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Abstract

Mixture-of-Experts (MoE) layers have achieved notable suc-
cess across various deep learning applications. However, the
impact of the number of experts on MoE performance across
different task settings remains poorly understood. In this
work, we investigate the impact of expert quantity within the
MOoE architecture composed of multilayer perceptron (MLP)
experts. Concretely, we develop a formal MoE model with
MLP experts, derive a range of expert counts that optimizes
performance and load balance, and validate it on synthetic
data. By systematically varying the number of experts, we
demonstrate that balancing specialization and effective expert
routing is key to maximizing performance.

Introduction

Mixture-of-Experts (MoE) architectures partition a network
into many specialized experts and use a learned gating or
routing function to select only a small subset of experts for
each input. This conditional computation raises effective ca-
pacity while keeping per-example computational cost nearly
constant, which is particularly valuable for transformer-
based large language models (LLMs) (Kaplan et al. 2020;
Hoffmann et al. 2022).

MOoE is originally introduced for adaptive and hierarchi-
cal mixtures (Jacobs et al. 1991; Jordan and Jacobs 1994).
Early developments broadened the choice of expert families
and learning settings. Examples include MoE built on sup-
port vector machines (Collobert, Bengio, and Bengio 2001),
Gaussian processes (Rasmussen and Ghahramani 2001),
and nonlinear Bayesian formulations (Shahbaba and Neal
2009). With the rise of deep learning, researchers embed-
ded stacked routers and experts into deep networks to handle
complex perception tasks (Eigen, Ranzato, and Sutskever
2013) and explored connections to generative modeling and
distributed learning (Theis and Bethge 2015; Deisenroth and
Ng 2015). Practical adoption accelerated with sparse top-k
routing that activates only a few experts per token, enabling
large-capacity layers at manageable compute (Shazeer et al.
2017). Functional specialization across experts has also been
studied in continual and task-incremental settings (Aljundi,
Chakravarty, and Tuytelaars 2017).
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These ideas now underpin many state-of-the-art LLM sys-
tems. Models such as MIXTRAL-8X7B (Jiang et al. 2024),
GROK-1 (xAI 2024), DBRX (Databricks 2024), ARCTIC
(S.A.R.Team 2024), and DEEPSEEK-V2 (Liu et al. 2024)
expand capacity without a proportional increase in serving
cost by activating only selected experts for each token.

Despite great empirical success and growing popularity
of MoE across various domains, its theoretical understand-
ing remains scarce. Prior work has shown that MoE encour-
ages experts to specialize in different functions and data re-
gions (Chen et al. 2022). However, it is unclear whether
this behavior changes under different expert counts. Further-
more, the work considers MoE architecture with convolu-
tional neural networks (CNNs) as experts, while in reality, in
transformer-based LLMs, expert networks are usually feed-
forward networks.

We address these gaps by analyzing how expert count af-
fects performance and learning dynamics when experts are
MLPs, which aligns the theory with the feed-forward struc-
ture used in transformer architectures. Our contributions are
as follows: (i) we present a formal MoE model with MLP
experts that theoretically aligns closer to the architecture of
large language models. (ii) We give a theoretical analysis
that identifies a range of expert counts where model accu-
racy and routing balance are optimal. (iii) Experiments on
synthetic datasets show that empirical results align with our
analysis. These insights aim to guide MoE scaling choices
in modern transformer systems.

Related Work

Mixture of Experts. The mixture-of-experts (MOoE)
paradigm has a long history in machine learning (Jacobs
etal. 1991; Jordan and Jacobs 1994). Early MoE realizations
employed diverse base learners, including support vector
machines (Collobert, Bengio, and Bengio 2001), Gaussian
processes (Tresp 2000), and hidden Markov models (Jor-
dan, Ghahramani, and Saul 1996). To expand capacity for vi-
sion and speech tasks, Eigen, Ranzato, and Sutskever (2013)
embedded MoE within deep neural networks by stacking
routers and experts. Subsequent work introduced sparse gat-
ing that activates only a small subset of experts per exam-
ple, improving training stability while lowering computation
(Shazeer et al. 2017). Building on these ideas, MoE layers
combined with different neural backbones achieved strong



results in language modeling (Shazeer et al. 2017; Dauphin
etal. 2017; Vaswani et al. 2017). More recently, routing each
input to a single expert rather than to K experts was shown
to further reduce routing cost while preserving model qual-
ity (Fedus, Zoph, and Shazeer 2022).

Theory of MoE Models. Most theory on MoE models has
focused on simple MoE settings that study approximation
and statistical guarantees. For hierarchical MoE, Jiang and
Tanner (1999a) analyzes convergence when experts are ex-
ponential family regressors, and Jiang and Tanner (1999b)
establishes rates for hierarchical MoE with generalized lin-
ear experts. From a function-approximation view, Zeevi,
Meir, and Maiorov (2002) derives error bounds in Sobolev
spaces, while Nguyen, Lloyd-Jones, and McLachlan (2016)
gives a universal approximation theorem for softmax gating
with linear experts without assuming target differentiability.
For polynomial experts under softmax gating, Mendes and
Jiang (2012) characterize how the MLE convergence rate
scales with the number of experts and the polynomial order.

Preliminaries
Data distribution

Following Chen et al. (2022), we study binary classifica-

tion on inputs composed of P patches, each living in R

A labeled example is (x,y), where x = (x(1), ... x(P)) ¢

(RY)P and y € {+£1}. The data are organized into K clus-

ters. Each cluster ¥ € [K] is associated with a unit la-

bel signal vector vi and a unit cluster-center vector cy.

For simplicity, we assume orthogonality among all signals:

<Vk,Vk/> = <C/€7ck’> = <Vka ck/> =0forall & 7& K.

Definition 1. An example (x,y) is drawn from a distribution

D by the following procedure:

1. Sample a distinct pair (k, k') uniformly from [K] x [K]
with k # k'

2. Sample the label y € {£1} uniformly and an indepen-
dent Rademacher variable ¢ € {£1}.

3. Draw independent amplitudes o, 3, from Dy, Dg, D-.
We assume there exist absolute constants Cy,Cy > 0
such that almost surely C7 < «, 8,7 < Ch.

4. Construct x = (xM, ... xP)) so that exactly three
patches carry structured signal and the remaining P — 3
patches are i.i.d. Gaussian noise:

e Feature signal: one patch equals y o vy,

¢ Cluster-center signal: one patch equals [ cy.

 Feature noise: one patch equals € ¥ vy.

* Random noise: each of the remaining P — 3 patches
is drawn i.i.d. from N (0, (02/d)14), where o, is an
absolute constant.

We divide examples into K clusters Up¢[x]§2x based on

the cluster-center signal, that is, an example (x,y) € Qy if
and only if a patch of x aligns with cy.

New Architecture for MoE with MLP Experts

We study a mixture-of-experts (MoE) layer with M expert
networks f1,..., fys and a linear gating network (Shazeer
et al. 2017; Fedus, Zoph, and Shazeer 2022). Our design

removes weight sharing across both experts and gate, and
makes each expert patch-aware.

For the m-th expert, with input x = (x™") ... x(")), we
use a patch-aware MLP

Z Z (Wmmw (p)>)7

JE[J] p€E[P]

where J is the number of hidden neurons per patch, and
Wi jp € R?is the weight vector of unit j for patch p in
expert m. For each expert m, patch p has its own parameter
block W, , = {Wy, jp i j € [J]} € R¥*I.

The gate produces scores h(x;©) = (hi,....hy) €
RM via a linear, patch-aggregating map
h(x;0) = > ©)x), ®, € R>M,

pE[P]
We convert scores to routing probabilities with a softmax,
exp(hm (x; @))
S =1 (B (x;©))
Given a selection set T, C [M], the MoE layer output is

D (x5 0) fn (3 W).

meTx

Tm(X;©) = € [M].

F(x;0,W) =

Top-1 routing model.  Soft routing with 7, = [M] (Jor-
dan and Jacobs 1994) is often costly in deep settings. Fol-
lowing the switch strategy of Fedus, Zoph, and Shazeer
(2022), we adopt sparse top-1 routing: for each x, activate
a single expert,

Tx = argmrréz[aﬁ/([] { hm(x; O) }7 Tx|=1. (1)

Equal weight initialization across patches. We initialize
expert weights so that, within each expert and hidden neu-
ron, all patches share the same initial vector, while different
neurons remain independent. Concretely, for every (m, j)
sample W,,, ; ~ N(0,0¢1,) i.i.d., and set

Wi = W forallp e [P)]. )

This symmetric initialization across patches is a neces-

sary condition to enable expert specialization guarantees, as
shown in Lemma 2 and Lemma 3.

Training Algorithm
Given the training set S = {(x;,y;)}",, we train F via
gradient descent to minimize the empirical loss

n

1
~ > A (iF (xi:©, W), 3)

i=1

L(O,W) =

where ¢ is the logistic loss defined as ¢(z) = log(l +
exp(—z)). We initialize the router parameters at @(©) = 0,
which follows common practice in MoE training. As dis-
cussed by Shazeer et al. (2017), a zero-initialized router
helps avoid out-of-memory issues and promotes an approx-
imately uniform initial expert load.



Algorithm 1: Gradient descent with random initialization

Require: Number of iterations 7', expert learning rate 7,
router learning rate 7)., initialization scale oy, training
set S = {(zi, i) Hy
Generate each entry of W(®) as in (2).
Initialize each entry of 0 (o zero.
fort=0,1,...,7 —1do
Generate each entry of r(*) independently from
Unif([0, 1].
Update W1 as in (5)
Update OV asin (6).
end for
return (@7 W)

AN

PR U

Rather than routing with the raw gating scores at iteration
t, we add a small uniform perturbation to encourage explo-
ration across experts and to stabilize training. Concretely,

example x; is routed to arg max,, {h, (x;; ©®) + (t) b

where the noises {Tf;?’i}me[M],ie[n] are drawn i.i.d. from

Unif[0, 1] and collected as r*). This uniform perturbation is
a standard technique for sparsely gated MoE layers (Shazeer
et al. 2017; Fedus, Zoph, and Shazeer 2022). Intuitively,
the noise smooths the induced routing probabilities, which
both mitigates early collapse and helps distribute gradients
more evenly during the initial training phase. The following
lemma formalizes this smoothing effect.

Lemma 1. Let h,h E RM be the output of the gat-
ing network and {rm} be i.i.d. noise from Unif|0, 1].
Denote p,p € RM as the routing probabllmes ie.,
P = P(arg MaXy, ep]{hm: + Tm } = ) and p,, =

P(arg e c(any (s + 7k = m). Then |[p = Blloe <
M? |h — h .

At iteration t, the corresponding perturbed objective be-
comes

L(t)(@(t)’ W(t))
I 4
= LS i, (50,0 fo, (s W), D
n : :
i=1
where m; ; = arg max,, {hn (x;; o) + r(t) ;}. The factor
Tm,, captures the router’s contribution to the logit, while
fmm is the selected expert’s prediction on x;.
We then apply separate updates to experts and router. The

expert update uses a normalized gradient step on the per-
turbed loss:

W = Wi
—n- Vwmﬁ(t)(@(t)7 W(t))/”vwmﬁ(t)(@(t)’ W(t))||p,
©)

where 77 > 0 is the expert learning rate.
The router is updated with a standard gradient step on the
same perturbed objective:

oLt =0t —n,- Vo, LO(OD WH), ¥m € [M], (6)

where 7, > 0 is the router learning rate. The full training
loop is summarized in Algorithm 1.

