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Abstract

We propose algorithms for sampling from posterior path measures P (C([0, T], R))
under a general prior process. This leverages ideas from (1) controlled equilibrium
dynamics, which gradually transport between two path measures, (2) optimization
in co-dimensional probability space endowed with a Wasserstein metric, which
can be used to evolve a density curve under the specified likelihood. The resulting
algorithms are theoretically grounded and can be integrated seamlessly with neural
networks for learning the target trajectory ensembles, without access to data.

1 Introduction

Simulating trajectories through a space, according to a given distribution, is a problem which
appears in a broad range of scientific applications. A general formulation of the problem is given by
considering a prior path measure that admits a representation as a SDE:

dX; = ugef(Xt)dt +v2dW,, Xy ~ po Denote this path measure as (IP’ff)th , (1)

where the ufff part of the drift is assumed known (e.g., with u{ff = —VV,, for V; a double-well
potential). Suppose we then observe, at multiple time points ¢y, . . . , t i, potentially noisy observations
of the dynamics of the form

yp = X¢, o2, k=1,...,K,

which is an additive Gaussian noise model. Given such a prior and data {yy }r, the goal is to infer the
posterior path measure g, which is known to take the form [30]:

dX; = [ulf(X;) + be(X;)]dt + V2dWy, Xo ~ po  Denote this path measure as (¢;)i<7 . (2)

Equivalently, given methods to sample from (P}'), <7, we wish to design algorithms to sample from
(g¢)¢<r- Such problems find applications in trajectory inference in biology [14], time series Bayesian
analysis, among many others. Notably, this is a generalization of Transition Path Sampling (TPS) from
chemistry [8], since one can simply take £x = 7' to be a single observation at time ¢ = 7" with yx =
B, po = d4 and o small, i.e., we aim to sample from the “bridge" P(z7—p, Z1—2p, ..., Zp|To =
A,zp = B) in TPS with J(z;y) = é(xr # B).

The fact that under mild regularity conditions, the posterior path measure (conditioned on the
observations {y; }) can always be represented with an additional drift 5/ [30] means that it can be
understood as a “controlled diffusion process”. Thus, the task amounts to inferring the drift of the
posterior SDE given a prior, assuming both (1), (2) have the same initial pg that is perfectly known.

Mathematically, we write the conditional density in path space for {z(¢) },< as [3, Section 4.1]

Q(x) o< po(zt,) exp(—I(x) — J(x;y)) 3)
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where I(z) is the Onsager-Machlup action functional for the unconditional density of path

1 (T (1]dx,
1@)25/0 (2

— o (Xy)
and J(x;y) is the likelihood term

dt
1« 2 1 T 2 g
J(xiy) = 952 Z lye — ze |13 = 952 /0 Z lyk — @ell3 - (¢ — ty) dt = /0 Ji(ze)dt. (4)
k=1 k=1

The observations y parameterize the posterior Q)(x) we are interested in sampling from, and it is a
global conditioning. We assume that (1) the observation at time ¢, yx, depends only on x;,, and not
other time points; (2) (}P’?f)tg in (1) is a Markov process. Note that the resulting quantity of interest
is not a deterministic trajectory but rather a probability measure over path ensembles.

S
+5V- u;ef(Xt)> dt
2

Contributions In this work, we are interested in identifying the optimal b}, which provides a
convenient way to draw additional samples / infer the trajectory, rather than just producing a set of
sampled trajectories from the target. In particular, we explore novel ways to adapt recent ML ideas
from P (R?) sampling to P(C([0, T, R¢)) sampling. Our two proposals are presented in Section 2
and 3. Although both methods rely on the posterior nature of the measure rather than just sampling
from a generic path measure, they take different viewpoints on the problem. Thus, we expect them to
perform well under different likelihood models. Experimental results can be found in Appendix H.

2 Controlled Transport from Prior to Posterior: Tracking b,

Building on [25] and [1], we introduce a sequence of path measures as

ms(x) = 27" (po(xey) exp(—I(w) — s J(2;))) s €[0,1]
where Z, = [ po(x4,) exp(—I(z) — s - J(x;y))dx. Itis clear from the definition that 7, interpolate
between the prior and the posterior. Similarly, we introduce a family of SDEs parametrized as

dX§ = b3 (X5)dt + V2dW,, X5 ~ po and b) = u*"
inducing corresponding path measures (using the OM functional)
d |
gl +35V- bf(xt)> dt)] .
2

ps(z) =Yt lpo(fvto)exp (‘é/o (; g )

If we can learn the drift change in b at each step s as the solution of (holding for all path x)
oms(z) 1 9ps(x)

2 @) (< @39) + B @i)]) £ L2 = () (o) — By a(a))) )
T T4 T s S
where hs(z) = 7%/0 <bf(xt) - ddt) 3812 (x¢) + %V : é;;t (x¢) dt

then the resulting drift {b; }, will follow the path measure 7, (z) Vs € [0, 1] — thus exactly hitting
target at time s = 1. Unlike MCMC (16), this is “controlled", implying we don’t need to run till
s = 0o. Operationally we start by drawing samples from the prior 7 (), estimate the expectation in

hs (33) - ]Eps (z) [hb (x)] = —J(J?, Z/) + ]Eﬂ'b(a:) [J(l‘, y)] (6)
using empirical samples, and solve for 9b° /0s on the LHS to update the drift. This is followed by
re-simulate paths using this new drift b*7%° ~ b® 4 (9b°/0s) - ds for again imposing the consistency
equation 7545, () = psys. () in (6) and repeat until s = 1 since m(z) = Q(z). Note that
estimating (6) does not require knowing the normalizing constant. In practice, one can parametrize
{0b3 /0s}; as a NN taking (5, ¢, s) € R? x [0,T] x [0, 1] as input and outputting a R%-valued vector.

To correct for the possible lag ps # 75, one may optionally simulate the trajectories using the current
drift b°, followed by a few steps of MCMC w.r.t the density 75, after which we learn the update
0b® /s using the latest trajectories, and repeat — this is somewhat similar to Algorithm 2 from [25]
where SVGD is used in between for P(R?) sampling. The intuition behind this approach is that it is
easier to conceptualize the algorithmic dynamics on the path measure space ¢" — ¢"*t! — ... — ¢*
and work out the corresponding drift update for the SDE b™ — b1 — ... — b* for implementation
purpose. At a high level, this is a transport idea in the path measure setting.

Additional details for this section comparing equilibrium vs. non-equilibrium approaches, and
alternative NN-free way to solve for the optimal vector field, can be found in Appendix B.



3 Reformulating Gibbs Variational Principle via Wasserstein Dynamics

There is a variational formulation for the posterior path measure (that can be obtained by generalizing
from P(R%)) so in our case we can rewrite the problem as

arg min  KL(QY|Q*) < arg ,jmin - Egg [J (23 )] + KL(QY||Preh) (7
Q%:Q8=po Q2:Qf=po
where (Q* is the target from (3) and the solution is unique under mild assumptions. Equivalently in
terms of the drift, using Girsanov’s theorem we have

T
. 1
arg min /O By o {Jt(xf;y)+4llbf($§))ll2 dt. ®)

While the loss (8) can in principle be estimated via empirical samples and used to optimize over
b, there are a few challenges: (1) the loss is complicated as a function of the drift b (even though
in terms of Q? in (7) it’s convex); (2) one needs to calculate 8a:f /00 generated with SDE (2) for
updating b?, which requires back-propagating through the solver. This approach is related to some of
the Neural SDE methods for fitting SDEs to data [21, 26].

Taking a different route based on convex optimization, we first leverage the Benamou-Brenier [4]
reformulation to pose (7) as joint learning over (g, b¢ )¢, which yields insights that will allow us to
simplify further later. For our specific case, it becomes

T
: 1 Iel
b / /d |:4|bt(xt)|2 + Je(w;y) | qewe) dadt st Orge = =V - (qo(be + uf™)) + Age, qo = po
.0t Jo JR
)

Now if one follows the augmented Lagrangian approach in [4] that via reparameterization turns
the problem into a convex optimization, the Laplacian Ag; from the diffusion in Fokker-Planck
introduces a challenge as we have to deal with a Bilaplacian type of quantity in one of the updates.

3.1 Approximation

For (9), there is a way to move the Laplacian term into the objective that is used in various works
(e.g., Eqn (4.25) in [13]). Followed by the similar (g, b;) — (g¢, m¢) for my = q; - by transformation
as done in [4], we end up with our jointly convex objective with an extra (relative) Fisher information
in the objective but a continuity equation as the constraint.

Proposition 1 (Convex Reformulation). For a general reference uref # 0, (9) is equivalent to

min / / ’ ) — (W — Vg P (x)
qt,Mt Rd qt

qr
+ 5 /Rd qT(xT) 1og ]P’;ff(zT) de

s.t. Orqe ==V -my, qo = po- (10)

2 2

VlogPref( xe)|| + Ji(xe) | qe(ae)dxdt

ref

When the reference process P’ is in equilibrium (i.e., P! = v oc eV V) the problem reduces to

min
qt,mMt Rd

S.1. 8tQt ==V -my, qo = po 1D

1
+Z HVIOg%(zt)

2 1
+ J; (xt)] qi(xy) dedt + = / qr(zr)log q—T(zT) dxr
Qt 2 Rd 14

In this case, py = v = P! for the initial distribution.

