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Abstract

This paper introduces novel theoretical approximation bounds for the output of quantized
neural networks, with a focus on convolutional neural networks (CNN). By considering
layerwise parametrization and focusing on the quantization of weights, we provide bounds
that gain several orders of magnitude compared to state-of-the-art results on classical
deep convolutional neural networks such as MobileNetV2 or ResNets. These gains are
achieved by improving the behaviour of the approximation bounds with respect to the depth
parameter, which has the most impact on the approximation error induced by quantization.
To complement our theoretical result, we provide a numerical exploration of our bounds on
MobileNetV2 and ResNets.

1 Introduction

Neural networks have become central to modern machine learning, driving significant advancements across
a wide range of applications, including computer vision, natural language processing, and robotics |[LeCun
et al.| (2015)); |Goodfellow et al.| (2016). Due to the size of state-of-the-art models, deploying these in resource-
constrained environments, such as mobile devices or embedded systems, requires model compression techniques
like pruning Han et al.| (2016), low-rank approximations Denton et al.| (2014) or quantization |Gholami et al.
(2022). Post-training quantization, in particular, reduces the bit-width of parameters, enabling faster inference
and reduced energy consumption without retraining the model. In this paper, we focus on quantized
convolutional neural networks because they provide state-of-the-art performances while remaining lightweight,
thus, they remain models of choice for embedded applications. Despite the empirical success of quantized
models, one concern is the potential performance degradation introduced by quantization. Establishing
theoretical bounds on this degradation is therefore crucial, especially for safety-critical applications where
robust guarantees are required [Forsberg et al.| (2020).

For a neural network Ry with parameters 6 (i.e. a function parametrized by 6), given an approximation 6 of
0, we look for bounds of the form

SugllRe(w)*Ref(x)lloo < CJ0 = 0|, (1)
xre

where Q is the domain of the considered inputs of the networks and C' is a constant (that must be explicited)
depending on the network’s architecture. Such bounds quantify the stability of an architecture with respect
to parameter perturbations which is essential for understanding the impact of quantization on performance.

Recent works, such as|Gonon et al.| (2023), provide insightful approximation bounds for quantization. However,
these bounds are often pessimistic for practical use and come with strict assumptions. For example, |(Gonon
et al.| (2023)) imposes a condition that the maximum parameter norm r must be larger than 1, which limits
the applicability of their results, particularly when using post-training quantization where the weights are
fixed. In practice, for larger networks, we often regularize weights to prevent overfitting [Bejani & Ghatee
(2021); |Santos & Papa) (2022). Techniques such as L2 regularization DropConnect Wan et al.| (2013]) and
weight decay [Krogh & Hertz| (1991) actively encourage the parameters to remain small, potentially making r
smaller than 1. Moreover, when removing the impact of weights and input distribution, the constant C in
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equation [1| exhibits a dependency O(NL?), where L is the depth of the network and N is the width, making
this upper bound of little use for modern deep architectures (which have a large L). This opens the following
question: is it possible to quantize deep neural networks with a practical approximation bound ?

In this work, we provide new theoretical approximation bounds for neural networks, as illustrated in Figure [T}
This bound improves several dependencies in the approximation constant C' of equation [I] giving a better
analysis of the performance of quantized deep neural networks in practical cases. We focus on theoretical
guarantees for the worst-case quantization error under the infinity norm metric, which captures the maximum
deviation in network outputs. Our key contributions can be summarized as follows.
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Figure 1: Illustration of the improvement, in log scale, over the previous bound equation 4] on ResNet18
without BatchNorm and without biases, with respect to the number of quantization bits, showing a 10® times
tighter error estimation.

Tighter approximation bounds: As weights typically require much higher memory usage than biases and
many convolutional architectures do not use biases (for the convolutional part), we provide approximation
bounds for quantization, when only weights are quantized. In this case, our result enhances the state-of-the-art
theorem by |Gonon et al.| (2023), where we replace their factor of NL? with the sum 25:1 Ny_1 where Ny is
the width of the ¢-th layer, which simplifies to N L when the network has a constant width N. We further
improve this constant for convolutional networks where only the filter sizes and the number of channels of
each layer replaces the width in the approximation bound.

Relaxation of norm constraints: We weaken the assumptions on the operator norm constraints by
considering arbitrary positive values of ry, the [-th layer operator norm. This generalization makes our result
applicable to networks where smaller parameter norms are present due to regularization or sparsity constraints.
Also, instead of taking the maximum parameter norm r, as in |Gonon et al. (2023) and [Corollary F.1]JGonon
et al. (2024), our approach replaces it with the less pessimistic expression rpeqn, which (geometrically)
averages the parameter norms across layers.

Practical validation: We validate our theoretical improvements by applying them to classical pretrained
CNN models, demonstrating that our approach is orders of magnitude closer to a practical application
compared to previous works.

2 Related Works

Approximation bounds have been studied from various perspectives, including results on the approximation
capacity of neural networks |DeVore et al| (2021)); Ding et al.| (2019); |Cséji et al.| (2001)); Barron| (1993) and
the topological properties of the realization map [Petersen et al.| (2021)), particularly focusing on the fact that
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this realization is Lipschitz continuous with the constant depending on the network architecture [Petersen
et al.| (2021)); [DeVore et al.| (2021)).

There also have been analytical works directly quantifying the value of C' in Equation equation [l For example,
Neyshabur et al.| (2018]) studied this constant in the context of a particular case where 6’ is obtained through
controlled perturbation (i.e., perturbations that do not significantly modify the norm of the initial weights).
They derived, for the L? norm, a constant that depends on the network depth, the norm of the weights,
the data and the perturbation. However, their results do not generalize to any ¢’ and are not applicable to
arbitrary quantization. Similarly, Berner et al.| (2020) expressed the constant in the case of the L* norm
but with uniform parameter bounds and, specifically for do,t = 1, which cannot be applied to every neural
network tasks.

More recently, (Gonon et al. (2023) formalized a framework for approximation bounds of ReLLU neural
networks, providing a general upper-bound for the constant of a neural network in terms of its architecture,
weight norms, and other properties. Specifically, their result applies to neural networks defined over general
LP-spaces, and under general constraints on the weight parameters. The generalization provided by their
upper-bound generalizes prior results, which were often limited to specific cases, such as [Neyshabur et al.
(2018)) for spectrally-normalized networks. By the same authors, in |Gonon et al.|(2024), there is another
approach that generalizes the notion of approximation bounds to Directed Acyclic Graphs (DAGs) using
¢1-path norms. This formulation as graphs allows for more flexibility on the network architecture (pooling,
skip connection...). This work provides general bounds with the notable feature of being invariant under
parameter rescaling. They improve their previous paper results, relaxing some assumptions, notably the
condition r > 1, but introducing new conditions such as 6;6; > 0, which is not always satisfied for general
distinct parameters (6,6). We further discuss these bounds in relation to our work in Section

A direct application of approximation bounds is quantization. Quantization significantly reduces the storage
and computational requirements of deep models |(Gholami et al. (2022). The impact of quantization on
the approximation capabilities of neural networks has been studied in Ding et al.| (2019) and [Hubara et al.
(2018)), where the authors provided empirical evidence for maintaining high performance even at low precision.
However, formal guarantees are still limited, and existing bounds often assume either uniform quantization
or specific activation functions, which limit their applicability. Recent works have introduced strategies for
low-bit quantization to retain high predictive accuracy in practical implementations. For instance, |Choukroun
et al.|[(2019) explored methods for efficient inference with low-bit quantization, while |Courbariaux et al.| (2015)
demonstrated the effectiveness of binary weight quantization during training, opening a way for training and
deploying models with significantly reduced memory and computational demands. Another work that explores
methods that optimize weight rounding is AdaRound [Nagel et al.[ (2020) which introduces a data-driven
adaptive rounding, which learns rounding offsets to preserve layer outputs post-quantization. This approach
can be used to further reduce approximation errors. While our theoretical bounds are designed for general
quantization mappings, Adaround can be integrated to tighten the term [|§ — 6’| in practice. Another
important aspect in controlling the accuracy of quantized networks involves understanding singular values in
convolutional layers [Sedghi et al.| (2019) which help inform layer-specific quantization strategies.

