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ABSTRACT

We introduce the Contextual Combinatorial Dueling Bandits (CDB) problem, a
novel framework for modeling complex online decision-making under relative and
binary feedback. In each round, the learner observes contextual information for a
set of arms and selects two subsets of k arms, termed super arms. The feedback
consists of pairwise binary preferences between the arms in the two chosen su-
per arms. For example, in recommendation systems, a user might be shown two
competing sets of items and provide preference feedback for each pair of items.
We propose two algorithms to address this problem: LinCDB for linear score
functions and NCDB for nonlinear cases. Both algorithms leverage the Hungar-
ian algorithm for efficient selection of the second super arm. We theoretically

demonstrate that LinCDB achieves a regret bound of O (Hi Tk) , while NCDB
"
achieves O ((}% \/g + B,/ %) VTkd). Here, d represents the dimension of
I3 v

the context for each arm, k is the size of the super arm, and d denotes the effective
dimension. To our knowledge, this is the first work to study combinatorial bandits
with preference feedback.

1 INTRODUCTION

Combinatorial bandits offer a powerful framework for sequential decision-making in domains like
recommendation systems, ad placement, and medical diagnosis (Saha & Gopalan,[2019; Nika et al.|
2020;|[Hwang et al.,2023). In the standard setting, a learning agent selects a “super arm” (a subset of
items) and observes semi-bandit feedback, meaning it receives a numerical reward for each individ-
ual item chosen (Qin et al.|[2014;|Chen et al.|, 2018)). However, this assumption of observing explicit
numerical scores is often impractical. In many real-world applications, especially those involving
human interaction such as recommender systems or Reinforcement Learning from Human Feedback
(RLHF) for LLMs, feedback is more readily available as relative preferences between items.

To account preference feedback, the dueling bandit framework models feedback as pairwise prefer-
ences, and its contextual variant has proven highly effective in capturing human choices (Saha, 2021}
Saha & Krishnamurthyl 2022} Bengs et al.| 2022} Li et al., |2024; |Verma et al., |2025)). Motivated by
scenarios that require both combinatorial choices and preference-based feedback, we introduce and
study a more general and realistic problem: the combinatorial dueling bandit (CDB). In our setting,
an agent is presented with N arms in each round, each described by a d-dimensional context vector.
The agent’s task is to select two super arms, each containing k£ base arms. It then forms k pairs
between the arms of the two super arms and observes binary preference feedback for each pair. The
agent receives an overall numerical reward for each of the two chosen super arms, and the ultimate
goal is to design a policy that maximizes the cumulative reward over time.

We model this process by assuming a latent scoring function that assigns a utility score to each arm.
Both the binary preference outcomes and the super arm rewards are functions of these underlying
scores. Specifically, we adopt the well-established Bradley—Terry—Luce (BTL) model (Luce, 2005}
Saha, 2021} Bengs et al.l [2022), where the probability of one arm being preferred over another is
determined by their exponentiated scores (Sec. [2). This CDB setting naturally models numerous
applications. For instance, in recommendation systems, a user might be shown two competing
slates of items and provide preference feedback to pairs of items. In LLM training, responses from
multiple models can be paired and ranked by human evaluators. Similarly, in online advertising, the
effectiveness of two different ad campaigns (i.e., sets of ads) can be compared.
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This paper makes several key contributions. We first formally define the contextual combinatorial
dueling bandit problem. We then propose two novel algorithms to solve it:

1. LinCDB (Linear Combinatorial Dueling Bandits) for settings where the latent score function is
linear, which works by minimizing a cross-entropy loss based on the BTL model.

2. NCDB (Neural Combinatorial Dueling Bandits) for general nonlinear score functions, which
leverages a neural network to approximate the score function within an Upper Confidence Bound
(UCB) framework (Auer et al.| 2002} |Chu et al., 2011; |Abbasi- Yadkori et al., 2011;[Zhou et al.,
2020; |Chowdhury & Gopalan, [2017).

A significant technical challenge in our setting is the selection of the second super arm. While the
first super arm can be chosen greedily by picking the top-k arms based on estimated scores, an
optimal choice for the second super arm—to balance exploration and exploitation—would require
searching through O(N*) combinations. We circumvent this computational hurdle by framing the
selection of the second super arm as a bipartite matching problem, which can be solved efficiently
in polynomial time using the Hungarian algorithm (see Appendix [C).

We provide rigorous theoretical analyses for both algorithms, establishing their regret bounds.
We prove that LinCDB achieves a regret of O(%\/Tk) and NCDB achieves a regret of

O ((%cﬂiv + B,/ ’%) V Tlcg), where d is the context dimension, & is the super arm size, and d

is the effective dimension. The practical performance of our algorithms is validated through a series
of synthetic experiments. To the best of our knowledge, this is the systematic study of contextual
combinatorial dueling bandits, and we consider both linear and general nonlinear score functions.
We further extend our discussion of the reward function under the Lipschitz continuity assumption
in Appendix [H

2 PROBLEM SETTING

Contextual combinatorial dueling bandits. We study the contextual combinatorial bandit problem
with dueling feedback, where the learner selects two subsets of arms and receives pairwise compar-
ison feedback between each matched pair of arms from the two subsets. Our setting differs from the
standard contextual combinatorial bandits, where the learner selects a single set of arms and receives
individual reward feedback for each selected arm.

At each round ¢, the learner observes a set of context vectors X; = {xt71, Xt 250, xt7N} C X CR
corresponding to N arms where & denote the global context space. The learner then selects two
ordered sets of arms S}, S2 C [N], |S}| = |S?| = k referred to as super arms. We denote
St = {st1,8t0: s 11,58 = {881,870, -, 57, ) and Xy (s} ;) = X;,s7, denote the context of
st ; — th arm from ;. For simplicity, we use the notation xy ; instead of Xy o 1. X}, = Xp0 .-
Let S = {S C [N])|S\ = k} denote the set of all candidate super arms of size k and S C 2V
Note that S} and S? may share overlapping arms, i.e., S} N .S? # () is allowed.

After choosing S} and S?, the learner receives a set of stochastic pairwise preference feedback:
{Yt1,Yt,2,- -, Yk}, where each y, ; € {0,1} represents the outcome of a noisy comparison be-
tween x;; and x7 ;. Specifically, y;; = 1 indicates that x; ; is preferred over x7;, and y;; = 0
otherwise. The feedback depends on an underlying latent score function r* : X — R, which is
unknown to the learner. Let rj = [r*(x4.1),...,7*(x:,n)] € RY be the latent scores of all arms at
round ¢. Then the score for arm i is defined as: r;; = 7*(x; ;). Given the unknown score vector r}
and the selected super arms S} and S7, the learner obtains rewards f(S},r}) and f(S?,r}), which
we discuss next.

Reward function. We consider a deterministic reward function f(.5,r) that evaluates the quality
of a super arm S C [N] based on a score vector r € RY. Specifically, we assume the reward of a
super arm is the sum of the scores of its constituent arms. That is, the reward function is defined as
f(S,r) = ZiGS r; which is consistent with previous work (Wen et al., 2015; |[Kveton et al., [2015;
Louédec et al.,2015). This additive reward formulation captures a wide range of applications where
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the overall utility is naturally decomposable across selected arms. We further extend our discussion
of the reward function under the Lipschitz continuity assumption in Appendix [F]

Stochastic preference model. We model the pairwise preference feedback as a Bernoulli random
variable governed by the Bradley—Terry—Luce (BTL) model (Hunter, 2004; Luce}, |2005)), a widely
adopted framework in the study of dueling bandit problems (Sahal [202 1} Bengs et al.,|2022; Li et al.,
2024). Under this model, the probability that the arm xtl’i in the first selected super arm is preferred
over x2, in the second selected super arm, conditioned on the context X; and the underlying latent
score function r*, is given by

exp(r*(z;;)) _ !

eXP(T*(x%,i)) + exp(r*(a:f’i

]P{x%z e x%z} =P{y;: =1 x%mx?z} =

where pu(-) denotes the logistic link function. This formulation captures the relative preference
between two arms based on their latent utilities, and aligns with established stochastic choice theory.

Here, z{ ; - 27 ; denotes that arm x; ; is preferred over arm 7 ;, yu(x) = 1/(1+e~") represents the
sigmoid (logistic) function, and 7*(z ;) denotes the latent utility associated with the i-th selected
arm. While our analysis primarily adopts the Bradley—Terry—Luce (BTL) model, the results are
applicable to a broader class of stochastic preference models (Bengs et al.,|2022).

To ensure the generality of our theoretical guarantees across different preference models, we impose
a set of regularity conditions on the function y(-), also referred to as the link function (Li et al.,[2017;
Bengs et al.| 2022):

Assumption 1. We assume the following:

* Ky = infyx xex p(r*(x) —r*(x’)) > 0 for all pairs of context-arm.

* The link function j1 : R — [0, 1] is continuously differentiable and Lipschitz with constant L,,.
e |x—x'|| < D,vx,x' € X.

Performance measure. After selecting two super arms, denoted by S} and S? in round ¢, the
learner incurs an instantaneous regret. We define the optimal super arm at round t as S} =
argmaxges f(S,r}), where rj = [r*(xy;)]i=1,..~. Similar to standard dueling bandit settings,
there are two commonly used notions of instantaneous regret in the combinatorial dueling bandit
setting (Saha, 2021} Bengs et al., [2022; |Li et al., 2024} [Verma et al.| [2025)): the average instanta-
neous regret: regi = f(Sf,r;) — 5 (f(S},x7) + f(SE,r})), and the weak instantaneous regret:
regy = f(S;,r;)—max { f(S},r}), f(S?,r])}. Accordingly, the cumulative regret over T rounds

is defined as Reg]. = Z;‘FZI reg], where 7 € {a,w}. Note that Reg7 < Reg7., so an upper bound
on Reg7 also serves as an upper bound on Reg7. Therefore, in the subsequent analysis (Secs.
and , we will focus on deriving an upper bound on Reg7, which we will denote as Reg, for
simplicity.

3 LINEAR COMBINATORIAL DUELING BANDITS

In this section, we assume the unknown score function r* : X — R to be linear. Formally, r*(x) =
6" x where f are unknown parameters. And denote our estimation of the unknown function in each
iteration ¢ by 74(x) = 6, x. Based on this linear model, we propose an algorithm for the linear
contextual combinatorial dueling bandit problem.

