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ABSTRACT
Given a matrix A € R™*4 with singular values o, > --- > o4, and a random

matrix G € R™*? with iid N (0, T') entries for some 7' > 0, we derive new bounds
on the Frobenius distance between subspaces spanned by the top-k (right) singular
vectors of A and A + G. This problem arises in numerous applications in statistics
where a data matrix may be corrupted by Gaussian noise, and in the analysis of
the Gaussian mechanism in differential privacy, where Gaussian noise is added
to data to preserve private information. We show that, for matrices A where the
gaps in the top-k singular values are roughly 2(oy, — o)+1) the expected Frobenius
Vd

i X V/T), improving on previous

distance between the subspaces is O(

bounds by a factor of %. To obtain our bounds we view the perturbation to the

singular vectors as a diffusion process— the Dyson-Bessel process— and use tools
from stochastic calculus to track the evolution of the subspace spanned by the top-k
singular vectors, which may be of independent interest.

1 INTRODUCTION

Given a matrix A € R™*? with d < m and singular values o1 > - -+ > g4, one oftentimes wishes to
approximate the right-singular vectors of A by a lower rank matrix of some rank & < d|Shikhaliev
et al.[ (2019); [Hubert & Engelen| (2004); |James et al.| (2013)); [Kishore Kumar & Schneider| (2017);
Liberty et al.|(2007). For instance, one may wish to learn the subspace spanned by the top-k right-
singular vectors of A, in which case one may seek a projection matrix which minimizes the distance
to the projection matrix onto the subspace spanned by the top-k right-singular vectors of A. One
can also consider the related problem of recovering a matrix M, which minimizes the Frobenius
distance || M), — AT A|| to the covariance matrix AT A of the data A. Roughly speaking, both of
these problems are instances of the following general problem: given a set of numbers y; > - -+ > 4
and denoting by T' := diag(v;, -+ ,v4) and by A = ULV T a singular value decomposition of
A, find a matrix M € Orp2 which minimizes the Frobenius distance |[M — V TT2V||r, where
Ors := {UT2UT : U € O(d)} denotes the orbit of I'?> under the orthogonal group. Plugging in
v; = 1fori < k and y; = 0 for ¢ > k, we recover the problem of finding a projection matrix which
minimizes the Frobenius distance to the projection matrix onto the subspace spanned by to top-k
right-singular vectors of A. And, roughly speaking, when we set ; =~ o; for ¢ < k and ~; = 0 for
1 > k, we recover the problem of finding a rank-k covariance matrix which minimizes the Frobenius
distance to the covariance matrix of A.

In many applications, the matrix A is perturbed by a “noise” matrix £ € R™*< and one only has

access to a perturbed matrix A + E. Oftentimes, the noise matrix consist of iid Gaussian entries. For
instance, in statistics applications, and signal and image processing applications, this noise may arise
as natural background Gaussian noise obscuring a “signal” matrix AWu & Chen|(1997)); [Helstrom!
(1955); |[Liu & Lin| (2012); |[DjuriC| (1996)); [Bergmans| (1974). In differential privacy applications,
Gaussian noise may be artificially added to the data matrix A, or to a machine learning algorithm
trained on the data A, to hide sensitive information about individuals in the dataset Dworkl! (2006);
Dwork et al.| (2006)); see e.g. Dwork et al.|(2014); Mangoubi & Vishnoi| (2022; 2023}, |In Press)) where
symmetric-matrix Gaussian noise is added to covariance matrices to guarantee privacy. The addition
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of Gaussian noise to ensure privacy is referred to as the Gaussian mechanism, and is known to satisfy
(e, 6)-differential privacy guarantees.

1.1 RELATED WORK

Multiple prior works have shown singular subspace perturbation bounds when £ € R™*¢ may be
any (deterministic) matrix. For instance, the Davis-Kahan-Wedin sine-Theta theorem |Davis & Kahan
(1970); Wedin| (1972)) implies a bound of roughly

Uk—0k+1

where Vi, Vj are, respectively, the matrices whose columns are the top-k right-singular vectors of
Aand A := A+ E,and ||| - ||| is e.g. the Frobenius norm | - || » or the spectral normJ\ - ||2. These
bounds are tight (for sufficiently small |||E|||) in the general setting where E € R™*% may be any
(deterministic) matrix.

When the perturbation F is, e.g., a Gaussian random matrix with iid N (0, T') entries for some T > 0,
one can plug in high-probability concentration bounds, which imply that || E'||s < O(y/m)) w.h.p., to
the deterministic bounds in equation[I]to obtain a bound of

. VM
VeV = ViVl e < _Vhkym x VT

Ok — Ok+1
w.h.p. However, the resulting bounds may not be tight.

Multiple works have obtained tighter bounds than those implied by the deterministic bounds in
equation|l} in different settings when E is a random matrix from some known distribution or class
of distributions (see e.g. |O’Rourke et al.| (2018); [Fan et al.| (2018)); |Abbe et al.| (2022); |Cai et al.
(2021))). In particular, when their bounds, which are given in terms of the spectral norm, are applied to
bounding the Frobenius norm distance, the results in|O’Rourke et al.| (2018) imply that if the entries
of E satisfy concentration properties which generalize those of Gaussian distributions, and A has
rank r» < d, then

2)

IVl = ViVl llr < O (k( v = m))

Ok — Og+1  Ok(0Ok — Opt1) Ok

w.h.p. In |O’Rourke et al.| (2023) the authors obtain singular subspace perturbation bounds
when F is a random matrix with iid standard Gaussian entries. Their results, which are given

as bounds on the spectral norm, imply that max (||(A];€CA/']€T —UU] |2, V&V, — VkaTHg) <

O|(r Zk s + m\f . This in turn implies bounds on the Frobenius norm of
J=1 (05— 0k+1)
k
A A 1 \/m\/E
max (||UkU,;r DU ||, VRV — vkv,jnF) <o |rvk Z — -
J:1 +1
3)

O’Rourke et al.|(2023)) show that their spectral norm bounds are tight with respect to the subspace
spanned by the top-k m-dimensional left singular vectors of A € R™*% when m > d. However, the
bounds in equationdo not imply tight bounds on the perturbation Vj, VkT - Vi Vk.T to the subspace
spanned by the top-k d-dimensional right singular vectors. In particular, the bound on the peturbation
VkaT — VkV/T to the subspace spanned by the top-k d-dimensional right singular vectors implied
by equation grows proportional to the (square root of) the larger of the matrix dimensions /m.

This leads to the question of whether one can obtain improved bounds on the perturbation ||f/kf/l,;r —

Vka.T | F to the subspace spanned by the top-k d-dimensional right singular vectors of an m x d
matrix A with m > d perturbed by Gaussian noise, which do not grow with the larger dimension m.

Subspace perturbation bounds have also been obtained in different settings where the input matrix,
and random matrix perturbation, is a symmetric matrix (see e.g. [Dwork et al.[(2014)); Eldridge et al.
(2018);|Fan et al.| (2018))). For instance, Dwork et al.|(2014) obtain perturbation bounds for covariance
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matrices perturbed by symmetric Gaussian noise, and apply these perturbation bounds to a version
of the Gaussian mechanism to obtain tighter utility bounds for covariance matrix approximation
problems under (e, §)-differential privacy. Mangoubi & Vishnoi| (2022; 2023)) improve on some of
their utility bounds by viewing the addition of the symmetric Gaussian noise as a symmetric-matrix
valued stochastic process, and use tools from and stochastic calculus and random matrix theory to
bound the perturbation to the symmetric matrix eigenvectors.

1.2 OUR CONTRIBUTIONS

Given any matrix A € R™*4 and a set of numbers Y1 > --- > 74, our main result (Theorem
is a bound on the perturbation to the matrix V 'I'2V € Op> where A = UXV T is a singular
value decomposition of A. We show that, if the matrix A is perturbed by a matrix £ = /TG,
where T > 0 and G is a Gaussian random matrix with iid N (0, 1) entries, the right-singular vectors

V = (b, ,0q) of the perturbed matrix A + /TG satisfy the bound
)2
E{ vy T —vrTrvT } <0 VT |,

where the right-hand-side is a sum-of-squares of the ratios of the eigenvalue gaps of I" and X.

