
000
001
002
003
004
005
006
007
008
009
010
011
012
013
014
015
016
017
018
019
020
021
022
023
024
025
026
027
028
029
030
031
032
033
034
035
036
037
038
039
040
041
042
043
044
045
046
047
048
049
050
051
052
053

Under review as a conference paper at ICLR 2026

COMBINATORIAL DUELING BANDITS

Anonymous authors
Paper under double-blind review

ABSTRACT

We introduce the Contextual Combinatorial Dueling Bandits (CDB) problem, a
novel framework for modeling complex online decision-making under relative and
binary feedback. In each round, the learner observes contextual information for a
set of arms and selects two subsets of k arms, termed super arms. The feedback
consists of pairwise binary preferences between the arms in the two chosen su-
per arms. For example, in recommendation systems, a user might be shown two
competing sets of items and provide preference feedback for each pair of items.
We propose two algorithms to address this problem: LinCDB for linear score
functions and NCDB for nonlinear cases. Both algorithms leverage the Hungar-
ian algorithm for efficient selection of the second super arm. We theoretically
demonstrate that LinCDB achieves a regret bound of Õ

(
d
κµ

√
Tk
)

, while NCDB

achieves Õ
((

1
κµ

√
d̃+B

√
λ
κν

)√
Tkd̃

)
. Here, d represents the dimension of

the context for each arm, k is the size of the super arm, and d̃ denotes the effective
dimension. To our knowledge, this is the first work to study combinatorial bandits
with preference feedback.

1 INTRODUCTION

Combinatorial bandits offer a powerful framework for sequential decision-making in domains like
recommendation systems, ad placement, and medical diagnosis (Saha & Gopalan, 2019; Nika et al.,
2020; Hwang et al., 2023). In the standard setting, a learning agent selects a “super arm” (a subset of
items) and observes semi-bandit feedback, meaning it receives a numerical reward for each individ-
ual item chosen (Qin et al., 2014; Chen et al., 2018). However, this assumption of observing explicit
numerical scores is often impractical. In many real-world applications, especially those involving
human interaction such as recommender systems or Reinforcement Learning from Human Feedback
(RLHF) for LLMs, feedback is more readily available as relative preferences between items.

To account preference feedback, the dueling bandit framework models feedback as pairwise prefer-
ences, and its contextual variant has proven highly effective in capturing human choices (Saha, 2021;
Saha & Krishnamurthy, 2022; Bengs et al., 2022; Li et al., 2024; Verma et al., 2025). Motivated by
scenarios that require both combinatorial choices and preference-based feedback, we introduce and
study a more general and realistic problem: the combinatorial dueling bandit (CDB). In our setting,
an agent is presented with N arms in each round, each described by a d-dimensional context vector.
The agent’s task is to select two super arms, each containing k base arms. It then forms k pairs
between the arms of the two super arms and observes binary preference feedback for each pair. The
agent receives an overall numerical reward for each of the two chosen super arms, and the ultimate
goal is to design a policy that maximizes the cumulative reward over time.

We model this process by assuming a latent scoring function that assigns a utility score to each arm.
Both the binary preference outcomes and the super arm rewards are functions of these underlying
scores. Specifically, we adopt the well-established Bradley–Terry–Luce (BTL) model (Luce, 2005;
Saha, 2021; Bengs et al., 2022), where the probability of one arm being preferred over another is
determined by their exponentiated scores (Sec. 2). This CDB setting naturally models numerous
applications. For instance, in recommendation systems, a user might be shown two competing
slates of items and provide preference feedback to pairs of items. In LLM training, responses from
multiple models can be paired and ranked by human evaluators. Similarly, in online advertising, the
effectiveness of two different ad campaigns (i.e., sets of ads) can be compared.
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This paper makes several key contributions. We first formally define the contextual combinatorial
dueling bandit problem. We then propose two novel algorithms to solve it:

1. LinCDB (Linear Combinatorial Dueling Bandits) for settings where the latent score function is
linear, which works by minimizing a cross-entropy loss based on the BTL model.

2. NCDB (Neural Combinatorial Dueling Bandits) for general nonlinear score functions, which
leverages a neural network to approximate the score function within an Upper Confidence Bound
(UCB) framework (Auer et al., 2002; Chu et al., 2011; Abbasi-Yadkori et al., 2011; Zhou et al.,
2020; Chowdhury & Gopalan, 2017).

A significant technical challenge in our setting is the selection of the second super arm. While the
first super arm can be chosen greedily by picking the top-k arms based on estimated scores, an
optimal choice for the second super arm—to balance exploration and exploitation—would require
searching through O(Nk) combinations. We circumvent this computational hurdle by framing the
selection of the second super arm as a bipartite matching problem, which can be solved efficiently
in polynomial time using the Hungarian algorithm (see Appendix C).

We provide rigorous theoretical analyses for both algorithms, establishing their regret bounds.
We prove that LinCDB achieves a regret of Õ( d

κµ

√
Tk) and NCDB achieves a regret of

Õ
((

1
κµ

d̃+B
√

λ
κν

)√
Tkd̃

)
, where d is the context dimension, k is the super arm size, and d̃

is the effective dimension. The practical performance of our algorithms is validated through a series
of synthetic experiments. To the best of our knowledge, this is the systematic study of contextual
combinatorial dueling bandits, and we consider both linear and general nonlinear score functions.
We further extend our discussion of the reward function under the Lipschitz continuity assumption
in Appendix F.

2 PROBLEM SETTING

Contextual combinatorial dueling bandits. We study the contextual combinatorial bandit problem
with dueling feedback, where the learner selects two subsets of arms and receives pairwise compar-
ison feedback between each matched pair of arms from the two subsets. Our setting differs from the
standard contextual combinatorial bandits, where the learner selects a single set of arms and receives
individual reward feedback for each selected arm.

At each round t, the learner observes a set of context vectorsXt = {xt,1,xt,2, . . . ,xt,N} ⊂ X ⊂ Rd

corresponding to N arms where X denote the global context space. The learner then selects two
ordered sets of arms S1

t , S
2
t ⊂ [N ] , |S1

t | = |S2
t | = k referred to as super arms. We denote

S1
t = {s1t,1, s1t,2, . . . , s1t,k}, S2

t = {s2t,1, s2t,2, . . . , s2t,k} and Xt(s
p
t,i) = xt,spt,i

denote the context of
spt,i − th arm from Xt. For simplicity, we use the notation xp

t,i instead of xt,spt,i
, i.e. xp

t,i = xt,spt,i
.

Let S = {S ⊂ [N ]
∣∣∣|S| = k} denote the set of all candidate super arms of size k and S ⊂ 2[N ].

Note that S1
t and S2

t may share overlapping arms, i.e., S1
t ∩ S2

t ̸= ∅ is allowed.

After choosing S1
t and S2

t , the learner receives a set of stochastic pairwise preference feedback:
{yt,1, yt,2, . . . , yt,k}, where each yt,i ∈ {0, 1} represents the outcome of a noisy comparison be-
tween x1

t,i and x2
t,i. Specifically, yt,i = 1 indicates that x1

t,i is preferred over x2
t,i, and yt,i = 0

otherwise. The feedback depends on an underlying latent score function r∗ : X → R, which is
unknown to the learner. Let r∗t = [r∗(xt,1), . . . , r

∗(xt,N )] ∈ RN be the latent scores of all arms at
round t. Then the score for arm i is defined as: r∗t,i = r∗(xt,i). Given the unknown score vector r∗t
and the selected super arms S1

t and S2
t , the learner obtains rewards f(S1

t , r
∗
t ) and f(S2

t , r
∗
t ), which

we discuss next.

Reward function. We consider a deterministic reward function f(S, r) that evaluates the quality
of a super arm S ⊂ [N ] based on a score vector r ∈ RN . Specifically, we assume the reward of a
super arm is the sum of the scores of its constituent arms. That is, the reward function is defined as
f(S, r) =

∑
i∈S ri which is consistent with previous work (Wen et al., 2015; Kveton et al., 2015;

Louëdec et al., 2015). This additive reward formulation captures a wide range of applications where
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the overall utility is naturally decomposable across selected arms. We further extend our discussion
of the reward function under the Lipschitz continuity assumption in Appendix F.

Stochastic preference model. We model the pairwise preference feedback as a Bernoulli random
variable governed by the Bradley–Terry–Luce (BTL) model (Hunter, 2004; Luce, 2005), a widely
adopted framework in the study of dueling bandit problems (Saha, 2021; Bengs et al., 2022; Li et al.,
2024). Under this model, the probability that the arm x1

t,i in the first selected super arm is preferred
over x2

t,i in the second selected super arm, conditioned on the context Xt and the underlying latent
score function r∗, is given by

P{x1
t,i ≻ x2

t,i} = P{yt,i = 1 | x1
t,i, x

2
t,i} =

exp(r∗(x1
t,i))

exp(r∗(x1
t,i)) + exp(r∗(x2

t,i))
= µ(r∗(x1

t,i)− r∗(x2
t,i)),

where µ(·) denotes the logistic link function. This formulation captures the relative preference
between two arms based on their latent utilities, and aligns with established stochastic choice theory.

Here, x1
t,i ≻ x2

t,i denotes that arm x1
t,i is preferred over arm x2

t,i, µ(x) = 1/(1+e−x) represents the
sigmoid (logistic) function, and r∗(xt,i) denotes the latent utility associated with the i-th selected
arm. While our analysis primarily adopts the Bradley–Terry–Luce (BTL) model, the results are
applicable to a broader class of stochastic preference models (Bengs et al., 2022).

To ensure the generality of our theoretical guarantees across different preference models, we impose
a set of regularity conditions on the function µ(·), also referred to as the link function (Li et al., 2017;
Bengs et al., 2022):

Assumption 1. We assume the following:

• κµ = infx,x′∈X µ̇(r∗(x)− r∗(x′)) > 0 for all pairs of context-arm.

• The link function µ : R→ [0, 1] is continuously differentiable and Lipschitz with constant Lµ.

• ∥x− x′∥ ≤ D,∀x,x′ ∈ X .

Performance measure. After selecting two super arms, denoted by S1
t and S2

t in round t, the
learner incurs an instantaneous regret. We define the optimal super arm at round t as S∗

t =
argmaxS∈S f(S, r∗t ), where r∗t = [r∗(xt,i)]i=1,...N . Similar to standard dueling bandit settings,
there are two commonly used notions of instantaneous regret in the combinatorial dueling bandit
setting (Saha, 2021; Bengs et al., 2022; Li et al., 2024; Verma et al., 2025): the average instanta-
neous regret: regat = f(S∗

t , r
∗
t ) − 1

2

(
f(S1

t , r
∗
t ) + f(S2

t , r
∗
t )
)
, and the weak instantaneous regret:

regwt = f(S∗
t , r

∗
t )−max

{
f(S1

t , r
∗
t ), f(S

2
t , r

∗
t )
}

. Accordingly, the cumulative regret over T rounds
is defined as RegτT =

∑T
t=1 reg

τ
t , where τ ∈ {a,w}. Note that RegwT ≤ RegaT , so an upper bound

on RegaT also serves as an upper bound on RegwT . Therefore, in the subsequent analysis (Secs. 3.2
and 4.3), we will focus on deriving an upper bound on RegaT , which we will denote as RegT for
simplicity.

3 LINEAR COMBINATORIAL DUELING BANDITS

In this section, we assume the unknown score function r∗ : X → R to be linear. Formally, r∗(x) =
θ⊤x where θ are unknown parameters. And denote our estimation of the unknown function in each
iteration t by rt(x) = θ⊤t x. Based on this linear model, we propose an algorithm for the linear
contextual combinatorial dueling bandit problem.

3.1 THE LINCDB ALGORITHM

We present our first algorithm: Linear Combinatorial Dueling Bandits (LinCDB) in Algorithm 1.

3
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Algorithm 1 Linear Combinatorial Dueling Bandits (LinCDB)

1: Set V0 ≜ λ
κµ

I, βt ≜
√
2 log(1/δ) + d log (1 + tkD2κµ/(dλ)).

2: for t = 1, . . . , T do
3: Find θt = argminθ′ Lt(θ

′) equation 1
4: Choose the first super arm S1

t = argmaxS∈S f(S, rt)
5: for i = 1, . . . , k do
6: for j = 1, . . . , N do
7: value(x1

t,i,xt,j) = rt(xt,j) +
βt

κµ

∥∥x1
t,i − xt,j

∥∥
V −1
t−1

.

8: end for
9: end for

10: Choose the second super arm S2
t = argmaxS∈S [f(S, rt) + βt

κµ
σXt

(S, S1
t )] via

value(x1
t,i,xt,j) with Hungarian Algorithm in Algorithm 3.

11: Observe the preference feedback: {yt,i = ⊮(x1
t,i ≻ x2

t,i)}i=1,...k, and update history
12: Update Vt ← Vt−1 +

∑k
i=1 x̃t,ix̃

⊤
t,i

13: end for

At each iteration t, we first estimate the parameter θt by minimizing the following loss function with
historical observations {(x1

s,i,x
2
s,i, ys,i)}s=1,...t−1,i=1,...k:

Lt(θ
′) = −

t−1∑
s=1

k∑
i=1

[
ys,i logµ

(
θ′

⊤ [
x1
s,i − x2

s,i

])
+(1− ys,i) logµ

(
θ′

⊤ [
x2
s,i − x1

s,i

]) ]
+

1

2
λ ∥θ′∥22 .

(1)

Formally, θt = argminθ′ Lt(θ
′) corresponds to the maximum likelihood estimate of the unknown

parameter θ based on the observed history. When the loss function equation 1 is minimized exactly
(i.e., the gradient is zero), the following optimality condition holds:

t−1∑
s=1

k∑
i=1

(
µ
(
θt

⊤ [
x1
s,i − x2

s,i

])
− ys,i

) [
x1
s,i − x2

s,i

]
+ λθt = 0, (2)

which is a crucial step in our analysis.