3.1 THE LINCDB ALGORITHM

We present our first algorithm: Linear Combinatorial Dueling Bandits (LinCDB) in Algorithm [I]
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Algorithm 1 Linear Combinatorial Dueling Bandits (LinCDB)
1: SetVp £ ﬁl, By £ /21log(1/8) + dlog (1 + tkD2k,, /(dN)).

2: fort=1,...,7do
3:  Find §; = arg ming: £(0") equation][]

4:  Choose the first super arm S} = argmaxges f(S, ;)

5. fori=1,...,kdo

6: forj=1,...,Ndo

T: value(x; ;, Xt ;) = e (x¢5) + % <t Xtu’Hv:ﬁ '

8: end for

9: end for

10:  Choose the second super arm S? = argmaxgses[f(S,r;) + 2o, (S,S})] via

oy
Value(x;i, x;,;) with Hungarian Algorithm in Algorithm
11:  Observe the preference feedback: {y:; = H‘(x%’i - xfl)}lzlk and update history
12:  Update V; < V;_1 + Zle it,iizi
13: end for

At each iteration ¢, we first estimate the parameter 6; by minimizing the following loss function with
historical observations {(x’ X s S isYs i) Fo=1,..t—1,i=1,...k

t—1 k
Z Z Ys,i log (6/ [ i,z - Xi,i])
s=1i=1 (1)

0" [x

1 2
+(1 ymlogu( i l,i])]+§/\H9’H2-

Formally, ; = argming: £,(0") corresponds to the maximum likelihood estimate of the unknown
parameter ¢ based on the observed history. When the loss function equation [1|is minimized exactly
(i.e., the gradient is zero), the following optimality condition holds:

t—1 k

ZZ (M (QtT [Xiz - sz}) - ?Js,i) [X;z - Xiz} + A0 =0, @

s=11=1
which is a crucial step in our analysis.

At iteration ¢, upon receiving the context X}, the learner selects two super arms S}, S7 C [N] of

size k and observes preference feedback {y 1, ...,y }. The context of super arm is denoted by
Xi(SH) = {xt 1, %1}, X(S7) = {x71,... %7, }. For each pair of arms x} ; and x7 ;, we collect
preference feedback y;; = W(x;; > x7;), which is equal to 1 if x; , is preferred over x7; and 0
otherwise.

The first super arm S} is chosen greedily by maximizing the reward function as follows:
1_
S = argrgggf(& ry), 3)

in which r, is the estimated score of all the arms using function r,(x) = 6, x in iteration . After
that, the second arm S? is selected using the UCB algorithm:

57 = argmax[f(s ry) + &U&(Sa SHl, “)

Ses Ky

in which we denote X;(S) = {x1,...x;} and

ox,(S,S}) ZHXl x“HV L 5)

t E o~ =~ ~
Here V, = 25:1 Zi:l xsyix;':i + %“I and X, ; = xi x ; which corresponds to the context

of arm s{; € S} and 57, € S7. Intuitively, the first super arm Stl is chosen greedily by choosing
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the top k arms with the highest estimated scores equation [3| After selecting S}, the uncertainty
measure oy, (S, S}) tends to be larger for super arms S that differ more from S} given the historical
feedback. Therefore, the selection of the second arm (line 5 of Algo.[I]) is able to balance exploration
and exploitation.

However, choosing the second super arm S7 is more challenging, as a naive search over all possible
super arms .S € S may require exponential time. Fortunately, in our setting, the combined objective
can be decomposed as

k,
52+ e (52,50 = 3 (o) + 2 ki =l )

K
H i=1 K

k
— 1 .2
= E value(x; ;, X; ;).
i=1

We decompose the complex maximization objective into independent terms value(x},,x2.),

reducing the problem of selecting the best super arm to choosing xf,i that maximizes

>z value(x{;,x7,;). Since S} is fixed and each x;; is known, value(x; ;, X7 ;) depends only

on xfl and can therefore be computed efficiently. This allows us to independently select each Xf,i
to construct the optimal second super arm S?. Further details are provided in Appendix

3.2 REGRET ANALYSIS

Lemma 1. In each iterationt = 1,...,T, for x1,x2 € X} with probability of at least 1 — 6§, we
have that

| (7 (x1) —77(x2)) — (re(x1) — re(x2)) | < f; Ix1 — X2”Vf_11

Theorem 1 (LinCDB). Let A < 74 and 8, = \/21log(1/6) + dlog (1 + tkD?k,,/(dX)) , then with
probability of at least 1 — 0, we have that

Regr gi\/z log(1/8) + dlog (1 + TkD?r,,/(AN))y/2Tkdlog(1 + TkD?s,,/(dN))
Ko
Ignoring all log factors, we have that: Regr = 5(%\/ Tk).

Theoremestablishes that the cumulative regret of LinCDB is bounded by Reg, = 9] (Ki Y Tk) ,
"

which is sublinear in 7. The dependence on the parameter k reflects the cost of performing k
comparisons per round, as is expected in the combinatorial setting. The dependence on 1/k,, is
consistent with prior work on dueling bandits (Bengs et al., |2022)) and reflects the cost associated
with having less informative dueling feedback compared to numerical feedback. A detailed proof
of Theorem [I]is provided in the Appendix. We also provide an analysis of the regret under the
Lipschitz continuity assumption in Appendix[F

4 NEURAL COMBINATORIAL DUELING BANDITS

In this section, we drop the assumption that the unknown score function r* : X — R is linear which
is required by LinCDB. Instead, we consider a more general setting where r* can be a non-linear
function, and we adopt a neural network model to approximate it.

4.1 NEURAL NETWORK

We use a fully connected neural network to estimate the non-linear score function r* with depth
L > 2 and the width m (Zhou et al.| 2020} Zhang et al.| [2021). And let h(x; #) represent the output
of the neural network with context input x and parameter 6:

h(x;0) = W ReLU (W _; ReLU (- - - ReLU(W;x)))
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where ReLU(z) = max{z,0}. The weight matrices are defined as follows: W; € R™* for the
input layer, W, € R™*™ for hidden layers with 2 < ¢ < L, and W, € R*™ for the output layer.

We denote the collection of all network parameters by
T
0= [vec(Wl)T, cee vec(WL)T] € RP,
where vec(-) denotes the vectorization operator, and the total number of parameters is p = dm +
m2(L —2)+m
In every iteration ¢, we solve for 6, by minimizing the following loss function:

t—1 k

Lo(0) == (ysilogp[h(x};50) — h(x2;0)] ©
s=11=1

1
(1= ya) log u [} 12 0) — h(x2 3 0)]) + 5 A0 = ol

in which 6y denotes the initial parameters of the neural network, which are initialized following the
approach used in prior work (Zhou et al.,2020; [Zhang et al., 2021)). We denote by 6; the estimate of
the parameter 6 at iteration .

4.2 THE NCDB ALGORITHM

Here, we introduce our second algorithm, NCDB, which is designed for scenarios where the score
function is nonlinear. Adopting a similar UCB-based super arm selection strategy as our LinCDB
algorithm (Section [3), NCDB differs from LinCDB by employing a neural network to estimate the
score function r*.

Algorithm 2 Neural Combinatorial Dueling Bandits (NCDB)

1: Set V, = %I, Br = é d+2log(1/8) (d is defined in Definition , vr £
<5T + B\/%Jr 1) e
2: fort=1,...,T do

3:  Train NN using history {(x 50 é i Ysi) Foe 11 ]f 1 by minimizing loss function equatlon@

4:  Receive the contexts X}

5:  Compute r¢(z) = h(z;0;)

6:  Choose the first arm set S} = arg maxges f(S,r¢)

7. fori=1,...,kdo

8: forj=1,...,Ndo

9: value(x; ;,X¢,5) = re(xe;) + f—f %t — Xt’ijfll .

10: end for

11:  end for

12:  Choose the second super arm S? = argmaxges f(S,r¢) + vroi_1(S,S}) via

value(x{ ;, x; ;) with Hungarian Algorithm in Algorithm
13:  Observe the preference feedback: {y;; = H‘(m}z - J;?,)}Zzl &» and update history
14: end for

We use ¢(x;0) to denote the gradient of the neural network with respect to parameters 6 at input x.
Furthermore, we denote ¢(x) = g(x; ), and define ¢(x,;) = p(x1 ;) — ¢(xZ ;) = g(x1,;;60) —
9(x2 ;;00). With these definitions, g(x; 6)/+/m represents the random feature approximation of

the context-arm feature vector x with respect to the neural tangent kernel (NTK) (Zhou et al.|, | 2020).
We further define the feature covariance matrix V; € R%*4 as

LA A
= Z Z E X‘rz XT,i)T + ?L (7)

"

which will be used in NCDB algorithm and in the regret bound analysis.
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In addition, we define the following uncertainty term for a pair of super arms (S}, S?):

k

oi(St,82) 2 = Z

= t—1

; (®)

which is used to select the second super arm S7 (see line 7 of Algo. [2).

With the definitions above, we present the proposed UCB-based Neural Combinatorial Dueling
Bandits (NCDB) algorithm in Algo.[2] Similar to LinCDB, in NCDB (Algo [2), we select the first
super arm S} via greedy selection, and choose the second super arm S? by balancing exploration
and exp101tat10n

4.3 REGRET ANALYSIS

Let N denote the number of arms in each round, and let H = % (H(L) + E(L)) be the neural
tangent kernel (NTK) matrix constructed over the context set {xk}ﬂvl Zhou et al.[ (2020). The
matrix H is defined recursively from the input layer to the output layer of the neural network,
following the construction in (Zhou et al.|[2020; |Zhang et al.| |2021)); a detailed definition is provided
in Deﬁnitionin the appendix. We denote the j-th element of the vector x by ;. We now introduce
the assumptions required in our regret analysis, all of which are standard in the literature on neural
bandits (Zhou et al.} 2020; Zhang et al., 2021).

Assumption 2. Without loss of generality, we assume the following:

* The score function is bounded: |r*(x)| < 1, forallx € X, t € [T);
* There exists Ao > 0 such that the kernel matrix satisfies H = \gL;

* All context-arm feature vectors satisfy ||x||2 = 1, and are symmetric in the sense that v = ;. 4/>
forallx € X, t € [T].

Note that the last assumption from Assumption |2 can be easily satisfied via a simple feature space
transformation (Zhou et al., 2020).