Main Results

We study how the number of experts influences model be-
havior by decomposing training into two phases: an explo-
ration stage and a router learning stage. The exploration
stage begins at iteration ¢ = 0 and ends at t = 17 =

[n~t (70 J In this phase, we analyze how the expert count
affects expert specialization and coverage. Concretely, we
characterize whether individual experts specialize to distinct
clusters and whether all clusters are covered by at least one
expert by the end of the stage. The router learning stage
starts at t = T} and continues until ¢ = [n~!M ~2]. In this
phase, we show that if experts are already well specialized
at the beginning of the stage, then the router converges to
accurate routing by its end.

Under suitable initialization of the model weights, our
analyses of these two stages yield a learning guarantee for
the MoE model with explicit dependence on the number of
experts.

Equal Weights Initialization Across Patches
Guarantees Specialization

Recall the initialization of each entry of WO in (2). Since
the ordering of patches within an input is uniformly random,
initializing the per-patch weights of an expert to the same
value avoids introducing spurious asymmetries among in-
puts that belong to the same cluster. Prior analyses (Chen
et al. 2022) also indicate that an expert’s eventual special-
ization arises from its initial weights. The next lemma for-
malizes this intuition.

Lemma 2. Suppose the weights W O are initialized as in
(2). Then, at the end of the exploration stage, with proba-
bility at least 1 — o(1), the following equations hold for all
experts m € My, and any k, k' € [K| with k' # k,

P (4 (6 WD) S0 (x,9) € Q) = 0(1),
P(x.y)~D (yfm(X;W(Tl)) <0 (x,9) € Qk,) = Q(1/K)

In contrast, if an expert’s weights are initialized indepen-
dently across patches, the expert fails to specialize to any
single cluster, as shown below.

Lemma 3. Suppose the weights W) are initialized inde-
pendently from N (0, 03). Then, at the end of the exploration
stage, with probability at least 1 — o(1), the following equa-
tion holds for all experts m € [M] and clusters k € [K],

Pocyy~n (90m (6 W) <01 (x,9) € Q) = Q(1/K)

Taken together, these results imply that equal weights ini-
tialization across patches is both necessary and sufficient to
guarantee expert specialization. Detailed proofs are deferred
to Appendix Generalization Results.



Expert Count-dependent Learning Guarantees

Prior analyses do not explicitly quantify how learning guar-
antees scale with the expert count M. Here we address this
gap by providing an explicit range of values of M for which
analogous guarantees hold. In particular, when M satisfies
O(Klog K loglogd) < M < ©(ay %), there exists a
choice of hyperparameters J, 7, n, such that running Algo-
rithm 1 on the MoE layer in Section New Architecture for
MOoE with MLP Experts achieves the results stated below.

Theorem 1. Suppose the training data  size

is n = Q(d). Choose experts number M €
[O(K log K loglog d), ©(c, %07, filter size
J = O(log M loglogd), initialization  scale
oo € [dY3,d7°%Y, learning rate 3 = Of(oy),

Ny = O(M?)n. Then with probability at least 1 —o(1), Algo-
rithm 1 is able to output (07, W) within T = O(n~")
iterations such that the non-linear MoE defined in Section
New Architecture for MoE with MLP Experts satisfies

* Training error is zero, ie., y;F(z;; 0T W) >
0, Vi € [n].

o Test error is nearly zero, ie.,
P(m,y)ND(yF(x; G(T)aW(T)) < 0) = 0(1)

More importantly, the experts can be divided into a disjoint
union of K non-empty sets [M] = | |, ¢ ;) Mk and

e (Each expert is good on one cluster) Each ex-
pert m € My performs well on the cluster Qy,
P ey~ (Ufm (2 WD) <0 | (2,y) € Qk) = o(1).

* (Router only distributes example to good expert) With
probability at least 1 — o(1), an example x € Qy will
be routed to one of the experts in M.

The lower bound on M ensures adequate coverage of
the K clusters, while the upper bound guarantees that ex-
perts specialize into distinct clusters before the router begins
to learn. From a practical perspective, this result provides
principled guidance for selecting the number of experts in
cluster-structured classification tasks. When the number of
underlying clusters K is known, or can be reasonably esti-
mated from domain knowledge or unsupervised analysis, the
theorem yields a constrained range of feasible expert counts.
This significantly narrows the hyperparameter search space
compared to conventional approaches, which leads to faster
model selection and reduces computational cost.

Numerical Experiments

Experiment Setup We generate synthetic data follow-
ing Definition 1 with K = 4 clusters, feature dimension
d = 50, and number of patches P € {4,8}. Unless oth-
erwise noted, scalar parameters are drawn independently
as o ~ Uniform(0.5,2), f ~ Uniform(1,2), and v ~
Uniform(0.5,3). We set o, = 1.

For evaluation, we report two metrics. Model accuracy
measures predictive performance. To assess routing qual-
ity, we use dispatch entropy. Let ny, ,,, denote the number of
samples from cluster k¥ € {1,..., K} that are routed to ex-

pertm € {1,..., M}. Define n,, = Zle Tg,m as the load

of expert mand n = Sor "My . as the total num-
ber of samples. The dispatch entropy is the load-weighted
average of the cluster mixture entropy at each expert:

M K
n n n
entropy = — E — g “km log(m) . D
n N N
=1 k=1
T 70

This quantity equals zero when every active expert receives
samples from at most one cluster. It is maximized when the
router dispatches uniformly at random.

Model Configurations and Training We evaluate both
MoE models with MLP experts and with CNN experts. For
each architecture, we vary the number of experts M &
{4,8,16,32,64} and fix the number of neurons to J = 8.
This means each MLP expert has 8 neurons per input patch,
while each CNN expert has 8 neurons overall. Training
follows Algorithm 1. Experts are optimized with normal-
ized gradient descent at learning rate 7 = 0.001. The gat-
ing network is trained with gradient descent using learn-
ing rate finetuned for each M. In particular, , = 0.1 for
M € {4,8,16}, n, = 0.25 for M = 32 and 7, = 0.4
for M = 64. For each M, we report model accuracy and
dispatch entropy, summarized in Figure 1 and Figure 2.

Results and Observations. As shown in Figure 1, when
P = 4 the MLP-MOoE attains its highest accuracy at M =
16 while the CNN-MOoE peaks at M = 8. Increasing M be-
yond these settings does not yield further gains and even
reduce accuracy. It is worth noting that while M = 64
yields an increase in mean accuracy for the CNN-MOoE from
M = 32, it also introduces substantially greater variance.
We also observe a clear effect of the patch count P. The
CNN-MoE maintains strong performance for both P = 4
and P = 8, whereas the MLP-MOoE exhibits a moderate de-
cline at P = 8. This difference is consistent with the update
mechanics of the experts: MLP experts update their weights
on a per-patch basis, as formalized in Lemma 12, while CNN
experts share weights across patches and therefore aggregate
information across all patches during training. This shared-
weight aggregation stabilizes learning for CNN experts and
also explains the higher variance of the MLP-MOoE across
values of M.

Figure 2 shows a parallel trend for dispatch entropy, in-
dicating that changes in M affect both routing and expert
learning in similar ways. This observation aligns with The-
orem 1, which suggests the existence of an optimal range
of expert counts that jointly supports generalization and ac-
curate router dispatch. In particular, once M moves beyond
this range, routing becomes less informative and expert spe-
cialization degrades, which mirrors the accuracy drop and
the rise in dispatch entropy in Figure 1 and Figure 2.

Conclusion and Discussion

We addressed a key theoretical gap in MoE architecture
by analyzing how the expert count M shapes performance
and learning dynamics when experts are implemented as
MLPs, aligning the theoretical model more closely with
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Figure 1: Mean accuracies of MoE models with MLP vs
with CNN experts. Error bars represent standard deviations
across five independent runs.

modern LLM-style architectures. Building on the frame-
work of Chen et al. (2022), we derived a range of expert
counts that yields optimal performance and linked this range
to the specialization and routing behavior of the model.
These findings provide a principled basis for common em-
pirical design choices in large-scale MoE systems and offer
practical guidance on when adding experts promotes useful
specialization versus when it produces diminishing returns.

Future Work A central next step is to tighten the optimal-
ity range by establishing necessity in addition to sufficiency.
In particular, we aim to prove that when M falls outside
the identified interval, performance must deteriorate. We for-
malize this as the proposition below, which we plan to prove
under the setting of Section Preliminaries.

Theorem 2 (Upper bound on expert counts). Under the
problem setting of Section Preliminaries, there exists an up-
per bound B (that may depend on distributional and opti-
mization parameters) such that, for all expert counts M >
B, the test error is high. Concretely,
Pr(yfu(e WD) <0|(zy) €)= 001),

(z,y)~D
where W T) are the parameters after T training steps and
Qy, denotes cluster k. In words, beyond B experts, additional
capacity does not reduce error below a fixed threshold.

Establishing Theorem 2 would yield tight bounds for M.
A complementary direction is to extend the analysis to other
attention-based experts, to non-uniform cluster sizes and
heavy-tailed features, and to alternative routers such as top-k
gating.
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Proof of Main Results
Notations

Unlike CNN experts, MLP experts are sensitive to different orderings of input patches. For notational convenience, denote ;
the set of random noise patches for input x;, that is Q; = {q € [P] : ng) = &, 4}, where &; , are random noise generated as
in Definition 1. Consider any 7 = (p1,p2,p3) € P3,p; # pj fori # j, according to the type of the feature noise and patch
positions, we further divide 2, into Qj = Uk',r Qi kv 7, that is x € Qp g, if x(P1) x(P2) x(P3) are feature signal, feature
noise, and cluster-center signal respectively. To better characterize the router training, we also break down Qy, ;/ ~ into Qz .
and Q,;k,ﬁ where Q;ﬁk,’T ={x; € Qp +|ly; = &;} and Qo = {xi € Qi +ly; = —e;}. Given an example x, unless
otherwise stated, we assume pi,p2,p3 € [P] are patch positions of feature signal, feature noise, and cluster-center signal,
respectively.

Initialization properties

For the new MOoE architecture, the initialization properties established for the prior CNN-expert architecture still apply (Chen
et al. 2022). For completeness, we restate them here without proof.

Lemma 4. With probability at least 1 — §, the following properties hold for all k € [K],

i€y, = i€y,

Z yiai = O(V/n), Z viai = O(v/n), Z i = O(Vn), €))
i€t €0 €],

S emi=0(/n), > Bi=Ef n/K+O0(/n). (10)
i€Q 1€Q

Lemma 5. Suppose that d = Q(log(4nP/d)). With probability at least 1 — 0, the following inequalities hold for all i € [n], k €
[K]v q € Qi)
* [l€igll2 = O(1),
* <Vk7€i,q> é O(d71/2)7 <Ck7£i,q> S O(d71/2)7 <€i,qv§i,q’> é O(d71/2)7 v(il7 q/) 7& (Zv q)
MOoE Initialization Property. We divide the experts into K sets based on the initialization.

