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ABSTRACT

In the paper, we study a class of useful non-convex minimax optimization prob-
lems on Riemanian manifolds and propose a class of Riemanian gradient descent
ascent algorithms to solve these minimax problems. Specifically, we propose a
new Riemannian gradient descent ascent (RGDA) algorithm for the deterministic
minimax optimization. Moreover, we prove that the RGDA has a sample com-
plexity of O(x%e~2) for finding an e-stationary point of the nonconvex strongly-
concave minimax problems, where x denotes the condition number. At the same
time, we introduce a Riemannian stochastic gradient descent ascent (RSGDA) al-
gorithm for the stochastic minimax optimization. In the theoretical analysis, we
prove that the RSGDA can achieve a sample complexity of O(k*e~4). To further
reduce the sample complexity, we propose a novel momentum variance-reduced
Riemannian stochastic gradient descent ascent (MVR-RSGDA) algorithm based
on a new momentum variance-reduced technique of STORM. We prove that the
MVR-RSGDA algorithm achieves a lower sample complexity of O(x*e=3) with-
out large batches, which reaches near the best known sample complexity for its
Euclidean counterparts. Extensive experimental results on the robust deep neural
networks training over Stiefel manifold demonstrate the efficiency of our proposed
algorithms.

1 INTRODUCTION

In the paper, we study a class of useful non-convex minimax (a.k.a. min-max) problems on the
Riemannian manifold M with the definition as:
i 1

min max f(z,y), (D
where the function f(x,%) is u-strongly concave in y but possibly nonconvex in 2. Here ) C R?
is a convex and closed set. f(-,y) : M — Rforall y € Y is a smooth but possibly nonconvex
real-valued function on manifold M, and f(z,-) : ) — R for all z € M a smooth and (strongly)-
concave real-valued function. In this paper, we mainly focus on the stochastic minimax optimization
problem f(z,y) := Eeup[f(x, y;§)], where € is a random variable that follows an unknown distri-
bution D. In fact, the problem (] is associated to many existing machine learning applications:

1). Robust Training DNNs over Riemannian manifold. Deep Neural Networks (DNNs) recently
have been demonstrating exceptional performance on many machine learning applications. How-
ever, they are vulnerable to the adversarial example attacks, which show that a small perturbation
in the data input can significantly change the output of DNNs. Thus, the security properties of
DNNs have been widely studied. One of secured DNN research topics is to enhance the robust-
ness of DNNs under the adversarial example attacks. To be more specific, given training data
D = {& = (ai,bi)},, where a; € R? and b; € R represent the features and label of sam-
ple &; respectively. Each data sample a; can be corrupted by a universal small perturbation vector
y to generate an adversarial attack sample a; + vy, as in (Moosavi-Dezfooli et al., |2017; |[Chaubey
et al.,2020). To make DNNs robust against adversarial attacks, one popular approach is to solve the
following robust training problem:

1 n
Hgngleagn; (h(a; + y; ), bs) 2)
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where y € R< denotes a universal perturbation, and x is the weight of the neural network; h(-; x)
is the the deep neural network parameterized by x; and ¢(+) is the loss function. Here the constraint
Y = {y : |ly|]| < e} indicates that the poisoned samples should not be too different from the original
ones.

Recently, the orthonormality on weights of DNNs has gained much interest and has been found to
be useful across different tasks such as person re-identification (Sun et al., 2017 and image classifi-
cation (Xie et al.||2017). In fact, the orthonormality constraints improve the performances of DNNs
(L1 et al., 2020; Bansal et al., 2018)), and reduce overfitting to improve generalization (Cogswell
et al} |2015). At the same time, the orthonormality can stabilize the distribution of activations over
layers within DNNs (Huang et al.,|2018). Thus, we consider the following robust training problem
over the Stiefel manifold M:

) 1 n
min I;leaa))( - ZZ:; L(h(a; +y;x),b;). 3)

When data are continuously coming, we can rewrite the problem (3) as follows:

min r;leagEé[f (z,y;6)], 4)

where f(xz,y;€) = £(h(a + y; x),b) with £ = (a, b).

2). Distributionally Robust Optimization over Riemannian manifold. Distributionally robust
optimization (DRO) (Chen et al., 2017; [Rahimian & Mehrotra, 2019) is an effective method to
deal with the noisy data, adversarial data, and imbalanced data. At the same time, the DRO in the
Riemannian manifold setting is also widely applied in machine learning problems such as robust
principal component analysis (PCA). To be more specific, given a set of data samples {;}, the
DRO over Riemannian manifold M can be written as the following minimax problem:

. - 1o
mig e S0~ o 1P} ®)

where p = (p1,-++ ,pn), S = {p € R" : >, p; = 1,p; > 0}. Here £(z;¢&;) denotes the loss
function over Riemannian manifold M, which applies to many machine learning problems such
as PCA (Han & Gao, 2020a)), dictionary learning (Sun et al., 2016), DNNs (Huang et al., |2018)),
structured low-rank matrix learning (Jawanpuria & Mishra, [2018)), among others. For example, the
task of PCA can be cast on a Grassmann manifold.

To the best of our knowledge, the existing explicitly minimax optimization methods such as gradient
descent ascent method only focus on the minimax problems in Euclidean space. To fill this gap, in
the paper, we propose a class of efficient Riemannian gradient descent ascent algorithms to solve the
problem (1)) via using general retraction and vector transport. When the problem (1) is deterministic,
we propose a new deterministic Riemannian gradient descent ascent algorithm. When the problem
is stochastic, we propose two efficient stochastic Riemannian gradient descent ascent algorithms.
Our main contributions can be summarized as follows:

1) We propose a novel Riemannian gradient descent ascent (RGDA) algorithm for the de-
terministic minimax optimization problem (I). We prove that the RGDA has a sample
complexity of O(k2?e~?) for finding an e-stationary point.

2) We also propose a new Riemannian stochastic gradient descent ascent (RSGDA) algorithm
for the stochastic minimax optimization. In the theoretical analysis, we prove that the
SRGDA has a sample complexity of O(k*e=%).

3) To further reduce the sample complexity, we introduce a novel momentum variance-
reduced Riemannian stochastic gradient descent ascent (MVR-RSGDA) algorithm based
on a new momentum variance-reduced technique of STORM (Cutkosky & Orabonal|[2019)).
We prove the MVR-RSGDA achieves a lower sample complexity of O(x*e~3) (please see
Table [T)), which reaches near the best known sample complexity for its Euclidean counter-
parts.

4) Extensive experimental results on the robust DNN training over Stiefel manifold demon-
strate the efficiency of our proposed algorithms.
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Table 1: Convergence properties comparison of our algorithms for obtaining an e-stationary point
of the min-max optimization problem . k denotes the condition number of function f(z,-).

Problem Algorithm Learning Rate | Batch Size | Complexity
Deterministic RGDA Constant - O(k?%e?)
RSGDA Constant O(k?e?) | O(kle ?)

Stochastic | MVR-RSGDA Decrease O(1) O(k92€73)
MVR-RSGDA Decrease O(k) O(k*e?)

2 RELATED WORKS

In this section, we briefly review the minimax optimization and Riemannian manifold optimization
research works.

2.1  MINIMAX OPTIMIZATION

Minimax optimization recently has been widely applied in many machine learning problems such as
adversarial training (Goodfellow et al., 2014} Liu et al.| 2019), reinforcement learning (Zhang et al.,
2019;2020), and distribution learning (Razaviyayn et al.l [2020). At the same time, many efficient
min-max methods (Rafique et al., 2018; [Lin et al., [2019; Nouiehed et al., [2019; [Thekumparampil
et al., 2019; [Lin et al |2020; |Yang et al., 2020; |Ostrovskii et al.l [2020; [Yan et al., 2020} Xu et al.,
2020a;|Luo et al.,[2020; Xu et al.,[2020b; Bot & Bohml 2020;|Huang et al.|2020) have been proposed
for solving these minimax optimization problems. For example, |Thekumparampil et al.|(2019) have
proposed a class of efficient dual implicit accelerated gradient algorithms to solve smooth min-max
optimization. |Lin et al.| (2019) have proposed a class of efficient gradient decent ascent methods for
non-convex minimax optimization. Subsequently, accelerated first-order algorithms|Lin et al.|(2020)
have been proposed for minimax optimization. |Xu et al.| (2020b) have proposed a unified single-
loop alternating gradient projection algorithm for (non)convex-(non)concave minimax problems.
Ostrovskii et al.| (2020) have proposed an efficient algorithm for finding first-order Nash equilibria
in nonconvex concave minimax problems. |Xu et al.| (2020a); [Luo et al.| (2020) have proposed a
class of fast stochastic variance-reduced GDA algorithms to solve the stochastic minimax problems.
More recently, Huang et al.| (2020) have presented a class of new momentum-based first-order and
zeroth-order descent ascent method for the nonconvex strongly concave minimax problems.