, CONT ,
Definition 1. Let H' = 7, Y Gecz L zl(s) (zz(s)) , where z (s) = ¢(xs,) — P(xs.;), and

C%; denotes the set of all pairwise combinations of the N arms. We define the effective dimension d
as:

d = log det (%“H’ n I) . 9)

which measures the complexity of the feature space induced by the neural network.

This definition is consistent with [Verma et al.| (2025) and generalizes the effective dimension intro-
duced in [Zhou et al.[(2020) by incorporating a larger set of pairwise comparisons and the scaling
factor ,, /A, thus capturing the combinatorial structure of our dueling setting.

Lemma 2. Let ¢, , = Coym~"/%/logmL3(£)*/3 for some absolute constant C; > 0 and
d € (0,1). Aslong as m > poly(T,L, K, 1//@, L,,1/X0,1/A, 10g(1/5)) Let the context of two
super arms S} and S7 to be X, (St) = {x{ ;}i_|, X:(SF) = {x} ,}i_\, then for all t € [T), with
probability of at least 1 — §, we have

‘ (f(Stl,I‘*) - f(StQ)r*)) - (f(Stlﬁrt) - f(StQart)) ‘ < VTO't—l(StletQ) + 2ke;n,t

Note that when the width of our neural network m is large enough, which is satisfied by Eq. equa-
tion[34} we could make sure that €], , = Com™ 1/6,/log L3( )4/3 will be small enough, such that

€t = O(1/T). Note that f(S, r) is the reward function associated with super arm S and score r of
each single arm. Recall that f (S, r*) is the reward of super arm .S with true score r* and f (S, r;) is
the reward of super arm .S with estimated score r; vector of each single arm where r;(x) = h(x; 6;)
using neural network. Lemma shows that the reward difference between two super arms S} and S?
with the real score vector r* and estimated score vector r; is upper-bounded. That is, the estimation
error of the reward difference using r; is guaranteed to be small.
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Theorem 2 (NCDB). Let A > k,, B be a constant such that Vv2hTH-'h < B, Bt £

ﬂ%\/(’iv+ 2log(1/6) and co > 0 be a constant such that ~ || ¢(x) — (x5 < coforallx,x' € X,
t € [T) and m > poly (T, L K, i, L, )%O, %, 10g(1/(5)>, then we have

Y - (/1 = A 5
Regy < 3(fr + B\/:U—i— 1)/ Th2cod +1 = 0((@\/§+ B, /M)\/de) (10)

If we follow the previous works (Bengs et al.,[2022;|Verma et al.,[2025)) and assume that d = o( VT ),
the regret upper bound of NCDB from Theorem[2]becomes sublinear. This condition reflects a mild
growth constraint on the complexity of the feature space and is standard in the analysis of both linear
and neural bandit algorithms.

Compared to the regret bound established for neural dueling bandits (Verma et al.,|2025)), our bound
includes an additional dependence on the parameter %k, which is natural since k reflects the size
of the super arm selected in each round under the combinatorial setting. In contrast to the regret

bound of contextual neural bandits (Hwang et al., 2023, which achieves 19) (\ / dT max(c?, k;)) , our

bound is relatively looser (e.g., it additionally depends on 1/k,,). This discrepancy arises from the
more limited feedback (i.e., preference feedback) in the dueling bandit setting, where only pairwise
preferences are observed rather than full reward information for each arm. We also provide an
analysis of the regret under the Lipschitz continuity assumption in Appendix [

5 EXPERIMENTS

We empirically evaluate the performance of our proposed algorithms in synthetic contextual envi-
ronments. We consider a contextual environment where each arm is represented by a d-dimensional
feature vector. Similar to (Zhou et al. [2020; [Verma et al.| 2025 [Hwang et al.| 2023)) we adopt
the following score functions: 7*(x) = x ' 6, r*(x) = 10(x"0)? and 7*(x) = cos(3x ' #). They
correspond to linear, cosine, and square functions, and 6 is a parameter to generate different score
functions. The experimental settings are described in Appendix [A]

We conduct a comparative evaluation between our proposed algorithm and a uniform sampling strat-
egy, where super arms are sampled uniformly at random from the entire feasible set. Since the prob-
lem setting we study is novel and, to the best of our knowledge, has not been addressed in prior
literature, there are no existing algorithms specifically designed for this setting. Moreover, stan-
dard baselines cannot be directly applied to this problem. Therefore, we use uniform sampling as a
comparison baseline to demonstrate the effectiveness of our approach.

5.1 REGRET COMPARISONS

In our first experiment, we set the total number of arms to N = 5 and the context dimension of
each arm to d = 5, a configuration commonly adopted in some prior dueling bandits studies (Verma
et al., 2025). The size of each super arm is set to k£ = 2, and the total number of rounds is 7" = 500.
The results are shown in Figure[I]

For the linear latent score function 7*(x) = x ', as shown in Figures |la| and [Ib} our LinCDB
algorithm significantly outperforms both the uniform sampling baseline and the neural network-
based algorithm NCDB. These results highlight the effectiveness of LinCDB when the underlying
reward function is linear.

In contrast, for the nonlinear reward functions 7*(x) = cos(3x'6) and 7*(x) = 10(x'6)2,
the NCDB algorithm, which leverages a neural network to estimate the nonlinear score function,
achieves the best performance. LinCDB performs poorly in these cases because it relies on linear
approximation, which is not suitable for capturing the structure of cosine and quadratic functions.

These results suggest that when the reward function is known to be linear, LinCDB is the preferred
choice. Otherwise, NCDB is more appropriate for handling nonlinear reward structures.
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Figure 1: Comparisons of cumulative regret (average and weak) of LinCDB, NCDB and Uniform
Sampling algorithm on different score functions: Linear (x'#), Cosine (10(x"6)?) and Square
(cos(3x")).

5.2 VARYING CONTEXT DIMENSION AND SUPER ARM SIZE

We evaluate the performance of our NCDB algorithm under varying context dimensions and super
arm sizes.

Varying Context Dimension. We fix the number of arms N = 5 and the super arm size k = 2,
using the square function as the reward. The context dimension d is varied in {5, 10,15, 20, 25},
with all other parameters held fixed. The average and weak regret results are shown in Figure [2] (a)
and (b), which demonstrate that although a larger d results in worse regrets, our NCDB algorithm is
consistently able to achieve sublinear regrets.
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Figure 2: Comparisons of cumulative regret (average and weak) of NCDB algorithm as context
dimension d and super arm size k increases.

Varying Super Arm Size. We fix N = 10 and d = 5, again using the square function. The super
arm size k is varied in {2, 3,4, 5}, with other settings unchanged. Results are presented in Figure
(c) and (d), which show that a larger super arm size leads to smaller regrets. This is likely because a
large super arm size leads to the availability of more observations.

6 CONCLUSION

We initiate the study of combinatorial dueling bandits, where the learner selects two super arms and
receives feedback in the form of pairwise preferences between individual arms from the two super
arms. We propose two algorithms: LinCDB for linear score functions and NCDB for nonlinear

score functions. We theoretically show that LinCDB achieves a regret bound of 9] ( vV Tk) ,

a4
Fp
while NCDB achieves O ((;LVd + B/ ) VTkd).
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A EXPERIMENTAL SETTINGS

We generate a d-dimensional feature vector x; ; € R? for each context-arm by sampling each entry
independently and uniformly at random from the interval (—1, 1). The ground-truth parameter vec-
tor § € R? is also sampled uniformly at random from the same interval and remains fixed throughout
each run. Each experiment is repeated 20 times and we report both the weak cumulative regret and
the average cumulative regret, along with 95% confidence intervals across the trials. The binary
preference feedback between two super arms is simulated using a Bernoulli distribution with suc-
cess probability p = p(f(x1) — f(z2)), where 4 : R — [0, 1] is a link function. For all of the
experiments, we fix the regularization parameter A = 1 and and exploration variance vy = v = 1.

To estimate the score function using neural network, we design a neural network with parameters
L = 2 and m = 50, i.e., the neural network has depth 2 layers with width 50 and ReLU function
is used as the activation function. Following prior work (Verma et al., 2025} Jacot et al.l 2018]), we
use the current network parameters 6; to compute the feature representations g(x; 6;) at each round.
Specifically, we recompute all g(z; 6;) for the historical context-arm pairs whenever 6, is updated.
This ensures that the feature representations remain consistent with the most recent model state and
allows the algorithm to better approximate the evolving reward structure during learning.

11
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B RELATED WORK

Stochastic Combinatorial Bandits. Stochastic combinatorial bandits generalize the classical multi-
armed bandit framework by allowing the selection of a super arm (i.e., a subset of base arms) rather
than a single arm, and by receiving structured feedback accordingly. This setting has been ex-
tensively studied due to its wide applicability in real-world problems such as online advertising,
recommendation systems, real-time vehicle routing, and network routing, where decisions naturally
involve combinations of atomic actions (Chen et al., 2013 Wen et al., 2015} |Gai et al., 2012} |Qin
et al., 2014} |Atalar & Joe-Wong, 2025).

A key challenge in this domain is the exponentially large combinatorial action space. To address
this, existing research has primarily adopted three modeling approaches. Early work often assumed
a parametric structure, such as linear or generalized linear models (Qin et al.,[2014; Wen et al., 2015}
Kveton et al.l 2015 Zong et al.| 2016; |Oh & Iyengar, |2019). More general approaches have relied
on the Lipschitz continuity of the feedback model (Chen et al., [2018}; [Nika et al., |2020) or neural
networks (Hwang et al.| 2023) to handle complex nonlinearities.

Combinatorial Logistic Bandits (CLogB) further extend this line of work by modeling binary feed-
back using a logistic parametric model. This formulation is particularly suited for scenarios with
complex arm-triggering structures and nonlinear reward functions (Liu et al., [2025)). Although both
our work and CLogB consider binary feedback, their feedback originates from independent arm
outcomes rather than from dueling bandit comparisons, making the setting fundamentally different
from ours.

In addition to assumptions on the feedback model, various assumptions have also been made re-
garding the reward function. Some studies adopt a simple additive model where the total reward is
the sum of individual arm feedbacks (Wen et al., 2015} Kveton et al.l 2015} |[Louédec et al., 2015)).
Others generalize this to settings with submodular reward functions (Chen et al., 2018; Nika et al.,
2020) or assume Lipschitz continuity of the reward function to accommodate more complex reward
structures (Qin et al.l 2014} Hwang et al.||[2023).

