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Abstract
In online reinforcement learning (RL), instead
of employing standard structural assumptions on
Markov decision processes (MDPs), using a cer-
tain coverage condition (original from offline RL)
is enough to ensure sample-efficient guarantees
(Xie et al., 2023). In this work, we focus on
this new direction by digging more possible and
general coverage conditions, and study the po-
tential and the utility of them in efficient online
RL. We identify more concepts, including the Lp

variant of concentrability, the density ratio realiz-
ability, and trade-off on the partial/rest coverage
condition, that can be also beneficial to sample-
efficient online RL, achieving improved regret
bound. Furthermore, if exploratory offline data
are used, under our coverage conditions, both
statistically and computationally efficient guaran-
tees can be achieved for online RL. Besides, even
though the MDP structure is given, e.g., linear
MDP, we elucidate that, good coverage conditions
are still beneficial to obtain faster regret bound be-
yond Õ(

√
T ) and even a logarithmic order regret.

These results provide a good justification for the
usage of general coverage conditions in efficient
online RL.

1. Introduction
Modern reinforcement learning (RL) algorithms modeled
by Markov Decision Processes (MDPs) (Szepesvári, 2010),
e.g., deep Q network (Mnih et al., 2015), Go (Silver et al.,
2016), often work in an online setting under large (or even
infinite) state space and action space. Here the terminology
online means that the agent repeatedly interacts with the
environment by executing a policy and observing the past
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trajectory. To tackle the large state/action space setting,
function approximation (Sutton et al., 1999; Jin et al., 2020)
is a powerful and indispensable technique in both theory
and practice to approximate the true value function from a
pre-given function class.

In online RL, much efforts are devoted to developing sample-
efficient algorithms in a general function approximation
class beyond linear MDP (Jin et al., 2020). By explicitly as-
suming some structural assumptions on MDPs, e.g., Eluder
dimension (Russo and Van Roy, 2013), Bellman Eluder (BE)
dimension (Jin et al., 2021a), typical algorithms including
GOLF (Jin et al., 2021a), OPERA (Chen et al., 2022) enjoy
sample efficient guarantees in online RL. Normally, these
algorithms for general function approximation in online RL
are not computation-efficient due to the constructed “global”
confidence sets for exploration.

Instead of explicitly assuming structural assumptions as
above-mentioned, the data coverage condition (Munos and
Szepesvári, 2008), widely used in offline RL, in fact implic-
itly imposes structural assumptions on the MDP dynamics
(Chen and Jiang, 2019). It asserts that a pre-given (even
unknown) data distribution µ provides sufficient coverage
over the state space. Recently, Xie et al. (2023) show that,
even though no offline data are used, a good data cover-
age condition, w.r.t an underlying distribution, can ensure
sample-efficient guarantees in online RL.

Accordingly, studying the coverage condition instead of
classical structural assumption on MDPs in online RL is
an alternative but promising way. This direction provides
a natural connection between offline and online RL in both
theory (Wang et al., 2021a; Foster et al., 2021; Zanette,
2021) and practice (Nair et al., 2020; Levine et al., 2020).
Besides, it provides a new view to develop sample-efficient
and even computation-efficient algorithms for general func-
tion approximation in online RL, as suggested by (Song
et al., 2022).

In this work, we focus on this new direction by digging
more general coverage conditions, and study the potential
and the utility of them in efficient online RL under various
scenarios as below.
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As a starting point, in Section 3, we identify more concepts
of coverage conditions to ensure sample-efficient online RL,
including the Lp variant of concentrability and the density
ratio realizability. We take the Lp(dµ) space with p ⩾ 1
measure as an example to combine them. Our general cov-
erage conditions can ensure the typical GOLF algorithm
(Jin et al., 2021a) to achieve sample-efficient guarantees
in online RL. To further obtain computation-efficient effi-
ciency, the offline data can be used for exploration, see a
typical hybrid-Q algorithm (Song et al., 2022). Under this
setting, our coverage condition is still useful to ensure both
statistically and computationally efficient guarantees for
online RL with general function approximation. By doing
so, the required structure assumption in (Song et al., 2022),
e.g., Bellman rank, BE dimension, can be substituted by
our coverage condition. This utility of coverage conditions
supports our target in this work.

In Section 4, based on our coverage condition, we decouple
the all-policy coverage condition into a partial-policy cov-
erage condition by some (unknown) data distribution and
the rest-policy coverage condition, which is quite realistic
in practice. We theoretically prove that the trade-off on the
partial/rest coverage condition, are able to obtain a better
regret bound than (Xie et al., 2023). This provides a good
justification on the study of general coverage conditions.

In Section 5, we also identify that, even if the MDP struc-
ture is given, e.g., linear MDP, our coverage conditions are
still useful. We demonstrate that, the typical LSVI-UCB
algorithm in linear MDP (Jin et al., 2020) equipped with
certain coverage conditions is able to obtain faster regret
bound than O(

√
T ), and even O(log T ) regret.

Technical contributions: In this paper, we give an affir-
mative answer to identify more general coverage concepts
for improved efficient online RL under several scenarios.
We follow the proof framework of (Xie et al., 2023) on the
regret analysis and the decomposition of the on-policy aver-
age Bellman error. The technical contributions of this work
mainly lie in 1) under this framework, how to tackle the un-
bounded on-policy measure under the setting of partial/rest
coverage trade-off in Section 4; 2) providing a new proof
framework for linear MDP by building the connection be-
tween the on-policy measure and the underlying distribution
for improved regret bounds in Section 5.

Goal of this paper: This paper does not contribute to design
a new algorithm but provides a possibility to substitute struc-
tural assumptions by coverage conditions. We identify more
general coverage conditions and dig several good examples
for improved efficient online RL. Our analysis sheds light
on the utility of coverage conditions in online RL, which
could open the door to design new efficient algorithms from
offline to online RL in practice motivated by our theoretical
results. It bridges the study of offline and online RL and is

important for the study of hybrid RL.

In fact, coverage condition is an intrinsic structural property
of MDPs that describes the complexity of probability transi-
tions, which does not involve additional information when
compared to structural assumptions on MDP. Nevertheless,
we do not claim that coverage conditions are better than
certain structural assumptions on MDPs in online RL. The
relationship between them requires a refined analysis but is
beyond the scope of this work.

2. Preliminaries and related work
We start with introducing basic concepts of online and of-
fline RL (Sutton and Barto, 2018), and then give an overview
of function approximation in RL.

Notations: We use [T ] as a shorthand of {1, 2, . . . , T} for
any positive integer T . Define the Lebesgue space Lp(Rd)
with its norm ∥f∥Lp =

∫
Rd f(x)dx, and the Lp(dµ) space

with its norm ∥f∥pLp(dµ) =
∫
[f(x)]pdµ over the probability

measure µ. Here we assume p ⩾ 1. A typical example is
the L2(dµ) space, a Hilbert space, that is commonly used
in learning theory. The notation Õ omits the logarithmic
factor.

2.1. Basic concepts

Markov decision processes (MDPs): In our work,
we consider a finite-horizon episodic MDP, denoted as
MDP(S,A, H,P, r) setting to model reinforcement learn-
ing, where S is the state space with potentially infinite states;
A is the finite action space; H is the number of steps in one
episode; P := {Ph}Hh=1 is defined as the transition prob-
ability Ph(sh+1|sh, ah) from the current state-action pair
(sh, ah) to the next state sh+1 ∈ S for every h ∈ [H]; We
use r := {rh}Hh=1 to denote the reward rh(s, a) received at
each h ∈ [H] when taking the action a at state s. For ease
of description, we assume the reward is non-negative and∑H

h=1 rh(sh, ah) ∈ [0, 1] for any possible trajectory.

A non-stationary policy π is a sequence of functions
π := {πh : S → A}Hh=1, where πh specifies a strat-
egy at step h, and induces a distribution over trajecto-
ries {(sh, ah, rh)}Hh=1 by the following process: taking
an action ah ∼ π(·|sh), observing a reward rh(sh, ah),
and obtaining sh+1 ∼ Ph(· | sh, ah). We denote Eπ[·]
as the expectation w.r.t the randomness of the trajectory
{(sh, ah)}Hh=1 generated by the policy π, and Prπ[·] as the
probability under this process. Accordingly, the occupancy
measure for a policy π is defined as

ρπh(s, a) := Prπ[sh = s, ah = a], ρπh(s) := Prπ[sh = s] .

The performance of the agent is captured by the value func-
tion. To be specific, given a policy π, the (state) value func-
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tion V π
h : S → [0, 1] is defined as the expected cumulative

rewards of the MDP starting from step h ∈ [H]

V π
h (s) := Eπ

[
H∑

h′=h

rh′(sh′ , ah′)
∣∣sh = s

]
.

Similarly, the action-value function Qπ
h : S × A → [0, 1]

for a policy π is defined as

Qπ
h(s, a) := Eπ

[
H∑

h′=h

rh′(sh′ , ah′)
∣∣ sh = s, ah = a

]
.

Since the episode length and the size of action space are both
finite, there always exists an optimal policy π⋆ = {π⋆

h}Hh=1

(Puterman, 2014) such that V π⋆

h (s) = supπ V
π
h (s) for all

s ∈ S and h ∈ [H]. For notational simplicity, we abbre-
viate V π⋆

h as V ⋆
h and Qπ⋆

h as Q⋆
h. For a sequence of value

functions {Qh}Hh=1, the Bellman operator at step h for a
function f : S ×A → R is

(Thf)(s, a) = rh(s, a) + Es′∼Ph(·|s,a)[max
a′∈A

f(s′, a′)] .

We denote fh − Thfh+1 as the Bellman error (or Bellman
residual).

The target of an RL algorithm is to find an ϵ-optimal policy
such that V ⋆

1 (s1) − V π
1 (s1) ⩽ ϵ. In online RL, suppose

that an agent interacts with the environment for T episodes,
the goal is to learn the optimal policy π⋆ by minimizing the
cumulative regret

Regret(T ) :=

T∑
t=1

[V ⋆
1 (s1)− V πt

1 (s1)] .

In offline RL, the agent cannot interact with the environ-
ment. Instead, at each step h, what we have is an of-
fline dataset with noff samples {(sh, ah, rh, sh+1)}: sam-
pling (sh, ah)

iid∼ µh, receiving the reward rh(s, a), and
sh+1 ∼ Ph(· | sh, ah), where offline data distributions are
defined by a collection of data distribution µ := {µh}Hh=1.
The goal of offline RL is to use this offline dataset to learn
an ϵ-optimal policy.

Function approximation: The target of function approxi-
mation in RL is to get rid of the size of the state space. A typ-
ical setting is under the value-based function approximation,
where we approximate the value functions for the underly-
ing MDP by a pre-given function class F = F1× · · ·×FH

with Fh ⊂ {f ∈ S × A → [0, 1]}. One can see that, a
basic assumption in function approximation is to describe
the size of F , which aims to assert that F is large enough
or complete to cover value functions under transition dy-
namics. For notational simplicity, we define f := {fh}Hh=1

and accordingly πf to be the greedy policy w.r.t., f , which
takes the action as πf

h(s) = argmaxa∈A fh(s, a). Since no

reward is collected at the (H + 1)-th step, we always set
fH+1 = 0.

For each episode t, we define the Bellman error δ(t)h (·, ·) :=
f
(t)
h (·, ·)− (Thf (t)

h+1)(·, ·) at step h induced by f (t) ∈ F .

2.2. Related works on function approximation

Here we give an overview of recent works in function ap-
proximation under online RL, offline RL, and a hybrid set-
ting, respectively.

Online RL: The agent under the online setting requires
exploration schemes when interacting with the unknown
environment. The simplest scheme is ϵ-greedy, i.e., ran-
domly selecting new actions with ϵ probability. Though
computational efficient, this scheme is demonstrated to be
statistically inefficient in theory (Jin et al., 2015; Dann et al.,
2022; Liu et al., 2022). Most literature work with “optimism
in the face of uncertainty” principle for efficient exploration
schemes, e.g., upper confidence bound (UCB)-type algo-
rithms (Jin et al., 2020) and Thompson sampling (Russo
et al., 2018; Agrawal and Goyal, 2012). They have been
applied to linear MDP (Jin et al., 2020; Yang and Wang,
2020), kernel MDP (Yang et al., 2020), linear mixture MDP
(Ayoub et al., 2020; Zhou et al., 2021). For general function
approximation, under proper assumptions on MDP structure,
e.g., Bellman rank (Jiang et al., 2017), Eluder dimension
(Russo and Van Roy, 2013), Bilinear rank (Du et al., 2021),
BE dimension (Jin et al., 2021a), admissible Bellman char-
acterization class (Chen et al., 2022), decision-estimation
coefficient class (Foster et al., 2021), and sequential explo-
ration coefficient (Xie et al., 2023), sample-efficient algo-
rithms based on optimistic principles are designed to ensure
statistical efficiency but computational efficiency guarantees
are often unattainable.