Reformulation in terms of marginal density: Compared to the dynamic formulation of W,
optimal transport from [4], in Proposition 1 we have an extra (relative) Fisher information and
potential energy term involving .J, and removal of the terminal p constraint for a penalty on ¢7. In
what follows, we adopt the following approximation, which crucially only involves the evolution of a
single variable, instead of two. Since the objective (11) is (jointly) convex and (almost) separable over



time ¢ € [0, T'] we propose to solve a sequence of “Wasserstein Gradient Flow"/JKO steps between
adjacent marginals as (initialized at gy = pg)

R
Qeen - arg 1oin - onaWa(gq) + Flg) (12)

for advancing the solution over ¢ € [0,7] with stepsize h, where F(q) is the convex rela-

tive Fisher information functional I(q;v) = 3 [[|Vlogq(z)/v(z)||*q(x)dz + term linear in

q : 2 [ Jisn(z)g(z)dz . To see one can work with {g;}; only, observe that in (11), the drift
term v; (or equivalently m;) only appears in the first part, and the rest is a function of the density
q: only. Therefore given a curve of optimal measure {¢; };<7 one can solve classical OT between
adjacent pairs to get the corresponding vector fields {v; } that follow the trajectory with minimum
kinetic energy (hence divergence-free). This is an Action Matching problem [23] if provided with
samples from the {¢; },<7 curve. Conceptually, this is a dynamical system perspective on the prob-

lem as a sequence of transformations g LN qn — " — qr_p br, qr , and we study the joint
distribution over P(R? x R?) at a time, as the Markovian representation (2) suggests. This reduces
the problem from a joint 7' x d distribution to a sequence of 2d problems. Unlike the more global
method in Section 2 that repeatedly updates the path measure P (C([0,7],R%)), it is a one-pass
method evolving P(R?) from ¢ = 0 to ¢ = T', local in nature. Alternative approximations on (11)
and more justification for our approach based on (12) are discussed in Section D.0.2, along with an
Eulerian solver for low-dimensional case based on (10) in Section C.1.

3.2 High Dimensional Case: Lagrangian Methods for (11)

In the high-dimensional regime, we will work with the simpler problem of (11) that conditions an
equilibrium process with observations, and advocate for parameterizing g; as either an interacting
particle system, or as a parametrized push-forward map [9] that allows us to infer b; easily. In both
cases, we leverage the perspective put forth in (12) so optimization is only done between adjacent
marginals to track its evolution, and not joint learning over g;,b;. We will heavily rely on the
representation of Fisher information as

Rq) = %/HVlogqt(x)Hth(a?)dx:2/|\V\/qt(x)|\2dx: ;/v;:((;))”dx

B P /vqt(m)—rﬁ(@ + q(x)a(z)dx (13)
SIB@) 12 +a(x)<0

- /<a<x>—v-ﬂ<x>>-qt<x>dx (14)

s18(2)[12+a(x)<0
and its approximation with empirical samples in Lemma 4. Proofs for this subsection are in App E.

3.2.1 Sequence of Pushforward Maps

The first Lagrangian approach we consider is based on Brenier’s Theorem for WW,-OT, which says that
the optimal transport map is given by the gradient of a convex function that solves a Monge-Ampere
equation. To leverage this push-forward map representation [9], we rewrite (12) as

. 1
¢y < arg Sun oo / IVo(z) — 2|3 - gt (x)dz + F(Vorq); qen < Vorra (15)

and propose to use an Input-Convex NN architecture [2] to optimize over a family of convex functions
¢ that takes t, {w{}[; ~ q; and output {2, }i_; ~ Gryn. The gradient V¢? gives us the desired
transport map. This allows us to evolve an empirical measure ¢ in time and space.

In order to evaluate F'(V¢.q;) for optimization, the "internal energy" term [ ||V log q; () ||*dg:(x+)
that is nonlinear in ¢; seems challenging to estimate with empirical measure ¢, and using the change
of variables formula involving determinant along the dynamics is computationally intensive. However,
here one can linearize via bi-level optimization using (13) as we illustrate in Algorithm 3 (the rest of
the terms in F' are easily linearizable with possible integration-by-parts). Lemma 4 gives a Oth-order
method for approximating the “gradient”, and luckily here we only need to draw samples from q; for
implementation, without evaluating its density. The particular form (14) is a special feature of Fisher
Information — other nonlinear energies may be difficult to re-parameterize to be linearizable.

A second Lagrangian approach based on Interacting Particle System is given in Section D.0.1.
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A Related Work

With regards to the infinite-dimensional path-space sampling problem on C([0, 7], R¢), there exists a
longstanding body of research concerning at least two different types of methods.

Existing Method 1: Langevin Stochastic PDE  With the target ()(x) defined as above, one can
write down a Langevin SPDE on z(¢, s):

0x(t, s)

ds
where s is the algorithmic time (we expect as s — oo relying on ergodicity of the Markov chain
it should converge to the desired equilibrium Q(x)) and ¢ € [0, T is the physical time that simply
index the path. The variational derivative ¢,, log Q () can be worked out analytically (as done in [3]).

Together with appropriate boundary conditions, this can serve as a sampler for the problem (assuming
observation at endpoint 7):

=0, logQ(z) + \@%—zf for (s,t) € (0,00) x (0,7) (16)

51 1Pz 1 - (. K ’
xOgQ(ﬂﬁ)—idtQ —iu(x) U()—* u(z +;§yk—$ kso))
02023 w(0,5)) + 25 1o pola(0,5)) =0, £ =0 a7
0x(T, s)

5 —u(x(T,s)) — %[y;( —z(T,s)] =0, t=T

There have been attempts to pursue different variants of MCMC methods from Stuart et al. [33, 7]
(possibly with MH adjustment), with a connection to data assimilation generally.

Existing Method 2: learning b;(X;) Rather than working directly with paths, which can be
memory-intensive, another approach is to directly learn the additional drift b;(X;) in (2), which
in fact takes a gradient form. This often reduces to an optimal control problem or alternatively a
high-dimensional PDE problem. It is known, since the posterior is a reweighting of the prior path
measure, the drift admits closed-form in a path integral representation [30, Theorem 1]:

T
bi(z) = 2V 1ogE, e [exp <—/ Js(xs)ds>
t

for the conditioned SDE, where the expectation is taken over the prior SDE with drift uf
This is something one may hope to simulate to estimate and recovers Doob’s h-transform
2V, logpr;(Xr = B|X; = x) when we only observe at time 7' [29]. But since the quantity
under estimation is typically a rare-event under the reference measure, even with importance weights,
it is generally hard to do well; many paths will have negligible weights and the relevant paths are
exponentially rare. There is a PDE one can write down for v, in (18) as well using Feynman-Kac:

Ty = z] =: —Vu(z) (18)

0
ﬁvt(z) + uff(z)TVvt(z) + Ave(2) + Ji(2) = HVvt(z)HQ (19)

but it isn’t clear that solving a high-dimensional PDE would be any easier. Some other related work
along these lines (with possibly marginal variational approximation) include [20, 16, 34]. A method
based on score-matching for learning this drift has also been proposed [19].

In the case of TPS, this is a bona-fide Schrédinger bridge (SB) problem with two delta terminal con-
straints, for which one can do path-space Sinkhorn / IPF by iteratively minimizing KL(?‘SA | F‘SB )
over the two slots alternatively. It amounts to setting ug = «™!, and perform a sequence of score-
matching time reversals to learn the drifts u*, v*. However, this is not as general as our setup, and
methodology from [27] that is also based on an alternating projection for SB is difficult to generalize
when ™" # 0 since simulating from the conditional bridge would be challenging. We note that
compared to the series of work on flow matching [35], which aim to match the time marginals for a
prescribed path (often set up as mixtures of diffusion processes), we aim for the more ambitious goal
of sampling from the true target path measure.

Crucially, our setup does not assume access to data, which distinguishes it from the proposals in [36]
that leverage diffusion model for conditional sampling from a function-valued probability density
over {X; };.
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Figure 1: On a potential landscape V() = 5(z} — 1) + 5(23 — 1)2, we condition on the final point of the
path being in the top right potential well, and the midpoint being in the bottom right well or top left well. We use
Algorithm 1 from Section 2, varying s from 0.0 (fully black path) to 1.0 (fully white path) in increments of 0.1.

B Additional Details for Section 2

We begin with a remark on the choice of the annealing path, and comment on normalizing constant
estimator.

Remark 1. In the special case of TPS with Xy = A, X1 = B, there’s an alternative path one can
anneal against: The measure of interest () has a density w.r.t the Brownian bridge with the likelihood
ratio being

T T
s g [ (FIOVEDIE - avee Ya= [ ax)a 0)

up to a normalizing constant. Assuming one can sample from the Brownian bridge easily, this gives a
way to interpolate between the Brownian bridge

dX, = BT*_)? dt +V2dW,, Xy = A Q1
with
1 Tdx, ||
mo(x) x exp (—4/ ditt dt) 04(X0)op(XT) (22)
0

and a more general bridge with —V'V; as the potential. One may again intersperse MCMC with the
transport step. With this annealing, we gradually introduce the reference potential instead of the
constraint, i.e., we reweight the prior paths not based on X = B, but the potential V' instead. To see
that (20)-(22) give the same path probability as the OM functional (3), we simply note that the extra
factor of

T T T T T
|3 o= [ 3O wvixgn =3 [ T = ) -v i)
0 0 0

2 dt 2 dt 2 dt 2

is equal to 2(V(A) — V(B)) (i.e., a constant fixed by the boundary condition).