Contextual Dueling Bandits. Dueling bandits have gained increasing attention in recent years (Yue
& Joachims| 2009; 2011} |Sahal |2021;|Bengs et al.,[2022;|Zhu et al.,[2023)), where the learner selects a
pair of arms and receives noisy binary feedback indicating the preference between them. The classi-
cal dueling bandit framework has been extended to the contextual linear stochastic transitivity model
in (Bengs et al.| [2022). To improve exploration efficiency, Di et al.| (2023) proposed VACDB, an
action-elimination based algorithm with a tighter variance-dependent regret bound. [Li et al.[(2024)
introduced FGTS.CDB, a Thompson sampling algorithm tailored for linear contextual dueling ban-
dits, which achieves a regret of O(d\/T ). More recently, Verma et al.|(2025) extended the contextual
dueling bandit setting to nonlinear reward functions using neural networks, and developed UCB and
Thompson sampling algorithms with sublinear regret guarantees.

C HUNGARIAN ALGORITHM

In our algorithm, the second super arm S? is selected by maximizing the UCB value.

Given the context set X; = {X;1,X¢2,...,X¢n}, the score vector vy = [ry ;N = [re(xe.4)]Y 1,
and the first super arm S} = {s;,s{,,...,s;,} and the context of the first super arm X;(S}) =
{x{1,%{9,...,X;,}, we aim to find the second super arm by solving the following problem:

B
Sf:argglgg |:f(Sart)+H;UXt,(Svstl):| : 1D

However, enumerating all possible super arms .S € S is computationally expensive due to the ex-
ponential size of the action space. To address this issue, we formulate the problem as a bipartite
matching task and solve it using the Hungarian algorithm.

We decompose the objective function as follows:

k
1820+ Pon (52,50 = Y (n(xi» + =[x - x?,i||vf_11> , (12)
p -

K
H i=1

12
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where x/ ; and x7 ; denote the context vectors of the corresponding arms in S} and S7, respectively.

For each context x; ; € S} and each x € X}, we define the matching value as:

Value(x;hx) =r(x) + B ||X%Z — XHV_l . (13)
Ry t—1

Therefore, the original maximization can be reformulated as:

S?:arg%lgg( Z value(x%y,;,x) y (14)
XEX:(S)

which is equivalent to solving a maximum-weight bipartite matching problem, where each node in
S} is matched with a node in X;. We present the procedure for selecting the second super arm S? in
Algorithm [3| where the selection task is formulated as a bipartite matching problem and solved via
the Hungarian Algorithm. Specifically, we construct a cost matrix based on the estimated reward
vector and a confidence-adjusted distance metric between each element in the first super arm S} and
the candidate context set X;. The detailed steps of the Hungarian Algorithm for solving the resulting
assignment problem are outlined in Algorithm 4]

Algorithm 3 Selecting Second Super Arm S? via Hungarian Algorithm

Require: First super arm S{ = {xj,...,x; .}, context set X;, score vector r;, matrix V;_1,
parameters 3y, K,
Ensure: Second super arm S?
- Initialize cost matrix C' € R**N
: foreachi = 1to k do
for each j = 1to N do

1

2

3

4 Cij < — (Tt(xt,j) + 0t xt - Xt,jHthl)
5:  end for
6: end for
7: M < HungarianAlgorithm(C') // solve min-cost matching
8 57« {xy; | (i.j) € M}

9: return S}

D THEORETICAL ANALYSIS OF LINEAR COMBINATORIAL DUELING
BANDITS

D.1 PROOF oF LEMMA[I]

Lemmal[l] In any iteration t = 1,..., T, for x;,xo € X; with probability of at least 1 — §, we have
that
[ 61) = 7 (x2)) — (1) = b)) | < 25 s =yt
i
Lemma 3. Let 3, = \/2log(1/0) + dlog (1 + tkD?k,,/(d))). Forallt = 1,...,T, With proba-
bility of at least 1 — §, we have that

B
16 Oully; < 2.

T el 2
Proof. Define X ; =X, — Xi ;-

For any 0, € R?, define

t

k
Ge(Or) =D ) (10 Rsi) — (0" R 3)) Ko + M.

s=1i=1

13
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Algorithm 4 Hungarian Algorithm for Assignment Problem

Require: Cost matrix C' € R™"*"
Ensure: Optimal assignment M

1:

9:
10:
11:
12:
13:
14:
15:
16:
17:
18:
19:
20:
21:
22:

Subtract row minimum from each row of C
for each row i do
Ci’; — Ci’: — minj Ci,j
end for
Subtract column minimum from each column
for each column j do
C;J‘ — C;J‘ — min; Ci,j
end for
Initialize cover lines and marked zeros
repeat
Find a zero in C' and mark it if no other zero in its row/column is marked
Cover all columns containing marked zeros
if number of covered columns equals  then
break
else
Find the smallest uncovered value h
Subtract h from all uncovered elements
Add h to all elements covered twice
end if
until all assignments are made
Construct optimal assignment M from marked zeros
return M

LetV, =", Z L1 XX+ 2 2 -1 . For A€ (0,1), setting 0 = X'0,, + (1 — \)0,, and using
the mean-value theorem, we get:

¢
Gt(eri) - Gt(eré) = [Z Z M(egis,z)iszi;z + AL (eri - eré) (9 is constant)
s=1i=1
t ok
> Ky sz iXg i+ —I (01 —0r1) (from Assumption[T} (6] Xs,;) > k)
s=11 R
= ruVi(Or — 0py) (setting Vi = Z Z Xs,iX + I)
s=11i=1 &z
15)
Now using[T5] we have that
IG5+ = G2 (6) = Ga (017, (G4(#) = 0 by definition)
> (5 Vil0 — 0)) TV, V(0 — 0, (as |23 = 2" Ax)
= k(0 — 0:) T VAV, TVi(0 — 6y) (as V;" = V; and k,, is constant)
= 110 = Oill, (as lla[% = =7 Ax)

14
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Note that X; ; = xtll x“ Let7y s, = 1¢(Xs) = 0] Xsjand 1, = 1r*(X,,) = T Xs,i» in Which

0, is our emplrlcal éstimate of the unknown parameter 6. This allows us to show that:

16 -8, < — 1G)I
y7

( (QTXS 7) - N('g—ris,i))is,i + >\0f

|
2| =
M“

(by definition of G¢(6;))

Pols=1i=1 vt
1|l & 2

== Z(M(ﬂ“) — (7)) Xs i + Ay (see definitions of 7 , ; and 7 ;)
Holls=14=1 vt
1l & N 2

=3 Z(M(ﬁsz) — (Ys,i — €5,i))Xs,i + A0y (as ys,i = u(7 ;) + Esi)
Bolls=1i=1 thl

-+

Il
2| =

(N(Ft,s,z) ys 7 Xs N + Z Zfs zxs K3 + )\at

s=1 =1

S
»
Il
-
-
Il
-

2

gs,ixs,i

IN
7|
M=

Hols=1i=1 (o

The last step follows from the fact that 6, is computed using MLE by solving the following equation:
t

Z i (N (9tT>~<s,i) - y) Xs,i + Ay =0, (16)

s=11i=1

which is ensured by equation 2]

With this, we have
2

< a7)

2
16 =Oelly, < —
m

t k
§ E s, sz %
s=1i=1

vt
Denote the observation noise &, ; = ys,;—(r(x} ;)—r(x2 ;). Note that the sequence of observation

s,1
. . . t k ~ ~
noises {&; ;} is 1-sub-Gaussianand V; = >, _, >0, XX, + :‘ I
=1 24i= , »

Next, we can apply Theorem 1 from (Abbasi-Yadkori et al.,|2011), to obtain

¢k 2
- det(V;)1/2
Z ng,ixs,i < 2log <5det(V)1/2 ) (18)
s=1 i=1 Vfl

which holds with probability of at least 1 — 4.

Then, based on our assumption that ||X,;|, < D (Assumption , according to Lemma 10 from
(Abbasi-Yadkori et al., 2011)), we have that

det(V;) < (MK, + thD?/d)". (19)

| det vt Ak, + thD2? /d)? )
G \/ VAL — (1+ thD?k,,/(d)))*

2

Therefore,

vl

(20)

This gives us

t k
E § €s5,iXs,i
s=1i=1

< 2log

Vfl

det(V;)/?
ddet(V)1/2

) < 2log(1/6) 4+ dlog (1 + tkD?k,/(d\)) (21)
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Combining equation [I7]and equation 2] we have that

1 57
10 = 0clly, < — (21og(1/6) + dlog (1 + thD?k,./(dA))) = . (22)
i iz
which completes the proof.
O

Lemmal(f] In any iteration t = 1,..., T, for x1,x, € X, with probability of at least 1 — &, we have
that

(" (1) = " (x2)) = (re(31) = a(x2)) | < 5 1 — xelly,—s

Proof.
| (r*(x1) — r"(x2)) — 9; (x1 —x2)| = \QT [(x1 — x2] — ‘9; [x1 — X2]|
=1(0-0)" [xi — x|
<16~ 0uly, %1 = %ol 3)
< 2y —xally
m
in which the last inequality follows from Lemma 3] O

Lemma|I]immediately tells us that

ri(xa) —ri(x2) <rt(xa) — 7t (x2) + % 1 = xally,-1
p (24)

B
) = o) + 2 s = xally <) ) 4 228 ol
u - " —

D.2 PROOF OF THEOREM[I]

Lemma 4. For any two super arm St , S? € S, Define

k
1 ¢2) & 1 2
ox,(5;,57) = Z th,i - Xt,iHVtill :
i=1

Then we have that

[ (F(SE2%) = (57.0%0) = (£(5E w0 — 1(52.00) | < P (51,57,

m
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Proof. Following Assumption[I] we have that

’ (f(Stlar*) - f(Stzvr*)) - (f(Stlart) - f(StQart)) ’

| [f:mw =) - i )+ Zﬁ (s ] )|

. (25)
< ZI [ (xt ) =7 () = (re(xi ) = (3 )] |
< fj;u ~x2ilys
_ If;axt(Stl,Sf).
The first equality holds by the definition of the reward function f.
O

Lemma 5. In any iteration t, the regret is bound by

regy < 37 Z ||Xt i T X ZHV—l

Proof. To begin with, for three super arms S}, S?, S}, according to the definition of o, (-, -) Lemma
[ we have that

U){t(S:,St)+O'Xt StleQ ZHth th”v 1 JrZ:thz th”v 1

(26)
< Z x5 — x; 1||V,
i=1
= ox,(5¢, StQ)
which follows from the triangle inequality.
That is
o, (87, 8¢) < 02, (57, 5) + 02, (¢, 5F) 27

17
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reg; = 20pt.. — (f(Stl,r*) + f(StQ,r*))
= f(S5, %) = f(S¢,v*) + f(S),x%) — f(SF, 1)

(a)

£ 187~ 1S+ Do (515D 4 1(STr) — 1(S7 w0+ P (57, 57)
w o

®) * 1 Bt * ol

< f(S,re) = f(S¢, 1) +—o, (57, 50)+
w

£S5 m0) — (51 m0) + F(SEr) = F(SE00) + Do (57,50) + P, (51, 57)
W Ku

B

m

9 (f(SZirt) _pshr 4+ 2 o, (S, 5?)

m

ax,,wzzsz)) T R(S) ) — F(S2 ) +

(e)
<2 (f(tor) - St + 2

m

o (2.51)) + £(5kr0) = £(5200) + P (1.

m
= f(S?art) _f(Stlart) +3§UX1(St17StQ)

m
4 _

< 3?#0-/"7} (Stl?StQ)
ﬁ k
:3n—tZHx; X“HV :
Hoi=1

(28)

Inequality (a) follows from Lemma@ inequality (b) makes use of equation[27] Inequality (c) follows
from the way in which S? is selected:

B
S? = arg max f(S,ry) + H—Zo;{t(S, SH.

