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Abstract

Low-rank adaptation (LoRA) has become a standard approach for parameter-efficient fine-tuning,
substantially reducing the number of trainable parameters and the optimizer memory required during
training. Quantization offers a further route to resource-efficient fine-tuning, but many existing
quantized LoRA methods focus on weight-only compression, leaving unclear how low precision
affects optimization when it is used throughout training. In this work, we initiate a systematic
theoretical study of low-precision LoRA training in which the data, pretrained weights, adapters,
gradients, and intermediate matrix multiplications are quantized during optimization. For spectrally
initialized LoRA under a low-rank linear model with sub-Gaussian data and relative quantization
error, we establish finite-horizon convergence upper bounds that consist of a full-precision linear
convergence term plus a quantization-dependent additive error floor. Our results show that low-
precision LoRA can retain convergence behavior close to its full-precision counterpart, provided that
the mantissa length grows only logarithmically with the inverse of the full-precision contraction rate.

1. Introduction

Low-rank adaptation (LoRA) has emerged as the most prevalent paradigm for parameter-efficient
fine-tuning (PEFT) of large-scale pretrained models by learning low-rank updates through a pair of
smaller adapter matrices [11]. However, as parameter counts continue to scale, reducing the number
of trainable parameters alone does not remove the computational and memory cost of the full training
execution graph, including forward activations, backward gradients, and matrix multiplications
[2]. Efficient acceleration and memory reduction of LoRA fine-tuning are therefore essential to
enable timely, scalable, and cost-effective deployment of large pretrained models under practical
computational constraints.

A growing body of empirical research demonstrates that quantizing pretrained weights can signif-
icantly reduce the memory footprint of fine-tuning without compromising downstream performance
[6, 10, 19, 22, 28, 32]. However, many existing methods are largely static and weight-only: they
compress the frozen backbone while keeping the LoRA adapters, gradients, and intermediate matrix
multiplication operations in higher precision. This leaves a critical gap in our understanding of
training-time low precision: Can the LoRA training execution graph, including forward and back-
ward arithmetic, be quantized while preserving the behavior of full-precision adaptation? It remains
unclear when low-precision arithmetic can be used throughout LoRA training without fundamentally
changing its optimization behavior.

Theoretically, beyond analyzing expressive power [35] and optimization landscapes [13, 18, 23],
recent works investigate the training dynamics and convergence guarantees of LoRA [24, 26, 30, 33,
38]. Xu et al. [33] studied LoRA under gradient flow for matrix factorization, revealing an alignment
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phase where the singular vectors of the LoRA weights gradually orient themselves to correct the
misalignment between the pre-trained model and the target task. For discrete gradient descent,
Mu and Klabjan [26] proves that LoRA gradient descent converges to a stationary point at rate
O(1/logT), assuming only that the original loss function is Lipschitz smooth and lower bounded.
Zhang et al. [38] proves linear convergence for spectrally initialized LoRA under sub-Gaussian
downstream features and mean-squared loss. However, these theoretical frameworks are confined to
the full-precision setting and do not analyze the convergence behavior when the quantities used in
the forward and backward passes are quantized. This leaves a fundamental question unanswered:
How does quantization alter the optimization behavior and convergence guarantees of LoRA?

In this work, we initiate a theoretical study of low-precision LoRA training. We analyze gradient
descent (GD) for multi-output linear regression with a frozen pretrained matrix W? and a rank-r*
target update A = W* — W, learned through LoRA adapters A € R%*" and B € R"**. To model
training-time low-precision arithmetic, we quantize every tensor entering the matrix multiplications in
the forward and backward passes: data features, pretrained weights, adapter factors, output residuals,
and intermediate activations. Our goal is to bound the approximation error R; = ||[A;B; — A||p
and to identify precision regimes under which the low-precision recursion preserves the linear
convergence behavior of its full-precision counterpart.

Our theoretical results. Under sub-Gaussian downstream data, a low-rank target condition r* <
r, spectral initialization, and coordinate-wise relative quantization error, we prove finite-horizon
convergence rates for low-precision LoRA. Informally, writing € for the worst relative quantization
error, our results take the form

eVd, r=r"

eVd+ (Tneﬂ)z, r>r M

Rr V7 |(1=p)" +D(9)], D) =

where p is the full-precision contraction factor determined by the stepsize 1 and the spectrum of A.
The first term is the same geometric decay that appears in full-precision LoRA. The second term
is a quantization-dependent floor. Our analysis shows that exact rank LoRA (r = r*) and over-
parameterized LoRA (r > r*) have qualitatively different low-precision behavior: both retain the
same linear contraction term and a static e1/d floor, but over-parameterization introduces an additional
horizon-dependent term (Tnev/d)? caused by quantization drift in non-signal rank directions. The
formal statements are given in Theorems 1 and 2.

Our contributions. We summarize the main contributions as follows.

* We formulate a training-time low-precision LoRA recursion that quantizes not only frozen weights,
but also data features, adapter factors, residuals, and intermediate products in both forward
and backward matrix multiplications. For this recursion, we prove convergence bounds for the
approximation error ||A;B; — A||r between the learned LoRA update and the target update,
showing that quantization affects LoRA convergence through an additive error floor.

* We prove that in the exact rank regime » = r*, low-precision LoRA has a horizon-independent
additive floor (Theorem 1), while in the over rank regime r > r*, the floor contains an additional
horizon-dependent accumulated term (Theorem 2).

* We derive explicit precision conditions under which the low-precision LORA convergence rate
matches the full-precision rate in both exact rank and over rank cases. Theoretical results show that
over rank case needs more bits to recover the full-precision rate compared with the exact rank case.
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2. Theoretical Setup

2.1. Low-precision LoRA training

We study LoRA fine-tuning for multi-output linear regression with a frozen pretrained matrix
Wi e R, Let X = [Xp,...,%n]T € RV and Y = [71,...,yn]" € RY** denote the
downstream design and label matrices. LoRA learns a rank-r update AB, where A € RY*" and
B € R™** by minimizing

- 1 |~ 12
L(AB):= 5 Hx(wu +AB) - YHF. )

We work in the data-rich regime N > d and keep » = ©O(1), following Zhang et al. [38]. With
stepsizes 11,12 > 0, the corresponding full-precision gradient descent step is

A — A, — %XT (5&(Wh +AB,) - ?) B/,
I _ 3)
B =B — %Aj X7 (X(Wu +A/B,) - Y) .

To model training-time low-precision arithmetic, we quantize every tensor that enters a matrix
multiplication. Define coordinate-wise quantizers Qg, 9 4, Qp, Q, and 9,, for data features, model
parameters A and B, output gradients and pretrained weight W respectively. Under these quantizers,
standard dual-branch LoRA still requires multiplication among quantized parameters, quantized data
and quantized output gradients. Hence, we further introduce intermediate quantization operations
Q; and Q,.. In the forward pass, the intermediate hidden state Qd(f() Qa(Ay) € RYX" must be
quantized by Q; before it can be multiplied by Qp(B;). Similarly, during the backward pass, the
intermediate hidden state from the multiplication between quantized output gradient and quantized
parameter Q(B;) must then be quantized by Q, before the final multiplication with Qg(X)T .

Formally, denote the forward activation Z; = Q4(X) Q. (W) +9Q, (Qd(f() QA (At)) Qp (By),
then the quantized GD updates are given by:

Avii = A= 204(X)7Q, (Qu(Z:~ ¥)Q5 (BY) ).
o - T _ (quantized GD)
Bii1 =B — NQI (Qd(X) QA(At)> Q(Zt - Y).

Spectral initialization. We initialize the adapters using the spectral construction of Zhang et al.
[38]. Specifically, let the compact singular value decomposition of Gic = —%XT(XWh —Y)be

G? = UgSgV{, and let U, € R¥" and V,. € R¥*" denote the top-r left and right singular
matrices, and let S,. € R"*" denote the top-r sub-matrix of Sq. Then

Ay = UTS}/ 2, By = S%/ 2VrT ) (spectral initialization)

2.2. Data model and Quantization

Following Zhang et al. [38], we assume that each downstream label is generated by a ground-truth
linear predictor W* € R¥*F: y = WX, We impose the standard low-rank and concentration
assumptions used in the full-precision LoRA and matrix factorization analysis [38].
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Assumption 2.1 Assume that rank(A) = r* < r = O(1) and that {X;}Y, are i.i.d. isotropic,
centered sub-Gaussian random vectors.

Denote A} be the i-th largest singular values of A and condition number x = A]/A%.. The goal
is to derive convergence rate for |A;B; — A||2F This error also imply generalization performance,
because the generalization error for a new data (X,y) satisfies Ex [||y — (W* + ABy)x|| ] =
|A;B; — A% under the noiseless linear data model and Assumption 2.1.

We model the quantizer Q and its error properties focusing on widely-adopted floating point
quantization. Following Tang et al. [31], we assume the absence of underflow and overflow which is
well justified by practical engineering techniques such as per-tensor or per-channel scaling [8, 27].
Under this condition, the relative quantization error decays exponentially with the mantissa bits.

Assumption 2.2 Assume that for eachi = d, A, B, o, w, 1, r, there exists €; such that the coordinate-
wise quantization Q; satisfies

1Qi(u) — ul < €ful, foranyu R,

where ¢; = ©(27M:), and M is the mantissa length of the target floating-point format.

3. Main Theory

In this section, we establish theoretical bounds for the approximation error ||[A;B; — A||r. For
simplicity, we consider 71 = 72 =: 17 > 0 and denote €yax = MaX;—g4 A B,o,w,l,r €;- We also assume
that the leading signal quantities and the LoRA rank under consideration are at constant level.

Assumption 3.1 Assume that X, Xk, [[W|op = O(1) and r = O(1).

Without Assumption 3.1, the same analytic framework yields spectrum-explicit guarantees; see
Corollary 12 for the exact rank case and Corollary 16 for the general rank case.

3.1. Exact Rank

Theorem 1 (Convergence rate in exact rank case) Under Assumptions 2.1, 2.2, and 3.1, consider
the exact rank case v = r* with (spectral initialization) and (quantized GD) using 71 = no =n > 0.

AT 1 . . . . .
Suppose 0 < n < W, 0 < €max < T—\/E,for an integer iteration horizon T' > 0. Then, with
probability at least 1 — e~ *V),

« \T
|ArBr — Allp 5 Vi [(1 g )+ emaxm] .

The bound in Theorem 1 can be illustrated as follows: the first term represents the geometric
convergence characteristic of full-precision LoRA under spectral initialization [38]; the second term
establishes an additive quantization floor: once the optimization error diminishes, the convergence is
bottlenecked by the perturbation level introduced by low-precision arithmetic.

Crucially, under the conditions of Theorem 1, quantization does not degrade the linear conver-
gence rate. Intuitively, this linear contraction is governed by the preservation of nondegenerate
signal within the learned LoRA factors along the true left and right singular spaces of A, rather than
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being directly dictated by coordinate-wise rounding errors. Although quantization injects minor
perturbations into the gradient updates, the small-error perturbation ensures that the smallest aligned
singular values do not collapse, preserving the geometric decay factor.

Denote p = nA*./(64k). A direct implication of Theorem 1 is that if ey S (1?/%)T, the
quantization error is absorbed into the geometric term. In this regime, the convergence of the
low-precision iterates asymptotically matches the full-precision rate O (\/F (1-— p)T). For bit level,
let Myyin := min;—q A, B o,w,1,» M; denote the smallest mantissa length among the quantized tensors.
Since Assumption 2.2 implies €0, = ©(27Mmin) up to format-dependent constants, the condition
for the quantization floor to be absorbed by the full-precision term is M,in 2 % log, d + T log, ﬁ.

3.2. General Rank

Theorem 2 (Convergence rate in general-rank case) Under Assumptions 2.1, 2.2, and 3.1, con-
sider the general rank case r > r* with (spectral initialization) and (quantized GD) using n1 =

Ay . . .
n2 =n > 0. Suppose 0 < n < m, 0 <eémax S \/EH()\*+H2T)(1+T77)3/27f0r an integer iteration
1
horizon T' > 0. Then, with probability at least 1 — exp(fﬂ(ﬁ)),

AT 2
||ATBT - A||F 5 \/; [(1 - nﬁiK> + emax\/a'f_ (Tnemax\/g> ] .

Theorem 2 demonstrates that over-parameterization preserves the same linear optimization rate
as the exact rank setting, but alters the additive quantization floor. Beyond the iteration-independent
contribution €y,ax Vd, the general-rank bound introduces an iteration-dependent term (7€ ax \/&)2
This additional term stems from the non-signal subspace created by the surplus rank directions
(r > r*). In the exact rank case, all learned factors align strictly with the true left and right singular
spaces of A. In contrast, the over-parameterized factors contain orthogonal components that carry no
signal from A and, consequently, do not benefit from the geometric contraction governing the signal-
space dynamics. As a result, quantization perturbations can accumulate within this unregularized
non-signal subspace over the effective horizon T'n, yielding the T-dependent floor. When the effective
horizon is short (e.g., T < 1), this accumulation is dominated by the static floor, and Theorem 2
recovers the additive-error structure of Theorem 1, scaling with /r rather than N
Similarly, if €pay < min{(1 — p)7, %} /+/d, then the low-precision iterates to asymp-

~

totically match the full-precision convergence rate. For bit level, this corresponds to the condition
Minin 2 3 logy d + max {Tlogz =, logy(T) + L log, ﬁ} .

4. Conclusion and Limitations

We formulate a low-precision training LoRA framework and establish convergence bounds for the
error ||A;B; — Al|r and reveal that quantization affects LoRA convergence through an additive
error floor. Theoretical results show that, compared with the horizon-independent additive error
floor in exact rank case, over rank case contains an additional horizon-dependent accumulated error.
Further, we derive explicit precision conditions under which the low-precision LoRA convergence
rate matches the full-precision rate, demonstrating that more bits are required in case of over rank.

Future work may address two key limitations of this study: (1) extending the theoretical frame-
work to non-linear models; and (2) analyzing other optimization methods.
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Appendix

We contain related works in Section A, numerical experiments in Section B. Detailed proofs are
also contained in the subsequent Appendix. Theorem 1 follows from Corollary 13, and Theorem 2
follows from Corollary 17.

Proof roadmap. The appendix is organized as follows. Section C rewrites the quantized LoRA
recursion as full-precision LoORA dynamics plus perturbation terms, decomposes the error into signal
and non-signal blocks, and proves the one-step propagation inequalities used by both main results.
Section D bounds the quantization perturbations, states the initialization guarantees, and proves the
finite-horizon induction arguments. The exact-rank proof is given in Section D.3.1; the general-rank
proof is given in Section D.3.2. Section E contains a standalone operator-norm contraction lemma
used in the propagation analysis.