Path-space Normalizing Constant Estimator With the p; = 75 interpolation method in Section 2
(i.e., maintaining equilibrium dynamics w.r.t 74 Vs € [0,1]), one can consider thermodynamic
integration in path space and calculate the partition function for () as

ac’)Zss N /_J(x;y)Po(xto)exp(—I(x) — s J(z;y))de

_ [ I @ y)po(ay,) exp(—1(z) — 5 - J(x;y))dw
J po(sy) exp(=1(z) — s J(2;y))dw

Zs = ]Eﬂ's [7'](117:‘/)] : Zs

therefore Zy = Zj - exp ( fOT E, [—J(z;9)] ds) assuming the initial Z is analytically tractable.

Quantity of such type is often of interest in chemistry applications. The end-to-end method is
summarized in Algorithm 1 (c.f. Appendix G).

We follow with additional discussion on the controlled path measure methodology put forth in
Section 2.



B.1 Kernel Method

Without NN, we can solve (6) with Kernel Ridge Regression (KRR) by assuming b belongs to a
RKHS Hj. The benefit of this is that everything now becomes closed-form. For each s, denote

v (g, t) = %—bs(aft, t) as a vector field mapping R? x R to R?, where we have an extra t € [T]

S

dimension compared to [25] because we are working in path-space. Introduce the linear operator S
mapping the function v*® and path z* € C([0, T], R?) to a scalar hy(z%) — % ;\;1 hs(x7). Assuming
N trajectories, at each s € [0, 1], one solves

N
1 , ,

o iy 7 (S — 40+ @

by letting j(z%) := —J(a%) + & Zj\;l J(x7) that takes a path 2° € C([0,T],R%) as input and

outputs a scalar.

Lemma 1 (Kernel Method). KRR method for solving (6) with empirical samples, written in (23) for
each s € [0, 1], can be implemented analytically by solving a linear system of size N x N at each
t e [T].

Remark 2. The way we wrote it, it may seem that the 7" problems to solve are independent from
each other, but they are in fact coupled through terms like dx? /dt in the proof.

B.2 Equilibrium vs. Non-Equilibrium Thermodynamics

Our methods from Section 2, B.1, and the alternative “path-based drifts" discussed in Appendix B.4
below, being based on having the dynamics exactly following the interpolation curve, are equilibrium
methods. Alternatively, one can use the annealed gradient d, log 74 (x) from the SPDE, together with
MH adjustment, as a time-inhomogeneous transition kernel, followed by weighting on the samples
to track the 74 curve (Algorithm 2). Since the MCMC dynamics alone does not impose ps = 7,
exactly (a single step of MCMC with changing target will result in a delay), these fall in the category
of non-equilibrium methods. The result below bears a resemblance to that in [31, Section 4], and is a
generalization of Jarzynski’s equality to path space.

Lemma 2 (Time-discrete Jarzynski). The analogue of the Jarzynski equality in discrete time in path
space is: for s € [0, 1] along the Algorithm 2 dynamics

s/8s

M
Z s 1 .
s = E ~rty (2 — J X dt ~ - 65 N J XZ
Z (Xo~me(2)) 1< [exp( /0 (X¢) )] i ;:1 exp ;:0 (X%)

exp(—Wis/ds)

where we obtain path X from X,_s_ using a numerical discretization of a SPDE dynamics leaving
7¢(x) invariant through MH adjustment, with Xy ~ 7o = P'¥ as initialization. Setting s = 1, the
average of a statistics h(-) over the path w.r.t the target Q(x) can be computed as

M h(X))e WX

M _win(Xi
Zj:le (X7)

on the final set of M trajectories { X} ]Ail, with n = 1/05 as the number of switching steps.

In practice, we also have to discretize the X, path along the [0, 7] physical time, as shown in
Algorithm 2 in detail. Some drawbacks of this non-equilibrium approach: (1) simulating SPDE with
MH in general is computationally intensive; (2) the weights may have high variance depending on
how fast 75 changes (compared to equilibrium methods, where each path has weight ~ 1 and the
switching can be faster).

We additionally give a discrete-time Jarzynski weighting without Metropolis adjustment (i.e., the
Markov kernel at each step doesn’t exactly satisfy detailed balance) in Lemma 3. This is closer to an
Annealed Importance Sampling (AIS) derivation, and corresponds to a general definition of a work
functional. Moreover, we note that in contrast to Algorithm 2 based on non-equilibrium dynamics,
Algorithm 1 is amenable to importance sampling for correcting a potentially suboptimal drift bt #b*
since we always have the current path measure in analytical form, whereas the marginal density along
the SPDE dynamics is generally intractable.



B.3 Missing Derivation

We give the two missing proofs from Section B.1 and B.2 below.

Lemma 1 (Kernel Method). KRR method for solving (6) with empirical samples, written in (23) for
each s € [0, 1], can be implemented analytically by solving a linear system of size N x N at each
t e [T].

Proof. Fix a particular s. Using the fact that the operator S is linear in v if we view it as a function
v¢(x) indexed by ¢, we derive the solution to KRR for each ¢, following section A.1.2 from [25]. The
adjoint satisfies

(¢, Si(ve))n = (SFe,vi)n, Vo, € HE, c e RY
implying for ¢ € RY, using the definition of h,

N

* 1 1 iy _ 1 i iy _ dzi
Sie= N ; (vaik('axt) - ik('axt) (bt(xt) - dtt>) Ci -
for any ¢ € R™. Therefore the solution (parametrized by N, \) is given by
vf =S (Myxn +S:S)) gy = Sfe, (24)
Wthh takes {73}, € R? as input and output a R%-valued vector. Above ji[i] = —Ji(x}) +

N ijl Jt(xt), i € [N]. Here the linear system to be solved in (24) involving S;S;" that maps
R? x R to R can be evaluated to be

. T - T i
. 1 ;o dri PN | PR i i drd
5570 = - (wteh) = G) Vopntatiady + 3 (ieh - ) wadad) (btm - )

dt

1 N del\ ,
+va§vmgk(zt’xt)_iv k(xtaxt) bt( )_H ,ZG[N],.]E[N]

for the corresponding kernel k(-,-). (24) is a linear system of size N x N given N empirical
samples/trajectories {z:} | at each t € [T']. The resulting (v} ); from above can be used to update
the drift (b;); and generate new trajectories for solving (23) again at a new s, with possibly MCMC
steps in between. O

Lemma 2 (Time-discrete Jarzynski). The analogue of the Jarzynski equality in discrete time in path
space is: for s € [0,1] along the Algorithm 2 dynamics

s/8s

s s
7= Botemon.e, [ow (- [ I000a)| ~ Zexp =36
0 t=0

exp(—Wis/ds)

where we obtain path X from X,_s_ using a numerical discretization of a SPDE dynamics leaving
7¢(x) invariant through MH adjustment, with Xo ~ 7o = P as initialization. Setting s = 1, the
average of a statistics h(-) over the path w.r.t the target Q(x) can be computed as

S R(XE)e WX

M _win(xi
Zj:le (X7)

on the final set of M trajectories { XJ Y. |, withn = 1/8, as the number of switching steps.

Jj=r

Proof. Fix a switching with n := s/, steps, the proof follows closely the derivation in [32, Remark
4.5]. The MH adjustment on top of the SPDE dynamics makes sure the estimator is unbiased, i.e.,

Z. s/8s

Z—O exp Zé J(Xt)
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even with the & algorithmic time discretization. To see this, note the probability to observe a sequence
of path Xy, X1, ..., X,, under the dynamics is

n

(dX) = 70(dXo) [ [ Pr, (Xi-1,dX;)

i=1

where the transition probability P, (X;_1,dX;) leaves the path measure 7;(z) o< exp(—I(z) — 17 -
dsJ(x)) =: exp(—V;(x)) invariant. Therefore

exp <_ ;55 . J(XJ)] = / 11 exp(—Viy1(Xs) + Vi(X;)) II(dX)
n—1 n

exp(—Vi(Xo)) [ exp(—Vipa(X3) + Vi(Xi)) [ ] Pr. (Xi-1,dXs)dXo
i=1 i=1

Eixyr,

Zo

n—1 n

/ [T exp(Vara (60 + Vi) ma( @) T P (10

=2

since by the invariance of kernel P, on 7;:
/eXp(—Vvi(Xi_l))Pﬂi (Xi—17 dXi)dXi_l = Zlﬂ'z(Xm) .

Inductively using the same argument gives

Eixiye, [GXP <— Z5s : J(Xi)>

for which we approximate by averaging M empirical samples in practice. To report the average of a
statistics h over the path, using importance sampling we have

7'rn X M PN 7 7o % J
i/h(o:)ﬂ (z)dx = Jhx P gxgdp"(X) N > =1 h(X3)e W)

T (X ~ M _Wimn(XJi
éX;dpn ) Z:j:le Womx?)

with M independent walkers / trajectories. At final step n of the algorithm, each trajectory j € [M]

has individual weights as
o 7Wj,n
w; =€

where W denotes the work along the MH-adjusted SPDE dynamics. [

Without the adjustment step in the Markov transition kernel, one can update the weights in discrete-
time Jarzynski as follows.

Lemma 3 (Time-discrete Jarzynski without detail balance). With the discretized Gaussian SPDE
proposal as in step 5 of Algorithm 2, the weights can be calculated along the dynamics as

1

exp(A1({Xs}sepo,1))) = exp (—1(X1) — J(X1) + 1(Xp)) H
s=0

such that Elexp(A1 ({Xs}sef0,1)))] = 71/ Zy when initialized at Xy ~ P'¥. Here Zy, Z, are the

normalizing constants for the discretized prior exp(—I(X)) and posterior exp(—I1(X) — J(X)) in
the physical timet = 0,6, ..., T, as defined in step 6 of Algorithm 2. Moreover, (25) implies that
statistics h(-) over the path space can be estimated as

Yoy h(X}) exp(A1 ({ X }ae o)
Zi]\il exp(A1({X}se0,1)))

TS(XS7 Xs—és)
Tsfés (Xsfés ) Xs)

(25)

with M trajectories.