Definition 2. Fix expert m € [M], note that for each j € [J] Wfqg,)j’l —w® = Wf,ol?j,P-

m,j,2
] < (0)
arg max; k(Vi, Wy, i |

Lemma 6. For M > O(K log(K/9)), J > O(log(M/J)), the following inequalities hold with probability at least 1 — 4.

Denote (kX,,j55) =

). Fix cluster k € [K], denote the profession experts set as My, = {m | k), = k}.

0 0
(k) 455, ) (W Vi) S (1= apteger ) (WS o vis ), ¥ € [Pl € [M]

o« (Wi VEs) > 001log Vm € [M],p € [P].

Mg

« M| >1 Vk e [K].

Lemma 7. Suppose the conclusions in Lemma5 hold, then with probability at least 1 — § we have that |<W§2?j,p, v)| < O(oy)
forall v € {vi}rerx) U {ck trex) U {&iq}icm) qeqr m € [M], 5 € [J],p € [P].

Exploration Stage

Let T} = {77’10(1)/ 2J. The exploration stage ends at iteration ¢ = 77. Building on Chen et al. (2022), we establish a set

of parameter properties during this stage. In particular, our analysis shows that the growth of the inner products between the
weights and the patch signals is governed by their initial alignment gap, which in turn depends on the number of experts M.
The detailed arguments appear in Lemmas 13, 14, and 15.

Lemma 8. Forallt > 0 and any patch p € [P), we have Z%:l Ve, , LB =0, and thus Y, 97(,?,;, => . 97(797);,. In particular,
if © is zero-initialized, then ), 97(,?4, =0.



Proof. The router gradient at iteration ¢ is

O L Z 1(mie = &, it T, (X3 @(t)) (1 = T (X33 Q(t))) Yi fma, (Xi5 W(t))xz(‘p)
- Z (may #m) €y T, , (x5O D)7 (550D s f,, (x5 W )xP)
1
- ﬁ Z 1(mi,t = m) Eg,t T, (Xi; @(t)) yifmi,t (Xi; W(t))xgp)
i

1
= = o (%05 O D) (33 ©1) i fr (05 WP,

where 1(-) denotes the indicator function.
Summing over m = 1, ..., M yields

M
Z VGm,pﬁ(t) = Z fz t Tmyg e Xzy (t)) yifmi,t (Xi§ W(t))xgp)
m=1

’LG [n]
n Z gévt Tm; ¢ (xi; @(t)) yifmi,t (xs; W(t))xgp)
i€[n]
=0.

Therefore ), ngﬁpﬁ(t) = 0 for all ¢, which implies ) 9m 'p 1s invariant across iterations. The stated consequences follow
immediately. O

Lemma 9. With probability at least 1 —1/d, uniformly over all vectors v € {Vy}re[x) U{Ck }re[x) and indices m € [M],j €
[J],p € [P], the following bounds hold:

|(¥6,,,£0,9)] = El(V0,,£9,¥)]| = O(n~ (a0 + nt)?),

(Va0 £9,9) = BV, £, 9)]| = O (07200 + 1)),

forallt < d'99,

Here, E[(V LY v)] and E[(Ve,, L, v)] are given by

Wm,j,p

E[(Vo,,, LY, V)] Z P(mis = m)l; om (X Oy, fn (xi; W) (xP) v)

1
— =N POy = ) T (%33 © D) (315 © D)y i (x5 WD) (xP) v,

i,m’

1
E[(Var,, £,V :;ZF’(mi,t:mv;»,tmn(xi;@“)yz o (Wi X)) () ).

m,j,p’

Proof. Under normalized gradient descent, we have ||w
O(oo + nt). Hence

|2 < O(nt). By Lemma 7, this implies | (w'” . x{"))| <

m,j,p mJP m]p’

(Ve L0 v ZA

vzhere Aip = Lmiy = m) b, T (x5 W)y, o’ ((w (t)j, Z(p)>)< P), v), ¢ € [n],p € [P], are independent and satisfy |4;| <
O((o0 + nt)?).
Hoeffding’s inequality yields, with probability at least 1 — 1/(4d'** M JK),
(V

LD V) —E[(Va, , LD W] = O~ (aq +nt)?).

A union bound then gives, with probability at least 1 — 1/(2d),

(Ve £ ¥) = B[V, LD )] = O™ P (00 +01)?), Vm e [M],j € [J],p € [Pt <d.



An identical argument, accounting for the additional dependence on routing probabilities, shows

(V0,,,£Y,v) = E[(Va, LD, v)]| = O(n"/(00 +nt)*),

m,p m,p

which completes the proof. O

Lemma 10. For all t < T3, the following properties hold:

S (Wi Vi) = O087), (W) en) = 0(087), (Wi 6i) = O08),
* fu(xis W) = O(03),

|6, +1/2] < O(o5),

163112 < O(ab),

17 (xs: 0Dl = O(0F7),  Tn(xi; ©1) = M~ 4 O(0§?),

forallm € [M],k € [K],i € [n],q € Q..

Proof. The first property follows since me i wfno)j ol <OMTy) = O(o 9:5), and thus
¢
s WO < 37 3 lo((wy) %)) = O(05°).
pe[P] je[J]

We next show that the loss derivative remains close to —1/2 during this stage. Let s = y; Ty, +(Xi; ©W) f,. 4 (x;, W),
Then |s| = O(o}®) and

1| _ 1.5
|€§,t+2|_‘_s+1+ <()|| (0)7
where (4) is verified by considering the cases |s| < 1 and |s| > 1.
We now prove the fourth bullet in Lemma 10. Because |f,,| = O(og®), we can upper bound the gradient of the gating

network by

1
||v0mp£(t) llo = Hn Z L(mi, = m)€;7t7rmi7t(xi; G(t))yifmi7t(xi§ W(t))xz('p)
i

1 ~
n Zeg,tﬂ—mi,t(xi;@(t)) m (X33 e )yzfm t(xlvw(t))xz('p) = 0(03'5),

2
where we used |£ ,| < 1, 7, T, € [0, 1], and x> = O(1).
This further implies _
165,012 = 1165, = 05, ll2 < O(og ) = Olag®),
where the last inequality uses 7, = ©(M?)n.
Finally, the bounds ||h(x;; ©®)||c < O(0d®) and 7, (x;;O1)) = M~ 4+ O(c}®) follow directly from ||9,(,tl),p||2
O(ad9). O

Lemma 11. max,,c(a |P(mi = m) — 1/M| = O(o§) forall t < Ty,i € [n],m € [M].
Proof. By Lemma 10 we have ||h(x;; ©®)||o < O(03-5). Applying Lemma 1 then yields

max |P(m;, =m)— L] =0(}5).
mée[M] ’ t — ) M ( 0 )
This completes the proof. ]

Lemma 12. We have the following gradient update rules hold for the experts,

o*] + 0(0§”) ,

—E
(T 0 10) = == i (w8, ) + Ol),

Wm,j,p

(Vw0 L0, ) = —0(a?)o' (W) er)) + O(02),

m]p’
(Ve LD, &1g) = —O0(0§2)o" (WS | €.)) + O(a2?),
Jorallt <Ty,j € [J],k € [K],me[M],p€[P],q€Qiic [n].



Proof. The experts’ gradients can be computed as follows,

1
Voo £O = =37 Umiy = ) mn (205 ©O)yic” (wll), %)) 1.

1€[n]

We first compute the inner product against cluster-center signal (V

(Vw,.,, LY, cx) — E(V
its expectation

win; L0, cp). By Lemma 9, we have that
LD, ¢p)]| = O(n=2a0) < O(02?). Therefore we can compute (V LM ¢;) through

Wm,j,p Wm,j,p

E[(Var,,, £ 1)
1

= =" Plmig = mE [ (x::©0 D)o ((wl) o x”) ) it 1)
1€[n]

1
=5 Z P(m;; = m)E {E;’twm(xz‘; G(t))a/(< 5,?”,7 >) yiBllekl3 | xl(-p) = ﬁick}

1€Qy
1 t)
top 2 Pl = mE [l mn(xi: 0)0' (w1 i) e, i) | X7 = Eig)
ze[n]vqui
- S 4P (mig =m) +0(0§%) | o' (Wi, en)) + O(03?)
2nM P e v ’ 0 m,j,p’ 0
[ASI 7%

m,j.p Ck

= 0o} )" (Wl o)) + O(03).

=002 + o %)o" (W, ea) ) + O(08)

where the second equality is by taking expectation over random patch permutations, conditioned on x(p ), the third equality
is due to Lemma 10 and Lemma 5, the fourth equality is due to Lemma 11, and the last equality is by the choice of n and oy.
With the same argument, we can compute the inner product against random noise, for any ¢ € Q;

(Ve L0, ia) = Olod )0’ (WS, i) ) + O(037)

Next, we compute the inner product against the feature signal (Vwmyjrpﬁ(t), Vi)
E[(Vaw, i £, Vi)
1
= = 3 Pl = m)E [t mn (x5 ©D)o (wS) %)) i vi)|
1€[n]
1 t
- P(mi: =m)E [E;’twm(xi; G(t))a’(< fn)jp,vk>) gl vl ’ X(p) = yiaivk}
1€Qy
1 + .
top O D Plmiy = mE [£ (i @)’ ((wil o vid ) aluieillvell3 | % = eoivi]
K £k i€,
1 t
= HZ  Plmic =mE [t 7 i @) (w2061 ) i (v €i) | X = €4
enl,qel);

1 1 .
= |—537P GZQ P(mi, = m)aj — 5P 'GQZ P(m; = m)viyiei + O(0p®) a’((wgn)ijp,vw) +0(02?)
1 k 7 k/,k

E[a?) ~oo-1/2 , 15 ®) O(c25



where the second equality is by taking expectation over random patch permutations, conditioned on XZ(P ), the third equality
is due to Lemma 10 and Lemma 5, the fourth equality is due to Lemma 11, and the last equality is by the choice of n and oy,
which ends our proof. O

Lemma 13. Forall m € [M],p € [P and t < Ty, the following inequalities hold:
(Wi o Vis) = 0(08?),
O(Moayg), V(. k) # (jp k),
O(00), Vi€ [J),k € [K],
O(00), Vi€ [J),i€nlq€ Qi

Proof. Fort < T, the update rule for every expert can be written as

< 71 p» Ck

)
(w m]pavk>
)
)

< m]p’glq

(1) ) — r® 1 3E[0?] + O(a57) , ) 2 5325
(Wi s Vi) = (Wo s VE) + VW, LO][ [ QK M2P (Wi VE)” +0(057) |

(t+1D) — (w® n Al BV iw® £ N2 (525 (11)
{w mjp’gl’q> (W, p’g%q> VW L [O(UO )(Wm,],pa§z7q> + O(0p )}’

(t+1) — n A (t) 2 | (25
<Wm7j,p’ck> - <Wm,j7p’ck> + ||VWm£(t)||F {O(OO )<ijp,ck> + O(op )} .