Notations. For two positive-valued functions f(z) and g(z), we write f(z) < g(x) (or equivalently,
f(@) < O(g(x))) or f(z) 2 g(x) (or equivalently, f(z) = Q(g(x))) if f(x) < cg(z) or f(x) =
cg(z) holds for some absolute (if not otherwise specified) constant ¢ > 0 respectively. We write
f(z) = g(z) (or equivalently, f(x) = O(g(x))) if f(x) S g(x) < f(x). Weuse || - ||op to denote
the operator norm and || - || ¢ to denote the Frobenius norm for matrices. For a general matrix M,
let \;(M) denote its i-th largest singular value. For A, denote A} = \;(A) and condition number
K= AT/ Ak

Appendix A. Related Work

Empirical quantized variants of LoRA. One prominent line of research focuses on weight-
only quantized LoRA, which reduces memory by quantizing the frozen backbone while keeping
activations, gradients, adapters, and most training arithmetic in higher precision. QLoRA [6]
pioneered this direction through 4-bit NF4 weight quantization and double quantization, while QA-
LoRA [32] integrated quantization-aware adaptation with LoRA so that the fine-tuned update can be
merged into a quantized model. Follow-up methods improve ultra-low-bit fine-tuning by changing
which low-dimensional variables are trained or how adaptation capacity is allocated [17, 19, 29, 34].
Other works reduce quantization mismatch through initialization or error compensation: LoftQ [22]
initializes LoRA adapters jointly with quantized base weights, LQ-LoRA [10] decomposes pretrained
weights into a quantized component and a high-precision low-rank residual, and subsequent methods
preserve information, calibrate initialization, or compensate quantization residuals [5, 28]. Closest
in spirit to our setting, RoLoRA [12] studies rotated outlier-free models for weight-activation
quantization, and FALQON [3] accelerates LoRA fine-tuning by merging adapters into an FP8-
quantized backbone and reformulating forward and backward computation with quantized weights
and activations.

Theoretical analysis of LoORA. Theoretical studies of LoRA have analyzed its expressive power
[35], optimization landscape, and training dynamics. In the Neural Tangent Kernel (NTK) regime,
Jang et al. [13] showed that LoRA has no spurious local minima when the parameterized rank satisfies
r > /N, and Kim et al. [18] extended landscape analysis to nonlinear settings, showing that a local
minimizer is either a small-rank global minimizer or a large-magnitude spurious minimizer. Liu et al.
[23] compared LoRA and full-rank fine-tuning through the Polyak-t.ojasiewicz (PL*) region and
found that this benign region can be much smaller for LoRA. Beyond landscapes, recent work studies
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LoRA trajectories and convergence. RAC-LoRA [24] and Bernoulli-LoRA [30] analyze variants that
train one adapter while freezing the other as a fixed projection. For standard LoRA, Zhang et al. [38]
proved that gradient descent aligns adapters with the top singular subspaces of the one-step full fine-
tuning gradient, motivating spectral initialization and yielding linear convergence for ||A;B; — A|| 5.
From a continuous-time perspective, Xu et al. [33] studied matrix-factorization gradient flow and
identified an alignment phase, while Mu and Klabjan [26] proved an O(1/log T") stationary-point
rate for LoRA gradient descent under smoothness and lower-boundedness assumptions.

Theoretical analysis of low-precision training. A fundamental line of work establishes conver-
gence guarantees for quantized training algorithms. Early analyses studied SGD with quantized
gradients, often under unbiased quantizers and fixed quantization schemes [1, 4, 14]; Faghri et al. [7]
extended this direction to adaptive quantization. To handle biased quantizers, subsequent work intro-
duced error-feedback mechanisms that compensate quantization bias while preserving convergence
[16, 21, 39]. Complementary results analyze quantized model weights [25], vector quantized SGD
[9], and quantized adaptive optimizers such as Adam [20] and Muon [15] [31]. Beyond optimization,
Zhang et al. [36] established generalization bounds for low-precision SGD in linear regression, and
Zhang et al. [37] derived precision scaling laws under Gaussian sketched linear regression. These
works provide important tools for understanding low-precision training, but they do not address the
coupled bilinear dynamics and training quantization effects that arise in LoRA.

Appendix B. Numerical Experiment

We complement the preceding bounds with a controlled synthetic experiment using a 4090 GPU.

Experiment setup. We generate noiseless multi-output linear regression data with N = 4096
samples and dimensions d = k = 64. The covariates are i.i.d. centered isotropic Gaussian,
X; ~ N (0,1;). The target update A has rank r* = 4, with random orthonormal singular vectors and
singular values geometrically spaced between 1 and 0.6. We compare LoRA ranks r € {4, 8, 16, 32},
covering the exact rank case and three over rank cases. The adapters are initialized by the spectral
initialization (spectral initialization). We use constant stepsize = 0.08 and average over eight
random seeds. We record the relative recovery error E; = ||A:B; — Al|r/|| Al F.

Observed behaviors. Figure 1 summarizes three diagnostics. Panel (a) measures the early
log-linear convergence rate by fitting log F; over 0 < ¢ < 200 and normalizing by the corresponding
full-precision slope. For ¢ = 108, the normalized slopes are 0.99997, 0.99997, 0.99997, and
0.99996 for r = 4,8, 16, 32, respectively. Hence sufficiently fine quantization recovers the full-
precision linear phase across all ranks, in line with the common contraction factor in Theorems 1
and 2. As quantization error level increases, the trajectory departs from the full-precision log-linear
phase earlier in the over rank cases. This aligns with our theory that over rank case requires smaller
quantization error level to match the full-precision convergence rate. Panel (b) reports the terminal
recovery error after 7' = 1200 iterations. The error grows approximately linearly with e over the
displayed smaller precision range, consistent with the additive epa/d term in the bounds. This
also supports the qualitative prediction that surplus directions in over rank case make the limiting
neighborhood larger, even though the geometric contraction term itself has the same rate. Panel
(c) isolates the horizon-dependent over rank effect by plotting Er(r,€) — Ep(r*,e) with r > r*
at e = 107%. As T increases from 100 to 1200, the excess error grows with 7', validating the
finite-horizon accumulated term in Theorem 2. Overall, the experiment supports and probes the
mechanisms appearing in Theorems 1 and 2.

10
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Figure 1: Numerical verification of the theoretical results. Left: sufficiently small € preserves the
full-precision log-linear rate, while larger e makes over rank runs leave the full-precision phase
earlier. Middle: the terminal recovery error grows with € and with surplus rank. Right: the over rank
excess error grows with the horizon.

Appendix C. Algebraic Reductions and One-Step Propagation

This section contains deterministic reductions that are common to both the exact-rank and general-
rank proofs. We first separate the quantized update into the full-precision LoRA update plus
low-precision residuals. We then decompose the approximation error into blocks aligned with the
singular subspaces of the target update A, and derive one-step propagation bounds for these blocks.

C.1. Separating the Quantized Update

We first focus on the parameter update rule. Define the first-step negative gradient of full fine-tuning
in quantized data space:

1 - ~ ~
Gf = -5 Qu(X)" | QX)W - Y| 4)
Define the quantized data covariance as S¢g = + Q4(X)TQu(X).

Intermediate quantization errors. To isolate the effects of quantization, we define the following
quantization errors.

B =0 (Q(Z-Y)Qr(B)') -0 (Z-Y) Qs (B),
By = 01 (Qul(X)Qa (A1) ~ Qu(X)Qa (Ar).
E =9, (Zt - ?) - (Zt - ?) ;
E® = 0, (W) - W' E® .= Q4(A)—A;, EP:=0pB)-B;, EWM=guX)-X
Then we are ready to simplify the parameter update rule, which is summarized as follows.

Lemma 3 (Parameter update rule) The quantized gradient descent (quantized GD) can be written
as

A=A +m <§QA + EgT)) (Bt + EEB)>T —mH A,

Bty =B + 12 (At + E,EA)>T (ZAJQA + EET)) —neH B,

11
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Wherg EIET) e *%Qd(X)TE(X)W* — ]{]Qd(i)—r <E§O) + Qd(X)E(w)) ,and

1

- - 1 -~ ,
Hia = +Qa(X)7Q (Qu(X)Qa (A1) Q5 (B1) 0z (Br) | + - Qu(X)"E(”,
1 - - 1 . -
Hop = Q4 (A0 Qu(X) 0 (QuX)24 (A) 05 (B + BV (B +2,- 7).

Proof We first consider the update of parameter A;. By (quantized GD),
A=A - 2Qu(X)7Q (0 (Z: - Y) 05 (B)))
A . T [ v T
—A - BuX)" [B + Q. (7~ Y) Qs (B)]]
—A, - %Qd(X)T [E,ﬁ””) + (Eg°> Y Z— Y) 05 (Btﬂ .

Recall that B _
Z; =Qu(X)Qu(W¥) + Qi (Qu(X) Q. (A1) Q5 (By)

=Qu(X)(W? + E™) + @, (Qu(X)Qu (A1) Qi (By),

and utilizing the first-step negative gradient of full fine-tuning (4), we have
Ap1 =A¢ — %Qd(X)T [Egr) + (Ego) + 2 — ?) 952 (Bt)T}
1 S o S (w T
—Ai+m (Gu — - 2(X)" (B + Qu(X)E >)> (B +E{”) 5)
~10u(X) " Qs (Qu(X)Qa (A1) Q5 (Br) Q5 (B) — X Qu(X)TE”.
Next, we consider the update of parameter B;. By (quantized GD),
~ T ~
Bii1i =B; - 20 (Qu(X)Qa(A)) Q, (2~ V)
n2 3 D\ " (0 S
=B, — 2 (Qu(X)Qa(A) +E") (E{Y+2-Y)

-B, — % (Qd(X)(At +EWY) + EE”)T (E§0> + 7 — 3?) .

Expanding the terms and once again utilizing the first-step negative gradient of full fine-tuning (4),
we obtain:

T 1 ~ o <
Bit1 =B+ 12 (At + EEA)> <Gu - NQd(X)T (Eg - QuX)E! ))>
~204(A)" Qu(X)TQ (Qu(X)Qua (A1) Q5 (By) (©)

—%Egl)—r (Ego) +Z — \7) .

12
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We then analyze the dynamics of A; (5) and B; (6) by dealing with Ga. Noticing that

Gt =~ LX) [QuX)W* - Y]
- - S uX)T [QuF)WE - XW]
T %Qd(i)T :Qd(X)W” — Qu(X)W" +(Qu(X) - X)W*]
__ %Qd(X)T :—Qd(fi)A +(Qu(X) - i)W*}

~ 1 ~
=3oA — Ngd(X)TE(X)W*,

denoting
1 . = 1 . o~ . < o
E{") = - QuX)TEOW - L0uX)T (B[ + QuX)E™),

it follows by (5) and (6) that

A1 = A+ (igA + E§T>) (Bt + E§B>)T

~104(X)T Qi (Qu(X) Q4 (A1) Q5 (B) Qz (B — L 0uX)TE[, (D

—mH A

By =B +m2 (At + E§A))T (iQA + EgT))

~ ~ T o ~
~20a(A)" Qu(X) 0 (Qu(X)Qa (A1) Q5 (B) — LE! (B +2,-Y). @

—n2Hy B
[ |

C.2. Signal and Non-Signal Error Decomposition

To avoid the complicated analysis for A;B;B, A, we analyze the operator norm ||A;B; — All,,
and the Frobenius norm is controlled by

HAtBt — AHF S \/rank(AtBt) + r* ||AtBt — AHOp .

We then perform error decomposition for [[A;B; — Al|,,. To proceed, we first perform SVD for A:

S S* 0. . \"A
A=US'V'=[U U X (k=r) H ] 9
[ ] O(d—reyxr=  O(d—r=)x(k—r=)] [V 1 ®

For simplicity, we also define the following notations:
AP =U'TA;,, BY=B,V, Af=U[A;, B}/ =B,V,.

We then decompose the error || A;B; — Al via (9).

13
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Lemma 4 (Error decomposition)

|AB: - Al,, < IR;l, + [ABY| +|aVBH| +|atBH|
op op op
where R = AVBY — S*.
Proof Noticing that I, = VVT 4V |V it holds
HAtBt - A||op < H(AtBt - A)VHop + H(AtBt - A)VJ-Hop' (10)

For the first term, noticing that I; = UU'+U LUI, we have
(A:B; —A)V=U(ABY —S")+U, A/B).
|
R{

It follows that
[(AB, — M)V, < R, + [A/BY . (an
For the second term, similarly, we have
(A;B; — A)V, =UAPB;{ + U A;B

It follows that

I(AB: = A)V_],, <[ AVBH| +|atBf (12)
op op
Together with (10), (11) and (12), we have
|AB: - Al,, < IR;ll, + |[A7BY| +|aFBy| +|aiBi
op op op
|

C.3. One-Step Propagation of the Decomposed Errors

We then derive update rule for reparameterized updates AY, A;-, BY, Bj-. Denote
R - A/BY, R -AUB{, R - A‘Bf

Lemma 5 (Update rule of reparameterized iterates) The dynamics of the reparameterized com-
ponents are given by:

AL, =AY —nR;(BY)T - R (BHT +mU Ea
~mU" (S0~ 1) [(UR; + ULR{)(BY)" + (URP + UL R{)(B)|.

Ay =AF - RYBY)T - nREBHT + mUEa
-mU] (2o - 1) [(UR; + UL R{M)BY)" + (UR{ + UL RP)(B) ]

14
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BY., =BY —m(AP) R} — (A7) TRV + mE gV
—n [(AT)TUT + (A1) TU]| (80 - 1) (UR; + ULR{Y) .
B, =B —2(AY) R — (AL TR 4B gV
—n |(AT)TUT + (A})TU]| (20 - 1) (VR + ULRY).
Here, with EgT), H; A and H; B defined in Lemma 3, E; A and E; g satisfy
E.a = S0AE® ' 4 ED <Bt + E,EB))T +S0ABB] — H, 4,
(4) (4)

E.g = EM)S0A+ (A +EMTE" + ATS0AB, - Hy p.