11



Proof. This is a generalization of Proposition 1 from [10]. Define the backward and forward Markov
transition kernels of Algorithm 2 over the path space as

1)
TS(XS,XS_(;S) X exp (—4(;||LXS_5S — RX,+ MS(XS)(;S”Z)
and 5
Te s, (Xe 5., Xs) o exp (—4ng5 — RX, 5, + M,_5, (Xsab,)ésuz)

where © = —sVV in the definition of M. Then

Elexp(A1({Xs}sep,1]))]

_ /RT exp (~1(X1) = J(X1) + 1(Xo) [

s=0

Ts(Xsa X575S)
Ts—6 (Xs—6s ) Xa)

1
eXp(_I(XO)) H Tsfiss (XSftssts)dXO A Xm
s=05

s

i

I
=
i
>
|
3
S
ISH
e

7 eI - ) T] 7

s=05
= 75! /dT exp (—1(X,) — J(X1))dX, = Z; ' 7,
R

with n = 1/ as the number of switching steps. Above we used the fact that T is a normalized
transition density for all s. (25) is a discretization in both the algorithmic and physical time (captured

by I, J rather than I, .J that’s defined over continuous ¢ € [0, T). O

B.4 Alternative Equilibrium Schemes

For exactly following the 74 curve, one may be tempted to learn the drift term in the SPDE (16) as a
replacement for ¢, log Q(z), in order to enforce this requirement. This will give a method similar to
[25], but here with v mapping C([0, 7], R?) to C([0, T], R%):

! ”
“V - (ms(x)vs(x) = mg () (J(x) — Em(m)[(](x)]) = Oy (26)
or equivalently written as the Stein equation (which is oblivious to normalizing constant)
Viogm(a) (o) + V(o) L Jw) = [ @)ans @)

and update trajectories as

dxs/ds = vs(xs), o ~ 0.
This method will directly move the trajectories instead of updating the drifts b° (as we do in Section 2),
and is closer to an interacting particle system, if we heuristically work with an implementation on
(27) as (the density m,(x) here should be thought of as a joint distribution over the R¥*T space,
flattened):

N N 2
arg min E Valogms(x®) - vs(z') + V- vg(x*) — (J(xz) -5 E J(gﬂ))] for z' ~ g

i=1
- | (28)
xt = xt + s - vs(a?) Vi € [N]

that moves trajectories so that the updated {z?}*=1+N ~ 7 . s . Note that the vector field

vs(x?): RXT s RIXT means we are modeling the joint distribution over the temporal dimen-

sion, as well as the spatial one. However, solving (28) means we need to keep N x R% x T in memory,

compared to our NN approach in Section 2 that keeps #NN parameters in memory. If one considers

Fisher-Rao/Birth-Death on the trajectories with (26) (which attach weights to the trajectories based

on .J), the memory footprint is similar. In Algorithm 1 we pay for compute in terms of re-generating

trajectories after each annealing step, but recover the by drift prescribing the behavior of the dynamics

as an output. The proposal above, on the other hand, does not keep the intermediate path measures in
the SDE form.

On the other hand, using [1] with a PINN objective imposing (27) does not need interacting particle
system, but will require re-simulating paths with the updated v, at each step and solve a rwo-
parameter loss evaluated on the trajectories. We remark that Algorithm 1 from [1] also leverages
explicit “annealing" w.r.t the changing potential (assumed known), in addition to the learned transport
Vg part.

12



C General Reduction and Eulerian Solver

We begin with a remark on the general approach adopted in Section 3, followed by the proof of our
jointly convex reformulation involving ¢;, m; from Section 3.1.

Remark 3. There are some degrees of freedom in the objective (7)/(8) by picking different decompo-
sition of Q*, e.g., using Brownian Bridge as P™! with .J from (20) and u*'(z;) from (21), in addition
to the choice of P™! as a prior, and .J the likelihood given by observations as in (4).

Proposition 1 (Convex Reformulation). For a general reference uff ' # 0, (9) is equivalent to

T 2 2
1 I o 1

min / / - ’ ﬁ(gc,g) — (u = ViogP)(z,)|| + = | Vlog q—rtef(:lct) + Ji(zy) | q(zy)dadt
qe;me Jq Rd 41| q; 4 ]P’t-

1 qar

+ = qr (IT) lOg 7ref('rT) dCCT

2 Jra P

s.t. Owqr = —V -my, qo = po- (10)

When the reference process P/ is in equilibrium (i.e., IP"ff = v o e~V Vi) the problem reduces to

o ) L
min —
qt,m¢ 0 R4 4

s.t. O0yqr = —V -my, qo = po 1D

2 ;
+3 HVIog ;t(:vt)

my
—(x
Qt( t)

2 1
+ J; (xt)] gt () dedt + 3 /d qr(zr)log qu(:vT) dxr
R

In this case, py = v = P for the initial distribution.

Proof. We give an argument here that is slightly different from Eqn (4.31) in [13] and [17]: let
dXt = uff(Xt)dt + \[2th

with any fixed, arbitrary initial distribution, where we denote its marginal density as ;. Now rewriting
the constraint in (9), we have (introduce the variable v; = b; + u*' — V log ¢;)

0sqt = =V - (q:v¢), qo = po -

Similarly for the objective in (9), a change of variables gives

1 2
L 3ot + e e as
_ /R [411 lor(2) — wf(2e) + Vog Ge(we) + Viog ge(e) — Viog (we)||* + Je(we) | ge(we)d

Let v, = u® — Vlog ¢;. The cross term organizes into

1

3 [ |00 @9 i0s 2 )| aorae = 5 GKL@la)

which upon time integrating over [0, 7] gives %KL(QTH@T) if g7 is not fixed and gy = g9 = po.
After identifying m; = g, vy, this gives (10).

If u'*f = —VV is not time-varying, and assuming we initialize gy < e~V =: v at stationary, then
q: = v is fixed, and we have

1 1d

5 [ (0@ V108 L) o) = 5 ZKL@ ).

therefore time-integrating the cross term gives us $KL(gr||v) — 2KL(po||v), where the second part
vanishes, which gives (11). O

Before offering the details of our Eulerian solver, we begin with some motivations.
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If we split (10) as follows, one can view the highlighted red part as encoding the geometry (i.e.,
defining appropriate notion of shortest distance between 2 distributions over the probability measure
space) and the rest as the “objective" function for the (g;); dynamics.

gﬁﬁ [{,
L

st. 0iqr = =V -my, qo = po

m,

— (Ul — V1log PN (x4)

2
] qi (¢ )dxdt

(1)

HVIog

2
1
)|+ o) | alodedr+ 5 [ arar)log 25
P’ 2 Jou

More specifically, since the first part depends on both gz, ¢; = m/q; = v, while the remaining part
depends on ¢; only, for a given ground cost L(-, -) over Euclidean space, if we define

Wr(qo,qn) : lnfmf/ / (xs,vs)ps(xs) dxsds  s.t. ps ==V - (psvs), Po = o, Pr = qh
]Rd

pPs Vs
(29)
then we may propose to iteratively solve

Gi+n < arg min - Wr(q, q) +h / [ HV] og —— (x)H2 + Jt+h(w)} q(z)dzx . (30)

q€P(RY) Pref

F(q)
for time stepping across ¢ € [0, T'| with time step h.

Choosing L(zs, vs) = 3|lvs(x,)]|? in (29) recovers the W, OT distance used in the reduction (12)
for (11). One can view (29) as a dynamic definition of a new metric. Here, again, we use the
interpretation that given a curve of optimal densities for (10), the optimization over v; (equivalently
my), done in the red part, is simply solving an OT problem between the neighboring marginals, using
a special cost. This elimination of v; (equivalently m;) turns the problem into a single-variable
optimization over the (¢;); curve only and provides a good approximation when A is small (we
elaborate on this in Appendix F).

C.1 Low Dimensional Case: Composite Optimization for (10)

For the most general case (10), since the resulting optimization is jointly convex in the variables — the
system in (10) should be contrasted with Theorem 1 in [16] — one may discretize the space and apply
convex optimization methods on the resulting objective.

The formulation in (10) requires V log P¥f for the reference process, which we typically don’t know
analytically. But assuming (1) one can sample from the prior trajectories; (2) u'*f = —VV; takes
gradient form, an Action Matching loss [23, Algorithm 1] can be used to learn th1s where we expect
Vsi(z) = —VVy(z) — Vlog P*(z). In the case of TPS with the Brownian bridge as reference, we
have V log P¥*f(z;) = — = tA analyt1cally available. [29, Lemma B.1] gives another way to compute
this score, which also only requires simulating from the reference process and fitting a least squares
objective.

With (10) in mind, we can adapt the iterative procedure in [11] to solve this convex problem via a
primal-dual method (a related Augmented Lagrangian method for WGF is also considered in [6]).
Our method reduces to minimizing a finite-dimensional composite objective of type

min ®(y) + U(Ay)
Yy
for each time stepping from ¢ to ¢ + h — therefore we solve in total 7'/ h problems of such type. Above

®, U are both convex functions that admit an easy-to-compute proximal operator. Departing from the
min-max formulation [24], this is generally simpler, with convergence ensured.

Now we are ready to proceed with the approximation (30) and the definition (29) to design our
Eulerian solver. We preface with a definition.