We have <W£7? ip Vi) < O(0g®) forall t < Ty. Comparing the evolution of <W£2) j.p» Vi, ) to the other inner products in (11)

shows that <W§:L) iV %, ) grows to order o0-5 while the remaining inner products stay nearly unchanged.
(t)

m,j,p’

(®)

Comparison with (w V). Fix k # k;, . To obtain an upper bound, assume without loss of generality that (w, . , Vi) =

Q(0p). Then
(Wi Vi) + O(87) = (14 O(00)) (wiy), o vi) .

m,J,p’ m,J,p’

The equality is due to factoring out (wfﬁ) ;p» Vi)? and absorbing the O(o2%) remainder into a multiplicative (1 + O(03-))
(t)

term under the assumption (w,,". ., vi) = Q(00).
Therefore,

(t) ” > n 3E[a3] + 6(M208‘5)< (t)

(t+1) 2
<Wm,j,p’vk’fn> (W, g VE; VW, LO)| SKM2P m,j7p’vk¢n,> J
1) () U 3E[0®] + O(M309®) ) 2
(W ips VE) = (Wi o VE) £ [VW,. LD || SOKM2P (W VI

Applying Lemma 27 with C; = (3E[a?] + O(M?5 5))/(2KM2P||VWm£(t)HF), S=1,G =1/(3log(d)MJ*>K?), and

using the initialization event (wfqg),vk )=S0+ G)(Wm , Vi), yields

<W( ) Vi) < O(Glay) = O(Moay).

m.j,p’
Comparison with <w£,?7jyp, ck). Assume (w gn)] »:€k) = Q(00). Then
(t41) O n 3E[e®] + O(M3035) , @ 5
<Wm,j,pa k*L> - <Wm,j’p,vkm> + ||VWm£(t)HF . S MZP <Wm,j,p’vk7n> s
1 n
<W7(7€j;',;);a ck> < <W£rtl),j,pa Ck) + m . O(O’O )<W$)J p,Ck>2.
Applying Lemma 27 with C; = (3E[a®] + O(60))/(2K M2P|VW ,,LD| ), S = O(M?253?), G = 2, and using the

initialization event <w£2), vi ) >S4+ G*1)<w5f3), ), we obtain

(wh e < O(G o) = O(ay).

m,J,p’

This conclusion is due to Lemma 27 with the above parameter choices.
()

m.p Sirg)+ The same argument as for ¢y, applies, yielding <w(t) i) = O(oy). O

Comparison with (w m,j,p’



Denote by 7" the first iteration for which | VW,,L®) || > M?c}®. The next lemma upper bounds 7™ for all m € M.

Lemma 14. For all m € [M), we have that T™ = O(n~*M*698) and thus T™ < Ty only when M = O(cj ™).
Besides, for all T,, <t < Ty we have that

(Ve e LY V) > (1= 00?) [VW L9 .
Proof. Let the projection matrix be B = vi (v )T € R¥? We decompose the gradient into two orthogonal components:
km \ Y km

IVamse Lo = 1BV, . L0+ (= B)Vay, . LOls < [BVi,, . LOs+ (I =BV, . LO]o.

The first equality is due to adding and subtracting the orthogonal projection on v;, , and the second inequality is due to the
triangle inequality.
Recall that
Vw

m,jh,.p M, 07

1 t
Lo = - E L(mi e = m)l; ;o (X3 Oy’ (W' x(p)>)xl(p).
Hence

I = B)Vw, . L2 =

m,jh, P’

1
=D mie = m)l i (xi: ©)yio (wy) . (1 = B)x(?)
i

2

1
< Y|l (Wi e xN U — B)x
i 2
< O(M?a2).

The first inequality is due to |¢] ;| < 1 and 7, € [0, 1]. The second inequality is due to the following two cases: when xl(-p )
aligns with v} , then (I — B)x?) = 0; when x'” does not align with Vi, then (wfﬁb)’j* > x")} = O(Moy) by Lemma 13.
Therefore

Vs s £ N2 < 1BV, . L2 + O(M03) = (V LY i) +O0(Map). (12)

W, ik, .p

The first equality is due to the definition of B, and the second equality is due to Bu = (u, v} )vy and [vy |l2 = 1.
For neurons j # j,, we have

1 ~
om0 = ||n 3 Ui = m) (x50 D)o ((win) ;L x x| = O(M2a), (13)
i 2
where the equality is due to (ng,p, xgp)> = O(oy) forall j # Jjr by Lemma 13.
Thus the gradient norm satisfies
YW £Or < 3 [V, £l < [V, s, £ + O(207). (14)

JelJ]

The first inequality is due to the triangle inequality on the Frobenius norm, and the second inequality is due to (13).
Whenever |[VW,,, L]z > M?0}®, we obtain

(Verso o L0 VE) 2 Ve, £PNl2 = O(MP05) = VW, LD p = O(M?03) = (1 = 00*) [VW LY ||,

where the first inequality is due to (12), the second inequality is due to (14), and the third inequality is due to M?203 <
002 VW, L0 .
We now upper bound 7™, While t < T(™), we have |[VW,,,L®)|| < M?0}-8. On the one hand, Lemma 12 gives

3E[0’] — O(0%)
2K M?P

VW £ > (T, £0. Vi, )~ O(M?0F) = (W) Vi)~ O(Mad),

m,jy. P’

which implies <W(t) vy ) < O(M?a§?).

m,jn, 0’



On the other hand, by Lemma 13,

(t+1) * (t) * (t) % \2
Wiz Vi) Z Wi Vi) + o L (KM2P> Wm0 Vi)
t *
> <W£n),j7*n,p7vkm> + ®< M4P ) 7Jm7p7 >2

* 77 *
> <W7(7?,j1*n,pﬁvkm> + G(KM4P ) <W )] P’vkm>'

The first inequality is due to substituting the expectation bound from Lemma 13. The second equality is due to replacing
[VW,.L® | by its upper bound M2}8. The third inequality is due to <W(t) i« Vi, ) > 0.0log, by Lemma 6.

Hence the inner product grows exponentially and reaches 0] (M?a0?) vs;l]ti:lr]: O(n~1M*59®) iterations, which proves
T = O(n~'M*0®). Therefore T™ < T} only when M = O(o; *°"). Finally, the alignment inequality
(Ve LD VE ) 2 (1= 002)[VW,, L[
follows from combining the previous bounds on the projected and residual components. O
Recall that T = |~ 1095 |. It follows that each expert m € [M] learns to specialize in a single cluster during the first stage.

Lemma 15. Forallt < Ty, m € [M], we have

(W vE Yy =0(09), (W i) = O(Moy), V(j, k) # (i, k),

M) 0P m m,3,p’

(wi. e = O(00), Vi € [J],k € [K],

m,J,p’

(w m]p7£17q> ( 0), Vi € [J],i € [n],q € Q.
Moreover,
(wil) o Vi) > (L= o2t — TV, e > T,
Proof. By Lemma 14, T(™) = 5(77_1M408'8) < Ty.Forall T™ < ¢ < Ty,
(Ve e LY V) > (1= 00?) [VW, L9 .

Using the normalized update gives

(w(H.l) Vi) > (w(t)- Vi, )+ (1= a0, VT <t <Thy.

m,jm P’ m,jr, P’

Summing these increments from 7™ to ¢ — 1 yields

(wh Vi > (=03t —T), vi>T0m,

3] 1 sP?
Finally, the remaining bounds on (wffl)’jyp, Vi), (wg%j’p, ck), and (w SL] p» §ing) follow directly from Lemma 13. O

Router Learning Stage
Denote T = |~ M ~2]. The second stage ends at time ¢t = T5. Given an example x, define X as the vector that retains only
the cluster—center signal, i.e., x(P) = x() when p = p3 and x(P) = ( otherwise. Similarly, define X as the vector that retains
only the feature signal and feature noise, i.e., x*) = x(») when p € {p1,p2} and %) = ( otherwise.

For all T} <t < T5, we show that the router concentrates on the cluster—center signals while the experts concentrate on the
feature signals; specifically, we prove that

‘fm(xi; WO — . (%5 w<t>)\ and Hh(m ") — h(x;; @) H

are small. In particular, we claim that for all 7} <t < T, the following proposition holds.
Proposition 3. For all Ty <t < Ty, the following inequalities hold:
| fin (xis W) = fon (i W) = O(05) , vm € [M), i € [n], (15)
[h(xi; ©1) — h(x;; 00| < O(c2°M?P2K?), Vi€ [n], (16)

P(miy =m), mm(xi; @) = Q(1/M), VYm € [M], i€ Qs . (17)



Proposition 3 shows that, throughout the second stage, the experts attend only to the label signal, whereas the router attends
only to the cluster—center signal. We prove Proposition 3 by induction on ¢. Before presenting the main argument, we establish
several auxiliary lemmas. In our analysis, the dependence on the number of experts M is made explicit, and we incorporate the

constraint M = O( - 07") from Lemma 14 when deriving Proposition 3.
Lemma 16. Forall Ty <t < T5, the neural network parameters satisfy:

o |fm(xs W®)| = O(JP), Vm € [M],

Tt (x;OM) = Q(1/M), Vi € [n].

Proof. Because we use normalized gradient descent, the first claim follows directly:

‘fm X“W(t) | = Z Z m]p’ >) (Z) O(JP)

JE[J] pe[P]

where the displayed equality is labeled (2). The equality (¢) is due to the fact that ||w —w =0(nTy) = O(M~?)

. ||2 =
m,j,p m,j,p
while each patch vector xl(-p ) has bounded norm, and the activation o (-) is bounded, so the double sum over J filters and P
patches is O(JP).
We now prove the second claim. By Lemma 26,

B, 4 (x; ©) > max by, (x; @) —

which yields
exp (i, +(xi; OM)) - exp(hm, +(x4; @) o RS
> €xp(h (x; ©W)) = M max,, exp(hm (x;©®)) ~ eM’
The first equality is due to the definition of the softmax routing probability. The second inequality is due to Lemma 26, which
gives exp(h,,, ¢) > e~ max,, exp(h,, ). This proves ,,, ;(x;; @) = Q(1/M). O

Tm ,t (Xi; @(t)) =

Lemma 17. Denote dg = max; ||h(X;; ©) — h(x;; O)||oc and let the random variable T; ; be the expert that would be routed
if we used the gating output h(X;; ©1)) instead. Then

|7Tm(Xi;@) —Wm(ii;G))’ = 0(de), Ym € [M], i € [n],
and

|P(miy =m) — P(m;; =m)| = O(M?6e), Ym € [M], i € [n].

Proof By the deﬁnition of de, we have ||h(x;; @) — h(X;©Y)| < do. Applying Lemma 1 yields |P(miy = m) —
P(mk, =m)| = O(de) forall m € [M] and i € [n], which completes the proof for the second equation.
We now prove the first equation. For all ¢ € [n],

T (Xi; ©) exp(hm (xi;©) — hyn(Xi; @))
Zm' T (Xi; ©) eXp(hm’ (%i5©) — hpm (X35 6)) .