3 Preliminaries

In this section, we define the key concepts and notations that will be used throughout the paper and we recall
reference theoretical approximation bounds from the literature.

Definition 3.1. Neural network architecture. The architecture of a neural network is defined by the
tuple (L, N), where L € N represents the depth of the network, and N = (No, ..., N1) € NE*1 is a sequence
specifying the number of neurons in each layer (the width of each). We call N, the width of the ¢-th layer.
The width of the network is defined as N := maxy—¢ ... 1 N.

Definition 3.2. Parameters associated with an architecture. Given an architecture (L, N), parameters
associated with this architecture are 6 = (Wl, cee WL), where W, € RNex(Ne—1+1) ig the weight matrix for

layer £ = 1,..., L with included bias, i.e. the concatenation of a base weight matrix W, € RN¢XNe—1 with
associated bias by € RN¢, for layer . We have that § € O N 1= RULN) swhere the dimension d(L, N) is

defined by d(L,N) := 3¢, Ne(Np_1 + 1).
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Definition 3.3. ReLU Network. For any vector x, we write £ = <T> Given an architecture (L, N)

and parameter vector 0 = (Wl, e WL), we associate the function Ry : RVo+! — RNL which is recursively
defined for £ =0,..., L as follows:

Yo =, yoe = 0 (Wefi—1) and Re(%) = y1, (2)

where o(x) = max(0, z) is the ReLU activation function.

Definition 3.4. Domains for parameters and input vectors. Given an architecture (L,N) and a
parameter space O , for any r > 0, we define the set of admissible parameters:

@L,N(T) = {(Wl,...,WL) S @L,N :

||W€||op,oo < r, ! = 1,,L} .

where | - ||op,c0 denotes the infinity operator norm, defined as follows, for every matrix W in R™*":

Willop,oo := sup  [[Wafl. 3)

z€R", ||z||oe=1

In this work, we suppose that the input = belongs to the domain 2 = [~ D, D]e.
We can now give previous approximation bounds in the /*°-norm setting.

Theorem 3.5 (Previous bound from |Gonon et al.| (2023))). For any architecture (L,N), and any r > 1,
denoting N := max;—o, . 1, N, for any 0,0 € ©p n(r), we have :

sup [Ro(2) = Ror(2)l|oc < (D +)NL*r 70 — 6| (4)
S

This shows that the quantization error depends on the architecture’s depth L, width N, and the maximum
norm r of weight matrices. As the network depth L increases, the potential error grows exponentially,
increasing the sensitivity of deeper networks to small parameter changes.

In |Gonon et al.| (2024)[Corollary F.1], a new bound is given as a consequence of a general approach using a
path-norm metric (see Section [2)):

sup ||Re(z) — Res(x)])1 < 2max(D, 1)LN2rL_1H9 — 0|0 (5)
e

The dependency in L? of bound equation [4] is reduced to a dependency in L at the cost of a dependency in
N? for the ¢! operator norm. For the sake of clarity in our representations, we have chosen to include only
the bound equation [d in our comparisons. This choice is motivated by the fact that it is generally tighter,
particularly because most networks of interest tend to have widths significantly larger than their depths (see
Table [1| for an illustration). That is, the condition 2L N? > N L? often holds, making the Gonon et al.| (2023)
bound more appropriate for practical comparisons in our £*° norm setting.

The convolutional case. In convolutional networks for image processing, a convolutional layer can be
represented as a matrix multiplication. Consider an input image x of dimensions n X m and a convolutional
filter h of dimensions p x p. The input image x can be flattened into a column vector x of size nm x 1:
x = vec(X) where vec(-) denotes the vectorization operation. The convolution of the input image = by the
filter h of size p x p followed by a subsampling/upsampling can be expressed as a matrix product y = Hx
where y of dimensions ny, X my is the vectorization of the output image and # is a matrix representing the
2d convolution by h (hence each row contains at most p? coefficients). The weight matrix associated with a
given convolutional layer is a collection of ¢, convolutions by several filters hy, followed by a subsampling or
an upsampling. Hence the width of the ¢-th layer is ¢p—1 X ng—_1 X myp_1.
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4 Theoretical results

In this section, we present our main theoretical results, which extend and improve upon the existing bounds
for quantized ReLLU networks by relaxing the constraints on the network parameters and considering a
quantization of the weight matrices only (and not biases). Indeed, in practice, convolutional neural networks
such as MobileNetV2 or Resnets without biases are used successfully for vision tasks. If we consider more
general networks with biases (and a constant width for the sake of discussion), the size of the bias vector is
NL compared to the size of weight matrix N2L. If the width N of the network is large compared to the
objective in terms of memory requirement, e.g. N >> 8 for a 8x memory reduction from 64 bits to 8 bits,
then quantifying biases will add little gain in memory compared to the gain resulting from the quantization
of weights (this is seen in practice when the biases often remain in full precision or are only lightly quantized
Finkelstein et al.| (2019))).

We first give a general approximation bound and then specify to the convolutional case.

Theorem 4.1 (Generalﬁpproxiznation bour}d). For any architecture (L,N), define the parameters 6 =
(Wh,....,Wy) and 0' = (WY{,...,W}), where Wy and W, are weight matrices with included bias. Assume that

the two networks have same biases. Assume besides that V¢ =1,...,L:
||WZ||0p,<>o <r¢ and HWéHOP,oo < 7. (6)
Then:
L
sup || Ro(Z) — R (7)lloe < max(D, 1) D o Neer X rcanllf = 0l oos (7)
z€ =1

where we define the mean norm parameter

L
Tmean ‘= L-1 l:rnL?%L i:{?%,}liq [[ir]. (8)
i

Note that the maximum norm parameter r in equation |4}, from |Gonon et al.| (2023), is replaced by the term
Tmean- Lhis geometric mean-like term, which considers the largest of partial products of layer-wise norm
parameters, allows for a better adjustment of the bound to the variability of the norms. This variability
can be significant, particularly between 7.« and the other r; values. Specifically, in the least favorable case
where | = 7y = --- = rp, the largest product simplifies to »“~1. Conversely, the most favorable scenario
would involve a distribution of r; with high variance, particularly where max(r;) > 1 and all other r; < 1. In
such cases, rL~1 would be much smaller than r“~!. We provide a more in depth discussion about this, in
Appendix [G] with simulated examples in Figure .

Remark 4.2 (Improved factor ZZL:1 N;_1). Our result introduces an improved factor, which takes into account
the sum of the layer widths. If the architecture has uniform width across all layers, i.e., all layers have width
N, this factor becomes N x L, which is smaller than N x L? of Equation equation [4] .

Remark 4.3 (Weakened condition for the domain of parameters 7). In this bound, the constants r, are
allowed to be arbitrary positive numbers. This weakens the condition r > 1 of previous bound, making the
result more general and applicable to a wider range of network architectures.