At iteration t, upon receiving the context Xt, the learner selects two super arms S1
t , S

2
t ⊂ [N ] of

size k and observes preference feedback {yt,1, . . . , yt,k}. The context of super arm is denoted by
Xt(S

1
t ) = {x1

t,1, . . .x
1
t,k},Xt(S

2
t ) = {x2

t,1, . . .x
2
t,k}. For each pair of arms x1

t,i and x2
t,i, we collect

preference feedback yt,i = ⊮(x1
t,i ≻ x2

t,i), which is equal to 1 if x1
t,i is preferred over x2

t,i and 0
otherwise.

The first super arm S1
t is chosen greedily by maximizing the reward function as follows:

S1
t = argmax

S∈S
f(S, rt), (3)

in which rt is the estimated score of all the arms using function rt(x) = θ⊤t x in iteration t. After
that, the second arm S2

t is selected using the UCB algorithm:

S2
t = argmax

S∈S
[f(S, rt) +

βt

κµ
σXt(S, S

1
t )], (4)

in which we denote Xt(S) = {x1, . . .xk} and

σXt
(S, S1

t ) ≜
k∑

i=1

∥∥xi − x1
t,i

∥∥
V −1
t−1

. (5)

Here Vt =
∑t

s=1

∑k
i=1 x̃s,ix̃

⊤
s,i +

λ
κµ

I and x̃s,i = x1
s,i − x2

s,i which corresponds to the context
of arm s1t,i ∈ S1

t and s2t,i ∈ S2
t . Intuitively, the first super arm S1

t is chosen greedily by choosing

4
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the top k arms with the highest estimated scores equation 3. After selecting S1
t , the uncertainty

measure σXt
(S, S1

t ) tends to be larger for super arms S that differ more from S1
t given the historical

feedback. Therefore, the selection of the second arm (line 5 of Algo. 1) is able to balance exploration
and exploitation.

However, choosing the second super arm S2
t is more challenging, as a naive search over all possible

super arms S ∈ S may require exponential time. Fortunately, in our setting, the combined objective
can be decomposed as

f(S2
t , rt) +

βt

κµ
σXt

(S2
t , S

1
t ) =

k∑
i=1

(
rt(x

2
t,i) +

βt

κµ

∥∥x1
t,i − x2

t,i

∥∥
V −1
t−1

)

=

k∑
i=1

value(x1
t,i,x

2
t,i).

We decompose the complex maximization objective into independent terms value(x1
t,i,x

2
t,i),

reducing the problem of selecting the best super arm to choosing x2
t,i that maximizes∑k

i=1 value(x1
t,i,x

2
t,i). Since S1

t is fixed and each x1
t,i is known, value(x1

t,i,x
2
t,i) depends only

on x2
t,i, and can therefore be computed efficiently. This allows us to independently select each x2

t,i

to construct the optimal second super arm S2
t . Further details are provided in Appendix C.

3.2 REGRET ANALYSIS

Lemma 1. In each iteration t = 1, . . . , T , for x1,x2 ∈ Xt with probability of at least 1 − δ, we
have that

| (r∗(x1)− r∗(x2))− (rt(x1)− rt(x2)) | ≤
βt

κµ
∥x1 − x2∥V −1

t−1

Theorem 1 (LinCDB). Let λ ≤ κµ

L2 and βt ≜
√
2 log(1/δ) + d log (1 + tkD2κµ/(dλ)) , then with

probability of at least 1− δ, we have that

RegT ≤
3

κµ

√
2 log(1/δ) + d log (1 + TkD2κµ/(dλ))

√
2Tkd log(1 + TkD2κµ/(dλ))

Ignoring all log factors, we have that: RegT = Õ( d
κµ

√
Tk).

Theorem 1 establishes that the cumulative regret of LinCDB is bounded by RegT = Õ
(

d
κµ

√
Tk
)

,
which is sublinear in T . The dependence on the parameter k reflects the cost of performing k
comparisons per round, as is expected in the combinatorial setting. The dependence on 1/κµ is
consistent with prior work on dueling bandits (Bengs et al., 2022) and reflects the cost associated
with having less informative dueling feedback compared to numerical feedback. A detailed proof
of Theorem 1 is provided in the Appendix. We also provide an analysis of the regret under the
Lipschitz continuity assumption in Appendix F.

4 NEURAL COMBINATORIAL DUELING BANDITS

In this section, we drop the assumption that the unknown score function r∗ : X → R is linear which
is required by LinCDB. Instead, we consider a more general setting where r∗ can be a non-linear
function, and we adopt a neural network model to approximate it.

4.1 NEURAL NETWORK

We use a fully connected neural network to estimate the non-linear score function r∗ with depth
L ≥ 2 and the width m (Zhou et al., 2020; Zhang et al., 2021). And let h(x; θ) represent the output
of the neural network with context input x and parameter θ:

h(x; θ) = WL ReLU (WL−1 ReLU (· · · ReLU(W1x)))

5
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where ReLU(x) = max{x, 0}. The weight matrices are defined as follows: W1 ∈ Rm×d for the
input layer, Wℓ ∈ Rm×m for hidden layers with 2 ≤ ℓ < L, and WL ∈ R1×m for the output layer.

We denote the collection of all network parameters by

θ :=
[
vec(W1)

⊤, . . . , vec(WL)
⊤]⊤ ∈ Rp,

where vec(·) denotes the vectorization operator, and the total number of parameters is p = dm +
m2(L− 2) +m.

In every iteration t, we solve for θt by minimizing the following loss function:

Lt(θ) =−
t−1∑
s=1

k∑
i=1

(ys,i logµ
[
h(x1

s,i; θ)− h(x2
s,i; θ)

]
+(1− ys,i) logµ

[
h(x1

s,i; θ)− h(x2
s,i; θ)

]
) +

1

2
λ ∥θ − θ0∥22 ,

(6)

in which θ0 denotes the initial parameters of the neural network, which are initialized following the
approach used in prior work (Zhou et al., 2020; Zhang et al., 2021). We denote by θt the estimate of
the parameter θ at iteration t.

4.2 THE NCDB ALGORITHM

Here, we introduce our second algorithm, NCDB, which is designed for scenarios where the score
function is nonlinear. Adopting a similar UCB-based super arm selection strategy as our LinCDB
algorithm (Section 3), NCDB differs from LinCDB by employing a neural network to estimate the
score function r∗.

Algorithm 2 Neural Combinatorial Dueling Bandits (NCDB)

1: Set V0 ≜ λ
κµ

I, βT ≜ 1
κµ

√
d̃+ 2 log(1/δ) (d̃ is defined in Definition 1), νT ≜(

βT +B
√

λ
κµ

+ 1
)

κµ

λ .
2: for t = 1, . . . , T do
3: Train NN using history {(x1

s,i,x
2
s,i, ys,i)}

t−1,k
s=1,i=1 by minimizing loss function equation 6

4: Receive the contexts Xt

5: Compute rt(x) = h(x; θt)
6: Choose the first arm set S1

t = argmaxS∈S f(S, rt)
7: for i = 1, . . . , k do
8: for j = 1, . . . , N do
9: value(x1

t,i,xt,j) = rt(xt,j) +
βt

κµ

∥∥x1
t,i − xt,j

∥∥
V −1
t−1

.

10: end for
11: end for
12: Choose the second super arm S2

t = argmaxS∈S f(S, rt) + νTσt−1(S, S
1
t ) via

value(x1
t,i,xt,j) with Hungarian Algorithm in Algorithm 3.

13: Observe the preference feedback: {yt,i = ⊮(x1
t,i ≻ x2

t,i)}i=1,...k, and update history
14: end for

We use g(x; θ) to denote the gradient of the neural network with respect to parameters θ at input x.
Furthermore, we denote ϕ(x) = g(x; θ0), and define ϕ̃(xτ,i) = ϕ(x1

τ,i) − ϕ(x2
τ,i) = g(x1

τ,i; θ0) −
g(x2

τ,i; θ0). With these definitions, g(x; θ0)/
√
m represents the random feature approximation of

the context-arm feature vector x with respect to the neural tangent kernel (NTK) (Zhou et al., 2020).
We further define the feature covariance matrix Vt ∈ Rd×d as

Vt =

t∑
τ=1

k∑
i=1

1

m
ϕ̃(xτ,i)ϕ̃(xτ,i)

⊤ +
λ

κµ
I, (7)

which will be used in NCDB algorithm and in the regret bound analysis.

6
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In addition, we define the following uncertainty term for a pair of super arms (S1
t , S

2
t ):

σt(S
1
t , S

2
t ) ≜

λ

κµ

k∑
i=1

∥∥∥∥ 1√
m

(
ϕ(x1

t,i)− ϕ(x2
t,i)
)∥∥∥∥

V −1
t−1

, (8)

which is used to select the second super arm S2
t (see line 7 of Algo. 2).

With the definitions above, we present the proposed UCB-based Neural Combinatorial Dueling
Bandits (NCDB) algorithm in Algo. 2. Similar to LinCDB, in NCDB (Algo. 2), we select the first
super arm S1

t via greedy selection, and choose the second super arm S2
t by balancing exploration

and exploitation.

4.3 REGRET ANALYSIS

Let N denote the number of arms in each round, and let H = 1
2

(
H(L) +Σ(L)

)
be the neural

tangent kernel (NTK) matrix constructed over the context set {xk}TN
k=1 Zhou et al. (2020). The

matrix H is defined recursively from the input layer to the output layer of the neural network,
following the construction in (Zhou et al., 2020; Zhang et al., 2021); a detailed definition is provided
in Definition 2 in the appendix. We denote the j-th element of the vector x by xj . We now introduce
the assumptions required in our regret analysis, all of which are standard in the literature on neural
bandits (Zhou et al., 2020; Zhang et al., 2021).
Assumption 2. Without loss of generality, we assume the following:

• The score function is bounded: |r∗(x)| ≤ 1, for all x ∈ Xt, t ∈ [T ];

• There exists λ0 > 0 such that the kernel matrix satisfies H ⪰ λ0I;

• All context-arm feature vectors satisfy ∥x∥2 = 1, and are symmetric in the sense that xj = xj+d/2

for all x ∈ Xt, t ∈ [T ].

Note that the last assumption from Assumption 2 can be easily satisfied via a simple feature space
transformation (Zhou et al., 2020).

Definition 1. Let H′ =
∑T

s=1

∑
(i,j)∈C2

K

1
m zji (s)

(
zji (s)

)⊤
, where zji (s) = ϕ(xs,i)−ϕ(xs,j), and

C2N denotes the set of all pairwise combinations of the N arms. We define the effective dimension d̃
as:

d̃ = log det
(κµ

λ
H′ + I

)
. (9)

which measures the complexity of the feature space induced by the neural network.

This definition is consistent with Verma et al. (2025) and generalizes the effective dimension intro-
duced in Zhou et al. (2020) by incorporating a larger set of pairwise comparisons and the scaling
factor κµ/λ, thus capturing the combinatorial structure of our dueling setting.

Lemma 2. Let ϵ′m,t = C2m
−1/6
√
logmL3( t

λ )
4/3 for some absolute constant C2 > 0 and

δ ∈ (0, 1). As long as m ≥ poly(T, L,K, 1/κµ, Lµ, 1/λ0, 1/λ, log(1/δ)), Let the context of two
super arms S1

t and S2
t to be Xt(S

1
t ) = {x1

t,i}ki=1, Xt(S
2
t ) = {x2

t,i}ki=1, then for all t ∈ [T ], with
probability of at least 1− δ, we have∣∣∣ (f(S1

t , r
∗)− f(S2

t , r
∗)
)
−
(
f(S1

t , rt)− f(S2
t , rt)

) ∣∣∣ ≤ νTσt−1(S
1
t , S

2
t ) + 2kϵ′m,t.

Note that when the width of our neural network m is large enough, which is satisfied by Eq. equa-
tion 34, we could make sure that ϵ′m,t = C2m

−1/6
√
logmL3( t

λ )
4/3 will be small enough, such that

ϵ′m,t = Õ(1/T ). Note that f(S, r) is the reward function associated with super arm S and score r of
each single arm. Recall that f(S, r∗) is the reward of super arm S with true score r∗ and f(S, rt) is
the reward of super arm S with estimated score rt vector of each single arm where rt(x) = h(x; θt)
using neural network. Lemma 2 shows that the reward difference between two super arms S1

t and S2
t

with the real score vector r∗ and estimated score vector rt is upper-bounded. That is, the estimation
error of the reward difference using rt is guaranteed to be small.

7



378
379
380
381
382
383
384
385
386
387
388
389
390
391
392
393
394
395
396
397
398
399
400
401
402
403
404
405
406
407
408
409
410
411
412
413
414
415
416
417
418
419
420
421
422
423
424
425
426
427
428
429
430
431

Under review as a conference paper at ICLR 2026

Theorem 2 (NCDB). Let λ ≥ κµ, B be a constant such that
√
2h⊤H−1h ≤ B, βT ≜

1
κµ

√
d̃+ 2 log(1/δ) and c0 > 0 be a constant such that 1

m ∥ϕ(x)− ϕ(x′)∥22 ≤ c0 for all x,x′ ∈ Xt,

t ∈ [T ] and m ≥ poly
(
T, L,K, 1

κµ
, Lµ,

1
λ0
, 1
λ , log(1/δ)

)
, then we have

RegT ≤ 3(βT +B

√
λ

κν
+ 1)

√
Tk2c0d̃+ 1 = Õ

(( 1

κµ

√
d̃+B

√
λ

κµ

)√
Tkd̃

)
. (10)

If we follow the previous works (Bengs et al., 2022; Verma et al., 2025) and assume that d̃ = õ(
√
T ),

the regret upper bound of NCDB from Theorem 2 becomes sublinear. This condition reflects a mild
growth constraint on the complexity of the feature space and is standard in the analysis of both linear
and neural bandit algorithms.

Compared to the regret bound established for neural dueling bandits (Verma et al., 2025), our bound
includes an additional dependence on the parameter k, which is natural since k reflects the size
of the super arm selected in each round under the combinatorial setting. In contrast to the regret

bound of contextual neural bandits (Hwang et al., 2023), which achieves Õ
(√

d̃T max(d̃, k)

)
, our

bound is relatively looser (e.g., it additionally depends on 1/κµ). This discrepancy arises from the
more limited feedback (i.e., preference feedback) in the dueling bandit setting, where only pairwise
preferences are observed rather than full reward information for each arm. We also provide an
analysis of the regret under the Lipschitz continuity assumption in Appendix F.