Let 6, = exp(hm/(xi; O) — hy (X ('-))) =1+ O(de). For sufficiently small dg, we have d,,,» > 0.5. Then

Tm (X35 ©) =

’Wm(xi;@(t)) *Wm(xi§®)| = (X ©) > T (Xi; @) Oy -1
|Zm’ TTm/ (iu @)((57” — 6"7’/)‘
Zm/ TTm! (iw G)) 6777/

> Tm! (X3 ©) |6 — G|
ZnL’ Tm! (ii; 9) 5m’

= 7"'m(ii; 6)

< O(%e);

where the last inequality is due to |6, — 05| < O(8@), T (X33 ©) < Land Y, T (X3 ©) 6 = [2,0 7o (X33 ©) ] /2

0.5. O



Lemma 18. Suppose (15), (16), (17) hold for all t € [Ty, T) C [T1,T> — 1], then we have the following inequalities hold for

allt € [T1, T + 1],
(Wi i Vie) = (1= O(a8))nt,
(Wi Vi) = O(00), V(G K) # (G0 Fra),
(Wi k) = Olo0), Vj € 7],k € [K],
(Wil i) = Oo0), Vj € [J]. K € (K], € [n], g € Qs
Proof. The proof is similar to Lemma 13. First, we recalculate the bound on ¢, for ¢
YiTm, . (X33 @(t))fm,i,t(xi;W(t)). By Lemma 16 we have s = O(JP), hence /; , = -1 =

es+1
ner product against the feature signal (V. . pﬁ( , Vi) is computed as follows
E[(Vw,,w,pﬁ(t), V)]
1
=~ " Plmig = m)E [ (x::© D)o ({wh) o x”)) sl v
1€[n]

1
=5 Z P(mi+ = m)E [Egytwm(xi; @m)o’<< (t)dp,vw) o3| vl ’ xz(p) = yiaivk}

1€Qk

I

F ST ST Pl = mIE [ 000! (w0 v ) ABmieilvild | <) = v

k' #ki€Qr 4,
Iy
1
TP Z P(mie = m)E [ﬁg,t”m(xz‘; e(t))o-/(<ws?,jvp’§i,q>> Yi(Vi: Eig) | xP) =
ie["]v‘]EQi

I3

—O(1). Recall that the in-

where the second equality is by taking expectation over random patch permutations. The new bound on ¢/ 7.+ gives us a bound

on Il

1
= Z P(mi; = m)E [fg’twm(xi; (-)(t))a'<<w7(i)7jﬁp,vk>) 3|3 | x(p) = yiaivk}

1€Qy

= -0 <nlp> > P(mis =m)afo (<W§fl)j p’vk>)

1€Qy

-0 (KP) E[a3]0/<<W£>i),j,p’vk>) '

where the last equality is due to Lemma 4. Similarly, we can bound /5 as follows

< )Z Y Plmig=m %yzeo(< (t),.,»,,,,vw)

K #k i€ ),

= —0(0b)o" ((why); V)

Finally, we can bound I3 as follows

1
13 =-0 <’I’IP> Z P(mi,t = m)yia/(< 'Ertz)j pagz q>) <Vk7£i,q>

i€[n],q€Q;

— d—1/2
:—O< nP ) Z P(mi,t:m)yi

ie[n]squi
— —6(d_1/2n_1/2)

(18)

19)

(20)



where the second equality is due to (wi,? jpr&ig) = O(nt) = O(1) and Lemma 5, the third inequality is due to Lemma 4,

the last equality is due to choice of n, d.
Moreover, when k = k7, by (17) we can give an lower bound on I; as follows

_ 1 — ol ((w®
e O PILCER L CHR)
1€Qp (21)

- -0 (KA;QP> E[a?]o’(<W§i)ap7Vk* >) '

Combining the bounds on I, I, I3 gives us

El(Vavy,0 £, vi)] = o(Klp) [Elad] + O(od™)| o ((wly), v ) + Olor).

(22)
1 . ~ ~ .
E[(Vaw,n ,, £, Vi )] = - (m) [Ela] + O(od)| o' (w1, v )) + O(e).
Therefore, the update rule for every expert can be written as follows,
(t+1) (t) n 3E[a®] + O(0}%) () 2 A3
<Wm7j7pvvk> = <W7n,j,[)7vk> + ||VW,,n£(t)HF (@) KP <Wm,j,p’vk> + O(UO) s
(23)

i

(t+1) (t) Ui 3E[a3]+5(03'5) (t) 2 O3
(w 7J;P’vk*> (Wi, g0 VK, > VW, l:t)HF [Q< KM2P <Wm,j,p’kan> +O(0g)

Applying Lemma 27 by choosing Ct = (3E[0®] + O(04®)) /(2K M2P|[VW,,LO) | ), S = ©(M?), G = 1, and verifying
that (wyy, () Vi) =S+ G)( vk> (which holds due to Lemma 15 and the choice of M, we have that

(wh i) < O(G~ ' May) = O(May).

™m,j,p’
By the same arguments, we can compute the update rule w.r.t cluster-center signal and random noise as follows,

(t+1) (#) n O(ol5 O(o3
Wiy i) = S Sia) + ||vw7,l.c<t>||p[ (78 7)) i)” + O(B)] (24)
(Wi €)= (Wil en) + e [ Ol ) (Wi e0” +O(a)

m,j,p* ©k m,j,p> Ck ||VWmE(t)||F 0 m,j,p> Ck 0/ -

Again, applying Lemma 27 by choosing C; = (3E[a®] + 5(05'5))/(2KM2P||VWm£(t)HF), S =0(1),G =1, and
verifying that (wy, (T Vi ) = S(L+ G)(Wg v, v) (which holds due to Lemma 15 and the choice of M, we have that

(Wi per) < 0(G1ag) = O(oy). (25)
(Winss Gig) < O(G0) = O(00).

Win \J

Following the same arguments in Lemma 14 and Lemma 15 completes our proof. O
Lemma 19. Suppose (15), (16), and (17) hold for all t € [Ty, T)| C [Ty, T> — 1]. Then
| fin(xis WD) — £, (s WD) = O(JPa}), Vme [M],i€[n], te[l,T+1]
Moreover, we can write
Yifm(&s W) = 3 [O‘ U(<W£r§)j p1o VE)) +“/?J(<W£Z),j,pzﬂvk’>)}’ Vi€ Qf,, me [M],
jelJ]

and
Yifm(F W) = 3 [al (Wl v =P ((w pz,vm)}, Vi€ Q. m e [M].
Je]



Proof. Forall i € Q, we have

’fm(xi?w(t)) fm (X35 W() <‘Z 7(7?]10%’ k>)’+‘ Z o((w qu’ézq»‘ (26)

J€E[J] J€[J], 9€Q;

By bounding the magnitude of each term, we obtain

’fm(xi§w(t)) f Xi; W( ) < ‘ Z mjpg’ k>)’ + ‘ Z 0-(<W£fL),j,q"£i»Q>)‘

jelJ] JelJ], q€Qq
< O() maxo((why, 1)) + OUIP) max|o((why), . &.) 7
= H%%-XU Win.jps> € max T\ \Wanj,00 Sia
= O(JPa?).
where the first inequality is by the triangle inequality and the last equality follows from Lemma 18. O

Lemma 20. Suppose (15), (16), (17) hold for all t € [T1,T)] C [Ty, Tz — 1], then we have that
In(x;;©0) — h(x;; ©Y)| = O(a2° M2 P?K?)

Besides, we have that

max |<0£n)p7 >‘ max |<0£7i),p7£7,q>| = (JO 5M2P2K2)

m,k,p m,i,p,q

Proof. Recall the definition of de in Lemmal7, we need to show that 6% = O(d=9-295) for all ¢ € [T}, T + 1]. We first prove
the following router parameter update rules:

(v MN vi) = =0 (05° (P*K* + Jbe,,)) ,

(28)
(Ve, ,LU.& ) =-0(03®), VI1<t<T.

Consider the inner product of the router gradient and the feature vector:
E[(Ve,. , LY, vi)]

1
~ P > P(my; = m)E [ﬁg,tyiﬂ—M(Xi; OM) fin (i3 W )yi0; | x(P) = aiyi"k}

Iy

I

- Z P(m;; =m')E [gg,tyiﬂ-m’ (xi: O ), (x3© D) frs (x5 W)y | xP) = O‘iyivk}
1€QE,m'€[M]

Is (29)

1
P Z P(m; =m')E [gg,tyiﬂ'm’ (i3 G(t))ﬂ'm(xi; @(t))fm' (Xi§W(t))5i% | Xz(p) = %'Ein}
1€Qyr 1ym’ €[M]

Iy

TP > P(mi=m)E [fé,tyﬂm(xz‘; ©) fn (xi; W) (x(? vy [ x(9) = ‘EM}
i€[n],q€Q;

Is

1
L S Plmig = mE [0 imme (x5 0 ) (53 ) frnr (xis WO (62 wi) | (0 = ]
i€[n],q€Qi,m’' €[M]

Is



We will bound I, individually. Denote y;m,, (%5 ©®) £, (i; W), Vi € Qif ., by F}. 1. We show that the output of
the MoE multiplied by label: y; 7, (x;; ©1) f1 (xi: W), Vi € Qﬁ y+ » can be approximated by F; k', Indeed,

!Wm(iz'; OW) frn (x5 WO — 1, (%55 g(t))fm(ﬁi;w(t))’
< (%3 ©1) — 1 (K33 O | fr (355 W) 4 700 (Ri; )| fr (30 WD) — £ (Ris WD)

30
< O(TP(T2)* | (%53 ©) = 7o (i @ )] ) + [ i35 W) = fy (s W) o

< O(JP(NT»)*bew) + JPa),

where the first inequality is by triangle inequality, the second inequality is by 7, (%X;; ©Y) < 1 and | fp, (x;; WD)| =
O(JP(nT3)?) in Lemma 16, and the third inequality is by Lemma 17 and Lemma 19.

