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ABSTRACT

Concept-based models promise interpretability by explaining predictions with
human-understandable concepts, but they typically rely on exhaustive annotations
and treat concepts as flat and independent. Hierarchical Concept Embedding
Models (HiCEMs) address this by modelling concept relationships, and Concept
Splitting enables their use with only coarse annotations by discovering sub-concepts.
However, both are restricted to shallow hierarchies. We overcome this limitation
with Deep-HiCEMs, which model arbitrarily deep hierarchies, and Multi-Level
Concept Splitting (MLCS), which uncovers multi-level concept hierarchies from
only top-level supervision. Experiments across multiple datasets show that MLCS
discovers human-interpretable concepts absent during training and that Deep-
HiCEMs maintain high accuracy while supporting test-time concept interventions
that can improve task performance.

1 INTRODUCTION

Concept-based models (Koh et al.| [2020; [Espinosa Zarlenga et al.| [2022; (Oikarinen et al.l 2023) aim
to make neural networks interpretable by predicting human-understandable concepts and using them
to explain decisions. By exposing intermediate concepts, these models allow users to inspect, debug,
and intervene on model reasoning. However, most concept-based approaches assume concepts are flat
and independent, leading to their representations failing to capture known inter-concept relationships
(Raman et al., 2024). This is problematic because real-world concepts are often interrelated, and
human cognition utilises these relationships (McClelland & Rogers}, 2003).

Hierarchical Concept Embedding Models (HiCEMs, |Anonymous| (2026)) explicitly model concept
relationships, while Concept Splitting reduces annotation costs by discovering sub-concepts using
only coarse top-level concept labels. However, these methods are restricted to shallow hierarchies,
supporting only a single layer of sub-concepts in addition to the coarse provided concepts. This
prevents models from capturing richer structure and from offering interventions at several levels of
abstraction.

To address these issues, we propose Multi-Level Concept Splitting (MLCS), a method for discovering
multi-level concept hierarchies from concept embeddings trained with only top-level supervision,
and Deep-HiCEM, an architecture designed to support arbitrarily deep hierarchies of concepts.
Together, these enable hierarchical explanations and interventions without requiring exhaustive
concept annotations.

We evaluate our approach across several datasets, including a synthetic dataset designed for hierar-
chical concept discovery. Our results show that multi-level human-interpretable concept hierarchies
can be discovered reliably, and used to explain predictions without sacrificing performance. Our
contributions are:

* We introduce MLCS for discovering multi-level concept hierarchies from only top-level
supervision.

* We propose Deep-HiCEMs, which model arbitrarily deep concept hierarchies and allow
human interventions at any level in the hierarchy.

* We demonstrate that Deep-HiCEMs trained via MLCS can accurately discover interpretable
concept hierarchies that were absent during training. Moreover, our experiments show that
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Deep-HiCEMs trained with MLCS achieve competitive task accuracies and are receptive to
test-time concept interventions at different levels of granularity.

2 BACKGROUND AND RELATED WORK

Concept learning Concept-based methods aim to explain a model’s predictions using human-
understandable concepts (e.g., “colour” or “size”) (Bau et al.} [2017; [Fong & Vedaldil [2018}; Kim
et al., 2018). Some methods, such as Concept Bottleneck Models (CBMs, [Koh et al.| (2020))
and Concept Embedding Models (CEMs, |[Espinosa Zarlenga et al.[(2022)), explicitly incorporate
concepts in their architecture, leading to inherently interpretable models that provide concept-based
explanations. These methods typically require a concept-annotated training set and may suffer from
suboptimal predictive performance due to conflicting training objectives (Espinosa Zarlenga et al.,
2022). Furthermore, they often do not consider the relationships between concepts; instead, they treat
all concepts as independent variables (Havasi et al., [2022)).

Concept Splitting and HICEMs Concept Splitting (Anonymous), 2026) is a method for automati-
cally discovering fine-grained sub-concepts from a model trained with only coarse concept labels. It
uses sparse autoencoders (Bricken et al., 2023) to discover sub-concepts in concept-aligned embed-
dings taken from a pretrained CEM (Espinosa Zarlenga et al.|[2022). This reveals interpretable, finer
concepts without extra annotation, enabling more granular explanations and interventions. However,
Concept Splitting is limited to a single additional level of granularity: it can reveal sub-concepts of a
provided concept, but it cannot expose deeper hierarchical structure among those sub-concepts. In
this work, we introduce MLCS to overcome this limitation.