Definition 1. An important convex set K that will be repeatedly used is

K:= {(a b)eERxRY: a+ = b||2<0}

14



The convex conjugate of the characteristic function of the set xx(a,b) = SUD(q,5) e clar +bTm} =

2
%ﬁ)r (r,m) € R x R is its support function.

Without loss of generality, consider the first go — g5, step. We approximate the Wr,(qo, gr,) term,
similarly as done in [11] as

— 12
. m _ re re
Wr(q0,qn) =~ %f { / 7”2q|0| (z) — mT(glc)(uof — VlogIP’Of)(:c)

1 _
+ §||u58f(:r) — Vg P5(2)|%qo(x) dx: gn —qo = —V - m}
This relies on the fact that if o, gj, are close, the momentum m in the definition of Wp,(qo, gr)
becomes almost s-independent, which we denote by m above.
Now introduce notations that group known/fixed quantities together: let

X h X
g9(x) = ug'(x) = VIogP§'(x), fu(z)=2-Jn(z) + 51V 1og Pif(@)[” + I - Alog Py'(x)

and using the representation of Fisher information in (14), the problem reduces to solve the following
convex problem (for some constant C')

m 2
int [ o) — T @)gta) + fa@an@ran + €

+  sup /h (@)an (@) = V- B(@)qn(2)) + on (@) (qn() — qo(x) + V - m(z))dx .
ns(a,B)EK

It implies from optimality condition on ¢y, 7 that

1 1
m(z) = qo()[g(2) + Von(2)], alz) = —7fu(@) + V- B(z) — £ on(z).
Plugging it back in and flipping the sign, we end up with solving
1
int 5 [ 190n(@) + 9(@) Pan(a)de + [ on(@hao(o)ds
bn.8 2 Jra R G1)

1 1
st (7-80) - £l) — onle) B)) X v € R,
And the resulting updated ¢;,, v, can be recovered as

qn(z) = qo(z) — V- (qo(x)[Vor(z) + g(x)]) and wvp(z) = Vop(z) + g(z). (32)

Problem (31) can now be solved using the Chambolle-Pock algorithm similar to what’s done in [11].
As a splitting scheme for alternatively updating the 2 parts of the convex objective:

mzin O(z) + U(Az)

we write for z = (¢, ) and Az = (V- 8 — ¢4, B):

8) = 5 | 1960 +o@Pa@de + [ on@an(e)ds,

0, if(21(2),2(z)) € Ki/p.p,, for each z € RY
00, otherwise

U(Az) = U(zy1,22) = {

where we overload the notation so K. = {(a,b) € R x R?: a + £[|b||* < ¢} for some known
constant c.

In order to run the iterative update prescribed by Chambolle-Pock (for & > 1, some stepsize o,d > 0,
and initialization y° = u° = 20)

Yt = Prox, g« (y* + oAuF)
2P = proxge (2 — SATyF T (33)
e B S
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we only need to know the prox operator for ®, ¥; since proxy. = I —proxy, follows easily. The prox
operator for ®(z) involves solving a linear system on ¢, which returns proxsq (¢o, 50) = (¢, 5o)
where ¢ solves at each x on the grid:

¢+6-D(D-dgo) = do — 6 g0 — 6 - D7(90) -

Above D is a finite difference operator with grid spacing 7 in each direction, and — D7 approximates
the divergence. The other prox operator for W is a projection onto the set /C that is separable across
space (turns into a 1D problem) and explicit [4]. It remains to work out A* for running the update
(33): since (y, Az) = (A*y, z), we have A*y = (—1/h - y1, —D,y1 + y2) in this case.

We have seen how to advance t = 0 — ¢t = h for approximately solving (10) — the whole process
can be sequentially repeated until time 7" since we have the density ¢(z) explicitly computed (and
maintained) on a fixed grid over R4 at each step (c.f. (32)).

The method above, though NN-free, requires updates on a fixed grid in R (since it uses an Eulerian
representation of the discretized density over space), so may run into scalability issues in high
dimension.

D Additional Details for Section 3.2

Below we give the second Lagrangian approach based on (12) in Section D.0.1, and provide further
justification of the reduction from (11) to (12) in Section D.0.2.

D.0.1 Interacting Particle System

To understand the iterative scheme (12), which is better termed acceleration in Wasserstein geometry
with I(g; v) functional, we see that although one description on the optimal marginal density evolution
in P(R?) is through the pair of PDEs Fokker-Planck (evolved till time T):

Ohqr = —V - (qe(by + u™) + Age, g0 = po
and HJB on b; (18)-(19) separately, it is more convenient to work with the following.

Proposition 2 (Optimality Condition). The Euler—Lagrange equations for (11) over [0, T] take the
more suggestive coupled PDE form (also implies the optimal V0, takes gradient form)

Ovqr = =V - (¢:V0y), qo = po, Vo = bg

1
00 + §\|V9t||2 = =2(AVq) /@ + 20V v /v + 2,
2Jr(Xr) + log qu(XT) + 07 (X7) =0.

Therefore fort € (0,T), the solution to (11) obeys

Xt - Vet(Xt)
v 00,(Xy) 1 2| _ AL/q; B Ay B
X, = v{ o VX } - <2v N 2V 7 QVJt) (Xy) (34)

1 1
=-V (A log gy + 5[[Vlog al? + AV — 5||VV||2 - 2Jt> (X¢) = —VF(q)(X;).

This implies in (34) we are accelerating with force field F' as in Newton’s law X; = —V F(q;)(X3).

Proposition 2 gives a proper meaning to acceleration on the particle level. Compared to OT that gives

constant-speed geodesic X; = 0, here we have that acceleration is given by both the gradient of the
spatial potential and an extra “potential energy" term from the KL functional ||V, KL(q[|v)||? =

I(q;v). In the absence of J and the terminal constraint, one expects ¢ — v asymptotically.
Written in integral form, the trajectory of the particle is therefore given by (X¢ ~ po, VO (Xo) =~ 0)

X = Xo + hV8(Xo)— /Oh /0 VE () (X, dids = Xo + hV00(X0) — [ TE(g)(X0)(h — 1) dt.

0
(35)
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To numerically simulate (34) to approximately follow the optimal marginal density curve g;, one
can kernelize the gradient field in (34) with an interacting particle system. The nonlinear term,
V(A/q/+/q), which corresponds to VO R(q) [18], at first glance, poses a challenge for estimation
with samples from ¢; only, but similar linearization ideas as earlier can be used here for approxi-
mation. In particular, the relation (14) shows that 6 R(¢:)(x) = a*(x) — V - 8*(z) from Danskin’s

Theorem, where o*(z) = —1|Vloggq (z)||?, 8*(z) = Vloggq(x) — this representation of the
first Variation can bypass density estimation and becomes amenable to particle implementation via
K. VéR(q)(2) = [ K(x a*(x) — V- 5*(x)]q(z)dx that can be used in V F(q;) for running

the 2nd- order ODE dynamlcs (35). More details can be found in Appendix E.1. Compared to
Algorithm 3 from Section 3.2.1, the benefit of this approach is that we don’t need to fit a NN since
everything is analytical, although we expect the performance to hinge on that of the kernelized
gradient field approximation.

D.0.2 Entropic-regularized OT and Alternative Approximation

To better interpret the methodology proposed in Section 3.2.1, D.0.1 within a broader context,
re-writing (11), between ¢ € [0, h] our method solves (assume J consists of §-functions as in (4))

min / / 01 ()| () |zt / / 19108 L) 4 27,0) | a0
qe[o,h] sVt 2h

1 h 1
~2h<h I qt<x>vt<x>||2dwdt)+h- [ 31V 108 2 ) Pan(on)do + 2 [ T(enan(zn)iz
0 Rd v
(36)

subject to continuity equation and gy = pg. In (12) we used the 2nd line as approximation (af-
ter rescaling). But a different grouping on the Ist line leads to (using argument very similar to
Proposition 1, also see [15])

= min { min  {KL(|[Ro,n)} +KL(pol|v) —KL(QhHV)+2/Jh($h)%($h)d$} (37

qn mE€I(po,qn)

Cn(posqn)

where Ry, is the joint law at time 0, h of the reference SDE with invariant measure v. From [15,
Eqn (1.10)] we have that in the short-time limit

1 h? ! 0
BGulp0os) = 500 a1) + WKL) = KLpol)) + 55 [ [ 1V 108 2 Pabieda-+o(n?)

(%) ~h2-1(qn;v)

(38)
for (¢?); the (unique) Wasserstein geodesic between py and qj. Dividing by A, this recovers (36) and
justifies the derivation in (12), giving a quantitative bound on the approximation.

It is clear that with formulation (37), we only need to solve at each new observation time {tk}szl -
since without the .J term, its solution is given by ¢, = v if pg = v. For reversible Brownian motion
W as reference (i.e., v = Leb), (37) amounts to solving between 2 observations (after cancellation):

Qti+1 — arg IIlqul W22,t7¢+1—t7¢ (qv th‘,) + F(Q) (39)

with entropy-regularized W, distance
1 . )
W2, . (¢,q.)= min /733— 2drt(x,y) + KL(7%|qe. ®
Srmn(a) = min [ sl gl (2, ) + KL, ©)

as the distance-inducing metric and the likelihood 2 | J(2)dg(x) term as the objective functional

F. We give methods for implementation with this objective, along with additional discussions in
Appendix F. While (39) has a simpler objective than (12), it does not admit a push-forward map
solution (15) or modeling by ODE dynamics (34). Nevertheless, the sequential reduction implies
that we still track the {g; }; dynamics as a consecutive optimization over P(R? x R%), instead of a
multi-marginal problem on the joint space P(R%)%
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Remark 4. The more serious concern for this regularized-OT approach (39), compared to Algorithm 3
and Proposition 2 that only require V'V, is its generalization to u™" # 0. Importantly, we show both
W3 and I(q; v) are easily estimable in Algorithm 3 with empirical samples. In (39), although we can
time step across ¢ € [0, 7] with a larger interval ;11 — ¢, and it’s expected to be more accurate, the
inner optimization W22,ti+17ti is not easily solvable without knowledge of the analytical transition
kernel of the reference process. And the only asymptotic one may resort to is g, ;,,, — ¥ ® v as
ti+1 — t; — oo, which is too loose for most practical purpose. In contrast, in (12), we pay the price
of having to do smaller step-size h between adjacent marginals because of the o(h?) approximation
resulting from evaluating I(q;; v) at a single marginal instead of along the entropic interpolation, but
if h is small, even the first term (%) in (38) involving $)V3 furnishes a o(h) approximation [15].