Similarly, denote y;mm, (Xi; ©®) f, (Xi; WH), i € Qs by Fijp o, and we can show that the value
YiTom (x5 OO fr (x; WD), Vi € Q. .- can be approximated by Fy ;, .. Let g(2) = z/0(z) = since ¢'(z) =

% < 1,Vz > 0, we have that

_z
e*41°

l9(2) —g(Z) =g'(a)|lz = 2| < |2 = 2|,V 2,2 >0

Applying the above inequality with z = ;7 (X;; 1) £, (X WH), i € sz/ 2= F;k,ﬁ gives us

| i (xi:©0) fi (x5 WO) = 0/(F 4 )Ty 1| = O(JTP(1T2) ) + JP)

Similarly, for y;m,, (X;; Q(t))fm(ﬁi; W®), e Q,;k,ﬁ. Now we can bound I; as follows:

I

1
nP Z P(m;; =m)E [fg,tyiﬂ'm(xz'; @(t))fm(xi;w(t))yiai | Xgp) = aiyivk}
1€Qy

= Z Z Z P(m;+ =m)E

k/ k . +
T # 2€Qk7k,'7

C(Fp o) Frr + O(JP(T2)350w) + JPad) y_a_]
’["LP 1+

1530 DD SRR

O(Fpprr) Frog o + O(JP(T2)300 + JPoY) y.a‘l
T k'#k Zer,k ,'r

nP

+
(Frw ) Frgr + O(JP(T)2500 + JPo?
- kktr) Fo, T(lP (n12) 0o o) > Amiy = m)yics

T Kk ient

€2y

K

"(Frpor) Frprr + O(JP(T2)3000 + JPa}
+ZZ E kbt ) Fepr, iP( 2)" 0o o) Z 1(mi = m)yq;

Tk S

_5 <P2K2(77T2)3 +J(nT2)*0e,, + Jag>
- nl/2

1.5 ( p2 72
= O( (PK +J59<t>))
Where the second to last equality is due to Y ..o+  L1(mi; = m)ya; = O(n*/?) by Hoeffding’s inequality with
kk! T
E [1((xi, yi) € sz, ) L(mg, = m)yiai} = 0. The last equality is due to the choice of 7, T. Similarly, we can prove that
I, I3, Iy = —O (0° (P*K> + Jds,,,))- Since (x(", v;) = O(d~Y/2),Yq € Qis T, T, e < Land frn, o = O(JP(nT2)?),
we can upper bound I5, I by O(J P(nTy)30}: ") Plugglng those bounds into the gradient computation (29) gives:

E[(Ve

m,p

LD vi)] = -0 (o5 (P?K? + Jbe,,)) -



We finally consider the alignment between router gradient and noise

(Vo, LD, & ) = Z L(miy = m) € yimtm, o (%5 OD) oo, o (x5 W) (D €, )

16 nJ

1
n Z €;7tyi7Tmi7t (xi; G(t))ﬂm(xi; G(t))fmi,t (Xi; W(t))<xl(‘q)a Si’,q/>

g 5(1) )
n

= o),

where (i) is by considering the cases &,/ ¢ = §; 4 and &;r o # &; 4 respectively, and (ii) is due to our choice of n. Now, we have
completed the proof of 28.
Plugging the gradient estimation (28) into the gradient update rule for the gating network gives

O vi) = (01, vi) + O (meob® (P2K? + Joe,) )

(t+1) (32)
<0m,p :&iq) = (0 m,pafi,q> + 0(777“‘70' )

From (32) we have

Soin < dem + O (noy®(PPK? + Joe,))
< dow [14+0 (m:05™7)| + O (noy "P?K?) (33)
< exp (6 (77r05'5J)) (5@<t> +0 (ané'E’PQKQ)) ,
where the last inequality is due to 1 + z < exp(z) for all z € R. This implies that
Sow < exp (6 (tmo—g-5J)) (5@@ +0 (mog-5P2K2)) = O(c25 M2 P2 K?),

where the last equality is by O (tn,04°J) = O(tnM?c"5.J) = O(1) and O (9,045 P?K?) = O(02° M?>P?K?) due to
the choice of M, ;. [

Define

)

Ag = max max max ’hm(xi;@) — hor (%45 ©)
ke[K]m,m'eMy (xi,y:;)EQ

which measures the router’s bias toward different experts within the same M. The following lemma shows that when Ag is
small, the router treats professional experts approximately equally.

Lemma 21. Forallt > 0, the following inequalities hold:

max max max |7rmr XZ,(B(t)) — T (%45 G(t))| <2Agwm,
kE[K]mm EMy, (%4,9i) €EQp

max max max  |P(mi, =m) —P(m;y =m')| = O(M?) Ag.
’“G[K]Mm6/\/lk(x1,y1)eﬂk| * ) (miz >| (M) Ao

Proof. By Lemma 1, we have
IP(miy =m) — P(mgy =m')| < O(M?) | (x5 0) — hypy (x5, 01)].

Next, we show that
|7rm,(xi; O) — (x5 ®)| <2 ’hm(xi;(-)(t)) — hor (X35 (-')(t))‘. (34)

When ‘hm(xi; OW) — hyr (x; G(t))| > 1, the inequality (34) is trivial. When |hm(xi; OW) — hyr (x5 @(t))| < 1, we have
exp(hum (xi; OM)) — exp(hm (x;; D))
> s €Xp( P (x5 © 1))

’Trm’(xi; G)) — TTm X“ | -

exp(hm (x5 ©M))
Zm// eXp(hm” (Xl7 et

< 2| hun (x5 ©D) = By (x5, ©1) .

) ‘ - exp(han (x5 OM) — hp (x4 G(t))) —1



This completes the proof for (34).
O

Notice that the gating network is initialized to be zero, so we have Ag«) = 0 at initialization. We can further show that

Ao = O(0}5) during the training up to time 7' = 7.

Lemma 22. Suppose (15), (16), (17) hold for all t € [Ty, T]| C [T1,T> — 1], then we have that Agy < 5(05'5) holds for all
te [T, T+1].

Proof. One of the key observations is the similarity of the m-th and the m/’-th expert in the same expert class M. Lemma 18
and Lemma 19 imply that

’fm(xlaw(t)) - fm/(xhw(t))’
= | fu (@ WD) — fr (3, WD) | + O(JPa)
< fiad 3 (oUW vid) = o (Wi v ||+ e D2 [o(wis)yovi)) = o(whs) o vie)| | + O(TPa)

m,j,p1°’ m,j,p1’
JE[J] JE[J]
t t
< aflo(twll . Vi) = o((wi i L Vi) + (JPad)

< a{0(05?) + (JPog) = O(0g?).
(35)

Another key observation is that we only need to focus on the k-th cluster-center signal. Lemma20 implies that,

Agr = T (45 ©) — hp i3 @(t)
o = max max & max Qk\ (z:;0) (z:;01)]
< max max max |hm(fi; @(t)) — B (T35 @(t))| + 200

kE[K] mm/ €My (z;,y:)EQ
(00, — 0% Bic)| + 20w

= Inax max max m,p

ke[K] m,m’'eMy pe[P]

t
=Comax max (04, — 0, )] + Do,

where the first inequality is by definition of dg«) and the last equality is by max; 3; = C5. With a similar argument, we have
the corresponding lower bound

> ") — 2.
Agwy > Co 1?61%}?] mﬂrynl/%%J(Qmm 0,, ’p,ckﬂ 206 (36)

We now prove that the following gradient difference is small

E {(V@wwﬁ(t) — ng,ypﬁ(t), Ck>
1
== > Plmiy =m) Ly, mn (i 0) Yi (@i WD) (2P 1)
1€Qg
1 37
= D Plmie = m) £y T (25500 i (i W) )
i€Qs
1
- Z [wm(xi; @(t)) — T/ (Ii; @(t))] P(mi,t = m”) f;,t Tm!" (Iz‘; G(t))yifm” (Xz‘; w® <Xz('p)5 Ck>'

1€Q,,m" €[M]

First, we bound the last term in (37) as follows.



1
~ Y @ 0Y) —m (2 0O) P(miy = m”) €y (2300 frwr (5 WO (7, )
1€QE,m" €[M]

1 5
== P(miy = m" )T (x5 00) | Biy:0(JP) + O(0g®)
2 L EE: T 0 (38)
1
™ > BiyiO(JP) + O(0p”)
1€Qp
= O(JPo}®),

where the first equality is due to Lemma 10 and Lemma 16, the inequality is due to Lemma 4. To bound the first two terms,
we make use of (35).

1
= Plmie = m) T (00D i (s W), 1)

iEQk
- Z P mz t — @2 t Tm/ (.’t“ (t)) yifm’(xi;w(t))<x§p)ack>
1€Q
1 / (1) ®) / ®) ®) (39)
= > Biyils, [P(mi,t =m) Tm (25 O) (@3 W) = P(my e = m') mp (245 O) frnr (23 W )}
1€EQy
1 ~ ~
< (=124 O(05°)) Y Bigi(O(M*)Agw + O(0(?))

1€Q
< (=1/2+ 0(0§))(0(M?05°) Agw + O(ogT)),

where the first inequality is due to (35) and Lemma 21, the second inequality is due to Lemma 4. Combining equations (38)
and (39) we have

E [(V0,,£0 = Vo, LD, a)| = = (O(IPoE®) + O(M0}?) Mg ) (40)

By Lemma 9, this implies that (Vg L") —V, , L0 ¢) = — (5(JP0$‘5) + O(Mzo—(l)'S)A@(t)>. Therefore, we can
write the gradient updates of (9% p— 97(7: p+ Ck) as follows

(OLED — 0D ) = (09, — 0%, ci) + e (5(JP03‘5) + O(M203'5)A@(t)) A1)

This allows us to bound Ag ) as follows.

t+1
Mg < Cpmax  max k!w%” 0% er)| + 200010

— Comax  max [0, — 09 )|+, (6(JP03~5) +0(M205-5)A@<t>) + 20601

kE[K] m,m' €My 42)
< A@(t) + 25@@) + Ny (6(JP0(1)'5) + O(M2Ué'5)A@(t)) + 25®(t+1)
< Apw (14 0, M?0}®)) + O(n,JPo}®) + O(P?0}®)
Following the same argument in Lemma 20 for dg ), we have that
Aegw = 6(777“ eXp(tnerg(%'S)a(l)'s) = O(Ué 5)
Note that the last equality is due to the choice of M. O
Lemma 23. Suppose (15), (16), (17) hold for all t € [T1,T) C [T1,To — 1]. Then form ¢ My, and t € [11,T), if (0 mp,ck) >

max,,/ (97(71) » ck) — 1, we have that
®) n’t? A ~1.5
(Ve,. L ck>zQ<KM3> —O(0).



Moreover, even without the above condition, we can still show that
(Vo, LY ) > —0(c}?)
m,p s Ck) Z A

Proof. The expectation of the inner product (V. £®) ¢;) can be computed as follows,

iy et

= 3 Pl = m) € E [ ©) o W) (0 1)

m,p

—= Y Plmie = m) 6 YiE [mr (@06 09) T (@53 00) fonr (i W) (2, )]

" el m €M 43)

= — Z P(m,: = = {Wm(xﬁ O B fun(wi; WH) | XEP) = @‘Ck} + 6(1306'5)
’LEQk

- — Z > P(miy=m') € y:E [M/(xi;@(t))ﬂm(xi;@(t))ﬂifm/(xi;W(t)) | x(P) = ﬁick} :
zEQk m’€[M]

where the second equality is due to <xl(‘p)7 ci) = B if xgp) = Bicp, <x5p), ci) = O(od) if xgp) =&i4.q9 € Q; by Lemma 5,
and fy, (2;; W®) = O(Po}®) by Lemma 16.
We can rewrite the inner product as follows,

E [(ve £, ck>}

nP zﬂ: (miy =m) 0, y; E[ﬂ'm(xi; OW) B; frn(wi; WH) ‘ xP = &ck} +O(Pa®)
1€Q

I

1
- nP DY Plmg=m) i,y E{ﬂ-m’ (i3 ©1) 7y (235 00) B frs (i3 W) ’ x() = @Ck} (44)

1€QE m' €My

I3

1
= DY Plmas =) £ i E [ (055 00) o (5 00 By o (s W) | X7 = ]
- |

1€y m/¢Mk

I3
We first give a lower bound for I5. Since <07(,tl),p, C) > MaXy, <0(t) pCk) — 1, we have
E [wm(z; 0W) | x) = gicy] = Q(1/M).
By Lemma 17 and Lemma 20 we also have
|7 (x: 00 — 1, (%3; ©D)| = O(d0,) = O(025 M2 P2 K?).
Therefore,
E |7 (x:;00) | xP) = Bick} = Q(1/M — M2P*K%62%) = Q(1/M) (45)

due to the choice of M. Moreover, for any m’ € My, we can lower bound y; f,, (z;; W(t)) as follows,

Yifor (i WY = fr (20 WD) + O(J Po)
= 020 (Wmjpr: Vi) + €030 (W, j.pas Vi)
JEJ]
= a3<wmjp1,Vk>3 +O(JM3a})
> QP (1 - 09?)) + O(JM?a3)
> Q(n’t%),

(46)



where the first equality is due to Lemma 19, the third equality and first inequality are due Lemma 18. This allows us to lower
bound I, as follows,

_ 1 Ny N0 () )
Iy= =5 > 30 Plmie=m) €y yE [ (2 00) w2 00) B (2 W) | ) = Bre |
1€EQE m' EMy
773t3
> _rr )
_Q( PnMg) > Bi (47)

1€Q,m' e My,

343
o1
- PKMS3
where the first inequality is due to (45) and (46), along with Lemma 10 and Proposition E.9. The last inequality is due to
Lemma 4 and Lemma 6.