2.2 RIEMANNIAN MANIFOLD OPTIMIZATION

Riemannian manifold optimization methods have been widely applied in machine learning problems
including dictionary learning (Sun et al.l [2016)), matrix factorization (Vandereycken, 2013), and
DNNs (Huang et al.l[2018)). Many Riemannian optimization methods were recently proposed. E.g.
Zhang & Sra (2016)); [Liu et al.| (2017)) have proposed some efficient first-order gradient methods
for geodesically convex functions. Subsequently, Zhang et al.| (2016) have presented fast stochastic
variance-reduced methods to Riemannian manifold optimization. More recently, Sato et al.|(2019)
have proposed fast first-order gradient algorithms for Riemannian manifold optimization by using
general retraction and vector transport. Subsequently, based on these retraction and vector transport,
some fast Riemannian gradient-based methods (Zhang et al., 2018} Kasai et al.| 2018}; [Zhou et al.,
2019;|Han & Gao}[2020al) have been proposed for non-convex optimization. Riemannian Adam-type
algorithms (Kasai et al.,[2019)) were introduced for matrix manifold optimization. In addition, some
algorithms (Ferreira et al.|[2005; [Li et al., 2009; [Wang et al., 2010) have been studied for variational
inequalities on Riemannian manifolds, which are the implicit min-max problems on Riemannian
manifolds.

Notations: | - || denotes the £5 norm for vectors and spectral norm for matrices. (z,y) denotes the
inner product of two vectors x and y. For function f(x,y), f(x,-) denotes function w.r1. the second
variable with fixing x, and f(-,y) denotes function w.r.t. the first variable with fixing y. Given a
convex closed set ), we define a projection operation on the set ) as Py (yo) = arg minycy 1 ||y —

yol|?>. We denote a = O(b) if a < Cb for some constant C' > 0, and the notation O(-) hides
logarithmic terms. I; denotes the identity matrix with d dimension. The operation €5 denotes the

Whitney sum. Given B; = {€/}2, forany t > 1,1et Vfg, (z,y) = = S0 | Vf(x,y; ).
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(a) Retraction R, (b) Vector Transport 7,7

Figure 1: Ilustration of manifold operations.(a) A vector u in T, M is mapped to R, (u) in M; (b)
A vector v in T, M is transported to T,y M by T Yv (or T,v), where y = R, (u) and v € T, M.

3 PRELIMINARIES

In this section, we first re-visit some basic information on the Riemannian manifold M. In general,
the manifold M is endowed with a smooth inner product (-, ), : T, M x T, M — R on tangent
space T, M for every x € M. The induced norm || - ||,; of a tangent vector in T, M is associated
with the Riemannian metric. We first define a retraction R, : T, M — M mapping tangent space
T, M onto M with a local rigidity condition that preserves the gradients at x € M (please see
Fig.1 (a)). The retraction R, satisfies all of the following: 1) R,(0) = z, where 0 € T, M; 2)
(VR;(0),u), = ufor u € T, M. In fact, exponential mapping Exp,, is a special case of retraction
R, that locally approximates the exponential mapping Exp,, to the first order on the manifold.

Next, we define a vector transport 7 : TM P TM — TM (please see Fig.1 (b)) that satisfies
all of the following 1) 7 has an associated retraction R, i.e., for z € M and w, u € T, M, T,w
is a tangent vector at R, (w); 2) Tov = v; 3) Ty(av + bw) = aT,v + bT,w for all a,b € R a
u,v,w € TM. Vector transport T,Yv or equivalently 7,v with y = R, (u) transports v € T, M
along the retraction curve defined by direction u. Here we focus on the isometric vector transport
TY, which satisfies (u,v), = (TYu, TYv), forall u,v € T, M.

Let Vf(z,y) = (Vaf(z,y),V,f(z,y)) denote the gradient over the Euclidean space, and let
gradf(z,y) = (grad, f(z,y), grad, f(z,y)) = Projp »(Vf(z,y)) denote the Riemannian gradi-
ent over tangent space T, M, where Proj . (z) = arg min,cx ||x—z|| is a projection operator. Based
on the above definitions, we provide some standard assumptions about the problem (I). Although
the problem is non-convex, following (Von Neumann & Morgenstern, |[2007), there exists a local
solution or stationary point (z*, y*) satisfies the Nash Equilibrium, i.e.,

f@y) < fa® ) < fla,y"),
where 2* € X and y* € ). Here X C M is a neighbourhood around an optimal point z*.

Assumption 1. X is compact. Each component function f(x,y) is twice continuously differentiable
inbothx € X andy € ), and there exist constants L1y, L1o, Loy and Los, such that for every
r,x1,x2 € X and y,y1,ys € Y, we have

lgrad, f(x1,y;: &) — T, grad,, f(x2,y; §)|| < Laa|[ull,

lgrad, f(z,y1;€) — grad, f(z,y2;§)|| < Laallyr — v2|;

IVyf(21,958) = Vy f (2,45 I < Loa[Jull,

IVyf(@,y1:6) — Vy f(z,y2: | < Loallyr — y2|,
where u € T;, M and x2 = Ry, (u).

Assumption 1 is commonly used in Riemannian optimization (Sato et al) 2019; [Han & Gao,
2020a), and min-max optimization (Lin et al., 2019; [Luo et al., 2020; |Xu et al.l 2020b). Here,
the terms Lq;, Li2 and Loy implicitly contain the curvature information as in (Sato et al.|
2019; Han & Gao, 2020a). Specifically, Assumption 1 implies the partial Riemannian gradi-
ent grad, f(-,y;&) for all y € ) is retraction L;;-Lipschitz continuous as in (Han & Gao,
2020a) and the partial gradient V, f(z,-;€) for all € X is Lop-Lipschitz continuous as in

(Lin et al,, 2019). Since |[grad, f(x,y1;€) — grad, f(z,y2: )|l = [IProjp, o (Vaf (2, 91:€)) —
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Projr v (Vaf (2, 52:6)) I < IVaf(2,9156) — Vaf (2,92; )|l < Lazllyr — 2|, we can ob-
tain ||grad, f(z,y1;€) — grad, f(z,y2;8)|| < Liz2llyr — y2| by the Lqa-Lipschitz continu-

ous of V. f(z,;¢) for all # € X. Let the partial Riemannian gradient grad, f(-,y;§)
for all y € Y be retraction L;-Lipschitz, ie., |lgrad, f(z1,y;¢) — 7.5 grad, f(z2,3;8)| <
Lotllull. ~ Since |[lgrad, f(x1,5:€) — T3 grad, f(z2,556)| = [[Projg, ag(Vyf(a1,9:6)) —
T Projp, ag (Vo f (22,43 6)) | < IV fa1, 556 =V f2, 3 €)|| < Laa|Jul|, we have Loy > Loy
For the deterministic problem, let f(z,y) instead of f(x,y;&) in Assumption 1. Since f(x,y) is

strongly concave in y € ), there exists a unique solution to the problem max,cy f(z,y) for any .
We define the function ®(x) = maxy,cy f(z,y) and y*(z) = argmaxyecy f(z, ).

Assumption 2. The function ®(x) is retraction L-smooth. There exists a constant L > 0, for all
x € X,z = Ry(u) withu € T, M, such that

L
®(z) < O(x) + (grad®(z), u) + §||UH2' (6)
Assumption 3. The objective function f(x,y) is p-strongly concave w.r.t y, i.e., for any v € M

flxyn) < flz,y2) + (Vo f(2,92), 91 — y2) — gllyl — 2|, Yy, y2 € V. (7

Assumption 4. The function ®(z) is bounded from below in M, i.e., ®* = inf e p ().

Assumption 5. The variance of stochastic gradient is bounded, i.e., there exists a constant o1 > 0
such that for all x, it follows E¢||grad, f(x,y; €) — grad, f(z,y)||* < of; There exists a constant
o2 > 0 such that for all y, it follows E¢||V, f(z,y;€) — Vi f(z,9)||> < 03. We also define
o = max{oy,02}.