E Missing Derivation for the Two Lagrangian Methods from Section 3.2

Below we give the details for our two Lagrangian methods from Section 3.2 — we begin with the
Fisher Information Functional estimator used in Section 3.2.1 and Algorithm 3.

Lemma 4. Given n samples {x;}?_ | ~ q, one can efficiently estimate the Fisher Information

finctional as () ~ L S, (&2 Met) for o ~ M(aso0®1).5 = 1...om, and o a

bandwidth parameter.

Proof. Notice the optimization (14) becomes essentially 1D and separable across grid points, if we
approximate

25% R~ —Zé ) * N(0,0° %ZN($1,02I)($) for {z;}I' .y ~ @
i=1

with a bandwidth o, so
n

Vi(z) ~ % S I N (@, 0PI ()

; o2
1=1

This makes V§;, and therefore R(q;) amenable to estimation given i.i.d samples from ¢;. For solving
(13), we sample y;’s from Gaussians centered at {z;}}_; where z; ~ ¢;(z), and return

[ vawsw) Z [N o D = S ),
. 1 ) 1 «
/a(y)qt(y)dy = Z/a(y)/\/(wm D(y)dy ~ ~ Za(yj)

so estimating R(q;) in turn becomes solving on the (random) n-point grid y; ~ N (z;, 02I)

n T n
. 1 i — T 1 i — zi?
R(§) =~ sup Z{(—y = ) ﬂi—Fai} = HZ%. (40)

(ci,B:)ERxRIER,Vi TV ]

This can also be seen as a consequence of Stein’s lemma: E[(X — u) " 3(X)] = E[V - B8(X)] for
X ~ N(p,I) on (14). In practice, a scheme that involves multiple samples at each z; point as

Yl ~ N (i,0%1),7 € [m]

maybe more accurate. O

We’d like to emphasize that the estimator given in Lemma 4 is much simpler than what one would
get by plugging in a density estimator ¢, for ¢;, and compute

Rla) ~ B = 5 [ 19108 (@) i(e)d

directly. And this convenience crucially hinges on the variational representation (14).
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E.1 Missing Proofs for Section D.0.1

The core result on which our interacting particle system is based off is given below.

Proposition 2 (Optimality Condition). The Euler—Lagrange equations for (11) over [0, T] take the
more suggestive coupled PDE form (also implies the optimal V0, takes gradient form)

gt = =V - (¢:V0y), qo = po, Vo = bg
1
00 + §\|V9t||2 = —2(AV@) /@ + 20V v/ + 20,

2J7(Xr) + log %T(XT) +0r(Xr) =0.
Therefore fort € (0,T), the solution to (11) obeys

Xt - Vet(Xt)
o o [o0(x) 1 0 oAVE A
X, = v{ ot IVeX)] } = <2v N 2V 7 QVJt) (X,) (34)

1 1
==V (A log ¢+ + §HV10g @l* + AV — §||VV||2 - 2Jt> (Xi) = =VF(q)(Xe).
This implies in (34) we are accelerating with force field F as in Newton’s law X; = —VF(q)(Xy).

Proof. We multiply through by 2 to make the final expression cleaner. Writing out the Lagrangian
for (11), we have using integration by parts:

T
. 1 1
min max / / [2||vt(Xt)||2 + §\|V10g %(Xt)||2 + 2Jt(Xt)] qr(Xy)d X, dt
0

qt,V¢ XAo,0t

- /T /(8t9t(Xt) Cqe(Xe) + VO(Xy) Tor(Xe) qe (X)) d X dt
+/9T(XT)qT(XT)dXT*/90(X0)QO(X0)dXo

+/)\0(Xo)((I0(X0)*PO(XO))dXo+/QT(XT)10gq7T(XT)dXT

Now the optimality condition for v, implies
’Ut(Xt) = VGf(Xt)

and optimality condition for ¢; can be worked out using the first variation of 67(g;) from [18], where
I(qy;v) is regarded as a potential energy involving the density:

1
Sq1(qi;v)(Xe) + §||’Ut(Xt)||2 +2J4(X1) — 010,(Xy) — VO,(Xy) "oy (Xy) =0 (41)

which putting together with the previous equation yields the claim. Other parts are straightforward.

The continuity equation, which comes from the optimality condition for 6, implies that along the
optimal dynamics, particle moves with velocity field V0,(X;), which upon taking another time
derivatives suggests the particles accelerate as

. 00
X, = Va—;(Xt) + V20,(X,) VO (Xy) -
Direct calculation gives the equivalence to (34) using the derived PDE optimality condition (41). [
Armed with this, we can simply run a deterministic 2nd order ODE dynamics for simulating particle
trajectories with the force field —V F'(¢q;) from Proposition 2, which consists of a linear part involving
J and a nonlinear part involving I(g; v):

h s h
X5 = Xo + hVo(Xo)— /0 /0 VE(q)(X,) dtds = Xo + hV0o(Xo) — /0 VE(q) (X)) (h — t) dt

h
V6 (Xn) = Vo(Xo) - / VF (g,)(X,)dt

Upon time discretization it allows us to trace the optimal density curve.
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Kernelizing the vector field With the force field depending on g, we resort to an interacting particle
system for executing this proposal. This is again, where the relation (14) for the Fisher Information
functional becomes extremely useful, since naively it is not clear how one may estimate terms such

V(Ay/q/+/q)- In particular (14) shows that 0R(q;)(z) = a*(x) — V - *(x) from Danskin’s
Theorem, where o* (z) = — ||V log ¢;(2)||?, 8*(x) = Vlog g:(z). Therefore the kernelized vector
field evaluated at any z € R? is

[Kq. ViR(q1)](z) = /’C(x —2)V[a*(z) = V- 8% (z)]q: () dx

= —/a*(m)V(lC(m — 2)q(z))dz + / V- B (@) V(K(z — 2)q(2))dx

= —/a*(x)(VIC(x —2)q(z) + K(z — 2)Vq(2))dz — /ﬁ*(ff)v [V(K(z — 2)qu(z))]dz
. / o () (VK (@ — 2)qu(x) + Kz — 2)Vay(2))da 42)

— /ﬂ*(x)v -VK(z — 2)g:(x) + 26" () VK(x — 2) 'V (z)de — /B*(m)/C(x —2)V - (Vg (z))dx

This suggests an implementation as

. . 2 A ; . ,
t+n = X +AV(XG) + 5 (KVER(G:)(X}) +2VJi(X])), i€ [n]
Veen(Xipn) = Vi(X7) + h (KVOR(6:)(X]) + 2V 1i(X}))

for

_! ié ~ li/\/'(x o?I)(z) withz; ~ q

n — T n - (3] T t

so the particle system with n particles will approximately follow the optimal (¢;);<7 curve with
stepsize h.

In (42), earlier calculation from (40) shows thate.g., [ o () VK (z — z)¢;(x)dz can be approximated
as

Lo~ [ Lxn gl —al?
L Kz — LoD (@de~ =S [ LS W mi g
D B UG )S 7 2
yNN(JL 021)[0 (¥)VK(y—=2)]
. (43)
since on a random grid {y; }; ~ N (z;,0%I) with z; ~ ¢, we showed
.0 ly! —@ill® ., 5y zi—y]
o (yf->:—T7 B (yf)ZT-

The only term that’s not in terms of g;, V¢, in (42) is the last one — the rest can be similarly estimated
as above. However, one can show that the divergence term also takes a rescaled Gaussian form:

v. z v (SN oD o)

RN et
:EZ_EN(:BZ»JQI)(:E)+ﬁ;TN((E“U2I)(IIJ),

=1

which makes the last term expressible as an expectation w.r.t a Gaussian mixture density — hence
readily estimable provided samples from {y! }; ~ N (x;, 0%I) for x; ~ g, as done in (43).
The additional KL part needed for the update at 7" can be kernelized as

/ K(ar —2)Vlog L (ar)gr (ar) dor = / ViK(@r — 2ar(er) + Koz — 2)VV (@r)ar(er) dor |

followed by replacing g7 with ¢r. This is similar to what’s done in SVGD [22].
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Compared to Algorithm 3 that leverages push-forward maps, this particular approach, although also
evolves a density over time through space, does not require NN training. Other particle methods for
implementing dynamics in Wasserstein space can be found in e.g., [12]. We note that most of the
literature focuses on Wasserstein Gradient Flow (a la JKO), whereas here we consider 2nd-order
dynamics.

Remark 5. A rewriting of the acceleration field makes it clear what the driving forces behind the
dynamics are:

Xi =V, (IVw.KL(gll2)[17 + Eq[J]) (Xe) -

Since the squared norm of the VV,-gradient for the KL divergence is the relative Fisher Information,
we expect the particles to undergo rapid speed change when either ¢ differs significantly from v or if
the external potential .J is exerting large force.