Plugging in different values of -y, we obtain as corollaries bounds for the subspace recovery
and low-rank covariance matrix approximation problems. In particular, show that HVka.T —

Vid

Vi VkT |lr < O ————+/T | whenever the top-k singular value gaps of A are roughly
Ok — Ok+1

Q(max(oy, — oy 1, /mV/T)) (Corollary . This improves (in expectation) on the bounds implied

by both Davis & Kahan| (1970); [Wedin| (1972) and |(O’Rourke et al.[(2018) by a factor of roughly

\/\/? vk, and by a factor of \/—g over the bounds implied by|O’Rourke et al.[(2023), in the above setting

where E is a Gaussian random matrix. In particular, our bound replaces those bounds’ dependence on
the number of rows m with the number of columns d. This can lead to a large improvement in many
applications, as one oftentimes has that the number m of rows in the data matrix (corresponding to
the number of datapoints) is much larger than the number of columns d (which oftentimes correspond
to different features in the data). Our results also imply similar improvements for the low-rank
covariance matrix approximation problem (Corrollary [2.4).

To obtain our bounds, building on several previous works, including Dyson| (1962); Norris et al.
(1986); Bru| (1989); Mangoubi & Vishnoi| (2022} 2023} [In Press), we view the perturbation of a
matrix A € R™>*? by Gaussian noise as a Brownian motion on the entries of an R™*? matrix,
®(t) := A+ B(t) where B(t) is a m x d matrix whose entries undergo iid standard Brownian
motions. This Brownian motion induces a stochastic diffusion process on the singular values and
singular vectors of ®(t), referred to as the Dyson-Bessel process. The evolution of these eigenvalues
and eigenvectors is determined by a system of stochastic differential equations (see e.g. |[Dyson|(1962);
Norris et al.|(1986); |Guionnet & Huang|(2021)). This allows us to use Ito’s lemma from stochastic
calculus to track the evolution of the Frobenius distance as a stochastic integral of a sum-of-squares
of perturbations to the (right)-singular vectors of ®(¢). In particular, the stochastic evolution of the
eigenvectors allows us to bypass higher-order matrix derivative terms that arise in Taylor expansions
of deterministic perturbations, as these terms vanish in the stochastic derivative when the perturbation
is a Brownian motion, due to the independence of random noise additions at each infinitesimal
time-step of the Brownian motion. This in turn allows us to obtain stronger bounds than would be
possible in the deterministic setting.

2 MAIN RESULTS
For any d > 0, denote by O(d) the group of orthogonal of d X d matrices. For any diagonal matrix
A € R¥*4 denote by Op := {UAU " : U € O(d)} the orbit of A under the orthogonal group.

Given any matrix A € R™*d where d < m, with singular values o1 > ... > 04 > 0 and
corresponding orthonormal right-singular vectors vy, ...v4, and given any numbers y; > - > g4,
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our main result (Theorem |2.2) is a bound on the perturbation to the matrix V T T'?V € Or, where
V= [v1,..v4) € R and T := diag(71, ..., Va)-

Our main result holds under the following assumption on the gaps in the top k£ + 1 singular values
01 > ... > 0p41 of the matrix A. We note that this assumption is satisfied on many real-world
datasets whose singular values exhibit exponential decay (see e.g. Appendix J of Mangoubi & Vishnoi
(2022) for examples of datasets with exponentially-decaying singular values).

Assumption 2.1 (A, k, T, 0,) (Singular value gaps). The gaps in the top k + 1 singular values
01 > ... > 0pp1 of the matrix A € R™*? satisfy o; — 0441 > Sﬁﬁlog(%)for every i € [k],

1 -
8dv? (oc1—0a4)?"

where § 1=

We now state our main result.

Theorem 2.2 (Main result). Let T > 0. Given a rectangular matrix A € R™*? with singular values
o1 > ... > oq > 0 and corresponding orthonormal right-singular vectors v1, ...vq (and denote
V = [v1,...v4) € R™¥9), Let G be a matrix with i.i.d. N(0, 1) entries, and consider the perturbed

matrix A := A + VTG € Rm™*4,

Define 61 > ... > 64 > 0 to be the singular values of A with corresponding orthonormal right-
singular vectors 01, ...0q (and denote V' := [0y, ...04)).

Lety1 > ... > 4 > 0 and k € [d] be any numbers such that ~v; = 0 for i > k, and define I := diag
(Y1, -y Ya)- Then if A satisfies Assumption for (A, k,T,0,7), we have

E[VTTTvT —vrTrvT 2] <o -y~ 0F 0 T 4
[ - <ol Y o= )
~ (o

i=1 j=i
We give an overview of the proof of Theorem [2.2)in Section[d] The full proof is given in Appendix [A]

2.1 APPLICATION TO SINGULAR SUBSPACE RECOVERY.

To obtain a pertubration bound for the subspace recovery problem, we plug in y; = 1 for all 7 < k,
and ; = 0 for all ¢ > k, into Theorem [2.2]

Corollary 2.3 (Subspace recovery). Let T > 0. Given a rectangular matrix A € R™*% with
singular values o1 > ... > o4 > 0 and corresponding right-singular vectors v1, ...vq. Let G be a
matrix with i.i.d. N(0, 1) entries, and consider the perturbed matrix A = A + /TG.

For any k € [d), define the d x k matrices Vi, = [v1,...vx] and Vi = [01,...0r] where ¥y, -+ , Oy

denote the right-singular vectors of A corresponding to its top-k singular values. Then if A satisfies
Assumption A, k,T,0,v) where v = (1,--- ,1,0,--- ,0) is the vector with the first k entries
equal to 1, we have

- VEd
E [||ka,€T - vkv,jnF} <0 (ﬁ . )
Ok — Ok+1
Moreover; if we further have that o; — 0,11 > Q0 — ok41) forall i < k, then
. Vd
E [||vkvkT - VkVJHF] <0 (ﬁ . ©6)
Ok — Ok+1

The proof of Corollary [2.3]is given in Appendix [B] Corollary [2.3]improves, in the setting where
the perturbation G is a Gaussian random matrix, by a factor of \/7? (in expectation) on the bound

. vk
(AR A AR O(—Y"™ /T w.h.p. implied by the Davis-Kahan-Wedin sine-Theta
Ok — Ok+1
theorem |Davis & Kahan|(1970);(Wedin|(1972), whenever Assumption@]is satisfied. If we also have
that o; — 0,41 > Q(0 — op41) forall ¢ < k (as is the case for many real-world datasets which may

exhibit exponential decay in their singular values), the improvement is v/k ‘/—\g.

4
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Moreover, Corollary 2.3]also improves, in the setting where the perturbation G is a Gaussian random
matrix, by a factor of vk \/—f, on the bound of ||V;,V,” — ViV, ||» < O(@\/T) w.h.p. implied by

Theorem 18 of |O’Rourke et al[(2018), and by a factor of ‘/—\/@, on the bound of ||V V,| — ViV, || <
O(\/fik‘/g\/f ) w.h.p. implied by Theorem 7 of |O’Rourke et al.[(2023), when Assumption is
satisfied and e.g. o — o1 = (o) (as is also the case for many real-world datasets). This can
lead to a large improvement in many applications, as one oftentimes has that the number m of rows
in the data matrix (corresponding to the number of datapoints) is much larger than the number of
columns d (which oftentimes correspond to different features in the data).

Finally, Corollary [2.3] also implies the same upper bound on the expected spectral norm, since

E[|[ViV," — ViVil ll2] < E[||[VaV," — ViV, || #]. Thus it improves, e.g., by a factor of \/% (in

expectation) on the spectral norm bound || ViV, — ViV, ||l2 < O(@ik\/g\/f ) w.h.p. implied by
Theorem 7 of |O’Rourke et al.| (2023)), whenever Assumptionis satisfied, o, — o1 = Q(ok)
and m > dk.