Assumption 2 imposes the retraction smooth of function ®(x), as in|Sato et al.|(2019); Han & Gao
(2020bza). Assumption 3 imposes the strongly concave of f(x,y) on variable y, as in (Lin et al.,
2019;|Luo et al., [2020). Assumption 4 guarantees the feasibility of the nonconvex-strongly-concave
problems, as in (Lin et al.| 2019} [Luo et al.| |2020). Assumption 5 imposes the bounded variance of
stochastic (Riemannian) gradients, which is commonly used in the stochastic optimization (Han &
Gao, 2020b; Lin et al., [2019; [Luo et al., [2020).

4 RIEMANIAN GRADIENT DESCENT ASCENT

In the section, we propose a class of Riemannian gradient descent ascent algorithm to solve the
deterministic and stochastic minimax optimization problem (TJ), respectively.

4.1 RGDA AND RSGDA ALGORITHMS

In this subsection, we propose an efficient Riemannian gradient descent ascent (RGDA) algorithm to
solve the deterministic min-max problem (TJ). At the same time, we propose a standard Riemannian
stochastic gradient descent ascent (RSGDA) algorithm to solve the stochastic min-max problem (TJ).
Algorithm [T|summarizes the algorithmic framework of our RGDA and RSGDA algorithms.

At the step 5 of Algorithm |1} we apply the retraction operator to ensure the variable z; for all ¢ > 1
in the manifold M. At the step 6 of Algorithm[I] we use 0 < 7, < 1 to ensure the variable y; for all
t > 1 in the convex constraint ).

Here we define a reasonable metric to measure the convergence:
He = ||grad® ()| + Llye — y* (@)l (10)

where L = max(1, L11, L12, La1, La2), and the first term of ; measures convergence of the iter-
ation solutions {x;}I_,, and the last term measures convergence of the iteration solutions {y; }7_;.
Since the function f(x,y) is strongly concave in y € Y, there exists a unique solution y*(x) to the
problem max,cy f(x,y) for any z € M. Thus, we apply the standard metric ||y, — y*(z,)]|
to measure convergence of the parameter y. Given y = y*(x;), we use the standard metric
lgrad®(z;)|| = |/grad, f(x:,y*(x))|| to measure convergence of the parameter z. Note that we

use the coefficient L to balance the scale of metrics of the variable x and the variable y.
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Algorithm 1 RGDA and RSGDA Algorithms for Min-Max Optimization

1: Input: T, parameters {, \, 7; };_,, mini-batch size B, and initial input z; € M, y; € J;
2: fort=1,2,...,T do
3:  (RGDA) Compute deterministic gradients

vy = gradzf(xtayt)7 Wy = vyf(xtvyt); ®)

4:  (RSGDA) Draw B i.i.d. samples {£/}2 |, then compute stochastic gradients
1 & 1 &
=73 ;gradxf(:ct,yt;ﬁé), w=75 ; Vyf(ze,ye:6)s 9)

5:  Update: 141 = Ry, (—ynve);

6:  Update: §1r1 = Py(yr + Mwy) and ye1 = v + 0 (Ger1 — ye)s
7: end for

8: Output: ¢ and y; chosen uniformly random from {z, y; }7_;.

Algorithm 2 MVR-RSGDA Algorithm for Min-Max Optimization

1: Input: T, parameters {7, A, b, m, ¢1, c2} and initial input 21 € M and y; € ),
2: Draw B iid. samples By = {¢!}B |, then compute v; = grad, fs, (71,y1) and w; =
Vyfe, (x1,91);
cfort=1,2,...,Tdo
. Compute 1, =

> b

! EEDRE

5:  Update: z111 = Ry, (—ymiv1);

6:  Update: gz 1 = Py(yt + )\wt) and yer1 = Yt + e (Jes1 — yt)§
7:  Compute a1 = c1n? and By g1 = con?;

8: Draw B i.i.d. samples By 1 = {&,{}72,, then compute

V41 = gradzfsurl (‘rt+1a yt+1) + (1 - O‘t-‘rl)l]:cxtt-H [Ut - gradxflgurl ('Tta yt)]v (12)

W41 = VnyHl(ﬂCtJrl,ytH) + (1 - ﬂt+1) ['wt - VnyHl(JCuyt)]; (13)

9: end for
10: Output: z, and y, chosen uniformly random from {x, y }7_;.

4.2 MVR-RSGDA ALGORITHM

In this subsection, we propose a novel momentum variance-reduced stochastic Riemannian gradient
descent ascent (MVR-RSGDA) algorithm to solve the stochastic min-max problem (TJ), which builds
on the momentum-based variance reduction technique of STORM (Cutkosky & Orabona, [2019).
Algorithm 2| describes the algorithmic framework of MVR-RSGDA method.

In Algorithm [2] we use the momentum-based variance-reduced technique of STORM to update
stochastic Riemannian gradient v;:

V41 = Q41 gradzf3t+l (g1, Yeg1)

SGD
+ (1 = ayq1) (grad, fB,,, (Te41, Yes1) — T+ (grad, f5,., (e, yi) — vr))
SPIDER
= grad,, fp, ., (Ter1, Ye01) + (1= app) T2 (v — grad,, £, (26, 90)), Y

where a1 € (0,1]. When a1 = 1, v¢ will degenerate a vanilla stochastic Riemannian gradient;
When ;41 = 0, v, will degenerate a stochastic Riemannian gradient based on variance-reduced
technique of SPIDER (Nguyen et al., 2017} |[Fang et al., 2018)). Similarly, we use this momentum-
based variance-reduced technique to estimate the stochastic gradient wy.
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5 CONVERGENCE ANALYSIS

In this section, we study the convergence properties of our RGDA, RSGDA, and MVR-RSGDA al-
gorithms under some mild conditions. For notational simplicity, let L = max(1, L11, L12, La1, La2)
and kK = Lo1 /u denote the number condition of function f(z,y). We first give a useful lemma.

Lemma 1. Under the assumptions in §3, the gradient of function ®(z) = maxyecy f(z,y) is re-
traction G-Lipschitz, and the mapping or function y*(x) = argmaxycy f(x,y) is retraction k-
Lipschitz. Given any x1, 2 = Ry, (u) € X C M and u € T, M, we have:

grad®(z1) — Tz grad®(z2)|| < Gllull,  [ly*(21) — y*(z2)] < &llull, (14)
where G = kL12 + L11 and k = Loy /.

5.1 CONVERGENCE ANALYSIS OF BOTH THE RGDA AND RSGDA ALGORITHMS

In the subsection, we study the convergence properties of deterministic RGDA and stochastic RS-
GDA algorithms. The related proofs of RGDA and RSGDA are provided in Appendix [A.T]
Theorem 1. Suppose the sequence {x,y; }i_, is generated from Algorithmlby using deterministic
gradients. Givenn = n; forallt > 1,0 < n < min(1, 7 L) 0< A< 1 and 0 < v <
have

10L ’

2/®(z1) — O

VAT (1)

T
Z lgrad® ()| + Ly — y* (x)]] <

A
72,YL)andO< (1(‘;“,%).
Let 1y = min(-£2 L

i0 .5 L) we have 1y = O(z). The RGDA algorithm has convergence rate of
O(W) By 7z < € ie, E[H¢] < ¢ we choose T > r*e¢ 2. In the deterministic RGDA
Algorithm, we need one sample to estimate the gradients v; and wy at each iteration, and need
T iterations. Thus, the RGDA reaches a sample complexity of T = O(rk?*e2) for finding an e-
stationary point.

Remark 1. Since 0 < 7 < min(1

Theorem 2. Suppose the sequence {x;,y;}1_, is generated from Algorithm I by using stochastic
gradients. Givenn = n; forallt > 1, 0 < n < min(1, 271L) 0< AL 1~ and 0 < v < £=— we
have
T -
1 2{/®(x1) — O* \[ 20 5\[ LO’
E[|lgrad®(a)|| + Lllys — y* ()| (16)
tz_; J< T VB VB

Remark 2. Since 0 < n < min(1

10L ’

) 3y =T) (102 ,2L) Let
ny = min(lgﬁ, 57 ), we have ny = O(l’€ ). Let B = T, the RSGDA algortthm has convergence
rate ofO(ﬁ). By w3 < ¢ ie, E[H¢] < € we choose T > k2e~2. In the stochastic RSGDA
Algorithm, we need B samples to estimate the gradients v, and wy at each iteration, and need
T iterations. Thus, the RSGDA reaches a sample complexity of BT = O(r*e~*) for finding an
e-stationary point.