F Alternative Decompositions & Approximations with Entropic-OT

In this section, we give additional details on Section D.0.2. Our earlier reductions operate in the
space of probability measures P(R%) endowed with a Wasserstein W, geometry. We explore other
geometries here.

As mentioned in the main text, with the grouping (37), we can afford a larger time-stepping, i.e.,
solve between each adjacent pair of observation time {t;}# | — this is different from the o(h?)
approximation error we incur when using W,. For reversible Brownian motion W as reference, it
becomes iteratively solving between 2 observations:

Gty < arg erg%n 4y W22,t,;+17ti (QaQti) + Q/Jti+1(x)Q(‘r)dx (44)
q

F(q)

with entropy-regularized quadratic W, distance
1 . _
Wi, . (qq,)= min /71’— 2drt(x,y) + KL(7"|qe. ®
fraen@a) = i [ ool ylPdr e,) + KL, @ )

as the distance-measuring metric and the linear likelihood term as the objective functional F, which
is arguably simpler than that based on (12)

1 1
e - ang win, Wi .0+ b [ 5 1V1og (@) Pate)de +2 [ an(o(orts

F(q)

involving I(q; v).

Eulerian Method Using ideas from [28] gives a proximal splitting first order method in low
dimension for (44). It results in a sequence of Sinkhorn-like updates on the dual potentials. But being
confined to a fixed grid, such methods will run into scalability problem in high dimension.

Lagrangian Method One candldate here for 1mplementing e.g.,t =t; = t;+1 update in (44) in

high dimension can be: let ¢, = = Z =1 6{ be given as n particles distributed as g, , since the

first variation of ¢ — W22t —ts (¢, qt,) is the optlmal dual potential ¢ for the coupling, for iteration
k > 1 perform

; ) 1 ke )
2 kA 1) k] - (t,H_t,Vs&q‘i“( 2 k) + 2V, (2 ”l[k])> , jeln]

1
k . ~1 oA
Ttp1 = n Z(sm;f‘“[k] with Toigr = Gt -
j=1

) (45)
In the above we expect QQH — ¢4, the optimal solution of (44), as k — co. To get ¢ needed in
(45), one can solve an empirical Entropy-regularized OT problem, using its dual formulation: the
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-k
optimal dual potential p™i+1 for the marginal qu ., (with the other being fixed at g, ) solves

S p(X,) +(yy) — gl " :
argmax Y @(X;)H(Y))~ (i 1) exp = o for X~ G Y~
i—=1 v ?

From this we take the optimal {¢*(Y;)}}_;, and set

p* (Vi) —llz—Y; 12 /2

" 1
o (x) = —(tiy1 — - Z b1

to be the soft c-transform, after which we can take its derivative to get (with this expression z € R?
can be evaluated anywhere)

(Y —llz—Y;112/2

‘jf _ * _ Z;‘l:l(-r - Yj)e tit1—t;
Ve = Ve = (AR AL

n T =
Zj:le i+1—tq

in order to iterate the algorithm (45). It is known that the optimal potentials ¢*, 1)* are related through
soft c-transforms at optimality.

The procedure described above requires evolving n interacting particles over the iteration £ > 1 and
between each pair of time (¢;,t;11) € [T]. Each update k requires running the Sinkhorn algorithm
to find the optimal dual potential {1)*(Y;)}7_, for the updated empirical density ar .- Repeatedly
running such subroutines may not be cheap computationally.

But as already commented in Remark 4, the more serious concern here is that decomposition (44)
cannot be generalized when we don’t know the transition kernel of the reference process — the cost
function is fully determined by it.

Multi-marginal Schrodinger Bridge More generally, using [5, Lemma 3.4] on the KL(Q?||P*")
term in the second equation of (7):

arg min  Ege[J(z;y)] + KL(Q?||Prf),
Qe: QG_PO

we have that the objective over P(C([0, T], R%)) above can equivalently be written as

arg InlIl Z / Jt, Qf dI + Z KL q1»“t1+1 HRt“tlJrl Z KL %1 HRt

Qtl i
K-1
< arg mln Z / Jt qt ( dx + Z KL qtlvqt1+1)||Rt i1 9t ® qt7,+1) + H(qt ) + H(qt1+1)
(Itl i i—1
K—1 K—1
- Z H(Qtz) + Eq% [1Og V]
i=2 i=2
K
& arg {min Z / Ji, (x)qe, (v)dx (assuming Brownian motion reference)
qt; si 1
K-1 K

. 1 i i
+ Z ~__min /m”y—xwdﬂ (z,y) + KL(7" (|, ®Qti+1)+ZH(Qti)-

T E€TI(qe, ,qe,, ) i+1 el

SB(qt;,qt;,1)

This implies that the posterior sampling problem we consider can be exactly reduced to a multi-
marginal SB over the K observation times (i.e., joint minimization over {q;, } X ;), with additional
parts of the loss involving simple functionals on a single marginal only. However, beyond the simple
cases of e.g., Ornstein—Uhlenbeck or Brownian motion, it is not possible to specify the cost in
SB(qt,,qt,,,) (transition probability density of the reference measure unknown generally). Such
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approach, in the case of the Wiener reference, is adopted in [14, Theorem 3.1] where the authors
propose a mean-field Langevin algorithm to solve this reduced problem over the joint P(R%)% space,
after which one samples from the conditional Brownian bridge between each neighboring pair to
reconstruct the entire trajectory. Such a simulation is also challenging for the non-linear reference
process that we consider.
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G Pseudocode for Algorithms

The algorithm we use for learning the SDE drift {bs(X},)}sc[0,1] from Section 2 is provided below.
This is based on controlled equilibrium dynamics since it seeks to impose the marginal density

(m5)sefo,1] exactly.

Algorithm 1 Controlled transport from prior exp(—I(z)) to posterior exp(—I(z) — J(z))

1: Input: Initial samples from prior {X;};<1 € RIXT/0t 710 o exp(—I(z)) with Xy ~ po,
potential/reference drift — V'V, likelihood J over path, ensemble size K, anneal stepsize d

2: Input: NN parameterizing {0b5 /0s}s: % (x5,t,5): R? x [0,T] x [0,1] = R?

3: Set Ag = 0,bo(-) = =VV (")

4: for s=0tos=1 do

5 Simulate until time 7" for K independent walkers:

Xip1 =Xy + 6 - bs( Xy, t) + /204 - Gy Xo ~ po, ¢ ~N(0,1) (46)

Optional: Anneal w.r.t ms(X) o< exp(—I1(X)— sJ(X)) using SPDE (16)-(17) for a few steps,
starting from trajectories got from (46), output { X, },<7 with Xy ~ po
6:  Compute quantities evaluated on the trajectory

Ll ,
J —E;J({Xf}tg)

& Ot Xes, — X ! Ot
hz({th}tST) = Z _5' (bS(Xf7t) - +t5t> ¢9(Xf7ta S)_ZV¢9(Xf7ta S)
t=0

K
78 1 s
he = 7= > h({Xfh<r)
k=1
Solve for

K
¢’ « min Z By (X heer) = B + T({ X hier) = T°)

7:  Update the drift (can be evaluated any X, t)
bs+ss (1) =~ bs() + ¢9('a s) - 0s

8:  Calculate B
Agis, = Ag—6s- J°

9: end for
10: return exp(A;) ~ Z1/Zy as normalizing constant estimator for Q(x) and by (-)

We use a particular implicit discretization scheme for the s variable advocated in [7] below for
the non-equilibrium SPDE dynamics from Section B.2. This is an extension of Jarzynski-style
result to path space — the algorithm, for simplicity, is written for TPS in this case. The additional
Metropolis-Hastings adjustment can be used to eliminate the time-step error, as shown in Lemma 2.
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Algorithm 2 Annealed SPDE from Brownian Bridge + MH adjustment for TPS with weighting (built
on [7] with path x(¢, s) for (s,¢) € (0,00) x [0,T7)

1: Input: Initial Brownian bridge path 2(t,0) € R¥7/% ~ 714 with 2(0,0) = A,2(T,0) = B,
potential/reference drift —VV', ensemble size K, anneal stepsize d5, physical time stepsize d;

2: Set Ag =0
3: for s=0tos=1 do
4:  Set the current potential to be u = —sVV
5:  Using the discretization in physical time: for A the discrete Laplacian matrix
-2 1
1 -2 1
P
of
1 -2 1
1 -2

x(t,s) 1 1 1 2 OW
P §A$(t, s) — iu(ac)Vu(x) — §V(V ~u(z)) + \/;85

We update with discretization in algorithmic time as (for ¢ ~ N(0, I)):

(I - 3(5514) x(t,s+6s) = (I + 36514) x(t,s) — %u(m(t $))Vu(z(t, s))0s — %V(V ~u(z(t, s)))ds

———— ———
L R M (z(t,5))ds
205
+ 5, ¢

with boundary condition (0, s 4+ 65) = A, x(T, s + d5) =
6:  MH adjustment: compute transition density

q(s = s+ d5) o exp (—465||Lac(t7 s+ 6s) — Rx(t,s) + M(z(t, 5))58”2)

Accept with probability (otherwise stay at x(t, s), i.e., (t, s + ds) = z(t, s))

a = min (1 m(@(t,s + 0s))q(x(t, s +0s) — x(t, s)))
m(x(t,s))q(x(t, s) = z(t, s + 0s))

where 7(z(t, s)) o

T/t 1 5t &
exp(sZ(HVV( (ts))||2+ ly. —VV (z(t,s) >5t ZZ tsTAxts))>

t=0

J(z) )

for 2(0,s) = A, (T, s) = B. The first part is discretization of (20). Second part for (22).
7. Calculate weight
Agys. = Ay — 05 - J(x(t, 5 +8,))
8: end for
9: Repeat Line 2 - Line 8 for K times to get K independent estimator A}, A2 ... AK
10: return + Zszl exp(A¥) =~ Z,/Z; as normalizing constant estimator for Q(z)
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The Lagrangian method from Section 3.2.1 for approximately following the Wasserstein dynamics
is parametrized by a sequence of push-forward maps, and outlined below. The randomized I(g; )
estimator here is built with Lemma 4. Note that the algorithm only requires knowledge of VV, v.