Theorem 4.4 (Approximation bound for CNN). With the same settings as in Theorem and for a purely
convolutional network without biases, where each layer applies ¢; filters of size p; X p;, we have:

L
sup HRO(Z') - RQ! (33)”00 < D x ZpZZCl—l X ng;}}”e _ 9/”Oo (9)
e i
where we define
L
Teonv = L-1| max rgonv (10)
=104
kAL
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with r{°™" a bound on the norm of the convolutional matriz of layer k without bias (i.e. ri°"" > ||Hl op,o0)-

With this formulation, the term 2521 p§0g,1 accounts for the sparse structure of the convolution matrices
H, rather than simply using the number of row elements N;_y = my_1n;_1¢;—1 (my—1n;—1 being the size of
each channel at each layer, which can be much larger, see Table [I). Then notice that we use r.opn, in this
bound, which corresponds to the larger product omitting one term and starting from the first layer, so rcone
is smaller than 7,4, by construction. Finally, we also have an intermediate result between Theorem and
Theorem [4.4) which corresponds to the case of MLP without bias, given in Appendix [A| (Theorem .

5 Experiments

In this section, we describe the methodology and setup used to validate our theoretical findings, followed
by the results of our experiments, that involve pretrained architectures. We evaluate the performance of
larger models such as ResNet18, ResNet50, and MobileNetV2, all pretrained on the ImageNet dataset
Deng et al.| (2009). These models use deep convolutional architectures without biases (except the last fully
connected layer) that are frequently used in real-world applications. Note that a particular care must be
taken to manage skip connections (see Lemma and Lemma in the Annex) in the calculations. For
experiments with these networks, we removed the BatchNormalization of the networks to match the conditions
of Theorem [£.4] By doing this, we still obtained similar accuracies to models with BatchNorm. Moreover
Batch Normalization is not guaranteed to be 1-Lipschitz in general, since its scale and shift parameters
are learned during training. One could assume the ¢-th BN layer is §;-Lipschitz with 5, > 1, which would
introduce a factor Hf;‘:l B¢ in the final bound. So this would just complicate the analysis and loosen our
bound which is already conservative.

The goal of these experiments is to empirically compare the bounds given by our new theoretical results against
those derived from the work of |(Gonon et al.| (2023). The pretrained models are also used to evaluate the
effects of post-training quantization on model performance. We conduct experiments on the Tiny ImageNet
dataset, which contains a total of 110,000 images resized to 64 x 64 pixels. It includes 100,000 training images,
10,000 test images, and covers 200 distinct classes selected from the original ImageNet. Other experiments on
the MNIST and CIFAR-10 datasets leading to similar conclusion are presented in the Annex [E]

5.1 Analysis of weight distribution across layers

The results of Figure [2 highlight the key advantage of our theoretical bound equation [J] compared to prior
works. In |Gonon et al. (2023), the bound depends on the maximum operator norm r, which in these
examples, is significantly larger than the "geometric mean" layer-wise term r.y,,. For example, in ResNet50,
the maximum r is approximately 3 times larger than 7.y, and in MobileNetV2, it is more than 11 times
larger. Specifically for MobileNetV2 we can see that the weight norm distribution looks like the exponential
distribution of Figure [I0] that is a favorable case to have a tighter bound. Lots of values are small and the
maximum value r is more than 100, while 7.y, is 9. This shows better consideration of network weight norm
distribution. In practice, techniques such as Cross-Layer Equalization (CLE) Nagel et al| (2019) can be used
as a preprocessing step to homogenize weight distributions across layers for the quantized network. By doing
this the value of r.on, decreases and leads to tighter bounds in our framework. For example in Figure [T1]
(in Appendix, when applying CLE to a 4-bit quantized ResNet50 using the AIMET library |Siddegowda
et al.| (2022), we observed that 7.0, went from 6 to 4 after CLE. This shows how our theoretical results can
explain the benefits of such transformations.

5.2 Quantization

In our experiments, we consider three types of post-training quantization. We define uniform quantization
as a function Q*™/ : © LN — Or N, where Q(6) represents the quantized parameter. Specifically, we use the
following definition of uniform quantization in our experiments:

@)= ymt0) = | 2|0 (11)
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Figure 2: Comparison between the maximum geometric mean term r.on, (green) used in equation El and
the maximum weight norm r (red) used in equation |4} for ResNet18, ResNet50 and MobileNetV2, without
BatchNorm, showing a smaller value of r..y, for all models.

where 1 > 0 is the quantization step size. For each layer, the parameter 7 is determined by the formula:

Wmax
2n — 1’

’]’I:

where Wiyax is the maximum absolute value of the weight values, and n is the bit width.

To highlight the role of the term || — Q(0)|loo in the quantization error, as an alternative approach to
uniform quantization, we define Q7°*"? using a rounding function instead of floor truncation. This form of
quantization is defined as:

Qround(e) — Q:]ound(e) = round (707) , (12)

where the function round rounds £ to the nearest integer before scaling back by 7. This approach may reduce
quantization error in cases where uniform quantization leads to excessive loss of information.

In the same way, we also consider an adaptive quantization approach, which is a simplified AdaRound scheme.
AdaRound optimizes a per-parameter rounding offset via a differentiable relaxation of the binary rounding
decision. More precisely, for a given parameter 6, our adaptive quantization is defined as:

Qodaround () _ QzJ I U(a)> n, (13)

where « is a learnable offset, and o(+) denotes the sigmoid function. The offset « is optimized over a calibration
dataset by minimizing the mean squared error between the FP32 output and the quantized one, with an
additional regularization term that encourages o(«) to converge to 0.5 (i.e., standard rounding behavior).
This approach better adjusts the quantization with the distribution of the weights.

5.3 Experimental results on MobileNetV2 and Resnets

We analyze key parameters involved in our bounds and those from |Gonon et al.| (2023) in Table |1} The
depth L of the considered architectures varies between L = 18 for ResNet18 and L = 53 for MobileNet V2.
This variation in depth is important, as the approximation bound is exponentially dependent on L. An
important difference is observed in the width parameter IV, where the values obtained using the formulation
of Theorem [£.4] bound are orders of magnitude smaller than those from the previous bound. For instance, for
MobileNetV2, the previous bound is calculated with a width of 1.2 x 105, whereas the new bound reduces
this to 8641. Similarly, for ResNet50, the width decreases from 8 x 10° to 4609. This significant decrease
reflects the tighter characterization provided by the new bound, which avoids overly conservative estimations
of N. Another critical parameter is the maximum norm parameter, which is significantly smaller under the
new bound, particularly for MobileNetV2 (r & 101) while r,eqn only equals to 9. The reduced values of
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Table 1: Comparison of parameters between our bound equation |§| and the state-of-the-art Gonon et al.| (2023)
bound on pre-trained models. The comparison is also expressed in terms of a ratio of the two bounds, where
the values of the bounds in this ratio are computed exclusively for the convolutional part of the network.

PrEVIOUS WIDTH PREVIOUS NORM PARAM NEW WIDTH NEW NORM PARAM RaATIO
MODEL DepPTH (L) My—1M—1Cl—1 r p'fcl,l Teonv PREVI(I)\;;SWFSSSISD@O?B)
MOBILENETV?2 53 1.2 x 106 ~ 101 8641 ~9 ~ 10°°
RESNET18 18 8 x 10° ~ 84 4609 ~ 44 ~ 108
RESNET50 50 8 x 10° ~ 108 4609 ~ 37 ~ 10%7

norm parameters reduce the exponential dependency on depth, which is the main pessimistic factor in the
bound. These differences between the two bounds is reflected in the ratio value. Even for a shallow network
like ResNet18, we notice in Table [1] that our bound is 10® times tighter and this observation becomes even
more relevant for deeper and wider networks such as MobileNetV2, where the ratio reaches 10%6.