Note that S? is selected by Hungarian Algorithm in Appendlxl Inequality (d) results from the way
in which S; s selected:

1 _
S¢ = argmax f(S,ry).

O
Lemma 6.
T k
Kk, TkD?
ZZ et = xilly, -1 < \/Qdelog(l + =)
t=1 i=1
Proof. First, we could show that
k
det(V;) = det (Vt_l + Z?c“i;)
i=1
1 _1_ \T
— det(Vioy)det [ 1+ (Vt,fxm) (thxm)
i=1 (29)

= det(V;_1 <1+Z x“HV_ )
= det(V) H (1 +Z |t —x2 Hv—l )

18
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So that we have

det(V}) ¢ b 2

t 1 2

det(V) I,I (1 + 2 e X”’“Vﬂ) .

According to our assumption [} we have that for any x,x’ € X}, we have ||x —x/[|, < D.

We use V;_; to denote the covariance matrix in ¢-th iteration, and denote V = Vj = %I .
m

It is easy to verify that V,_; > ,%I and hence thll = %I . Therefore, we have that
n n

2 .
H L < X x% o — xf H < D22 We choose A such that kD22 < 1, which
v, Ky i illg K K

||Xt 7 Xt [
ensures that Ei:l |xt; —x3 sz—l < 1. Note that z < 2log(1 + z) for = € [0, 1]. Then we have
that

T k ) (a) T k
>3l -l L 23t (143 el
t=1 i=1 t=1 =1
T k
:2210g <1+ZHX,}Z thHV 1)
t=1 i=1

(b) det Vp (31)
o8( oty
det
(o) k,TkD?
< 21 4 B )d
0g (( o) )

t, TkD? )

dX
where (a) follows from the fact that z < 2log(1 + z) for z € [0,1] and the (b) follows from

Eq.equation [30]and (c) follows from Lemma 10 from (Abbasi-Yadkori et al.l[2011)) that det(V;) <
(A Ky +tkD /d)d.

And using Cauchy—Schwarz inequality, we can get

T k k T
ZZHXt’L Xt’LHV 1 \/ﬁ ZZHXti_XtZHVt—_ll

t=1 i=1 i=1 t=1 (32)

2
< \/Qdelog(l + %)

= 2dlog(1 +

O

Theorem 1. Let 3; = /21og(1/6) + dlog (1 + tkD?k,,/(d))) and A < 7, then With probability
of at least 1 — 9, we have that

Regr < g\/Z log(1/6) + dlog (1 + TkDQI-@H/(d/\))\/QTk:dlog(l +TkD?%k,,/(dX))
m

Proof. Note that
Tt < 37 Z th i X ZHV—l
So we have
T T k
Regr < Z Z = M- Xii“y;ll
=1 = e -

kuThkD? )
d\

(33)

< SBT\/2delog(1 +
Ku
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So we have that Regy < %\/2 log(1/6) + dlog (1 + TkD?k,,/(dX))\/2Tkdlog(1 + TkD?k,,/(d)))
O

E THEORETICAL ANALYSIS OF NCDB

Definition 2. (Zhou et al.|[2020; |Zhang et al., 2021) Let {x™}TN, be the set of all possible context-
arm feature vectors, i.e., {X¢ o }1<t<T, 1<a<nN, where the index n = N (t — 1) + a. Define the kernel
recursively as follows:

B = ) = (<,
Zz(fg'l) =2-E(, )un(0,49) [max{u,0} - max{v,0}],

0+1) 4
H =2H) E

p,q

I(u > 0) - I(v > 0)] + ZEFY,

(w0)~N (0,49 | P

where AZ(,Q =

¢ YA
Dy By
E‘Iap zq

PG TG

Finally, the matrix H = 1 (H") + 3(1)) is called the neural tangent kernel (NTK) matrix over the

set of context-arm feature vectors {x™}TN, .

Condition 1. Conditions needed for the width m of NN:

[ V)

m > CT*N*LS log(T?*N2L/8)/X;,
m(logm) ™% > Cn;3T8L21)\_5,
m(logm)™3 > Cm;BTMLm)\*“LfL,
m(logm) ™2 > CTY LS\ ™8,

(34)

where C' is a positive absolute constant, N is the number of available arms in each round.
To simplify exposition, we can express the technical conditions above compactly as m >

poly (T, L,N,1/k,, L, 1/, 1/, log (1/6)),

For clarity, we adopt a unified error probability § for all probabilistic statements throughout the
analysis.

E.1 ANALYSIS OF NEURAL NETWORK
Lemma 7. (Lemma B.3 in (Zhang et al.| 2021) ) As long as the width m of the NN is wide enough:
m > CoT*K*L%log(T?*K?L/8)/ )\,
then with probability of at least 1 — 6, there exits a 0.~ such that
r*(x) = (g9(x;60), 0+ — bo)
Vi 6, — 0]l < V2hTH Th < B
forallx € X;,Vt € [T

Lemma 8. We have that ||, — 6o]|, < 2/ -5, vt € [T]

Proof. () € [0,1]. Using Eq. [1] gives us
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1
§>\ 16 — Boll3 < Le(6:) < L4(6o)
a - 1 t—1 k

= 30D (wnilogp [h(xl s 60) — h(xi:60)]
s=11i=1
1
+ (1 = ys,i) log  [A(x2 ;:60) — h(x i,i);Go)DJr§>\||90—90H§.

t—1 k
1

= Z Z [ys,i10g 11(0) + (1 — ys.i) log 14(0)]
s=11=1
t—1 k
1
=——> "> log0.5
m ,
s=11=1
tk
< —(=1og0.5)
m
®) tk
S -
m
Step (a) follow because h(x;80y) = 0, Vx € X;,¢ € [T] which is ensured by Assumption step ()
follows because —log 0.5 < 1. Therefore, we have that [|6; — 8|, < y/2-% < 2,/% O
Lemma9. Let 7 = 2 . Then for absolute constants Cs,Cy < 0, with probability of at least
1-4,

lg(x;62)ll, < CavmlL,

lg(x;00) = 90 00 < Cay/mlogmr /L7 = Com* flogm ()L,
forallx € X, t € [T).

Proof. It can be readily verified that our choice of 7 = 24/~ [tk satlsﬁes the condition on 7 required

in Lemmas C.3 and C.4 of (Zhang et al., 2021). Consequently, we are able to invoke those results,
as this choice ensures that ||0; — Ogll2 < 7. O

Lemma B.4 from (Zhou et al.,2020) allows us to obtain the following lemma, which shows that the
output of NN can be approximated by its linearization.

Lemma 10. ((Zhou et al.| [2020)) Let T £ 2/ £ Let €, , £ Com™'/5\/logmL?(%)*/3. Then
for some absolute constant Cy < 0, with probability of at least 1 — §,
|h(x;0;) — (B — 00, 9(x;60)) | < Cor*3L3\/mlogm = Com™/6,/log L3 4/3 €t

forallx € X;,t € [T).
Lemma 11. Forall x,x' € X, t € [T, we have

[ (B(x) — (x'), 0: — o) — (h(x;6;) — h(x;60,))| < 26, ,

Proof. By re-arranging the left-hand side and then using Lemma[I0} we get

[(6(x) = ¢(X), 01 — o) — (h(x;0¢) — h(x'; 61)))|
[{¢(x), 6 — Oo) — h(x; 01) + h(xX'5 0,) — (S(x'), 0 — bo) |
uwmﬁrww—Mxmﬂ+mwwa—wwm&—%ﬂ G5)

/log L3 4/3

IN

<2C
2

/
€m,t
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E.2 PROOF OF LEMMA [12]

For simplicity, we denote 50 si = g(X;i,@ ) — g(x2 300, (gt,s,i = g(xt,;0:) — g(x? 179 ) and
htezﬁh( swot) h’( sz79t)

Lemma 12. Let By 2 L \/d+2 log(1/6). Assuming that the conditions on m from Eq. |34| are

K

satisfied. With probability of at least 1 — §, we have that

A
V|0 = 64|y, | < Br +B\/:—|— 1,vt € [T].
n

For any 6, € RP, define

t—1

G (0, % i { (< — o, ng,s,i>) - <<9r* — 0y, ng,s,i>)} ao,s,i + X0 — ).

s=11=1
(36)
Lemma 13. Choose A > 0 such that \/,, > 1. Define V;_1 = Ei;ll Zle $0737i$&57i% + ﬁl

A B
0~ —0 <— 0 -1 ——
100 = ully._, < - IGOly + 1 2

Proof. Let \' € (0,1). Forany 0,/,0,, € R, setting 0 = \'0,, + (1 — \")0,, and using the mean
value theorem, we get:

1 t—1 k
Gt(er;)_Gt(er’z)— [mz ﬂ <9’_005¢051>)¢051¢031+)\I (97“1 —07«2)
s=11i=1
1 3L A
> K —_ ER) +—1I 97”’ - 07"’
- mS:1;¢O ¢Osz KJH p]( 1 2)
= Nuv;ffl 97‘1 97"’2)

Note that G¢(0,«) = A(0,« — ) and 7, is the estimate of r* at the beginning of the iteration ¢ and

Tt i = <9t — 6o, $O7S,i>- Now using the equation above,

1Ge(6:) = A6, = 80) Iy, = 1Ge(6r) = Gi (O
(5, Vie1 (0 — 0)) TV, 56, Vi1 (0, — 6y)
= K20 — 0,) Vi VL Vi1 (0, — 0,)

2
K 100 = 0clly,

v

This allows us to show that

1 1 1
107+ = Otlly,_, < —1Ge(0) = AOrr = O0)lly;-1 < —Ge(00) [y + — [[A(re = Bo)lly, -
"{I—L t—1 /{# t—1 /{# t—1
(37
in which we have made use of the triangle inequality.