Offline RL: The agent under the offline RL setting (Levine
et al., 2020) does not interact with the environment and just
learns policies solely from a given offline dataset. Hence
there is no possibility to do exploration but a data coverage
condition over the offline dataset is required for statistical
guarantees. It requires the dataset to contain any possi-
ble state, action pair or trajectory with a lower bounded
probability. A typical example is all-policy concentrability
(Munos and Szepesvári, 2008; Zhang et al., 2020), which
requires the sufficient coverage of offline data over all (rele-
vant) states and actions. Recent works focus on relaxation
from such strong coverage condition to partial coverage (Ue-
hara and Sun, 2022), and even single-policy concentrability
(Rashidinejad et al., 2021; Zhan et al., 2022) by preventing
the policy from visit states and actions where the offline data
coverage is poor (Liu et al., 2020) or relying on the principle
of “pessimism” (Xie et al., 2021a; Jin et al., 2021b).
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Online RL with offline data: Empirical results work in
this setting and have demonstrated the success of offline
data (Rajeswaran et al., 2017), but under certain settings, of-
fline data does not yield statistical improvements in tabular
MDPs (Xie et al., 2021b). Recent work focus on digging
the benefit of offline data in online RL, including compu-
tation efficiency (Song et al., 2022) and sample efficiency
(Wagenmaker and Pacchiano, 2022).

Besides, Xie et al. (2023) demonstrate that, the data cover-
age condition is able to ensure sample-efficiency in online
RL though no offline data is required to be accessed. This
provides a bridge between the analysis techniques of offline
and online RL.

2.3. Coverage conditions

Here we briefly introduce mathematical concepts of data
coverage conditions.

A concept crucial to our discussions is the marginalized
importance weights, which aims to measure the distribution
shift from an arbitrary distribution (here we use the occu-
pancy measure by any policy π) ρπ := {ρπh}Hh=1 to the data
distribution µ := {µh}Hh=1. Define wh,π/µ(s, a) :=

ρπ
h(s,a)

µh(s,a)

if µh(s, a) ̸= 0, and then the commonly used concentrabil-
ity coefficient for all policy in a policy class Π (Munos and
Szepesvári, 2008; Chen and Jiang, 2019)

C∞ := max
π∈Π,h∈[H]

∥wh,π/µ∥∞ ⩽ ∥wh,π/µ∥2L2(dµ) ,

where the L2(dµ) version is developed in (Xie and Jiang,
2020). For single-policy concentrability, only π⋆ instead
of all possible π ∈ Π is taken part in these concentrability
coefficients (Uehara and Sun, 2022).

Concentrability coefficients can be also conducted by Bell-
man error, e.g., (Xie et al., 2021a). Here we give an example
from (Song et al., 2022) by denoting δh := fh − Thfh+1

such that

Cπ := max
f∈F

|[Eρπ
h
δh(s, a)]|√

Eµh
[δh(s, a)]2

,∀π ∈ Π , (1)

which can be upper bounded by the coverability coefficient
C∞. Recently another coverability coefficient is defined as
below to ensure sample-efficient exploration in online RL.
Definition 1. (Xie et al., 2023, Coverability for online RL)
The coverability coefficient Ccov is for a policy class Π

Ccov := inf
µ1,...,µH∈∆(S×A)

sup
π∈Π,h∈[H]

∥∥∥∥ρπhµh

∥∥∥∥
∞

= max
h∈[H]

∑
(s,a)∈S×A

sup
π∈Π

ρπh(s, a) .

It is demonstrated to be equivalent to the cumulative reach-
ability (see the second equality), refer to (Xie et al., 2023,
Lemma 3) for details.

Besides, in online RL, the “uniformly excited feature” as-
sumption (Abbasi-Yadkori et al., 2019; Lazic et al., 2020;
Hao et al., 2021) is commonly used in reinforcement learn-
ing theory. It requires that every occupancy measure induced
by a policy π yields a positive definite feature covariance ma-
trix such that Eρπ

h
[ϕ(s, a)ϕ(s, a)⊤] ≽ cI for some constant

c > 0 where ϕ(s, a) is the corresponding feature mapping.
By doing so, each policy {πh}Hh=1 explores uniformly well
in the feature space. This assumption is also used in of-
fline RL but the expectation is taken as a data distribution
µ, see feature coverage condition in (Wang et al., 2021a,
Assumption 2).

2.4. Basic assumptions

Our work focuses on general function approximation in
online RL, which is based on the following two standard
and commonly-used assumptions in reinforcement learning
theory (Wang et al., 2020; Jin et al., 2021a; Chen et al.,
2022; Xie et al., 2023).

Assumption 1 (Realizability). For a hypothesis class F , we
assume Q⋆

h ∈ Fh for any h ∈ [H].

Define ThFh+1 as {Thfh+1 : fh+1 ∈ Fh+1}, we require
the function classF to be closed under the Bellman operator
Th as below.

Assumption 2 (Bellman completeness). For a hypothesis
class F , we assume ThFh+1 ∈ Fh for any h ∈ [H].

If the function class F has finite elements, we can directly
use its cardinality to measure its “size”. If F has infinite
elements, the covering number is needed to describe the
“size” of F .

Definition 2 (Covering number (Van Der Vaart et al., 1996)).
The ϵ-covering number N (ϵ,F , ∥ · ∥∞) for a function class
F with respect to the metric ∥ · ∥∞ is the minimal number
of balls with radius ϵ measured by ∥ · ∥∞-norm needed to
cover the space F . For short, we denote N (ϵ,F , ∥ · ∥∞)
as NF (ϵ) by omitting ∥ · ∥∞.

3. Warm-up: Coverage conditions in Lp spaces
We give the definition of coverability coefficient in the Lp

space, which covers the Lp variant of concentrability and the
density ratio realizability. In Section 3.1, we demonstrate
that, these coverage conditions are able to obtain better
regret bound for sample-efficient online RL with general
function approximation when compared to (Xie et al., 2023).
Furthermore, under our coverage conditions, computational
efficiency can be even achieved if exploratory offline data
are used in Section 3.2.
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3.1. Improved sample-efficient online RL

Definition 3 (Lp coverability coefficient). Given a policy
class Π, there exists a underlying distribution µ = {µh}Hh=1

admitting
∑

(s,a)

√
µh(s, a) <∞, for any p ⩾ 1, the cov-

erability coefficient Ccw defined in the Lp space is given
by

Ccw := inf
µ1,...,µH∈∆(S×A)

sup
π∈Π,h∈[H]

∥∥∥∥ρπhµh

∥∥∥∥p
Lp(dµh)

.

Remark: This definition simply extends the application
scope of Ccov from the L∞ space to the Lp space. One
interesting thing is, we only require

∑
(s,a)

√
µh(s, a) <∞

rather than
∑

(s,a)[µh(s, a)]
1/p < ∞, which makes the

underlying distribution µ more general.

It is clear that Ccw ⩽ |S||A| if we take µ is a uniform mea-
sure. The relationship between Ccw and Ccov can be built by
the following lemma, deferred the proof to Appendix B.1.

Lemma 1. Based on the definition of Ccw and Ccov in Defi-
nition 3 and Definition 1, respectively, we have

C
1
p
cw ⩽ Ccov ,∀p ⩾ 1 .

Lemma 1 can be used for demonstrating a better regret
bound in online RL when compared to that of Ccov as below.

We take the GOLF algorithm (Jin et al., 2021a) as an exam-
ple to demonstrate the sample-efficient guarantees of online
RL. For self-completeness, we give a brief description on
the GOLF algorithm (Jin et al., 2021a) in Algorithm 1, see
Appendix A. This is a typical general function approxima-
tion algorithm in online RL, and yields sample-efficient
guarantees if the BE dimension is small. Here we show that,
under our coverage condition Ccw, we can still achieve the
sample-efficient guarantees for online RL, with the proof
deferred to Appendix B.2.

Proposition 1. Under Assumptions 1 and 2, there ex-
ists a constant c and the data coverage coefficient Ccw in
Definition 3 such that for any δ ∈ (0, 1), if we choose

β = c log
(

NF (1/T )TH
δ

)
in the GOLF algorithm 1, with

probability at least 1− δ, we have

Regret(T ) ≲ O
(
H

√
C

1
p
cwβT log T

)
.

Remark: We obtain a better regret bound than (Xie et al.,
2023, Theorem 1) due to an improved data coverage coeffi-
cient in Lemma 1.

Our result in Proposition 1 demonstrates that if the coverage
coefficient Ccw is small, the GOLF algorithm can achieve
sublinear regret for sample-efficient guarantees without re-
quiring the structure assumption of MDP. This is because,

the coverage condition in fact implicitly imposes some struc-
tural assumptions on the MDP dynamics, see (Chen and
Jiang, 2019, Theorem 4) for details. It is an intrinsic struc-
tural property of MDPs that describes the complexity of
probability transitions. This shares a similar spirit with the
sub-optimality gap (He et al., 2021) on describing the com-
plexity of MDPs under probability transitions. Nevertheless,
the condition of the sub-optimality gap is stronger because
the reward feedback is also considered.

There appears a natural question on the relationship between
coverage conditions and structural assumptions. Since cov-
erage conditions do not involve additional information, they
are often weaker than structural assumptions. For example,
Sequential Exploration Coefficient (SEC) (Xie et al., 2023),
as a structural assumption, is a general version of coverage
condition, which admits

SEC ≲ C
1
p
cw log T ⩽ Ccov log T .

Apart from this, the relationship between various structural
assumptions and coverage conditions requires a refined anal-
ysis but is beyond the scope of this work.

Nevertheless, coverage conditions are still more general
than linear MDP (Jin et al., 2020). For example, in the Atari
game, the state space (raw pixels) can be very large, but the
dynamics is determined by a small number of unobserved
latent states. This can be described as block MDP (Du
et al., 2019), and accordingly the coverability coefficient
can be small as it scales only with the number of latent states
instead of the size of the whole state space.

3.2. Efficient online RL with exploratory offline data

As mentioned before, the GOLF algorithm is not compu-
tation efficient due to the constructed “global” confidence
set. To avoid sophisticated exploration schemes, one typical
way is to use offline data for exploration, which is recently
popular both empirically (Ball et al., 2023) and theoretically
(Song et al., 2022; Wagenmaker and Pacchiano, 2022).

Here we use the hybrid-Q algorithm (Song et al., 2022) to
demonstrate the benefit of our data coverage condition when
involving with offline data on the computation efficiency.
This algorithm is based on the classical fitted Q-iteration
(FQI) algorithm (Ernst et al., 2005) and uses offline data
regarding the distribution ν := {νh}Hh=1 for exploration,
and thus the computation complexity of this algorithm is
the same as FQI with a least squares regression oracle, refer
to Appendix C.1 for details of the hybrid-Q algorithm.

Here we aim to demonstrate that without any structural
assumption, the all-policy coverage conditions can ensure
efficient online RL, both statistically and computationally if
exploratory offline data are used. In the following, we take
the all-policy concentrability coefficient Cπ in Eq. (1) and
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our coverage condition Ccw in Definition 3 as examples to
illustrate this, with the proof deferred to Appendix C.2.
Proposition 2. Under Assumptions 1 and 2, then for any
δ ∈ (0, 1), T ∈ N, if we choose noff = T in Algorithm 2

and denote β := log
(

NF (1/T )TH
δ

)
, with probability at

least 1− δ,

Case 1. under the all-policy concentrability coefficient Cπ

in Eq. (1), we have

Regret ≲ O
(
CπH

√
βT
)
.

Case 2. there exists a data distribution ν :=
{νh}Hh=1 that provides a single-policy concentrability,
maxs,a,h

µ⋆
h(s,a)

ν2
h(s,a)

< C̃, where µ⋆
h(s, a) realizes the value

of the coverage coefficient Ccw endowed by Lp(dµ) norm
with p ⩾ 1 in Definition 3, we have

Regret(T ) ≲ O
(
C

1
p
cwH

√
βC̃T log T

)
.