In Figure (in the introduction), we compare the approximation error bound and the estimated approximation
error for the Resnet18 architecture. The results were obtained by removing the final fully connected layer to
keep only the convolutional part of the network. Then we use 7.y, to calculate the new bound since the
network has no biases for the convolutional part. The figure demonstrates an error of approximately 104°,
whereas the new bound is only 1032. This highlights a significant improvement, even for a shallow network
(with L = 18). In Figure we perform the same experiment for the MobileNetV2 architecture. The effect
of weight norm distribution is even more apparent. The previous bound reaches a value of 10'%?, whereas the
new bound is reduced to 10%3. For both figures, we can observe that the shape of the bound is accurate as it
follows the error approximation trend, up to a constant factor. Nevertheless, the constant is still large even
for the new bound, since the output error is at most around 103.
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(a) MobileNetV2 without BatchNorm and biases. (b) ResNet50 without BatchNorm and biases.

Figure 3: Comparison in log scale between our bound equation |§| and the previous bound equation |4, on the
convolutional part of (a) MobileNetV2 and (b) ResNet50, with respect to the number of bits. Our bound is
approximately 10° times tighter for MobileNetV2 and 1027 times tighter for ResNet50.

We can make similar observations from Figure [3b| because the previous bound has the same order of magnitude.
However, even though MobileNetV2 and ResNet50 have similar depths, our bound has adapted much better
to the specific distribution of weight norms in MobileNetV2. The bound value for MobileNetV2 is significantly
lower than the ResNet50 one, being arround 102 times smaller. This is mainly due to the favorable
distribution of weight norms in MobileNetV2, which favors r¢ony to remain small. Although our new bound
significantly improves the previous state of the art bound (e.g., |Gonon et al] (2023), [Corollary F.1]JGonon|
(2024)), the new bound is still orders of magnitude far from what is observed in real outputs of networks
(Figures and [3D]). One reason is that such bounds are derived under theoretical worst-case scenarios,
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which rarely occur in practice. Another reason is the generality of the theorem itself, which leads to a very
conservative estimate of the output error.

In Figure [4] we analyze the impact of post-training quantization on the accuracy of MobileNetsV2 and
ResNets, across Tiny Imagenet. We notice that the Adaround method gives similar performances to the round
method, except for ResNet18 where the behavior for extreme quantization (< 4 bits) is better. Indeed for
ResNet18 the accuracy with 4 bit quantization is over 30% with the AdaRound method, while it is below 10%
accuracy with floor and round methods. Finally, it appears that MobileNetV2 better support quantization
with floor method than ResNets. This is probably due to the specific architecture of MobileNetV2 that uses
residual bottlenecks and Relu6 activation function (ReLu6(z) := min(max(0, x),6) which is known to better
support quantization Sandler et al.| (2018). Furthermore, the dataset influences precision as well, that is why
we conducted similar experiments across MNIST [LeCun| (1998)) and CIFAR-10 Krizhevsky et al.|(2009)) in
which we can also observe the behavior reflected by the form of the bound: depth significantly influences
quantization errors (see Figure |§| in the Appendix .

—e~ Uniform (round)

Uniform (floor)
+— AdaRound
- P32

—e~ Uniform (round)

Uniform (floor)
+— AdaRound _
- P32 e

—e— Uniform (round)

Quantizaton BisNicth Quantizaton BisWicth Quantizetion bitwidth

(a) MobileNetV2 (b) ResNet18 (c) ResNet50

Figure 4: Graphs illustrating the effect of quantization on performance on Tiny ImageNet for three quanti-
zation functions (round, uniform and Adaround). The results highlight how quantization reduces memory
requirements while maintaining or approaching the base model’s accuracy. The amount of quantization
needed to reach the base precision depends on the quantization function used.

5.4 Effect of depth in the quantization of MLP without biases

In Figure [fa] we investigate the improvement in accuracy of our bound in Theorem [£.1] with respect to depth.
We construct four MLPs of depths: 5, 7, 9, and 11, trained on the MNIST dataset with architectures provided
in the Appendix [C} Independently of the number of bits, the ratio value is dependent on the depth, starting
from ~ 102 for depth 5 to ~ 10® for depth 11. Additionally, it is observed that for extreme quantization (4
bits), there is a notable difference compared to other quantizations (8, 16, and 24 bits). Indeed, for 4 bits,
the model accuracy is bad (< 10%), impacting the norms of the weight matrices and making 7,,cqn closer to
Tmaz- Lhis results in a slightly lower ratio compared to other quantization levels. Finally, in Figure we
compare the bounds with respect to the approximation error. First, the slope of the curves does not change.
Moreover, the exponential dependence on depth is significantly reduced. Indeed, the slope given by r for the
previous bound is much steeper than the slope given by rpean in our bound. Thus, the new bound better
adapts to the network’s behavior, up to a constant. However, the ideal slope, which would perfectly match
the network’s behavior, would be a horizontal curve. We extended our experiments on MLPs by replacing the
ReLU activation with a sigmoid function implemented with the tanh. This function satisfies our hypotheses
and the experimental results show similar trends to those obtained with ReLLU, showing that our approach is
robust to different activation functions (see Figure [12|in Appendix .

6 Conclusion and Perspectives

In this work, we introduced a novel theoretical approximation bound for deep (convolutional) neural networks.
By generalizing the infinity-norm-based bound and introducing a more flexible approach to operator norm
constraints, our bound significantly improves existing ones for a broad range of network architectures. This was
validated on popular architectures such as ResNet18, ResNet50, and MobileNetV2, as well as MLPs without
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—e— 4bits (New Bound)
8 bits (New Bound)
21| —*— 16 bits (New Bound)
—e— 24 bits (New Bound)
- 4bits (Previous Bound)
8 bits (Previous Bound)
- 16 bits (Previous Bound) L.
- 24 bits (Previous Bound)

2

2 2

5
Ratio : Bounds / Estimated Approx. Error

Ratio : Previous Bound / New Bound

0 7 5
Model Depth

’ ¢ ’ ModeIBDepth * "
(b) Ratio in log scale between bounds equation
(a) Ratio in log scale between the previous bound equa- equation |Z| and the estimated error approxima-
tion [4] and our bound equation [7] as a function of model tion, as a function of model depth for different
depth for different quantization bit-widths. quantization bit-widths.

Figure 5: Comparison for MLPs of depths 5, 7, 9 and 11 on MNIST. (a) shows how the ratio of our bound
over the previous bound grows exponentially with depth, and (b) demonstrates that our bound reduces that
exponential dependence across bit-widths.

bias quantization; showcasing improved accuracy in performance predictions for post-training quantized
networks. The present study is focused on CNNs, and extensions to other architectures are beyond the
scope of this paper. It is nevertheless clear that extending our theoretical framework to Vision Transformers
(Dosovitskiy et al.l |2020) would be highly interesting for future work. Such an extension would require a
careful treatment of specific Transformers block, including layer normalization and multi-head attention.

As for layer normalization, it is not globally Lipschitz due to its input-dependent scaling. However, after
training, one can empirically estimate a Lipschitz constant Ly for each layer, which can then be integrated
into our framework in the same way as batch normalization, as discussed in Section [5}

Regarding multi-head attention, the main difficulty lies in bounding the softmax operation used in scaled
dot-product attention:

-
Att(Q, K, V) = softmaX<QK > V.
Vd
While softmax is not globally 1-Lipschitz, it is locally Lipschitz over bounded domains. A local Lipschitz
constant Lo can be extracted depending on the norm of the inputs, and included in the bound. Recent work
(Castin et al., [2023)) provides precise estimates for this constant. The concatenation of multiple attention
heads can be handled by bounding each head independently and summing their contributions, although this
may result in pessimistic bounds. Skip connections can be addressed on a case-by-case basis depending on
the model architecture, as we did for CNNs.