HiCEMs (Anonymous, 2026) were proposed as an architectural counterpart to Concept Splitting,
designed to represent hierarchical concept structure within an inherently interpretable model. HICEMs
organise concepts into parent—child groups. In a HiCEM, from a latent code h, we learn two
embeddings per top-level concept. The positive embedding, é;"’ , represents concept ¢;’s active state,
and the negative embedding, &; ', represents its inactive state. These embeddings are then passed
through sub-concepts modules, which produce new embeddings (é;|r and &;") that include information
about sub-concepts. The sub-concepts modules also output the most likely sub-concept probabilities,
which are used to calculate top-level concept probabilities. These probabilities are used to output an
embedding for each concept via a weighted mixture of positive and negative embeddings. HICEMs
support concept interventions: a user can correct concept predictions at test time, and the downstream
task prediction is recomputed using the corrected concepts, enabling targeted human-in-the-loop
control. Importantly, the original HICEM formulation focuses on shallow hierarchies with only two
levels (concepts and sub-concepts). This leaves open the question of how to represent and learn
deeper, multi-level hierarchies, which we address with Deep-HiCEM, a generalisation that supports
hierarchical concept structure beyond a single parent—child layer.

3 MULTI-LEVEL CONCEPT SPLITTING

Concept Splitting (Anonymous}, 2026)) discovers fine-grained concepts by training Sparse AutoEn-
coders (SAEs, |Bricken et al.|(2023)) on a pretrained CEM’s (Espinosa Zarlenga et al., 2022) concept
embeddings and turning sparse features into new concept labels. However, it is limited to a single
additional level of granularity: it can reveal sub-concepts of a provided concept, but it cannot expose
deeper hierarchical structure among those sub-concepts.

We address this limitation with MLCS, which replaces the single-level SAE with a Hierarchical
Sparse AutoEncoder (HiSAE) that learns structured sparse features at multiple levels. This enables
the discovery of both sub-concepts and sub-sub-concepts from the same embedding space, allowing
us to construct deeper concept hierarchies from only top-level concept supervision.

The use of a HiSAE is the primary difference between MLCS and Concept Splitting, so we focus
here on the HiSAE architecture. The HiSAE is designed to learn sparse structure at two or more
levels simultaneously: a top level captures candidate sub-concepts (e.g., apple), and a lower level
conditioned on each discovered sub-concept captures finer-grained refinements (e.g., red apple).
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Figure 1: Deep-HiCEM: as in a HICEM, from a latent code h, we learn two embeddings per concept
(éi+ " and (o "), which are then passed through sub-concepts modules, which produce new embeddings
(¢; and &;") that include information about sub-concepts and their descendants.

3.1 HIERARCHICAL SPARSE AUTOENCODER

The HiSAE, inspired by Muchane et al.| (2025), consists of (i) a top-level encoder that maps an input
embedding to a dictionary of size K, (ii) a set of sub-encoders, one per top-level latent, each mapping
the input to a sub-dictionary of size K, and (iii) corresponding linear decoders for both levels.

Given an input embedding e, the top-level encoder produces activations over the K top-level latents.
A top-k sparsification step (Bussmann et al.,|2024) retains only the k largest activations.

For each of the k active top-level latents ¢, the corresponding sub-encoder processes the input
embedding e to produce activations over its sub-dictionary. A second top-ks operation selects k;
active sub-latents. The reconstruction is formed by summing the contributions of the active top-level
and sub-level decoders, and the model is trained with a standard mean squared error reconstruction
loss.

Crucially, the sub-level is gated by the top-level: sub-latents only contribute when their parent latent
is active. This ties sub-sub-concepts to their parent sub-concepts.

3.2 DEPTH OF THE HIERARCHY

In principle, the HiSAE architecture can be extended recursively, yielding arbitrarily deep hierarchies
by attaching further sparse autoencoding stages to sub-latents. MLCS therefore provides a general
mechanism for hierarchical concept discovery from embedding spaces.