2.2 APPLICATION TO RANK-k COVARIANCE MATRIX APPROXIMATION.

To obtain a perturbation bound for the rank-% covariance matrix approximation problem, we plug in
v; = o; forall i < k, and 4; = 0 for all ¢ > k, into Theorem[2.2]

Corollary 2.4 (Rank-k covariance matrix approximation). Let T > 0. Given a rectangular matrix
A e Rm>d with singular values o1 > ... > o4 > 0 and with right-singular vectors vy, ...vq, where
we define V = [vy,...vq] € R4 Let G be a matrix with i.i.d. N(0,1) entries, and consider the

perturbed matrix that outputs A = A + VTG.
For any k € [d], define ¥y, = diag (01, ...,0%,0,...0). Define 61 > ... > 64 > 0 to be the
singular values of A with corresponding orthonormal right-singular vectors 01, ...04, where we

define V := [01, ...04], and define ¥y, := diag (61, ..., 0%, 0, ...0). Then if A satisfies Assumption
Sfor (A k,T,0,7) fory = (o1, ,0k,0,---,0), we have

d 2
E[IVEISVT - VeS| < o<d||2k||% kY (m - ) ) . o
j=kt1 Tk =75
The proof of Corollary [2.4]is given in Appendix [C| In particular, Corollary [2.4]implies that

\/E {Wﬁgiﬁﬂ - VzgszTH%,} <0 (x/E\/& (01 + akg’“» VT.

Ok — Ok+1

Corollary 2.4improves, in the setting where the perturbation G is a Gaussian random matrix, by a

factor of \/\g (in expectation) on the bound of [V Z, VT —VEI S VT || < O(E'®/mV/To +

o} Uﬁfl VT) w.h.p. implied by the Davis-Kahan-Wedin sine-Theta theorem |Davis & Kahan

(1970); [Wedin| (1972) whenever Assumption [2.1]is satisfied (see Appendix [D]for details). If we also
have that oy, — o1+1 = (o), the improvement is TZ’I@.

Moreover, Corollary also improves, when the perturbation is Gaussian, by a factor of ‘/\/'g\/E
(in expectation) on the bound implied by Theorem 18 of |O’Rourke et al.| (2018) whenever e.g.
o) — 0ri1 = Q(oy), as in this setting their bound implies [V 3.V — VEIS, VT || <
0] (01 k/mNT ) w.h.p. (see Appendix@fer details).

Remark 2.5 (Tightness in full-rank special case). In the special case where k = d, we have
[(A+VTG) T (A+VTG)— AT A|lp = |[WVTATG+VTGTA+TGTG|lr = O(|ATG||pVT) =
O(||24]| FVdVT) w.h.p. Thus, Corollary|2.4|is tight in this special case. The last equality above
holds w.h.p. because ||ATG||% = tr(GTAATG) = tr(GTX42] G) = tr(2,35) GG T) = ||Sq]|%d
w.h.p., where we may assume without loss of generality that A is a diagonal matrix because the
distribution of G is invariant w.r.t. multiplication by orthogonal matrices.
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2.3 APPLICATIONS TO DIFFERENTIAL PRIVACY

In many applications, datasets contain sensitive information. For instance, this may be the case for
medical applications where datasets may contain sensitive information about individual patients. In
such applications, one can add random noise to the dataset (or, more generally, add random noise to a
machine learning algorithm trained on this dataset) to “hide” private information about individuals.

In high-dimensional statistics, one oftentimes cares only about the covariance between a subset S; of
m “input” features and another (possibly, but not necessarily, disjoint) subset Sy of d features (which
may correspond to “output” features or labels to be predicted). Differential privacy can be used here to
calculate private covariance estimates, especially in settings where the data is too high-dimensional to
compute an the full symmetric covariance matrix, as privatizing such a high-dimensional matrix may
require adding an unnecessarily large amount of noise. For instance, in Biomedical and Genomics
datasets which involve gene expression data, covariances between different features may be stored as
a rectangular matrix A where rows represent genes and columns represent disease conditions (see
e.g. |Patnaik et al.|(2012)). Applying DP PCA to these matrices enables privacy-preserving analysis,
without exposing sensitive information about individuals.

For any £, > 0, a randomized mechanism M is said to be (&, ¢)-differentially private Dwork| (2006)
Dwork et al.| (2006) if for any two neighboring datasets D, D’ € D one has P(M(D) € 5) <
eEP(M(D') € S)+ 4. Datasets D, D' are said to be neighbors if they differ by at most one datapoint.
The sensitivity of a function f : D — R™*4 is defined as the supremum of || f(D) — f(D')||r over
all neighboring D, D’ € D. Following, e.g., Dwork et al.[(2014), we assume the input matrix A is a
function of the dataset, A = f(D), where f has sensitivity at most 1 (see also e.g. |[Kapralov & Talwar
(2013);|/Amin et al.| (2019); Mangoubi & Vishnoi| (2022); Mangoubi et al.|(2022))). To ensure that the
sensitivity is < 1, a standard preprocessing step is to “clip” the datapoints such that each datapoint
2 € D has length at most ||| < 1. This ensures that, whenever A = f(D) arises from a 1-Lipschitz
function f, the sensitity of this function f will be < 1. For instance, if A is a rectangular covariance
matrix arising from data matrices X € RY*™ and Y € RV*? (whose collumns correpond to subsets
of size m and d of the features in a dataset, and rows are datapoints), where A = X 7Y, then Aisa
function f((X,Y)) = X 'Y which is 1-Lipschitz in each datapoint.

One of the most popular methods of privatizing a dataset is the Gaussian mechanism, a randomized
mechanism which adds iid Gaussian noise to each entry of the data matrix |Dwork et al.|(2006). Prior
works (e.g., Dwork et al.| (2014); Mangoubi & Vishnoi| (2022; 2023} In Press)) have provided utility
bounds for a version of the Gaussian mechanism in the special case when A is a symmetric matrix,
and when the noise GG added to this matrix is a symmetric Gaussian random matrix. However, in
many applications including those mentioned above, it is oftentimes desirable to output a privatized
version of a rectangular matrix A € R™*4,

The Gaussian mechanism adds Gaussian noise A + v/T'G to the output of f(D) = A, where each
entry of the random matrix G € R™*4 isi.i.d. N(0, 1), for some 7' > 0. If f has sensitivity at most

1 (as is the case in the above examples), and one sets 1" = M then the Gaussian mechanism
can be shown to satisfy (e, §)-differential privacy Dwork et al. (2006) Our bounds in Corollary-
therefore immediately imply a bound on the Frobenius-norm utility of the subspace spanned by the
top-k right-singular vectors of the output A + v/T'G of the Gaussian mechanism, when the Gaussian
mechanism is applied to a rectangular matrix A € R™*?, In particular, Corollary.lmphes a utility

d og( =2
bound of E [||vk.vkT - Vkv,jnF} <0 (*f\/T) -0 ( Ve sC > for the
Ok — Ok4+1 Ok — Ok+1

Gaussian mechanism with (g, ¢)-differential privacy, whenever the singular values oy > - -+ > o4 of
A satisfy Assumptionand, e.g. 0; —0iy1 > Qog — o) foralli < k.

This improves by a factor of vmvk/va (in expectation) on the bound ||ViV,” — ViV, |l <
O( vVkm 1/210g(%))

Ok — Ok+1
han| (1970); Wedin (1972), and by a factor of v»vk/v/d, on the bound of ||V;V,' — ViV, "||r <

O(‘/fik‘/%\ﬂ log(+£%)/=) implied by Theorem 7 of |(O’Rourke et al.[(2023).

implied by the Davis-Kahan-Wedin sine-Theta theorem Davis & Ka-
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3 PRELIMINARIES

In this section, we present preliminary materials used in the proof of our main result. In particular,
we present the aformentioned matrix-valued Brownian motion process ®(¢) in Section Next, we
present the stochastic differential equations (SDEs) which govern the evolution of the singular values
of right-singular vectors of ®(¢) in Section 3.2]

3.1 DYSON-BESSEL PROCESS

We consider the matrix-valued stochastic motion process, ®(¢), where, for all ¢ > 0, the entries of
®(t) evolve as independent standard Brownian motions with initial condition ®(0) = A. In particular,
at time t = T we have ®(T") = A 4+ /TG where G is an m x d Gaussian random matrix with iid
N(0,1) entries.