Proof By Lemma 3, the update rule of parameter A; satisfies
~ T
A=A +m (EQA + EgT)) (Bt + EgB)> —mHaA.
Denote the low-precision counterpart of Hy A as EEIQ =H;a— % Qd(f()—er(i)AtBtBtT . Then

~ T ~ ~
A =As+ 1 (SoA+ED) (B + E”) — 204(X)"Qu(X)ABB] —mE[}

~ ~ ~ T T
=A; +mE0AB] — mEoABB/ +m [2QAE§B) +E (B +E”) - EE{Q]

)

E¢ A, low-precision part of Ay

=Ai—m(AB; — 0B —ni (S0~ 1) (ABy — A)B] +mEa.
13)
Next, we analyze AY = UTA; and A} = UIAt respectively. By (13), we have

U'A =UTA, — U (AB, —A)(VVT +V,V])B]

—mUT (S0~ 1) (ABi = A)(VV + V.V)B] +mU By

=U"A, —m(U'AB,V-U'AV)B, V)" - (UTAB,V, —~U'AV )(B;V,) +mU'E;a

-l (E:Q . Id> (A;B,V — AV)(B, V) - UT (ig . Id> (AB; V| — AV (B, V).
Substituting the definition of R}, R, i = 1,2, 3, it holds

UTA 0 =UTA - mR(BY)" R (BT +mU Eia
~mU" (8o - 1) [(UR; + UL R{)(BY)T + (URP + U R{)(B|.
Regarding UIAt, we can similarly deduce that
Aty =Af R BY)T - nRP BT+ UE A
L % 1 2 3
—mU] (S0 - 1a) [(UR; + ULR{M)BY)T + (UR{ + UL RP)(BY)T]

15
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Regarding the update rule of parameter B;, by Lemma 3,

T
Biy1 =B+ (At + El(tA)> (EQA + E@) —noH; B.

Similarly, we extract the primary term from H; g and define its low-precision residual as EEIQ

H,p — A] $oAB,, yielding:

T/~ ~
Bii1 =B + 10 <At - E§A>) (zzQA + EET)) — A EoAB; — Ey) "
=B, — A/ (AB; — A) — A/ (flg — Id) (AyB; — A) +mE; B,
where E; g = (E{"")TS0A + (A, + E{)TE" — E['}).
Next, the analysis for BY and Bj- can also be deduced. Specifically, it holds
BY.; =BY — A/ (UU' + U, U])(A;B; — A)V
—mA(UUT +U,UT) (E:Q - Id> (AB; — A)V + B, gV
=BY — m(AP) 'R} — m(AD) 'R + B pV
—12 [(A}J)TUT + (A#)TUI} (EQ — Id> ([IR,::K + UJ_Rl(fl)) ,
and ) ,
B, =B{ —m(AY) R —m(A}) R +mE VL
—m [(AP)TUT + (A1) UT] (S0 - L) (UR{? + ULR{Y).
|

Lemma 6 (Error norm propagation) For a general matrix M, let \;(M) denote its i-th largest
singular value; for a symmetric positive semi-definite matrix P, let Apin(P) denote its smallest

)RE” R Op}, 5= HEQ*Id

eigenvalue. Denote My = max {]RZ‘ I ,

and \; as the
op op

op’
i-th singular value. Assume additionally that

m (IBY 12, +1BF12,) + 2 (IAVIZ, + AL 2,) <1.

16
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It holds
IR 41llop < (1 - Ul)\%*(BtV) - 772)\72«*(A}J)) M,
+ B lop | BY llopMe + 12| AL llop | A llop M
+1n2 (HAPHOPHELAHOP + HA#_HOPHELAHOP + HBtVHOPHEt,BHOP + HB%HOPHELBHOP) M
+771HB?/HOPHE7$,AHOP + 772||A?H0p||Et,BH0p + mnz|Ee,allop|EeBllop
s (IBY lopll AY lop + IBE ol AF o + IBY lop | At llop + A7 ol B lop) M2

116 (2IBY llop + 1B lop ) (IBY llop + n2l A lop M + ma| AF lop M + 12 [ B lop ) M
3

+m8IBE op (IBY llop + 12| AL opMi + 12| AF lop My + 12l B8 o) IREY L

2020 (1AF op + 1A% lop) (IIAF llop + 10 IBY lopMe + 1B lpMe + 11 [ B allop ) Mo

3
+20m20% | (20BY llop + 1B lop ) M + 1B ap1RE lop| (IAF e + 147 o) M-

IR llop < (1= mXE (BY) = nodmin (AF AL ) ) M,
+01IBE opl BY llop RS lop + 12l AF lopl| AP [lop M
+n172 [(HAPHOPHELAHOP + HBtVHOPHEt,BHOP + ||AtL||0pHEt,A||0p> M + ||BtLH0p||Et,B||Op||R£3)Hop}
‘1‘771HBtV”0p||Et,AH0p + 772||A15L||0p“Et,B||0p + 771772||Et,A||0p”Et,B||op
2 [ (IBY lop | AP lop + IBY lopl| Al ) M + (IBE ol AF lop + B loplAF ) IR lop] Mo

110 (2IBY lop + 1B llp ) (IBY llop + 12l| A lop M + 1al| A oM + 12 [ Br8lop ) M
3
11018 o (IBY llop + n2ll AL lopMe + m2l AF lopMi + 12| B ap ) IIRE o
3
2026 (/A llop + I AF lop) (1AFllop + 11 IBY lopMe + 11 IBE op RV lop + 11| B, llop ) M

3
+2mm20% | (2UBY llop + 1B ) M + IBElapIRE op| (1AF e + 14 o) M-

17
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IR op < (1= mAmin(B BE) = maA2 (AF)) M,
+11]1B7 llop [ BY llopMe + 12| AL [l | AT lop RSV 1op
+1mn2 [(HAtUHOPHEt,AHOP + HBYHOPHELBHOP + ||B#_H0p||Et,B”0p) M, + ||A1£_”0pHEt,A”0pHR§3)Hop}
"‘UlHBg_HOPHEt,AHop + 772HA}J”0pHEt,B lop + M2l Ee,allop||EeB lop
itz [ (IBY lop | AL lop + 1B lopl A op ) Mo+ (IBY lapll A llp + 1B llap I AL llop ) IR lop| M
110 (20BY llop + 1B lop) (I1BHllop + 12/l AF lopMe + 12/l AL op IR lop + 12| Bl ) M
op) IREop
126 (I A o + 1AF lop) (1A llop + 71 IBY llop M + 1B lop M + 01 B allop) (Mo + IRV o )

3 3
1120 | (2IBY llop + 1B lop ) M + 1B [op IR lop| (I8P lop + 1A lop ) (M + IRE o) -

3
01618 lop (1B llop + 2l AF lop M + 12| AF lop IR 1oy + 12| Ev

IR lop < (1= mAmin(BF BE) = modmin(AFAL ) ) IR oy
+ B [lopl BY lopMe + 12| AF llop | AL [lop M
+mn2 [(”A}JHOPHELAHOP + ||BtVH0p||Et,B”op) My + <||AtLHop||Et,AH0p + ”BtLHOPHEt,BHOP> HR§3)”O;D]
+771HBtL||010H]:—"1€,A||010 + 772HAtL||0p”Et,B||0p + mn2(Ee,allop|EeBllop
s (IBY o AF opME + B lopl| AF lop IREV 12, )

01z (B lopl A lop + 1BY llapl| At llap ) Mol R o

110 (20BY llop + 1B lop) (I1BHllop + 721l AT lop M + 12| AF lop RS o + 12 [ B e ) M
010187 lop (1B llop + 1l A lop M + 12| AF op IR Loy + 72| Ee e ) 1R o

120 (1A lop + 1A lop ) (IAF lop + 11 IBY lop M + 1B ol RV Lo+ 111 Ev, o) M
120 (1AL lop + 18Flop ) (IAFllop + 11 1IBY lop M + 11 B o RE 1o + 71 [ B, llop ) RS o

3 3
01120 | (21BY llop + 1B lop ) M + 1B op IR lop| (IAF lop + 187 llop ) (M + IRV o).

Proof We prove by Lemma 5 and Lemma 18. In the sequel, all quantization/covariance perturbation
terms (including mixed terms such as —; ngUTEt, A(AP)TRY) are upper bounded additively by

18
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sub-multiplicativity of || - ||,. We first write the update rule for R;.

*
Rt+1

:AEHBXH -5

=R; - mR;(BY)'BY - mR}”(B) 'BY + U E,ABY

~mU" (£ - L) [(UR; + URM)BY)" + (UR{? + U.R{)(B)T| BY
~mAY(AY)TR; + mmR;(BY) (AY)TR;

+mmR (B) (AY) 'Ry — mmU B a(AP) 'R

—mU" (S0 - 1) |(UR] + UR{Y)(BY)T + (UR{” + ULR{?) (BN | (-m(AF)'R;)
~mAY(AHTRY + pR; (BY)T(AH) TR

+mmRY (BT (A R — U B A (AD) TR}

~mUT (20 - L) [(UR; + ULR{M)BY)" + (UR( + ULRP)(BH)T] (-ma(a) TR(Y)
+APE, 8V — Ry (BY) 'E gV — 771772R§2)(B#_)TE1§,BV +mnUTE, aE: BV
~mU" (8o~ L) [(UR; + UL R{M)BY)" + (UR( + ULRP)(B)T| mEimvV
—mAL, [(AF)TUT + (AH)TUT| (S0 - 1) (UR; + ULR{Y)

(1)

Regarding R/,

1
R

:A#‘rle-l

—R{" — ;R (BY) BY - R (BH)TBY +nUE, aBY

~mU] (20~ L) [(UR; + ULR{M)BY)" + (UR{ + U.R{)(B])T| BY
~mAF(AY)TR; + R (BY)T(AY)R;

+mmR{Y (BH)T(AP) R} — U B, A(AY)R;

+mmU] (80 - L) [(UR; + ULR{)(BY)" + (VR + ULR()(B)T| (AF)R;
—mALAHTRY 4R (BY)T (A TR

+mmRY (BHT(AL) TR — iU Ea (A} TRV

+mmU] (80 - L) [(UR; + ULR{)(BY)T + (UR® + UL R()(BH)T] (A7) TR}V
+m2A{E; BV — 771772R§1)(BY>TE1&,BV - 771772R§3) (Bf)"E; gV + mnU|E, AE, gV
—mmU] (2o - 1) [(UR; + UL R{")BY)" + (UR + UL RP)(BH) | EmV

—mAL, [(A}J yTUT + (Af)TUj] (fzg . Id> (UR;; + ULR§1)> .
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Regarding REQ),

Ri(ﬁ—&—)l At-l—l t+1
—R? — R (BY) B — R (BY) "B+ UTE ABf
~mU" (80 - L) [(UR; + ULR{M)BY)" + (UR(? + UL RY)(B)T| B
—AY(AY)RP + R (BY) (AP) TR
+mmRY (B T(AD) TR — U E A (AP)TR{Y
+mmU" (S0 - 1) [(UR; + ULR{V)BY)T + (UR{? + UL R()(B)T| (AF) R}
— AV AN TRE + Ry (BY) T (AL) TR
+mmRY (B (AD) TR — mnUTE, A(A7) R}
+mpU" (So - 1) [(UR; + ULR{V)BY) + (URP + U RP)(BH) ] (AF) TR
+mAPE, BV —mmR;(BY)'E, gV, — 771772R§2) (BH)'E, 8V +mmU EAE BV,
—mmUT (8¢ - 1) [(UR; + UL R{V)BY)" + (UR{” + UL R{)(BH)T| B,V
—mAl, [(AP)TUT + (aH) U] (80 - L) (R + ULRY).

Regarding R( )

Rg)l _At+1Bt+1
=R — ;R (BY) B — R (BY) B + m U] EyaBf
~mU] (80 - L) [(UR; + ULR(M)(BY)" + (UR(? + ULR()(B)T| B
~AFAY) TR + R BY)T(AY) TR
+mmRY BHTAY)RP — nipUTE, A (AP) TR
+mmU] (80 - L) |(UR; + ULR{)BY)" + (UR? + UR()(BH)T] (AF) TR
—mAL AN TR 4R (BY)T (A TR
+mmRY(BE) T (AD) TR — mnUTE A(AF) R}
+mmU] (80 - L) [(UR; + ULR{)(BY)T + (UR? + ULR()(BH)T] (AH) R{Y
+AFE gV — 771772R(1)(BV)TEt BV — 771772R§3)(B15L)TE15,BVL +mneU E AE BV
—mmU] (20 - 1) [(UR; + ULR{")(BY)" + (UR{” + ULR{)(BY) | En V.
—m ALy [(AF)TUT + (AF)TU]T| (S0 - 1) (URP + ULRY).

RrR®
Rit

Denote § = Hf)g — Id

, we then upper bound HRt+1 Hop HRtJrl H

t+1 op

) }
op

op’
Y[R
op

using Lemma 18. To simplify bounds, we also denote M; = max { IR0 »
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Regarding R},

||Rt+1||0p (1 - 1)‘2 (BV) 2)‘2 (AU)) ||RIHOP
11 BH lop By lopl RE lop + mll AL llp | A lop RS 1oy
12| AP lop R [l [ B lop + 112 | Al IR op | B llop
12 BY lop R o [Be8 lop + m112l| B op | RE? lop | B o
+11IBY llop [ B allop + m2| AT lop [ B3 o
1 l|BY lopl AL opl| B 12, + 7172 BE opl| AL llop IR [lop RS o
1172 [BY ol A llop 1R lop RS llop + 11712} A 1B o IR llop [ RS o
116 [IBY lap R llop + RS lop) + 1B lap IR lop + IRE )| (IBY llp + n2l A lop IR7 )
01123 | IBY lop (1R lop + IRE ) + 1B op (IR o + IR lop) | (IAF op RS lop + B8 o )
120 (1A lop + 1A% lop) (IR lop + HR(”Hop) (IAL lop + 71 IBY Jlop IR )
11120 (A lop + 1 AFlop ) (IR lop + IRV lop ) (1B lop RS lop + 1B allo )
11207 IIBY lop (IR lop + IR lop) + 1B lop (1R o + RS o)

(1A op + 1AF o) (1R lop + IRV o)

Using the definition of M, we have

IRE 1 llop < (1= mAZ(BY) — 12X (AF)) My
+0IBE [lop B llop M + mal| AP [lopl| A7 lop M

+1112 (HA}JHOPHELAHOP + ”Ag_HOPHEt,AHOP + ”BYHOPHELBHOP
+771HBtVH0p||Et,AH0p + 772||APHOP||ELBHOP + 771772HEt7A”0pHEt7B||op
+mne (HB?’HopIIA?Hoer B llopl A [lop + 1B llopl| A7 llop + IIA#IIopHB#IIop> M}

116 (2IBY llop + 1B lop ) (IBY llop + n2l AP lop M + 12| AF [l op M + 12 | Er o ) M
3