Remark: We make the following remarks:
i): Song et al. (2022) achieve the regret bound
Õ(Cπ⋆H

√
dβT ), where the single-policy concentrability

coefficient Cπ⋆ is defined in Eq. (1), and d is the Bilinear
rank or BE dimension. Instead, in Case 1, the structure as-
sumptions on MDP are not needed to ensure the same regret
if the all-policy concentrability coefficient Cπ is employed.
ii): In Case 2, if the all-policy concentrability coefficient

C
1
p
cw is used, an extra single-policy concentrability coeffi-

cient C̃ is needed. As a single-policy version, it is often

smaller than C
1
p
cw, and can be even a constant if we take ν

to match µ⋆. In this case, the Õ(
√
T )-regret can be still

achieved without structural assumptions on MDP.

(Song et al., 2022)

{
single-policy coefficient Cπ⋆

structural assumptions
Case 1: all-policy coefficient Cπ

Case 2:

 all-policy coefficient C
1
p
cw

single-policy coefficient C̃

Proofs techniques: To prove Propositions 1 and 2, we
follow the proof framework in (Xie et al., 2023, Theorem 1)
on the regret analysis and the decomposition of the on-policy
average Bellman error. In Proposition 1, the difference lies
in how to estimate the occupancy measure ratio by different
coverage conditions. Further, in Proposition 2, since no
exploration scheme is used, we need to build the connection
between ρ

(t)
h and νh by coverage conditions, which is used

for the estimation of the in-sample squared Bellman error.

The results in this warm-up section provide a good justifi-
cation of the usage of general coverage conditions for effi-
cient online RL. This will motivate us to study partial/rest

coverage trade-off and coverage conditions in linear MDP
presented in the next two sections.

4. Partial/rest coverage trade-off
As we know, partial coverage or even single coverage con-
ditions are more realistic in practice, and widely studied in
offline RL (Xie et al., 2021a; Jin et al., 2021b; Zhan et al.,
2022). However, Xie et al. (2023) point out that Ccov under
a single-policy coverage can not ensure sample-efficient
online RL. Accordingly, in this section, based on our Lp

coverage concepts in Section 3, we decouple the all-policy
coverage condition into a partial-policy coverage condition
by some underlying distribution and the rest-policy cover-
age condition, which is more realistic in practice. Under
this setting, we aim to diagnose the effect of partial/rest
coverage condition on the regret bound.

4.1. Definition of partial/rest coverage condition

Here we define the partial/rest coverage condition and then
study the statistical guarantees of online RL algorithms.

Definition of partial policy class: Motivated by Ccov in
Definition 1 that can be regarded as a cumulative area
over all possible ρπh, we consider a possible policy class
by evaluating how a policy is close to the reference pol-
icy π̄ := {π̄h}Hh=1. A nature metric is the total variation
(TV) distance1, and accordingly, the candidate policy set
M = {Mh}Hh=1 is defined as

Mh(ζ) := {πh : |TV(ρπh

h , ρπ̄h

h ) ⩽ ζ} ,

where the reference policy π̄ can be set to the optimal pol-
icy π⋆ or any possible policy that is controlled by some
(unknown) data distribution. We can see that, π̄ can be a
high-quality policy or a low-quality policy, which is more
realistic in practice. Clearly we have ζ ∈ [0, 2] based on the
definition of the TV distance. If ζ = 0, we only have single
policy concentrability (i.e., only the reference policy) and
if ζ = 2, we can recover the whole policy class Π. Hence
this policy class Mh(ζ) is a partial or incomplete policy
class, and then the coverability coefficient defined over this
policy class can be denoted as a partial coverage condition,
introduced as below.
Definition 4. The partial coverability coefficient Pcov(ζ) is
for a (partial) policy classM(ζ)

Pcov(ζ) := inf
µ1,...,µH∈∆(S×A)

sup
π∈M(ζ),h∈[H]

∥∥∥∥ρπhµh

∥∥∥∥
∞

.

Remark: For notional simplicity, we denote Pcov(ζ),M(ζ)
by Pcov,M for short.

1Here the used metric between two distributions can be gen-
eral, e.g., Wasserstein distance (Rüschendorf, 1985; Fournier and
Guillin, 2015).
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Denote µ̂⋆
h := argminµh⊆∆(S×A) supπ∈M

∥∥∥ ρπ
h

µh

∥∥∥
∞

, we
can easily obtain the equivalent definition Pcov = Pcr :=
maxh∈[H]

∑
(s,a)∈S×A supπ∈M ρπh(s, a), refer to the proof

in Appendix D.1.

Clearly Pcov ⩾ 1, and the single policy concentrability im-
plies Pcov = 1 by taking µh := ρπ̄h

h . That means, Pcov

looses the ability to represent the complexity of state tran-
sition in MDPs, and thus is insufficient to ensure sample-
efficient learning in online RL. In this case, we need to
introduce extra conditions that aid for sufficient learning.

Coverage condition outside M: We give the definition
of the rest coverage condition related to the policy µ̂⋆

h over
some policies outsideM, i.e., its complementary set M̄.

Definition 5. For any (s, a) ∈ S ×A, the state-action pair
set BM̄ := {BM̄h }Hh=1 is denoted as

BM̄h :=
{
(s, a) | ρπh(s, a) > c1Pcovµ̂

⋆
h(s, a),∀π ∈ M̄

}
,

with some constant c1 ⩾ 1, then the partial coverage condi-
tion outsideM is

Pout(ζ) := max
h∈[H],π/∈M

∥∥∥∥ρπhµ̂⋆
h

1BM̄
h

∥∥∥∥ 1
2

L2

,

defined in the L2 space, and the indicator function 1BM̄
h

= 1

if (s, a) ∈ BM̄h , and otherwise is zero.

Remark: This quantity Pout defined in the L2 space is also
related to ζ due toM(ζ), and we also omit it for notational
simplicity.

Clearly Pout ⩾ 0, and there exists a trade-off between
Pcov(ζ) and Pout(ζ) that depends on ζ. If ζ increases, Pcov

increases but Pout decreases. For example, if ζ = 2, we
have Pcov = Ccov and Pout = 0; if ζ = 0, we have Pcov =
1. Accordingly, in this case Pout is used to measure the
structural information of MDPs. Here we explain this a bit.

In our proof (c.f. Appendix D.2), we also show that if we
take the reference policy π̄ := π⋆ and c1 large enough, e.g.,
c1 = Ω(H), the probability that the optimal policy π⋆ visits
this state-action pair set BM̄ is very small. That means, Pout

can be regarded as the distribution shift between a policy π
and π⋆ on some low-probability set. We can see, it describes
the ability that an algorithm overcomes the difficult state-
action pairs in MDPs, which can be also regarded as an
instance-based metric.

4.2. Sublinear regret bound

Based on our definition on Pcov and Pout, we have the
following theorem that demonstrates how the partial/rest
coverage condition affects the regret bound, with the proof
deferred to Appendix D.2.

Theorem 1. Under Assumptions 1 and 2, there exists a
constant c1, the partial coverage coefficient Pcov in Defi-
nition 4 and Pout in Definition 5, then for any δ ∈ (0, 1),

T ∈ N, if we choose β = c log
(

NF (1/T )TH
δ

)
in GOLF,

with probability at least 1− δ, we have

Regret ≲ O
(
H
(√

c1Pcov +
Pout√
Pcov

)√
βT log T

)
.

Specifically, there always exists a proper ζ⋆ ∈ [0, 2] such
that Pout(ζ

⋆) =
√
c1Pcov(ζ

⋆), the above regret bound can
be improved to

Regret ≲ O
(
H

√
c
1/2
1 βTPout(ζ⋆) log T

)
. (2)

which admits Pout(ζ
⋆) ≤ Ccov.

Remark: One can choose c1 to some constant up to H , so
we remain c1 in our bound. We make the following remarks.
i) If we only consider the single policy inM, which implies
Pcov = 1, and our result is still applicable to ensure sample-
efficient learning estimated by Pout. If we consider the
whole policy class such that Pcov = Ccov and then Pout = 0,
we can recover the result of (Xie et al., 2023).
ii) Clearly, there exists a trade-off between Pcov(ζ) and
Pout(ζ) that depends on ζ. That means, there always exists
a proper ζ⋆ such that Eq. (2) holds and Pout(ζ

⋆) ⩽ Ccov

by the property of the function x+ c/x for some constant
c. This demonstrates a better regret bound than (Xie et al.,
2023) by a good trade-off between Pcov and Pout.

Proposition 2 extends the application scope of the hybrid-
Q algorithm in the view of coverage conditions instead of
structural assumptions, which provides a good justification
on the study of coverage condition.

Proof sketch of Theorem 1: In our proof, the on-policy
average Bellman error can be transformed to the occupancy
measure ratio and the in-sample squared Bellman error. The
technical difficulty is to control the ratio when the on-policy
occupancy measure is unbounded. The in-sample squared
Bellman error can be directly estimated by (Jin et al., 2021a).
To handle the ratio, we split the on-policy occupancy mea-
sure into two cases: 1) ρ(t)h (s, a) ⩽ c1Pcovµ̂

⋆
h(s, a) and 2)

(s, a) ∈ BM̄ which means ρ(t)h is unbound by some (scaling)
probability measure. In the first case, it is upper bounded
by Pcov log T ; In the second case, ρ(t)h cannot be controlled
by previous occupancy measures {ρ(i)h }

t−1
i=1 in terms of Bell-

man residual. We build the connection between ρ
(t)
h and

µ̂⋆
h, introduce Pout to control such distribution shift, and

trade-off Pcov and Pout for a better regret bound.
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5. Coverage conditions help linear MDP
Till now we have already demonstrated that, without explicit
structure assumptions on MDP, the new devised coverage
conditions are able to ensure sample-efficient online RL
in Proposition 1 and Theorem 1, respectively. By general
coverage conditions, we are able to achieve better regret
bound than (Xie et al., 2023). Here we are also interested in

If the structural assumption is given, what can we still
benefit from coverage conditions?

In this section, we take the classical linear MDP using the
LSVI-UCB algorithm (Jin et al., 2020) as an example, and
demonstrate that a faster regret bound than Õ(

√
T ) or even

O(log T ) can be achieved if extra coverage conditions are
employed.

For ease of description, we give some notations here. De-
tails about the LSVI-UCB algorithm can be found in Ap-
pendix E.1. Denote the feature mapping ϕ(s, a) ∈ Rd in
linear MDP (Jin et al., 2020) satisfying ∥ϕ(s, a)∥2 ⩽ 1, and
Λt
h constructed by the standard LSVI-UCB algorithm with

the regularization parameter λ, i.e.,

Λt
h := λI +

t−1∑
i=1

ϕ(sih, a
i
h)ϕ(s

i
h, a

i
h)

⊤ . (3)

We assume that the underlying data distribution µ satisfies
the following condition.

Assumption 3. (Wang et al., 2021a, feature coverage condi-
tion) There exists a underlying distribution µ := {µh}Hh=1

such that λmin(Eµ[ϕ(s, a)ϕ(s, a)
⊤]) ⩾ γ > 0.

Remark: We make the following remarks.
i): This assumption shares the similar spirit with the “uni-
formly excited feature” assumption (Abbasi-Yadkori et al.,
2019; Papini et al., 2021) but is much weaker than them as
they require the minimum eigenvalue lower bounded under
any occupancy measure. Our assumption only requires the
validity under the single measure.
ii): This assumption can be easily achieved, e.g., E[xx⊤] ≻
0 in statistics for linear feature mapping (Wainwright, 2019).
Besides, another typical example is that, the minimum eigen-
value of neural tangent kernel (Jacot et al., 2018) can be
lower bounded by a positive constant (Nguyen et al., 2021).

Based on our discussion, we can see Assumption 3 is much
weaker than the “uniformly excited feature” assumption
and can be easily achieved in practice. That means, this
assumption might be not enough to ensure better results for
linear MDP. In this case, we need to strength the condition
on the underlying distribution µ as below.

Assumption 4 (low variance condition). For the LSVI-
UCB algorithm with the empirical covariance matrix Λt

h

defined in Eq. (23), there exists the underlying distribution
µ = {µh}Hh=1 with (sh, ah) ∼ µh such that

V
[
∥ϕh(sh, ah)∥2(Λt

h)
−1

]
≲

1

λ2α
, α > 1 .

Remark: We make the following remarks.
i) Under the standard linear MDP setting, we always have
the bounded random variable ∥ϕh(s, a)∥2(Λt

h)
−1 ⩽ 1/λ,

and thus its variance admits V[∥ϕh(sh, ah)∥2(Λt
h)

−1 ] ⩽ 1
4λ2 .