In this work, however, we restrict ourselves to two discovered levels: sub-concepts and sub-sub-
concepts. Even with this restriction, MLCS allows models to represent richer conceptual structure
than single-level Concept Splitting while still requiring supervision only at the top level.

4 DEEP HIERARCHICAL CEMS

We introduce the Deep-HiCEM architecture (Figure , which extends the HICEM architecture to
support deeper concept hierarchies, like those produced by MLCS. We focus on the differences from
HiCEMs; we do not discuss training Deep-HiCEMs in detail as the process is the same as training
HiCEMs.
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4.1 CONCEPT STRUCTURE

Deep-HiCEMs represent concepts that have been organised into a tree. Each node in the tree
represents a concept and can have both positive and negative sub-concepts. Positive sub-concepts can
only be present in an example if their parent concept is present, and negative sub-concepts can only
be present if their parent concept is not. The concept trees may be arbitrarily deep.

4.2 ARCHITECTURE

As in HICEMs, for each top-level concept, a Deep-HiCEM learns a mixture of two embeddings
with semantics representing the concept’s activity. Each top-level concept ¢; is represented with the
embeddings é;r, ¢; € R™. Here, éj represents c;’s active state, and €; represents its inactive state.
We also want é:r and &; to contain information about ¢;’s positive and negative sub-concepts (and
their descendants), respectively. To achieve this, a backbone network ) (x) produces a latent represen-
tation h € R™iden which is the input to top-level embedding generators gbj and ¢; . These top-level
embedding generators produce intermediate embeddings &' = ¢; (h),&;” = ¢; (h) € R™. As
in HICEMs, we implement the top-level embedding generators as single fully connected layers.

To produce final concept embeddings that contain information about sub-concepts, the embeddings
&;" and &; ' are passed through a positive and a negative sub-concepts module, respectively. The pos-
itive sub-concepts module, which we describe in further detail below, is responsible for learning the
positive sub-concepts of ¢;, and their descendants. It outputs the positive concept embedding for ¢;,
&;. Similarly, the negative sub-concepts module outputs the negative concept embedding for ¢;, €; .
If concept ¢; has no positive sub-concepts, then we take éj’ = éj". We proceed analogously in the
absence of negative sub-concepts. The probability of concept ¢; is calculated as p; = s([é;r,, é;/]T),
where s is a shared scoring function that calculates concept probabilities from concept embeddings.
As in HiCEMs, the final concept embedding ¢; for ¢; is calculated as a weighted mixture of é;L and

&, : ¢ =p;& + (1 — p;)&; . Downstream task predictions are calculated as in HICEMs.

Like HiCEMs, Deep-HiCEMs support concept interventions, and when a sub-concept is intervened
on this may also result in its parent being updated (e.g., if a human expert informs the model that a
positive sub-concept is present, this implies its parent is also present).

4.3 SUB-CONCEPTS MODULES

We describe a positive sub-concepts module, but negative sub-concepts modules operate in exactly the
same way. Sub-concept embeddings are produced in the same way as top-level concept embeddings
(Figure[T] Section[4.2)), with nested sub-concepts modules if the sub-concept has sub-concepts itself.
However, instead of operating on the latent code h, sub-concept embedding generators take as input
the preliminary embedding of the parent concept. The concatenated mixed embeddings for all the
sub-concepts are passed through an embedding compressor (implemented as a single fully connected
layer) to produce a fixed-length positive embedding for the parent concept, éf

5 EXPERIMENTS

We evaluate MLCS and Deep-HiCEMs by exploring the following research questions:

RQ1 Does MLCS discover interpretable concept hierarchies?
RQ2 How do Deep-HiCEMs’ task accuracies compare to those of standard HICEMs?
RQ3 Can a Deep-HiCEM'’s task accuracy be improved by intervening on discovered concepts?