It remains to show that I, I3 are upper bounded. For any m ¢ M, we utilize Lemma 18 to show an upper bound on the
following term

P Z (mie =m) €, YiE | T (23;0D) B fr (wi; WD) | x{) = 5ick]

1EQ

. Suppose that m € My, k' # k. When i ¢ Q. i/, we have y; fr, (z:; W(t)) = O(JPc3) due to Lemma 18. Therefore,
E [Wm(xi; O B; frn (s WH) | XE”) = Bick,i ¢ Qk,k’} = O(JPo}) (48)

When i € Qf,, we have y; fr (2i; W) = 33 (W j py, Vir)® + O(JPof) due to Lemma 18. Similarly, when i € Q.
we have y; fn, (2;; W) = —v3 (W, i 0y, Vi )3 + O(JPod). This implies

E [Trm(xw )Bzfm(-rz W(t)) | = BiCk, 1 € Qk k! }
=E Tm, xi;@(t) iJm xi;W(t) va = p;C 77; S Q+ ’
[ (245 00) B o (s WO) | X = Bicy, i € O ] w)
+E [ (25000) Bifon (2 W) | xP) = Bicpi € 95|
= 6(JP08)
Combining (48) and (49) gives us
nP Z (mie = m) €, y,E {Wm(éﬂi; O B, frn (x5 W) | x{P) = ﬂick:| = O(JPao}) (50)

1€
Therefore, it is easy to show that Iy = O(J PUS’ and I3 = O(J Pag’). Plugging the bounds of I, I5, I3 into (44) gives us

343
nt A(pal5
E[(V0,.,£0,0)] = 9 (PKMg) +0(Pay®) 51
By Lemma 9, this implies that
) ,',]3t3 -
>0 P 2
(Vo,. , LD cr) (PKM3)+O( ob )+O( ) > (PKM3> (52)
Moreover, for m ¢ My, and ¢t € [T, T}, even without the condition (05,1 py Ck) = MaXyy (9 ck) — 1,, we can still show
that I > 0, hence
(V0,.,£Y, 1) = —O(Pog?) (53)
This completes the proof. O

Lemma 24. Forall Ty <t < T, Proposition 3 holds. Moreover,

<9(T2 cr) < mz?ﬁ]wgz;, k) — YUPT'KT'M ™) forallm ¢ M;,..
m’e ’



Proof. We first prove Proposition 3 by induction. Note that Proposition 3 holds at the beginning of the second stage ¢t = T7.
Suppose (15), (16), and (17) hold for all t € [Ty, T C [Ty, T> — 1]. We verify that they also hold for ¢ € [T}, T + 1]. Lemma 19
implies that (15) holds for ¢ € [Ty, T + 1], and Lemma 20 implies that (16) holds for ¢ € [T7,T + 1]. Hence it remains to check
(17) for t € [Th,T + 1]. For each pair i € Q and m € My, we estimate the gap between expert m and the best-performing
expert, hp, (x;; ©W) — max,, by (x;; O1). By Lemma 23 and Lemma 20, we can deduce that h,,,s (x;; ©®)) for m/ ¢ My,
is small therefore cannot be the largest one. Thus,

hm(xi; @(t)) - m@x hm/ (Xi; Q(t)) < A@(t) = 6(035)

Therefore, by Lemma 25, (17) holds. This completes the induction for Proposition 3.
We next characterize <9,(,?,p,ck> for n,n~! = ©(M?) and m ¢ M,. If there exists ¢ < Tb such that <07(,tl),p,ck> <
max,,,’ <0££)/ + Ck) — 1, then by Lemma 23,

<0(T2) k) — ma,X<9(t)

mp’ m/;zﬂ

cr) < (09, cx) — max(9L) | c) + O(n,ToPo®) < 1+ O(Po}®) = — (P KM ~?).

m/,p?

If instead (07(n)p, Ck) = MaXy, <0£n/ poCk) — Lforallt <75 — 1, then by Lemma 23,
1 et A 1.5
(05D ex) < {05 cx) ‘9(pKM3) +O(,Pog?®). (54)
Taking the telescoping sum of (54) from ¢ = 0 to t = 15 — 1 yields
Tp—1 s N
(052, cx) < (65 c0) = > @( P M3> +O0(n ToPoy®)
s=0
L T2l 3.3
@ Nrn°~s ~ 1.5
= @<PKM3> + O(Poy™) (55)

PKM?
< -—QP'KTIMTY),

i 1> ~
(:) @<7777 2>+O(Poé'5)

where equality (i) is by 9§n)p = 0 and the choice of 7, equality (ii) is by ZZ " i = n*(n — 1)?/4, and the last inequality is
due to Ty = |n~'M~2| and 5, = O(M?)n. Thus (0522) 1) < —QP~'K~'M~?) for all m ¢ M. Finally, by Lemma 8,

(T2) 1 (T2) _
mr}leaf}léj]<0m’2,p”ck> = M Z <9m/211’ > = 0.

m’€[M]
Therefore,
(T2) _ —1lg—137—9 (T: _ 1 —127—9
052, cp) < —QPT'K'M™Y) < mmgafj)&ﬂ(@ 2p, c) — YPTTKTTM ),
which completes the proof. O

Remark. In prior analyses, 75 is set to |7~ 1M ~2] to cancel the factor 7,.. In our setting, the explicit bound on M makes
this choice unnecessary. Consequently, we establish generalization guarantees up to 7o = O(n~!), rather than only T, =
O(n~tM=2).

Generalization Results

In this section, we will present the detailed proof of Lemma 2, Lemma 3 and Theorem 1 based on the analysis in the previous
stages. Given the bound on M in Lemma 14, the proof of Lemma 2 and Theorem 1 are built on Chen et al. (2022).

Lemma 2. Suppose the weights W ©) are initialized as in (2). Then, at the end of the exploration stage, with probability at
least 1 — o(1), the following equations hold for all experts m € My, and any k, k' € [K| with k' # k,

Py (uhn(6 W) <01 (x,9) € 1) = o(1),

Py (1l W) <0 (x,9) € Q) = Q(1/K)



Proof. We consider the m-th expert in the MoE layer, suppose that m € M. Then if we draw a new sample (x,y) € Q.
Suppose p1,ps2,ps are the patches of x which contain feature signal, feature noise, and cluster-center signal, respectively.
Denote () the set of random noise patches for x, thatis Q = {q € [P] : (@) = &} By Lemma 15, we have already computed
the bound for the inner product between weights and feature signal, cluster-center signal, and feature noise. However, we need
to recalculate the bound of the inner product between weights and random noises because we have fresh random noises i.i.d.
drawn from N (0, (02 /d) - I;). Notice that we use normalized gradient descent for experts with step size 7, so we have that

1) _ O

mevj,p m,j,p S nT = O( 85) :

Therefore, by triangle inequality we have that

iz, < ol + 007 <o)

m,3,p m,),p

Because the inner product < w,, J »» &) follows the distribution A/ (O, (02/d)- H g 13)1’“ ) we have that with probability at
least1 — 1/(dPMJ),
(Ty) -1/2 (Ty) N
|(w &) = ( Hw 4 H2log(dPMJ)) < O(o9).

m 7P m,7,p

Applying Union bound for m € [M], j € [J], ¢ € Q gives that, with probability at least 1 — 1/d,

(Wi €0)] = Ol00), Yme [M],jelT],q€Q. (56)
Now under the event that (56) holds, we have that

W) =y 3 3 (il )

jelJ] pelP]
=y (W) 3 ol X))
(4:P)#(355P1) (57)
> o (1= 0f2) "1y = T0M)* = O(JPMPa)
> o*(1 - 3002)0(03°) — O(JPM?ay)
> Qo57),
where the first inequality is due to Lemma 15, the last inequality is due to the choice of M. Because (56) holds with
probability at least 1 — 1/d, we have shown that
P oy (3l W) <0 () € ) <

On the other hand, if we draw a new sample (z,y) € S, k' # k. Then we consider the subset 2, , C s where the

feature noise is v, and the sign of the feature noise ¢ is not equal to the label y. Then, under the event that (56) holds, we have
that

Y Ine W) =y 30 37 o((wil, X))

JEJ] pelP]
—yo (Wi e Vi) +y Y (Wi, x)

(3:p)#(5 2, p3) (58)
(1= 0§?) (1 = T + O(JPMPa})
(1 = 3052) O(a4°) + O(JPM?a))
—Q(0g),

where the first inequality follows from Lemma 15, the last inequality is due to the choice of M. Because (56) holds with
probability at least 1 — 1/d, we have shown that

ININ A

_ 1
Pl (1 fnloc W) <0 (wy) € 0 ) 21 - 2.



Therefore, we further have that

Pe)n (U (0 W) < 0| (2,1) € )

> P(ay)~p (yfm(X; W) <0 () € Q;Zk) 'P<m,y>~D(( 'y) € ‘(fﬂ y) € Qk') (59)
1
>0l =
=o(z)
which completes the proof. ]

Lemma 3. Suppose the weights WO are initialized independently from N (0,02). Then, at the end of the exploration stage,
with probability at least 1 — o(1), the following equation holds for all experts m € [M] and clusters k € [K],

Py (1fn (s W) <0 (x,) € ) = Q(1/K)

Proof. The proof is similar to the proof of Lemma 2. Intuitively, we follow the same analysis in the exploration stage to show

that each weight patch within an expert will specialize in different clusters. Given an expert m € [M] and an input patch
(0)

p € [P], denote (ky, ,,jr, ,) = argmax; x(Vg, W,, ;). Due to independent initialization we have
Pk, =k) =7 VEk e [K]. (60)
By the same arguments as in Lemma 6 we have the following inequalities
0) < (1= 57 - .
(j,k)#{?fi}:,krmp)<Wm’j7p7 vk> = ( 3IMJ2K2 <Wm1]m,,p7p7 Vkm,p> 61)

<Wm>j:n,p,pa Vk;ﬂn,p> > 0.0109g

Now, for all ¢ < T1, following the same arguments as Lemma 13 to Lemma 15 gives us

<W£rtz)g p:vk> = 6(M00)a V(], k) 7é (j':knv k:@)v
(wil), i) = Olo0), Vi € [J]. k € [K], (62)
(W) €iq) = 0(00), ¥j € [J],i € [n],q € Qi.

