There are scenarios where the non-linear correlations are easier to achieve, for instance, in deblurring
or SR, due to the low-pass filters associated with these tasks being non-ideal, which leads to close
frequency bands between the high-pass components selected by S and the Gaussian-like low-pass
components sampled by H. In other scenarios, such as MRI or CT, the non-linear correlations
between Sx and Hx are more challenging to achieve due to the orthogonality of their respective
rows. But, the method still works by designing S such that it leverages structural similarities of H,
such as adjacent frequencies in MRI or neighboring angles in CT.

To illustrate the effectiveness of finding non-linear correlations between Sx and Hx, we set a
challenging scenario in an MRI task with H sampling only random low frequencies using a 1D
Cartesian mask with an acceleration factor (AF) of 12. We then apply an FFTSHIFT operation to
this mask to produce a high-frequency sampling pattern, denoted by S1, spatially distant from the
frequency support of H but maintaining the same AF. We refer to this configuration as the well-
separated sampling. In this case, the method fails to recover non-trivial solutions, ∥G∗(y)∥ = 0.0108,
and a high relative error of 1.0.

Then, we configure a scenario where the non-linear correlations are easier to find, using the same
H described before, we set S2 = I − H that selects frequencies adjacent to those sampled by
H. This adjacent sampling configuration corresponds precisely to the setup employed in the MRI
experiments presented in the main manuscript. See Figure 11. It exhibits increased spectral (non-
linear) correlation, resulting in a small relative error of 0.325, and a norm ∥G∗(y)∥ close to the norm
of the ground-truth signal ∥Sx∥.

Figure 11: MRI masks

Sampling Type
∥Sx −G(y)∥

∥Sx∥ ∥G(y)∥ ∥Sx∥ PSNR(G(y),Sx) [dB]

Disjoint Sampling 1.00 0.0197 1.72 30.7
Adjacent Sampling 0.40 98.7 112 59.5
Table 10: Comparison of reconstruction metrics under different sampling strategies.

A.14 Comparison with reconstruction model

To create a fair comparison with the proposed method, we consider the network W∗ : Rm → Rn,
which has the same number of parameters as G but is trained to reconstruct directly the underlying
signal i.e., W∗ = argminW Ex,y∥x−W(y)∥. The network was trained with the same number of
epochs as G (300 epochs), using the AdamW optimizer with a learning rate of 1e−4. We evaluate
two aspects here: i) the reconstruction performance of the network W and ii) incorporating into
the PnP-ADMM the regularization but in the form of ϕW(x) = ∥Sx− SW∗(y)∥2. We trained the
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network W with the Places365 dataset. The PnP-ADMM was set with 100 iterations, using the
DnCNN-Lipchitz denoiser. We set α = 0.3 and γ = 0.2. In the following table, we report the
obtained results. The results show that the proposed approach overall improves the baseline, the
reconstruction of the model W, and the regularization based on this model.

Metric Base PnP-ADMM NPN PnP-ADMM PnP-ADMM with ϕW W∗(y)

PSNR (dB) 22.30 23.87 21.20 19.71
SSIM 0.586 0.678 0.534 0.490

Table 11: Comparison of PSNR (dB) and SSIM metrics

In the tables below, we show the training and execution time in seconds (s) and minutes (min),
respectively. These results are obtained for a batch size of 100 images with a resolution of 128× 128
and 100 iterations of the PnP-ADMM. W (reconstruction network from the measurements y) and G
are trained for 300 epochs. The training times of W and G are very similar due to having the same
number of parameters. Despite a modest increase of 0.20 seconds over the baseline PnP-ADMM,
NPN achieves a 1.57 dB PSNR gain. Moreover, compared to PnP-ADMM with ϕW, NPN is 0.28
seconds faster while delivering a 2.67 dB improvement in PSNR. These results show that the NPN
regularization yields substantial quality gains with minimal or favorable time trade-offs.

Method Training time (min)

G(y) 385
W(y) 390

Table 12: Training time for the networks
W and G (NPN).

Method Execution time (s)

Base PnP-ADMM 12.48
NPN PnP-ADMM 12.68

PnP-ADMM with ϕW 12.96
Table 13: Execution times for PnP with network W and
G (NPN).
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