That means, Assumption 4 always holds with α = 1 for any
distribution.
ii) Our assumption requires α > 1, and in fact requires
that the data distribution µ make ∥ϕh(sh, ah)∥2(Λt

h)
−1 con-

centrate around its mean, i.e., a low variance condition.
It shares similar spirit with (Du et al., 2019; Wang et al.,
2021b) that characterizes the anti-concentration of a distri-
bution µ.
iii) We give an example here by denoting x := (sh, ah) for
short, and the upper/lower bound of ∥ϕh(x)∥2(Λt

h)
−1 as M

and m. Accordingly, we have

1

λ+ t− 1
⩽ m ⩽ ∥ϕh(x)∥2(Λt

h)
−1 ⩽ M ⩽

1

λ
, (4)

by the Weyl inequality and a⊤Aa ⩾ λmin(A)∥a∥22 for
any PSD matrix A. Since Eq. (4) holds for any distri-
bution x ∼ µ. There exists some certain distributions µ
such that the random variable ∥ϕh(x)∥2(Λt

h)
−1 concentrates,

i.e., M − m is small. For example, taking M := 1/λ,
m := 1/λ− 1/λ2 such that M −m ≤ 1/λ2. That means,
under a certain distribution, the feature mapping ϕh has
the similar (semi)-norm in the (Λt

h)
−1-(semi)-norm based

space. Then, by Popoviciu’s inequality on variances, we
have V[∥ϕh(sh, ah)∥2(Λt

h)
−1 ] ⩽ 1

4(M−m)2 ⩽ 1
4λ4 , which

implies α = 2, and thus our assumption holds.

Based on the above two assumptions, we are ready to im-
prove the regret in linear MDP from Õ(

√
T ) to faster rate

and even in the logarithmic order by the following proposi-
tion, with the proof deferred to Appendix E.1.

Theorem 2. For linear MDP using the LSVI-UCB al-
gorithm, under Assumption 3 with γ > 0 and Assump-
tion 4 with α > 1, taking the regularization parame-
ter λ := T η with η ∈ (0, 1] and the bonus parameter

β = Õ
(√

λH(d+
√
log 1

δ )
)

for any δ ∈ (0, 1), with prob-
ability at least 1− δ, we have

Regret(T ) ≲

(
H2d2

γ
log T +

H2dλσ

γ

√
T

)
log

(
4

δ

)

=


O
(
d2H2

γ
log T

)
, if η(α− 1) ⩾ 1/2

O
(
dH2

γ
T

1
2−η(α−1)

)
, if η(α−1) ∈ (0, 1

2 ) .
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Remark: We make the following remarks.
i) If we take α = 1, Assumption 4 always holds. Since
Assumption 3 easily holds for a underlying distribution µ,
we can recover the Õ(

√
T )-regret in (Jin et al., 2020).

ii) If η(α− 1) ⩾ 1/2, that means, α can be large, the regret
enjoys the logarithmic order of T . If 0 < η(α− 1) < 1/2,
we have a sublinear O(T 1

2−η(α−1)) regret, faster than the
classical O(

√
T ) regret.

iii) The regularization parameter λ decreases with the in-
creasing T though we use λ := O(T η) with η ∈ (0, 1].
This is because, the “true” regularization parameter is λ/T
as we need to scale LSVI with the number of the involved
state-action pairs. The regularization parameter decaying
with the number of samples is fair and commonly used in
learning theory (Cucker and Zhou, 2007). Besides, taking
η = 0 in the regularization parameter λ is able to improve
the regret rate under a slight changes of Assumption 4. De-
tailed discussion can be found in Appendix E.2.
iv) Instance-dependent regret bound has been widely stud-
ied for linear MDP with the logarithmic-order regret (He
et al., 2021) under the minimal sub-optimality gap (strictly
larger than zero) and further improved to the constant regret
(Papini et al., 2021). This requires a separation between
the optimal action and the rest ones; while our assump-
tions focus on a “distinct” feature mapping under certain
distributions.

Proof sketch: We provide a new proof framework on
LSVI-UCB for linear MDPs to achieve faster regret bound.
By a telescoping lemma (Jiang, 2022), the regret can be
upper bounded by ∥ϕh(sh, ah)∥2(Λt

h)
−1 over the on-policy

measure ρ
(t)
h . The key challenge is, if we directly apply

change-of-measure: from ρ
(t)
h to the underlying distribu-

tion µh, the elliptical potential lemma is invalid. In this
case, in our analysis, we build the connection between
E
ρ
(t)
h

∥ϕh(sh, ah)∥2(Λt
h)

−1 and Eµh
∥ϕh(sh, ah)∥2(Λt

h)
−1 by

our coverage condition in Assumption 3. Accordingly, the
regret can be bounded by Eµh

∥ϕh(sh, ah)∥2(Λt
h)

−1 and thus
improved if µ has a lower variance in Assumption 4.

6. Conclusion
Our work focuses on the question: what can online RL ben-
efit from coverage conditions? In our setting, the standard
structural assumptions on MDPs are substituted by coverage
conditions in online RL. We answer this question in three
folds: sample efficient guarantees of GOLF by various cov-
erage conditions, the sample- and computation- efficiency
guarantees of hybrid-Q, and faster regret bound of LSVI-
UCB in linear MDP. Our results provide more possibilities
of digging the potential and the utility of various cover-
age conditions. We believe that the relationship between
coverage conditions and structural assumptions is always

an interesting and important direction in general function
approximation in RL, both empirically and theoretically,
which requires more refined analysis in the future.
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A. Flowchart of GOLF
For self-completeness, we include the flowchart of GOLF (Jin et al., 2021a) in Algorithm 1 here. This is a typical general
function approximation algorithm in online RL, and yields sample-efficient guarantees if the BE dimension is small. The key
step is line 7: optimization based exploration under the constraint of an identified confidence region F (t) with a confidence
parameter β. The quantity L(t)

h (f, f ′) can be regarded as an approximation of the squared Bellman error at step h.

Algorithm 1 GOLF (Jin et al., 2021a)
1: Input: Function class: F , confidence parameter β
2: Initialize F (0) ← F , D(0)

h = ∅ ∀h ∈ [H]
3: for t = 1, . . . , T do
4: Let πt be the greedy policy w.r.t. f t i.e., f t = argmaxf∈F(t−1) f(s1, πf,1(s1)).
5: For each h ∈ [H], execute πt and obtain a trajectory {(sth, ath, rth)}Hh=1

6: For each h ∈ [H], dataset augment: D(t)
h ← D

(t−1)
h

⋃
{(sth, ath, rth, sth+1)}.

7: Update the confidence set with fH+1 = 0:

F (t) ←
{
f ∈ F : L(t)

h (fh, fh+1)− min
f ′
h∈Fh

L(t)
h (f ′

h, fh+1) ≤ β, ∀h ∈ [H]

}

where L(t)
h (f, f ′) :=

∑
(s,a,r,s′)∈D(t)

h

[
f(s, a)− r −maxa′∈A f ′ (s′, a′)

]2
,∀f, f ′ ∈ F .

8: end for
9: Output: a policy uniformly sampled from {πt}Tt=1

B. Proofs for Section 3.1
In this section, we provide the proofs in Section 3 that the Lp coverage conditions are identified to ensure sample efficient
online RL. Appendix B.1 gives the proof of Lemma 1, and the proof of Proposition 1 can be found in Appendix B.2.

B.1. Proof of Lemma 1

Proof. According to Definition 3, the formulation of Ccw endowed by the Lp(dµh) norm implies

Ccw := inf
µ1,··· ,µH∈∆(S×A)

sup
π∈Π,h∈[H]

∥∥∥∥ρπhµh

∥∥∥∥p
Lp(dµh)

⩽ inf
µ1,··· ,µH∈∆(S×A)

∑
(s,a)

sup
π∈Π,h∈[H]

[ρπh(s, a)]
p

[µh(s, a)]p−1

:= inf
µh̃∈∆(S×A)

∑
(s,a)

sup
π∈Π

[ρπ
h̃
(s, a)]p

[µh̃(s, a)]
p−1

for a certain h̃ ∈ [H]

= inf
µh̃∈∆(S×A)

∑
(s,a)

(
supπ ρ

π
h̃
(s, a)

µh̃(s, a)

)p−1

sup
π

ρπ
h̃
(s, a)

⩽ inf
µh̃∈∆(S×A)

(
max
(s,a)

supπ ρ
π
h̃
(s, a)

µh̃(s, a)

)p−1 ∑
(s,a)

sup
π

ρπ
h̃
(s, a) ,

(5)

where the first inequality holds by Jensen inequality for a convex function sup.

Based on the formulation of Ccov in Definition 1, we have

Ccov = max
h∈[H]

∑
(s,a)∈S×A

sup
π∈Π

ρπh(s, a) ⩾
∑

(s,a)∈S×A

sup
π∈Π

ρπ
h̃
(s, a) ,
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which implies

Ccw ⩽ inf
µh̃∈∆(S×A)

(
max
(s,a)

supπ ρ
π
h̃
(s, a)

µh̃(s, a)

)p−1

Ccov

= Ccov

(
inf

µh̃∈∆(S×A)
sup
π∈Π

∥∥∥∥ρπh̃µh̃

∥∥∥∥
∞

)p−1

⩽ Cp
cov ,

where the second equality uses Definition 1 for Ccov and the involved functions are monotonic w.r.t p. Finally we finish the
proof.

B.2. Proof of Proposition 1

Our proof framework follows (Xie et al., 2023, Theorem 1), and there is only one slight difference involved with the weaker
data coverage coefficient Ccw, which leads to a different “exploration” phase based on Ccw. For self-completeness, we
present the detailed proof here, which is also helpful to our remaining results.

Proof of Proposition 1. For every step h, denote

µ⋆
h := argmin

µh⊆∆(S×A)

sup
π∈Π

∥∥∥∥ρπhµh

∥∥∥∥p
Lp(dµh)

,

we have

Ccw = sup
π∈Π,h∈[H]

∑
(s,a)

[ρπh(s, a)]
p

[µ⋆
h(s, a)]

p−1
⩾

[ρ
(t)
h (s, a)]p

[µ⋆
h(s, a)]

p−1
,∀t, h, (s, a) . (6)

For notational simplicity, we adopt the shorthand ρ
(t)
h := ρπ

(t)

h , and define

ρ̃
(t)
h (s, a) :=

t−1∑
i=1

ρ
(i)
h (s, a) .

which is the summation of all previous occupancy measure before episode t. Note that ρ̃(t)h is not a probability measure
because it is unnormalized. Accordingly, we introduce the notion of an “exploration” phase for each state-action pair
(s, a) ∈ S ×A based on Ccwµ

⋆
h such that

τh(s, a) = min
{
t | ρ̃(t)h (s, a) ⩾ [Ccwµ

⋆
h(s, a)]

p
}

, (7)

which describes the earliest time at which (s, a) has been explored. We refer to t < τh(s, a) as the exploration phase for
(s, a).

In the next, following (Xie et al., 2023) on the regret decomposition, denoting δ
(t)
h (s, a) := f

(t)
h (s, a)− (Thf (t)

h+1)(s, a), we
have

Regret ⩽
T∑

t=1

(
f
(t)
1 (s1, πf

(t)
1 ,1

(s1))− J(π(t))
)
=

T∑
t=1

H∑
h=1

E
(s,a)∼ρ

(t)
h

[
f
(t)
h (s, a)− (Thf (t)

h+1)(s, a)
]

=

T∑
t=1

H∑
h=1

E
(s,a)∼ρ

(t)
h

[
δ
(t)
h (s, a)1[t < τh(s, a)]

]
+

T∑
t=1

H∑
h=1

E
(s,a)∼ρ

(t)
h

[
δ
(t)
h (s, a)1[t ⩾ τh(s, a)]

]
,

where the first term is the “exploration” phase and the second term is the stable phase.
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In particular, for the “exploration” phase, we use |δ(t)h | ⩽ 1 to bound

T∑
t=1

E
(s,a)∼ρ

(t)
h

[
δ
(t)
h (s, a)1[t < τh(s, a)]

]
⩽
∑
(s,a)

∑
t<τh(s,a)

ρ
(t)
h (s, a) =

∑
(s,a)

ρ̃
(τh(s,a))
h (s, a)

=
∑
(s,a)

[ρ̃
(τh(s,a)−1)
h (s, a) + ρ

(τh(s,a)−1)
h (s, a)]

⩽
∑
(s,a)

[Ccwµ
⋆
h(s, a)]

p +
∑
(s,a)

C
1
p
cw[µ

⋆
h(s, a)]

p−1
p

⩽ Cp
cw + C

1
p
cw

∑
s,a

[µ⋆
h(s, a)]

p−1
p

≲ Cp
cw ,

where the second inequality holds by Eqs. (6), (7), and the last inequality holds by∑
(s,a)

[µ⋆
h(s, a)]

p−1
p ⩽

∑
(s,a)

√
µ⋆
h(s, a) < C , (8)

for some constant C.