Besides,
(Wi o Vi) = (L= 082t =T, e =T, (63)

Now we are ready to prove the lemma. Draw a new sample (x,y) € 2. By Lemma 15 and Lemma 2, we have computed the
bound for the inner products between weights and feature signal, cluster-center signal, feature noise, as well as fresh random
noise. In particular, the following equation holds with probability at least 1 — 1/d

(W) g =0(00), Yme[M],jel],q€Qq. (64)

m]p’

Note that the feature signal of x can be in any patch p; € [P] chosen uniformly at random. Therefore, combining with (60)
wehave P(k},  =Fk')=1/K, Vk' € [K]. In particular, we have

m,p1
Pk # k), andk # k5 ) = (1—-1/K)>. (65)

When &y, # kand kj, , # Ky, . if we draw (x,y) € ks thatis, the feature noise is vy, and the sign of the
2’ .
feature noise € is not equal to the label y. Then, under the event that (64) holds, we have that

Y Ine W) =y 37 37 o((wil, X))

JE[J] pE[P]
= ya(<wgly)m pyeb2 VY Vhi, p2>) +y Z a((wglj_{p’ X(p)>)

(G2) 2y 2) (66)
(1082 (1 — TV + O(JPMPa})
(1 = 3052) O(a4°) + O(JPM353)

—Q(0g),

I/\ IN A



where the first inequality follows from Lemma 15, the last inequality is due to the choice of M. Because (64) holds with
probability at least 1 — 1/d, we have shown that

_ . 1
Peyn (1 Smlxs WD) <0 (2,y) € Oy, and b # by, ) 21—

Therefore, we further have that

P(J),y)ND (y fm(x, W(Tl)) < 0 ’ (x,y) S Qk>

> P (1 (0 W) 0| (29) € Oy and b # Ky, ) - Prawyen ((20) € Qpy, and kK3,
1
> Q| =
(1),
(67)
which completes the proof. O

Theorem 1. Suppose the training data size is n = Q(d). Choose experts number M € [O(K log K loglog d), ©(ay *0™)],

filter size J = ©(log M loglog d), initialization scale oo € [d=/3,d="0, learning rate n = O(ay), 7, = O(M?)n. Then
with probability at least 1 — o(1), Algorithm 1 is able to output (00, W D)) within T = O(y™') iterations such that the
non-linear MoE defined in Section New Architecture for MoE with MLP Experts satisfies

* Training error is zero, i.e., y; F(z;; O, W) > 0, Vi € [n].

e Test error is nearly zero, ie., P(xyy)ND(yF(x; oM W) < 0) = o(1).

More importantly, the experts can be divided into a disjoint union of K non-empty sets [M] = lee[K] My, and

e (Each expert is good on one cluster) Each expert m € My, performs well on the cluster Qy, P(%y)wp(yfm(x; W(T)) <
0| (z,y) € Q) =o(1).

* (Router only distributes example to good expert) With probability at least 1 — o(1), an example x € Qy, will be routed to one
of the experts in M.

Proof. We will give the proof for T' = T, i.e., at the end of the second stage.
Test Error is small. We first prove the following result for the experts. For all expert m € M, we have that

Picy)n(yfm(xs W) <01 (x,9) € Q) = o(1). (68)

The proof is similar to the proof of Lemma 5.2. We consider the m-th expert in the MoE layer, suppose that m € M. Then
if we draw a new sample (x,y) € Q.

By Lemma 18, we have already got the bound for the inner product between weights and feature signal, cluster—center signal,
and feature noise. However, we need to recalculate the bound of the inner product between weights and random noises because
we have fresh random noises i.i.d. drawn from A (0, (crg /d) - Id). Notice that we use normalized gradient descent with step
size 1, so we have that

Hwﬁr%m - Wfr?,)j,puz < T = O(1). (69)
Therefore, by triangle inequality, we have that
[wiiially < Iwiloll +0(1) < OeoVa). (10)

Because the inner product <W§i;,p,€q> follows the distribution N (0, (02/d) - ng isz) with probability at least 1 —
1/(dPMJ) we have that

(Wi e €)| = O(apa 2 W I, tog(dPM ) < O(ov). (71)
Applying union bound for m € [M], j € [J],q € Q gives that, with probability at least 1 — 1/d,
(Wi &0l = Olov). Yme M) jel], qeQ. (72)

Now, under the event that (72) holds, we have that

(z,y) € )



pine W) =y 32 3 o (Wil x)

JElJ] pe(P]
= (o)) £ 0 3 oG X))

(4:P)#(35p1) (73)
> o®(1 = 092) (T — T0™)? — O(JPM?a})
> (1 - 3092) — O(JPM3ad)
> Q(1),
where the first inequality is by Lemma 18, the last inequality is due to the choice of M. Because (72) holds with probability
at least 1 — 1/d, we have prove that
P et (6 W) <0 (x,0) € 04) < - (74)

Next we show that, with probability at least 1 — o(1), an example x € €2, will be routed to one of the experts in M. For
any x € Q, and any m ¢ My, we need to check that h,, (x; ©(T)) < max,, by, (x; (). Indeed, we have

B (x; 0T — max s (x; 0" = h,,(x;01)) — max s (X; oMy + O(M?P2K?52”)

=8(0) 1) — fmax(0f)  ci) + O(M?PK?027) (75)
< —BQPTKTM ) + O(M?P?K304°) < 0,

where the first equality is due to Lemma 20, the first inequality is due to Lemma 24. Because the lemmas hold with probability
at least 1 — 1/d, this completes our proof.

Training Error is zero . The proof for training error is much easier, because we no longer need to deal with the fresh noises,
and we no longer need to use high-probability bounds for those inner products with fresh noises. That’s the reason we can get
exactly zero training error. We first prove the following result for the experts. For all expert m € My, we have that

yifm(Xi§W(T)) <0, VieQ. (76)
By Lemma 18, we have that for all 7 € ),

s W) = 32 3 (i) <)
}

jelJ]pelP
= (g o)) w3 (i, 1)
(G:p)#(G 5 p1) 77

> ad(1—o82) (T — T™)? — O(JPM?a})
> a?(1 - 3002) — O(JPM3a])
>0,
where the first inequality is due to Lemma 18, the last inequality is due to the choice of M. We then show that an example
(xi,y:) € Qis routed to one of the experts in M. Suppose the m-th expert is not in M. We only need to check the value of

B (x5 ©T)) < max,, by (%45 ©T)), which is straightforward by Lemma 24 and Lemma 20.
L]

Auxiliary Lemmas

In this section, we present several auxiliary results that we will use throughout our analysis.

The following lemma shows that when two gating-network outputs are close, the router distributes examples to the corre-
sponding experts with nearly the same probability.
Lemma 25 (Chen et al. (2022), Lemma C.3). Let h € RM be the output of the gating network and let {r,,}_, be noise
drawn independently from Unif|0, 1]. Define the routing probabilities p,, ‘= P( arg maXy, {hm + rm } = m). Then for any
m,m’ € [M],

|pm - pm" < M? |hm - hm’| .



Proof. Construct hasa copy of h and permute its m-th and m/-th entries. Let p be the corresponding probability vector
induced by h. Then |p,;, — prm/| = ||P — Pllco and |y — hyny| = ||h — h| . Applying Lemma 5.1 completes the proof. [

The next lemma shows that the router will not route examples to experts whose gating outputs are sufficiently small, which
both saves computation and improves performance.

Lemma 26 (Chen et al. (2022), Lemma C.4). Suppose the noise {r,, }M_, is drawn independently from Unif|[0, 1]. If an expert
m satisfies
hin(x;©) < maxhp, (x;0) — 1,

then the example x will not be routed to expert m.
Proof. From hp,(x; ©) < max,,, hy (x; ®) — 1, for any realization of the uniform noises {7,/ } n, e[as] We have
hin(x;©) + 7 < maxhy (x;0) < max {hn (x5, ©) + 7 },

where the first inequality uses r,,, < 1 and the second uses r,,» > 0 for all m’ € [M]. Thus m cannot be the maximizer, so x is
not routed to expert m. O
Lemma 27 (Allen-Zhu and Li (2020), Lemma C.19). Let {x, y; }1=1,... be two positive sequences that satisfy

Tiy1 > xp + - Cral, Yer1 <y + Sn - Coyl,
and |zy1 — x4 + [yer1 — ye|* < 02 Suppose xo,yo = o(1), 20 > yoS(1 + G), and

GQ.Z'Q G2y0 }
log(A/zg)’ log(1/G) |~
Then we have for all A > x, let T, be the first iteration such that x; > A, then we have
yr, <O(yoG™H).

Proof. We only need to replace O(nA?~1) in the proof of Lemma C.19 by O(7), because we use normalized gradient descent,
i.e., Cyx? < 1. For completeness, we present the whole proof here.

For all ¢ = 0,1,2,..., let T, be the first iteration such that z; > (1 + §)%z0, let b be the smallest integer such that
(1+ )by > A. For simplicity of notation, we replace x; with A whenever z; > A. Then by the definition of T}, we have that

> nCl(1+6)x)? < w1y, — 27, < 5(1+6)%20 + O(n),
te[Ty,Tg41)

ngmin{

where the last inequality holds because we are using normalized gradient descent, i.e., max; |z;+1 — x¢| < 7. This implies that

> oG < (C)

g 2
t€[Tg,Tg+1) (1 * 6) o o

Recall that b is the smallest integer such that (1 + 6)%0 > A, so we can calculate

Z nCy <

t>0,0,<A

b—1

4]
Z (14 0)9z0

9=0

O(n)b _ 1494 n O(n)b < 1+  O(n)log(A/xo)

z3 o 3 T o z3log(1+4)

Let T,, be the first iteration ¢ in which x; > A. Then we have that

T
= 1+ O(n)log(A
cht < + i (n) ogg /370). (78)
pare To oxg

On the other hand, let A’ = G~y and b’ be the smallest integer such that (1 + §)? y > A’. For simplicity of notation, we
replace y; with A" when y; > A’. Then let T, be the first iteration such that y; > (1 + 6)9yo, then we have that

> nSCUA+6)7y0l" "t > yr | —yry > 5(1+68)7yo — O(n).
telT),T) )

Therefore, we have that

Y O(n)
SnC, > - .
te[g;g’ T =001 +0% ®#

+1)



Recall that ' is the smallest integer such that (1 4 §)?yo > A’. We then have that

b’ —2

20,0, <A Yo

Let T}, be the first iteration ¢ in which y; > A’, so we can calculate

Yo y(Q) d

ﬁ%nﬂ}zl_4X§+G) O(n) log(A'/yo)
t=0

g O
> nsctz;)(1+5)g(1+6)2yo— 0Z.

(79

Compare (78) and (79). Choosing 6 = G and 1 < min{ logc(i%o) , 105(212;06') }, together with 2y > y0S(1 + G), we obtain the

result.

O