5.1 PSEUDOKITCHENS-2

To evaluate the ability of MLCS and Deep-HiCEMs to discover and represent two levels of hierarchy
(sub-concepts and sub-sub-concepts), we adapt the PseudoKitchens dataset introduced by | Anonymous
(2026)) so that both sub-concepts and sub-sub-concepts can be discovered. The discoverable sub-
concepts are ingredients (e.g., apple), and the sub-sub-concepts correspond to different variants of
that ingredient (e.g., red apple). Full details are given in Appendix [A]
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Table 1: Mean ROC-AUC for discovered concepts. Concepts discovered with MLCS are predicted
accurately.

MNIST-ADD SHAPES CUB AwA2 PseudoKitchens-2
LF-CBM - 0.754+0.00 0.7710.00 0.78+0.00 ~—
HiCEM + Concept Splittil’lg 0.9310.01 0.93.001 0.85:001 0.88:001 0.8010.00

DCep—HiCEM + MLCS (OUFS) 0.94:‘:0‘01 0.93:{:0'01 0.84:{:0'01 0.85:(:0,01 0.79:‘:0‘01

5.2 SETUP

Datasets We evaluate our method across five datasets: MNIST-ADD (Anonymous| (2026)), based
on [LeCun et al.|(2010)), the SHAPES dataset (Anonymous) |2026), Caltech-UCSD Birds-200-
2011 (CUB) (Wah et al.l 2011), Animals with Attributes 2 (AwA2) (Xian et al.| 2019)), and our
PseudoKitchens-2 dataset. Full details on PseudoKitchens-2 are included in Appendix [A] and details
for the other datasets are given by |Anonymous|(2026).

Metrics Following |Anonymous| (2026)), we first run MLCS on the provided concepts using an
initial CEM, and then train a Deep-HiCEM with both the provided top-level concepts and the
concepts discovered by MLCS. We evaluate discovered concepts and perform interventions by
automatically aligning discovered concepts with a human-interpretable “left-out” concept from a
predefined “concept bank”. This bank contains anticipated concepts that are excluded during the
initial CEM training (e.g., “the first digit is 5 in MNIST-ADD), and each bank concept is associated
in advance with the parent concept whose sub-concept it may represent.

To match discovered concepts to the bank, we compute ROC-AUC scores between the discovered
concept labels and their potential parent-concept-associated matches in the bank. Each concept in
the bank is assigned to the sub-concept with the highest ROC-AUC score, as long as that score is
greater than 0.7. Discovered concepts without a bank match above this threshold are excluded from
evaluation.

For PseudoKitchens-2, the bank contains both sub-concepts (e.g., “apple”) and sub-sub-concepts
(e.g., “red apple”). When matching discovered sub-concepts to the concept bank, we use the average
ROC-AUC of the sub-concept and any associated sub-sub-concepts. For all other datasets, we match
and evaluate only sub-concepts, as ground truth sub-sub-concept labels are not available.

To answer RQ1, we report the average discovered concept ROC-AUC of the Deep-HiCEM. For
RQ2, we compare task accuracy and provided-concept ROC-AUC between a standard HICEM and a
Deep-HiCEM. For RQ3, we measure the change in the task accuracy of Deep-HiCEMs as concepts
are intervened. All metrics are computed on the test sets using three random seeds, and we report
means and standard deviations. Concept accuracy is always summarised using mean ROC-AUC to
avoid misleading results from majority-class predictors. For details on model architectures, training
and hyperparameters see Appendix

Baselines We compare our Deep-HiCEMs against standard HICEMs (Anonymous) [2026). We
also report results for the baselines considered by |[Anonymous| (2026): black-box models, CEMs
(Espinosa Zarlenga et al., 2022)), CBMs (Koh et al.| [2020), label-free CBMs (LF-CBMs, (Oikarinen
et al., 2023)), Post-hoc CBMs (PCBM:s, (Yuksekgonul et al., [2023)), and PCBMs with residual
connections (PCBM-hs). For the PseudoKitchens-2 dataset, we implement the baselines following
the protocol of [ Anonymous| (2026)); for the other datasets, we use the results reported in their work.