Another important and promising lead lies in developing a probabilistic approach that reflects the network’s
expected behavior under typical operating conditions, such as average or quantile-based performance,
providing a complementary view to our deterministic bound. While a deterministic bound is crucial for
critical applications, probabilistic insights can enhance our understanding of the network’s behavior in
practical, real-world scenarios.
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A Proof of main results

For completeness, we begin by recalling the value of the infinity norm of a matrix.

Lemma A.1. For all matrices A € R™*" and all x € R™ we have:

n
|Allop.oc == sup [[Walo = max > | (14)
z€R™, ||z|lso=1 1<i<m =

12
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Proof. Let A € R™*™ and x € R™ with ||z]c = 1, then

n n
1Az]loe = max |(Az)i| = max Zau% < max Y ag| [#]e = max Y ai) (15)
j=1 j=1

1<i<m |4 1<i<m 1<i<m

To show that equality holds, let  such that x; = sign(a;« ;) where i* € arg max; 2?21 la;;|. Then ||z =1
and:

[Az|[oc = Zaz +j - sign(ais ;) Z |ag;| = maxz |ai, ;- (16)

This shows that:

[ Allop,c0 = max Z\azﬂ (17)

The following Lemma bounds the difference of outputs between a network and its quantization. It is adapated
from [Lemma C.1]Gonon et al|(2023) to weight matrices with included identical biases.

Lemma A.2. Let (L,N) be an architecture with L > 1, denoting 6 = (W1,..., W), ¢/ = (W{,...,W}) €
Or N as two sets of parameters associated with this architecture, with each last column of the matrices
composed by biases of the corresponding layer. We assume that the two networks have same biases (i.e. we do

not quantize the bias) For every £ =1,...,L — 1, define 0} as the parameter deduced from 0', associated with
the architecture (¢, (No, ..., Ng)):

6, = (Wi,...,W)).

Then for every & = <f

and ng with last column removed), then, for any 1-Lipschitz activation function o, we have:

) with x € RNo | denoting by W, and W], the weight matrices without biases (i.e. Wi

L L
1R (%) = Ror()loo < ) ( II IIWkop,oo> IWe = Willop.ool| R, ()l (18)

{=1 \k=(+1

where we set by convention Ry, (Z) =z for £ =1, and H£:€+1 Wkllop,oo =1 for £ =L

Proof. The proof of Inequality equation [I§] follows by induction on L € N. For L =1, with the Lipschitz
condition and the definition of || - [|op 0, using the fact that the last columns of Wy and W are equal, we
have ||W1& — W{Z||e = ||[Wiz — W]z||» and:

| Ro. (2) = Roy @) _ = lo(W3) = o (W12 | < WAz - Wiz
= [Waz = Wial|, (19)
< Wi = Willop,co 17l

13



Under review as submission to TMLR

Now assume that property equation [18| holds for L > 1. At rank L + 1, using the fact that the activation
function ¢ is 1-Lipschitz, we have :

| Rovs @) = Ry, @)

o (e (7)) o (s ("))

o (75w ()

e (41)- (5 v (4]

x R R/ ~ R/
o (0] (5]

= |Wr41 (ReL( ) — Ry, (Z )H +H Wi = Wii,) Rey (2 )H

IWe b1 llop.c | Ro, () = Roy (@) + IWeer = Wy lopeoo | R, @)

o0

KR KR~ ___~

IA

Applying the induction hypothesis (Inequality equation to the term HRQL (z) — Ry, (i)H , we have:
o0

L
| Rov (2) = Roy @) _ Z(H |Wk||0p,oo> 1We = Wilop.oo | Re,_, @) _- (20)

£=1 \k=(+1

Substituting this bound back into the previous inequality and using that we have Hﬁ:i +2 [Wkllop,co = 1 by
convention, we get:

L L
| Rop.. (@) RafLHr)HmsWLH@,wZ( I1 Wknop,oo) IWe = Willop.oo || R, )| _
(=1 \k=/(+1

+ [ Wes1 = Wi iillop.oo HR9’L (53)”00

L L+1 (21)
-3 ( I1 |Wk|op,oo> IWe = Wilop.oo | Re,_, @) _

=1 \k=(+1
L+1
+ ( I1 ||Wk|op,oo> IWes1 = Wi llop.oo || oy (@)
k=L+1+1 °°
We deduce
L+1 L+1
| RoLs @) — Ry, @) <Z<H Wknop,oo) IWe = Willop.oo || Ry, )] _- (22)
{=1 \k=(+1

This concludes the induction and proves the lemma.

Note that, if we suppose that our networks have no bias, then, for all layers, we do not have to take account
of the last column of weight matrices with included bias. We can do the same proof replacing W; by W; and
T by x.

The result without bias also follows by the same induction, and it comes:

14

o is 1-Lipschitz

triangle inequality

same last column
for Wiy and Wi,

Sub-multiplicativity
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L L
IRo(w) = Ror(@)ll o <> ( 11 ||Wk||op,oo> IWe = Wilop.oo | Ro,_, @) _- (23)
£=1 \k=(+1

The following lemma allows us to upper bound the output of a network based on the operator norms of each
layer, without any specific conditions on their values.

Lemma A.3. Let (L,N) be an architecture with L > 1, denoting § = (W1,..., W) € OrLN a set of
parameters associated with this architecture, adding the assumption o(0) = 0. Then for every & = ) where

1
x € RN, we have:

.....

Proof. We prove equation 24| by induction on L € N. For L = 1, since o is 1-Lipschitz and satisfies (0) = 0,
we have:

1Rs, ()loc = lo(W1&) = 0(0)l|oo < [[W1Z — Olloc = Wi [loc < [Willop,co 1E]]oc- (25)

Then by convention for L = 1 (as in Lemma |A.2]),

L
jmax [TIWillop.ee = 1. (26)
T e=e
We deduce:
1Ro, (2)lo0 < [Willop,ocllFlloe < max(L; [Wilop,ocl|Zloc)- (27)

Now assume that the property holds for . > 1. At rank L + 1, using that operator norm is sub-multiplicative
and the fact that o is 1-Lipschitz and satisfies o(0) = 0, we have:

[Ro,41(Z)||oo = || (WL“ (RQLI(@» Hoo
< Wrtallop.oc H (Reﬁm) HOO

_ H <|WL+1|LOP,OO||R0L mnm) H 28)

IWL+t1llop,oo

Then, applying the induction hypothesis to the term || Ry, (Z)]|oo, it comes:

15
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W op,00 R z [e%s) T ~ T
G ot g | I (L AT R COTNE | AR
Wreilope )l

L
< max (Wit fop.oo - max | max TT I lop.oc:
Ty s=1

L
LT 1 llop oo 1o | 172 41 )

s=1
L+1
= max (max [l=11217§1.>.fL l_Il W llop,oo; (29)
-
L+1
LT 1Wellopocllloe |3 121 llop. )
s=1
L+1
— max [l:n;?ﬁ TT 1Wellop,oos
s=l
L+1
LT 1Wellopocll oot T2 41 llop, o<
s=1

Then, noticing that the term ||WL+1 llop,0o can be included in max;—o . 1. (Hfill ||V~VS ||Op,oo> by adding index
{ =L+ 1, we have

1=2,...,.L+1

L+1 _ L+1 ~
[Rop 4, (%)oc < max [ max (H IWsllop,oo> 11 IIWslop,oollilloo] : (30)
s=1

s=l

This concludes the induction and proves the lemma.

We can now prove our main theorem.

Proof of Theorem[{.]. We recall that 6} is defined as the parameter deduced from ', associated with the
architecture (¢, (No, ..., N¢)).