Recall that o1 > ... > o4 denote the singular values of A. At every time ¢t > 0, we denote (with
slight abuse of notation) the singular values of ®(t) by o1 (t) > o2(t) > -+ > o4(t). In particular
0; = 0;(0) for all i € [d], and the singular values o1 (%), ..., 04(t) are distinct at every time ¢ > 0
with probability 1 (see e.g. (Guionnet & Huang|(2021)). The matrix-valued Brownian motion ®(t)
induces stochastic diffusion processes on the singular values o;(¢) and singular vectors v;(t), referred
to as the Dyson-Bessel process. The dynamics of the singular values o;(t) of the Dyson-Bessel
process are given by the following system of stochastic differential equations (see e.g. |[Norris et al.
(1986) or Theorem 1 in|Bru|(1989)),

1 (0:(t)? + (0;(t))*  m—1 i
204(1) {je%#} ) = (0,02 2o | VIsi=d @

where 3;;,1 < i < d is a family of independent one-dimensional Brownian motions.

do;(t) = dBi(t) +

3.2 RIGHT SINGULAR VECTOR SDE

The dynamics of right-singular vectors v;(¢) of the Dyson-Bessel process are governed by the
following stochastic differential equations (see e.g. |[Norris et al.|(1986) or Theorem 2 in |Bru(1989)),

o o Vs O 2 O 2
- 3 Uj@)\/((( SOF+@P o wl) )2+ )
}

N2 — (0 (£))2)2
e 730~ (o1 2 (o))"~ (03(0))")
t .
= Y wes®as - 0 wa,  m<isa ©
{ieldl:j#i}
where (,;(t),1 < i < j < d, is a family of independent standard one-dimensional Brownian motions,
and the §3;;(t) form a skew-symmetric matrix, i.e. 5;;(t) = —f;;(t) for all ¢ > 0. For convenience,
. . g 2 o; ..
in the above equation, we denote ¢;; () := m% c;i(t) forall 4, j € [d].

3.3 IT0’s LEMMA

We will also use the following result from stochastic Calculus, Ito’s Lemma, which is a generalization
of the chain rule in deterministic calculus.

Lemma 3.1 (Ito’s Lemma [0 (1951)). Let f : R? — R be a second-order differentiable function,
and let X (t) be a diffusion process on RY. Then

df(Xy) = (VX)) TdX, + L(dX,)T(V2F(X,)dX, Vit >0.

3.4 OTHER PRELIMINARIES

We will use the following deterministic eigenvalue perturbation bound
Lemma 3.2 (Weyl’s Inequality Weyl (1912)). Let A, E € R™*% is a matrix. Denote by o1 > ... >
o4 the singular values of A and by 61 > ... > 64 the singular values of A + E. Then

los —6i| < |Ell2 Vi€ [d].
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The following concentration bound, Theorem 4.4.5 of |Vershynin| (2018) applied to Gaussian random
matrices, will allow us to bound the spectral norm of the Gaussian perturbation G (which in turn will
allow us to apply equation [3.2]to bound the perturbations to eigenvalues).

Lemma 3.3 (Spectral-norm concentration bound for Gaussian matrices|Vershynin| (2018)). If
G € R"™*% is a Gaussian random matrix with iid N (0, 1) entries, then P(||G||o > v/m +Vd +s) <
2e=%" forall s > 0.

4 OVERVIEW OF PROOF OF THEOREM

We present an overview of the proof of Theorem along with the main technical lemmas used in
the proof. In Steps 1 and 2 we express the perturbed matrix, and its quantities of interest derived from
its right-singular vectors, as matrix-valued diffusions. Steps 3, 4, and 5 present the main technical
lemmas, and we complete the proof in Step 6. The full proof is given in Appendix[A.5]

4.1 VIEWING THE PERTURBED MATRIX AS A MATRIX-VALUED BROWNIAN MOTION.

To obtain our bounds, we begin by defining the matrix-valued Brownian motion, ®(¢) := A + B(t)
for all t > 0, where the entries of B(t) evolve as independent standard Brownian motions initialized

at 0. In particular, at time ¢ = 0 we have ®(0) = A, and at time ¢ = T we have ®(T) = A + VTG
where G is an m x d Gaussian random matrix with iid N (0, 1) entries.

4.2 PROJECTING THE MATRIX BROWNIAN MOTION ONTO THE ORTHOGONAL ORBIT Or=.

Denote by A = ULV T and A=UsVT singular value decompositions of A and A, respectively,
where U, U € O(m), V,V € O(d), and £, € R™*4 are diagonal.

Recall that our goal is to bound the quantity E[||[VTTTVT — VITTVT||p], where ATA =
VETEVT and ATA = VETSVT are eigenvalue decompositions of AT A and AT A. To ob-
tain a bound on this quantity, we first define a stochastic process ¥(¢) for which ¥(0) = VI 'TV T
and U(T') = VI TTVT. We then bound the expected Frobenius distance

E[JVITTVT VLTIV T |p] = E[|¥(T) - ¥(0)|#]

by integrating the stochastic derivative of ¥(¢) over the time period [0, 7.

Towards this, at every time ¢ > 0, define ®(t) := U(t)X(t)V ()T to be a singular value decom-
position of the rectangular matrix ®(¢), where Y(t) € R™*4 is a diagonal matrix whose diagonal
entries are the singular values o1 (t) > --- > o4(t) of ®(t). V(¢) = [v1(t), -+ ,vq(t)] isad x d
orthogonal matrix whose columns v (t), - - - , vg(t) are the corresponding right-singular vectors of
O(t). V(t) € O(m) is an m x m orthogonal matrix whose columns are left-singular vectors of ®(t).

At every time, denote by W(t) € Or= to be the symmetric matrix with given eigenvalues I'" T and
eigenvectors given by the columns of V'(¢):

U(t):=V@IL'TV(), vt el0,T)].

In other words, ¥ (t) € Or2 is the Frobenius-distance minimizing projection of the matrix Brownian
motion ®(t) onto the orthogonal orbit manifold Or2.

4.3 DERIVING AN EXPRESSION FOR THE STOCHASTIC DERIVATIVE dW (t).
To bound the expected squared Frobenius distance E [||¥(7T") — ¥(0)||3,] we would like to express it
as an integral in terms of the stochastic derivative of ®(¢).

Towards this end, we use the stochastic differential equations which govern the evolution of the
eigenvectors of the Dyson-Bessel process equation [0 to derive an expression for the stochastic
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derivative d¥ () of the matrix diffusion ¥ (¢) (Lemma[A.2),
d
=D yd(wit)] (¢))
i=1

d
=> > (=) [C”'Q(t) B () (wi()v] (1) +v; (v (1)) — & ()t (v (E)o] (8)| . (10)

i=1 j#i

4.4 BOUNDING THE SINGULAR VALUE GAPS.

The above equation (equation[10) for the stochastic derivative d¥(¢) includes terms ¢;;(t), whose
magnitude is proportional to the inverse of the gaps in the squared singular values o2 (t) — o; 2(t) for
each i, j € [d]. In order to bound these terms, we use Weyl’s inequality equation together with
standard concentration bounds for the spectral norm of Gaussian random matrices (Lemma @, to
show that the gaps o(t) — o(t) in the top k + 1 singular values satisfy (Lemma[A.3),

(Ui—a’j) VtE[O,T],i<j§k+1
with high probability at least 1 — §, provided that the initial gaps are sufficiently large to satisfy