5 EXPERIMENTS

We empirically evaluate the performance of our proposed algorithms in synthetic contextual envi-
ronments. We consider a contextual environment where each arm is represented by a d-dimensional
feature vector. Similar to (Zhou et al., 2020; Verma et al., 2025; Hwang et al., 2023) we adopt
the following score functions: r∗(x) = x⊤θ, r∗(x) = 10(x⊤θ)2 and r∗(x) = cos(3x⊤θ). They
correspond to linear, cosine, and square functions, and θ is a parameter to generate different score
functions. The experimental settings are described in Appendix A.

We conduct a comparative evaluation between our proposed algorithm and a uniform sampling strat-
egy, where super arms are sampled uniformly at random from the entire feasible set. Since the prob-
lem setting we study is novel and, to the best of our knowledge, has not been addressed in prior
literature, there are no existing algorithms specifically designed for this setting. Moreover, stan-
dard baselines cannot be directly applied to this problem. Therefore, we use uniform sampling as a
comparison baseline to demonstrate the effectiveness of our approach.

5.1 REGRET COMPARISONS

In our first experiment, we set the total number of arms to N = 5 and the context dimension of
each arm to d = 5, a configuration commonly adopted in some prior dueling bandits studies (Verma
et al., 2025). The size of each super arm is set to k = 2, and the total number of rounds is T = 500.
The results are shown in Figure 1.

For the linear latent score function r∗(x) = x⊤θ, as shown in Figures 1a and 1b, our LinCDB
algorithm significantly outperforms both the uniform sampling baseline and the neural network-
based algorithm NCDB. These results highlight the effectiveness of LinCDB when the underlying
reward function is linear.

In contrast, for the nonlinear reward functions r∗(x) = cos(3x⊤θ) and r∗(x) = 10(x⊤θ)2,
the NCDB algorithm, which leverages a neural network to estimate the nonlinear score function,
achieves the best performance. LinCDB performs poorly in these cases because it relies on linear
approximation, which is not suitable for capturing the structure of cosine and quadratic functions.

These results suggest that when the reward function is known to be linear, LinCDB is the preferred
choice. Otherwise, NCDB is more appropriate for handling nonlinear reward structures.

8
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(a) Linear (Average) (b) Linear (Weak) (c) Cosine (Average) (d) Cosine (Weak)

(e) Square (Average) (f) Square (Weak)

Figure 1: Comparisons of cumulative regret (average and weak) of LinCDB, NCDB and Uniform
Sampling algorithm on different score functions: Linear (x⊤θ), Cosine (10(x⊤θ)2) and Square
(cos(3x⊤θ)).

5.2 VARYING CONTEXT DIMENSION AND SUPER ARM SIZE

We evaluate the performance of our NCDB algorithm under varying context dimensions and super
arm sizes.

Varying Context Dimension. We fix the number of arms N = 5 and the super arm size k = 2,
using the square function as the reward. The context dimension d is varied in {5, 10, 15, 20, 25},
with all other parameters held fixed. The average and weak regret results are shown in Figure 2 (a)
and (b), which demonstrate that although a larger d results in worse regrets, our NCDB algorithm is
consistently able to achieve sublinear regrets.

(a) Varying context
dimension d

(N = 5, k = 2,Average)

(b) Varying context
dimension d

(N = 5, k = 2,Weak)

(c) Varying super arm
size k (N = 10, d =

5,Average)

(d) Varying super arm
size k (N = 10, d = 5,

Weak)

Figure 2: Comparisons of cumulative regret (average and weak) of NCDB algorithm as context
dimension d and super arm size k increases.

Varying Super Arm Size. We fix N = 10 and d = 5, again using the square function. The super
arm size k is varied in {2, 3, 4, 5}, with other settings unchanged. Results are presented in Figure 2
(c) and (d), which show that a larger super arm size leads to smaller regrets. This is likely because a
large super arm size leads to the availability of more observations.

6 CONCLUSION

We initiate the study of combinatorial dueling bandits, where the learner selects two super arms and
receives feedback in the form of pairwise preferences between individual arms from the two super
arms. We propose two algorithms: LinCDB for linear score functions and NCDB for nonlinear
score functions. We theoretically show that LinCDB achieves a regret bound of Õ

(
d
κµ

√
Tk
)
,

while NCDB achieves Õ
((

1
κµ

√
d̃+B

√
λ
κν

)√
Tkd̃

)
.

9
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A multiple-play bandit algorithm applied to recommender systems. In FLAIRS, pp. 67–72, 2015.

R Duncan Luce. Individual choice behavior: A theoretical analysis. Courier Corporation, 2005.

10



540
541
542
543
544
545
546
547
548
549
550
551
552
553
554
555
556
557
558
559
560
561
562
563
564
565
566
567
568
569
570
571
572
573
574
575
576
577
578
579
580
581
582
583
584
585
586
587
588
589
590
591
592
593

Under review as a conference paper at ICLR 2026

Andi Nika, Sepehr Elahi, and Cem Tekin. Contextual combinatorial volatile multi-armed bandit
with adaptive discretization. In International Conference on Artificial Intelligence and Statistics,
pp. 1486–1496. PMLR, 2020.

Min-hwan Oh and Garud Iyengar. Thompson sampling for multinomial logit contextual bandits.
Advances in Neural Information Processing Systems, 32, 2019.

Lijing Qin, Shouyuan Chen, and Xiaoyan Zhu. Contextual combinatorial bandit and its application
on diversified online recommendation. In Proceedings of the 2014 SIAM International Conference
on Data Mining, pp. 461–469. SIAM, 2014.

Aadirupa Saha. Optimal algorithms for stochastic contextual preference bandits. In Proc. NeurIPS,
pp. 30050–30062, 2021.

Aadirupa Saha and Aditya Gopalan. Combinatorial bandits with relative feedback. In Proc.
NeurIPS, pp. 985–995, 2019.

Aadirupa Saha and Akshay Krishnamurthy. Efficient and optimal algorithms for contextual dueling
bandits under realizability. In Proc. ALT, pp. 968–994, 2022.

Arun Verma, Zhongxiang Dai, Xiaoqiang Lin, Patrick Jaillet, and Bryan Kian Hsiang Low. Neural
dueling bandits: Preference-based optimization with human feedback. In The Thirteenth Interna-
tional Conference on Learning Representations, 2025.

Zheng Wen, Branislav Kveton, and Azin Ashkan. Efficient learning in large-scale combinatorial
semi-bandits. In International Conference on Machine Learning, pp. 1113–1122. PMLR, 2015.

Yisong Yue and Thorsten Joachims. Interactively optimizing information retrieval systems as a
dueling bandits problem. In Proc. ICML, pp. 1201–1208, 2009.

Yisong Yue and Thorsten Joachims. Beat the mean bandit. In Proc. ICML, pp. 241–248, 2011.

Weitong Zhang, Dongruo Zhou, Lihong Li, and Quanquan Gu. Neural Thompson sampling. In
Proc. ICLR, 2021.

Dongruo Zhou, Lihong Li, and Quanquan Gu. Neural contextual bandits with UCB-based explo-
ration. In Proc. ICML, pp. 11492–11502, 2020.

Banghua Zhu, Michael Jordan, and Jiantao Jiao. Principled reinforcement learning with human
feedback from pairwise or k-wise comparisons. In Proc. ICML, pp. 43037–43067, 2023.

Shi Zong, Hao Ni, Kenny Sung, Nan Rosemary Ke, Zheng Wen, and Branislav Kveton. Cascading
bandits for large-scale recommendation problems. arXiv preprint arXiv:1603.05359, 2016.

A EXPERIMENTAL SETTINGS

We generate a d-dimensional feature vector xt,i ∈ Rd for each context-arm by sampling each entry
independently and uniformly at random from the interval (−1, 1). The ground-truth parameter vec-
tor θ ∈ Rd is also sampled uniformly at random from the same interval and remains fixed throughout
each run. Each experiment is repeated 20 times and we report both the weak cumulative regret and
the average cumulative regret, along with 95% confidence intervals across the trials. The binary
preference feedback between two super arms is simulated using a Bernoulli distribution with suc-
cess probability p = µ(f(x1) − f(x2)), where µ : R → [0, 1] is a link function. For all of the
experiments, we fix the regularization parameter λ = 1 and and exploration variance νT = ν = 1.

To estimate the score function using neural network, we design a neural network with parameters
L = 2 and m = 50, i.e., the neural network has depth 2 layers with width 50 and ReLU function
is used as the activation function. Following prior work (Verma et al., 2025; Jacot et al., 2018), we
use the current network parameters θt to compute the feature representations g(x; θt) at each round.
Specifically, we recompute all g(x; θt) for the historical context-arm pairs whenever θt is updated.
This ensures that the feature representations remain consistent with the most recent model state and
allows the algorithm to better approximate the evolving reward structure during learning.
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B RELATED WORK

Stochastic Combinatorial Bandits. Stochastic combinatorial bandits generalize the classical multi-
armed bandit framework by allowing the selection of a super arm (i.e., a subset of base arms) rather
than a single arm, and by receiving structured feedback accordingly. This setting has been ex-
tensively studied due to its wide applicability in real-world problems such as online advertising,
recommendation systems, real-time vehicle routing, and network routing, where decisions naturally
involve combinations of atomic actions (Chen et al., 2013; Wen et al., 2015; Gai et al., 2012; Qin
et al., 2014; Atalar & Joe-Wong, 2025).

A key challenge in this domain is the exponentially large combinatorial action space. To address
this, existing research has primarily adopted three modeling approaches. Early work often assumed
a parametric structure, such as linear or generalized linear models (Qin et al., 2014; Wen et al., 2015;
Kveton et al., 2015; Zong et al., 2016; Oh & Iyengar, 2019). More general approaches have relied
on the Lipschitz continuity of the feedback model (Chen et al., 2018; Nika et al., 2020) or neural
networks (Hwang et al., 2023) to handle complex nonlinearities.

Combinatorial Logistic Bandits (CLogB) further extend this line of work by modeling binary feed-
back using a logistic parametric model. This formulation is particularly suited for scenarios with
complex arm-triggering structures and nonlinear reward functions (Liu et al., 2025). Although both
our work and CLogB consider binary feedback, their feedback originates from independent arm
outcomes rather than from dueling bandit comparisons, making the setting fundamentally different
from ours.

In addition to assumptions on the feedback model, various assumptions have also been made re-
garding the reward function. Some studies adopt a simple additive model where the total reward is
the sum of individual arm feedbacks (Wen et al., 2015; Kveton et al., 2015; Louëdec et al., 2015).
Others generalize this to settings with submodular reward functions (Chen et al., 2018; Nika et al.,
2020) or assume Lipschitz continuity of the reward function to accommodate more complex reward
structures (Qin et al., 2014; Hwang et al., 2023).

Contextual Dueling Bandits. Dueling bandits have gained increasing attention in recent years (Yue
& Joachims, 2009; 2011; Saha, 2021; Bengs et al., 2022; Zhu et al., 2023), where the learner selects a
pair of arms and receives noisy binary feedback indicating the preference between them. The classi-
cal dueling bandit framework has been extended to the contextual linear stochastic transitivity model
in (Bengs et al., 2022). To improve exploration efficiency, Di et al. (2023) proposed VACDB, an
action-elimination based algorithm with a tighter variance-dependent regret bound. Li et al. (2024)
introduced FGTS.CDB, a Thompson sampling algorithm tailored for linear contextual dueling ban-
dits, which achieves a regret ofO(d

√
T ). More recently, Verma et al. (2025) extended the contextual

dueling bandit setting to nonlinear reward functions using neural networks, and developed UCB and
Thompson sampling algorithms with sublinear regret guarantees.

C HUNGARIAN ALGORITHM

In our algorithm, the second super arm S2
t is selected by maximizing the UCB value.

Given the context set Xt = {xt,1,xt,2, . . . ,xt,N}, the score vector rt = [rt,i]
N
i=1 = [rt(xt,i)]

N
i=1,

and the first super arm S1
t = {s1t,1, s1t,2, . . . , s1t,k} and the context of the first super arm Xt(S

1
t ) =

{x1
t,1,x

1
t,2, . . . ,x

1
t,k}, we aim to find the second super arm by solving the following problem:

S2
t = argmax

S∈S

[
f(S, rt) +

βt

κµ
σXt(S, S

1
t )

]
. (11)

However, enumerating all possible super arms S ∈ S is computationally expensive due to the ex-
ponential size of the action space. To address this issue, we formulate the problem as a bipartite
matching task and solve it using the Hungarian algorithm.

We decompose the objective function as follows:

f(S2
t , rt) +

βt

κµ
σXt

(S2
t , S

1
t ) =

k∑
i=1

(
rt(x

2
t,i) +

βt

κµ

∥∥x1
t,i − x2

t,i

∥∥
V −1
t−1

)
, (12)
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where x1
t,i and x2

t,i denote the context vectors of the corresponding arms in S1
t and S2

t , respectively.

For each context x1
t,i ∈ S1

t and each x ∈ Xt, we define the matching value as:

value(x1
t,i,x) = rt(x) +

βt

κµ

∥∥x1
t,i − x

∥∥
V −1
t−1

. (13)

Therefore, the original maximization can be reformulated as:

S2
t = argmax

S∈S

 ∑
x∈Xt(S)

value(x1
t,i,x)

 , (14)

which is equivalent to solving a maximum-weight bipartite matching problem, where each node in
S1
t is matched with a node in Xt. We present the procedure for selecting the second super arm S2

t in
Algorithm 3, where the selection task is formulated as a bipartite matching problem and solved via
the Hungarian Algorithm. Specifically, we construct a cost matrix based on the estimated reward
vector and a confidence-adjusted distance metric between each element in the first super arm S1

t and
the candidate context set Xt. The detailed steps of the Hungarian Algorithm for solving the resulting
assignment problem are outlined in Algorithm 4.