For the stable phase, by change-of-measure, we have

T∑
t=1

E
(s,a)∼ρ

(t)
h

[
δ
(t)
h (s, a)1[t ⩾ τh(s, a)]

]

=

T∑
t=1

∑
(s,a)

ρ
(t)
h (s, a)

(
ρ̃
(t)
h (s, a)

ρ̃
(t)
h (s, a)

) 1
2

δ
(t)
h (s, a)1[t ⩾ τh(s, a)]

⩽

√√√√√√√√
T∑

t=1

∑
(s,a)

(
1[t ⩾ τh(s, a)]ρ

(t)
h (s, a)

)2
ρ̃
(t)
h (s, a)︸ ︷︷ ︸

:=IA

·

√√√√√√√
T∑

t=1

∑
(s,a)

ρ̃
(t)
h (s, a)

(
δ
(t)
h (s, a)

)2
1[t ⩾ τh(s, a)]︸ ︷︷ ︸

:=IB

, (9)

where the last inequality is an application of Cauchy-Schwarz inequality.

We bound the first term IA in Eq. (9) with

IA :=

T∑
t=1

∑
(s,a)

(
1{t⩾τh(s,a)}ρ

(t)
h (s, a)

)2
ρ̃
(t)
h (s, a)

⩽ 2

T∑
t=1

∑
(s,a)

(
1{t⩾τh(s,a)}ρ

(t)
h (s, a)

)2
[Ccwµ⋆

h(s, a)]
p + ρ̃

(t)
h (s, a)

≲
T∑

t=1

∑
(s,a)

ρ
(t)
h (s, a)

ρ
(t)
h (s, a)

[Ccwµ⋆
h(s, a)]

p + ρ̃
(t)
h (s, a)

⩽
T∑

t=1

∑
(s,a)

C
1
p
cw[µ

⋆
h(s, a)]

p−1
p

ρ
(t)
h (s, a)

[Ccwµ⋆
h(s, a)]

p + ρ̃
(t)
h (s, a)

≲ C
1
p
cw

∑
(s,a)

[µ⋆
h(s, a)]

p−1
p log T [using Lemma 7]

≲ C
1
p
cw log T [using Eq. (8)] ,

(10)

where the first inequality uses ρ̃(t)h (s, a) ⩾ 1
2 ρ̃

(t)
h (s, a) + 1

2 [Ccwµ
⋆(s, a)]p and the third inequality holds by Eq. (6).
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Algorithm 2 The Hybrid-Q algorithm using both offline and online data (Song et al., 2022)
1: Input: Value function class: F , offline dataset Dν

h of size noff for h ∈ [H − 1]
2: Initialize f1

h(s, a) = 0.
3: for episode t = 1, . . . , T do
4: Let πt be the greedy policy w.r.t. f t i.e., πt

h(s) = argmaxa f
t
h(s, a).

5: For each h, sample sh ∼ ρπ
t

h , ah ∼ πt(·|sh, ah), and D(t)
h ← D

(t−1)
h

⋃
{(sth, ath, rth, sth+1)}. // Online collection

6: Set f t+1
H (s, a) = 0.

7: for h = H − 1, . . . , 0 do
8: Estimate f t+1

h using FQI on both offline and online data by defining ϱth := [f(s, a)− r−maxa′∈A f t+1
h+1 (s

′, a′)]2:

f t+1
h ←argmin

f∈Fh

{ ∑
(s,a,r,s′)∈Dµ

h

ϱth+
∑

(s,a,r,s′)∈D(t)
h

ϱth

}
.

9: end for
10: end for

For the second term IB in Eq. (9), we can directly employ the result of (Jin et al., 2021a), see Lemma 5. By taking
β = c log

(
NF (1/T )TH

δ

)
for some constant c and δ ∈ (0, 1), the quantity IB holds with probability at least 1− δ

IB ≲ O(βT ) .

Combining the results of the “exploration” phase and the stable phase, our regret bound holds with probability at least 1− δ

Regret ⩽
T∑

t=1

H∑
h=1

E
(s,a)∼ρ

(t)
h

[δ
(t)
h (s, a)] ≲ O

(
HCp

cw +H

√
C

1
p
cwβT log T

)
= O

(
H

√
C

1
p
cwβT log T

)
,

which concludes the proof.

C. Proof for Section 3.2
In this section, we firstly include the flowchart of the hybrid-Q algorithm in Appendix C.1 for self-completeness, and then
present the proof of Proposition 2 in Appendix C.2.

C.1. Flowchart of the hybrid-Q algorithm

We include the flowchart of hybrid-Q in Algorithm 2 here for self-completeness. The idea of the hybrid-Q algorithm is
intuitive. It is based on the classical fitted Q-iteration (FQI) algorithm on the offline dataset Dν

h and on-policy trajectory
generated by the current policy interacting with the environment. This algorithm avoids sophisticated exploration schemes
in online RL but uses offline data for exploration, and thus the computation complexity of this algorithm is the same as FQI
with a least square regression oracle.

C.2. Proof of Proposition 2

In this section, we aim to prove that, using Cπ in Eq. (1) or Ccw is able to ensure Algorithm 2 statistically and computationally
efficient.

Proof of Proposition 2 . We firstly prove Case 1 and then Case 2.

Proof of Case 1:

Lemma 6 implies that, for any δ ∈ (0, 1), by taking β = c log
(

NF (1/T )TH
δ

)
for some constant c, with probability at least

1− δ, we have
T∑

t=1

Eνh
[δ

(t)
h (s, a)]2 ≲

βT

noff
.
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Accordingly, we have

T∑
t=1

E
(s,a)∼ρ

(t)
h

[
δ
(t)
h (s, a)

]
⩽

T∑
t=1

E
ρ
(t)
h

δ
(t)
h (s, a)

(
Eνh

[δ
(t)
h (s, a)]2

Eνh
[δ

(t)
h (s, a)]2

) 1
2

⩽

√√√√ T∑
t=1

[E
ρ
(t)
h

δ
(t)
h (s, a)]2

Eνh
[δ

(t)
h (s, a)]2

√√√√ T∑
t=1

Eνh
[δ

(t)
h (s, a)]2

≲

√√√√ T∑
t=1

[E
ρ
(t)
h

δ
(t)
h (s, a)]2

Eνh
[δ

(t)
h (s, a)]2

√
βT

noff

⩽

√√√√
T max

t⩽T

[E
ρ
(t)
h

δ
(t)
h (s, a)]2

Eνh
[δ

(t)
h (s, a)]2

√
βT

noff

⩽ Cπ

√
βT 2

noff
,

where the second inequality uses the Cauchy-Schwartz inequality and the last inequality holds by the following result

∀π ∈ Π,

√√√√
max
t⩽T

[E
ρ
(t)
h

δ
(t)
h (s, a)]2

Eνh
[δ

(t)
h (s, a)]2

⩽ max
f∈F

|[Eρπ
h
δh(s, a)]|√

Eνh
[δh(s, a)]2

= Cπ ,

defined by Eq. (1). In our setting, we take noff = T for achieving O(
√
T ) regret.

Finally, by taking β = c log
(

NF (1/T )TH
δ

)
for some constant c and δ ∈ (0, 1), the regret bound of Algorithm 2 holds with

probability at least 1− δ

Regret ⩽
T∑

t=1

H∑
h=1

E
(x,a)∼ρ

(t)
h

[δ
(t)
h (s, a)] ≲ O

(
CπH

√
βT
)
.

Proof of Case 2:

Our proof differs from that of Proposition 1 in how to estimate the in-sample squared Bellman error under Algorithm 2
without the structural assumption. This is also the technical challenge in this work when compared to (Song et al., 2022).

Recall the definition of τh(s, a) in Eq. (7), we have

• if t ⩽ τh(s, a), we have ρ̃
(t)
h (s, a) ⩽ [Ccwµ

⋆
h(s, a)]

p.

• if t > τh(s, a), we have ρ̃
(t)
h (s, a) > [Ccwµ

⋆
h(s, a)]

p and ρ(t)(s, a) < C
1
p
cw[µ⋆

h(s, a)]
p−1
p in Eq. (6).

Based on this, when t > τh(s, a), the unnormalized measure ρ̃
(t)
h can be upper bounded by

ρ̃
(t)
h = ρ̃

(t)
h 1{t⩽τh(s,a)} + ρ̃

(t)
h 1{t>τh(s,a)} ⩽ [Ccwµ

⋆
h(s, a)]

p +

t−1∑
i=τh(s,a)+1

ρ
(i)
h

⩽ [Ccwµ
⋆
h(s, a)]

p +

t−1∑
i=τh(s,a)+1

C
1
p
cw[µ

⋆
h(s, a)]

p−1
p .

Following Eq. (9), the result on IA can be directly obtained by Eq. (10) in the proof of Proposition 1 such that IA ≲ C
1
p
cw log T ,
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and our main effort here is to estimate the in-sample squared Bellman error related to IB. We split it into two terms√√√√ T∑
t=1

∑
(s,a)

ρ̃
(t)
h (s, a)

(
δ
(t)
h (s, a)

)2
1[t ⩾ τh(s, a)]

⩽

√√√√ T∑
t=1

∑
(s,a)

[Ccwµ⋆
h(s, a)]

p
(
δ
(t)
h (s, a)

)2
︸ ︷︷ ︸

:=IB1

+

√√√√ T∑
t=1

∑
(s,a)

t∑
i=τh(s,a)+1

C
1
p
cw[µ⋆

h(s, a)]
p−1
p

(
δ
(i)
h (s, a)

)2
︸ ︷︷ ︸

:=IB2

,

(11)

where we use
√
a+ b ⩽

√
a+
√
b for a, b ⩾ 0.

For the first term IB1 in Eq. (11), using Lemma 6, for any δ ∈ (0, 1), by taking β = c log
(

NF (1/T )TH
δ

)
for some constant

c, with probability at least 1− δ, we have

IB1 ⩽ C
p
2
cw

√√√√ T∑
t=1

∑
(s,a)

µ⋆
h(s, a)

(
δ
(t)
h (s, a)

)2
= C

p
2
cw

√√√√ T∑
t=1

∑
(s,a)

νh(s, a)
µ⋆
h(s, a)

νh(s, a)

(
δ
(t)
h (s, a)

)2

≲ C
p
2
cw

√
C̃βT

noff
,

where we use the coverage condition maxs,a,h
µ⋆
h(s,a)

νh(s,a)
⩽ C̃. At the end of the proof, we discuss the choice of the offline

distribution ν.

Similarly, for the second term IB2 in Eq. (11), we have

IB2 ⩽ C
1
2p
cw

√√√√ T∑
t=1

∑
(s,a)

t∑
i=1

[µ⋆
h(s, a)]

p−1
p

(
δ
(i)
h (s, a)

)2
= C

1
2p
cw

√√√√ T∑
t=1

t
∑
(s,a)

[µ⋆
h(s, a)]

p−1
p

(
δ
(i)
h (s, a)

)2

⩽ C
1
2p
cw

√√√√ T∑
t=1

t
∑
(s,a)

√
µ⋆
h(s, a)

(
δ
(i)
h (s, a)

)2
.

Using Lemma 6 and the coverage condition maxs,a,h
µ⋆
h(s,a)

ν2
h(s,a)

⩽ C̃, with the same probability as conducted in IB1, we have

∑
(s,a)

√
µ⋆
h(s, a)

(
δ
(t)
h (s, a)

)2
≲
√
C̃
∑
(s,a)

νh(s, a)
(
δ
(t)
h (s, a)

)2
≲

β
√
C̃

noff
.

which implies

IB2 ≲ C
1
2p
cw T

√
βC̃

1
2

noff
⩽ C

1
2p
cw T

√
βC̃

noff
,

where we use C̃ ⩾ 1.

Combining the estimation of IB1 and IB2 into Eq. (11), the in-sample squared Bellman error related to IB can be estimated
with probability at least 1− δ√√√√ T∑

t=1

∑
(s,a)

ρ̃
(t)
h (s, a)

(
δ
(t)
h (s, a)

)2
1[t ⩾ τh(s, a)] ≲ C

p
2
cw

√
βTC̃

noff
+ C

1
2p
cw T

√
βC̃

noff
.