Assumption[2.1(A, k, T, 0, ) . This implies that, with high probability at least 1 — ¢, the inverse-
eigenvalue gap terms in equation [I0]satisfy (Lemma [A.4)

o [@wr e o
it ¢ (@O — (@07 = a0, i<HtEOTL an

4.5 INTEGRATING THE STOCHASTIC DERIVATIVE OF DV(#) OVER THE TIME INTERVAL [0, 7.

Next we express the expected squared Frobenius distance E [||¥(T') — ¥(0)||%] as an integral
T
E[|9(1) - ¢O)3] =E ||| [y dw()|3]-

Next, we apply Ito’s Lemma (Lemma [3.1) to f(¥(t)) where f(X) := || - |%. and plug in our
high-probability bound on the inverse eigenvalue gap terms c;;(¢) equation|11} to derive an upper

bound for the integral E [|| fOT dU(t) ||%} , which gives roughly (Lemma

E [|®(T) - ®(0)|%]

T T d
§32/ E ZZ V2 =32k (t) dt+32T/ E Y (D 07 =) | | dt
0 |i=1 j#i 0 i=1 \ j#i
’ - L A
J v J
<m [ = ZZ }2 dt+32T/ )OI DOF S I ECE
0 | i= 1]761 0 i=1 \j#i * ¢ J

Noting that the second term on the right-hand side of (I2)) is at least as small as the first term, and
applying the Cauchy-Schwarz inequality to the second term, we get that (Theorem [2.2)),

E HVI‘TFVT—VFTFVTH%} = E[|W(T) — w(0)||%] <0(Z Z =) >T

2
— 0y
=1 j= 1+1 Gi

5 CONCLUSION

In this paper, we obtain Frobenius-norm bounds on the perturbation to the singular subspace spanned
by the top-k singular vectors of a matrix A € R™*?, when A is perturbed by an m x d Gaussian
random matrix. Our bounds improve, in many settings where the perturbation is Gaussian, on bounds
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implied by previous works, by a factor of roughly ‘/TT This may lead to a large improvement in many

applications, as one oftentimes has that the number m of rows in the data matrix (corresponding to
the number of datapoints) is much larger than the number of columns d (which oftentimes correspond
to different features in the data). To obtain our bounds we view use tools from stochastic calculus to
track the evolution of the subspace spanned by the top-£ singular vectors.

On the other hand, we note that our bounds assume that the top-k singular value gaps of A are roughly
Q(y/m); while this assumption may hold in settings where the data matrix has fast-decaying singular
values, it would be interesting to see if it is possible to relax this assumption. Moreover, we note
that our bounds only apply in the special case when the perturbation G is Gaussian, and it would be
interesting to see whether our bounds can be extended to other random matrix distributions.
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A PROOF THEOREM

A.1 PROOF OF LEMMA[AT]

We first decomposite the matrix ¥(¢) as a sum of its right-singular vectors: W(t) =
Z?Zl 72 (v;(t)v; (t)). Thus we have

Zde vilt (13)

We begin by computing the stochastic derivative dv;(¢)v;' (¢) for each i € [d], by applying the
formula in (9), together with Ito’s Lemma (Lemma [3.1)).

Lemma A.1 (Stochastic derivative of v;(t)v;(t) 7). Forallt € [O T),

d Z 'U] Cz] dﬁjl - Z C”

JFi VE

Proof. The dynamic of right-singular vectors [Bru| (1989) are the following:

001 = S0 D L5 MO RO
= Z'UJ Czj dﬂ]i 7% z Cl]
J#i ]757,

Thus, we have

d (vi(t)v, (1) = (vi(t) + dvi(1)) (vi(t) + dvs(£)) " = v;(t)v]" (¢)
( )+ Zvj )i (t)dB;i(t) fvl Zc”dt)
J#i

J#i

( T4 ZUJ c” )dpBji(t) — fvl ch ) —v( t)vl(t)—r

Jj#i Ve

J#i J#i J#i

(Zv )ei; (£)dBi( )) — uilt () e (t)dt + (Zvj )eij (£)dB;i( )) v (t)
1
(ZUJ ng dB]Z ) (Z’U CZ] dﬂjl )) — 21)1 ZCU dt-l—O(dt)

J#i JFi VE)

(Z U, ng dﬁjz ) (Z UJ Cz] dﬁjl )) Ui - UZ Z CU

VE J# U
) ) o)) (e (t)ei; (H)dBri(t)dB;i ()
k#i j#i
(Z (% ng dﬁjz ) (Z UJ Cz] dﬁﬂ )) Ui - UZ Z CU
J#i I 7
+ > D et (B (B)ei; (8) L= dt
k#i j#i
=D e (DB wit)o] (6) + 500 (1)) = - (Odwi(B)o] (1) = v (e (1).
i el
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A.2 PROOF OF LEMMA[A2]

Recall that 4
=Y ity (1)
i=1

We now apply Lemma to compute the stochastic derivative of W(¢).
Lemma A.2 (Stochastic derivative of ¥ (t)). For all t € [0,T), we have that

d 2 _ 2
W(t) = D03 T (e (OB (O ilt)e] (6)+ vy (0] (1)) — (Ot (O] (1) = (), ()]

i=1 ji
Proof.
d
= Z 'Yizd Ui )
d
=27 | 2o (DB (wi(t)oy (1) + vy (ol (1) = 3 e (dt(vito] () = v; ()] (1)
1=1 J#i JF#i
d
=2 2 (OO 0] () + () ZZ% ¢ty (Ddt(vi(t)] (1) — v (t)v] (1)
i=1 j#4 i=1 j#i
1
=5 ZZ Feis (0)dB;i () (vi(t)o; (1) T + v (t)v] (2)
i=1 jAi
-5 Z > (F = )ek )t (8) = v (8)vs()T)
i=1 j#i
(14
The last equality in the block of equations[I4]holds for the following reason:
Since 3;;(t) form a skew-symmetric matrix, i.e. §3;;(t) = —f;;(t) for all ¢ > 0, we have that

dp;;(t) = —dB;(t) forall ¢t > 0. Thus, we have that for all j # 1,
¢ij (1)dBi; (8) (v ()vi(8) T +vi()v; (1)) = —ei5 ()i (1) (v (Dwi() T +vs(W)v;()T)  (15)

Thus, combining the pairs of terms in the first double summation on the r.h.s. of equation [T4] with
index (i, ) = (a,b) and (i, j) = (b, a) for every b # a, we have by equation|5]that

d
DD e (OdB () (v (E)vf (8) +wilt)o] (1))

i=1 j#i

Eq-l T ‘ T
ZZ — )i (B () (0: (v, (1) + v ()] (1)) (16)
i=1 j#i

Moreover, observe that, for every i # 7,

(vi =)t (O dt(vi(t)oi(t) " —v;(t)v;(H) T) = (4] =7) el (D dt(v;(H)v; (1) T —vi(®)ui(t) T). (A7)
Thus, combining the pairs of terms in the second double summation on the r.h.s. of equation [T4] with
index (i,7) = (a,b) and (i, j) = (b, a) for every b # a, we have by equation[17]that

ZZ% ci; (t)dt(vi(t)v; ()—v;(t ZZ ()dt(vi(t)v)" (B)—v; () (1) )

i=1 j#i i=1 j#i
(18)
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Pluggining in equation[T6]and equation [I8]into the second-to-last equality in the block of equations
[14] we get that the last equality in the block of equations[T4]holds.

Thus, we have

d
aw(t) " 3 57 (07 = e (D850 w0y (6T + vy (] (1)

i=1 ji
d
- % DO (7 = aDe )i (vityv] (1) — vy (8o (1))
i=1 j£i
d v — 2
=>. : 5 L ei (0)dBji(t) (i (t)v] (£) + v; (t)v] (1))

A.3  PROOFS OF LEMMAS[A3]AND[A4]

Next, we show high-probability bounds on the singular gaps o;(t) — 0;(t) (Lemma [A.3) and
coefficients ¢;;(t) (LemmalA 4).

Lemma A.3 (Bound on singular gaps:). Suppose that Assumption or (A, k,T,0,7) is satisfied.