110 [BE op (IBY llop + 12 AL lop M + m2 | AF lopMe + 12l Br 8 lop ) IREV Lo

2026 (/A o + I AF o) (1A llop + 71 IBY lap M + 1B lop Mo+ 71 [ B allop ) My

3
20720 | (20BY llop + 1B lop ) M + 1B lapIRE lop| (IAF e + 1A o) M-

21



ON THE CONVERGENCE OF LOW-PRECISION LORA TRAINING

Regarding Ril),

IR oy < (1= mA2 (BY) = modwin(AF AL ) ) IR oy
+11]|B7 llop IBY llop IR lop + ml| A lop I AL o 1R 1oy
£ | AL op [BF lopl e, llop + e BY lopl RS lop | B s
12| A o IR opl| Br.allop + 12| Byl [ RS o | B8l
"‘UlHB?IHOPHEt,AHOP + 772||A1£_||0pHEt,B lop + M2l Ee,allop|| EtB lop
12 BY lop| A o IRE o 1RF o + mr2l| B lop I AL llop IRl 1 RF o
12 [BY opll A llop IR lopl RS llop + 1 IB7 lop | AT lopl R lop RS [
116 [IBY lop IR llop + IR lop) + 1B lap IR lop + IRE )| (1BY llp + n2l A lop I RF )
128 [IBY lop (1R oy + IRE op) + 1BE lop (IR lop + IR o) | (IAE o RE o + 1B )
126 (1A lp + 1AF lop) (IR7 lop + IR lop ) (1AF lop + m1l1BY laplIRE )
128 (AL lop + 1A lop ) (IR lop + IR op) (IBE p RV o + 1B, a1
01120 [ IBY op(1R7 p + IRV lop) + B lap (IR 1oy + IRE )|

(1A op + 1AF o) (1R lop + IRV o)

Using the definition of M, we have

IR llop < (1= mAZ (BY) = moAnin(AF A ) ) M,
0B o BY llop R lop + 121l A llopl| AF [l op M
+mn2 [(HAtUHOPHEt,AHOP + HBYHOPHELBHOP + ||A§_||0pHEt,A”0p> M+ ||B#_H0p||Et,B”0pHR§3)Hop}
+711BY lop| Er,allop + 12l A lop | BB llop + 11721t A llop | Ee.5lop
1z [ (IBY lop | AL lop + IBY lop| AL op ) Mo+ (IBE lop| A llop + 1B lap I A llop ) IR op| M
110 (20BY lop + 1B llop) (IBY llop + 12| A lop M + 1mal| A lop M + 12| B 810 ) M

3
11018 llop (IBY llop + nll AL lop M + n2l AF lopMi + 2| Er g lap ) IIRE o

3
215 (1 AP lop + A2 lop ) (IAZllop + 71 IBY lap Mo + 1B IR o + 71 [ Be L) Mo

3
20750 | (21BY lop + B llop) M + 1B lpl RE o | (1AL lop + [1AF1op) M-
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Regarding REQ),

IR lop < (1= mAmin(BE ' BE) = 122 (AD)) IR oy
+11]|B7 Nl IBY llop IBF llop + m2 | A7l | AP lopl| RS 1oy
1172 | AP lop IR lopl Be,allop + 11l BY llop I R7 lopl| Bt 8o
12| A o IR lopl| Br.allop + m112l| Bl [ RS o | B8l
"‘UlHBg_HOPHEt,AHOP + 772HA}J||OPHEt,B lop + M2l Ee,allop|| EtB lop
112 BY lop| A o IRE 1 R7 o + mm2l| B lop I AL llop IR llp [ RS [
1172 [BY lopl| A llop IR op 1B llop + 112 1B lopll A lop RS llop [ RS o
116 [IBY o (IR llop + IR lop) + 1B lap IR o + IRE )| (1B llop + 12| AT oplIRE o )
11128 [ IBY lop (IR lop + IRE ) + 1B op (IRE o + IR 1op) | (IAF op IR 1o + B8 o
126 (I A lop + 1AF lop) (IR lop + IR o) (1AF llp + 71 IBY [l R 1)
1128 (1AL lop + 18 lop ) (IR lop + IRE Nop ) (1B lopl R o + 2,
10120 [ IBY op(1R7 p + IRV lop) + B op (IR 1oy + IRE )|

2 3
(1A op + 1AF p) (IR op + RV op )

Using the definition of M, we have
IR lop < (1= mAuin(BY BE) = maA2 (AF)) M,
+11]|B7 llop I BY llopMe + n2 | A llop | AP lop RSV 1oy
+1172 [(HAtUHOPHEt,AHOP + HBYHOPHELBHOP + ||B#_H0p||Et,B”0p) M, + ||A1£_”0pHEt,A”0pHR§3)Hop}
+T71"Bg_||0pHEt,A||0p + 772HA}J”010HE1€,B lop + M2l Ee,allop||EeB |l op
iz [ (IBY lop | AL lop + 1B lopl A o) Mo+ (IBY lapll A llp + 1B ap I AL llop ) IR op| M
110 (2UBY llop + 1B lop) (I1BHllop + 12/l AF lopMe + 12/l AL op IR lop + 12| Bl ) M
op) IRElop
126 (1A o + 1AF lop) (1A llop + 71 IBY llop M + 1B lop M + 01 1B allop) (Mo + IRV o )

3 3
1120 | (2IBY llop + 1B lop ) M + 1B [op IR lop| (I8P lop + 1A lop ) (M + IRE o) -

3
11618 lop (1B llop + 1| AF lop M + 12| AF lop IR Loy + 12| Ev
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Regarding RE?’),

IR lop < (1= mAmin (B BE) = modin(AFAF D)) IRy
11 B lop By lopl|RE lop + mll AT lopll AL op 1R 1oy
172 | AP lop IR lop | Be.allop + 1l BY llop IR o | B 8lop
12| A o IBE [opl| Be.allp + mnal| B o RS o | Ev8lop
+771HB£_H0pHEt,AHop+772HA#_HOPHELBHOP +mne||Et allop [ EtBllop
1172 [BY opl| AP oo IR llop IR lop + mur2l| B o | AT lop RS lop | RS [
2 |BY lopll A lop | R lop RS Hop+nlnzHBLllopHAlHopllR(3)||opHR lop
716 [IBY o (IRF o + RS lop) + 1B lap IR lop + IRE )| (1B llop + 12| AL opl R o)
11128 [ IBY lop (1R lop + IRE op) + 1BE lop(IRE lop + IR o) | (IAE [ RE o + 1B )
120 (1A lop + 1A lop ) (IR lop + IR lop ) (I1AFop + 1 BY lop IR o)
120 (1A lop + IAF o) (IR lop + IR llop) (1B plRE o + e, lop )
120 IIBY lop (IR lop + IR lop) + 1B lop (IRE o + RS op)
(1A op + 1AE o) (IR o + R o)

Using the definition of M, we have
T T 3
IR lop < (1= mAmin(BE ' BE) = moduin(AFAF ) IRl
0B lopllBY llap M + 1l AL [l AL lop M
3
iz | (IAL lopllBrallop + 1IBY lopEe.8 lop) M + (IAE ol Bt lop + 1B lopl Bz lop ) IR o]

+771HB£_”0pHEt,AH0p + 772HA#HOPHELBHOP + 771772HEt7AH0p”Et7BH0p
1 3
s (IBY lopl AP op M2 + 1B pll A7 1o IRV 2,

2 (IBHlop | AT lop + IBY llpl| A lop ) MRS o

116 (2IBY llop + 1B lop ) (IBHllop + 2 AT llop M + nll A lp RS op + 72 Be 510y ) Mo
IR op

120 (1A lop + 1A lop ) (IAF lop + 11 IBY lopMe + 1 Bl REV lop + 111 Ex, o) M
126 (1 A o + IAF o) (1AFlop + 1 IBY lop Mo + 1 IB op IR o+ 11 B, llop ) IR o

3 3
20 [ (21BY llop + 1B lop ) M + 1IBE op IR lop| (IAF oy + 187 llop ) (M + IRV o).

3
11018 lop (1B llop + 12| AF lop M + 12| AF op IR 1oy + 1
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Appendix D. Convergence Analysis

This section turns the deterministic propagation bounds from Section C into the finite-horizon
guarantees used in the main text. The proof has three layers. First, Lemma 7 bounds the low-
precision residuals E; o and E; g in terms of the quantization levels and iterate norms. Second,
Lemmas 8 and 9 provide the high-probability initialization and covariance control needed to start
the induction. Third, Sections D.3.1 and D.3.2 prove separate finite-horizon inductions for » = r*
and r > r*, respectively, and convert the resulting operator-norm block bounds into Frobenius-norm
error bounds.

D.1. Quantization Perturbation Bounds

Lemma 7 (Quantization-error norm bounds under operator norm) Suppose foranyi € {d, A, B,o,w,l,r},
there exists a constant €; such that quantization Q; satisfies Assumption 2.2 with €;, then we have

194Xl T — .
1B allop < 12w (1, 5 e Byl) - (11 + el KW o+ e2l] (R o W)
122, : N
AR ey (1Bl + e Bl ) - 1Al + e Bell (18op + 1Al (20Bellop + e Bell )]
and
124X
|EtBlop STPHAHOPHAtHF " €A
Q i o e
Qw1 Aoy + calAdllr) + a1+ ea)(1+ Al 1T
19Xl _—
1988 en (4 4 el Al )eal KW o
104Xl .
Q0 en (5 + el Adleew + (1 + el QaR) o [ WA
u(X) ], ~
19 ony o (14 €)1+ e0) (1 )| QuR) g WP 15
124X,
A A 1Ay + ealAd ) (Bl + €llBul) a1+ e4) + a + o1+ e)(1 + )]
122
IR Ayl A ([ Bellep + e Belle) -
12X
P2 2 1B - e
Q)|
A2 3 (1B + enBull) - (1 + o)1+ ea)*(1+ @)

where E; A, Ey B are defined in Lemma 5 and

€1 = Er(l + 60) + €o,
€2 = (1 +ey)leo + (1 + €)] + €,
es=leo+ e (1+6)](1+e€)(1+ea)+e(l+ea)+ea.

25



ON THE CONVERGENCE OF LOW-PRECISION LORA TRAINING

Proof Recall that by (13) and (14),

Eia = SoAED)T +EN B, +EP)T - EN,

Eip = (E{")TS0A + (A, +Ef)TE" —E[,

where EET) = —%Qd(f{)TE(X)W* - %Qd(i)T (Ego) + Qd(i)E(w)) , and

1 ~ ~ 1 ~ .
B} =+ Qa(X) Qi (Qu(X) Q4 (A1) Q5 (B) Q5 (BN) T + 1 Qu(X) 'E{”
1 ~ ~
—NQd(X)TQd(X)AtBtB;r,

1 > S 1 T o ~
Ey =5 04(A) Qu(X)" Qs (Qu(X)Q4 (A1) Q5 (B) + B (B[ +2: - )
~A]30A,B,.

We then prove by the fact under Assumption 2.2: for any matrix M and quantizer Q;,

1Qi(M) = Mllop < &[M|[7, [ Qi(M)]lop < Mo + €[ M]| . (15)
Specifically, it holds
s B T B H
1B Allop <IZllopll Allopl B llop + 1B oplBe + EL op + 1B llop 6
S T H
<ISallopllAllopes IBellr + 1B lop(IBellop + €& I1Bellz) + IELY llop,

and

S A T A H
E:Bllop <IE0llopll AllopEL ™ [lop + 1B opll Ar + B llop + IELE lop

S (T) (H) a7
<I1SelloplAllopeall Adllr + 1B lop(| Acllop + €all Adllr) + B lop-

It remains to bound the operator norm of EgT), Eg{? and ngg. By definition,

T Qd X o, * o 3% w
I oy <12 (1O W+ B + QK)o B )

Qd(X) o v * o e
QO ew (R W o+ 1 o+ el QK o W)

FXC I a— v X
At (R W g + o (1l + ¥ ) + 0| QK op W)

(18)

Moreover, it holds

1Zl = | Qu(R)Qu(W#) + Q1 (Qu(X)Qa (A1) Q5 (B
< (124 llop | Qu (W)l + || @1 (Qu(X)Qa (A1) | 125 (Bo) 1] (19)

<N Qa(R)llop [(1+ ) WE I+ (1 + )1+ ) [ Aclp(IBulop + e1Be] )]
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Regarding

B =1 Qu(X)TQ (Qu(X)24 (A1) s (B)) Qs (B + 1 Qu(X) B
(

=%Qd(f<)TQl Q4(X)Q4 (At>) Qg (By) O (By)" — iQd()TQd(N)AtQB (By) O (By) "

we have

194(X) oy
N

194(X) o
* N

H
1B lop <

0 (QuX)0a (A)) - QuX)AY| 105 (B) I3,

(124X o Atllopll Q6 (Br) @ (B))™ = BB [l + E{ ap )
(20)
Moreover, it holds

|o(QuX)Qa(Aan) - QuX
< HQl (Qd )04 (Ay) ) Q4(X)Q ( At)+ Qu(X) Q4 (Ar) — Qu(X)A,

op

< HQl (Qd )Qa (Ay) Qd )Qa (Ay) Hop + HQd(X)QA (Ay) — Qd(X)At 21

<] Qu(X)lop | Qa (As) [ 7 + €l Qa(X) opll At]l 2
< (e(1+ €a) + €a) [|Qa(X) llopll Al
195 (B) Qs (B))" — BB/ ||, <[|Q5 (B:) Q5 (By)" — Q5 (By) B/ |lop
+25 (B:) B, —B:B/ |l
<es|Q5 (Bt) [lop||IBtllF + en[[Btlop|| Bt #
<es|Bilr (2[Btllop + esl|Btl|r),

op

(22)

and

1B llop < €| Qo(Zs — Y)Qp(By) T I|r < (1 + ) (IIZtHF + II?HF) (IBtllop + €BlB¢l ).
(23)
Therefore, together with (16), (18), (19), (20), (21), (22) and (23), we have

1Qa(X) lop

[Erallp < 5

N 1Qa(X)]I2,
N
where

“(IBtllop + €n[|Billr) - (61HYHF + eal | X[ F W lop + 62HQd(X)HopHW“HF)

[es(IBellop + e5lBell7)* - | Adllr + eBlBellr (1Allop + | Atllop (21Bellop + e51Bell))] ,

€1 = Er(l + 50) + €o,
€2 = (1 +ey)leo + (1 4+ €)] + €,
e3= o+ e (14+6)](1+e€)(l+eqa)+e(l+eq)+ea.
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Regarding EE:%), similarly, write
1 ~ ~ ~
By =4 (A)" Qu(X)"Q: (Qu(X)Qu (A1) Qi (BL) — Qu (A)) S0AQ5 (B)
+04 (Ar)" £0AQ5 (By) — A/ £0A Q5 (By)
+A/30A,Qp (B)) — A SoAB;
Ul

1 -
+Ef (EE") V7 Y) ,

then we have

1940w 0, (A0) o125 (B1) o | @1 (Qu(R) 24 (A1) — QuX)A,

+Zallopl[Atllopll QB (Be) llop [|Qa (Ar) — Al
+IAZ I ollop 1195 (Br) — Bell,,

l
IEY 10,
N

H
IESE llop <

op

(24)

+ (1+€0) (IZellr + 1Y Ilr) -

Moreover, it holds

|21 (Qu(X)Qu (A1) — Qu(X)A:

Qu(X)Qa (Ar)|| .+ all Qu(X) lopl| Al

<la(1 + ea) + €all| Qu(X) lop | Acll

<€
op (25)

and
1BV |y < €1+ €4)[[Qa(X) lopl| Al - (26)

Together with (17), (18), (19), (24), (25) and (26), we have

124(X)113
|E: Bllop STPHAHOZJHAt”F “€A
194(X)llo W ¢ %
2 (| Ao + el Adlle) (al KIEIWlop + €0 (IZellr + ¥ 17 ) + €0l Qu(X) ol WE )
[CXeSIFN
+ A (Adlop + €all Adll ) (1Bllop + sl Bl ) (1 + €a) + ea]
1Q4(X)112
= | Acllopl| Adll (IBellop + eI Bellr) -
1Qa(X)112
+TpHAtng Bl - e
Q X o v
+|| d(]V)H pHAt”F(l + €) (HZtHF + ”YHF) ce(1+€4).