Accordingly, for any δ ∈ (0, 1), by taking β = c log
(

NF (1/T )TH
δ

)
for some constant c, the regret bound of Algorithm 2
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holds with probability at least 1− δ

Regret ⩽
T∑

t=1

H∑
h=1

E
(x,a)∼d

(t)
h

[δ
(t)
h (s, a)] ≲ O

HCp
cw +HC

1
2p
cw

√
log T

C p
2
cw

√
βTC̃

noff
+ C

1
2p
cw T

√
βC̃

noff


≲ O

C
1
p
cwH

√
βT 2C̃ log T

noff

 .

If taking noff := T , we conclude the proof.

D. Proofs for Section 4
In this section, we mainly focus on the proof of Theorem 1 that provides the sample-efficient guarantees of the GOLF
algorithm under our partial/rest coverage condition. The key difficulty is how to tackle the issue that some occupancy
measures cannot be upper bounded by some (scaling) distribution. Before our proof, we require the following result on the
equivalence for Pcov.

D.1. Proof on the equivalence

Based on our definition, it can be easily found that Pcov = Pcr := maxh∈[H]

∑
(s,a)∈S×A supπ∈M ρπh(s, a). The proof can

be easily given from (Xie et al., 2023), and we present it here just for self-completeness.

Proof. For every step h, denote

µ̂⋆
h := argmin

µh⊆∆(S×A)

sup
π∈M

∥∥∥∥ρπhµh

∥∥∥∥
∞

, (12)

we have, one hand ∑
(s,a)

sup
π∈M

ρπh(s, a) =
∑
(s,a)

maxπ∈M ρπh(s, a)

µ̂⋆
h(s, a)

µ̂⋆
h(s, a)

⩽
∑
(s,a)

(
max
(s,a)

maxπ∈M ρπh(s, a)

µ̂⋆
h(s, a)

)
µ̂⋆
h(s, a)

⩽
∑
(s,a)

Pcovµ̂
⋆
h(s, a) = Pcov .

(13)

On the other hand, for any π ∈M, take µh ∝ maxπ∈M ρπh, we have

ρπh(s, a)

µh(s, a)
=

ρπh(s, a)
∑

(s′,a′) maxπ′∈M ρπ
′

h (s′, a′)

maxπ′′∈M ρπ
′′

h (s, a)
⩽
∑

(s′,a′)

max
π′∈M

ρπ
′

h (s′, a′) = Pcr ,

which implies Pcov ⩽ Pcr. Combining with Eq. (13), we conclude Pcov = Pcr.

D.2. Proof of Theorem 1

Here we give the proof of sample-efficient guarantees of the GOLF algorithm under the coverage condition regarding the
partial/rest policy class. The key difficulty is how to tackle the issue that some occupancy measures cannot be upper bounded
by Pcovµ̂

⋆
h. We need to build the connection between ρ

(t)
h and µ̂⋆

h and introduce Pout to control such distribution shift.

Proof of Theorem 1. Similar to Proposition 1, the “exploration” phase for each state-action pair (s, a) ∈ S ×A based on
our partial coverage Pcov is defined as

τ̂h(s, a) = min
{
t | ρ̃(t)h (s, a) ⩾ Pcovµ̂

⋆
h(s, a)

}
. (14)
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Regarding the “exploration” phase, we use that |δ(t)h | ⩽ 1 to bound

T∑
t=1

E
(s,a)∼ρ

(t)
h

[
δ
(t)
h (s, a)1{t<τ̂h(s,a)}

]
⩽
∑
(s,a)

∑
t<τ̂h(s,a)

ρ
(t)
h (s, a) =

∑
(s,a)

ρ̃
(τ̂h(s,a))
h (s, a)

=
∑
(s,a)

[ρ̃
(τ̂h(s,a)−1)
h (s, a) + ρ

(τ̂h(s,a)−1)
h (s, a)]

⩽
∑
(s,a)

Pcovµ̂
⋆
h(s, a) + 1

⩽ 2Pcov ,

where we use Eq. (14) in the second inequality.

In the stable phase, we have ρ̃
(t)
h (s, a) ⩾ Pcovµ̂

⋆
h(s, a). Similar to Eq. (9), we aim to estimate the following quantity

T∑
t=1

E
(s,a)∼ρ

(t)
h

[
δ
(t)
h (s, a)1[t ⩾ τh(s, a)]

]

⩽

√√√√√√√√
T∑

t=1

∑
(s,a)

(
1[t ⩾ τh(s, a)]ρ

(t)
h (s, a)

)2
ρ̃
(t)
h (s, a)︸ ︷︷ ︸

:=IA

·

√√√√√√√
T∑

t=1

∑
(s,a)

ρ̃
(t)
h (s, a)

(
δ
(t)
h (s, a)

)2
1[t ⩾ τh(s, a)]︸ ︷︷ ︸

:=IB

,

(15)

where the inequality holds by the Cauchy-Schwarz inequality and IB ≲ O(βT ) w.h.p by Lemma 5 from the result of (Jin
et al., 2021a). Our main effort in this proof is to bound IA.

Bound IA: If the current policy π
(t)
h generating ρ

(t)
h (s, a) belongs toMh, according to Eq. (12), we have

Pcov = sup
π∈M,h∈[H]

∥∥∥∥ρπhµ̂⋆
h

∥∥∥∥
∞

⩾ max
(s,a),h∈[H]

ρ
(t)
h (s, a)

µ̂⋆
h(s, a)

,

which implies that for any (s, a) ∈ S ×A, we have ρ(t)h (s, a) ⩽ Pcovµ̂
⋆
h(s, a) if π(t)

h ∈Mh. Nevertheless, in online RL, we
can not ensure π(t)

h ∈Mh such that ρ(t)h (s, a) ⩽ Pcovµ̂
⋆
h(s, a), which leads to the main difficulty: how to bound the first term

in Eq. (15) if π(t)
h /∈Mh. Accordingly, we split IA into two cases: ρ(t)h (s, a) ⩽ Pcovµ̂

⋆
h(s, a) and ρ

(t)
h (s, a) > Pcovµ̂

⋆
h(s, a)

as below

IA :=

T∑
t=1

∑
(s,a)

(
1{t⩾τ̂h(s,a)}ρ

(t)
h (s, a)

)2
ρ̃
(t)
h (s, a)

⩽ 2

T∑
t=1

∑
(s,a)

(
1{t⩾τ̂h(s,a)}ρ

(t)
h (s, a)

)2
Pcovµ̂⋆

h(s, a) + ρ̃
(t)
h (s, a)

= 2

T∑
t=τ̂h

∑
(s,a)

ρ
(t)
h (s, a)

ρ
(t)
h (s, a)1{

ρ
(t)
h (s,a)⩽Pcovµ̂⋆

h(s,a)
}

Pcovµ̂⋆
h(s, a) + ρ̃

(t)
h (s, a)︸ ︷︷ ︸

IA1

+2

T∑
t=τ̂h

∑
(s,a)

ρ
(t)
h (s, a)

ρ
(t)
h (s, a)1{

ρ
(t)
h (s,a)>Pcovµ̂⋆

h(s,a)
}

Pcovµ̂⋆
h(s, a) + ρ̃

(t)
h (s, a)︸ ︷︷ ︸

IA2

.

(16)

Bound IA1: Since ρ
(t)
h (s, a) ⩽ Pcovµ̂

⋆
h(s, a) satisfies the condition in Lemma 7, similar to Eq. (10), term IA1 can be

estimated by

IA1 ≲
∑
(s,a)

max
i⩽T

ρ
(i)
h (s, a)

T∑
t=1

ρ
(t)
h (s, a)1{

ρ
(t)
h (s,a)⩽Pcovµ̂⋆

h(s,a)
}

Pcovµ̂⋆
h(s, a) + ρ̃

(t)
h (s, a)

≲
∑
(s,a)

Pcovµ̂
⋆
h(s, a) log T

= Pcov log T .
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Bound IA2: We cast the regime ρ
(t)
h (s, a) > Pcovµ̂

⋆
h(s, a) into two cases:

• Case 1: ρ(t)h (s, a) ⩽ c1Pcovµ̂
⋆
h(s, a) for any (s, a) ∈ S ×A and some constant c1 ⩾ 1.

• Case 2: ρ(t)h (s, a) > c1Pcovµ̂
⋆
h(s, a) for all potential (s, a).

Recall the definition of BM̄ in Definition 5, we consider a special case

B(t)h :=
{
(s, a) ∈ S ×A | ρ(t)h (s, a) > c1Pcovµ̂

⋆
h(s, a)

}
, h ∈ [H] .

Case 1: ρ(t)h (s, a) ⩽ c1Pcovµ̂
⋆
h(s, a).

We split term IA2 into two parts

IA2 =

T∑
t=τ̂h

∑
(s,a)

ρ
(t)
h (s, a)

ρπ̄h(s, a)1
{
ρ
(t)
h (s,a)>Pcovµ̂⋆

h(s,a)
}

Pcovµ̂⋆
h(s, a) + ρ̃

(t)
h (s, a)︸ ︷︷ ︸

(II1)

+

T∑
t=τ̂h

∑
(s,a)

ρ
(t)
h (s, a)

[ρ
(t)
h (s, a)− ρπ̄h(s, a)]1

{
ρ
(t)
h (s,a)>Pcovµ̂⋆

h(s,a)
}

Pcovµ̂⋆
h(s, a) + ρ̃

(t)
h (s, a)︸ ︷︷ ︸

(II2)

.

For (II1), we know ρπ̄h(s, a) ⩽ Pcovµ̂
⋆
h(s, a) due to π̄ ∈M, we have

T∑
t=1

ρπ̄h(s, a)

Pcovµ̂⋆
h(s, a) + ρ̃

(t)
h (s, a)

⩽ 2

T∑
t=1

log

(
1 +

ρπ̄h(s, a)

Pcovµ̂⋆
h(s, a) + ρ̃

(t)
h (s, a)

)
⩽ 2

T∑
t=1

log

(
1 +

ρ
(t)
h (s, a)

Pcovµ̂⋆
h(s, a) + ρ̃

(t)
h (s, a)

)

= 2 log

(
T∏

t=1

Pcovµ̂
⋆
h(s, a) +

∑t
i=1 ρ

(i)
h (s, a)

Pcovµ̂⋆
h(s, a) +

∑t−1
i=1 ρ

(i)
h (s, a)

)
= 2 log

(
1 +

∑T
i=1 ρ

(i)
h (s, a)

Pcovµ̂⋆
h(s, a)

)
⩽ 2 log(1 + c1T ) ,

(17)

where in the first inequality we use x ⩽ 2 log(1 + x) for any x ∈ [0, 1]; the second inequality holds by ρπ̄h(s, a) <

Pcovµ̂
⋆
h(s, a) < ρ

(t)
h (s, a) and the last inequality uses the condition of Case 1. Based on this result, we can upper bound

term (II1) such that

(II1) ≲
∑
(s,a)

max
i⩽T

ρ
(i)
h (s, a)

T∑
t=1

ρπ̄h(s, a)

Pcovµ̂⋆
h(s, a) + ρ̃

(t)
h (s, a)

≲
∑
(s,a)

[c1Pcovµ̂
⋆
h(s, a)] log(1 + c1T )

≲ c1Pcov log T .

For (II2), since ρ
(t)
h (s, a)− ρπ̄h(s, a) ⩽ c1Pcovµ̂

⋆
h(s, a), similar to Eq. (17), we have

T∑
t=1

[ρ
(t)
h (s, a)− ρπ̄h(s, a)]

Pcovµ̂⋆
h(s, a) + ρ̃

(t)
h (s, a)

⩽
T∑

t=1

c1Pcovµ̂
⋆
h(s, a)

Pcovµ̂⋆
h(s, a) + ρ̃

(t)
h (s, a)

⩽ 2c1 log(1 + c1T ) ,

which implies (II2) ≲ c1Pcov log T .

Case 2: (s, a) ∈ B(t)h . Note that if we choose the reference policy π̄ := π⋆, according to the definition of B(t)h under this
case, we have

1 ⩾
∑

(s,a)∈B(t)
h

ρ
(t)
h (s, a) >

∑
(s,a)∈B(t)

h

c1Pcovµ̂
⋆
h(s, a) ⩾

∑
(s,a)∈B(t)

h

c1ρ
π⋆

h (s, a) , (18)
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which implies that the probability that π⋆
h visits this state-action pair set B(t)h is smaller than 1/c1. That means, we can still

identify the optimal policy π⋆ with probability at least (1− 1
c1
)H ⩾ 1− H

c1
for a proper c1 even though we do not consider

B(t) := {B(t)h }Hh=1.