Algorithm 3 Selecting Second Super Arm S2
t via Hungarian Algorithm

Require: First super arm S1
t = {x1

t,1, . . . ,x
1
t,k}, context set Xt, score vector rt, matrix Vt−1,

parameters βt, κµ

Ensure: Second super arm S2
t

1: Initialize cost matrix C ∈ Rk×N

2: for each i = 1 to k do
3: for each j = 1 to N do

4: Ci,j ← −
(
rt(xt,j) +

βt

κµ

∥∥x1
t,i − xt,j

∥∥
V −1
t−1

)
5: end for
6: end for
7: M ← HungarianAlgorithm(C) // solve min-cost matching
8: S2

t ← {xt,j | (i, j) ∈M}
9: return S2

t

D THEORETICAL ANALYSIS OF LINEAR COMBINATORIAL DUELING
BANDITS

D.1 PROOF OF LEMMA 1

Lemma 1. In any iteration t = 1, . . . , T , for x1,x2 ∈ Xt with probability of at least 1− δ, we have
that

| (r∗(x1)− r∗(x2))− (rt(x1)− rt(x2)) | ≤
βt

κµ
∥x1 − x2∥V −1

t−1

Lemma 3. Let βt ≜
√
2 log(1/δ) + d log (1 + tkD2κµ/(dλ)). For all t = 1, . . . , T , With proba-

bility of at least 1− δ, we have that

∥θ − θt∥Vt
≤ βt

κµ
.

Proof. Define x̃t,i = x1
t,i − x2

t,i.

For any θr′ ∈ Rd, define

Gt(θr′) =

t∑
s=1

k∑
i=1

(
µ(θ⊤r′ x̃s,i)− µ(θ⊤x̃s,i)

)
x̃s,i + λθr′ .
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Algorithm 4 Hungarian Algorithm for Assignment Problem

Require: Cost matrix C ∈ Rn×n

Ensure: Optimal assignment M
1: Subtract row minimum from each row of C
2: for each row i do
3: Ci,: ← Ci,: −minj Ci,j

4: end for
5: Subtract column minimum from each column
6: for each column j do
7: C:,j ← C:,j −mini Ci,j

8: end for
9: Initialize cover lines and marked zeros

10: repeat
11: Find a zero in C and mark it if no other zero in its row/column is marked
12: Cover all columns containing marked zeros
13: if number of covered columns equals n then
14: break
15: else
16: Find the smallest uncovered value h
17: Subtract h from all uncovered elements
18: Add h to all elements covered twice
19: end if
20: until all assignments are made
21: Construct optimal assignment M from marked zeros
22: return M

Let Vt =
∑t

s=1

∑k
i=1 x̃s,ix̃

⊤
s,i +

λ
κµ

I . For λ′ ∈ (0, 1), setting θr̄ = λ′θr′1 + (1− λ′)θr′2 and using
the mean-value theorem, we get:

Gt(θr′1)−Gt(θr′2) =

[
t∑

s=1

k∑
i=1

µ̇(θ⊤r̄ x̃s,i)x̃s,ix̃
⊤
s,i + λI

]
(θr′1 − θr′2) (θ is constant)

≥ κµ

[
t∑

s=1

k∑
i=1

x̃s,ix̃
⊤
s,i +

λ

κµ
I

]
(θr′1 − θr′2)

(
from Assumption 1: µ̇(θ⊤r̄ x̃s,i) ≥ κµ

)
= κµVt(θr′1 − θr′2)

(
setting Vt =

t∑
s=1

k∑
i=1

x̃s,ix̃
⊤
s,i +

λ

κµ
I

)
(15)

Now using 15, we have that

∥Gt(θt)∥2V −1
t

= ∥Gt(θ)−Gt(θt)∥2V −1
t

(Gt(θ) = 0 by definition)

≥ (κµVt(θ − θt))
⊤V −1

t κµVt(θ − θt)
(
as ||x||2A = x⊤Ax

)
= κ2

µ(θ − θt)
⊤VtV

−1
t Vt(θ − θt)

(
as V ⊤

t = Vt and κµ is constant
)

= κ2
µ ∥θ − θt∥2Vt

(
as ||x||2A = x⊤Ax

)
14



756
757
758
759
760
761
762
763
764
765
766
767
768
769
770
771
772
773
774
775
776
777
778
779
780
781
782
783
784
785
786
787
788
789
790
791
792
793
794
795
796
797
798
799
800
801
802
803
804
805
806
807
808
809

Under review as a conference paper at ICLR 2026

Note that x̃t,i = x1
t,i − x2

t,i. Let r̃t,s,i = rt(x̃s,i) = θ⊤t x̃s,i and r̃∗s,i = r∗(x̃s,i) = θ⊤x̃s,i, in which
θt is our empirical estimate of the unknown parameter θ. This allows us to show that:

∥θ − θt∥2Vt
≤ 1

κ2
µ

∥Gt(θt)∥2V −1
t

=
1

κ2
µ

∥∥∥∥∥
t∑

s=1

k∑
i=1

(µ(θ⊤t x̃s,i)− µ(θ⊤x̃s,i))x̃s,i + λθt

∥∥∥∥∥
2

V −1
t

(by definition of Gt(θt))

=
1

κ2
µ

∥∥∥∥∥
t∑

s=1

k∑
i=1

(µ(r̃t,s,i)− µ(r̃∗s,i))x̃s,i + λθt

∥∥∥∥∥
2

V −1
t

(see definitions of r̃t,s,i and r̃s,i)

=
1

κ2
µ

∥∥∥∥∥
t∑

s=1

k∑
i=1

(µ(r̃t,s,i)− (ys,i − ϵs,i))x̃s,i + λθt

∥∥∥∥∥
2

V −1
t

(
as ys,i = µ(r̃∗s,i) + ξs,i

)

=
1

κ2
µ

∥∥∥∥∥
t∑

s=1

k∑
i=1

(µ(r̃t,s,i)− ys,i) x̃s,i +

t∑
s=1

k∑
i=1

ξs,ix̃s,i + λθt

∥∥∥∥∥
2

V −1
t

≤ 1

κ2
µ

∥∥∥∥∥
t∑

s=1

k∑
i=1

ξs,ix̃s,i

∥∥∥∥∥
2

V −1
t

.

The last step follows from the fact that θt is computed using MLE by solving the following equation:
t∑

s=1

k∑
i=1

(
µ
(
θt

⊤x̃s,i

)
− ys,i

)
x̃s,i + λθt = 0, (16)

which is ensured by equation 2.

With this, we have

∥θ − θt∥2Vt
≤ 1

κ2
µ

∥∥∥∥∥
t∑

s=1

k∑
i=1

ξs,ix̃s,i

∥∥∥∥∥
2

V −1
t

(17)

Denote the observation noise ξs,i = ys,i−µ(r(x1
s,i)−r(x2

s,i)). Note that the sequence of observation
noises {ξs,i} is 1-sub-Gaussian and Vt =

∑t
s=1

∑k
i=1 x̃s,ix̃

⊤
s,i +

λ
κµ

I.

Next, we can apply Theorem 1 from (Abbasi-Yadkori et al., 2011), to obtain∥∥∥∥∥
t∑

s=1

k∑
i=1

ξs,ix̃s,i

∥∥∥∥∥
2

V −1
t

≤ 2 log

(
det(Vt)

1/2

δ det(V )1/2

)
, (18)

which holds with probability of at least 1− δ.

Then, based on our assumption that ∥x̃s,i∥2 ≤ D (Assumption 1), according to Lemma 10 from
(Abbasi-Yadkori et al., 2011), we have that

det(Vt) ≤ (λ/κµ + tkD2/d)d. (19)

Therefore, √
detVt

det(V )
≤

√
(λ/κµ + tkD2/d)

d

(λ/κµ)d
=
(
1 + tkD2κµ/(dλ)

) d
2 (20)

This gives us∥∥∥∥∥
t∑

s=1

k∑
i=1

ϵs,ix̃s,i

∥∥∥∥∥
2

V −1
t

≤ 2 log

(
det(Vt)

1/2

δ det(V )1/2

)
≤ 2 log(1/δ) + d log

(
1 + tkD2κµ/(dλ)

)
(21)
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Combining equation 17 and equation 21, we have that

∥θ − θt∥2Vt
≤ 1

κ2
µ

(
2 log(1/δ) + d log

(
1 + tkD2κµ/(dλ)

))
=

β2
t

κ2
µ

, (22)

which completes the proof.

Lemma 1. In any iteration t = 1, . . . , T , for x1,x2 ∈ Xt with probability of at least 1− δ, we have
that

| (r∗(x1)− r∗(x2))− (rt(x1)− rt(x2)) | ≤
βt

κµ
∥x1 − x2∥V −1

t−1

Proof.

| (r∗(x1)− r∗(x2))− θ⊤t (x1 − x2) | = |θ⊤ [(x1 − x2]− θ⊤t [x1 − x2] |

= | (θ − θt)
⊤
[x1 − x2] |

≤ ∥θ − θt∥Vt−1
∥x1 − x2∥V −1

t−1

≤ βt

κµ
∥x1 − x2∥V −1

t−1
,

(23)

in which the last inequality follows from Lemma 3.

Lemma 1 immediately tells us that

rt(x1)− rt(x2) ≤ r∗(x1)− r∗(x2) +
βt

κµ
∥x1 − x2∥V −1

t−1

rt(x1)− rt(x2) +
βt

κµ
∥x1 − x2∥V −1

t−1
≤ r∗(x1)− r∗(x2) + 2

βt

κµ
∥x1 − x2∥V −1

t−1
.

(24)

D.2 PROOF OF THEOREM 1

Lemma 4. For any two super arm S1
t , S

2
t ∈ S, Define

σXt(S
1
t , S

2
t ) ≜

k∑
i=1

∥∥x1
t,i − x2

t,i

∥∥
V −1
t−1

.

Then we have that∣∣∣ (f(S1
t , r

∗)− f(S2
t , r

∗)
)
−
(
f(S1

t , rt)− f(S2
t , rt)

) ∣∣∣ ≤ βt

κµ
σXt(S

1
t , S

2
t ).
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Proof. Following Assumption 1, we have that

∣∣∣ (f(S1
t , r

∗)− f(S2
t , r

∗)
)
−
(
f(S1

t , rt)− f(S2
t , rt)

) ∣∣∣
=
∣∣∣ [ k∑

i=1

r∗(x1
t,i)−

k∑
i=1

r∗(x2
t,i)−

k∑
i=1

rt(x
1
t,i) +

k∑
i=1

rt(x
2
t,i)

] ∣∣∣
=
∣∣ k∑
i=1

[(
r∗(x1

t,i)− r∗(x2
t,i)
)
−
(
rt(x

1
t,i)− rt(x

2
t,i)
)] ∣∣

≤
k∑

i=1

∣∣ [(r∗(x1
t,i)− r∗(x2

t,i)
)
−
(
rt(x

1
t,i)− rt(x

2
t,i)
)] ∣∣

≤ βt

κµ

k∑
i=1

∥∥x1
t,i − x2

t,i

∥∥
V −1
t−1

=
βt

κµ
σXt(S

1
t , S

2
t ).

(25)

The first equality holds by the definition of the reward function f .

Lemma 5. In any iteration t, the regret is bound by

regt ≤ 3
βt

κµ

k∑
i=1

∥∥x1
t,i − x2

t,i

∥∥
V −1
t−1

Proof. To begin with, for three super arms S1
t , S

2
t , S

∗
t , according to the definition of σXt

(·, ·) Lemma
4, we have that

σXt
(S∗

t , S
1
t ) + σXt

(S1
t , S

2
t ) =

k∑
i=1

∥∥x∗
t,i − x1

t,i

∥∥
V −1
t−1

+

k∑
i=1

∥∥x1
t,i − x2

t,i

∥∥
V −1
t−1

≤
k∑

i=1

∥∥x∗
t,i − x2

t,i

∥∥
V −1
t−1

= σXt
(S∗

t , S
2
t )

(26)

which follows from the triangle inequality.

That is

σXt
(S∗

t , S
2
t ) ≤ σXt

(S∗
t , S

1
t ) + σXt

(S1
t , S

2
t ) (27)
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regt = 2optr∗ −
(
f(S1

t , r
∗) + f(S2

t , r
∗)
)

= f(S∗
t , r

∗)− f(S1
t , r

∗) + f(S∗
t , r

∗)− f(S2
t , r

∗)

(a)

≤ f(S∗
t , rt)− f(S1

t , rt) +
βt

κµ
σXt(S

∗
t , S

1
t ) + f(S∗

t , rt)− f(S2
t , rt) +

βt

κµ
σXt(S

∗
t , S

2
t )

(b)

≤ f(S∗
t , rt)− f(S1

t , rt) +
βt

κµ
σXt

(S∗
t , S

1
t )+

f(S∗
t , rt)− f(S1

t , rt) + f(S1
t , rt)− f(S2

t , rt) +
βt

κµ
σXt(S

∗
t , S

1
t ) +

βt

κµ
σXt(S

1
t , S

2
t )

= 2

(
f(S∗

t , rt)− f(S1
t , rt) +

βt

κµ
σXt(S

∗
t , S

1
t )

)
+ f(S1

t , rt)− f(S2
t , rt) +

βt

κµ
σXt(S

1
t , S

2
t )

(c)

≤ 2

(
f(S2

t , rt)− f(S1
t , rt) +

βt

κµ
σXt

(S2
t , S

1
t )

)
+ f(S1

t , rt)− f(S2
t , rt) +

βt

κµ
σXt

(S1
t , S

2
t )

= f(S2
t , rt)− f(S1

t , rt) + 3
βt

κµ
σXt(S

1
t , S

2
t )

(d)

≤ 3
βt

κµ
σXt

(S1
t , S

2
t )

= 3
βt

κµ

k∑
i=1

∥∥x1
t,i − x2

t,i

∥∥
V −1
t−1

(28)

Inequality (a) follows from Lemma 4, inequality (b) makes use of equation 27. Inequality (c) follows
from the way in which S2

t is selected:

S2
t = argmax

S∈S
f(S, rt) +

βt

κµ
σXt(S, S

1
t ).

Note that S2
t is selected by Hungarian Algorithm in Appendix C. Inequality (d) results from the way

in which S1
t is selected:

S1
t = argmax

S∈S
f(S, rt).