Merging terms and using

1Zel7 < 1R lop [(1+ €w) [WE L7+ (14 @) (1 + ) | Adll (1Bl + enlBell )]
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we have
1B 5 op s”Qd(f)”gprAuopuAtuF e
+||Qd(§)||op leo(|| Atllop + €allAtllF) + e (1 4 €a)(1 + )| AL #] | Y| 7
+”Qd<;v~<>”op<||At||0p T eallAdl)ea X £ W op
+”QC‘(J}V~Q”0”<HAtHW T eallAdle)lew + (1 + ew)eol QaX)lop WAL
e p 1+ e0)1-+-)(1+ QBN W
+”Q‘“])V%1At|F<||Atuop T Al Al ) ([Bellop + €8 Bullp) - [e1(1 + €a) + €4 + o1+ @)(1 + €a)]
+”Qd(fv~<)”3ﬂAtrop\|At\|F<llBtlrop +epl|Befr) - €a
GO 12, 18l -
+”Q“(J’V%1At|%<u3t||op +enlBullr) el +o)(1+ (1 + ).

D.2. Initialization and Covariance Control

Lemma 8 (Lemma C.11 in [38]) Consider (spectral initialization), under Assumption 2.1, let k =

/\)‘}*((AA)) = /\)‘E , then with probability at least 1 — 2C exp(—€>N) for a universal constant C > 0,

1T
we have HNX X -1

< € and then

op

||A||0p < €HAH0§D'

1 ~—~
|AoBo — Allop < HNXTX -1
op

Moreover, if Assumption 2.2 holds for Qg with parameter €4, then on the same event,

<oy 2eal Rl Rl + SR _

5:”2 1
Q dop N

(1+¢) (Qedﬁ+ eﬁd) =4,

Proof The first claim is Lemma C.11 in [38]. For the quantized covariance bound, write
Q4(X) = X + EWX),

By Assumption 2.2,

IE®op < IEDIr < eall Xl
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Expanding ZA]Q gives
. 1~ 1 /~ _
So-I,= <NXTX - Id> + % (XTEW + E® X + E(X)TE(X)) .

<e
op

2

Therefore, on the event H %iTX -1,

21X op | ECO|op + B2, 24]| X lop | X || 7 + €21 X[
+ N <e+ N .

Since Hngp/N <l4eand ||X|p < \/&Hi”op on the same event, the simplified bound follows. l

0<e

D.3. Finite-Horizon Induction Arguments

For simplicity, we consider 777 = 12 = 7. The finite-horizon analysis below follows the same
three-step pattern in both rank regimes. First, an induction-ready propagation corollary packages
Lemma 6 into a compact recursion with explicit envelopes. Second, a finite-horizon induction
theorem proves that the iterates stay in a bounded tube, the signal singular values remain bounded
away from zero, and the decomposed errors contract up to quantization-dependent envelopes. Third,
a Frobenius-error corollary converts the operator-norm block bounds into the approximation error
I|A:B; — Al|r, followed by a simplified corollary that yields the corresponding main-text theorem
under the constant-level assumptions.

Lemma 9 (Induction base bounds for full-precision spectral initialization) Consider spectral
initialization (spectral initialization). Let s = %iTi and write \! = X\i(A). Under Assumption
2.1, for € € (0, 1), with probability at least 1 — 2C exp(—¢e2N) for a universal constant C > 0, the
following bounds hold:

|AoBo — A||0p < e,

||A0||0p = HBOHOp < \/ (1+ 6))"1‘,

EA]
[AG llop < ?16))\*7 1B [lop = 0,
||A(I)J||0p> ||B(Y||0p < \/ (1+e)AT,
€A}

A (AF) > /(1 — A5 —

A(BY) = /(- s,

VI = oAs

1
IRGllop < X, IR lop < €A,
2 3
IR op =0, R Jlop = 0.

Proof Since Y = XW*, the full-precision first gradient satisfies G?E — SA. On the event

Hf? — I4|lop < €, all eigenvalues of 3 lie in [1 — €,1 + €]. Hence, by singular-value inequalities
applied to XA,
(11— < )\z‘(G?) < (1+4+¢€)A], i <r*.
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Since rank(G?) < r* < r, the top-r spectral factorization reconstructs G? exactly, so AgBg = Gif.
This gives R
[A0Bo — Allop = [[(Z —Ta)Allop < €A1,

and || Ag[lop = [ Bollop = /M (GH) < /(T + €A

Next, G?V 1= SAV 1 = 0. Therefore the nonzero right singular vectors of G?E lie in the span
of V, and the zero singular directions do not contribute to By; hence B& =ByV, =0.If V.~ and
S,= denote the nonzero right singular vectors and singular values of G’ , then

A =U[GV,.S 1 = U (£ -1)AV,.s %,
where we used UIA = 0. Thus

*
€A}

Ablop € —me—.
145 o < — =i

The upper bounds for A and BY follow from the bounds on || Ag||op and || Bo||op- Since By =
0, the nonzero singular values of BY equal those of By, and therefore A\« (BY) > /(1 — e)\%..
For A})j, Weyl’s singular-value perturbation inequality gives

€]
A (AY) 2 A (Ag) — A lop > /(1 — Nz — N

Finally, because AgBg = G’

f7
R;=U" (G} - AV, R = U[(G% - A)V,
RY =UTGLV, R =UlGLV,.

The first two are bounded by e}, and the last two are zero by G?V 1 = 0. The final high-probability
statement is exactly the covariance concentration event from Lemma 8. |

D.3.1. EXACT RANK

The exact-rank proof uses the fact that BY is square and remains well-conditioned. This allows Aj to

be controlled through Rgl) = A} BY, so the non-signal drift remains at the static quantization scale.
The proof proceeds through an induction-ready propagation corollary, a finite-horizon induction
theorem, and two corollaries converting the induction to the simplified main-text bound.

Corollary 10 (Exact-rank induction-ready propagation with separated envelopes) Considerr =
r*. Assume the hypotheses of Lemma 6 with 11 = ng = 1, and define

P =max {1, [A¢llop, |Btllop}, a = max{|E¢allop, [[EeBllop}

er =M, s =min{\%(AY) \2(BY)}, 5:H§:Q—Id

op
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If r = r*, and if nonnegative numbers oy, By, (; satisfy
3
1A lop <0 IBElop < Bt IR [lop < G

then, with
K =ei+ap+ B + G,

define
O = CnPi(on + Bi)(er + G) + C* Pug K + CPogy + Cq}
+ CPPRKP)? + Cné Py (P + nP K + nae) KiP + Cn*6* PP (KGP)?,
for a universal constant C > 0, it holds
M1 < (1= ns)e; + By,

AL 1 llop < (1 = nse)aw +nae + Cnd [Pi(er + Pray) + (PeBe + &) Bl
HBtl—&-lHOp < (1 —nse)Be + gt + Cno Py (P, By + ;).

Moreover, @
3 1 1 1 1
IR lop = [[AG1Bi11 lop < [[Az1 1 llop [IBig1 llop-

Proof Apply Lemma 6 with 17 = 1y = 7. Throughout the proof we use the envelope facts

U 1 \% 1
1A llops [AF llops 1By llops B3 [lop < P

* 1 2 3
IR llops IR [lops IR [lop < €6 1AL llop < s 1B llop < By IR [lop < G,

and || E¢ A ||op, || E¢Bllop < ¢:- The leading coefficients in the first three residual recursions are

1—nAZ(BY) —nAL(AD),
.
1—nA2.(BY) — nAmin (AL A ),
T
L= Amin(Bi By) — A% (AY).

By the step-size hypothesis these coefficients are nonnegative, and each is at most 1 — ns; after
dropping the nonnegative term not included in s;.
The deterministic first-order non-signal groups from Lemma 6 are

NIBEopIBY lloper + 1l AL lopl AE [lopers
3
B lopIBY o IR [lop + 0l AL llop | AY [lopes
3
B loplBY llopet + nll At llop| AY [op R [ op-

They are bounded by
CnPi(a + Br)(er + G-
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The one-quantization and pure-quantization groups are

U 1 v 1
772 (HAt ||0pHEt,A||0p + ||At HOPHEt,AHOP + ||Bt ||0p”Et,BHOP + HBt ||0pHEt,B||0p> €t
+01BY llopl Etallop + 1l AL [lop | Ee B llop + 77 1Bt llop | Bt Bl op,
21 (IIAY 1, IE BY|,,|E Aol E B ||, ||E R
n || t HOPH t,AHOp+ H t ||0p|| t7B||0p+ || t ||0pH t,A||0p et + ” t ||0p|| t,B||0p|| t ||op
\'% 1
+77||Bt ||0p||Et,A||0p ‘|‘77HAt ||0p||Et,BH0p+772HEt,A||0pHEt,B||0pa
21 (IAY ]|, || E BY||,,|E B[, ||E AL, |E RrR®
n || t HOPH tAHOp"’ H t HO;DH t,B||0p+ || t HOPH t,BHO;D et + H t HOPH t,AHOPH t ||0p
1 U
+n(|B; HOPHEt,AHOPJFnHAt ||0p||Et,BHOP+772HE15,A||0pHEt,B||op'
Using || A [|op, | B |lop < P in the direct ng; terms, they are bounded by
Cn* P K + CnPigy + O gy,
since e; + (; < K;P. The quadratic residual groups are
1L 1L 1L 1L
n? (HBtVHopllA}JHoer IBE llopll AL lop + 1B [lopll Az llop + [ A7 [lopl| Bs ||op) e,
v U v 1 1 U 1 1 3
72 [ (IBY lopl A lop + 1BY lopll A lop) €2 + (1B lopll AL llop + 1B lopll At llop ) IR lop]

7 [ (IBY ool AP lop + 1B ol A lop) €1+ (IBY lop | AL lop + 1B lopll A llop ) IR lcp]
Each displayed product has two residual or separated non-signal factors and at most two parameter
factors, so they are bounded by
o PRI,

where we used e; + (; < K;P. The covariance-linear groups in the first three recursions are
70 (21BY llop + 1B llop ) (IBY llop + nll AF lapee + nll AF lopes + nllEvmllop ) e

+ 1018 lop (IBY llop + 1l A lopee + nllAF loper + 1l Ersllop) IRE oy

+ 206 (/A lop + [AFlop) (|AF llop + nlIBY llopes + B lopes + 1l Ee.allop ) et
10 (20BY lop + 11BHlop ) (IBY llop + 1A lopes + nllAF e + nllEvop ) €1

+10Blop (IBY llop + nll AF lope + nll At llopet + 0l Eeglop ) IRE op

+ 206 (I A llop + AF lop) (|AFllop + 1IBY lopee + nIBE op R lop + 1lEe.allop ) et
18 (20BY lop + 11BHlop ) (1B lop + nll A lper + nll A lopIRE o + 1B 8l ) e

+ 1018 lop (1B llop + 1l A llapet + 1AL op | RE lop + 1lEr8llop ) IR o

16 (I A lop + IAF lop) (1A Nop + 7IBY lopee + 1B loper + nllEwallop) (e0 + IR lop)

They are bounded by
CndP, (P + P K™ + ng) K;*P.
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The covariance-quadratic groups have the common form

7267 | (21BY llop + 1B lop ) €2 + 1B op RV lop)| (1A lop + 1 AF11op) (e2 + IRE o )

with the last factor equal to e; in the first two recursions. Hence, they are bounded by
077252Pt2Kfep(6t ) < Cn252pt2(Ktsep)2_

Combining the leading contraction and the five perturbation groups gives

M1 < (1 —nsi)es + CnPylay + Bi) (e + &) + CP P G + CnPog + Cn g}
+ O PHE™®)? + Cnd P, (P, + nPK;™ + ngp) Ki + Ci?6* P2 (K;P)?
= (1 — nst)et + E)t-

It remains to prove the sharpened perpendicular recursions. For Atﬁl, the deterministic full-
precision part of the Atﬁrl update equals

AL - nBY (BY)T - B (B
Since = r*, BY is square. The step-size condition in Lemma 6 implies
0=x1I — nBY(BY)T - UB#(B#)T = L.
Therefore,

L —nBY(BY)" —nB; (By)'

op
=1 —Auin (BY (BY)T +BF(BH)) <1-mAk(BY).
The remaining terms in the Af;rl update are the quantization term and the covariance term:
||UIEt,AHOp < Gt
and

|(UR; + UL R BY)T + (URY + ULR() (BT

op
1 2 3
< (IR 1lop + IR o ) 1BY llop + (IRE o + IR 1oy ) 1B o
<C[Piler + Pray) + (PeBr + G) Bl
where the last line uses Rgl) = A/BY and R§2) = AVYB;'. Combining these bounds gives
HA#—FIHOP < (1 — A% (BY)) ”A#_HOP +na: + Cné [Pr(er + Prow) + (PiBe + Go)Be] -

Since s; < A2.(B}Y), this implies the displayed bound with 1 — 7s;.
For B, ;, the deterministic full-precision part is

L - n(AY)TAY - n(A)TAF| B
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Since 7 = r*, AV is square, and the same step-size condition gives

L —n(AP)TAY —n(A)TAF

<1-nAZ(AP).

op

The quantization term is bounded by ¢;. Its covariance term only involves the right-perpendicular
residual blocks:

|[AP)TUT + (A5 TUT] (Se - L)(URP + UL RY)

op
2 3

<5 (118 lop + 1A lop ) (IR o + IRV o )

<CSP(PBr + Gr),

2
where [R{?[|op < [|AP[loplIBE llop < P.5;. Hence

IBf1llop < (1= A2 (AP)) Bit llop + nae + CndPu(PeBy + G).-

Since s; < A2, (AY), this implies the displayed bound with 1 — ns;.