For general reference policy π̄, we have the following result. According to the definition of ρ̃(t)h for any t > τ̂h, each
component at episode t in term (II) admits

∑
(s,a)

ρ
(t+1)
h (s, a)

ρ
(t+1)
h (s, a)

Pcovµ̂⋆
h(s, a) + ρ̃

(t+1)
h (s, a)

⩽
∑
(s,a)

ρ
(t+1)
h (s, a)

ρ
(t+1)
h (s, a)

Pcovµ̂⋆
h(s, a) + c1Pcovµ̂⋆

h(s, a) + ρ̃
(t)
h (s, a)

,

due to ρ
(t)
h (s, a) > c1Pcovµ̂

⋆
h(s, a).

Accordingly, for Case 2, ∀(s, a) ∈ B(t)h , term IA2 can be estimated by

IA2 ⩽
T∑

t=τ̂h

∑
(s,a)∈B(t)

h

ρ
(t)
h

ρ
(t)
h (s, a)

Pcovµ̂⋆
h(s, a) + ρ̃

(t)
h (s, a)

⩽
T∑

t=τ̂h

∑
(s,a)∈B(t)

h

ρ
(t)
h

ρ
(t)
h (s, a)

Pcovµ̂⋆
h(s, a) + ρ̃

(τ̂h)
h (s, a) + (t− τ̂h)Pcovµ̂⋆

h(s, a)

⩽
T∑

t=τ̂h

∑
(s,a)∈B(t)

h

ρ
(t)
h

ρ
(t)
h (s, a)

(t− τ̂h + 1)Pcovµ̂⋆
h(s, a)

.

(19)

By the Cauchy–Schwarz inequality, we have

∑
(s,a)∈B(t)

h

ρ
(t)
h

ρ
(t)
h (s, a)

(t− τ̂h + 1)Pcovµ̂⋆
h(s, a)

⩽
1

Pcov

√√√√√ ∑
(s,a)∈B(t)

h

[ρ
(t)
h (s, a)]2

[µ̂⋆
h(s, a)]

2
·

√√√√√ ∑
(s,a)∈B(t)

h

[ρ
(t)
h (s, a)]2

[t− τ̂h + 1]2

⩽
1

Pcov(t− τ̂h + 1)

√√√√√ ∑
(s,a)∈B(t)

h

[ρ
(t)
h (s, a)]2

[µ̂⋆
h(s, a)]

2

=
1

Pcov(t− τ̂h + 1)

∥∥∥∥∥ρ(t)h

µ̂⋆
h

1B(t)
h

∥∥∥∥∥
L2

,

(20)

where the indicator function 1B(t)
h

= 1 if (s, a) ∈ B(t)h , and otherwise is zero. Accordingly, taking this equation back to
Eq. (19), we have

IA2 ⩽
T∑

t=τ̂h

1

Pcov(t− τ̂h + 1)

∥∥∥∥∥ρ(t)h

µ̂⋆
h

1B(t)
h

∥∥∥∥∥
L2

≲
log T

Pcov

max
t⩽T

∥∥∥∥∥ρ(t)h

µ̂⋆
h

1B(t)
h

∥∥∥∥∥
L2

.

Accordingly, combining the results of IA1 and IA2 into Eq. (16), under the definition of B(t)h , we have

IA =

T∑
t=1

∑
(s,a)

(
1{t⩾τ̂h(s,a)}ρ

(t)
h (s, a)

)2
ρ̃
(t)
h (s, a)

≲

(
c1Pcov +

1

Pcov

max
τ̂h⩽t⩽T

∥∥∥∥∥ρ(t)h

µ̂⋆
h

1B(t)
h

∥∥∥∥∥
L2

)
log T .

Following Eq. (15), by taking β = c log
(

NF (1/T )TH
δ

)
for some constant c and δ ∈ (0, 1), combining the results of IA and
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IA, the result for the stable phase holds with probability at least 1− δ

T∑
t=1

E
(s,a)∼ρ

(t)
h

[
δ
(t)
h (s, a)1[t ⩾ τ̂h(s, a)]

]

⩽

√√√√√ T∑
t=1

∑
(s,a)

(
1[t ⩾ τ̂h(s, a)]ρ

(t)
h (s, a)

)2
ρ̃
(t)
h (s, a)

·

√√√√ T∑
t=1

∑
(s,a)

ρ̃
(t)
h (s, a)

(
δ
(t)
h (s, a)

)2
1[t ⩾ τ̂h(s, a)]

≲ O


√√√√c1Pcov +

1

Pcov

max
τ̂h⩽t⩽T

∥∥∥∥∥ρ(t)h

µ̂⋆
h

1B(t)
h

∥∥∥∥∥
L2

√
βT log T


≲ O

√c1Pcov +
1√
Pcov

max
τ̂h⩽t⩽T

∥∥∥∥∥ρ(t)h

µ̂⋆
h

1B(t)
h

∥∥∥∥∥
1
2

L2

√βT log T

 ,

where the last inequality uses
√
a+ b ⩽

√
a +

√
b for any a, b ⩾ 0. Besides, we can set the quantity to

max

{
1,maxτ̂h⩽t⩽T

∥∥∥∥ρ
(t)
h

µ̂⋆
h
1B(t)

h

∥∥∥∥
L2

}
such that the square root operator can be taken into the max. If this quantity is

smaller than 1, that means
√
c1Pcov dominates the result and thus the second can be omitted. Recall the definition of Pout in

Definition 5, we have

max
h∈[H],π/∈M

∥∥∥∥∥ρ(t)h

µ̂⋆
h

1B(t)
h

∥∥∥∥∥
1
2

L2

⩽ Pout .

Accordingly, our regret bound holds with probability at least 1− δ

Regret ⩽
T∑

t=1

H∑
h=1

E
(x,a)∼ρ

(t)
h

[δ
(t)
h (s, a)] ≲ O

(
HPcov +H

(√
c1Pcov +

Pout√
Pcov

)√
βT log T

)
= O

(
H
(√

c1Pcov +
Pout√
Pcov

)√
βT log T

)
.

(21)

If Bh is an empty set for some h, it means that ρ(t)h (s, a) < c1Pcovµ̂
⋆
h(s, a) always holds for any (s, a) ∈ S × A, which

falls into theM = Π case. In this case, we have Pcov = Ccov, and the second term with Pout = 0 in the above equation is
discarded. Hence we can recover the result of (Xie et al., 2023).

Clearly, there exists a trade-off between Pcov(ζ) and Pout(ζ) that depends on ζ. That means, there exists a proper ζ⋆ such
that Pout(ζ) =

√
c1Pcov(ζ

⋆) by the property of the function x+ c/x for some constant c. Accordingly, the regret bound in
Eq. (21) can be improved to

Regret ≲ O
(
H

√
c

1
2
1 βTPout(ζ⋆) log T

)
which admits Pout(ζ

⋆) ≤ Ccov. This demonstrates a better regret bound than (Xie et al., 2023) by a good trade-off between
Pcov and Pout. Finally, we conclude the proof.

E. Proof for Section 5
In this section, we first prove Theorem 2 in Appendix E.1 and then discuss the choice of the regularization parameter in
Appendix E.2.

E.1. Proof of Theorem 2

To prove our result, we need the following notations and lemmas to aid our proof. For self-completeness, we include the
LSVI-UCB algorithm (Jin et al., 2020) for linear MDP, see Algorithm 3 for details.
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Algorithm 3 LSVI-UCB for linear MDP (Jin et al., 2020)
1: Input: The regularization parameter λ and confidence parameter β.
2: for episode t = 1, . . . , T do
3: Receive the initial state st1 and set V t

H+1 as the zero function.
4: for step h = H, . . . , 1 do
5: Obtain Λt

h ←
∑t

τ=1[ϕ(s
τ
h, a

τ
h)ϕ(s

τ
h, a

τ
h)

⊤] + λI

6: Obtain ŵt
h ← (Λt

h)
−1
∑t

τ=1 ϕ(s
τ
h, a

τ
h)[rh(s

τ
h, a

τ
h) + maxa∈A Qt

h+1(s
τ
h+1, a)] and Q̂t

h(·, ·) = ⟨ϕ(·, ·), ŵt
h⟩

7: Obtain Qt
h(·, ·)← min{Q̂t

h(·, ·) + β[ϕ(·, ·)⊤(Λt
h)

−1ϕ(·, ·)]1/2, H}
8: end for
9: for step h = 1, . . . ,H do

10: Take action ath ← argmaxa∈A Qt
h(s

t
h, a) and obtain V t

h(·) = maxa∈A Qt
h(·, a).

11: Observe the reward rh(s
t
h, a

t
h) and the next state sth+1.

12: end for
13: end for

In LSVI-UCB, the estimator is given by solving a regularized least squares problem as below.

ŵt
h ← argmin

w∈Rd

t−1∑
τ=1

[rh(s
τ
h, a

τ
h) + max

a∈A
Qt

h+1(s
τ
h+1, a)− ⟨w, ϕ(sτh, a

τ
h)⟩]2 + λ∥w∥22 , (22)

where the feature mapping ϕ(s, a) ∈ Rd satisfies ∥ϕ(s, a)∥2 ⩽ 1 and λ ⩾ 1 is the regularization parameter. For notational
simplicity, denote

Λt
h := λI +

t−1∑
i=1

ϕ(sih, a
i
h)ϕ(s

i
h, a

i
h)

⊤ := λI + (Φt
h)

⊤Φt
h , with (sih, a

i
h) ∼ ρ

(t)
h , (23)

where Φt
h = [ϕh(s

1
h, a

1
h), · · · , ϕh(s

t−1
h , at−1

h )]⊤ ∈ R(t−1)×d, and accordingly we can easily obtain an estimation of
eigenvalues of (Λt

h)
−1 such that

1

λ
⩾ λmax[(Λ

t
h)

−1] ⩾ λmin[(Λ
t
h)

−1] =
1

λmax[(Φt
h)

⊤Φt
h + λI]

⩾
1

λmax[(Φt
h)

⊤Φt
h] + λ

⩾
1

d+ λ
, (24)

where the last inequality holds by ∥ϕ(s, a)∥2 ⩽ 1 and the fact ∥A∥2 ⩽
√
mnmaxi,j Aij where A ∈ Rm×n.

In the next, we have the following lemmas.

Lemma 2. For the intermediate quantity ϕ(sih, a
i
h)

⊤(Λt
h)

−1ϕ(sih, a
i
h) with i ∈ [T ], where Λt

h defined by Eq. (23) realized

by the occupancy measure ρ
(t)
h , and the feature mapping ϕ(sih, a

i
h) is assumed to admit (sih, a

i
h)

i.i.d∼ µh for a underlying
distribution µh, then we have

1

T

T∑
i=1

[ϕ(sih, a
i
h)

⊤(Λt
h)

−1ϕ(sih, a
i
h)] ⩽

2d2

Tλ
log(T + 1) .

Proof. We introduce an auxiliary variable Λ̃t
h ∈ Rd×d such that

Λ̃t
h = λI +

t−1∑
j=1

ϕ(sjh, a
j
h)ϕ(s

j
h, a

j
h)

⊤ with (sjh, a
j
h)

i.i.d∼ µh ,
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then we have

1

T

T∑
i=1

[ϕ(sih, a
i
h)

⊤(Λt
h)

−1ϕ(sih, a
i
h)] =

1

T

T∑
i=1

(
ϕ(sih, a

i
h)

⊤(Λ̃
(i−1)
h )−1[Λ̃

(i−1)
h (Λt

h)
−1]ϕ(sih, a

i
h)
)

=
1

T

T∑
i=1

Tr
(
ϕ(sih, a

i
h)ϕ(s

i
h, a

i
h)

⊤(Λ̃
(i−1)
h )−1[Λ̃i

h(Λ
t
h)

−1]
)

(a)

⩽
1

T

T∑
i=1

Tr
(
ϕ(sih, a

i
h)ϕ(s

i
h, a

i
h)

⊤(Λ̃
(i−1)
h )−1

)
∥Λ̃(i−1)

h (Λt
h)

−1∥2

(b)

⩽
d

Tλ

T∑
i=1

(
ϕ(sih, a

i
h)

⊤(Λ̃
(i−1)
h )−1ϕ(sih, a

i
h)
)

(c)

⩽
2d2

Tλ
log(T + 1) ,

where (a) uses Tr(AB) ⩽ Tr(A)∥B∥2; (b) uses ∥(Λt
h)

−1∥2 ⩽ 1
λ , ∥Λ̃i

h∥2 ⩽ d via ∥A∥2 ⩽
√
mnmaxi,j Aij where

A ∈ Rm×n; and (c) uses the elliptical potential lemma with Ut = Ut−1 +XtX
⊤
t ∈ Rd×d, U0 = λI , and ∥Xt∥2 ⩽ 1 such

that
T∑

t=1

X⊤
t Ut−1Xt ⩽ 2d log

(
1 +

T

λd

)
.