Lemma 6.
T∑

t=1

k∑
i=1

∥∥x1
t,i − x2

t,i

∥∥
V −1
t−1

≤
√

2Tkd log(1 +
κµTkD2

dλ
)

Proof. First, we could show that

det(Vt) = det

(
Vt−1 +

k∑
i=1

x̃t,ix̃
⊤
t,i

)

= det(Vt−1) det

(
I +

k∑
i=1

(
V

− 1
2

t−1 x̃t,i

)(
V

− 1
2

t−1 x̃t,i

)T)

= det(Vt−1)

(
1 +

k∑
i=1

∥∥x1
t,i − x2

t,i

∥∥2
V −1
t−1

)

= det(V )

t∏
τ=1

(
1 +

k∑
i=1

∥∥x1
τ,i − x2

τ,i

∥∥2
V −1
τ−1

)
(29)
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So that we have
det(Vt)

det(V )
=

t∏
τ=1

(
1 +

k∑
i=1

∥∥x1
τ,i − x2

τ,i

∥∥2
V −1
τ−1

)
(30)

According to our assumption 1, we have that for any x,x′ ∈ Xt, we have ∥x− x′∥2 ≤ D.
We use Vt−1 to denote the covariance matrix in t-th iteration, and denote V = V0 = λ

κµ
I .

It is easy to verify that Vt−1 ⪰ λ
κµ

I and hence V −1
t−1 ⪯ λ

κµ
I . Therefore, we have that∥∥x1

t,i − x2
t,i

∥∥2
V −1
t−1

≤ λ
κµ

∥∥x1
t,i − x2

t,i

∥∥2
2
≤ D2 λ

κµ
. We choose λ such that kD2 λ

κµ
≤ 1 , which

ensures that
∑k

i=1

∥∥x1
t,i − x2

t,i

∥∥2
V −1
t−1

≤ 1. Note that x ≤ 2 log(1 + x) for x ∈ [0, 1]. Then we have

that

T∑
t=1

k∑
i=1

∥∥x1
t,i − x2

t,i

∥∥2
V −1
t−1

(a)

≤ 2

T∑
t=1

log

(
1 +

k∑
i=1

∥∥x1
t,i − x2

t,i

∥∥2
V −1
t−1

)

= 2

T∑
t=1

log

(
1 +

k∑
i=1

∥∥x1
t,i − x2

t,i

∥∥2
V −1
t−1

)
(b)
= 2 log(

detVT

detV
)

(c)

≤ 2 log

(
(1 +

κµTkD
2

dλ
)d
)

= 2d log(1 +
κµTkD

2

dλ
)

(31)

where (a) follows from the fact that x ≤ 2 log(1 + x) for x ∈ [0, 1] and the (b) follows from
Eq.equation 30 and (c) follows from Lemma 10 from (Abbasi-Yadkori et al., 2011) that det(Vt) ≤
(λ/κµ + tkD2/d)d.

And using Cauchy–Schwarz inequality, we can get

T∑
t=1

k∑
i=1

∥∥x1
t,i − x2

t,i

∥∥
V −1
t−1

≤
√
Tk

√√√√ k∑
i=1

T∑
t=1

∥∥x1
t,i − x2

t,i

∥∥2
V −1
t−1

≤
√
2Tkd log(1 +

κµTkD2

dλ
)

(32)

Theorem 1. Let βt ≜
√

2 log(1/δ) + d log (1 + tkD2κµ/(dλ)) and λ ≤ κµ

D2 , then With probability
of at least 1− δ, we have that

RegT ≤
3

κµ

√
2 log(1/δ) + d log (1 + TkD2κµ/(dλ))

√
2Tkd log(1 + TkD2κµ/(dλ))

Proof. Note that

rt ≤ 3
βt

κµ

k∑
i=1

∥∥x1
t,i − x2

t,i

∥∥
V −1
t−1

So we have

RegT ≤
T∑

t=1

rt ≤
T∑

t=1

3
βt

κµ

k∑
i=1

∥∥x1
t,i − x2

t,i

∥∥
V −1
t−1

≤ 3
βT

κµ

√
2Tkd log(1 +

κµTkD2

dλ
)

(33)

19



1026
1027
1028
1029
1030
1031
1032
1033
1034
1035
1036
1037
1038
1039
1040
1041
1042
1043
1044
1045
1046
1047
1048
1049
1050
1051
1052
1053
1054
1055
1056
1057
1058
1059
1060
1061
1062
1063
1064
1065
1066
1067
1068
1069
1070
1071
1072
1073
1074
1075
1076
1077
1078
1079

Under review as a conference paper at ICLR 2026

So we have that RegT ≤ 3
κµ

√
2 log(1/δ) + d log (1 + TkD2κµ/(dλ))

√
2Tkd log(1 + TkD2κµ/(dλ))

E THEORETICAL ANALYSIS OF NCDB

Definition 2. (Zhou et al., 2020; Zhang et al., 2021) Let {x(n)}TN
n=1 be the set of all possible context-

arm feature vectors, i.e., {xt,a}1≤t≤T, 1≤a≤N , where the index n = N(t−1)+a. Define the kernel
recursively as follows:

H(1)
p,q = Σ(1)

p,q = ⟨x(p),x(q)⟩,

Σ(ℓ+1)
p,q = 2 · E

(u,v)∼N (0,A
(ℓ)
p,q)

[max{u, 0} ·max{v, 0}] ,

H(ℓ+1)
p,q = 2H(ℓ)

p,q · E(u,v)∼N (0,A
(ℓ)
p,q)

[I(u ≥ 0) · I(v ≥ 0)] +Σ(ℓ+1)
p,q ,

where A
(ℓ)
p,q =

[
Σ

(ℓ)
p,p Σ

(ℓ)
p,q

Σ
(ℓ)
q,p Σ

(ℓ)
q,q

]
.

Finally, the matrix H = 1
2

(
H(L) +Σ(L)

)
is called the neural tangent kernel (NTK) matrix over the

set of context-arm feature vectors {x(n)}TN
n=1.

Condition 1. Conditions needed for the width m of NN:

m ≥ CT 4N4L6 log(T 2N2L/δ)/λ4
0,

m(logm)−3 ≥ Cκ−3
µ T 8L21λ−5,

m(logm)−3 ≥ Cκ−3
µ T 14L21λ−11L6

µ,

m(logm)−3 ≥ CT 14L18λ−8,

(34)

where C is a positive absolute constant, N is the number of available arms in each round.
To simplify exposition, we can express the technical conditions above compactly as m ≥
poly (T, L,N, 1/κµ, Lµ, 1/λ0, 1/λ, log (1/δ)),

For clarity, we adopt a unified error probability δ for all probabilistic statements throughout the
analysis.

E.1 ANALYSIS OF NEURAL NETWORK

Lemma 7. (Lemma B.3 in (Zhang et al., 2021) ) As long as the width m of the NN is wide enough:

m ≥ C0T
4K4L6 log(T 2K2L/δ)/λ4

0

then with probability of at least 1− δ, there exits a θr∗ such that

r∗(x) = ⟨g(x; θ0), θr∗ − θ0⟩
√
m ∥θr∗ − θ0∥2 ≤

√
2h⊤H−1h ≤ B

for all x ∈ Xt,∀t ∈ [T ]

Lemma 8. We have that ∥θt − θ0∥2 ≤ 2
√

tk
mλ , ∀t ∈ [T ]

Proof. µ() ∈ [0, 1]. Using Eq. 1 gives us
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1

2
λ ∥θt − θ0∥22 ≤ Lt(θt) ≤ Lt(θ0)

(a)
= − 1

m

t−1∑
s=1

k∑
i=1

(ys,i logµ
[
h(x1

s,i; θ0)− h(x2
s,i; θ0)

]
+ (1− ys,i) logµ

[
h(x2

s,i; θ0)− h(x1
s,i); θ0)

]
) +

1

2
λ ∥θ0 − θ0∥22 .

= − 1

m

t−1∑
s=1

k∑
i=1

[ys,i logµ(0) + (1− ys,i) logµ(0)]

= − 1

m

t−1∑
s=1

k∑
i=1

log 0.5

≤ tk

m
(− log 0.5)

(b)

≤ tk

m

Step (a) follow because h(x; θ0) = 0, ∀x ∈ Xt, t ∈ [T ] which is ensured by Assumption 2, step (b)

follows because − log 0.5 ≤ 1. Therefore, we have that ∥θt − θ0∥2 ≤
√

2 tk
mλ ≤ 2

√
tk
mλ

Lemma 9. Let τ = 2
√

tk
mλ . Then for absolute constants C3, C1 ≤ 0, with probability of at least

1− δ,
∥g(x; θt)∥2 ≤ C3

√
mL,

∥g(x; θ0)− g(x; θt)∥2 ≤ C1

√
m logmτ1/3L7/2 = C1m

1/3
√

logm(
t

λ
)1/3L7/2,

for all x ∈ Xt, t ∈ [T ].

Proof. It can be readily verified that our choice of τ = 2
√

tk
mλ satisfies the condition on τ required

in Lemmas C.3 and C.4 of (Zhang et al., 2021). Consequently, we are able to invoke those results,
as this choice ensures that ∥θt − θ0∥2 ≤ τ .

Lemma B.4 from (Zhou et al., 2020) allows us to obtain the following lemma, which shows that the
output of NN can be approximated by its linearization.

Lemma 10. ((Zhou et al., 2020)) Let τ ≜ 2
√

tk
mλ . Let ϵ′m,t ≜ C2m

−1/6
√
logmL3( t

λ )
4/3. Then

for some absolute constant C2 ≤ 0, with probability of at least 1− δ,

|h(x; θt)− ⟨θt − θ0, g(x; θ0)⟩ | ≤ C2τ
4/3L3

√
m logm = C2m

−1/6
√

logmL3(
t

λ
)4/3 = ϵ′m,t

for all x ∈ Xt, t ∈ [T ].
Lemma 11. For all x,x′ ∈ Xt, t ∈ [T ], we have

| ⟨ϕ(x)− ϕ(x′), θt − θ0⟩ − (h(x; θt)− h(x′; θt))| ≤ 2ϵ′m,t.

Proof. By re-arranging the left-hand side and then using Lemma 10, we get

| ⟨ϕ(x)− ϕ(x′), θt − θ0⟩ − (h(x; θt)− h(x′; θt))|
= | ⟨ϕ(x), θt − θ0⟩ − h(x; θt) + h(x′; θt)− ⟨ϕ(x′), θt − θ0⟩ |
≤ | ⟨ϕ(x), θt − θ0⟩ − h(x; θt)|+ |h(x′; θt)− ⟨ϕ(x′), θt − θ0⟩ |

≤ 2C2m
−1/6

√
logmL3(

t

λ
)4/3

= 2ϵ′m,t

(35)
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E.2 PROOF OF LEMMA 12

For simplicity, we denote ϕ̃0,s,i ≜ g(x1
s,i; θ0) − g(x2

s,i; θ0), ϕ̃t,s,i = g(x1
s,i; θt) − g(x2

s,i; θt) and
h̃t,s,i ≜ h(x1

s,i; θt)− h(x2
s,i; θt)

Lemma 12. Let βT ≜ 1
κµ

√
d̃+ 2 log(1/δ). Assuming that the conditions on m from Eq. 34 are

satisfied. With probability of at least 1− δ, we have that

√
m ∥θr∗ − θt∥Vt−1

≤ βT +B

√
λ

κµ
+ 1,∀t ∈ [T ].

For any θr′ ∈ Rp, define

Gt(θr′) =
1

m

t−1∑
s=1

k∑
i=1

[
µ
(〈

θr′ − θ0, ϕ̃0,s,i

〉)
− µ

(〈
θr∗ − θ0, ϕ̃0,s,i

〉)]
ϕ̃0,s,i + λ(θr′ − θ0).

(36)

Lemma 13. Choose λ > 0 such that λ/κµ ≥ 1. Define Vt−1 ≜
∑t−1

s=1

∑k
i=1 ϕ̃0,s,iϕ̃

⊤
0,s,i

1
m + λ

κµ
I

∥θr∗ − θt∥Vt−1
≤ 1

κµ
∥Gt(θt)∥V −1

t−1
+

√
λ

κµ

B√
m

Proof. Let λ′ ∈ (0, 1). For any θr′1 , θr′2 ∈ Rp, setting θr̄ = λ′θr′1 + (1− λ′)θr′2 and using the mean
value theorem, we get:

Gt(θr′1)−Gt(θr′2) =

[
1

m

t−1∑
s=1

k∑
i=1

µ̇(
〈
θr̄ − θ0, ϕ̃0,s,i

〉
)ϕ̃0,s,iϕ̃

⊤
0,s,i + λIp

]
(θr′1 − θr′2)

≥ κµ

[
1

m

t−1∑
s=1

k∑
i=1

ϕ̃0,s,iϕ̃
⊤
0,s,i +

λ

κµ
Ip

]
(θr′1 − θr′2)

= κµVt−1(θr′1 − θr′2)

Note that Gt(θr∗) = λ(θr∗ − θ0) and rt is the estimate of r∗ at the beginning of the iteration t and
rt,s,i =

〈
θt − θ0, ϕ̃0,s,i

〉
. Now using the equation above,

∥Gt(θt)− λ(θr∗ − θ0)∥2V −1
t−1

= ∥Gt(θr∗)−Gt(θt)∥2V −1
t−1

≥ (κµVt−1(θr∗ − θt))
⊤V −1

t−1κµVt−1(θr∗ − θt)

= κ2
µ(θr∗ − θt)

⊤Vt−1V
−1
t−1Vt−1(θr∗ − θt)

= κ2
µ ∥θr∗ − θt∥2Vt−1

This allows us to show that

∥θr∗ − θt∥Vt−1
≤ 1

κµ
∥Gt(θt)− λ(θr∗ − θ0)∥V −1

t−1
≤ 1

κµ
∥Gt(θt)∥V −1

t−1
+

1

κµ
∥λ(θr∗ − θ0)∥V −1

t−1

(37)

in which we have made use of the triangle inequality.

Note that we choose λ such that λ
κµ
≥ 1. This allows us to show that Vt−1 ⪰ λ

κµ
I and hence

V −1
t−1 ⪯

κµ

λ I Recall that Lemma 7 tells us that ∥θr∗ − θ0∥2 ≤
B√
m

, which tells us that
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1

κµ
∥λ(θr∗ − θ0)∥V −1

t−1
=

λ

κµ

√
(θr∗ − θ0)⊤V

−1
t−1(θr∗ − θ0)

=
λ

κµ

√
(θr∗ − θ0)⊤

κµ

λ
(θr∗ − θ0)

≤

√
λ

κµ
∥θr∗ − θ0∥2

≤

√
λ

κµ

B√
m

(38)

This completes the proof.