Finally, Rgi)l = A#HBI}+1 by definition, so the product bound follows from submultiplicativity.
[ |

Next, we are ready to state the main induction lemma. For simplicity, denote €,,x = max{eg, €4, €B, €0, €, €1, €7 }-

Theorem 11 (Exact-rank finite-horizon induction) Under Assumptions 2.1 and 2.2, consider the
spectral initialization (spectral initialization) and the quantized GD iteration (quantized GD) with
m =mn2 =mn > 0. Assume r = r* and write X} = \;(A) and k = X;/X}.. There are universal
constants ¢y € (0,1) and C > 1 such that the following holds. For any 0 < € < 1 and 7 € Ny,
define

*
€A}

N

CE:1+(1+2\/E)2+)\T+ 5q:€+(1+€) <2€max\/g+612naxd> .

Let

¢g =Clmax(1 + €max V) (1 4+ €)(1 4 emaxVd)2(1 + 24/2%)
|+ VIR W+ VAWl + (1 V) [WE L 4+ Vi 71+ 2037 27)

let
14+2/25)(1 1+2:/2)(1 14+2 /M) +6
5o |20 02X 042D 400 o o On
A/ (64k) (A /(64r)) A/ (64k)
(28)
and let

+ @,

. i A
AL\ A\
DA(7) = Cnog(1+2/X7) D (1 — 776%) [(1 - n64/€> A} + @,

<
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Set
N 4/ N}
Po=1+2/}, y=c0  Li=——,
/r.*
and
E, = e\l + @, Ev,=2+L,(1+2,).
Suppose
1 A 5
0 < cogmin<{ —, L , , 0<émax <1, 29
9= {m KA} + K2) (1+2\/)\>’{)C’6} * @
1 < min ] o7 !
= KAT AT (14 2/ A0)2027 4(1 + 2/ X2 |
% A%, R AL
<c—F=, 0<e<min{s,co—F=5 ¢,
N VN {2 AL/ NP,
D, /A1 14 0)(1 4 24/ A/ A5D
max *q’ *1 q77'77( q)( . VAP <o, Cdy < coPi,
AT* AT* AT*
max { P,E}E,, nP,E,E,, nP?E2E,, 6¢P(Py + nPEE, + 1eq)E, 0] PIEIE, } < co.

Then with probability at least 1 — 2C" exp(—€2N) for a universal constant C' > 0, on the same
high-probability event, for every integer O < t < 7, the following bounds hold.

* (HI) Error:

*

A\
Mt§<1—n6£f€) €A + @,

) AR\ e G0
(3 r* 1
Ry ||op <@g | (1 - —L 1 D).
IRy <04 (1035 ) T Pl
* (H2) Parameter upper bounds:

[Atllop < T+2¢/A7,  [[Bellop <1+ 2¢/A7. GD
* (H3) Signal lower bounds:

Ak Al
A+ (AY) > 2 A-(BY) > 2 32
(AF) 2 BY)2 (2
* (H4) Approximate alignment:
A\ e
Allloy < [1—-nZ ) ——ZL 4 $yu(0),
At < (1= g5 ) s a0 -

1B [lop <.
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Proof By Lemma 8, with probability at least 1 — 2C” exp(—€2N),
6= 2o IdH <4,
op
The same concentration bound gives
IXllop < VN +0),  [X]|lp < VNd(1 +e).
By Assumption 2.2,
1Qu(X) lop < I Xllop + emax X[ 7 < V/N(L+€)(1 + emaxVd).
For simplicity, we use the theorem notation
p=mn-

We first prove the base case at t = 0. By Lemma 9, we have

*
€A}

Mo<eX;,  |Agllop < , Bg=0, R{=0

The bound 0 < € < 1/2 gives

[Aollop, [Bollop < 4/(1+€)AT <1+ 24/A7.
The initial-perpendicular smallness condition in (29) gives

* *
eA] A

< Co .
(1 —e)An NN

Since € < 1/2and A\ < Af,

1 1 A%
(1= At > —= /A5 > r

V2R T VRV

Choose the universal constant co < 1/1/2 —1/2. Lemma 9 then gives the stronger base signal bound

Al
Aps (ASJ), A+ (BX) 2 y ’
2/}
and hence (H2) and (H3) hold at £ = 0.
Assume the induction claims hold for every time j with 0 < 5 < ¢t < 7. Use the notation of
Corollary 10, we have

Py = max {1, [[A¢llop, [ Bellop} < 1+24/A7,

A t
er = M; < <1 T*) eX] + @,

~ Toar (34)
, A2 AR
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Define
t €A]

Ei=1-pleXi+ @4,  ar=(1-p)——tee
t=(1—p)edi + & t=1=p) T

+(I)A(t), bt :@q, Zt :atbt.

By (H4) and the exact-rank identity R§3) = A}Bf,
| lop < 1B lop <t IR o < 21

Since r = r*, (H2) gives

A7, IBellp < Vr*Po, ([ Adllops [Billop < P
Moreover B _
[Allop = A1, Y[lr = [XW[r < VN1 +¢€)|W?|F,

and €1, €2, €3 < Cepax(1 + emax)?’. Substituting these estimates, €; < epnax, and the displayed data
bounds into Lemma 7 yields

IEtAllop <Cemax(1 + €maxVr*)*(1 + €)(1 + €maxVd)? P
[+ VW + VAW o + (L + V)WL + V] + 17 P2).
The displayed bound for E; g in Lemma 7 gives, with the same substitutions,
IE:Blop <Cemax(1 + emaxVr*)3 (1 + €)(1 + emaxVd)* Py
OV 4+ VAW o + (14 VD[ WE L+ VX + 7P,
Thus
gt = max{||E¢allop, [[Er,Bllop} < ¢q-
We record the consequences of the envelopes and smallness hypotheses that will be used below:

P.<C., P!<C, §,PCc<cyy, CPy<coP, q<r®,  ng < pdy.
(35
The first two inequalities follow from the definition of C,, and the next two are explicit assumptions
in (29). Also, by choosing the universal constant in (28) larger than the constants in the quantization
estimate, the bound ¢; < e, gives

P,
¢, >C <,y*qt +q + qu) : (36)

which implies the last two inequalities in (35).
We now turn to the case at ¢ + 1. The step-size hypothesis needed for Corollary 10 is satisfied
because

0 (IBY 12, + IBHZ,) +n (|ATIZ, + |AFIE,) < 4n(1+2(/3)? < 1.
Since = r*, BY is square. By (H3),
IBY) lop < L
Therefore the identity Rgl) = A} B gives the sharper exact-rank envelope

1A lop < LiE,  |IBillop <@g IR |lop < LLE®,.
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(H1) for M ;. Apply Corollary 10 with the sharper envelopes
ar=L1E,  Bi=% G=LE®,.

Then B
My < (1 —4p)ep + Dy,

where !

&; <CnP,(Ly E; + ®,)(E; + L1 E®,) + CnPigs + Cn PigiE Er + Cng?
+Cn° PPEZE} 4+ Cnog Py (P + nPELEy + nar) ELEy + Cns, PPELE7,

where we used F; < E,, ¢, < E;, and hence
er + LJ_Et + (I)q + LJ_th)q < E*Et.

The quantization-only terms are absorbed as follows. Choose the universal constant in (28) so that
the first two terms below are each at most p®, /4. Then (36), P, < P,,and E; < E, give

P,
4 )
pd,
4 )
nPE.E,

IN

CnPiqy
CnPq; <

Cn*PgiEuEy < C p®y < Ceop®y,

where the last inequality uses nP,Z, F, < coy from (29). Choose ¢ so that C'cy < 1/2. Then

CnPtqt + 0772(]? + CHQPtnt*Et < p‘I)q.
The last smallness condition in (29) gives the term-by-term bounds

CnPy(L1Ey + ®4)(Ey + L1 Ey®q) < CeopEy,
Cn?PPE2E? < CeopEy,

CnogPi(P: + NP =By + ngy) 2 By < CeopEs,
Cn*6; PPE2E; < CeopEy.

Choose ¢ so that the four C'copE; terms sum to at most 3pF;. Then
O, < 3pE; + p®y < 3p(1 = p)leA] + 4p@,.
Combining this with e; < (1 — p)le\ + @, in (34) gives

M1 < (1—4p) [(1 = p)'eA} + 4] + 3p(1 — p)'eA] +4pPy = (1 — p) T leA] + @,

1. Here we slightly abuse the notation of C' by selecting the maximum of the constant C' in Theorem 11 and constant C
in Corollary 10.
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(H4) for AtJ_—i—l and BtL+1- For the separated perpendicular induction, we return to the envelopes
ar = ag, Bt = by = @y, Gt = 2t = a;Py.
The definition of ® 4(¢) and the geometric sum bound Z;;%)(l —p)itin < 1/ give

EA] Cé4 P
ar < + ENf+ D)+ D
t T 5 (eA] q) q

< CC..

The last inequality follows from (29), 0 < e < 1/2, and the definition of C,. The perpendicular
bounds in Corollary 10 imply

IAS 1 llop < (1= 4p)ay + ngr + Cndq [Py(er + Pray) + (Piby + 2¢)by]
Since P; < Py, a; < CC,, and (35) holds, the first covariance term is absorbed into the contraction:
CndgPlay < CnéyP.Ceay < Ceonyar < pay,

where ¢ is fixed so that the displayed universal factor satisfies C'cy < 1. For the remaining covariance
contribution, F; > ®, and

(Pe®q + ar®g)®q < CCP2 < CegP®y < P.E;.

Hence
C?](Sq [Ptet + (Ptbt + Zt)bt] < Cnqu*Et-

Hence
A 1llop < (1= p)as + Cndg(1 +24/X7) [(1 = p)'eA] + @y] + ngs.
By (35), ng: < p®,. The definition of ® 4(¢ + 1) yields

EA]
?Z)Xk + Dt +1).

1Az lop < (1= )"

The same corollary gives
IBii1llop < (1= n5e) By llop + nde + Cndg Pr(Fibe + z2).
Since by = @4, 2t = a; Py, a; < CC¢, and Py < Py, (35) gives
Cnig Py (Piby + z) < CnogPCe®y < Ceony®y < pPy
with the same choice of cy. By s; > 4 and ng; < p®,, the last two terms are at most 2p®,. Thus

”Btl+1H0p <(1- 4P)(I)q +2pPy < 0.
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(H1) for Rgi)l. We use the identity

3 1 Rl
Rl(f+)1 = AiaBiga
The two (H4) bounds just proved imply

*
€N

(3) t+1
R op < @ 1-— e ——
I t+1|| P q ( p) = e))\;ﬁ*

+(I)A(t+1) ,

which is the second (H1) claim at time ¢ + 1.
(H2) and (H3) at ¢ + 1. It remains to keep the aligned factors in the same bounded and nonsingular
tube. For every 0 < j < ¢, (H1) and (H3) at time ;7 imply that By is invertible and
1 — ] *
|7 llop = RSV (BY) M lop < Lo [(1 = pY e + @] -

Together with the (H4) bound HBJL llop < ®g. this gives

IR [lop = |AF B [lop < L1 [(1— pYeX] + @] @4 < C [(1 — p)eX} + D] ,
and hence ‘
1A;Bj — Alloy < C[(1— pYeX; + B,] .

Projecting the component updates in Lemma 5 back to the ambient coordinates gives

Aj1—A;=-n(A;B; - A)BjT - n@Q —14)(A;B; — A)BjT +1EjA,
B —Bj=-nA/(A;B; - A) —nA] (2g — 1;)(A;B; — A) + 7E; .

Taking operator norms, using d < ¢, the parameter bounds, and the preceding error estimate gives
[Aj 41 = Ajllop + 1Bj1 — Bjllop < Cn(1 +64)(1 4+ 24/A7) [(1 —pYer; + (I)q] + Cng;.

The preceding quantization estimate applies at each j < ¢, so ¢; < ¢,. Summing this display from
7 =0tot gives
[At+1 = Aollop + [Br+1 — Bollop

*

A
< C(1+6,)P; [671 - mpq] + CTney.

Here Zz':o n(1 — p)? < 1/~ was used. The Ce, term in (28) gives ¢; < C®P,. Also §, < 1 and
P, > 1. Hence the two smallness conditions

P _ AL (L + 06 Py/Ni® _

v SO X

imply, provided ¢y is chosen so that the preceding universal constant times cp is at most 1, that

VAL

. A%
[At+1 — Aogllop + [[Be1 — Bollop < Comm{\//\ikv }
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Therefore, by Lemma 9, the stronger base signal bound proved above, and Weyl’s singular-value

inequality,
[Ati1llop, [IBesillop < /(14 €)AT 4+ cov/AT < 14 24/A7,
and v v v
)\*AU ,)\*BV > ¥ —c T‘*> 7”"‘7
T(t+1) T(t+1)—2\/ﬁ Om_él )\T
because ¢g < 1/4. This closes (H2) and (H3) at time ¢ + 1, and hence the induction. |

Corollary 12 (Whole Frobenius error from the exact-rank induction) For every fixed t > 0,
under the conditions of Theorem 11 with T = t, on the same high-probability event,

IAB, — Allp < Vi (362 + 0242) "% < i+ (\/ﬁet + <1>th) ,

where, with v = X /(64k),

*
€]

=1 —m)'eX]+ g < (1—ny)' A + 0, A=(1- W)tw

+®a(t).

Proof The orthogonal decompositions induced by U, U, V, V| give
¥ 1 2 3
|AB - Allf = [R7 7 + IR IF + IR 5 + IR 7

Because » = r* in Theorem 11, each block on the right-hand side has rank at most »*. Hence
|X ||z < V7% X||op for each of these four blocks. The induction proved in Theorem 11 gives, on
the same high-probability event,

* 1 2 3
IR} lops IRM [lops IR lop < & IR [lop < Pyedr.

Substituting these estimates into the orthogonal block identity yields the first displayed inequality.