Note that we choose A such that ’\ > 1. This allows us to show that V;_; > ’\ I and hence

V,Z} < 521 Recall that Lemmatells us that [|0,- — 6], < \/'i which tells us that
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1 A —
o MO = 0)llyy = =4/ (O = 00) TV, T3 (6 —60)
i

Ku

A
= =0 = 00)T 201 —00)

/ (38)
H9 T 90”2

<
- /{H\/Tn

IN

This completes the proof. O

Recall that we denote y, ; = u(r*(x} ;) — r*(x2;)) + €5, After that, we can derive an upper bound
from the Lemma above.

t—1 k
1 1|1 - oy 7
P G (00l = — > [U(<9t — 0o, ¢0,s,i>) - M(<9r* — by, ¢>o,s,z‘>)] b0,s,i + A(0r — 6o)
m H s=11i=1
] =1k
T Ry ||m D [ilress) = pr* (x4) = 77 (x2.0))] bo,6.: + A(6: — o)
" s=1i=1 |
= ~
=1 Z [1(7t,5,0) — (Ys,i — €5,4)] Bo,s,i + MO — bo)
Iz s=1 i=1 v, L
1 1 t—1 k - 1 =1 &k ~
=— Z(N(Tt,s,i) — Ys,i)P0,5,i — Z Z €s,i00,5,i + A(0r — 6o)
iz =1 i=1 s=11i=1 v,
= B t—1 k
< | DD (lrusa) = ysi)ous.s + M6 — 0o) B zcbo,m
H s=11i=1 Vtill s=11i=1
(39)
Next, we derive an upper bound on the first term in[39] For simplicity, we define:
| =Lk | =Lk
Alﬁazz Ttsz ysz)(¢051 ¢tsz) A2£%ZZ rtsz - (htSl))(thZ
s=1i=1 s=11=1
(40)
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Now, the above equation can be decomposed as:

t—1 k

SO T (resi) = Yei) G0, + MB: — 6o)

1
m
s=11i=1

V-

1
t—1

t—1 k

Z Z(H(T’t,s,i) ~ Ys.i) (Po,5,i + Dtosi — Drsi) + A0 — 0)

s=1i=1

1
m
-1

Vica

t—1 k

1 ~
= (= 2D (0lres) = ys.i)u,0i + A0 — o) + Ar

s=1i=1

V4
t—1 k
1

= E Z Z rt EX) + ,UJ ht s z) - ,U(Et,s,i) - ys,i)(gt,s,i + /\(6t - 90) + Al
s=11i=1

(41)

—1
Vi

] =Lk N
== Z Z ht s,i) — Ys,i)Pr,s,i + A0 — 00) + Az + Ay

m
s=11i=1

—1
thl

@ Az + Ay

< [[Aally1 + [ Arlly

KR R
< 5 el + 5 Al

Note that we have step (a) because:

-+
|
—

(M(%t,s,i) - ys,i) (Et,s,i + (6, — 6p)

@
Il
—

3=
i

~
|

! (42)

k
D (ulh(xy5:600) = h(<2 3300)) = ys,i) (9(x4,4:00) — 9(x3 30,)) + A0, — 6o)

1=

w
I

-

_

< S\H

which is ensured by the loss function and the way we train our NN. Next, we derive an upper bound
on the norm of A;. To begin with, we have that

- Hg g( 3,1;00) 7g<xi,i;9 sza H2
S Hg(Xi,z-;9o> —g(xt 00|, + Hg<xs,i;90) —g(xs,i;% I,

ot\'/3
< 2C1m \/logm () L7/?

A

H¢051 ¢t31
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in which the last inequality follows from Lemma[9] Now the norm of A; can be bounded as:
| =Lk _ B
- Z Z T't s 1 ys,i)(¢0,s,i - d)t,s,i)
m ,
s=11=1
t—1 k

LSS ) — 90 o — B0

s=1i=1
t—1 k

:7ZZ|MTtS’L ysz|

s=1i=1
t—1 k

7ZZH¢OSZ ¢>tsz

s=1 =1

t—1 k 1/3
— ZZ2C1m logm (C;) L7?

slzl

= m =23\ /log mt*/32C kA3 L7/?

[, =

2

I A

’(rb()sz ¢t51

(43)

\ N

\ AN

Next, we proceed to bound the norm of Ay. Let X' € (0,1), and let a; s ; = N1y s + (1 — X)?Lt,syi.
Following the mean-value theorem, we have for some X’ that

N(rt7s,i) - M(Tlt,s,i) = (rt7s 7 ht s z) (at s z)

Note that fi(a,s;) < L, which follows our Assumption. This allows us to show that

(resi) — p(hesi)| = |(Fesi — hesi)iars)
= |7nt,s,i - ’ﬁt,s,i”/l(at,s,i)l
S L;L|rt,s,i - ht ,S 7.|
= L, [{0: — 00, 9(x} ;:00)) — (6 — 00, 9(x2 3 00)) — (h(xL;;0) — h(x2 ;:6,))]|
_LM(KHt 90’ ( 52790)>_hxii;9t ‘+’h s,i;et)_<9t_907g(xg,i;90)>|)

()
< 2L,Com™Y/5/log L3 4/3

(44)

where step (a) follows from Lemma |10 . We can also notice the fact that H%t”
2

g(xti500) — g(x2; 9t)||2 < Jlg(xl; 9t)H2 + [lg(x2 ;; 90”2 < 2C5v'mL Then we can derive
an upper bound of A, using the fact above.

lt 1 k _
HA2||2: mzz Ttsz - htsl))¢t,s,i
s=1 =1 2
t—1 k _
S*ZZH Ttsz - htsz))¢t,s,i 9
s=1 =1
t—1 k (45)
:7ZZ|MT1557, - htsz “Qstsz
s=1 =1
t—1 k
g—ZZ2L Com™! \/EL?’ 4/3><203F
s=1 =1

< 4kL,CyCm™2/3\flogmt™/3LT/2\=4/3
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Lastly, we can derive an upper bound of the first term of Eq. equation 39 by combining Eq. (#3),

Eq. @ and Eq. @I):

t—1 k ~

Z Z rt s, z ys,i)¢0,s,i + )\(9,5 - 90)

s=11=1 Vt_—ll
= HAI + A2||v*1

IN

\/ = (1A, + \/ - [l Azl

1
23\ log mt*/32C kNYBLT/? 4 ———4kL,CoCam™2/3\/logmt™/3LT/2\=4/3

ST w/n#)\ VA
(46)

And then, plugging equation Eq. (@6) into equation Eq. equation[39]and plugging the results from
Lemma [[3] we can get that

||9T* - (975”\/,5,1

t—1 k

Z GSZQSO&’L
1

slz

)‘ B 1 —2/3 4/3 —1/377/2
+ Vieg mt*/32C kA"Y3LT/
v, L \/> VFE

t—

———4kL,CoC3m ™23\ /logmt™/3LT/2\=4/3

<

F

Here we define
/\

KJN H/L

4k L, CoCam ™6\ log mtT/3LT/2\~4/3

LB m ™0\ log mt*/32C, kA~ L7/?+

(47
1
VEuA
It is easy to verify that as long as the condition on m from are satisfied, we have that ¢, ; <
A
B w 1
This allows us to show that

f”&"*

t—1 k

\/fzzesi¢051

s=11i=1

+ €m,t

—1
t—l

A
+B,/ = +1
-1 ’%M

1

t—1 k (48)

1 1
<K/7M ‘\/fZZESNbOSz

s=11i=1

Finally, in the next lemma, we derive an upper bound on the first term in Eq. (48)

Lemma 14. Let f7 & L \ [d+2 log(1/6) With probability of at least 1 — , we have that

‘\/fzzesz¢0sz

s=11i=1

1
— < Br
KZ

—1
t,—l

Proof. Recall that we have V; = S2¢_, 2% 6 . lgbo e 1. Here we use C¥ to denote all

possible pairwise combinations of the indices of K arms. We denote zj( 8) £ ¢(Xsi) — H(Xs,)-

Also recall we have defined that H' 2 ST Y jeck 75(5)25(s) T 1. Now the determinant of V
can be upper bounded as
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U

~ 1 A
G0,7,i90.7,i — + I)
mo Ky

Vo = 2L This leads to

det V, det (H’ + ﬁl)

log oevn S8 —aqeve
(A/kpu)P det (H' +1) (50)

(k)P

= log det (K—;H’ + I)

= log

We use €, ; to denote the observation noise in iteration s € [T7] : ys; = u(r*(x} ;) —7*(x2 ;) +€s.i-
Let F; 1 denote the sigma algebra generated by history {(x! ;, X2 ;, €5.i)seft—1], (X{ s X7.s)Ji=1..k }-
Here we justify that the sequence of noise {es,i}s:l,...,T,i:l,...,k is conditionally 1-sub-Gaussian
conditioned on F;_1. Note that the observation ¥, ; is equal to 1 if xtl’i is preferred over xf’i and 0
otherwise. Therefore, the noise €, can be expressed as

€. — {1 - /‘(T*(Xi,i) - T*(Xz,i))» w.p. N(T*(X;,i) - T*(Xg,i)) (51)
Tt (k) St (x2), w1 p(rt(xg ) —ri(xE )

It can be seen that €, ; is F;- measurable. Next, it can beverified that E[e; ;|F;—1] = 0. We can also
note that |e, ;| < 1. Therefore, we can infer that €, ; is conditionally 1-sub-Gaussian,

/\2 2
Elexp(Aes ;)| Fi] < exp( g

), VA €eR (52)
with o = 1.