Recall that we denote ys,i = µ(r∗(x1
s,i)− r∗(x2

s,i)) + ϵs,i After that, we can derive an upper bound
from the Lemma above.

1

κµ
∥Gt(θt)∥V −1

t−1
=

1

κµ

∥∥∥∥∥ 1

m

t−1∑
s=1

k∑
i=1

[
µ(
〈
θt − θ0, ϕ̃0,s,i

〉
)− µ(

〈
θr∗ − θ0, ϕ̃0,s,i

〉
)
]
ϕ̃0,s,i + λ(θt − θ0)

∥∥∥∥∥
V −1
t−1

=
1

κµ

∥∥∥∥∥ 1

m

t−1∑
s=1

k∑
i=1

[
µ(rt,s,i)− µ(r∗(x1

s,i)− r∗(x2
s,i))

]
ϕ̃0,s,i + λ(θt − θ0)

∥∥∥∥∥
V −1
t−1

=
1

κµ

∥∥∥∥∥ 1

m

t−1∑
s=1

k∑
i=1

[µ(rt,s,i)− (ys,i − ϵs,i)] ϕ̃0,s,i + λ(θt − θ0)

∥∥∥∥∥
V −1
t−1

=
1

κµ

∥∥∥∥∥ 1

m

t−1∑
s=1

k∑
i=1

(µ(rt,s,i)− ys,i)ϕ̃0,s,i +
1

m

t−1∑
s=1

k∑
i=1

ϵs,iϕ̃0,s,i + λ(θt − θ0)

∥∥∥∥∥
V −1
t−1

≤ 1

κµ

∥∥∥∥∥ 1

m

t−1∑
s=1

k∑
i=1

(µ(rt,s,i)− ys,i)ϕ̃0,s,i + λ(θt − θ0)

∥∥∥∥∥
V −1
t−1

+
1

κµ

∥∥∥∥∥ 1

m

t−1∑
s=1

k∑
i=1

ϵs,iϕ̃0,s,i

∥∥∥∥∥
V −1
t−1

(39)

Next, we derive an upper bound on the first term in 39. For simplicity, we define:

A1 ≜
1

m

t−1∑
s=1

k∑
i=1

(µ(rt,s,i)− ys,i)(ϕ̃0,s,i − ϕ̃t,s,i), A2 ≜
1

m

t−1∑
s=1

k∑
i=1

(µ(rt,s,i)− µ(h̃t,s,i))ϕ̃t,s,i

(40)
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Now, the above equation can be decomposed as:

∥∥∥∥∥ 1

m

t−1∑
s=1

k∑
i=1

(µ(rt,s,i)− ys,i)ϕ̃0,s,i + λ(θt − θ0)

∥∥∥∥∥
V −1
t−1

=

∥∥∥∥∥ 1

m

t−1∑
s=1

k∑
i=1

(µ(rt,s,i)− ys,i)(ϕ̃0,s,i + ϕ̃t,s,i − ϕ̃t,s,i) + λ(θt − θ0)

∥∥∥∥∥
V −1
t−1

=

∥∥∥∥∥ 1

m

t−1∑
s=1

k∑
i=1

(µ(rt,s,i)− ys,i)ϕ̃t,s,i + λ(θt − θ0) +A1

∥∥∥∥∥
V −1
t−1

=

∥∥∥∥∥ 1

m

t−1∑
s=1

k∑
i=1

(µ(rt,s,i) + µ(h̃t,s,i)− µ(h̃t,s,i)− ys,i)ϕ̃t,s,i + λ(θt − θ0) +A1

∥∥∥∥∥
V −1
t−1

=

∥∥∥∥∥ 1

m

t−1∑
s=1

k∑
i=1

(µ(h̃t,s,i)− ys,i)ϕ̃t,s,i + λ(θt − θ0) +A2 +A1

∥∥∥∥∥
V −1
t−1

(a)
= ∥A2 +A1∥V −1

t−1

≤ ∥A2∥V −1
t−1

+ ∥A1∥V −1
t−1

≤
√

κµ

λ
∥A2∥2 +

√
κµ

λ
∥A1∥2

(41)

Note that we have step (a) because:

1

m

t−1∑
s=1

k∑
i=1

(
µ(h̃t,s,i)− ys,i

)
ϕ̃t,s,i + λ(θt − θ0)

=
1

m

t−1∑
s=1

k∑
i=1

(
µ(h(x1

s,i; θt)− h(x2
s,i; θt))− ys,i

)
(g(x1

s,i; θt)− g(x2
s,i; θt)) + λ(θt − θ0)

= 0

(42)

which is ensured by the loss function and the way we train our NN. Next, we derive an upper bound
on the norm of A1. To begin with, we have that

∥∥∥ϕ̃0,s,i − ϕ̃t,s,i

∥∥∥
2
=
∥∥g(x1

s,i; θ0)− g(x2
s,i; θ0)− g(x1

s,i; θt) + g(x2
s,i; θt)

∥∥
2

≤
∥∥g(x1

s,i; θ0)− g(x1
s,i; θt)

∥∥
2
+
∥∥g(x2

s,i; θ0)− g(x2
s,i; θt)

∥∥
2

≤ 2C1m
1/3
√

logm

(
Ct

λ

)1/3

L7/2
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in which the last inequality follows from Lemma 9. Now the norm of A1 can be bounded as:

∥A1∥2 =

∥∥∥∥∥ 1

m

t−1∑
s=1

k∑
i=1

(µ(rt,s,i)− ys,i)(ϕ̃0,s,i − ϕ̃t,s,i)

∥∥∥∥∥
2

≤ 1

m

t−1∑
s=1

k∑
i=1

∥∥∥(µ(rt,s,i)− ys,i)(ϕ̃0,s,i − ϕ̃t,s,i)
∥∥∥
2

=
1

m

t−1∑
s=1

k∑
i=1

|µ(rt,s,i)− ys,i|
∥∥∥ϕ̃0,s,i − ϕ̃t,s,i

∥∥∥
2

≤ 1

m

t−1∑
s=1

k∑
i=1

∥∥∥ϕ̃0,s,i − ϕ̃t,s,i

∥∥∥
2

≤ 1

m

t−1∑
s=1

k∑
i=1

2C1m
1/3
√
logm

(
Ct

λ

)1/3

L7/2

= m−2/3
√
logmt4/32C1kλ

−1/3L7/2

(43)

Next, we proceed to bound the norm of A2. Let λ′ ∈ (0, 1), and let at,s,i = λ′rt,s,i +(1−λ′)h̃t,s,i.
Following the mean-value theorem, we have for some λ′ that

µ(rt,s,i)− µ(h̃t,s,i) = (rt,s,i − h̃t,s,i)µ̇(at,s,i)

Note that µ̇(at,s,i) ≤ Lµ which follows our Assumption. This allows us to show that

|µ(rt,s,i)− µ(h̃t,s,i)| =
∣∣∣(rt,s,i − h̃t,s,i)µ̇(at,s,i)

∣∣∣
= |rt,s,i − h̃t,s,i||µ̇(at,s,i)|

≤ Lµ|rt,s,i − h̃t,s,i|
= Lµ

∣∣〈θt − θ0, g(x
1
s,i; θ0)

〉
−
〈
θt − θ0, g(x

2
s,i; θ0)

〉
− (h(x1

s,i; θt)− h(x2
s,i; θt))

∣∣
= Lµ(

∣∣〈θt − θ0, g(x
1
s,i; θ0)

〉
− h(x1

s,i; θt)
∣∣+ ∣∣h(x2

s,i; θt)−
〈
θt − θ0, g(x

2
s,i; θ0)

〉∣∣)
(a)

≤ 2LµC2m
−1/6

√
logmL3(

t

λ
)4/3

(44)

where step (a) follows from Lemma 10 . We can also notice the fact that
∥∥∥ϕ̃t,s,i

∥∥∥
2

=∥∥g(x1
s,i; θt)− g(x2

s,i; θt)
∥∥
2
≤
∥∥g(x1

s,i; θt)
∥∥
2
+
∥∥g(x2

s,i; θt)
∥∥
2
≤ 2C3

√
mL Then we can derive

an upper bound of A2 using the fact above.

∥A2∥2 =

∥∥∥∥∥ 1

m

t−1∑
s=1

k∑
i=1

(µ(rt,s,i)− µ(h̃t,s,i))ϕ̃t,s,i

∥∥∥∥∥
2

≤ 1

m

t−1∑
s=1

k∑
i=1

∥∥∥(µ(rt,s,i)− µ(h̃t,s,i))ϕ̃t,s,i

∥∥∥
2

=
1

m

t−1∑
s=1

k∑
i=1

|µ(rt,s,i)− µ(h̃t,s,i))|
∥∥∥ϕ̃t,s,i

∥∥∥
2

≤ 1

m

t−1∑
s=1

k∑
i=1

2LµC2m
−1/6

√
logmL3(

t

λ
)4/3 × 2C3

√
mL

≤ 4kLµC2C3m
−2/3

√
logmt7/3L7/2λ−4/3

(45)
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Lastly, we can derive an upper bound of the first term of Eq. equation 39 by combining Eq. (43),
Eq. (45) and Eq. (41):

1

κµ

∥∥∥∥∥ 1

m

t−1∑
s=1

k∑
i=1

(µ(rt,s,i)− ys,i)ϕ̃0,s,i + λ(θt − θ0)

∥∥∥∥∥
V −1
t−1

= ∥A1 +A2∥V −1
t−1

≤
√

κµ

λ
∥A1∥2 +

√
κµ

λ
∥A2∥2

≤ 1√
κµλ

m−2/3
√

logmt4/32C1kλ
−1/3L7/2 +

1√
κµλ

4kLµC2C3m
−2/3

√
logmt7/3L7/2λ−4/3

(46)

And then, plugging equation Eq. (46) into equation Eq. equation 39 and plugging the results from
Lemma 13 we can get that

∥θr∗ − θt∥Vt−1

≤ 1

κµ
√
m

∥∥∥∥∥ 1√
m

t−1∑
s=1

k∑
i=1

ϵs,iϕ̃0,s,i

∥∥∥∥∥
V −1
t−1

+

√
λ

κµ

B√
m

+
1√
κµλ

m−2/3
√
logmt4/32C1kλ

−1/3L7/2

+
1√
κµλ

4kLµC2C3m
−2/3

√
logmt7/3L7/2λ−4/3

Here we define

ϵm,t ≜ B

√
λ

κµ
+

1√
κµλ

m−1/6
√
logmt4/32C1kλ

−1/3L7/2+

1√
κµλ

4kLµC2C3m
−1/6

√
logmt7/3L7/2λ−4/3

(47)

It is easy to verify that as long as the condition on m from are satisfied, we have that ϵm,t ≤
B
√

λ
κµ

+ 1

This allows us to show that

√
m ∥θr∗ − θt∥ ≤

1

κµ

∥∥∥∥∥ 1√
m

t−1∑
s=1

k∑
i=1

ϵs,iϕ̃0,s,i

∥∥∥∥∥
V −1
t−1

+ ϵm,t

≤ 1

κµ

∥∥∥∥∥ 1√
m

t−1∑
s=1

k∑
i=1

ϵs,iϕ̃0,s,i

∥∥∥∥∥
V −1
t−1

+B

√
λ

κµ
+ 1

(48)

Finally, in the next lemma, we derive an upper bound on the first term in Eq. (48)

Lemma 14. Let βT ≜ 1
κµ

√
d̃+ 2 log(1/δ) With probability of at least 1− δ, we have that

1

κµ

∥∥∥∥∥ 1√
m

t−1∑
s=1

k∑
i=1

ϵs,iϕ̃0,s,i

∥∥∥∥∥
V −1
t−1

≤ βT

Proof. Recall that we have Vt =
∑t

τ=1

∑k
i=1 ϕ̃0,τ,iϕ̃

⊤
0,τ,i

1
m + λ

κµ
I. Here we use CK

2 to denote all

possible pairwise combinations of the indices of K arms. We denote zij(s) ≜ ϕ(xs,i) − ϕ(xs,j).
Also recall we have defined that H′ ≜

∑T
s=1

∑
(i,j)∈CK

2
zij(s)z

i
j(s)

⊤ 1
m . Now the determinant of Vt

can be upper bounded as
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det(Vt) = det

(
t∑

τ=1

k∑
i=1

ϕ̃0,τ,iϕ̃
⊤
0,τ,i

1

m
+

λ

κµ
I

)

≤ det

(
T∑

τ=1

k∑
i=1

(ϕ(x1
τ,i)− ϕ(x2

τ,i))(ϕ(x
1
τ,i)− ϕ(x2

τ,i))
⊤ 1

m
+

λ

κµ
I

)

≤ det

 T∑
s=1

∑
(i,j)∈CK

2

zij(s)z
i
j(s)

⊤ 1

m
+

λ

κµ
I


= det

(
H′ +

λ

κµ
I

)
(49)

Recall that in our algorithm V0 = λ
κµ

I. This leads to

log
detVt

detV0
≤ log

det
(
H′ + λ

κµ
I
)

detV0

= log
(λ/κµ)

p det
(κµ

λ H′ + I
)

(λ/κµ)p

= log det
(κµ

λ
H′ + I

)
(50)

We use ϵs,i to denote the observation noise in iteration s ∈ [T ] : ys,i = µ(r∗(x1
s,i)−r∗(x2

s,i))+ϵs,i.
Let Ft−1 denote the sigma algebra generated by history {(x1

s,i,x
2
s,i, ϵs,i)s∈[t−1], (x

1
t,i,x

2
t,i)i=1...k}.