The second follows from /z + y </ + /y. (1 — ny)teA] + P4 < (1 — 1) A% + $g holds by

e< i |
- K

Corollary 13 (Simplified whole Frobenius error in exact-rank case) Under Assumptions 2.1 and
2.2, consider the spectral initialization (spectral initialization) and the quantized GD iteration
(quantized GD) with 1 = 12 = n > 0. Assume r = r*, write A} = N(A), & = A]/A%,
and

A

64k

Suppose the signal quantities are at constant level: X}, 1/ X\, k, r*, and HWu ||lop are bounded by
absolute constants. Define

v

)\*
P, =142/, Co=1+P>+ X\ + Al
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There exist constants ¢ € (0,1) and C > 1, depending only on the preceding constant-level bounds
and the universal constants in Theorem 11, such that the following holds. Choose €, n satisfying

, 1 A% v e (g3
O0<e<cming 1, —, L ) > - y )
€S { K k(AN + K2 PGy’ PN (Nf)3/2

and
0<n< e 1 1 1 ~y
cming1l, —, —, —, —— ¢ .
= KA} A P2 P2CR
For any t > 0, if the low-precision errors obey

temaxVd < c,

then with probability at least 1 — C exp(—ceN),
IAB: — Allp < OV [(1=n7)" + emax Vel -

In particular, if additionally
€max\/;i < C(l - n’Y)ta

then the low-precision iterates match the full-precision linear rate:
|A:B; — Allp < CVr=(1 —1y)".
Proof Let cy denote the small universal constant in Theorem 11, and write

2 = emaxVd.

Throughout the proof, constants denoted by C' depend only on the constant-level bounds in the
statement and on the universal constants in Theorem 11. By taking the statement constant ¢ small
enough, the displayed assumptions imply e < 1/2, 7 <1,z <1, and §, < 1.
We first record the simplified envelopes entering Theorem 11. Since € < 1/2, the definition of
C. gives
Ce < Cp.

Also,
0, = e+ (14 €)(22 + 2%) < e+ 52.

The constant-level assumptions imply
IAlF < VAT =0(1),  [W¥lop < [[WFlop + 2] = O(1),
and, because W9 € R*k
IWilp < VA [[Wiop = O(Vd),  [W*|[p < Wip + A = O(Vd).
Substituting these bounds and z < 1 into (27) gives

e < Cxz.

43



ON THE CONVERGENCE OF LOW-PRECISION LORA TRAINING

Then (28), n < 1, and ¢, < 1 give
o, < Cxz.

Consequently
E, = el + &, < C(e + 2), E.=24L,(1+9, <C.

We now verify (29). The first covariance-smallness condition follows from the displayed bound
on ¢, the low-precision bound z < ¢, and the smallness of c:

0y < €45z < ¢omin 1 L
¢ 0 V(N + K2)

The assumptions also give 0 < € < 1/2and 0 < eyax < z < 1. The displayed step-size condition

gives
. co Co 1
< -
= mm{/{)\{’ Ay 4P*2}

after decreasing c if necessary. Moreover,

dgP.Ce < C(e+ 2)P.Cy < o, nPfo < CP*QCSPQLCQ < cpy.
x40

The two initialization smallness requirements follow directly from the e condition:

Pedi _ N AL
v W YN

and

€A Al A
—CL <22 -

V(=N \/)\jf* «//\* \/)\*
The @, conditions are consequences of &, < Cz, z < c¢,and tz < ¢

Oeq)q g C1610'2 S COP*7

P NI
—L <Cz <, < Cz<a,
i

r*
and

VP /AT P
( +6)\* q<CtZ<CO

Finally, using £, < C(e+2), 2, < C, §; < C(e + z), and ¢; < Cz, the last maximum in (29)
satisfies

P.E2E,, nP.E.E., nP!E2E, <C(e+2) < coy,

5qP*(P* +nPEE, + neq>E* < C<€ + Z) < 7,

and
N0z PIEZE, < Cle+2) < cpy.

Thus every condition in Theorem 11 holds, so Corollary 12 applies.
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For ¢t = 0, the summation defining ® 4(0) is empty, so ® 4(0) = &, < C'z. The exact definition
of ®4(t) and v~ = O(1) give

Da() < C [nt(1 = 1) + emax V]
The first envelope satisfies, for every 0 < ¢,
& <l —m)' + emaxVd]
For the second envelope, the case ¢t = 0 gives

D, Ap < CemaxVd.

For1l <'t,

D A < CemaxVd |(1—17)t +0t(1 = 7)™ + emaxVd| < CemaxVd,

because 1t(1 — 1y)! 1 < 471 = O(1) and €axV/d < c. Substituting these estimates into Corollary
12 proves the claim.
If €qaxVd < (1 — 1y)?, then for every 0 < t,

EmaxVd < c(1 —ny)h.

Absorbing this term into the geometric term in the preceding display gives the final full-precision-rate
statement. |

D.3.2. GENERAL RANK

The general-rank proof follows the same template as the exact-rank proof but cannot invert the
signal block to eliminate all surplus directions. Instead, it tracks explicit envelopes for A;-, B, and

Rg?’) = A} Bj . This produces the additional horizon-dependent term in the final Frobenius bound.

Corollary 14 (Induction-ready propagation with separated envelopes) Assume the hypotheses
of Lemma 6 with m, = 12 = 0, and define

Py =max {1, [Atllop, |IBtllop}, a = max{|E¢allop, [[EeBllop}

er =M, s =min{\%(AY) \2(BY)}, 5:H§:Q—Id

op

If nonnegative numbers oy, By, (; satisfy
3
|A oy < 0rs 1B llop < B IR o < G

then, with
K =ei+ oy + B + ¢, H; = e + G,
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define
Oy = CnPy(oy + By) Hy + C* Py ;P + CPugy + Cq}
+ Cn* PP H; (K + (KGP)?) + Cné Py (P + K + nP.K;® + ng;) Hy
+C77252Pt2Ht (Ktsep + (Ktsep)2) 7
for a universal constant C > 0, it holds
Mt+1 S (1 - ’I’]St)et + (T)t,
| tL—HHOp < ¢+ g + Cné [Pyer + Prayy) + (Pefe + G)Bi)
IBii1llop < Br + nae + CnéPy(PifBy + Gr).
Moreover, -
3
IR 1 llop = A7 1B llop < 1A llop 1B llop-
In particular, if ¢ = 0 and By = { = 0, then the displayed bounds give ||Bj o, = 0 and
(3)
||Rt+1”0p =0.
Proof Apply Lemma 6 with 777 = 12 = 7. Throughout the proof we use
HAtUHOW HA#HOW HBtV”0p7 HB#HOP < B,
3
IR [lop HR ”0197 IR HOP < et HA#HOP < ay, ||B1£_HOP < Bt ||R§ )||0p < G

and || E¢ A [|op, || E¢Bllop < ¢:- The leading coefficients in the first three residual recursions are

L= 1A% (BY) = nAZ(AD),

T
1= A2 (BY) — nAmin(AF A ),
T

L= nAmin(By Bp) — AL (A7),

By the step-size hypothesis these coefficients are nonnegative, and each is at most 1 — ns; after

dropping the nonnegative term not included in s;.
The deterministic first-order non-signal groups from Lemma 6 are

77||B1;L”0p||BtVH0p6t+77||APHOP||AtL”op6t,
3
B lopBY op IR [lop + 0l A lop | AY [lopess

1 A% 1 U 3
1B opBY llopes + 1l AL op| AL [lop IR [[op-

Therefore, they are bounded by
CnPy(ay + B)Hy,
where H; = e; + (3. The one-quantization and pure-quantization groups are

1
"72 (HAP||OpHEt7A||0p+ ||AtL||0pHEt,A”0p+ ||Btv||0p”Et,BHop+ HBt ||0pHEt,B||op> €t
+77||By||0p||Et,A||0p+77HA}J||0p”Et,B||0p+772HEt,A”0p||Et,B||opv
3
t llop t,A|lop t llop t,B|lop t llop t,Allop | €t t |llop t,B|lop + op
AT lloplErallop + IBY lopl BeBllop + AL lop| Eral + B lopl| EeBllop IR |
+77||BY‘|0p||Et,A||0p "‘U”A#HOPHELBHOP+772HEt,A||0pHEt,B||opv
3
2 (1A loplErallop + IBY llopl Eellop + IBE lpl Brgllop) € + I AL ol Br.a lopl IR o]
+77||B#_HOPHE15,AHOP+TTHAFHOp”Et,BHOP+772HEt,A”0pHEt,B||Op'
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They are bounded by
Cn*Pigi K™ + CnPigi + Cn’q; -

The quadratic residual groups are
\% U 1 U \% 1 1 1
72 (IBY lop| AP lop + 1B lop | A lop + IBY lopll At lop + 1 AF lop 1Bl ) €.
A\ 19) A\ 1L 1 U 1 1 3
72 [ (IBY lopl A lop + 1BY lop| A lop) €2 + (1B lopll AL llop + 1B lopll A llop ) IR lop]

3
7 [ (IBY lop| A llop + B llp I A llop) €t + (IBY lopll A lop + 1B lopll A lop ) IRE 1o | e

They are bounded by
Cn*PEH, (K;P + (K;)?).

The covariance-linear groups are
00 (20BY lop + 11BHllop ) (IBY llop + A lopes + nllAFaper + nllEemop ) €1
o+ 10Blop (IBY llop + nll AF lopee + AL lapee + nIEvmlop ) IRE op
+ 206 (I A lop + 18F lop) (1A llp + 0lIBY llopes + nlBElopes + nlEr allop) et
70 (21BY llop + 1B llop ) (IBY llop + nll AF lopee + nll AF lopee + nllEvmllop ) e
+ 1018 lop (IBY llop + 1l A lopee + nllAF loper + 1l Er8llop) IRE oy
+ 206 (/A llop + [AFlop) (|AFllop + 1IBY lopee + nIBE opl R lop + 1lEe.allop ) et
10 (21BY llop + 1B lop ) (1B lop + 11 AL lopes + 1| AL loplRE o + nll Evlop )
+ 1018 lop (1B lop + 1AL lopet + 11 AF lop IRE op + 1l Ee op ) IRE o

3
16 (I A lop + 1AF lop) (|AF llop + nlIBY lopes + 1B lopes + nllBr.allop) (ec + IRElop)

In the third residual recursion the leading || Bj"||o, term is kept as a separated non-signal factor, and
all other displayed factors are bounded by the common envelopes. Thus they are bounded by

C’I’](S_Pt (Pt + Ktsep + nPthsep + 77(]t) Ht

The covariance-quadratic groups have the common form
3 3
7262 | (21BY llop + 1B lop ) €0 + IBE lop R o] (1A lop + 11 8F11op) (e1 + IRE oy )

with the last factor equal to e; in the first two recursions. Since 5, < Ktseth, the envelope
reduction is bounded by
077252Pt2Ht (Ktsep + (Ktsep)2) .

Combining these estimates proves

Mt+1 S (1 — 7]515)6,5 + C’I;t.
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It remains to prove the separated perpendicular recursions. For Atl+1= the deterministic full-
precision part of the At%rl update equals

1 V RV\T Lmpl\T
Ay |I —nB/ (B") —nBi(By) ]
The step-size hypothesis implies that the bracketed matrix lies between 0 and I, in Loewner order,
so its operator norm is at most one. Thus this part contributes at most ;. The quantization term is

bounded by ¢;. The covariance factor satisfies

|(UR; + ULRY)BY)T + (UR? + ULRP) BT

op
* 1 2 3

< (IR llop + RS o) 1BY llop + (IRE e + IR 1oy ) 1B o

<C[Pi(et + Pay) + (Pt + G)Bil

where we used Rgl) = A;BY and R?) = AYB; . Combining these bounds gives
|AG 1 llop < e+ nge + Cnd [Pi(er + Prow) + (P + G)Bi]
For BtL+1’ the deterministic full-precision part is
L= n(AP)TAY - n(AF)TAF| B,

whose contribution is at most 3; by the same step-size argument. The quantization term is bounded
by ¢, and the covariance factor satisfies

|[AP)TUT + (AN U] (B0 - L)(URP + ULR{Y)

op
<0 (1A llop + 1A op ) (IR o + RSV 1o )
<COP(PifBe + Gr),

where [|R{? [lop < AT lop|Bf [|op < Puf3:. Hence
HBtlH”op < B +nqe + CnéP(P,SBy + ().

Finally, R{”, = AL B, by definition, so the product bound follows from submultiplicativity.
|

Theorem 15 (General-rank finite-horizon induction) Under Assumptions 2.1 and 2.2, consider
the spectral initialization (spectral initialization) and the quantized GD iteration (quantized GD)
withm = n2 = n > 0. Assume r > r*, write \} = X\i(A) and k = X[ /X, and set €max =
max{€g, €A, €B, €0, €w, €1, € }. There are universal constants ¢y € (0,1) and C > 1 such that the
Jollowing holds. For any 0 < € < 1 and 7 € Ny, define

Afs
dg=€+(1+e¢) (2emaxx/&+612naxd) , P, =1+2/)}, e 6£/<;’ p=n7.
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Let

Cq,r :Cemax(l + 6max\/;)z%(l + 6)(1 + Gmax\/g)2p*
O+ VRIW i+ VAW o + (1 + VR [Wolp + VAT + 7P (3T)

Define deterministic envelopes {E, Ay, By, Z¢, Qi } recursively by

. €]
8026)\1, Aozﬁ, B():O, Z(]:O
For0 <t <, set
Ki =&+ A+ By + Z4, He =& + Zt.

For 0 <t < 7, define

Q =CnPy(A + Bi)Hy + Cn® Peeg oKt + CnPieqr + Cn’el,
+ P PPH(Ky + K7) + CnogPe (P + Ky + NPt + meqr) He + CnP0g PPH(Ky + K7),
Etr1 =(1—4p)& + U,
A1 =Ar +negr + Cnog [Pu(E + PoAr) + (PBe + Z4)By]

Bit1 =By + negr + CnogPu(PBe + Z4), Zip1 = A1 Biga. (38)
Suppose
1
0<E§§, 0<€max<1a
. co 1 Ak
< = < gl
”—mm{nx{%PE}’ Ao SO (39)

A**
C(1+ é4) P Z n(3&; + Z;) + Ctneg, < ¢omin {\/ﬁ z } ;

=0 N

Then with probability at least 1 — 2C" exp(—€2N) for a universal constant C' > 0, on the same
high-probability event, for every integer 0 <t < T,

M < &, ”RES)”op < Z,
||AtlH0p < Atv ||BtlH0p < Bh
[Atllop < P, [Btllop < P,
A** A**
A (AY) > A= (BY) > 2 40
T(t)—4 N r(t)_4 N (40)

Proof By Lemma 8, with probability at least 1 — 2C” exp(—€2N),
6= S0 <8 IXlp<VNOFI,  IXlF <N+,
op
On this event, Assumption 2.2 gives

19a(X)[lop < VN(L+ €)(1+ max V).
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We prove (40) by induction.
For ¢t = 0, Lemma 9 gives

Mo < &, ||A(J)_”0p < Ay, B(J)' =0, R(()3) =0.