Next, making use of the 1-sub-sub-Guassianity of the sequence of noise {¢; ; } and Theorem 1 from
(Abbasi-Yadkori et al.,[2011)), we can show that with probability at least 1 — &

1 Ltz_iz’f:e bo.5.i < 4/lo det Vi1 + 2log(1/5)
K \/E L L s,1%0,s,1 - = 2 det Vb g
t—1

< \/10g det (%‘H’ + I) + 2log(1/90)

(@) /=
< \/d+2log(1/0)

in which we use the definition of d = log det(I + “H’) in step (a). This completes the proof.
O

Finally, plugging Lemma [I4]into 48] we complete the proof of Lemma[I2}

A
vml|f, — Oclly, , < Br +B\/:+ 1,Vt € [T].
n
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E.3 PROOF OF THEOREM[2|

Definition 3. For simplicity, we define vr = (Br + B,/% + 1)5 and
oS 5)* A TE || ) — o)

—1°
thl

Lemma 15. Let § € (0,1), €], , = Com™'/6/logmL?(%)*/® for some absolute constant C > 0.

As long as m > poly(T,L,K,1/k,,L,,1/ o, 1/A, 1og(1/6)), then with probability of at least
1—4,

7 () — 1 ()] — [h(x: 6,) — h(x:0)]] < 011 (x, %) + 2,

forallx,x' € Xy, t € [T).

Proof. Denote ¢(x) = g(x;6p), recall that r*(x) = (g(x;60), 0« — o) = (p(x), 0, — b) for all
x € Xy, t € [T]. Forx,x" € A, t € [T] we have that

(%) = 1" (x') = (6(x) = &(x'), 0, — o) |
= [{¢(x) = ¢(x'),0r+ — Oo) — ($(x) — B(x'),0; — bo) |
= [{(x) = ¢(x'), 0= — 0y) |

= [( T 660 - o0 v, -y )|

" (53)
sH1m<¢<x>¢(x’>> RIS
< |0t - o) - <5T + B@ v 1)

in which we use Lemma [I2]in step (a). Now making use of the equation above and Lemma[T0] we
have that

[ (%) = r*(x") = (h(x;04) = h(x';61))]
= [r"(x) = r*(x') = (¢(x) = ¢(x'), 0 — bo)
+(b(x) = 6(x), 00 — bo) — (h(x;61) — h(xX; 6))]
< r(x) = (%) = {b(x) — ¢(x'), 0 — bo) | (54)
+ [{6(x) = ¢(x), 0 — Oo) — (h(x:0¢) — h(x'; 0,))]

1 A
<l 7=(0(x) — ¢(x) Br+By|—+1| +2€,
H vm vl Ku !
This completes the proof of Theorem. O

Lemma Letd € (0,1), &, , = Com™ 1/6/logmL3(£)*/3 for some absolute constant Co > 0.
Aslong as m > poly(T, L, K, 1/@, L,,,1/X0,1/X,1og(1/8)), Let the context of two super arm S}
and S? to be X;(S}) = {x%,i}le, X, (S7) = {x7;}}_,. then with probability of at least 1 — 4,

‘ (.f(St17r*) - f(StQar*)) - (f(St17rt) - f(St 7rt ‘ < vro¢— I(St782) + lemt
forallt € [T
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Proof.

k k k
|-y 2 2 )
k
= 3710 (k) = (x2)) — (re(xt ) —re(x2)] |
i=1 (55)
k
<D0 el = 7 (x20)) = (el is00) = a3 :00))] |
k
=< Z (VTUt—l(th,i,XtQ,i) + 2€/m,t)

= vros_1(S}, S%) + 2]{:6:7“

Now we can analyze the regret. To begin with, we have

rege = 20pt.. — (f(Sf, ") + f(S7, 1))
:f(S*,I'*) —f(Stl,I‘*)—Ff(S*,I'*) —f(S?,I‘*)
(a)
< f(S*,v0) = f(SEve) + vroi 1 (S, 8)) + 2key,  + f(S*,v0) — f(S7,v0) + vrow1(S*, S7) + 2kel,, ,
(b)
< F(S7,ve) = f(S}xe) + vroe-1 (5™, SE) + dke, o+
f(S*ﬂrt) - f(Stlart) + f(Stlart) - f(SEart) + VTO—t—l(S*vstl) + VTUt—l(St17St2)
=2 [f(S*art) - f(Stlart) =+ VTUt—l(S*a Stl)] + f(Stlvrt) - f(St27rt) + VTUt—l(Stl7St2) + 4k6{m,t

(¢)
<2 [f(Stza rt) - f(Stla rt) + VTUt—l(St27 Stl)] + f(St17rt) - f(St27rt) + VTUt—l(Stla St2) + 4k6;11,t

= f(St27rt) - f(St17rt) + 3VTo't—1(St1a St2) + 4k€;n,t

(@)
< 3uroi_1(S}, S7) + 4ke,,, ,

A k
:3<ﬁT+B\/;+1>;

Step (a) follows from Eq. (55)), step (b) follows from the fact that o;_1 (S}, S?) < oy_1(S},S}) +
o¢—1(S}, S?) using trangle mequahty, step (c) follows from the way in which S 2 s selected:

(56)

2 _ 1
Sy = arg max f(S,re) + vror—1(S,S;).

step (d) follows from the way in which S} is selected:

Si = argmax f(S,ry).
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Recall that V; = 320 S0 d(al )p(22,)T L + AL Itis easy to verify that V,_; = 2T and
’ ) w W
hence V,~] < T/\ I. Therefore, for V| ;, 22, € X, it is easy to verify that
" i,

|ttt - eato |, = 2S00t - ol TV el - s62)
= Q;i"w L) = 0@t )T (9l ) — 6(a)
=~ (9lat) — 0a2 )T (B(et) — 9la2)
= 6tk — o
< co

in which we have denoted ¢y > 0 as an absolute constant such that = ||¢(z ;) — ¢($%Z)Hz <

€o, x%,i, zfz € X;,t € [T]. Note that this is similar to the standard assumption in the literature that
the value of the NTK is upper bounded by a constant (Kassraie & Krause, [2022). This implies that

Al L (oat,) - dla?,)
that A/, > 1. Note that for any a € [0, 1], we have that &/2 < log(1 + «). Then we have that

2
. /co < 1 for some constant ¢y > 1. Recall that we choose A such
Vi

2
1 1 2
[Feeeto - ot <tog (14 L Lot - o)
2 co = log o \/m 'rt,z xt,z Vf__ll
1 2
gbg1+H¢ﬁi¢ﬁi
( \/m( (t,) (t,)Vtill
which leads to
Loty — ot <2eoton (14 | ot oz (57)
—(p(x; ;) — O(x c = — (p(x; ;) — o(x
\/m tyi tyi Vt*ll = 2€p l0g 2\ Fop \/m tyi t,i Vt*11
Then we can show that
iZlog 1+&i i((,25(x1 ) — ¢(x2)) : = log det <I+@Kt)
921 P A KM m 5,2 5,2 ‘/till A

in which K is a kt x kt matrix. For Vi € [kt], define t; = |+] and i = i —t;. And Ky[i,j] =

L(lal 5) — o(a2 )T ($lal ) — 6(a2 ) . Define the p x kt matrix J, = [ ((a,) -

qﬁ(mf)i))]lewt, i=1,.., And we have K, = J [ J; This allows us to show that

t oA 2
ZZlog (1—1—;/{#

s=11i=1

) = log det (I + K—”Kt)

ot y

t—1

in which K is a kt x kt matrix. For Vi € [kt], define t; = |+ ] and i = i — t;. And K,[i,j] =
(o) 5) — ¢($31;))T(¢($%13) - 45(95%73)) . Define the p x kt matrix J; = [ﬁ((b(x}'t) -
qﬁ(xf’i))]T:l,_“t, i=1,..k And we have K; = J J; This allows us to show that
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2

é;bg (1 + 2 (/jﬂ %((b(x;’l) —o(a?,)) V)) logdet (T+ 1K)

= log det (I + ’1“ 37 Jt>

— log det (I + '{A“Jf:ﬁ )k 8
~ logdet <1 SO MUCENEEERICENE ¢<x§,z>>T;>

< log det ('i/\“H’ + I) i

in which we have followed the analysis of Eq. and Eq. (50) in the last inequality.
Combining the results from Eq.(57) and Eq.(58), we have that

) 1

ZZ T (0an) = o) 1<2€0221°g<”H\F 1) — o,

t=1 i=1 Vi_ t=1 i=1
< 200d

2

Then we can derive an upper bound on the cumulative regret:

Proof. Recall that we have

k
A
regr <3(r+ By T = (0(x) = 06,) L TR 9
Then we can get an upper bound of the cumulative reward R
T T k
Regr =) jregi <) 3(Br+ B\/ D] v —0(2)| kT
t=1 t=1 =1 v,
2
3(/3T+B,/ ~ 1) Tkzzz B —o(x3,) +4kTe
t=1 i=1 Vi
A A~ ,
3(Br + By — + 1)y | Tk2co—d + 4kTe,,
Ky Ky ’
(60)

Note that €], , = Com™1/6\/log L3( )4/3. As long as m satisfy the condition in equation , we
can get 4kT'e;,, » < 1. And fBr = O( 1“ d), so we have

R69T§3(5T+B\/? )MH— << f+3\/7>\/ﬁ>,
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F DISCUSSION OF LIPSCHITZ CONTINUITY ASSUMPTION

In this section, we further analyze the reward function under different assumptions. In particular,
we focus on the widely used Lipschitz continuity assumption in combinatorial bandit settings and
discuss the resulting regret bounds under this assumption.

In the combinatorial dueling bandits setting, our goal is to select the best second super arm:

B
SZ = argrélggc[f(s, re) + é@q(S, SHI

Under the additive reward function assumption, selecting the second super arm becomes efficient,
since both the reward function and the confidence interval term can be decomposed into the follow-
ing components:

k

st + o525 = 3 () + 2 b = w2l )

H i=1

k
= Z Value(x;i7 xfl)
i=1

Each term value(x/ ;,x7 ;) depends on both x; ; and x7 ;, and the total value is obtained by aggre-
gating these terms. Hence, the selection of arms in the second super arm S? can be formulated based
on these pairwise values and efficiently solved using the Hungarian Algorithm.

Under the Lipschitz continuity assumption, we aim to select the optimal second super arm such that

57 = argmax((5,r) + P, (5,5)].
o

However, we have no prior knowledge of the reward function f, and the term o, (S, S}) under the
Lipschitz continuity assumption is also complex. Thus, in order to identify the optimal super arm,
we need to evaluate all possible S € S. Here, we assume access to an efficient oracle that can assist
in selecting the second super arm.