Then for all t € [0,T)], with probability 1 — § where 6 := ﬁ X ((ll:;dg)z, we have |o;(t) — o (t)] >
1

1
\/fg(ai —0j) foranyi < j.

Proof. With probability at least 1 — §, by Lemma 3.3} we have

IBOll> = IVEG> < Vi x 2y/max(m, d} los(;) = Vi x 2v/mos(5),

where G is a matrix with iid N (0, 1) entries.
Thus, by Weyl’s inequality (Lemma 3.2)), we have that

Lemmd3.2] | | Le
2

mmd3.3]
ou(t) — o T B T Vi2vimoa () (19)

for all ¢ € [d] with probability at least 1 — 4.
Therefore, we have that
|0i(t) = 05(0)| 2 00 = 0j = |ou(t) — oi| — o () — 0]

Eq.
qZ@O'Z‘ — 05 — \/E X 4ﬂlog(%)

> S(0i —0j)

N =

with probability at least 1 — §, for any ¢ < j and any ¢ € [0, T'. O

The following proposition shows that the symmetric coefficients ¢;;(¢) are bounded by the reciprocal
of the initial singular value gaps.

Lemma A.4 (Bound of coefficients c;;(t)). Suppose that Assumption 2.1| for (A, k,T,0,7) is
2

satisfied. Then for all t € [0,T), with probability 1 — § where § := ﬁ X (;’lf:gd‘l)z, we have
1

4
cij(t) < o Sforanyi < j.
i 0
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Proof. By LemmalA.3] we have we have with probability at least 1 — §

o3 (t) + o7 (t)

cij(t) = Jo2(8) — o2(0)]
o;(t) 4+ o4(t)
= 0,0 = :O(o:(t) + o)
2 2 ! <
_ _ < —, for any 7 < j.

A.4 PROOF OF LEMMA[AJ]

Next, to bound the quantity E [||¥(7") — ¥(0)||%], use Lemma together with Ito’s Lemma
(Lemma 3.T)), and then apply Lemma[A 4] to the resulting expression (Lemma

Lemma A.5 (Bound the Frobenius error as an integral of ¥(¢)).

E [||9(T) - w(0)]%]

2
d

2 2
§16/ ZZZ %2 dt+32T/ EY ZM at. (o)

i=1 j#i i=1 \ j#i

(0; —0j) forany i < j and any t € [0,T]. By

N | =

Proof. Let E be the event that |o;(t) — o (t)| >
Lemmal|A.3| we have P(E) > 1 — 0.
By Lemma[A2] we have

T
(@) - B = | / av (o)}

s / ZZ )i (H)dB;i (8) (vi (Bv; (8 + v; (v () )
i=1 j;éi
2
. / 2 2)e2 (1)t (L] (1) — vy (8o (1))
i=1 j;éz F
T d ?
<35 [ 308 e OO 0T + 100
i=1 j#i F
+3 / 22 = R () dt(i(t)o] (1) — vy (£)os (D))
i=1 ]751 F
=3I, + 31 210
where the inequality holds by the triangle inequality, and where, for convenience, we define
/ — 3)eij (£)dB;i () (vi()o; (8) T+ vs (i) T)
i=1 ]76@ F
and
2
/ ) (Ot (6] (1) — o3 (t)os ()T
i=1 ]751 F
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To evaluate the first integral 17, define

/ — 73)es; (H)dB;i(8) (vi(t)v; (1) T + v (t)vi(t) )
=1 J#l
for all t > 0. Then we have that
S0 — e BBy + S Rt
i=1 j#i i=1 j£i
where Rji(t) := (77 —73) x cij(t) x (vi(t)v;(t) T 4+ v;(t)vs(t) "), so its [1, 7] component is

ZZRJ, [1,7]dB;i ().

i=1 j#i

Defining the function f(X) := || X||% := Zf:l Zgzl X2[l,r] and applying Ito’s Lemma (Lemma

1), we have

d d

d
df(x) =" 2X (1)t r]dX (¢) +%ZZz AX ()[1,r], dX ()], 7])
=1 r=1 l=1r=1
d1 d 1 d d d
=22 2X(0)L7] ZZRﬂ IEAEEHORD SIS
=1 r=1 i=1 j#£i =1 r=1i=1 j#i

Thus,

1 1 T d d d
E(L x 1p) = ZE[(f(X(T)) = f(X(0)) x 1g] = 0+ E] /0 DD D Rl rldt x 1]

:%E[/o ZZH (32 = )i (O)wit)o; ()T + vy (i) )t x 15]

= R S 0E RO 07 + ) D <

i=1 j#i
1671_7/]) d (Vz_FYj)
<= / 2; L 4dt] _32/ E[;;Mdt] (22)

The first inequality holds since the term E[Zz 1 ZT 12X (t)[1, 7] ZZ 1 222 Ry ([, r]d B ()] =
0 vanishes because d/3;;(t) is inedependent of both X (¢)[l, ] and R;;(t)[l, 7] for every 4, j, [, . The

1
last inequality holds since, whenever the event E occurs, we have |o;(t) — o;(t)| > §(ai — o) for
any ¢ < j and any ¢ € [0, 7.
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For the second integral I5, we have

Iz = / —y3)eq; () (vit)v;| (£) — v;(t)v; () T)de
i=1 J#z .
2
- % / v =) () (i) (£) = v;()v;(6) ) x 1 dt
i=1 J#z B
1 2 .
= 5/0 ;; 77] () (vi (v (&) —v;(t)v; (1)) th x/o 124t
2
- 7T/ =) (O it (8) — vt ()T dt
i=1 J#z -
=5 — 2 C? V; ’U-T —v
) T/ = m WG | oo (1) = v (e (8) T 7t
2
< 2T/ i —))c(t) | dt 23)
i=1 J#l

where the first inequality holds by the Cauchy-Schwartz inequality. The third and fourth equalities
hold since v; (t)v;(t) Tv;(t)v;(t) " = 0 for all i # j. The last equality holds since ||v;(t)v, (t) —
vi (v () Tl < llvi@)of )l F + v (8)v; (6) 7|7 < 2 because [|vi(t)v] (t)]| = 1 forall i € [d].

Whenever the event E' occurs we have by the proof of Lemmathat ci;(t) < forall? < j
0; — 0y
and all ¢t € [0,T7.
Thus, equation [23]implies that
2
I, x 1 < 32T m 2‘ dt 24
2 x 1y < Z o | ar (24)
i=1 ];éz 95

We can express E[||W(T) — ¥(0)||%] as the following sum,
E[|W(T) = ©(0)|[3] = E[|®(T) = ¥(0)||F x 1p] + E[[¥(T) — ©(0)[[F x 1pc]  (25)

Combining equation [22]and equation 24] it follows that

E[|[(T) — ¥(0)[I7]
E[Il X 1g + Iy X ]-E]
E[Il X 1E] +E[I2 X ]-E]

E[®(T) — w(0)[F x 1p] <
<

<32 (7 = % _df] + 32T "B =gl
<o [Ty T o [Mey (2 2
0 i=1 j#i \ ¢ 0 i=1 \j#i * ¢ J

(26)
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Moreover, we have

P(E°)
E[4]¥(T)|F +4[¥(0)[|F x 5]
dy P(E°)

Wi %6

E[®(T) — w(0)[[7 x 1]

<
<
<8
< 8d
7=
(01— 0a)?

d
§32/T Z; %_%)) dt+32T/OTEZ Z%;J)z dt,

0j

IN

’Y1 ’Yd

where the fifth inequality holds since § < ¢ d 377 X orzoar®

Therefore, plugging equation [26]and equation [27]into equation 23] we have

d

E[[|¥(T) — w(0)||2] <32/ ZZ et 0= gy +32T/0 By Z(J__JJJ)L Jdt.

i=1 j#i i=1 \ j#i

A.5 COMPLETING THE PROOF OF THEOREM [2.2]

We now complete the proof of the main result.