With the convention that

Ry T) =& if | =1,
{ i ? (31)
et Wellop,g =1 ifl=1L,
we have, with Lemma [A22}
L L
|IRo(%) — Ror (%) oo < Z ( H ||Wkop,oo> [lWe — Wf/HOP»OOHR@Ll(fU)Hoo (32)
=1 \k=£{+1

Thus, using Lemma we can bound [|Rg;  (Z)||oc, With the convention that an empty product is equal to
1, it follows:

16



Under review as submission to TMLR

-1
[Ro; , (2)]|oc < max L max_ (H W llop,c0 ) 11 ||W£||0p,oo||33||oo] (33)
s=1

Then, noticing that ||Z||» > 1, and re-indexing the second max to include Hls;ll [W!|lop.oes We have:

-1
1R, _, (%)[|oo < max [ max (H 1Wlop,c0 )Ilfoo;HWéllop,oollflloo]

s=1

-1
= 7] o max [ max (Hnwnop, >;H|W;||op,oo]
s=1

.....

= [[#]leo _max <H||W'|Iop, ) (34)

.....

Using this bound in Equation equation [32] we get:

L L
IRe(i)—Re'(@IIooéllfooZ( II IIWkllop,oo> IWe = Wellop,oo ,_max (HW’Ilop, ) (35)

£=1 \k=(+1

Then, recalling that z = (m

1) with € [-D, D], we have

[Z]| oo < max(D;1) (36)

R'HLXTL.

Then, we know by Lemma that for every matrix in

W llop,0 = max. Zl|wij| (37)

Thus, recalling that § = (Wl, ey WL) and because for all [, dim(W;) = N; x N;_1, we can write:

[Wilop.oe < Ney max [ (We)ig| < Nia ] (38)

Using the previous inequality on ||W; — W/||op,co and replacing it in Inequality equation we deduce that:

L L -1
IRo(#) = Ror ()| oo < max(D; 1 Z < II ||Wk||op,oo>i max (H W |opoo> 16 = 'l (39)

k=0(+1

Thus, recalling that for all [,

Willopoo <70 and W] [lop,o0 < 71 (40)

Equation equation [39] becomes:

17
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L L
|Rg(9ﬁ)—R9/(5t)||oo<max(D;1)ZNl1( H r) max <Hrs> 160 — 6] 0o
k

(=1 =041
L L
< max(D;1)) Ny max Hr] 160 — 6] 0o (41)
=1 j i
J#l
Then taking the maximum over all layers, we finally have:
L
7) — Ry (%) ||oo < D;1 ; Ni_1]|0 — 0|l o 42
IRo(2) = Ro (@)oo < max(D31) | sy, oy TTrs | 35 il ') (42)
J=1 =
il

Then, we can rewrite this to show the geometric mean for partial products:

L—1
L
~ ~ . L—1 /
| Ro (&) — Ror ()| oo < max(D;1) jmax | max Hr] SNl -0l (43)
J;ﬁl
Finally, taking the supremum of both sides we obtain:
L-1
L
(F < D:1 Lt No_1)|60 -0 44
sup |y (#) — Ry ()| < max(Di1) | 7 max | max H?“] Yo Neall -0l ()
J#l

We now provide an intermediate Theorem (dealing with MLP without biases) to complete Theorem [4.1| (MLP
with biases not quantified) and Theorem [4.4] (CNN with no biases).

Theorem A.4 (Bound for neural networks without bias). With the same settings as in Theorem [{.1], with
(b1,...,br) = (b},...,0%) = (0,...,0) (i.e VI, we can take W; = W; and W] = W/, the standard weight
matrices without included bias). For all x € Q) the following bound holds.

L-1

L
sup [|[Ro(z) — Ro (2| < D > Niallf =8| (45)
=1

zeQ

Proof. By analogy of the previous proof, we use Equation equation [23| (which corresponds to Lemma but
without bias), and it comes:

L
| Ro(z) — Ror(a Z( I1 ||Wkopm> IWe = Wilop.oo | Re,_, @) _ (46)

£=1 \k=(+1

18
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Now we want to bound the term HR@;_l (x)H by using equation Thus, for any 6 and with 6’ = (0,. ..

noticing that:

V1> 2, ||Ry, ()]s =0,

ifl=1, [[Re,  (2)]lc = [|z[[oc, by convention
We have:
-1 -1
[1Ro, . (@)oo < H [Wkllop,o0[W1 = Ollop,ol|[loc = H [Whllop,c0l1]l o
k=2 k=1

Now for any 6,6’ without bias, we can bound HR% ) (sc)H in equation 23|, and it comes:
- o]

L L -1
[Ro(z) — Ror (2)]| o < ”x”ooz ( H ||Wk|0p,oo> H [Willop,o0 IWe = Wellop,c

=1 \k=(+1 k=1
Then, we use Lemma [A71] to get:

[Willop,co < Ni—1 max |(W1)iz] < Niea|0]loo

Hence recalling that for all k& we have [|[Wgllop,co <7k and |[|[W{|lop,co < g, it comes:

L L -1
IRy (x) = Ror ()| o < l#]lo0 D Nica ( 11 Wknop,oo) T 1Willop.oelld = ¢l
=1

k=(+1 k=1

L L
<DY N []rello -0l
{=1 k=

=1
k#l
Thus taking the maximum over all layers, we can rewrite the bound in terms of the geometric mean:

L-1

L
S Nifl6 -0l
=1

L-1

L
sup || Ro(z) — Ry (2| < D Y Niallf =6l
=1

e

We now give the proof of our last theorem.

19
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Proof of Theorem[{.4} Let @ = (H1,...,Hr) the vector of parameters where each H, represent the convolution
matrix of layer [.

With the convention that

{Rgl/l(x) =z ifl=1, (54)

L .
Hk=é+1 1 Hillopoo =1 ifl=1L

We can start the proof using the same line of reasoning. Thus we can use directly Equation equation [49] that
becomes for the convolutional case:

L L -1
1Ro(2) = Ro(@)lloe < llzlloe D TT IHrllopoe [T 1HNopioo X 1M1 = Hillop.oo (55)
=1 k=(+1 k=1

Then by analogy we can write:

L L -1
1R (2) = Ror(2)lloo < llzlloo D TT 1Hllopoe TT I1Hkllop.co X M2 = Hillop.oc
k=1

I=1 k=¢+1
L L -1
< DZ H L H T X || H — Hgnop,oo (56)
I=1k=(+1 k=1
L L
= DZ H Tk X HHZ - ’H;Hopvoo
=1 k=1
k£l

Then, we know by lemma that for every matrix in R”*™ it holds :

n
IWlop.e = max > fwy| (57)
2% 2

Thanks to the convolutional structure, we improve the bound on ||#H;|lop,cc given by Lemma Let
us note the output of the previous layer as y;_1. This output is a set of feature maps with dimensions
(ni—1 X my—1) X ¢;—1, where ¢;_1 is the number of feature maps (i.e., the number of filters) in the previous
layer.

Next, recalling that,we want to express the convolution at layer I as a matrix multiplication: H;vec(y;_1)-

Then we write H; as a block-Toeplitz matrix:

Hio=1 (58)
Hl,CL
where each block Hj; is a Toeplitz matrix of size (nym;) x (nj—1m;—_1¢;—1). These matrices are highly sparse,

with each row composed of coefficients of the filters arranged in a specific pattern, while the remaining entries
are zeros.

Thus, each block H;; in H; represents the convolution operation between the i-th filter and the feature maps
of the previous layer.

20
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Hence, the overall dimensions of H; are:

dim(H;) = (ngmycy) X (ng—1my—_1¢—1).

(59)

Then to bound the norm of H,;, we consider only the non-zero coefficients in its rows, which are p? x ¢;_1,

where p? denotes the size of the filters at layer [.