5.2 CONVERGENCE ANALYSIS OF THE MVR-RSGDA ALGORITHM

In the subsection, we provide the convergence properties of the MVR-RSGDA algorithm. The
related proofs of MVR-RSGDA are provided in Appendix[A.2]
Theorem 3. Suppose the sequence {xy,y;}1_, is generated from Algorithml Given y1 =y*(x1),

¢ %+2Au, ¢ = g + 205 b > 0, m = max (2,(@)°), 0 < v < NG =
0<A< we have

6L’
T
V2M'm'/S  2M’
Z [|lgrad®(z)|| + Lly: — y* (z¢)||] < Ti/2 + T3 (17)

where ¢ = max(1, ¢y, co,2vL) and M’ = 2(<1>(m3/1);<1>*) + Bf;:ob + Q(Clgflig “in(m + T).
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Figure 2: Training loss of robust training DNNs with orthogonality regularization on weights.
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is easy verified that v = O(), A = O(1), Ap = O(%), c1 = O(1), ¢2 = O(k), m = O(k?) and
no = O(2). Without loss of generality, let T > m = O(r*), we have M’ = O(/@Q—F%—i—% In(T)).
When B = k, we have M’ = O(x?In(T)). Thus, the MVR-RSGDA algorithm has a convergence
rate ofO(ﬁ) By 715 <€ ie, E[H.] < € we choose T > r3¢73. In Algorithm we require
B samples to estimate the stochastic gradients vy and wy at each iteration, and need 1" iterations.
Thus, the MVR-RSGDA has a sample complexity of BT = 0(546*3) for finding an e-stationary
point of the problem (). Similarly, when B = 1, the MVR-RSGDA algorithm has a convergence
rate of O(iﬁ—;i), and has a sample complexity of BT = 0(59/26_3) for finding an e-stationary
point.

and ng = #. It

Remark 4. In the about theoretical analysis, we only assume the convexity of constraint set ),
while|Lin et al.| (2019) not only assume the convexity of set Y, but also assume and use its bounded
(Please see Assumption 4.2 in (Lin et al.| |2019)). Clearly, our assumption is milder than (Lin et al.|
2019). When there does not exist a constraint set on parameter y, i.e.,Y = R%, our algorithms and
theoretical results still work, while|Lin et al.|(2019) can‘t work.

6 EXPERIMENTS

In this section, we conduct the deep neural network (DNN) robust training over the Stiefel manifold
St(r,d) = {W € R¥" . WTW = I,} to evaluate the performance of our algorithms. In the
experiment, we use MNIST, CIFAR-10, and CIFAR-100 datasets to train the model ( More exper-
imental results on SVHN, STL10, and FashionMNIST datasets are provided in the Appendix [B|).
Considering the sample size is large in these datasets, we only compare the proposed stochastic al-
gorithms (RSGDA and MVR-RSGDA) in the experiments. Here, we use the SGDA algorithm (Lin
et al., 2019) as a baseline, which does not apply the orthogonal regularization in the DNN robust
training.

6.1 EXPERIMENTAL SETTING

Given a deep neural network h(-;x) parameterized by 2 as shown in the above problem , the
weights of [-th layer is z; € St(n! ,n! ), where St(nl  nl ) is the Stiefel manifold of i-th layer.

in? "“out in? "“out
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Table 2: Test accuracy against nature images and uniform attack for MNIST, CIFAR-10, and CIFAR-
100 datasets.

Methods Eval. Against | MNIST | CIFAR-10 | CIFAR-100
RSGDA Nat. Images 98.92% 62.87% 29.92%
Uniform Attack | 98.58% 61.45% 31.14%
Nat. Images 99.15% 67.45% 32.92%
Uniform Attack | 99.03% | 68.56% 34.69%

Nat. Images 98.96% 76.75% 43.41%
Uniform Attack | 98.59% 55.68% 27.81%

For the weights in dense layers, n! ,n! , are the number of inputs and outputs neurons. For the
weights in convolution layers, n!, is the number of input channels, n! , is the product of the number
of output channels and kernel sizes. Note that the trainable parameters from other components (e.g.

batchnorm) are not in Stiefel manifold.

For both RSGDA and MVR-RSGDA algorithms, we set {-y, A} to {1.0,0.1}. We further set {b, m,
1, c2} t0 0.5, 8, 512, 512 for MVR-RSGDA. 7 in RSGDA is set to 0.01. For both algorithms, the
mini-batch size is set to 512. We set € for y as 0.05 and 0.03 for the MNIST dataset and CIFAR-
10/100 datasets. The above settings are the same for all datasets. An 8-layer (5 convolution layers
and 3 dense layers) deep neural network is used in all experiments. All codes are implemented with
McTorch (Meghwanshi et al.l 2018)) which is based on PyTorch (Paszke et al.,[2019).

MVR-RSGDA

SGDA

6.2 EXPERIMENTAL RESULTS

The training loss plots of the robust training problem in the above Eq. (Z) are shown in Fig.[2] From
the figure, we can see that MVR-RSGDA enjoys a faster convergence speed compared to the baseline
RSGDA. It’s also clear that when the dataset becomes complicate (from MNIST to CIFAR-10/100),
the advantage of MVR-RSGDA becomes larger.

When it comes to robust training, the training loss is not enough to identify which algorithm is
better. We also use a variant of uniform perturbation to attack the model trained by our algorithms.
We follow the design of uniform attack in previous works (Moosavi-Dezfooli et al., [2017} [Chaubey
et al.,[2020), and the detail uniform attack objective is shown below:

1
min ; max (f, (y + ai) = maxh(y +a:),0), st.Y = {llylloo < <}

where h; is the j-th logit of the output from the deep neural network, and y here is a uniform
permutation added for all inputs. In practice, we sample a mini-batch with 512 samples at each
iteration. The optimization of the uniform permutation lasts for 1000 iterations for all settings.
The attack loss is presented in Fig|3| The attack loss for the model trained by MVR-RSGDA is
higher compared to both RSGDA and SGDA, which indicates the model trained by MVR-RSGDA
is harder to attack and thus more robust. The test accuracy with natural image and uniform attack is

shown in Tab. [2} which also suggests the advantage of MVR-RSGDA. More results are provided in
Appendix

7 CONCLUSION

n

In the paper, we investigated a class of useful min-max optimization problems on the Riemanian
manifold. We proposed a class of novel efficient Riemanian gradient descent ascent algorithms to
solve these minimax problems, and studied the convergence properties of the proposed algorithms.
For example, we proved that our new MVR-RSGDA algorithm achieves a sample complexity of
O(k*e=3) without large batches, which reaches near the best known sample complexity for its Eu-
clidean counterparts.
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A APPENDIX

In this section, we provide the detailed convergence analysis of our algorithms. We first review some
useful lemmas.

Lemma 2. (Nesterov| [2018) Assume that f(x) is a differentiable convex function and X is a convex
set. x* € X is the solution of the constrained problem min,cy f(x), if
(Vf(x"),z —x*) >0, x € X. (18)

Vi) = Vil <

Lemma 3. (Nesterov, 2018) Assume the function f(x) is L-smooth, i.e.,
L||z — y||, and then the following inequality holds

17(w) ~ @)~ V@)~ )| < 2wyl (19

Next, based on the above assumptions and Lemmas, we gives some useful lemmas:

Lemma 4. The gradient of function ®(x) = maxycy f(x,y) is retraction G-Lipschitz, and the
mapping or function y*(x) = argmaxyecy f(z,y) is retraction k-Lipschitz. Given any 1,2 =
R, (u) e X C Mandu € T,, M, we have

lgrad®(z1) — T, grad®(xz)|| < Gllull,

ly" (1) =y (@2)[| < £lul,
where G = L1y + L1y and k = Ly /i, and vector transport T transport the tangent space of
x1 to that of xo.