Proof of Theorem[2.2] From Lemma[A.5] we have

E [||VFTN7T - VFTFVTH%] =R [||W(T) — ¥(0)||2]
4 )2 T 2 =2
< 32 ZZ dt +327 [ ED (D oo )E Jdt
0 i=1 J;éz 0 i=1 \ j#i *© ° J
2 d
J i=1 \j
( 2 2\2

E ] [
k d k
:64/0TIE[Z > Mdt]+64T/TE[Z

o = \,57 i)

T G & (-7 T
< 64/ E édt +64T/ E
0 [Z Z (0-7, — 0, 0

=

k — A~
ey Y (37%) T. (28)
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By the Cauchy-Schwarz inequality, we have that

2

zd: 0f =) Zd: 1 v? =7l
j=it1 (i — Uj)2 Pt lo; — o} lo; — o]
d d 2 2)2
1 (v =3)
< X
X o) X ey
d d 2 2)2
1 (i =)
| ) 2 e
- )2
Jj=i+1 (\/g)2) j=i+1 (Ul UJ)
d
(v —3)?
<2 =0, (29)
j=it1 V0
Plugging equation 29]into equation [28] we have
% ? 4 (v —2)?
B[l —verry ] <o (Y U1 ) x
i=1 j=it+1 (07 = 0j)
O

B PROOF OF COROLLARY

Proof of Corollary[2.3] To prove Corollary we plug in 1

va = 0 to Theorem [2.2] There are two cases.

:’Yk:land’}/k-i-l:

In the first case, where A may be any m x d matrix which satisfies Assumption plugging in
Y1 =--=7 = land Y441 = - - - = 7q = 0 to Theorem 2.2] we get

E [||Vk17,j - Vkv,ju%} —E [||VFTFVT - VFTFVTH%}

<0
=1 j=1i+1
k d
=012 >
i=1 j=k+
k d
1030

kd

<Ool———"——
- <(0k — Ogy1)?

where the first inequality holds by Theorem and the second equality holds in that ~y;

’Ykzland’}/k+1:"’:'7d:0-

By Jensen’s Inequality, we have that

(=) T
(07 —0j)?
1
T
(0i —0j)?
1

(30)

7)

B VAV i l] < B [T — T < o

22
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In the second case, where the singular values of A also satisfy o; — 0,41 > Q(0), — o)1) for all
1 < k, we have

E [WNJ - VkaT||2F] —E [||f/rTrf/T —vr VTR

E d 2 22
(vi =)
co[Ly Erh)e
i=1j=i+1 > ° J
kE d 1
=0 T
22 o
i=1 j=k+1
E d 1
<0 ; T
2 2 T TP o
- d
<0 T
B (; (i—k—=1)%( k0k+1)2>
k
1
<0 Ty
(ok — oky1) ¢
d
<O\ — | T (31)
((Uk - 0k+1)2)
where the first 1nequa11ty holds by Theorem[2.2]and the second equality holds since y; = =7 =1
and yx41 = -+ = ¢ = 0, the second 1nequa11ty holds since o; — 0511 > Q(of — ak+1) for all
i < k, and the last inequality holds since Z <Y E=00).

Thanks to Jensen’s Inequality, we have that

- - Vd

C PROOF OF COROLLARY 2.4

Proof of Corollary[2.4) We first bound the quantity E [||VZZZ;€ VI — VSIS VTR
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Setv; = o; fori < k and y; = 0 for i > k. Then by Theorem 2.2 we have

k d
(7 —75)?

E[HVZJZ,CVT—VE,IE,CVTH%} <o ooy |7
i=1j=i+1 * " J
k—1 k 2 2\2 k d 2
(07 —0%) o2 — 02
o[Ey s s (20 g
o2 R
i=1 j=i+1 (01 = 7j) i=1 j=h1 N7 9
k—1 k k d 0_2 s 0_2 2
=0 i )2 i k k
SICERNED DI Bl Co P N s
i=1 j=i+1 i=1 j=k+1 ? J ? J
k=1 k ko d 52 \2
<0 ) )2 ) k
> e+ 3 (wr )
i=1 j=i+1 i=1 j=k+1
k=1 k kood o 2
=0 Z(0i+aj)2+z Z (O’iJrO'k : b > T
i=1 j=i+1 i=1 j—kt+1 i = 0j
k=1 k ko d o 2
I I IS (mgk ) T
i=1 j=i+1 i=1 j=k+1 Tk —9j
k=1 k kood kood o 2
OE Y rap+ X X e Y (o) |7
i=1 j=i+1 i=1 j=k+1 i=1 j=k+1 Tk — O
kood o 2
<O | d|Z]f? b
<o dpmilz+Y > (akak_aj) T
i=1 j=k+1
. 2
<0 (dzkﬁp + k(d — k) (o—k’“) ) T. (32)
Ok — Ok+1

We next bound the quantity E [||Vi]ka]kVT - VEkTEkVT||F] .
Let E; be the event when ||G|| > \/max(m, d) log(1/5). By Lemma we have P(E) > 1 — 6.
Since | Zx||p < Vo and ||Sk |l < VEoy(t), we can use the bound

127k =S Sillr < 120 Skllr + 121 SkllF < kot + ko?(t) < 4ko?

and hence o
E[||S) Sk — 5] Sillr % 15,] < 2Vkoy x P(Ey) < 4ko? % 6.

Recall that (from Assumption § < -L;. Hence,

ko?*
B[|Z) Sk — 30 Skllp * 18] < 4
Now consider the event Ef, where ||G|| < y/max(m, d)log(1/d). From above, we have P(Ef) =
1 —P(F;) <. For Ef we get,
E[24 Sk — 38 Skl * 1] < B[I(Sk — Sk)(Sk + Za) |7 * 1)

<ENVTIG] * (IZkllr + 12kl #) * 15¢]

< ]E[2\/ kT0'1||Gk|| * 1E‘f}

< 2Vkdo log(1/6)VT.
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Finally, put the two cases together:
E[IVETSVT = VSISV T |l6| = BN, — Sellr]
= E[|[Sk — Skllr * 1] + B[Sk — Sl r * 1a¢]
< 44 2Vkdoy log(1/0)V'T
= O(Vkdoy log(1/8))VT. (33)
Combining equation[32]and equation [33] we have
E [m;ikw - vzgzvaHF}

<E [”vzgzkw - ngzkwnF} +E [umgzm VIS VT ||e

<f||zk|F +Vk(d—Fk) (ak — %1)) VT + O(Vkdoy 1og(1/8))VT
<0 (Vﬁnzm +VE(d— k) (ak%f’;kﬂ)) VT. (34)

O

D ADDITIONAL COMPARISONS FOR LOW-RANK COVARIANCE
APPROXIMATION

In this section, we present how one can derive high-probability bounds on the quantity || Vf]iVT -
VY2V T || from the subspace perturbation bounds of Davis & Kahan| (1970); Wedin| (1972) or
O’Rourke et al.| (2018)).