Thus, recalling that § = (H1,...,H) we have:

Hillop,oo < e1-1 > pi maxc | (Ha)ig] < cim1 x pi 1600

Using the previous inequality on ||H; — H;||op,co We can bound the quantity ||Rg(z) — Re/ (2)]/oc, by:

i X |[He = Hillop.oo

=

|Ro(@) — R (@)oo < DY
=1

kol
sl

1
l

L L
<D ey xpf [[rell0— 0o
=1 k=1

i)

Thus taking the maximum over all layers, we can rewrite the bound in terms of the geometric mean:

L—-1

L
[Ro(z) — Ror ()| oo <D ch_l X p? |6 — 0’| oo
=1

Hence, we can conclude that:

L-1

L
chfl X P16 = 8[|

sup [ Bo(x) — Ry (@)l < D | o-
zeQ =1

(62)

Then, we present the 3 specific architectures of residual and bottleneck block, in Resnet18, Resnet50 [He et al.

(2016) and MobilnetV2 [Sandler et al.| (2018).

B Calculations for MobileNetVV2 and Resnets

B.1 Specific structure of Resnet18

Input —{ Conv 3x3 | BN | ReLU | Conv 3x3 | BN |~ + —ReLU |- Output

W

Figure 6: Structure of a Residual Block of ResNet18
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Lemma B.1 (Matrix Representation of a Residual Block in ResNet-18). The output y € R™ of a residual
block in ResNet-18, as illustrated in Figure[6, can be expressed as:

y=o0(Va-61(V1-f)), (64)

where f € R™ is the input, and V1 and Va are defined as:

Vi = (Wlfl) e RUFXn vy = (Wy W) € R™*(dFn), (65)

with W1 € R¥>*™ and Wy € R™* as the convolutional weight matrices, I € R™ ™ as the identity matriz and
W, € R™*™ represents the shortcut weight matriz. Note that, if the input and output of the block have the
same dimension Wy = I. The function &, applies the non-linearity o only to the term Wy - f, leaving the
shortcut component I - f unchanged.

Proof. The residual block computes the output y as:
y = 0 (BNz (Convy (ReLU (BNy (Convy(f))))) +Wsf), (66)

where: Convy; and Convs, represent the convolutional layers with weight matrices Wy and Wy, respectively,
BN; and BNj are batch normalization layers (omitted in the matrix formulation because we removed them
in our experiments).

The first convolutional layer computes:
z1 = Convy(f) = Wi - f, (67)
where W, € R?*™, This result is passed through BN; and o, yielding:

1 = o (BNy(z1)). (68)

In our matrix representation, we express this as:
T1=a01(V1-f), (69)

where V; = (V?) € Rd+m)xn  The expanded computation is:

Wi f
Wi - fi
vl-f=(f,ff)= | (70)
fn
Thus:
o(Wy - f)
N f1
(Vi f)= : : (71)
fn
Then the second convolutional layer computes:
To — COHVQ (O’ (BNl(iL’l))) = W2 . i’l, (72)

where Wy € R™*4. Combining the result with the shortcut connection W f, we obtain:

y=o(z2+Wsf). (73)
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Using our matrix representation for V5, where V5, = (Wg WS) € R™*(@+7) “the computation expands as:

o(Wi-f) o(W1-f)
fi fi
Vv2' : :(W2 Ws) : :W2'U(Wl'f)+Ws'f:$2+st- (74)
In fn
So the final output of the block is:
y=o0(Va-51(1-f)), (75)
Thus, the residual block’s output is equivalent to our matrix representation. O

An immediate consequence of this Lemma is:

[Villop,co = max(1, [Wi|lop,oc);
||V2||0p,oo = ||W2||0p,oo +1, it Ws =1, (76)
||V2||0p,oo < ||W2||0p,oo + HWSHOP,om otherwise.

B.2 Specific structure of Resnet50

tupit —+[Com 151 }—[BN}—[ReL0}—+{Gom 523 RLU}—{Com 11 . Outp

W,

Figure 7: Structure of a Residual Block of ResNet50

Lemma B.2 (Matrix Representation of a Bottleneck Block in ResNet-50). The output y € R™ of a bottleneck
block in ResNet-50, as illustrated in Figure[7, can be expressed as:

y=0Vz-a2(Va-1(V1-f))), (77)

where f € R™ is the input, and the matrices V1, Va, and V3 are defined as follows:

Vi= (T) e RlbHmxe ), = <”62 ?) € RIBFTWXAF vy — (W W) e R™(BF0. - (78)

Here: W, € R4X? W,y € RE2X4 | and Wy € R™*% qre the weight matrices of the three convolutional layers
in the bottleneck block, Wy is the weight matrix associated with the shortcut, I € R™*™ is the identity, and 0
denotes zero matrices of appropriate dimensions.

The functions 61 and 62 apply the non-linearity o only to specific components, leaving the shortcut components
unchanged.

Proof. The bottleneck block computes the output y as:
y = o (BN3 (Convs (ReLU (BN3 (Convs (ReLU (BN; (Convy(£)))))))) + Wsf), (79)
where Convy, Convsy, and Convs represent the three convolutional layers with weight matrices W7, Ws, and

Wjs, respectively, BNj, BNy, and BNj are batch normalization layers (omitted in the matrix formulation
because we removed them in our experiments).
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The first convolutional layer computes:
x1 = Convy (f) = Wy - f,
where Wi € R%*", This result is passed through BN; and o, yielding:
%1 = o (BNy(21)).
In our matrix representation, we express this as:

Ty=01Vi-f),

where V; = (M;1> € R(d1+m)xn  The expanded computation is:

Wi f
) f
Vlf:<wl/1ff>: :1
fn
Thus:

a(Wy- f)

fi

g1(Vi-f)= :

In

The second convolutional layer computes:
i‘g = U(COHVg(i‘l)) = O‘(WQ . i‘l),

where Wy € R%X41 | Using Vs, the expanded computation is:

a(Wi-f) a(Wi-f) Wy - o(Wy - f)
f1 Wy 0 f1 f1
N I G H R s
fn fn fn
o(Wa-a(W1-f))

fi
So the output of this layer with our matrix representation is: )
In
The third convolutional layer combines the outputs of the second layer and the shortcut connection:

I3 = COHVg(fI}Q) = W3 . ‘%2 + st7

and the final original output of the block is y = o(z3)

Using V3, this becomes:

o(Ws ?(Wl 1)) o(Ws - C}(Wl 1))
VS' :1 - (WB Ws) . :1 :Wg'U(WQ'U(Wl f))+st
fn I
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Then the final output is:
y=0Vs-62(Va-1(Vi-f)), (89)

ending the proof of the matrix representation. O

An immediate consequence of this Lemma is that:

[Villop,co = max(L, W1 lop,o0),
[Vallop,co = max(1, [Wallop,c0 ),
1Vallop,co = [[Wisllop,eo + 1, if Wy =1,
[Vallop,co < IWillop,oo + [Willop,o, otherwise.

B.3 Specific structure of MobileNetV2

Input —» Conv 1x1 —{ BN —{ReLU6 |- DW Conv 3x3 F— BN |-+ ReLU6 |—{ Conv 1x1 BN} + — Output

1

Figure 8: Structure of a Residual Block of MobileNetV2

Remark B.3. The only difference between Resnet-50 bottleneck block and MobileNetV2 bottleneck block is
that MobileNetV2 uses inverted residuals bottleneck bock (expansion before convolution) and Depthpwise
convolution (only one filter is applied for each input channel), without activation function at the end of the
bloc. Thus the matrix representation can also be expressed as:

y=Vz-aa(Va-a1(V1-f)), (91)

Where all matrices are defined in Lemma [B.2l

C Experimental setup for the MLP case

For the Figure b, we developed four MLPs with different depths. All of them were trained on MNIST dataset
during 2 epochs, using the Adam optimizer with a learning rate of 0.001 and a batch size of 64. The MLP
with depth 5 has four hidden layers with sizes [1024, 512, 256, 128]. The MLP with depth 7 has six hidden
layers with sizes [1024, 512, 256, 128, 64, 32]. The MLP with depth 9 has eight hidden layers with sizes [1024,
512, 256, 128, 128, 64, 64, 32]. The MLP with depth 11 has ten hidden layers with sizes [1024, 512, 512, 256,
256, 128, 128, 64, 64, 32]. The models were quantized using uniform quantization with different bit widths: 4,
8, 16, and 24 bits only on the weights.