5.3 RESULTS

Discovered concepts are human-interpretable and can be predicted accurately (RQ1, Table I).
We report the accuracy of the discovered concept predictions made by our models using the ground
truth labels of the corresponding human-interpretable concept bank concepts on the test datasets.
Table |1| shows that the mean discovered concept ROC-AUCs of Deep-HiCEMs are consistently
high, always within a few percentage points of those of HICEMs. This indicates that the labels
produced by MLCS align Deep-HiCEM concept activations with human-interpretable concepts.
On PseudoKitchens-2, the majority of sub-sub-concepts in the bank were successfully matched to
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Table 2: Task accuracies. The task accuracy of Deep-HiCEMs is competitive with all our baselines.

MNIST-ADD SHAPES CUB AwA2 PseudoKitchens-2
Black box (not interpretable) 0.9410.00 0.8910.00 0.80+0.00 0.9810.00 0.6310.02
LF—CBM - 0~59i0.01 0~80i0A00 0.94i()‘00 -
PCBM 0.1610.03 0.5440.01  0.651001  0.951000  0.1210.00
PCBM-h 0.5340.01 0.73+0.00 0.7310.00 0.9610.00 0.4810.00
CBM 0.2310.01 0.7840.01 0.6540.00 0.9710.00 0.6019.01
CEM 0.92.901 0.891000 0.7640.01 0.98.0.00 0.5910.01
HiCEM + Concept Sphttmg 0.92_9.00 0.874+0.02 0.74+0.01 0.98:000 0.5710.03
Deep—HiCEM + MLCS (ours) 0.9210_00 0.87:&0,01 0.73:&0,01 0.9710,00 0‘5810,01
MNIST-ADD SHAPES CUB AwA2 PseudoKitchens-2
> T T T — 0.95 T T T T T 0.7 T ™
Q
S 094] 0.9 | 1098} 1 0.65 | |
3] 0.9}
& 0.98 | 1 06 |
% 0.92] 0.85 081 |
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Number intervened Number intervened Number intervened Number intervened Number intervened

HiCEM + Concept Splitting

Deep-HiCEM + MLCS

Figure 2: Task accuracy as discovered concepts are intervened. Intervening on discovered concepts
improves task accuracy, with a few exceptions that would benefit from further investigation.

discovered sub-sub-concepts on all runs, demonstrating that MLCS and Deep-HiCEMs can discover
and represent deeper concept hierarchies while maintaining discovered-concept ROC-AUCs close to
those of HICEMs after Concept Splitting.

Deep-HiCEMs have high task accuracy (RQ2, Table[2). We measure the task accuracy of Deep-
HiCEMs and our baselines. The results are in Table[2] Deep-HiCEMs achieve high task accuracy
compared to the baselines. In particular, the task accuracy of Deep-HiCEMs is never more than 1%
below that of standard HiCEMs, so the discovery of deeper hierarchies does not lead to a reduction in
task accuracy. We investigate the provided concept accuracy of Deep-HiCEMs in Appendix [C] and
find that Deep-HiCEMs can predict provided concepts as well as HICEMs.

Intervening on concepts discovered by MLCS can enhance task accuracy, with a few exceptions
that would benefit from further investigation (RQ3, Figure[2) As shown in Figure[2] intervening
on discovered concepts can lead to an increase in task accuracy, although interventions on some
discovered concepts have no effect or decrease task accuracy. The decreases in task accuracy caused
by discovered concept interventions, particularly in PseudoKitchens-2, would benefit from further
investigation, and we suggest this for future work. We evaluate interventions on the provided top-
level concepts in Appendix [D|and find that provided concept interventions perform equally well in
Deep-HiCEMs and HiCEMs. Overall, these results indicate that many of the concepts uncovered by
MLCS are not only interpretable but also actionable, and that leveraging them through interventions
can translate into performance gains.

6 LIMITATIONS AND CONCLUSION

We introduced MLCS and Deep-HiCEMs, a framework for discovering and modelling deep concept
hierarchies from only top-level supervision. Across several datasets, we showed that our approach
reliably uncovers human-interpretable concept hierarchies absent during training, while maintaining
competitive task accuracy. However, interventions on discovered concepts are not always beneficial,
and in some cases can slightly reduce task accuracy. Despite this, many discovered concepts are both
interpretable and respond well to interventions, and modelling deeper concept structure is a practical
step towards more expressive concept-based interpretability.
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A PSEUDOKITCHENS-2

This appendix describes PseudoKitchens-2, an extension of the PseudoKitchens dataset (Anonymous,
2026) designed to enable the discovery and evaluation of two-level concept hierarchies.