Proof. Given any x1,%x2 = Ry, (u) € X and u € T, M, define y*(x1) = argmaxyey f(1,y)
and y*(z2) = argmax,cy f(x2,y), by the above Lemma we have

(y—y* (1)) Vy f(a1,y"(21)) <0, Vyey (20)
(y =y (22)) 'V f(w2,y" (22)) <0, Yy €. 1)

Let y = y*(x2) in the inequality and y = y*(x1) in the inequality (21), then summing these
inequalities, we have

(v (x2) = y* (@1))" (Vy f (21, 9" (1)) = Vy f (22,57 (22))) <0 (22)
Since the function f(x1, -) is p-strongly concave, we have
flxr,y* (1)) < flon,y*(@2) + (Vo f (21,57 (22) T (v (21) — y* (22)) — gHy*(ﬂCl) —y* (@),
(23)

fl@1,y" (2)) < flan, v (21) + (Vo f (@1, 57 (21)) " (" (22) — y*(21)) — g\ly*(m) -y (z2)|”.
(24)

Combining the inequalities (23) with (24), we obtain
(" (w2) =y (@) (Vy f (21, 9" (22)) = Vy (21,5 (1)) + plly*(21) — y* (@2)[I* < 0. (25)
By plugging the inequalities (22)) into (23), we have

plly* (1) = y* (@2) | < (" (w2) =y (20)" (Vy f 22,47 (22)) = Vy f(21,5"(22)))
< y*(z2) =y (@)l Vy f (22, 5™ (22)) = Vy [ 21, 4" (22)) |

< Lo|lulllly® (z2) — y* (@), (26)
where the last inequality is due to Assumption 1. Thus, we have
1y (z1) — y"(z2) || < Klul], 27)

where k = Loy /p and 23 = Ry, (u), u € Ty, M.
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Since ®(z) = f(x,y*(x)), we have grad®(x) = grad,, f(z, y*(z)). Then we have
|grad®(z1) — 75, grad® (22 |

= |lgrad, f (21, y" (1)) — 72, grad, f (z2, y™ (z2))]|

< llgrad, f(z1,y"(x1)) —grad, f(z1,y" (v2)) |+ | grad, f (z1, y" (22)) — T grad,, f (z2, y" (2))|]
< Liolly™(z1) — y™(@2)|| + Laa vl

< (kLig + Lay)||ull, (28)
where u € T, M.

O

Lemma 5. Suppose the sequence {xy,y; }1_, is generated from Algorlthmlorl 2| Given 0 < n; <
2v 57 We have

(wes1) < () +yLoome [y (we) — well? + ymellgrad, f(we, ) = vil]? = L [lgradd(ay) |2

= T . (29)

Proof. According to Assumption 2, i.e., the function ®(x) is retraction L-smooth, we have

Vi L 2
C(ze41) < @(20) — yme(grad® (), ve) + ——||ve] (30)
2,2
" vnt YL yme
= ®(z) + tllgrad‘P () = v0e]|* = S llgrad®@ (@) ||* + (——= = ) lwll?

= P(xy) + —||grad<I> x) — gradzf(xt,yt) + grad,, f(z¢, y1) — vt||2 Vm |lgrad® (= )||2

2 2"

< D(ar) + il grad®(ae) — grad, fwe,yo)|l” +ymllgrad, S (er, ) = vo|* = 2 lgraddb(a
Ly2ng e
(2
< P(a) + fmtugrad«r 1) = grad, f (o0, yo)|I” + el grad, f (e ) = vel? = 23 grad@(a
1M
= el
where the last inequality is due to 0 < 7, < %{%
Consider an upper bound of ||grad®(z;) — grad, f(x,y:)|%, we have
lgrad®(z) — grad,, f (x4, y:)||” = |lgrad,, f (e, y* (2:)) — grad,, f(ze, yo) ||
< Lially*(ze) — we]*. GD

Then we have

(z41) < (@) + ymeLazlly (o) — well” + ynmellgrad,, f (e, ye) — ve||* —
’77715
[[oe]|.

2 grad® (x|

(32)

O

Lemma 6. Suppose the sequence {xy,y; }1_; is generated from Algorzthmlor@ Under the above

assumptions, and set 0 < n; < 1land 0 < X < 5 L, we have

« n /M 3¢, -
lyes1 — ¥ (@) P < (1 = =) lye — y* (@) || — TtHytﬂ —ye?
25 9257242
+ "t IV ) wt||2+%||m|\2, (33)

where k = Loy /1.
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Proof. According to the assumption 3, i.e., the function f(z,y) is u-strongly concave w.r.t y, we
have

fxe,y) < flae,ye) + (Vo f (@, ye), v — ye) — %Hy —ye)?
= f(xe, ye) + (Wi, y — Ge1) + (Vo f (@4, 9) — Wi, ¥ — Jeg1)
AV f(@e,yt), Ue1 — yt) — gHy — el (34

According to the assumption 1, i.e., the function f(x,y) is Loo-smooth w.r.t y, and L > Lo, we
have

~ N Lag -
F@e, Gerr) = f(@e,90) — (Vo f (26, 98), Ge1 — ye) = —7|\yt+1 — ye||?

L, .
2 =5 1e+1 — yel*. (35)
Combining the inequalities (34) with (33)), we have
f(@ey) < f(@e, Gev1) + (e, y — Ger) + (Vo f (@0, 91) — w0,y — Ge1)

L L. .
_§||y—yt||2+§Hyt+1 — . (36)

According to the step 6 of Algorithmor we have ;11 = Py(y; + Awy) = argminyey 5|y —
yr — Awq||%. Since Y is a convex set and the function 1||y — y; — Awy||? is convex, according to
Lemma 2] we have

(U1 — Ye — AMwe, y — Jeg1) 20, y € V. 37
Then we obtain
_ 1 -
(Wi, y — Peg1) < X<yt+1 — Yt Y — Jit1)
1. 3 1 .
= X(ym — Y, Yt — Yeg1) + X(z/m — Y, Y — Ye)

1, 1,
= —X||yt+1 —yell* + X<yt+l — Yt Y — Ye)- (38)
Combining the inequalities (36) with (38), we have

. 1, .
f(xe,y) < flog, Gep1) + X<yt+1 — Y,y — ye) + (Vo f (@6, 9) — we, ¥ — Jeg1)

1, . I L. .
- X”yt*l —yell® - §Hy —yel|* + §||Z/t+1 —u? (39)

Let y = y*(«+) and we obtain

f(@e,y" (20) < f(2e, Gesr) + %@tﬂ =Y,y (2e) = ye) + (Vo f (2, 9¢) — wi, y™ (24) — Tet1)

1, T L.
- X”yt“ —yell® - 5“3/ () — yel” + §||yt+1 —yel? (40)

Due to the concavity of f(-,y) and y*(z) = argmaxyey f(zr, ), we have f(zy,y(z) >
f (x4, Grs1). Thus, we obtain

1, * * ~
0< X<yt+1 =Y, ¥ () — ye) +(Vy f (@6, 96) — we, y™ (2¢) — Fey1)

Nt

i .
Meer = well* = Sy (@) = well* (41)

>

—(

By ysr1 =yt + ne(Jea1 — yi), we have
i1 — v (@)l1? = [lye + 0e(@ee1 — i) — y* (20)
= [lye — y* (@)|* + 206 (Tt — Yo,y — ¥ () + 0pl|Ge1 — wel®. (42)

I?
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Then we obtain

~ X 1 X N~ 1 X
(a1 = ye 0" (@) — ) < s—llye — v (@)II” + 5 1Te41 — vell® — 5= llyerr — v (o) |>. 43)
27715 2 2 +

Consider the upper bound of the term (V,, f(z¢, y¢) — we, y* (@) — §e41), we have
(Vyf(@e,ye) — we, y* (24) — Geg1)
= (Vyf(@e,ye) — we,y" (@e) — ye) + (Vo f (@0, y2) — 0, e — Tes1)

1 [T 1 7 -
< ﬁ”vyf(xt,yt) —we|® + ZHZJ (z¢) — wel* + ;HVyf(xt,yt) —we|® + ZHZ/t — i |)?

2 . 0 _
= ;IIVyf(xnyt) —we||* + %Hy () = yel® + 2l = Jea |- (44)

By plugging the inequalities (#I)), (@3) to (@4), we have

1 RN 1 er w2z Mmoo L1 2
_ < _r _ 2y Z_ - _
2m>\Hyt+1 Y (z)]]7 < (27%)\ 4)Hyt Yy (@)l]® + (57 + 5 + )\)Hyt+1 Y|

2\ 4 2
2
+ ;”vyf(xhyt) - th2

1 1% % 2 3E 1 ~ 9 2 )
< 99\ A - T AN - -_ J—
< (27]1&)\ 4)Hyt y* (@e)]]* + ( 1 2)\)\\yt+1 yell” + M||Vyf(gct,yt) wy|
— 1 M * 2 3 1 3[~/ - 9
B (277t>\ 4)Hyt Yy (l't)H (8>\ + 3\ 4 )||yt+1 yt”
2
+ ;Hvyf(l’uyt) — wy|?