Towards this end, we note that

V2V T V2V T | p < |[VERVT —VEV | p+ |[VE2VT —VEIV T 5.
The first term can be bounded as
k
IVERVT — VSV |[p = 137 = S3lFr =) 67 — o7,

which can be bounded using Weyl’s inequality (Lemma[3.2) together with the Gaussian concentration
inequality in Lemma [3.3]

For the second term, we have

[VE2VT —ve2vT|p = ||f/22vT — VIV e

= ||Z R VA AAD R AUAAE A AR 12
k—1 o L
< (o7 Uz'2+1)|WiViT —ViVi'lr + ox ViV = VWil e
i=1
k—1 o L
< (oi + oi)(oi — o) |ViViT = ViV e + o7 IV Vi = ViV |lr
=1
k—1 -
d kvd
< (6; — 0it1) Vivd + o) VkVd
i—1 0i — 0i41 Ok — Ok+1
=0 (k1-5\/&+ \/E\/&) . (35)
Ok — Ok+1
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Plugging into equation [35|the bound of ||V;V," — V;Vi" || < U\C\UF VT w.h.p. implied by [Davis
& Kahan| (1970); Wedin[(1972)), one has
k—1
VSRV = VSRV lp < (05 + 0ig1) (i — 0i41) ——— \[\F VT + o} Viv/im —Y VT

=1

<\/>\/>Zaz+az+1 Wi+ o? Vhy/m N VT

Ok — Ok+1

< A5 STy + 2 YV

Ok — Ok+1
One can also instead plug in the bound from Theorem 18 of |O’Rourke et al.| (2018]) (restated here as
equationin Section|1.1) into equationn 35| When, e.g., o) — o1 > Q(max(oy, /m)), equationl
reduces to |[VE2VT —VE2VT ||z <O < ‘F\f) for i < k into equatlon Thus, plugging in
this bound into equation [33] one has

T - vzsz||F<Zaz+m+1>< o) VT 4 ot T

<Z 0; — i)l f\ﬁ%—akk\ﬁ\ﬁ)

=1

<O ((01 — o) ky/mVT + Ukk\/ﬁﬁ)
<0 (Uﬂ{:f\ﬁ)

E NUMERICAL SIMULATIONS

In this section, we present numerical simulations that illustrate the theoretical results in Theorem
and investigate the extent to which the bounds in Theorem [2.2] are tight.

E.1 SIMULATIONS FOR RANK-k COVARIANCE MATRIX APPROXIMATION

In this set of simulations, we compute the squared Frobenius error for the rank-k covariance approx-
imation problem, — VEgEkVT||2F. We take an input “data” matrix A, perturb the
matrix by iid Gaussian noise (that is, A = A + v/T'G where G has iid N (0, 1) entries), and compute
the error | VT3, VT — VETS, V7|2, for different values of m, d, k. In the following simulations
we choose the input “data” matrix to be a synthetic data matrix with linearly decaying spectral profile
spectral profile o; = v/m x (d — i + 1) for all ¢ € [d]. We note that, since the noise distribution G is
invariant to multiplication orthogonal matrices, we may assume without loss of generality that A is a
(rectangular) m x d diagonal matrix with diagonal entries o1, - - - , 04 and zeros in all other entries.

We then plot the ratio of the error observed in the experiments to the r.h.s. of the bound in Cororlar

T T T

2.4] VS8V Vg Z’“Y I , for different values of m (Figure|l)), d (Figure [2), and k (Figure |3)
dllSkllf+k 5 k+1(ﬁ)2

eeping the other two variables fixed in each plot.

We observe that, the ratio of the experimentally observed error and our upper bound does not change
much (up to a small constant factor) for different values of m or d, suggesting that, for matrices A
with the above spectral profile, our bound in Corollary [2.4|is tight with respect to m (Figure|l)) and d
(Figure [2).

On the other hand, we observe (Figure 3] that the ratio of the observed error and our upper bound
seems to be smaller for values of & which are far from 1 or d, suggesting that Corollary 2.4/ may not
have a tight dependence on & for input matrices of this spectral profile.
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Rescaled Rank-k Cov. Approx. Error vs. m
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Figure 1: Plot of the rescaled error, that is, the L.h.s. of Corollary @ divided by the r.h.s.,
|VETS VT —vEIS, VT2
2
Ak Bk g (7 257)?
d =15,k =5,T = 1 and the input matrix has spectral profile o; = \/m x (d —i+ 1) forall ¢ € [d].
The rescaled error does not change much, suggesting that, for input matrices of this spectral profile,
Corollary [2.4] has a tight dependence on m.

, for different values of m. Error bars indicate standard deviation. Here,

Rescaled Rank-k Cov. Approx. Error vs. d

157

0 200 400 600 800 1000

d

Figure 2: Plot of the rescaled error, that is, the Lh.s. of Corollary @ divided by the r.h.s.,
[VSES VT VSIS V%
2
Ak lF Ak g1 (7 257)?
m = 1000, k = 5, T = 1 and the input matrix has spectral profile o; = \/m X (d — i + 1) for all
i € [d]. The rescaled error does not change much, suggesting that, for input matrices of this spectral
profile, Corollary 2.4 has a tight dependence on d.

, for different values of d. Error bars indicate standard deviation. Here,
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Rescaled Rank-k Cov. Approx. Error vs. k

0 20 40 60 80 100

Figure 3: Plot of the rescaled error, that is, the 1.h.s. of Corollary @ divided by the r.h.s.,
|VETS VT —vEIs, VT2
2
Ak Bk S (7 2557)?
m = 1000, d = 5, T = 1 and the input matrix has spectral profile o; = \/m X (d — i + 1) for all
i € [d]. The rescaled error seems to be smaller for values of k£ which are far from 1 or d, suggesting
that Corollary 2.4 may not have a tight dependence on k for input matrices of this spectral profile.

, for different values of d. Error bars indicate standard deviation. Here,

E.2 SIMULATIONS FOR SUBSPACE RECOVERY

In this section, we present numerical simulations that illustrate the theoretical results in Theorem@
and investigate the extent to which the bounds in Theorem [2.2) are tight.

E.3 SIMULATIONS FOR RANK-k COVARIANCE MATRIX APPROXIMATION

In this set of simulations, we compute the Frobenius norm error for the subspace recovery problem,
[VVT — VVT| 5. We take an input “data” matrix A, perturb the matrix by iid Gaussian noise (that
is, A = A + /TG where G has iid N(0, 1) entries), and compute the error ||VVT —VVT||E, for
different values of m, d, k. As in the simulations of Section [E.1] we choose the input “data” matrix to
be a synthetic data matrix with linearly decaying spectral profile spectral profile o; = /mx (d—i+1)
for all ¢ € [d].

We then plot the ratio of the error observed in the experiments to the r.h.s. of the bound in Corollary

, w, for different values of m (Figure , d (Figure , and k (Figure H), keeping the
d/(or—0okt1)

other two variables fixed in each plot.
We observe that, the ratio of the experimentally observed error and our upper bound does not change

much (up to a small constant factor) for different values of m or k, suggesting that, for matrices A
with the above spectral profile, our bound in Corollary [2.3]is tight with respect to m (Figure[d) and k

(Figure [6).

On the other hand, we observe (Figure[5) that the ratio of the observed error and our upper bound
seems to decrease with d, suggesting that, Corollary [2.3|may not be tight in d for input matrices of
this spectral profile..
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Rescaled Subspace Recovery error vs. m
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Figure 4: Plot of the rescaled subspace recovery error, that is, the Lh.s. of Corollary 2.3]divided by
YT T
the r.h.s., W, for different values of m. Error bars indicate standard deviation. Here,
Or—0Ok41
d =15,k =5, T = 1 and the input matrix has spectral profile o; = \/m x (d —i+ 1) for all i € [d].
The rescaled error does not change much, suggesting that, for input matrices of this spectral profile,

Corollary 23| has a tight dependence on m.

Rescaled Subspace Recovery error vs. d
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Figure 5: Plot of the rescaled subspace recovery error, that is, the Lh.s. of Corollary 2.3]divided by

ViV ViV lle
the r.h.s., Vi (or—ora)
d =15,k =5, T = 1 and the input matrix has spectral profile o; = /m x (d—i+ 1) forall i € [d].
The rescaled error decreases with d, suggesting that, Corollary 2.3] may not be tight in d for input
matrices of this spectral profile.

, for different values of m. Error bars indicate standard deviation. Here,
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Rescaled Subspace Recovery error vs. k

1.2 -

0.8

0.6

0.4

0.2r

0 20 40 60 80 100

k

Figure 6: Plot of the rescaled subspace recovery error, that is, the Lh.s. of Corollary 2.3]divided by

\/ [/ T — T . . . . .
the r.h.s., M, for different values of k. Error bars indicate standard deviation. Here,
Vd/(ok—0k+1)

d =15,k =5, T = 1 and the input matrix has spectral profile o; = /m x (d —i+ 1) forall i € [d].
The rescaled error does not change much, suggesting that, for input matrices of this spectral profile,
Corollary 2.3]has a tight dependence on k.
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