PseudoKitchens-2 is generated in the same way as PseudoKitchens (Anonymous|, 2026)). The recipes
described by /Anonymous| (2026) are altered so that different variations of the same ingredient
are distinguished (e.g., some recipes require “red apples” while others require “green apples”).
The ingredients that have variations are apple (5 variations), potato (5 variations), and pepper (3
variations).

A.1 RECIPES

We adapted the recipes used by |Anonymous| (2026) that define valid combinations of ingredients
for the classification task. Some ingredients are organised into groups as shown in Table [3] (these
groups are the same as the ones used by Anonymous|(2026)). If a recipe contains an ingredient group,
a random number of ingredients are selected from that group, unless the group is pasta in which
case only one type of pasta is selected. The recipes used in PseudoKitchens-2 are shown in Table ]
Where a list of numbers is specified in brackets after an ingredient (e.g., “Apple (1)”), this refers to
the variants of that ingredient that are acceptable. For each instance, a recipe is chosen uniformly at
random.

Table 3: Ingredient groups in PseudoKitchens and PseudoKitchens-2.

Group Ingredients

Fruit Banana, Orange, Apple, Pear, Pineapple
Vegetables  Onion, Carrot, Potato, Pepper, Courgette
Pasta Macaroni, Spaghetti

Table 4: Recipes in PseudoKitchens-2.

Recipe Ingredients

Fruit Salad Fruit

Vegetable Pasta Pasta, Onion, Garlic, Oil, Vegetables, Spice, Tin Tomatoes
Risotto Cheese, Onion, Garlic, Vegetables, Oil, Spice, Rice

Chips Potato (2, 3, 4), Oil, Flour, Garlic, Spice

Chilli Mince, Oil, Onion, Garlic, Chilli, Tin Tomatoes, Spice, Rice
Smoothie Milk, Yoghurt, Fruit

Hot Chocolate Chocolate, Milk

Banana Bread Butter, Sugar, Egg, Flour, Banana

Chocolate Fudge Cake Egg, Sugar, Oil, Flour, Chocolate, Syrup, Milk

Carbonara Garlic, Meat, Butter, Cheese, Egg, Spaghetti, Spice

Apple Crumble Apple (3), Sugar, Flour, Butter

Salad Pepper (2, 3), Apple (1, 2, 4, 5), Potato (1, 5)

The concepts provided to the initial CEM are the ingredient groups in Table 3] (e.g., “contains fruit”),
as well as all the ingredients that are not part of a group. The concept bank sub-concepts correspond to
the ingredients in the ingredient groups (e.g., “contains apples”), and the sub-sub-concepts correspond
to variations of the same ingredient (e.g., “contains green apples”).

A.2 DATASET COMPOSITION

Like the original PseudoKitchens, the complete PseudoKitchens-2 dataset comprises 10,000 training
images, 1,000 validation images, and 1,000 test images. Each image is rendered at 512 x 512
resolution.
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Table 5: Mean ROC-AUC:s for provided concepts. Deep-HiCEMs are able to predict provided
concepts just as well as HICEMs.

MNIST-ADD SHAPES CUB AwA2 PseudoKitchens-2
CBM 0.99.0.00 1.0010.00 0.89+0.00 1.0010.00 0.90+0.00
CEM 0.99-0.00 1.0010.00 0.95:000 1.001000 0.91:0.00

HiCEM + Concept Spllttll’lg 0.99:{:0‘00 1.00:(:0‘00 0-93:|:0401 1400:{:0_00 0.91:‘:0'00
Deep-HiCEM + MLCS (ours)  0.99.40.00 1.0010.00 0.9410.00 1.0010.00 0.9110.00

B MODEL ARCHITECTURES, TRAINING AND HYPERPARAMETERS

Model architectures We use the CLIP ViT-L/14 foundation model (Radford et al., [2021) as the
backbone for all of our models and baselines. We do not fine-tune the foundation model: we just use
the representations it outputs. For all the models, we precompute the representations with standard
image preprocessing pipelines and do not use any data augmentations.