L ] 3. 2
< (277t>\ - Z)Hyt — " (a)|? — 87“?Jt+1 — > + ;||Vyf(xt7yt) —wy|?,
(45)

where the second inequality holds by L > Loy > wand 0 < ny < 1, and the last inequality is due
to0 <A< 6%. It implies that

. Mt U . 30t - 4n A
lyerr — v (z)* < (1 — t2 Nye — v (o) |I” — Tl\ym —yell® +

7

IV f (e, ye) — wel>.
(46)

Next, we decompose the term ||y 1 — y* (7441)]|? as follows:
[Ye+1 =" @er)I” = e — " (@) + ¥ (20) =y (@) |

= lyer1 — ¥* @) ® + 2(yes1 — v* (@), ¥ (20) — ¥* (2es1)) + 1y (20) — ¥ (2041 |
A
<1+ ”Z’f

4
Myers = y* (@) * + (1 + o) W @) = y (@)

Mg A * 2 4 2.2 2 2
< (1 — 1+ — 47
< 0+ T e =y @I + (L i 47

where the first inequality holds by the Cauchy-Schwarz inequality and Young’s inequality, and the
last equality is due to Lemma 4]

By combining the above inequalities (#6) and @7), we have
" A A . A3
lyess =y @er) 2 < (0 + 2220 = 22Dy =y (@) 2 = (1 4+ 222 2 e — e
NepA | A 2 4 19 9 9 0
1 v - 14— .
+1+=) . IVyf(@e,ye) —wel|” + ( +ntu)\)77ﬂf<é [[oe]

(48)
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Since 0 <7 < 1,0 <A < &= andL>L22 > 11, we have \ < é < éandntglg 6;%\.Then
we obtain

1+ ntuk)(l B m/M) o TN A AT e
4 2 2 4 8 - 4’
(14 THA 3 3
4 4 4
(1+ ntﬂ)‘)477t)\ <1+ i)4"7t)\ _ 257715)\7
4 24’ 4 61
4 4v 6% PR%n AR, 2592K2n,
14 — 2 V2k2p2 — ~2,2p2 < _ . 49
Thus we have
* nu 30t~
g1 — " (@)1 < (1= L5 e — v (@) |I* — TtHyt-&-l — y||?
25 252 K2
+ mHVﬂ%w)wW+—%K@MW- (50)

O

A.1 CONVERGENCE ANALYSIS OF RGDA AND RSGDA ALGORITHMS

In the subsection, we study the convergence properties of deterministic RGDA and stochastic RS-
GDA algorithms, respectively. For notational simplicity, let L = max(1, L11, L12, La1, La2).
Theorem 4. Suppose the sequence {xy,y; }1_, is generated from Algorithmlby using deterministic
gradients. Givenn = n; forallt > 1,0 < n < min(1, 7 L) 0<A< 1 and 0 < v <
have

1OL ’

2/®(z1) — O

AT GD

T
fz Lllye —y* (@) + llgrad®(z) ] <

Proof. According to Lemma 6] we have

Iye41 — ¥ (@) |IP < (1 — )||3/t —y* (x| - TtHytH —uel® + A ”vyf(xt»yt) w||?
259K
+ %llvtll? (52)
We first define a Lyapunov function A, for any ¢t > 1
6yL> .
Ao = @) + =l =y ) (53)

According to Lemmal[5} we have
67[~’2 * 2 * 2
Appr = Ay = @(w441) — D(a) + T(Hytﬂ —y (@ )I” = llye — v (z)[?)

< i Lusllys = y* @) + ymelerad, £ (e, ve) — vell? = 2 lgrad® () |2 = T e

S )l = 2 sl + B9, ) — il
m 4

+ Ly )

< By ol gt~ T s

- (i 25/;2?22)7%”%'2

< E g 2 aradn o) 54
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where the first inequality holds by the inequality ; the second last inequality is due to L =
max(1, L1, L12, Lgl, Los) and v, = grad, f(x¢, Y1), we = Vy, f(z4, y¢), and the last inequality is
due to 0 <y < ;7= Thus, we obtain

L? 777t

Iy =y @Oll” + 2 lerad(a) |2 < Ay = Avsr. (55)

Since the initial solution satisfies y; = y*(z1) = argmax,ey f(x1,y), we have

6yL> .
Ay = () + =Ll =y @)l = @), (56)
Taking average over t = 1,2, --- ,T on both sides of the inequality (53], we have
T ~
1 L?n, 2 M 91 M —Ary  P(zy) — @F
= -y — |lgrad® < < 57
72 (g v @l + (o] < Sp < S 60
where the last equality is due to the above equality (56) and Assumption 4. Letn = = --- = np,

we have
2(®(21) — 97)

58
T (58)

T

1
Z L2||yt xt)H? + ||lgrad®(z¢) || }
T

According to Jensen’s inequality, we have

2

Z Lllys = y* (o) + llgrad®(a,) ] < { 7

T 1/2
S (220~ o) + (o))
t=1

A1) — )\ ? 2/B(z1) —
S( T ) B - O

O

Theorem 5. Suppose the sequence {x;,y; }1_, is generated from Algorithm |l| I by using stochastic
gradients. Givenn = n; forallt > 1,0 < n < min(1, oo L) 0<A< 1 and 0 < v < 16%\&, we
have

!

2 — 2 5v2L
Z (Ellye =y @)l + lgrade(en)]] < Y 2@V =8 V20 5v2Loe g
— T vB  VBpu

Proof. According to Lemma 6] we have

* 7 u 30t - 2577
Iyes1 — ¥ (@er )| < (1= ) lye — y™ (@) ||* — Ttl\ym — el + =RV f (@ ) — we?
257 K2 Nt 9
_— . 61
+ 61N [l | (61)
We first define a Lyapunov function O, for any ¢ > 1
6vL>? .
0 =E[®(z;) + I—Nllyt =y (@) |I?]- (62)
By Assumption 5, we have
1 = o?
E||grad, f(z¢,y:) — vi]|* = E| grad, f(z¢, y:) — E;grad J@ys &) < S5 (63)
2 o?
E|Vy f(xe,ye) — wel® = E|Vy f (@1, 9:) - Zvyf oy &) < 5 (64)
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According to Lemmal[5] we have

6yL? . .
Oct1 = O = B[B(2151)) — E[(w)] + =L (Eless " (o) I — Ellye =" () )

< i LuaEllys — y* (@)l1? + ymEllgrad, f (w1, ye) — vell? — L Ellgrad® () |2 — T o
OO gy g 1P Bl + Z B, )
+ BTy )
< Epy -yl - DB et >|2—9”2§Z”tﬂa||gt+l—yt||2
e+ Bl e )~ + PETEIT, e,
< Ly @l - Blgragn (el + T 4 BEIN (©5)

where the first inequality holds by the inequality ' the second last inequality is due to L =

max(1, L11, L12, Loy, Las), and the last inequality is due to0 < v < 1“2 and Assumption 5.
Thus, we obtain
L2 02 25L% 02
TLElly — y* (2 + L Ellgrad® () |2 < 0, — ©11 + 1X ThT . (66)
B Bpu
Since the initial solution satisfies y1 = y*(z1) = argmax,ey f(x1,y), we have
6yL> .
01 = ®(a1) + =Ll —y*(@)|* = 2(e). 67

Taking average over t = 1,2, --- T on both sides of the inequality (]3_3[), we have

T ~
L” . ©r = Op1 | 1 ~mo? | 1~ 25L%0°
Z Sy =y (@) |2 + 2 lgradd (o) 2] < S 4 S0 s B

< + = 2
=1 T t=1 T Bu
T T
P(x ) o+ 1 ma2 25L%n,0°
- —_— + _—
(68)
where the last equality is due to the above equality (67). Let n =y = - - - = np, we have
T -
1 - . 9 9 2(®(x1) — ®*) o2 25L%*2
T ;E[L lye — y*(z¢)[|” + ||grad®(z;)|| ] < W—T + 5 + T/ﬂ (69)

According to Jensen’s inequality, we have

[M]=

T
2 ~ N 1/2
Z [Lllye — y*(z2)|| + [|grad®(z,)|] < (T E[L*|ly: — y* (z0)|? + || grad® (z:)|?) /

&~
Il
—

4(®(21) — %) N 20%  50L%0% 172
nT B Bu?