D Experimental Setup of Figure [4]

Dataset: We used the Tiny ImageNet dataset as described in Section [p| Images were resized to 224 x 224
resolution. For training, standard normalization and data augmentation was applied.

Model and training: We replaced ResNet18, ResNet50 and MobileNetV2, final classification layer by a
linear layer with 200 outputs and Batch normalization layers were removed. Models were initialized from
pretrained ImageNet weights. Training was done for 80 epochs using SGD with learning rate 0.01, momentum
0.9, and weight decay 5-10~*. Batch size was 128 for both training and validation.

AdaRound: applied layerwise using a calibration set of 256 samples. Each layer’s rounding parameters were
optimized for 15 steps using Adam with learning rate 10~2 and regularization coefficient A = 0.01.
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Figure 9: Graphs illustrating the effect of quantization on performance for two quantization functions (round
and uniform). The results highlight how quantization reduces memory requirements while maintaining or
approaching the base model’s accuracy. The amount of quantization needed to reach the base precision

depends on the quantization function used.

E Experiences on MNIST and CIFAR-10 datasets

We use two widely-used image classification datasets. The MNIST dataset: 28x28 grayscale images of
handwritten digits, with 60,000 training samples and 10,000 test samples across 10 classes. The CIFAR-10
dataset: 32x32 color images in 10 different classes, with 50,000 images for training and 10,000 for testing. In
Figure [9] we analyze the impact of post-training quantization on the precision of various pretrained models,
across two datasets: MNIST and CIFAR-10. We clearly observe the behavior reflected by the form of the
bound: depth significantly influences quantization error. For instance, in the case of ResNet50 on MNIST,
uniform quantization impacts precision as the model fails to reach the baseline precision even at 24 bits.
Conversely, ResNet18 achieves the baseline precision with just 12 bits on MNIST (using uniform quantization).
To a lesser extent, we can also suppose that other parameters play a role. For example, despite having very
similar depths, MobileNetV2 and ResNet50 exhibit noticeably different quantized performances. This is
probably due to the specific architecture of MobilNetV2 that uses residual bottlenecks and Relu6 activation
function (Relu6(x) := min(max (0, x),6) which is known to better support quantization |Sandler et al.| (2018]).
Specifically, MobileNetV2 reaches baseline precision with 20-bit quantization on MNIST.

Furthermore, the dataset influences precision as well. On CIFAR-10, ResNet50 handles quantization much
better, achieving the desired precision with only 18 bits of quantization (14 bits with rounding quantization).
Finally, the quantization method itself significantly affects the results: rounding quantization offers an average
gain of approximately 4 bits, regardless of the dataset or model, to achieve the desired precision. This
behavior is accounted for in the bound through the factor involving ||0 — 6'|| .

F Experimental Setup of Figure [J]

Dataset: We used MNIST and CIFAR-10 datasets as described in Appendix [El All images were resized
to 224 x 224 to be compatible with our three pretrained architectures. Input normalization was applied for
each channel. For MNIST, which contains grayscale images, the single channel was duplicated to produce
3-channel inputs. On MNIST, only 30% of the training and test sets were used, with a batch size of 32. On

CIFAR-10, the full dataset was used with a batch size of 64.
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Figure 10: Comparison between the rp,cqn (green) used in Theorem and r (red) used in Theorem for
three different simulated distributions, showing a smaller value compared to r for each distribution.

Models and training on MINIST: All models were initialized with ImageNet-pretrained weights. Batch
normalization layers were removed from each architecture and replaced with identity layers. For all models,
the final classification layer was replaced with a new linear layer with 10 outputs. ResNet18 and ResNet50
were fine-tuned by unfreezing only the last residual block (1ayer4) along with the final linear layer (fc), and
trained for 1 epoch. In the case of MobileNetV2, only the last convolutional block (features[-1]) and the
classifier were unfrozen. The rest of the network remained frozen. Training was performed for 15 epochs
using the Adam optimizer with a learning rate of 0.001.

Models and training on CIFAR-10: For CIFAR-10, the full dataset was used. Batch normalization layers
were also removed before training. The ResNet18 model was trained for 5 epochs, with layerl, layer4, and
fc layers unfrozen. The ResNetb0 model was trained for 20 epochs with all layers unfrozen. MobileNetV2
was trained for 35 epochs. In this case, the convolutional blocks features[0], features[1], features[17],
features[18] and the classifier were the only unfrozen layers. All training process used the Adam optimizer
with a learning rate of 0.001.

G Comparison between r,,.., and 7.,

In Figure [10] we simulate several values of r, with different distributions. For the exponential distribution,
there is variability across layers, most of r, values are small (less than 5) but the max is around 18. For this
case we have the value of 7y,cqn around 3. The opposite case is the second histogram where most of r; values
are large (more than 15), but even in this case, rpeqn allows to better fit to the distribution, taking account
of the few small values of r;. Finally, the last scenario, is the best for our bound, because for all layers except
the last one, 1; € [0,1] and the last one is 10. With this distribution we have that, reqn is equal to 1.02.
We will see in Section [5| practical examples, and especially MobileNetV2, that is close to the exponential
distribution, making us gain orders of magnitude as the approximation constant grows exponentially with
respect to the depth (with parameter r,eqn)-
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H Cross layer equalization as a preprocessing
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Figure 11: Comparison between weight norm distribution before and after cross-layer equalization on a 4-bits
ResNet50, showing a smaller value of 7,,c.n after CLE.

In Figure [T1] we notice that the cross layer equalization have uniformized the distribution of weight norms
and therefore the value of r.,y,, decreased as well. Thus our bound can be combined with preprocessing tends
to reduce its pessimism, even if it is not sufficient to have a tight bound.

I MLPs with non-RelLu activation function

Settings of Figure [12]is exactly the same as Appendix [C] but we replace de ReLu activation functions, by
sigmoid, implemented by Tanh, to show that our approach is robust to other activation functions.
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(a) Ratio in log scale between the previous bound equa- (b) Ratio in log scale between bounds equation {4} equa-
tion [ and our bound equation [7] as a function of model  tion[7]and the estimated error approximation, as a function
depth for different quantization bit-widths. of model depth for different quantization bit-widths.

Figure 12: Comparison for MLPs of depths 5, 7, 9 and 11 on MNIST. (a) shows how the ratio of our bound
over the previous bound grows exponentially with depth, and (b) demonstrates that our bound reduces that
exponential dependence across bit-widths.
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J Hardware

Most experiments in this paper, including all MLP evaluations and quantization analyses on MNIST and
CIFAR-10, were conducted on a MacBook Air with an Apple M2 chip (8-core CPU, 8-core GPU) and 16 GB
of unified memory. The experiments shown in Figure [] were performed on an NVIDIA DGX A100 system.
The DGX hardware allows us to retrain full CNN architectures on the Tiny ImageNet dataset. We emphasize
that execution time and efficiency metrics are not the focus of this work. As our contribution is primarily
theoretical, experiments are here only to validate and illustrate the behavior of our approximation bounds in
practice.
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