When training BatchTopK SAE:s, like Anonymous|(2026)), we use the default hyperparameters in
the code released by Bussmann et al.[(2024) for all datasets The key distinction of this method is
its enforcement of sparsity: it selects the top n - k activations across an entire batch of n samples.
This allows the number of active features to vary per sample, targeting an average of k = 32 active
features.4The SAEs are trained for 300 epochs with a dictionary size of 12,288 and a learning rate of
3 x107%.

For MLCS, we train Hierarchical Sparse Autoencoders (HiSAEs) to discover concept hierarchies.
The HiSAEs use a top-level dictionary of size 4096 with top-k sparsification (k = 32), and for each
top-level latent we learn a sub-dictionary of size 512 with top-k, sparsification (ks = 16). HiSAEs
are trained with a batch size of 1000 for up to 100 epochs.

All of our CEM and HiCEM concept embeddings have m = 16 activations. Across all datasets we
always use a single fully connected layer for label predictor f.

Training hyperparameters Our models are trained using the Adam optimisation algorithm
(Kingma & Bal [2015) with a learning rate of 1 x 103, They are trained for a maximum of
300 epochs, and training is stopped if the validation loss does not improve for 75 epochs. We use a
batch size of 256.

In all CEMs, (Deep-)HiCEMs and CBMs the weight of the concept loss is set to A = 10. Following
(Koh et al.}2020), in MNIST-ADD, CUB and PseudoKitchens-2 we use a weighted cross entropy
loss for concept prediction to mitigate imbalances in concept labels. In MNIST-ADD, we also use a
weighted cross entropy loss for task prediction to mitigate imbalances in task labels.

When training CEMs and (Deep-)HiCEMs, the RandInt (Espinosa Zarlenga et al., [2022)) regulari-
sation strategy is used: at training time, concepts are intervened independently at random, with the
probability of an intervention being pi,, = 0.25. We choose pi = 0.25 because |[Espinosa Zarlenga
et al.|(2022) find that it enables effective interventions while giving good performance.

C EVALUATING PROVIDED CONCEPT ACCURACY

As shown in Table[5] Deep-HiCEMs are able to predict provided concepts just as well as HICEMs.

D EVALUATING PROVIDED CONCEPT INTERVENTIONS

Figure [3] shows that provided concept interventions perform equally well in Deep-HiCEMs and
HiCEMs.

'"https://github.com/bartbussmann/BatchTopK/blob/main/config.py
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Figure 3: Change in task accuracy as provided concepts are intervened. Provided concept interventions
work just as well in Deep-HiCEMs as they do in HICEMs.

E CODE, LICENSES, AND RESOURCES

Assets We used the CLIP foundation models (Radford et all, 2021) (https://github.
com/openai/CLIP), whose code is available under the MIT license. To run our experi-
ments, we made use of the CEM (Espinosa Zarlenga et al., 2022) (https://github.com/
mateoespinosa/cem, MIT license), Post-hoc CBM (Yuksekgonul et al.l [2023) (https:
//github.com/mertyg/post—hoc—cbm, MIT license) and Label-free CBM (Oikarinen et al.}
2023) (https://github.com/Trustworthy—-ML-Lab/Label-free-CBM) repositories.
We implemented our experiments in Python 3.12 and used open-source libraries such as PyTorch 2.9
(Paszke et al.,|2019) (BSD license) and Scikit-learn (Pedregosa et al.,|2011) (BSD license). We have
released the code required to recreate our experiments in a MIT-licensed public repository.

Resources All of our experiments were run on virtual machines with at least 8§ CPU cores, 18GB
of RAM, and an NVIDIA GPU (Quadro RTX 8000 or GeForce RTX 4090). We estimate that
approximately 100 GPU hours were required to complete our work.

Use of AI We used Large Language Models (LLMs) as assistants for drafting and improving the
clarity and grammar of this manuscript. LLMs were also used to generate boilerplate code. However,
all core research ideas, experimental design, and analysis of the results were conducted by the authors.
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