< ZW + V20 + 5\/§f10

B vnT VB VBu’

1/2

—~

<

(70)

where the last inequality is due to (a; + ay + a3)/? < ai/z + ay 12y ay’” for all a1, as, a3 > 0.

O
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A.2 CONVERGENCE ANALYSIS OF THE MVR-RSGDA ALGORITHM

In the subsection, we study the convergence properties of the MVR-RSGDA algorithm. For nota-
tional simplicity, let L = maX(Lu, Lio, Loy, Los, 1)

Lemma 7. Suppose the stochastic gradients vy and wy is generated from Algorithm 2} given 0 <
a1 < 1land 0 < Biy1 < 1, we have

Ellgrad, f(xis1, yes1) — vesl]> < (1= auq1)*Ellgrad, f (e, ye) — vel|> + 41 — oig1)* L3707 [Joe]?
2af+102

+4(1 = 1) Ligni 1 Gesr — well> + 5

(71)

E|Vyf (@1, ye41) — wiral]? < (1= Beg1) EIVy f e, ye) — wel|” + 4(1 = Bey1)’ L3>} v |?
237,102

5 (72)

+ 4(1 = Big1)* Lo 1Ger — el > +

Proof. We first prove the inequality (7). According to the definition of v, in Algorithm 2] we have

Vg1 — T oy = —o 1 T oy + (1 — auy) (grad, £, (g1, 1) — Tttt grad, £, (20, yt)
+ appigrad, s, (Ter1s Yet)- (73)

Then we have

Elgrad, f(z¢11,ye41) — v |)? (74)
= Ellgrad, f (141, Ye1) — T ve — (U1 — To o) |12
= Ellgrad, f (2141, Yer1) — T og + e T2 op — g grad, f, (Te41, Yer1)
— (1= ar1)(grad, 5, ., (Ter1, yer) — T grad,, £, (2, 0)) |12
=E[(1 — ovq1) T2 (grad,, f (we, ye) — v¢) + (1 — caugr) (grad, f(zeg1, yegr) — Tt grad, f (2, y)
—grad, f5,,, (Ze41, Y1) + T grad,, £, (24, 1))
+ o (grad, f (o1, yesr) — grad, [, (21, ye41)) |2
= (1 = ay1) Ellgrad,, f (x4, y¢) — ve]|* + af 1 Ellgrad, f (241, yer1) — grad, fo, (@ern, o) |
+ (1 — ay11)?El|grad,, f(ze41, yer1) — T2+ grad, f (24, y¢) — grad, f5,,, (Te41, Yes1)
+ T+ grad, £, (24, ye) |2 + 20041 (1 — cwy1)(grad, f(zes1, yer1) — T00+ grad,, f (24, ye)
—grad, f5, ., (Te11,Yep1) + Tt grad, fs,,, (24, ye), grad, f (2o g1, yer1) — grad, f5, (7411, yt+1)>
< (1 — auq1)’El|grad, f (24, ye) — ve]|* + 207, E|lgrad,, f(z11, yer1) — grad, f5,,, (Te1, Yes1)|]?
+2(1 — o+1)El|grad, f(veq1, yer1) — Toot grad, f (24, ye) — grad, fa,,, (Tes1, Yer1)
+ Tt erad, f, (20, 90|

202, 02
< (1= ap1)?Ellgrad, f (x4, ye) — ve|® + *;%
+2(1 = ar1)* Ellgrad, fs, (€1, ye1) — Toott grad, [, (24, 40) |1,
=T
where the fourth equality follows by E[grad, fs,,, (z¢1,¥:41)] = grad, f(2¢41,%:41) and

Elgrad, f5., (ze1, Ye41) — grad, [, (20, ye)] = grad, f (241, yer1) — grad, f(we, yo); the first
inequality holds by Young’s inequality; the last inequality is due to the equality E||¢ — E[¢]||? =
E||¢||? — |E[¢]||* and Assumption 5.
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Next, we consider an upper bound of the above term 7 as follows:

Ty = K| grad, f3,,, (Tt+1, yes1) — T, grad,, f5,,, (24, yt)H2 (75)
= ]EngadIthH (g1, ye1) — Tt grad, f (@, Yeq1s Sevr) + Tt grad, f (26, Yer1; Eev1)
— Tigrad, S, (@0 w0 ||
< 2E||grad, f5,,, (Te+1, yes1) — Toot grad, f (e, yer1s ) |1

+ 2E| grad, f (¢, ye+1; §e41) — grad, fs,,, (T4, yt)H2
<203 7?07 [Joe)l? + 2L35 g1 — ye)?
= 2L 70 [oell® + 2L3507 |Ge1 — e, (76)
where the last inequality is due to Assumption 1. Thus, we have
Ellgrad, f(zr41,ye41) — vep[|? < (1 — apr)*Ellgrad,, f (24, y0) — vell* + 410 = app1) 2Ly 07 [[or]|?
12 2at+102

= (77)

+4(1 = 1)’ Lign | Ges1 —

We apply a similar analysis to prove the above inequality (72)). We obtain
E|[Vyf (1, ye01) = wirn | < (1= Bepa) BN Vy £ (@, 90) — will? + 401 = Bria)* L3707 o]
25t2+102

= (78)

+4(1 = Big1) 2 L7 1 Fesr — well® +

O

Theorem 6. Suppose the sequence {xt, Yt L, is generated from Algomhml Given y1 =y*(x1),
¢ > + 2A, ¢ > 5 + 5OXL , b >0, m > max(2,(éb)?), and
0 <A< 2%, we have

0 < ’Y - 2NL\/25+4N

T
! = . V2M'm'/S 20
TZE[ngad@(xt)H+L||yt—y @] < —Fm— + F (79)

t=1

* 2 2 272
where ¢ = max(2vL, ¢1,¢2,1) and M' = 2(q>(z71,);q> ) 4 A;?v;f;B + Q(CIJ;ZZB)U " In(m +T).

Proof. Since 7, is decreasing and m > b3, we have 9, < 1y = ?/3 < 1. Similarly, due to
m > (2vLb)3, wehaven, <y = —2= < 1. Dueto 0 < m, < 1and m > max ((c1b)?, (c2b)?),

ml/3 — 2
we have a1 = e1n? < ey < 75}!/’3 <1 and Bir1 = can? < camy < —2% < 1. According to

Lemmal7} we have

1 1
;E||gradzf(xt+1vyt+1) — ey = n—Engadxf(xt, ye) — vel|® (80)
t t—1
< (1 —azy1)? E d 2 401 272 .2 2
< ( m o 1) llgrad,, f (s, ye) — vell” + 41 — 1) " L1y ne|ve|
5 202, 02
+A(1 = i) Lo |1 — wiel|* + ——
mB

1— o1 5 202, 102

< (P2 - L VRlgrad, f (e, ) — el ALl + AT s — pel? + LT
ur N1 neB

1 1 202, .02
= (= — —— —cm)Ellgrad, f (w¢, o) — vel|? + 4L el P + AL omil|Fe 1 — wel + —F5—,

Nt N1 neB
where the second inequality is due to 0 < a;4; < 1. By a similar way, we also obtain
1 1
—E||Vy f(@+1,ye1) = wel]* = ——E[Vy f (24, 9:) — we|? (81)
ui -1

1 1 2432, 02
< (= = —— = com)EBIVy f (@, y0) — wil|* +4L57me|Joe|* + 4L5ome | Ger — vel)* + ——.