Lemma 3. Under Assumption 3 with γ > 0 and the feature mapping ϕ(s, a) ∈ Rd in linear MDP satisfies ∥ϕ(s, a)∥2 ⩽ 1,
we have

E
ρ
(t)
h

[
ϕ(sh, ah)

⊤(Λt
h)

−1ϕ(sh, ah)
]
⩽

(d+ λ)2

d2γ2λ

(
Eµh

[ϕ(sh, ah)
⊤(Λt

h)
−1ϕ(sh, ah)]

)2
.

Proof. Assumption 3 yields Eµ[∥ϕ(s, a)∥22] ⩾ dγ, by taking Ce :=
1

d2γ2 , we have

E
ρ
(t)
h

[∥ϕ(s, a)∥22] ⩽ 1 ⩽ Ce

(
Eµ[∥ϕ(s, a)∥22]

)2
. (25)

Using the linearity of the trace operator and expectation, we have

E
ρ
(t)
h

[
ϕ(sh, ah)

⊤(Λt
h)

−1ϕ(sh, ah)
]
= Tr

(
E
ρ
(t)
h

[
ϕ(sh, ah)ϕ(sh, ah)

⊤(Λt
h)

−1
])

⩽
1

λ
Tr
(
E
ρ
(t)
h

[
ϕ(sh, ah)ϕ(sh, ah)

⊤]) =
1

λ
E
ρ
(t)
h

[∥ϕ(s, a)∥22] ,

where we use ∥(Λt
h)

−1∥2 ⩽ 1/λ. Accordingly, we have

E
ρ
(t)
h

[
ϕ(sh, ah)

⊤(Λt
h)

−1ϕ(sh, ah)
]
⩽

Ce

λ

(
Eµh

[∥ϕ(sh, ah)∥22]
)2

[using Eq. (25)]

=
(d+ λ)2Ce

λ

(
1

d+ λ
Eµh

[∥ϕ(sh, ah)∥22]
)2

(a)

⩽
(d+ λ)2Ce

λ

(
Eµh

[λmin[(Λ
t
h)

−1]∥ϕ(sh, ah)∥22]
)2

(b)

⩽
(d+ λ)2Ce

λ

(
Eµh

Tr[ϕ(sh, ah)ϕ(sh, ah)
⊤(Λt

h)
−1]
)2

=
(d+ λ)2

d2γ2λ

(
Eµh

[ϕ(sh, ah)
⊤(Λt

h)
−1ϕ(sh, ah)]

)2
,

where (a) uses Eq. (24) and (b) uses the fact that Tr(AB) ⩾ λmin(A)Tr(B) for two PSD matrices A and B.
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Lemma 4 (regret decomposition). Consider linear MDP with the feature mapping ϕ(s, a) ∈ Rd satisfying ∥ϕ(s, a)∥2 ⩽ 1,
under Assumption 3 with γ > 0, using LSVI-UCB with the regularization parameter λ and a bonus parameter β :=

Õ
(√

λH(d+
√
log 1

δ )
)

with 0 < δ < 1, then with probability at least 1− δ, for a underlying distribution µ, the regret
admits

Regret(T ) ⩽
2β(d+ λ)

dγ
√
λ

H∑
h=1

T∑
t=1

Eµh
[ϕ(sh, ah)

⊤(Λt
h)

−1ϕ(sh, ah)] ,

where (sh, ah) is iid sampled from µh.

Proof. Recall the definition of β in LSVI-UCB (Jin et al., 2020) with 0 < δ < 1

β := Õ

(
√
λH

(
d+

√
log

1

δ

))
,

then according to (Jiang, 2022), with probability at least 1− δ, we have the following regret decomposition

Regret(T ) ⩽
H∑

h=1

T∑
t=1

E
ρ
(t)
h

[
2β∥ϕ(sh, ah)∥(Λt

h)
−1

]
,

where (sh, ah) is sampled from the occupancy measure ρ(t)h . In the next, we conduct the change-of-measure from ρ
(t)
h to µh,

i.e.

Regret(T ) ⩽
H∑

h=1

T∑
t=1

E
ρ
(t)
h

[
2β∥ϕ(sh, ah)∥(Λt

h)
−1

]
=

H∑
h=1

T∑
t=1

2βE
ρ
(t)
h

√
ϕ(sh, ah)⊤(Λt

h)
−1ϕ(sh, ah)

(a)

⩽
H∑

h=1

T∑
t=1

2β
√

E
ρ
(t)
h

[
ϕ(sh, ah)⊤(Λt

h)
−1ϕ(sh, ah)

]
=

H∑
h=1

T∑
t=1

2β

√
Tr
(
E
ρ
(t)
h

[
ϕ(sh, ah)ϕ(sh, ah)⊤(Λt

h)
−1
])

(b)

⩽
2β(d+ λ)

dγ
√
λ

H∑
h=1

T∑
t=1

Eµh
[ϕ(sh, ah)

⊤(Λt
h)

−1ϕ(sh, ah)] ,

where (a) uses Jensen inequality for the square-root function (concave); (b) uses Lemma 3.

Now we are ready to prove Theorem 2.

Proof. Considering the iid sampling (sih, a
i
h) ∼ µh and 0 ⩽ ϕ(sih, a

i
h)

⊤(Λt
h)

−1ϕ(sih, a
i
h) ⩽ 1

λ , denote σ2 :=
V[ϕ(sih, aih)⊤(Λt

h)
−1ϕ(sih, a

i
h)] ⩽

1
4λ2 , then by Bernstein inequality (Wainwright, 2019), we have

Pr

[∣∣∣∣∣ 1T
T∑

i=1

[ϕ(sih, a
i
h)

⊤(Λt
h)

−1ϕ(sih, a
i
h)]− Eµh

[ϕ(sh, ah)
⊤(Λt

h)
−1ϕ(sh, ah)]

∣∣∣∣∣ ⩾ ϵ

]
⩽ 2 exp

(
− Tϵ2

2(σ2 + ϵ/λ)

)
.

That means, with probability at least 1− δ1, we have

Eµh
[ϕ(sh, ah)

⊤(Λt
h)

−1ϕ(sh, ah)] ⩽
1

T

T∑
i=1

[ϕ(sih, a
i
h)

⊤(Λt
h)

−1ϕ(sih, a
i
h)] + 4

√
σ2 log(2/δ1)

T
+

4 log(2/δ1)

Tλ
. (26)
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Combining Eq. (26) and Lemma 2 into Lemma 4, for any δ ∈ (0, 1) and taking δ1 := δ/2 and β := Õ(
√
λdH log(2/δ)),

with probability at least 1− δ, we have

Regret(T ) ≲
β(d+ λ)

dγ
√
λ

H∑
h=1

T∑
t=1

(
d2

Tλ
log(T + 1) + 4

√
σ2 log(4/δ)

T
+

4 log(4/δ)

Tλ

)

≲

(
d+ λ

γλ
d2H2 log T +

d+ λ

γ
H2

T∑
t=1

√
σ2

T

)
log

(
4

δ

)
.

(27)

Using σ2 ≲ 1
λ2α with α > 1 in Assumption 4 and taking λ := T η with η ∈ (0, 1] back to the above regret bound, with

probability at least 1− δ, we have

Regret(T ) ≲

(
H2d2

γ
log T +

H2λσ

γ

√
T +

H2d

γ
σ
√
T

)
log

(
4

δ

)
≲ O

(
dH2

γ

(
d log T + T

1
2−η(α−1)

))

=


O
(
d2H2

γ
log T

)
, if η(α− 1) ⩾ 1/2

O
(
dH2

γ
T

1
2−η(α−1)

)
, if η(α−1) ∈ (0, 1

2 )

which concludes the proof.

E.2. Discussion on the regularization parameter

Recall the regularized least squares in Eq. (22), it is equivalent to

ŵt
h ← argmin

w∈Rd

1

t− 1

t−1∑
τ=1

[rh(s
τ
h, a

τ
h) + max

a∈A
Qt

h+1(s
τ
h+1, a)− ⟨w, ϕ(sτh, a

τ
h)⟩]2 + λ′∥w∥22 ,

where λ′ = λ
t−1 . The first term is the empirical risk minimization and the second term is the regularizer as Tikhonov

regularization. The regularization parameter λ′ ≡ λ′(t) > 0 admits limt→∞ λ′(t) = 0. In learning theory, one typically
assumes that λ′ = O(t−τ ) with τ ∈ (0, 1], decaying with the number of samples (Cucker and Zhou, 2007), which implies
λ = O(t1−τ ) in Eq. (22). This verifies that our assumption on the regularization parameter makes sense. In LSVI-UCB (Jin
et al., 2020), the regularization parameter is chosen as λ = 1, which implies λ′ = 1/t.

In our problem, we denote η := 1 − τ and directly choose λ = O(T η) with η ∈ (0, 1], independent of the number of
state-action pairs t− 1. We need to remark that, if we choose a more reasonable λ = O(tη) with η ∈ (0, 1], depending on
the number of samples, we can still obtain the same regret as Theorem 2. To be specific, the regret bound in Eq. (27) is
reformulated as (w.h.p)

Regret(T ) ≲
d+ λ

γλ
d2H2 log T +

d+ λ

γ
H2

T∑
t=1

√
σ2

T

≲
d2H2

γ
log T +

dH2

γ
T− 1

2

∫ T

1

t−η(α−1)dt

=


O
(
d2H2

γ
log T

)
, if η(α− 1) ⩾ 1/2

O
(
dH2

γ
T

1
2−η(α−1)

)
, if η(α−1) ∈ (0, 1

2 ) .

That means, there is no difference between these two regularization schemes whether it varies with the number of state-action
pairs.

Besides, it appears that if we take η = 0, the regularization parameter λ is in a constant order, i.e., λ′ = O(1/t), decaying
fast, we cannot improve the regret rate beyond Õ(1/

√
T ). It does not make sense in practice. Here we illustrate this to

resolve this issue.
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The main reason is, our low variance assumption 4 is based on λ. In our theorem, we require λ = T η with η ∈ (0, 1], which
makes the feature mapping ∥ϕh(sh, ah)∥2(Λt

h)
−1 concentrate around its mean and decay with the episode T . If we take η = 0,

the constant order of λ does not make ∥ϕh(sh, ah)∥2(Λt
h)

−1 decaying with the episode T , and accordingly Assumption 4
does not work. In this case, there is no need to use λ as a bridge in our assumption. Instead, we can directly set M −m
small, decaying with T under some certain distribution.

F. Auxiliary lemma
In this section, we list some auxiliary lemmas that are needed for our proof.

Lemma 5. (Jin et al., 2021a, Lemmas 39 and 40) Under Assumptions 1 and 2, for any δ ∈ (0, 1), if we choose

β = c log
(

NF (1/T )TH
δ

)
in the GOLF algorithm 1 for some large constant c, with probability at least 1− δ, we have

• Q⋆ ∈ F (t).

•
∑

i<t E(s,a)∼ρ
(i)
h

[fh(s, a)− Thfh+1(s, a)]
2 ≲ O(β) for any f ∈ F (t).

Lemma 6. (Song et al., 2022, Bellman error bound for FQI, Lemma 7) Let δ ∈ (0, 1), for any h ∈ [H] and t ∈ [T ], f t+1
h

be the estimated value function computed by the least square regression using samples from Dν
h

⋃
{(sτh, aτh, sτh+1)

t
τ=1} in

Algorithm 2, then with probability at least 1− δ, for any h ∈ [H − 1] and t ∈ [T ], we have

Eµh

(
δ
(t)
h (s, a)

)2
≲

1

noff
log

(
NF (1/T )TH

δ

)
.

Lemma 7. (Xie et al., 2023, Per-state-action elliptic potential lemma, modified version) Let ρ(1), ρ(2), . . . , ρ(T ) be an
arbitrary sequence of distributions over a set Z (e.g., Z = S × A), and let µ ∈ ∆(Z) be a distribution such that
ρ(t)(z) ⩽ [Cµ(z)]p for some p ⩾ 1 and all (z, t) ∈ Z × [T ]. Then for all z ∈ Z , we have

T∑
t=1

d(t)(z)∑
i<t d

(i)(z) + C · µ(z)
≤ O (log (T )) .
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