Here we justify that the sequence of noise {ϵs,i}s=1,...,T,i=1,...,k is conditionally 1-sub-Gaussian
conditioned on Ft−1. Note that the observation yt,i is equal to 1 if x1

t,i is preferred over x2
t,i and 0

otherwise. Therefore, the noise ϵt can be expressed as

ϵs,i =

{
1− µ(r∗(x1

s,i)− r∗(x2
s,i)), w.p. µ(r∗(x1

s,i)− r∗(x2
s,i))

−µ(r∗(x1
s,i)− r∗(x2

s,i)), w.p. 1− µ(r∗(x1
s,i)− r∗(x2

s,i))
(51)

It can be seen that ϵs,i is Ft- measurable. Next, it can beverified that E[ϵs,i|Ft−1] = 0. We can also
note that |ϵs,i| ≤ 1. Therefore, we can infer that ϵs,i is conditionally 1-sub-Gaussian,

E[exp(λϵs,i)|Ft] ≤ exp(
λ2σ2

2
),∀λ ∈ R (52)

with σ = 1.

Next, making use of the 1-sub-sub-Guassianity of the sequence of noise {ϵs,i} and Theorem 1 from
(Abbasi-Yadkori et al., 2011), we can show that with probability at least 1− δ

1

κµ

∥∥∥∥∥ 1√
m

t−1∑
s=1

k∑
i=1

ϵs,iϕ̃0,s,i

∥∥∥∥∥
V −1
t−1

≤

√
log

(
detVt−1

detV0

)
+ 2 log(1/δ)

≤
√

log det
(κµ

λ
H′ + I

)
+ 2 log(1/δ)

(a)

≤
√
d̃+ 2 log(1/δ)

in which we use the definition of d̃ = log det(I+
κµ

λ H′) in step (a). This completes the proof.

Finally, plugging Lemma 14 into 48, we complete the proof of Lemma 12:

√
m ∥θr − θt∥Vt−1

≤ βT +B

√
λ

κµ
+ 1,∀t ∈ [T ].
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E.3 PROOF OF THEOREM 2

Definition 3. For simplicity, we define νT = (βT + B
√

λ
κν

+ 1)κν

λ and

σt(S
1
t , S

2
t )

≜ λ
κµ

∑k
i=1

∥∥∥ 1√
m
(ϕ(x1

t,i)− ϕ(x2
t,i))

∥∥∥
V −1
t−1

.

Lemma 15. Let δ ∈ (0, 1), ϵ′m,t = C2m
−1/6
√
logmL3( t

λ )
4/3 for some absolute constant C2 > 0.

As long as m ≥ poly(T, L,K, 1/κµ, Lµ, 1/λ0, 1/λ, log(1/δ)), then with probability of at least
1− δ,

|[r∗(x)− r∗(x′)]− [h(x; θt)− h(x′; θt)]| ≤ σt−1(x,x
′) + 2ϵ′m,t

for all x,x′ ∈ Xt, t ∈ [T ].

Proof. Denote ϕ(x) = g(x; θ0), recall that r∗(x) = ⟨g(x; θ0), θr∗ − θ0⟩ = ⟨ϕ(x), θr∗ − θ0⟩ for all
x ∈ Xt, t ∈ [T ]. For x,x′ ∈ Xt, t ∈ [T ] we have that

|r∗(x)− r∗(x′)− ⟨ϕ(x)− ϕ(x′), θt − θ0⟩ |
= | ⟨ϕ(x)− ϕ(x′), θr∗ − θ0⟩ − ⟨ϕ(x)− ϕ(x′), θt − θ0⟩ |
= | ⟨ϕ(x)− ϕ(x′), θr∗ − θt⟩ |

=

∣∣∣∣〈 1√
m
(ϕ(x)− ϕ(x′)),

√
m(θr∗ − θ0)

〉∣∣∣∣
≤
∥∥∥∥ 1√

m
(ϕ(x)− ϕ(x′))

∥∥∥∥
V −1
t−1

√
m ∥θr∗ − θt∥Vt−1

(a)

≤
∥∥∥∥ 1√

m
(ϕ(x)− ϕ(x′))

∥∥∥∥
V −1
t−1

(
βT +B

√
λ

κµ
+ 1

)
(53)

in which we use Lemma 12 in step (a). Now making use of the equation above and Lemma 10, we
have that

|r∗(x)− r∗(x′)− (h(x; θt)− h(x′; θt))|
= |r∗(x)− r∗(x′)− ⟨ϕ(x)− ϕ(x′), θt − θ0⟩

+ ⟨ϕ(x)− ϕ(x′), θt − θ0⟩ − (h(x; θt)− h(x′; θt))|
≤ |r∗(x)− r∗(x′)− ⟨ϕ(x)− ϕ(x′), θt − θ0⟩ |

+ | ⟨ϕ(x)− ϕ(x′), θt − θ0⟩ − (h(x; θt)− h(x′; θt))|

≤
∥∥∥∥ 1√

m
(ϕ(x)− ϕ(x′))

∥∥∥∥
V −1
t−1

(
βT +B

√
λ

κµ
+ 1

)
+ 2ϵ′m,t

(54)

This completes the proof of Theorem.

Lemma 2. Let δ ∈ (0, 1), ϵ′m,t = C2m
−1/6
√
logmL3( t

λ )
4/3 for some absolute constant C2 > 0.

As long as m ≥ poly(T, L,K, 1/κµ, Lµ, 1/λ0, 1/λ, log(1/δ)), Let the context of two super arm S1
t

and S2
t to be Xt(S

1
t ) = {x1

t,i}ki=1, Xt(S
2
t ) = {x2

t,i}ki=1, then with probability of at least 1− δ,∣∣∣ (f(S1
t , r

∗)− f(S2
t , r

∗)
)
−
(
f(S1

t , rt)− f(S2
t , rt)

) ∣∣∣ ≤ νTσt−1(S
1
t , S

2
t ) + 2kϵ′m,t

for all t ∈ [T ]
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Proof. ∣∣∣ (f(S1
t , r

∗)− f(S2
t , r

∗)
)
−
(
f(S1

t , rt)− f(S2
t , rt)

) ∣∣∣
=
∣∣∣ [ k∑

i=1

r∗(x1
t,i)−

k∑
i=1

r∗(x2
t,i)−

k∑
i=1

rt(x
1
t,i) +

k∑
i=1

rt(x
2
t,i)

] ∣∣∣
=
∣∣ k∑
i=1

[(
r∗(x1

t,i)− r∗(x2
t,i)
)
−
(
rt(x

1
t,i)− rt(x

2
t,i)
)] ∣∣

≤
k∑

i=1

∣∣ [(r∗(x1
t,i)− r∗(x2

t,i)
)
−
(
ht(x

1
t,i; θt)− ht(x

2
t,i; θt)

)] ∣∣
≤

k∑
i=1

(
νTσt−1(x

1
t,i,x

2
t,i) + 2ϵ′m,t

)
= νTσt−1(S

1
t , S

2
t ) + 2kϵ′m,t.

(55)

Now we can analyze the regret. To begin with, we have

regt = 2optr∗ −
(
f(S1

t , r
∗) + f(S2

t , r
∗)
)

= f(S∗, r∗)− f(S1
t , r

∗) + f(S∗, r∗)− f(S2
t , r

∗)

(a)

≤ f(S∗, rt)− f(S1
t , rt) + νTσt−1(S

∗, S1
t ) + 2kϵ′m,t + f(S∗, rt)− f(S2

t , rt) + νTσt−1(S
∗, S2

t ) + 2kϵ′m,t

(b)

≤ f(S∗, rt)− f(S1
t , rt) + νTσt−1(S

∗, S1
t ) + 4kϵ′m,t+

f(S∗, rt)− f(S1
t , rt) + f(S1

t , rt)− f(S2
t , rt) + νTσt−1(S

∗, S1
t ) + νTσt−1(S

1
t , S

2
t )

= 2
[
f(S∗, rt)− f(S1

t , rt) + νTσt−1(S
∗, S1

t )
]
+ f(S1

t , rt)− f(S2
t , rt) + νTσt−1(S

1
t , S

2
t ) + 4kϵ′m,t

(c)

≤ 2
[
f(S2

t , rt)− f(S1
t , rt) + νTσt−1(S

2
t , S

1
t )
]
+ f(S1

t , rt)− f(S2
t , rt) + νTσt−1(S

1
t , S

2
t ) + 4kϵ′m,t

= f(S2
t , rt)− f(S1

t , rt) + 3νTσt−1(S
1
t , S

2
t ) + 4kϵ′m,t

(d)

≤ 3νTσt−1(S
1
t , S

2
t ) + 4kϵ′m,t

= 3(βT +B

√
λ

κν
+ 1)

k∑
i=1

∥∥∥∥ 1√
m
(ϕ(x1

t,i)− ϕ(x2
t,i))

∥∥∥∥
V −1
t−1

+ 4kϵ′m,t

(56)

Step (a) follows from Eq. (55), step (b) follows from the fact that σt−1(S
∗
t , S

2
t ) ≤ σt−1(S

∗
t , S

1
t ) +

σt−1(S
1
t , S

2
t ) using trangle inequality, step (c) follows from the way in which S2

t is selected:

S2
t = argmax

S∈S
f(S, rt) + νTσt−1(S, S

1
t ).

step (d) follows from the way in which S1
t is selected:

S1
t = argmax

S∈S
f(S, rt).
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Recall that Vt =
∑t

τ=1

∑k
i=1 ϕ̃(x

1
τ,i)ϕ̃(x

2
τ,i)

⊤ 1
m + λ

κµ
I. It is easy to verify that Vt−1 ⪰ λ

κµ
I and

hence V −1
t−1 ⪯ λ

κµ
I . Therefore, for ∀x1

t,i, x
2
t,i ∈ Xt, it is easy to verify that

λ

κµ

∥∥∥∥ 1√
m
(ϕ(x1

t,i)− ϕ(x2
t,i)

∥∥∥∥2
V −1
t−1

=
λ

κµ

1

m
(ϕ(x1

t,i)− ϕ(x2
t,i))

⊤V −1
t−1(ϕ(x

1
t,i)− ϕ(x2

t,i))

≤ λ

κµ

1

m

κµ

λ
(ϕ(x1

t,i)− ϕ(x2
t,i))

⊤(ϕ(x1
t,i)− ϕ(x2

t,i))

=
1

m
(ϕ(x1

t,i)− ϕ(x2
t,i))

⊤(ϕ(x1
t,i)− ϕ(x2

t,i))

=
1

m

∥∥ϕ(x1
t,i)− ϕ(x2

t,i)
∥∥2
2

≤ c0

in which we have denoted c0 > 0 as an absolute constant such that 1
m

∥∥ϕ(x1
t,i)− ϕ(x2

t,i)
∥∥2
2
≤

c0, x
1
t,i, x

2
t,i ∈ Xt, t ∈ [T ]. Note that this is similar to the standard assumption in the literature that

the value of the NTK is upper bounded by a constant (Kassraie & Krause, 2022). This implies that
λ
κµ

∥∥∥ 1√
m
(ϕ(x1

t,i)− ϕ(x2
t,i)
∥∥∥2
V −1
t−1

/c0 ≤ 1 for some constant c0 ≥ 1. Recall that we choose λ such

that λ/κµ ≥ 1. Note that for any α ∈ [0, 1], we have that α/2 ≤ log(1 + α). Then we have that

1

2

∥∥∥ 1√
m
(ϕ(x1

t,i)− ϕ(x2
t,i)
∥∥∥2
V −1
t−1

c0
≤ log

(
1 +

1

c0

∥∥∥∥ 1√
m
(ϕ(x1

t,i)− ϕ(x2
t,i)

∥∥∥∥2
V −1
t−1

)

≤ log

(
1 +

∥∥∥∥ 1√
m
(ϕ(x1

t,i)− ϕ(x2
t,i)

∥∥∥∥2
V −1
t−1

)

which leads to∥∥∥∥ 1√
m
(ϕ(x1

t,i)− ϕ(x2
t,i)

∥∥∥∥2
V −1
t−1

≤ 2c0 log

(
1 +

κµ

λ

λ

κµ

∥∥∥∥ 1√
m
(ϕ(x1

t,i)− ϕ(x2
t,i)

∥∥∥∥2
V −1
t−1

)
(57)

Then we can show that

t∑
s=1

k∑
i=1

log

(
1 +

κµ

λ

λ

κµ

∥∥∥∥ 1√
m
(ϕ(x1

s,i)− ϕ(x2
s,i)

∥∥∥∥2
V −1
t−1

)
= log det

(
I+

κµ

λ
Kt

)

in which Kt is a kt × kt matrix. For ∀i ∈ [kt], define ti = ⌊ ik ⌋ and ī = i − ti. And Kt[i, j] =
1
m (ϕ(x1

ti ,̄i
) − ϕ(x2

ti ,̄i
))⊤(ϕ(x1

tj ,j̄
) − ϕ(x2

tj ,j̄
)) . Define the p × kt matrix Jt = [ 1√

m
(ϕ(x1

τ,i) −
ϕ(x2

τ,i))]τ=1,...t, i=1,...k And we have Kt = J⊤
t Jt This allows us to show that

t∑
s=1

k∑
i=1

log

(
1 +

κµ

λ

λ

κµ

∥∥∥∥ 1√
m
(ϕ(x1

s,i)− ϕ(x2
s,i)

∥∥∥∥2
V −1
t−1

)
= log det

(
I+

κµ

λ
Kt

)

in which Kt is a kt × kt matrix. For ∀i ∈ [kt], define ti = ⌊ ik ⌋ and ī = i − ti. And Kt[i, j] =
1
m (ϕ(x1

ti ,̄i
) − ϕ(x2

ti ,̄i
))⊤(ϕ(x1

tj ,j̄
) − ϕ(x2

tj ,j̄
)) . Define the p × kt matrix Jt = [ 1√

m
(ϕ(x1

τ,i) −
ϕ(x2

τ,i))]τ=1,...t, i=1,...k And we have Kt = J⊤
t Jt This allows us to show that
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t∑
s=1

k∑
i=1

log

(
1 +

κµ

λ

(
λ

κµ

∥∥∥∥ 1√
m
(ϕ(x1

s,i)− ϕ(x2
s,i))

∥∥∥∥2
V −1
s−1

))
= log det

(
I+

κµ

λ
Kt

)
= log det

(
I+

κµ

λ
J⊤
t Jt

)
= log det

(
I+

κµ

λ
JtJ

⊤
t

)
= log det

(
I+

κµ

λ

t∑
s=1

k∑
i=1

((ϕ(x1
s,i)− ϕ(x2

s,i))((ϕ(x
1
s,i)− ϕ(x2

s,i))
⊤ 1

m

)
≤ log det

(κµ

λ
H′ + I

)
= d̃

(58)

in which we have followed the analysis of Eq. (49) and Eq. (50) in the last inequality.