Ne Me—1 neB
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By n: = W, we have

1 11 1 1
— = —((m+t)s —(m+t—-1)3
o m—r b ( o= )
1 < 1
~ 3b(m+t—1)%2/3 ~ 3b(m/2 + t)2/3
22/3 22/3 b2 22/3 9
S _— = — = ’I’It S ’Ih7 (82)
3b(m +)2/3 303 (m/2+t)2/3  3b? 3b3
where the first inequality holds by the concavity of function f(z) = z'/3, ie., (z + y)'/? <

x/3 4 3 Y /3, the second inequality is due to m > 2, and the last inequality is due to0 < n < 1.
Let ¢ > 3b5 + 2\u, we have

1 1
;Ellgradxf(xm,ym) —vp|? — n—Engadxf(a:t, yr) — vt|? (83)
t t—1
2 2 2 20‘%4—102
< =2 pnE||grad, f (z¢, ye) — vell® + AL3 v nelloel|* + AL79m: | Gegr — ve B
Let co > % + 50AL? , we have
1 2 1 2
U*EHVyf(l’tHa Yir1) — wep || — TEHvyf(ztayt) — wy| (84)
t —1
50AL? 282, 02
< - p BV f (e, ye) — well” + AL mel|vel|* + 4L3me [ Feq1 — wel? ;;:7;

According to Lemma[f] we have

* . 7 uA 30, -
lyet+1 —y ($t+1)|\2 —lye —vy (ﬂft)HQ < - : llys — (fUt)H2 - f”ytﬂ - ytH2
25)\7775 9 2572 k20, 9
+ IVy f(ze,yt) — wel|” + WHU:&H -
(85)
Next, we define a Lyapunov function {2, for any ¢t > 1
Qt = E[q)( )] + m(—Engad f(l‘t,yt) — ’UtH + TEHV f(xhyt) thZ)
6vL2 .
ol = @l (36)
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Then we have

Qi1 — O = E[@(21s1)] — E[d(xy)] + 2

" (Ellyesr — v (@) II” — Ellye — y* (z0)[I?)

+ K( E|grad, f (€141, ye41) — vea||* — UTEHgfad F@e,ye) = ve)?

+ EEHvyf(xt—O—la%%l) - wt+1||2 - TEIIVyf(xt,yt) - wt|\2)

* N YN
< LioyniBEllye — y* (ze) |* + ymeEllgrad, f (@4, ye) — vel|* — t]E||grad<I’($t)||2 4t [[og]?
6yL>? ﬂ/\ﬂt 3n¢ 25)\7)t 257 K2 77t
+ V( Ellye — y*(z4)|1* — EHytH 1>+ E|Vy f (e, ye) — wel® + [|ve | )
2 2 2 ~ 2 2O‘t+10
+ K( — 22 pmEl|grad, f (e, ) — vel|® + 4L, 9 nellvel|? + ALY B |1 — wel|® + B
50AL2 ~ 262 0.2
- ME|Vy f(ze,ye) — wel|* + AL3 7 e ||vel|? + AL3meE|Ges1 — vel|* + ;:7;)
’YL Ua 5 777t 9 ’yl~/2nt - 9 0% 2573I€2£2 4’y3l~/2 9
< gy, - g | gradd M Gy — el — (2 - -
< e = v" @I - B Ellrad® (o) — S Bl - wl? - (} - ZL5E - 2y
704t+1‘7 Vﬁtﬂa
Aune B AuneB
vL*n, .o 112 vm 2 V0707 PR 00
< — E - —E do 87
< 2Bl -y o)~ Bl (o) P+ T 4 TS 87)

where the first inequality holds by Lemmas [5] and the above inequalities (83), (84) and (85); the

second inequality is due to L = max(1, L11, L12, La1, La2); the last inequality is due to 0 < v <
LA

IR VIS and kK > 1.

According to the above inequality (87), we have

’70‘%4-102 ’75t2+1(72 (88)
AuneB AuneB

2 (Ellgrad® ()2 + LEllye — y* (w)|I%) < @ = Qusr +

Taking average over t = 1,2, ---, T on both sides of the inequality (88), we have

T T 2 2 2
2070 2/Bt+1 g

T
2(2 Qt+1
rad®(z 2412 (z .
7 3 Bl |+ Pl =y (s |?) < 32 20t 253 (B B

Since the initial solution satisfies y; = y*(z1) = argmaxycy f(x1,y), we have

6yL> .
Q= O(zy) + LHyl —y*(@1)]? + W(—ngad f@1,p1) —w|* + *OHVyf(l‘hm) —wy[?)

= O(zy) + K(*ngad f(z1,91) — grad,, fi, (z1,91) 1> + %|\Vyf($1ayl) — Vyfa (1,01)]?)

o
< O(w) + AZUO = (89)

where the last inequality holds by Assumption 5.
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Table 3: Benchmark Datasets Used in Experiments

datasets #samples | #dimension | #classes
MNIST 60,000 28 %28 10
CIFAR-10 50,000 32x32 x3 10
CIFAR-100 50,000 32x32 x3 100
SVHN 73,257 32x32 %3 10
Fashion-MNIST | 60,000 28 x 28 10
STL-10 5,000 32x32 %3 10

Consider 7, is decreasing, i.e., Ny 1 >0 ! for any 0 <t < T, we have

1

T
T ;]E(||grad<1>(xt)||2 + Lllye = y* (@)]) (90)
T T
< Z 2(2 — Q441) 1 Z (2at2+102 + 251:2+102)
T = TWT Tnp &= " ApeB AuneB
1 (2©<$1) 202 _ Q(P*) 1 Z(Qat+10'2 T 25t2+10—2)
~Tnr* vy AumoB -y Tnr AuneB AuneB
L 2(®(xy) - @) 202 n 2(c? 4+ c3)o Z
Tynr T'Aunonr B TnrAuB K
2(P(zq1) — ) . 202 203 +3)0? [T v it
- Tynr TApnonr B TorApB J; m+t
2P — d* 2 2 2 2 2 2b3
< ( (1’1) ) + g (Cl + 02)0 ln(m 4 T)
Tynr T'Apmonr B TnrAuB
2(®(zq1) — *) 1 o 2(c? + c3)a%b?
ek S S RS ™yYy3 =% /3 L 2 T )T T g T T)/3
0 (m+T) +T)\u7]0bB(m+ )+ T n(m+T)m+T)"/°,
where the third inequality holds by >, 17 < [/ nfdt. Let M’ = 22000 4 20
Q(Cﬁ;# In(m + T'), we rewrite the above inequality as follows:
1 & . M’
T Z E(||grad® () (| + L |lye — y*(z:)]|*) < ?(m +1)'3, on

t=1

According to Jensen’s inequality, we have

T T 1/2
2
7 S Ellerat@)] + L~y @0l) < (7 Y B(leraw(el? + Pl — (@0l
=1 =1
’ Iopy1/6 ’
SV e o VIS T
T1/2 T1/2 T1/3
92)
where the last inequality is due to (a1 + az)*/6 < a1/® + a}/® forall a1, ag > 0.
O

B ADDITIONAL EXPERIMENTAL RESULTS

In this section, we provide additional experimental results on SVHN, FashionMNIST and STL-10
datasets, given in Table[3] The training loss and attack loss under uniform attack is shown in Fig[4]
The test accuracy with natural images and uniform attack is shown in Tab. 4] From these results, our
methods are robust to the uniform attack in training DNNs.
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Table 4: Test accuracy against nature images and uniform attack for FashionMNIST, SVHN and
STL-10 datasets.

Method Eval. Against | FashionMNIST | SVHN | STL-10
RSGDA Nat. Images 84.96% 75.72% | 52.34%
Uniform Attack 82.54% 43.19% | 47.28%

Nat. Images 88.49% 76.05% | 54.92%

MVR-RSGDA | niform Attack | 76.75% | 45.06% | 48.89%
SGDA Nat. Images 88.57% 91.96% | 56.10%
Uniform Attack 50.90% 4597% | 45.27%

25 ™ 22 ™ ™ ha 25 ™ - T
—RSGDA 2 —RSGDA —RSGDA
, —MVR-RSGDA 18 —MVR-RSGDA ) —MVR-RSGDA
m 15 m 15
S S
c c
@ 1 é 1
[ =
0.5 g-‘k 0.5
o 02 o
0 50 100 150 200 [ 50 100 150 200 [ 50 100 150 200
Epochs Epochs Epochs
(a) FashionMNIST (b) SVHN (c) STL-10

: - -RSGDA | - -RSGDA - -RSGDA
0 - = MVR-RSGDA 12 ~ = MVR-RSGDA 2.5 ~ = MVR-RSGDA |4
SGDA 0 SGDA SGDA
1

o 0 o
S g 8 4
b3 < g 1 S e
e N N it S SRR
‘ :\ _____________________ 2 \:::11::::::===========:; R B LU
20 260 460 660 Bl;O 1000 00 260 460 660 800 1000 OO 200 400 600 800 1000
Iterations Iterations Iterations
(d) FashionMNIST (e) SVHN (f) STL-10

Figure 4: Additional results for robust training (a-c) and uniform attack (d-f) with SGDA, RSGDA
and MVR-RSGDA algorithms.
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