[Aollops [Bollop <4/ (1+€)AT < P

Since € < 1/2and A < Aj,
1 M5
V(I =N > ———=.
V2 /%

Choosing ¢y < 1/4/2 — 1/2 in (39), Lemma 9 and the condition on Ay imply the stronger base
signal bound

Also,

Aj*

This proves the base case, since the theorem only requires the weaker lower bound with constant 1/4.
Envelope consequences at time ¢t. Assume the claims hold for every time 0 < 5 < ¢ < 7. Then,

in the notation of Corollary 14,

Py = max{L, [|Atllop, |Btllop} < Pry er = My < &, [|Alop < Ae, B llop < Bey IRPlop < 21,

and
2

16)\*

The rank of A; and By is at most r, so the induction hypothesis also gives

= 4.

s¢ = min {\% (AY), \2.(BY)} >
[AtllF, [IBellr < V1P

Consequently,

[ALllop + €all Acll s [Billop + €lIBillr < Pu(l + emaxv/r),

and the same estimate with A; or By replaced by its Frobenius norm costs at most another factor /.
Also,

1Allop = A1, 1Y ]lF = [XWT[r < N+ ) [WH|p,

and

12Dy _ VIT et V@) QX))
N

N - VN ’ —x < (1+6>(1+5max\/g)2-
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Quantization-error bound. Since ¢; < €y and €1, €2, €3 < Clepax (1l + €max)37 the first group
in the bound for E; A in Lemma 7 satisfies

1Qa(X) v 3 5 3
N (Bdllop + €slBt] ) (61IIYHF + el X| FWlop + 62||Qd(X)||op||W”HF)

< Clmax(1+ €T (1L (1 + e VAP Py (W VAWl + [ W)
The second group in the same bound satisfies

124115, B B, | )2|A B A A B B
T[E:«z(ll tllop + €8|BellF)* | Adllr + eslBellr (| Allop + | Atllop(2Bellop + €8[Bell )]

< Cemax(1+ emaxvr)* (14 ) (1 + emaxVd)* Pe (Vi A} +1P7) .
Hence
IEtAllop <Cemax(1 + maxy/T)*(1 4 €)(1 + emaxVd)* P
O VWl VAW o+ (1 VIIWE [+ VPAT + 7 P2].
For E, g, the terms containing ||A||,, are bounded by the /7 A} term, the two response terms by

(1 + /7)||[W*||, the data-error term by v/d||W*||,,, the two W¥ terms by (1 + /7)||W?|| , and
the remaining parameter-only terms by 7 P2. Thus Lemma 7 gives

HEt,BHop Scemax(l + 611161)(\/7:)3(1 + 6)(1 + 6mau(\/g)2»P*
O VDIW e+ VAW o+ (1 VIIWE [+ VPAT + 7 P2].

Increasing the universal constant C' in (37) if necessary, this yields

¢ = max{|B.allop, [Bellop} < equr 1)

The same argument applies at every earlier time 0 < j < ¢ under the induction hypotheses, so
qj < eq, for all such j.

Residual bound for M, ;. The step-size hypothesis in Corollary 14 holds because
n(IBY 12, + IBH2,) + 0 (IAVIZ, + |AFZ,) < 4nP? < 1.

Apply Corollary 14 with
ap = Ay, B = By, G = 2.

Since every term in ‘i has nonnegative coefficients and is monotone in P;, ¢;, €¢, 6, oy, B¢, (¢, the
induction bounds, 0 < 4,4, and (41) imply

o, < Q.

Moreover 1 —4p > 0 after taking ¢ small enough, because < ¢o/(kA}) and v = X5 /(64K) < A}
Therefore Corollary 14 gives

Mip1 < (1 —nst)es + &, < (1 —4p)& + Q= Epqa.
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Perpendicular and Rgi)l bounds. The perpendicular bounds in the same corollary give

AL llop < Ar + negr + Cndy [Pu(E + PoAr) + (PuBB + 20)By] = A,

and
HBtL-}—lHOp < B+ Negr + Cndqp*(P*Bt + Zt) = Bit1.

Therefore
3
IR, [lop = |AZ1 B lop < A1 Brst = Zip1.

Bounded and nonsingular tube at ¢ + 1. It remains to keep the iterates inside the bounded,
nonsingular tube. For every 0 < j < ¢, the already proved block bounds give

% 1 2 3
|A7B; = Allop < RS llop + [R5 llop + IR lop + IRVl < 38; + 2.
Projecting the component updates in Lemma 5 back to the ambient coordinates gives

Aj1—Aj=-n(A;B; — A)B] — (39 —1,)(A;B; — A)B] +1E;a,
Bjj1—B;=-—nA](A;B; — A) —nA] (Zg — 1)(A;B; — A) + 1E;B.

Hence, using P; < P, and g; < ¢y,
||Aj+1 - Aj”Op + ||Bj+1 - Bj”Op < Cn(1+ 5q)P*(35j + Zj) + Cneg .

Summing from j = 0 to ¢ and using (39) gives

, A%
[At+1 — Agllop + [[Be1 — Bollop < Comln{vx{» }

VA

Therefore, by Lemma 9 and Weyl’s singular-value inequality,

[Ats1llops [Besillop < \/ (L+ €Al + coV/ AT < Py,

and, after taking ¢y small enough,

AL an
Ars (Ag—l)v Ap (BXH) >

P
> —— —¢ > .
o /n ON T Ay

This closes the induction. [ |

Corollary 16 (Whole Frobenius error from the general-rank induction) Under the conditions
of Theorem 15, on the same high-probability event, for every integer 0 <t < T,

IAB: — Allp < (3r°€2 +r22)" < V3 & + V1 21,
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Proof The orthogonal decompositions induced by U, U,V , V| give
¥ 1 2 3
|AB; - A7 = IR + IR I + IR 7 + R

The first three blocks have rank at most r*, while REB) = A} Bj has rank at most r. Hence

Xl < /rank(X) | X]|op gives
|AB: = Al < v (IRF 112, + IRV 12, + IR, ) + rIREE,
Theorem 15 gives
IR llops 1R lops 1R op < &0 IRV oy < 2.

Substituting these estimates proves the first inequality, and the second follows from /z +y <

VT /Y n

Corollary 17 (Simplified whole Frobenius error, general rank) Under Assumptions 2.1 and 2.2,

consider the spectral initialization (spectral initialization) and the quantized GD iteration (quantized GD)
*

withm = n2 = n > 0. Assume r > r*, write \¥ = \j(A), K = ] /N, and

A

r

" 64k

v

Suppose the signal quantities are at constant level: X}, 1/\%., k, r, and ||W?||,p are bounded by
absolute constants. Define
Po=1+2yX].

There exist constants ¢ € (0,1) and C > 1, depending only on the preceding constant-level bounds
and the universal constants in Theorem 15, such that the following holds. For an integert > 0, define

2 = emaxVd, T; = tn, Dy =2+ €Tz + (th)z.

Choose €, n satisfying

1 N5, ()32
kRO R2) P2 (A3 (0

0<6§cmin{1, s

and

0<n< inql S
cmin .
T RAYT N P?

If the low-precision errors and horizon obey

1 A vy
< i 1’ ) %7 o (0
Z—Cmm{ KRN+ R2) Pg}

Ti(e+2) <c, 6+th+Dt§C%,

*
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and

A**
e+ Tiz+ T, Dy < ;min{\/)\’l‘, L },
*

VAT
then with probability at least 1 — C exp(—ce®N), on the same high-probability event,
[AB; — Allp < CVr[(1—n7y)" + Dy .

In particular, if additionally
Dy < c(1=ny),

then the low-precision iterates match the full-precision linear rate at time t:

|A:B; — Allr < CVr(1—ny)".

Proof Let ¢y denote the small universal constant in Theorem 15. Throughout the proof, constants
denoted by C' depend only on the constant-level bounds in the statement and on the universal
constants in Theorem 15. We apply Theorem 15 with horizon 7 = ¢.

By taking the statement constant ¢ small enough, the displayed assumptions imply € < 1/2,
7 <1,0 < epax < 2z < 1, and the covariance perturbation satisfies

6 =€+ (1+e)(22 +2%) < e+ 5z
The constant-level assumptions imply
IAlF < VFAT=0@1), W op < [WEgp + A7 = O(1),
and, because W9 € R*k
IWilp < VA [WEop = O(VA), W lp < [WHp + Al = O(Va).
Substituting these bounds and z < cinto (37) gives

egr < Cz.

We first record explicit bounds for the recursive envelopes in Theorem 15. For 0 < s < ¢, set
Ts = snand
Dy =2+ €eTsz + (TSZ)Q.

We claim that, after decreasing c if necessary,

ESC[(1=m)’e+ Dy, As<Cle+Tsz), Bs<CTyz, 2, <C[elsz+ (Te2)?].
(42)
The bounds hold at s = 0 by the initialization in Theorem 15. Suppose they hold up to time s < .
The assumptions imply

Ks <Cl(1—=ny)’e+e+Tiz+ Dy, As + Bs < C(e + T2).
Hence the displayed smallness assumptions, together with 6, < C'(e + z) and ¢, , < Cz, give

P*(As + Bs) < o7, nPE(,Cs + IC?) < o7,
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and
5qPu( P + Ks + nPKs + meq,) + nda P2(Ks + K2) < co,

after decreasing c by a universal factor. Here the first estimate uses € + T3z + D; < ¢y/P., the
second also uses 17 < ¢/ P2, and the covariance estimate also uses € + z < cy/P2. Substituting (42)
into the recursions (38), using ¢, , < Cz and J, < C(e + z), and applying the discrete Gronwall

inequality with T}(e + 2z) < ¢, gives
Asp1 S As+Cnz+Cne+ 2)(Es + As + B2+ Z,B,) < Cle + Tyy12),
Bst1 < Bs+Cnz+ Cn(e+ 2)(Bs + Z5) < CTsqq%.

Therefore
Zs11 = ~As+lBs+1 <C [€T5+1Z + (Ts+lz)2] .

For the signal-block envelope, the same substitutions yield
Qs < Cnz+ cony (gs + Zs) .

Taking co small enough so that the coefficient of &£; is absorbed into the contraction, and using the
discrete convolution bound Y ~j_, (1 — 1v)* < C/~y = C, while bounding the convolved Z term
by its monotone envelope, gives

Eor1 < C[(L=my) etz + Torrz + (Tor12)?] .

This proves (42).
We now verify the conditions of Theorem 15. We have already observed that 0 < ¢ < 1/2 and
0 < emax < 1. The displayed step-size condition gives

< . Co 1

mimm-< —, —5

7= KA 4P2

after decreasing c if necessary. The initialization condition follows from
eA] < e A ,

(1 —e)Ak VAT

using the explicit upper bound on €. Finally, by (42),

Ay =

t—1
> 1BEs + Z5) + Tieqr < Cle+ Tiz + TDy] -
s=0

Here we used S/ n(1 — n7)* < C/v = C. Since §, < C(e + 2) < 1 after decreasing c, the
displayed tube smallness assumption, with ¢ decreased by another universal factor if necessary, gives
the finite-horizon tube condition in (39).
Thus Corollary 16 applies. Combining it with (42) at time ¢ and using r* < r and Z; < C'D;
gives
|AB; — Allp < CVr[(1—ny)'e+ Dy .

Since € < 1, the first displayed claim follows. If D; < ¢(1 — n’y)t, then the low-precision terms are
absorbed into the geometric term, proving the final statement. |
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Appendix E. Technical Lemmas

Lemma 18 (Operator norm contraction) For any compatible matrices X, P, Q and scalarsni,n2 >
0 such that m1|P||2, + 12/|Q||2, < 1, we have

HX - mXP'P — ngQQTXHOp < <1 — M Amin(PTP) — nQAmin(QQT)) 1 X[ op-

Proof Let £(X) = X —mXP TP — 7QQ" X denote the linear mapping. Since P'P and QQ "
are real symmetric and positive semi-definite (PSD) matrices, they admit orthogonal diagonalizations:
P'P= VpApVITD and QQ' = VQAQV& where V p, V are orthogonal matrices and Ap, Ag
are diagonal matrices containing the non-negative eigenvalues.
Applying this decomposition to the linear mapping and multiplying by Vg on the left and Vp
on the right, we obtain
VHL(X)Vp =X — mXAp — pAgX,

where we define X = VCT2 XV p. Since orthogonal transformations preserve the operator norm, we
have [|X|lop = [|Xllop and [[VH LX)V p[lop = [I£(X)]|op-
The mapping can now be expressed as a Hadamard product (element-wise multiplication):

VHL(X)Vp = CoX,

where the coefficient matrix C has entries C; j = 1 — m2(AQ)ii — m (Ap)jj-

Let a; = 1m2(Aq)qi and b; = ni(Ap);;. By the assumption 171||PH§p + 772HQng < 1, we
know a; > 0,b; > 0 and max;(a;) + max;(b;) < 1. We define the maximum contraction factor
as fmax = 1 — min;(a;) — min;(b;) =1 — 72 2Amin(QQ ") — M Amin(PTP). If fimax = 0, then
max;(a;) + max;(bj) = min;(a;) + min;(b;) = 1, so C; ; = 0 for every 4, j and the contraction
map is zero; the claim is immediate.

To bound the operator norm of the Hadamard product, we normalize the coefficients. Let
S; = %ﬁw) andt; = b’%li(b) It is straightforward to verify that s; > 0,¢; > 0,and s; +t; < 1.
We can then rewrite C; ; as:

Cij = Hmax - (1 — s; — t5).

Crucially, the term (1 — s; — ¢;) can be represented as an integral of the product of two indicator
functions over = € [0, 1]:

1
l—s;i—tj= / ]l{mzsi} ) ]l{xglftj}dw-
0

This integral representation reveals that C is a Schur multiplier. We can substitute this back into the
Hadamard product:

~ 1 ~
CoX = Mmax/ Dl(l‘)XDQ([IJ)dJJ,
0

where Dy (z) = diag(1(,>s,)) and Da(z) = diag(1{,<1¢,}) are diagonal matrices with entries
being either 0 or 1. Consequently, their operator norms are strictly bounded by 1, i.e., || D1 (x)||op < 1
and || D2 (z)|op < 1 forany z € [0, 1].
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Finally, taking the operator norm on both sides and applying the triangle inequality for integrals
(Minkowski’s inequality) alongside the sub-multiplicativity of the operator norm, we obtain:

1£X) lop = [C 0 X op
1 _
<t / 1D1(2) lop [ Xl | D2 ) | opd
1
< b [ 1Ky 1
0

= NmaXHXHop'

Substituting the definition of t,,x completes the proof. |
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