F.1 ASSUMPTIONS

Given the context set X; = {X;1,Xs.2,-..,Xn}, the score vector r; = [r ;] = [ry(x.:)] N1,
and a super arm S} = {s!;,s},,...,s;,} and the context of the super arm X;(S}) =
{xt1,xi0,. .. ,xtl, &> the common assumptions about f(.S,r) are monotonicity and Lipschitz con-

tinuity. According to the latter assumption, for any two reward functions r and r’, we have that for
any subset S of arms

[F(SEr) = f(SLe < C > Ir(x (x,)]2 61)

€S

But in the combinatorial dueling bandits setting, we need the following assumption instead.

Assumption 3. Without loss of generality, we assume the following:

e Lipschitz continuity: For any Sy and Ss,

k
[(F(S1,1) = F(Sa,m)=(F (51,6 = S(S1.0) | £ €| D [(rlock) = rlot ) = (/6xk ) =1/ (x2)]

* Monotonicity: For any Sy and Sy, if 7(x; ;) > r(x7 ;) for all i, then f(S1,r) > f(S2,r)
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Algorithm 5 Linear Combinatorial Dueling Bandits for Lipschitz continuity condition (LinCDB)
1: Set Vo £ AL B £ \/2log(1/6) + dlog (1 + tkD?k,, /(dN)).
2: fort = 1,.}..,Td0
3:  Find §; = arg ming: £(0") equation][]
Choose the first super arm S} = arg maxges f(.9, 1)
Choose the second arm S? = arg maxges[f(S,r¢) + —U;(t (S, SH)].

4
5
6:  Observe the preference feedback: {y; ; = H‘(x%’i - xt,z)}l_l,_,k, and update history
7
8

Update V; < V1 + >F XX/,
: end for

F.2 LINEAR COMBINATORIAL DUELING BANDITS

Lemma 16. For any two super arm S}, S? € S, Define

k
O'/\’t(stlﬂgg)é ZHth XtiHV—l'

Then we have that

(58 0) = 7(82.0)) = (F(hw) = £(52.0) | < Do (s, 7).

am

Proof.

| (F(S2,x) = F(S2,x%)) = (£(SExe) = F(SE,m0)) |

(@) b 2
<C Z [(T*(X%z) - T*(X%z)) - (Tt(X%,i) - Tt(xg,i))] .
i=1

62)
® : 1 2 |2 (
S Z th,i - Xt,iHVt:ll
- Gﬂmsz, 52).

Ku
where (a) follows from Assumption (b) follows from Lemma
O

Lemma 17. oy, (S;, S?) < ox,(S;,S}) + ox,(St, S?)

Proof. To begin with, we have that

< bt =kl + ke =il

thz xf1||v 1
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This leads to

||th th < ||th thHV L ‘|'thz xtz”v L +2thz Xt L||V L thz th”v v

HV 1

k
Z ||th Xt 7.HV—1 < Z ||xtz Xy 7.HV—1 +Z||Xt1 Xy 1||V—1 +QZHX1§1 Xy 1||V— ||th Xt zHV—l
i=1

k
- Xy zHV—l Z th i T Xt

i=1

i=1
k

<>l XmHV1+ZHXm Xqul+2$
=1

(\5
- (63)

in which we have applied the Cauchy—Schwarz inequality in the last inequality. Therefore, we have

2

XMHV 1 +$ZHXM th“v 1)

that
K K
ZHth_xtzHV 1= > lxii - thHV L ZHth_ V ! (64)
i=1 i=1
That is,
ox,(S7.S7) < o, (57, 8)) + ox,(S}, 57)- (65)
O

Following the proof of Lemmal[5] we can easily establish the following lemma.
Lemma 18. In any iteration t, the regret is bound by

reg, <306 ox,(St,8?) =3C= \IZHX“_ V_

K

And then we can get the total regret Regr.

Theorem 3. Let 8, £ \/21log(1/6) + dlog (1 + tkD?k,,/(d\)) and X < 3, then With probability
of at least 1 — 6, we have that

Regr < Ki\/z log(1/0) + dlog (1 + TkD?,./(dN)y /2T kd log(1 + TkD?s,,/(dN))
m

Proof.

T T k
Regr = Zregt < Z3C§\l Z %t — Xg’iH?fll (66)
t=1 t=1 B\ =1 -

Bi |y 2
t
<300\ T D ek =<l 7

2
<3cBt \/sz log(1 + " TED, (68)
Ko dA
TkD?
_scl \/2Tdbg(1 + M) (69)
Ko dA

So we have that Regy < 3¢ [\/4Tdbg 1/8)log(1 + k,TkD?/(dN)) + V2T dlog(1 + “= TkL )}

Ignoring all log factors, we have that Regr = O(Ed\/f)
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F.3 NEURAL COMBINATORIAL DUELING BANDITS

Algorithm 6 Neural Combinatorial Dueling Bandits for Lipschitz continuity condition (NCDB)

1: Set Vp £ ﬁl, Br = é d+2log(1/8) (d is defined in Definition , vr £
<5T + B\/%+ 1) S
2: fort=1,...,Tdo

Train NN using history {(x! 5,0 g i Ysi) Fer 11 ]: 1 by minimizing loss function equatlon@

3
4 Receive the contexts X;

5:  Compute r¢(z) = h(z;0;)

6:  Choose the first arm set S} = arg maxges f(S,r¢)
7:  Choose the second arm set S? = arg maxges f(9,1¢) + vroi—1(S, S})

8:  Observe the preference feedback: {y;;, = H‘(x%’i - xfl)}lzlk and update history
9: end for

Definition 4. Define 04(x,x') £

_ ! A !
‘\ﬁ (x) —o(x ))vafl <3T + Byt 1) + 2¢,,, ; and for
two sets super arm S} = {s{|,5{4,...,5{ .}, the context X,(S}) = {x{,,X{o,..., %X}, } and
super arm S; = {s},,87,.. sfk} and the context X;(S?) = {Xf’l,xfg,...,xik} define

01(S1,582) = \/Zz 07 (%0 %7 )
Lemma 19. For any super arm S}, S? € S.

| (F(S2,x) = F(S2,x%)) = (£(SExe) = F(SE,12)) | < Con(Sh, 55)

Proof.

[ (£(8Ex7) = £(82,0%)) = (F(SE,0) = £8P m0) |

k
<C Z [(T*(th,z‘) - T*(X?,i)) - (rt(X%,i) - Tt(xii))]z

k
20\ D ek ) — 1 (x2)) — [xkis00) = b6 26,)]) 0

d
D Coy (S, 5).

where step (a) follows from Assumption 3] step (b) follows from the definition of reward function
7, step (c) follows from Lemma|[T5]and step (d) follows from Definition [3}
O

Lemma 20. [n any iteration t, the regret is bounded by

A
reg, < 6C(Br —&-B”a +1) Ez[];]

To begin with, we have

1 2

T Px0) = Axi0))

+12CVke,, ,

-1
Visa
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rege = 20pt,. — (f(S},r7) + f(SF,17))
= f(Si.x") = £(S),x") + f(S7,x7) = f(SF.r7)

(a)
< F(SE.re) = f(St 1) + Cou(S*,51) + f(S7,re) — F(SE,xe) + Coe(S*, S2)

(b
< f(SFore) = f(Siore) + Cou(S*, S1)+
F(SEoxe) = F(S{,ve) + f(Stowe) = f(SF,x0) + Cou(S*, S1) + Coy(S1, Sa)

=2 (f(S.10) = F(S}10) + Cou(S*, 81)) + F(SE,re) — f(SE,10) + Cou(Sh, S2)
< 2(F(57 1) — J(S1.10) + Coul$2,80)) + F(5E 1) — [(S2.20) + Cor(1, )

= f(SZ,rs) — f(S},rs) +3C0o(S2, 51)

(d)
S 300}(51, 52)

Step (a) follows from Egq. , step (b) follows from the fact that o1 (S}, S?) < o4_1(S}, S}) +
o¢—1(S}, S?) using triangle inequality, step (c) follows from the way in which S5 is selected: S; o =
arg maxses fr,.x, (S) + Co1(S, St 1), step (d) follows from the way in which S is selected: S} =
arg maxses fr,,x,(S). and step (e) follows from the fact that a + b < 2max{a, b}

If we denote B; = H \/%(gﬁ(xtll) —o(x7;)) et (Br + B,/ % + 1), then we have
t—1

k.
J > (2 mas { |0t - o2,
<2 (> B> 42,

i€ k] i€ k]

<2 B24+2 | 4e?,
i€ [k] i€ (k]

=2 |3 B2+ 4Vke,,
i€ [k]

2
A
) <BT+B,/H+1>,QE;M}> Y e Y ae,
Vica ® Bi>2¢,, , B;i<2€

m,t

(72)
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By substituting Eq[72] we have

2
1 A ,
e <oc | |3 (Hﬁw(xai)—as(xam . <6T+B,/H#+1>> + 2R,

i€k

2
(U NESEINDS o) +avE,| 09
o ic[k] Vih

i x1. x2
J=(000e) — 66¢)
A 1 2 )
=6C(Br + B ? +1) Z ﬁ(fﬁ(xg,z) - ¢(Xt2,z)) + 120\/Eem,t
s ielk) Vith

Then we can derive an upper bound on the cumulative regret:

Theorem 4. Let 3, = \/21log(1/8) + dlog (1 + tkD?k,,/(d\)) and X\ < 7, then With probability
of at least 1 — 6§, we have that

Regr < 60(\/2 log(1/6) + dlog (1 +tkD?k,,/(d)\))+ B % +1) TQCO%J—F 12C’T\/Ee;nyt
\ \ i

Proof. We can get an upper bound of the cumulative reward Regr

T T 2
A 1
Regr = Zregt < ZGC(ﬂT + By | —+ 1)\] Z ﬁ(gb(xtll) —o(x7;)) B (74)
t=1 t=1 m i€[k] Vish
T
+3 120Vke,,, (75)
t=1
A o 1 2
< 6C(Br + By = + 1>J T2 || 7m@tt) — o6t 9
t=14i€k] t—1
+12CTVke,, , (77)
< 6C(Br + By /% +1), /T2c0%£i+ 120TVke,, , (78)
0 iz
(719)
Ignoring all log factors, we can get
~ 1 = =
Regy < O((ﬁx/&jL B, /:)\/Td)
0 0
O
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