Algorithm 3 JKO with pushforward map V¢? for solving (11) based on the proposal (15)

1: Input: Initial samples {X{}™ ; € R? ~ pg, potential/reference drift —VV with stationary
distribution v = pg = qq, likelihood J; over path, stepsize h, small o2, m

2: Input: Input-convex NN parameterizing pushforward map ¢?(z;,t): R? x [0, 7] — R

3: for t=0tot =T do

4:  Given current ¢°(-, ), and samples { X }7_| ~ g, let X7, = V¢’(X], 1)

5:  Compute the following quantity on the n particles:

n

£ = 5 3 (Aot + HITVXELIR)

i=1

With the current samples { X/, , }7, generated from ¢°(-,t), draw Y7 ~ N'(X},,,o2I) for
J € [m] times and compute

LY X
0 [ _ t+h
RI(Xiyn) = ™ Z ZT
Jj=1
6:  Solve for
0 11 i 2, 1 - 0(yi 2 i 9 i
@7 (1) ¢ argmin Wﬁz( tn — X{) +;Z RI(X{n) + EJt+h(Xt+h) +L({X¢n})
i=1 i=1
47)
7. ift =T — h then 4
8: Add additional term 3" | log y(l)/;f) to the loss (47) with samples X! =
. T
VoT w(X7 )
9: endif

10:  Update the n particles with the output ¢¢ from (47):

Lon = Vo' (X[ 1) so {X] 3y ~ qeen
11: end for
12: return V¢!(-) forall ¢t € [0,7]
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H Numerics

To test the efficacy of the proposed schemes in practice, we conduct a series of numerical experiments.
Our implementation is in Python, using the JAX library. '

H.1 Implementation of Algorithms from Section 2

We parameterize % as a neural net. Concretely, it is chosen to be a MLP with two hidden layers of
dimension 20 and 30, and ReLU non-linearities. Recalling that at a fixed s, % takes input (X4, )

of size R? x [0, 77, in the experiments below we train a new MLP at each iteration s € [0, 1] of the
algorithm, and use an ADAM optimizer with a learning rate 102 to minimize the specified loss.

H.1.1 Brownian bridge posterior

We begin with the simple case of sampling from a Brownian bridge pinned at two points z:(0) = —2
and z(1) = +2. Using Algorithm 1, we consider transport from the prior exp(—1I(x)), set up as
a Brownian motion initialized at 2(0) = —2, i.e., v = 0. By gradually introducing the endpoint
constraint, we design a sequence of measures 75 (z) o< exp(—I(z) — sJ(x)), where J takes the form
of 513 [|z(1) — 2||* with o = 0.1. As s goes from 0 to 1 in 10 increments of 0.1, one gradually moves
towards the desired Brownian bridge posterior.

An example of some resulting samples of the posterior Brownian bridge paths are shown in Figure 2
and compared to exact samples simulated from the Brownian bridge SDE (21) (which we treat as
ground truth). In the experiment below, physical time is evolved in increments of d¢t = 0.01. At each
iteration, the NN is trained for 200 steps, with /' = 500 paths sampled.

1.01 1.0 1

0.8

0.8

0.6 0.6

Time
Time

0.4 0.4

0.2 0.24

0.01 0.01

Location Location

Figure 2: Left: samples from Algorithm 1 at s = 1. Right: exact samples from a Brownian bridge SDE.

H.1.2 Transition path sampling

We next consider a TPS problem in a double well potential V (z) = 5(x? — 1)? with start and
end states A = —1 and B = 1 respectively between time ¢ € [0, 1]. We conducted two sets of
experiments, using two different annealing paths, both based on Algorithm 1.

In the first experiment, we initialize with samples from a double-well potential, treated as the prior
exp(—I(z)), and gradually add in the endpoint B = 1 constraint through J(z) = 525 [|2(1) — 1||?
with o = 0.1.

In the second experiment, as suggested by the choice of I and J in (20)-(22), samples are initially
drawn from a Brownian bridge (therefore the endpoints are already pinned at A, B), and we progres-
sively add in the double-well potential to make sure the trajectory probabilities are weighted correctly.
Specifically, we expect the trajectories moving fast in between the low density region between the
wells to have higher probability under the posterior. Result are shown below in Figure 3.

In both cases, s is varied between [0, 1] in increment of §; = 0.1, i.e., 10 annealing steps. Physical
time is evolved with stepsize dt = 0.01 with 7" = 1 as the trajectory length. At each iteration, the NN

'A link to a repository can be found here: https://anonymous.4open.science/r/path_
sampling-F861/README.md
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is trained for 250 steps in the first experiment and 1000 in the second, with K = 500 as the ensemble
size in the first experiment, and K = 250 in the second.
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—— path from b at s=0.0 —— path from b at s=0.0
path from b at s=0.1 path from b at 5=0.1
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0.8

0.44

0.24

0.0

—i.ﬁ —1'0 —(‘)‘5 O:O 0:5 1.‘0 l.‘5
Location Location
Figure 3: TPS example with paths shown at s = 0.1, s = 0.5 and s = 1.0. Left: evolution from the prior

double-well SDE to the posterior with a (soft) constraint at B = 1. Right: evolution from the Brownian bridge
to the posterior. Potential (purple) is scaled for convenience. MCMC is not used.

We see that when transporting from a Brownian bridge prior, even the paths at small s cross the
barrier, while in the other case, the crossing of the barrier happen only when s is sufficiently large.

The left plot in Figure 3 captures both the constraint and the transition probability very well. With the
right plot transporting from the Brownian bridge, we explore the option below with SPDE MCMC
turned on between consecutive s updates (c.f. Figure 4).

12 T
—— path from b at s=0.0
path from b at s=0.1

Location

Figure 4: TPS example with paths shown at s = 0.1, s = 0.5 and s = 1.0. Evolution from the Brownian bridge
to the posterior with MCMC in between. Potential (purple) is scaled for convenience.

H.1.3 Non-equilibrium dynamics

For the same TPS example as above, we compare what we observe with non-equilibrium dynamics
based on Algorithm 2. Here the switching is set to happen very slowly with s € [0, 1] in 100 steps
(i.e., s = 0.01). MH adjustment is applied on a discretization of the SPDE after each step of the s
update. The annealing path is based on transporting the Brownian Bridge to a pinned double-well
posterior at A = —1, B = 1, with ensemble size K = 100, stepsize §; = 1073,

We show in Figure 5 the path switch as s € [0, 1], as well as a final set of trajectories at s = 1. We see
quite a lot of variability in the final trajectories, which is an indication of the sampler’s performance —
high variance reflects that the trajectories are far from equilibrium and dominated by rare events.

H.2 Implementation of Algorithm from Section 3

We set up the experiment below so v corresponds to the stationary distribution of an Orn-
stein—Uhlenbeck process

dX; = —BX;dt + V2dW,
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Figure 5: Left: One of the trajectories in the ensemble, at each iteration of the algorithm, going from red (s = 0)
to blue (s = 1). Right: 5 trajectories from the ensemble at s = 1.

with 8 = 1/4 — this is considered to be the prior reference process in this example. Moreover, we
initialize the n = 200 particles as Xy ~ N(0,1/0) at stationarity. The likelihood J; is chosen so
that we impose a soft constraint in the form of # |z (t) — Zfixea||* at the midpoint with a big ~, and
the same constraint near the endpoint with a small +, at two different pre-specified locations fixeq.

In the experiment below (Figure 6), stepsize i = 0.2, length of trajectory 7' = 1 and the perturbation
variance 02 = (.42 with #perturbations m = 30 for the I(q; v) estimator. This general Bayesian
posterior path example using Algorithm 3 is conducted with a 7-layer MLP parameterizing the
pushforward map quSe. With zxeq = —1 at the midpoint, and zxeq = +1 near the endpoint, the
likelihood in this case has the effect of slightly nudging trajectories towards —1 in the middle of
the path and sharply pin them at 41 at the terminal boundary. In between the two observations, we
expect the particles to roughly have a Gaussian distribution not too far from stationary.

Figure 6: Density evolution of trajectories (reference is set to be an OU process in equilibrium).

I Conclusion

In this work, we proposed two classes of new methodologies for bringing NN training to the problem
of posterior path sampling. The first is based on a controlled dynamics over path space in order to
progressively learn the optimal b; vector field in a memory-efficient way (Sec 2), and is guaranteed
to hit target () at finite time without additional reweighting, or solving high-dimensional PDEs. The
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second is based on convex optimization in Wasserstein space and OT, where we gradually evolve
a curve of marginal densities over time. We propose grid-free stochastic methods, based either on
push-forward maps (Sec 3.2.1), or an interacting particle system (Sec D.0.1), that can avoid the curse
of dimensionality, while maintaining generality and good approximation properties (Sec D.0.2).
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