Combining the results from Eq.(57) and Eq.(58), we have that

T∑
t=1

k∑
i=1

∥∥∥∥ 1√
m
(ϕ(x1

t,i)− ϕ(x2
t,i)

∥∥∥∥2
V −1
t−1

≤ 2c0

T∑
t=1

k∑
i=1

log

(
1 +

κµ

λ

λ

κµ

∥∥∥∥ 1√
m
(ϕ(x1

t,i)− ϕ(x2
t,i)

∥∥∥∥2
V −1
t−1

)
≤ 2c0d̃

Then we can derive an upper bound on the cumulative regret:

Proof. Recall that we have

regt ≤ 3(βT +B

√
λ

κν
+ 1)

k∑
i=1

∥∥∥∥ 1√
m
(ϕ(x1

t,i)− ϕ(x2
t,i))

∥∥∥∥
V −1
t−1

+ 4kϵ′m,t (59)

Then we can get an upper bound of the cumulative reward RT

RegT =

T∑
t=1

regt ≤
T∑

t=1

3(βT +B

√
λ

κν
+ 1)

k∑
i=1

∥∥∥∥ 1√
m
(ϕ(x1

t,i)− ϕ(x2
t,i))

∥∥∥∥
V −1
t−1

+ 4kTϵ′m,t

≤ 3(βT +B

√
λ

κν
+ 1)

√√√√Tk

T∑
t=1

k∑
i=1

∥∥∥∥ 1√
m
(ϕ(x1

t,i)− ϕ(x2
t,i))

∥∥∥∥2
V −1
t−1

+ 4kTϵ′m,T

≤ 3(βT +B

√
λ

κν
+ 1)

√
Tk2c0

λ

κµ
d̃+ 4kTϵ′m,T

(60)

Note that ϵ′m,t = C2m
−1/6
√
logmL3( t

λ )
4/3. As long as m satisfy the condition in equation 34, we

can get 4kTϵ′m,T ≤ 1. And βT = Õ( 1
κµ

d̃), so we have

RegT ≤ 3(βT +B

√
λ

κν
+ 1)

√
Tk2c0d̃+ 1 = Õ

((
1

κµ

√
d̃+B

√
λ

κν

)√
Tkd̃

)
.
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F DISCUSSION OF LIPSCHITZ CONTINUITY ASSUMPTION

In this section, we further analyze the reward function under different assumptions. In particular,
we focus on the widely used Lipschitz continuity assumption in combinatorial bandit settings and
discuss the resulting regret bounds under this assumption.

In the combinatorial dueling bandits setting, our goal is to select the best second super arm:

S2
t = argmax

S∈S
[f(S, rt) +

βt

κµ
σXt

(S, S1
t )]

Under the additive reward function assumption, selecting the second super arm becomes efficient,
since both the reward function and the confidence interval term can be decomposed into the follow-
ing components:

f(S2
t , rt) +

βt

κµ
σXt

(S2
t , S

1
t ) =

k∑
i=1

(
rt(x

2
t,i) +

βt

κµ

∥∥x1
t,i − x2

t,i

∥∥
V −1
t−1

)

=

k∑
i=1

value(x1
t,i,x

2
t,i).

Each term value(x1
t,i,x

2
t,i) depends on both x1

t,i and x2
t,i, and the total value is obtained by aggre-

gating these terms. Hence, the selection of arms in the second super arm S2
t can be formulated based

on these pairwise values and efficiently solved using the Hungarian Algorithm.

Under the Lipschitz continuity assumption, we aim to select the optimal second super arm such that

S2
t = argmax

S∈S
[f(S, rt) +

βt

κµ
σXt(S, S

1
t )].

However, we have no prior knowledge of the reward function f , and the term σXt
(S, S1

t ) under the
Lipschitz continuity assumption is also complex. Thus, in order to identify the optimal super arm,
we need to evaluate all possible S ∈ S. Here, we assume access to an efficient oracle that can assist
in selecting the second super arm.

F.1 ASSUMPTIONS

Given the context set Xt = {xt,1,xt,2, . . . ,xt,N}, the score vector rt = [rt,i]
N
i=1 = [rt(xt,i)]

N
i=1,

and a super arm S1
t = {s1t,1, s1t,2, . . . , s1t,k} and the context of the super arm Xt(S

1
t ) =

{x1
t,1,x

1
t,2, . . . ,x

1
t,k}, the common assumptions about f(S, r) are monotonicity and Lipschitz con-

tinuity. According to the latter assumption, for any two reward functions r and r′, we have that for
any subset S of arms

|f(S1
t , r)− f(S1

t , r
′)| ≤ C

√∑
i∈S

[r(x1
t,i)− r′(x1

t,i)]
2. (61)

But in the combinatorial dueling bandits setting, we need the following assumption instead.

Assumption 3. Without loss of generality, we assume the following:

• Lipschitz continuity: For any S1 and S2,

| (f(S1, r)− f(S2, r))−(f(S1, r
′)− f(S1, r

′)) | ≤ C

√√√√ k∑
i=1

[(
r(x1

t,i)− r(x2
t,i)
)
−
(
r′(x1

t,i)− r′(x2
t,i)
)]2

.

• Monotonicity: For any S1 and S2, if r(x1
t,i) ≥ r(x2

t,i) for all i, then f(S1, r) ≥ f(S2, r)
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Algorithm 5 Linear Combinatorial Dueling Bandits for Lipschitz continuity condition (LinCDB)

1: Set V0 ≜ λ
κµ

I, βt ≜
√
2 log(1/δ) + d log (1 + tkD2κµ/(dλ)).

2: for t = 1, . . . , T do
3: Find θt = argminθ′ Lt(θ

′) equation 1
4: Choose the first super arm S1

t = argmaxS∈S f(S, rt)

5: Choose the second arm S2
t = argmaxS∈S [f(S, rt) +

βt

κµ
σXt

(S, S1
t )].

6: Observe the preference feedback: {yt,i = ⊮(x1
t,i ≻ x2

t,i)}i=1,...k, and update history
7: Update Vt ← Vt−1 +

∑k
i=1 x̃t,ix̃

⊤
t,i

8: end for

F.2 LINEAR COMBINATORIAL DUELING BANDITS

Lemma 16. For any two super arm S1
t , S

2
t ∈ S, Define

σXt
(S1

t , S
2
t ) ≜

√√√√ k∑
i=1

∥∥x1
t,i − x2

t,i

∥∥2
V −1
t−1

.

Then we have that∣∣∣ (f(S1
t , r

∗)− f(S2
t , r

∗)
)
−
(
f(S1

t , rt)− f(S2
t , rt)

) ∣∣∣ ≤ βt

κµ
σXt

(S1
t , S

2
t ).

Proof. ∣∣∣ (f(S1
t , r

∗)− f(S2
t , r

∗)
)
−
(
f(S1

t , rt)− f(S2
t , rt)

) ∣∣∣
(a)

≤ C

√√√√ k∑
i=1

[(
r∗(x1

t,i)− r∗(x2
t,i)
)
−
(
rt(x1

t,i)− rt(x2
t,i)
)]2

.

(b)

≤ C
βt

κµ

√√√√ k∑
i=1

∥∥x1
t,i − x2

t,i

∥∥2
V −1
t−1

= C
βt

κµ
σXt(S

1
t , S

2
t ).

(62)

where (a) follows from Assumption 3, (b) follows from Lemma 1.

Lemma 17. σXt
(S∗

t , S
2
t ) ≤ σXt

(S∗
t , S

1
t ) + σXt

(S1
t , S

2
t )

Proof. To begin with, we have that∥∥x∗
t,i − x2

t,i

∥∥
V −1
t−1

≤
∥∥x∗

t,i − x1
t,i

∥∥
V −1
t−1

+
∥∥x1

t,i − x2
t,i

∥∥
V −1
t−1
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This leads to∥∥x∗
t,i − x2

t,i

∥∥2
V −1
t−1

≤
∥∥x∗

t,i − x1
t,i

∥∥2
V −1
t−1

+
∥∥x1

t,i − x2
t,i

∥∥2
V −1
t−1

+ 2
∥∥x∗

t,i − x1
t,i

∥∥
V −1
t−1

∥∥x1
t,i − x2

t,i

∥∥
V −1
t−1

k∑
i=1

∥∥x∗
t,i − x2

t,i

∥∥2
V −1
t−1

≤
k∑

i=1

∥∥x∗
t,i − x1

t,i

∥∥2
V −1
t−1

+

k∑
i=1

∥∥x1
t,i − x2

t,i

∥∥2
V −1
t−1

+ 2

k∑
i=1

∥∥x∗
t,i − x1

t,i

∥∥
V −1
t−1

∥∥x1
t,i − x2

t,i

∥∥
V −1
t−1

≤
k∑

i=1

∥∥x∗
t,i − x1

t,i

∥∥2
V −1
t−1

+

k∑
i=1

∥∥x1
t,i − x2

t,i

∥∥2
V −1
t−1

+ 2

√√√√ k∑
i=1

∥∥x∗
t,i − x1

t,i

∥∥2
V −1
t−1

√√√√ k∑
i=1

∥∥x1
t,i − x2

t,i

∥∥2
V −1
t−1

=


√√√√ k∑

i=1

∥∥x∗
t,i − x1

t,i

∥∥2
V −1
t−1

+

√√√√ k∑
i=1

∥∥x1
t,i − x2

t,i

∥∥2
V −1
t−1

2

(63)

in which we have applied the Cauchy–Schwarz inequality in the last inequality. Therefore, we have
that √√√√ k∑

i=1

∥∥x∗
t,i − x2

t,i

∥∥2
V −1
t−1

≤

√√√√ k∑
i=1

∥∥x∗
t,i − x1

t,i

∥∥2
V −1
t−1

+

√√√√ k∑
i=1

∥∥x1
t,i − x2

t,i

∥∥2
V −1
t−1

(64)

That is,
σXt

(S∗
t , S

2
t ) ≤ σXt

(S∗
t , S

1
t ) + σXt

(S1
t , S

2
t ). (65)

Following the proof of Lemma 5, we can easily establish the following lemma.
Lemma 18. In any iteration t, the regret is bound by

regt ≤ 3C
βt

κµ
σXt(S

1
t , S

2
t ) = 3C

βt

κµ

√√√√ k∑
i=1

∥∥x1
t,i − x2

t,i

∥∥2
V −1
t−1

And then we can get the total regret RegT .

Theorem 3. Let βt ≜
√
2 log(1/δ) + d log (1 + tkD2κµ/(dλ)) and λ ≤ κµ

D2 , then With probability
of at least 1− δ, we have that

RegT ≤
3

κµ

√
2 log(1/δ) + d log (1 + TkD2κµ/(dλ))

√
2Tkd log(1 + TkD2κµ/(dλ))

Proof.

RegT =

T∑
t=1

regt ≤
T∑

t=1

3C
βt

κµ

√√√√ k∑
i=1

∥∥x1
t,i − x2

t,i

∥∥2
V −1
t−1

(66)

≤ 3C
βt

κµ

√√√√T

T∑
t=1

k∑
i=1

∥∥x1
t,i − x2

t,i

∥∥2
V −1
t−1

(67)

≤ 3C
βt

κµ

√
2Td log(1 +

κµTkD2

dλ
) (68)

= 3C
βt

κµ

√
2Td log(1 +

κµTkD2

dλ
) (69)

So we have that RegT ≤ 3C
κµ

[√
4Td log(1/δ) log(1 + κµTkD2/(dλ)) +

√
2Td log(1 +

κµTkL2

dλ )
]

Ignoring all log factors, we have that RegT = Õ( 1
κµ

d
√
T )
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F.3 NEURAL COMBINATORIAL DUELING BANDITS

Algorithm 6 Neural Combinatorial Dueling Bandits for Lipschitz continuity condition (NCDB)

1: Set V0 ≜ λ
κµ

I, βT ≜ 1
κµ

√
d̃+ 2 log(1/δ) (d̃ is defined in Definition 1), νT ≜(

βT +B
√

λ
κµ

+ 1
)

κµ

λ .
2: for t = 1, . . . , T do
3: Train NN using history {(x1

s,i,x
2
s,i, ys,i)}

t−1,k
s=1,i=1 by minimizing loss function equation 6

4: Receive the contexts Xt

5: Compute rt(x) = h(x; θt)
6: Choose the first arm set S1

t = argmaxS∈S f(S, rt)
7: Choose the second arm set S2

t = argmaxS∈S f(S, rt) + νTσt−1(S, S
1
t )

8: Observe the preference feedback: {yt,i = ⊮(x1
t,i ≻ x2

t,i)}i=1,...k, and update history
9: end for

Definition 4. Define σt(x,x
′) ≜

∥∥∥ 1√
m
(ϕ(x)− ϕ(x′))

∥∥∥
V −1
t−1

(
βT +B

√
λ
κµ

+ 1
)
+ 2ϵ′m,t and for

two sets super arm S1
t = {s1t,1, s1t,2, . . . , s1t,k}, the context Xt(S

1
t ) = {x1

t,1,x
1
t,2, . . . ,x

1
t,k} and

super arm S2
t = {s2t,1, s2t,2, . . . , s2t,k} and the context Xt(S

2
t ) = {x2

t,1,x
2
t,2, . . . ,x

2
t,k} define

σt(S1, S2) ≜
√∑k

i=1 σ
2
t (x

1
t,i,x

2
t,i)

Lemma 19. For any super arm S1
t , S

2
t ∈ S.∣∣∣ (f(S1

t , r
∗)− f(S2

t , r
∗)
)
−
(
f(S1

t , rt)− f(S2
t , rt)

) ∣∣∣ ≤ Cσt(S1, S2)

Proof. ∣∣∣ (f(S1
t , r

∗)− f(S2
t , r

∗)
)
−
(
f(S1

t , rt)− f(S2
t , rt)

) ∣∣∣
(a)

≤ C

√√√√ k∑
i=1

[(
r∗(x1

t,i)− r∗(x2
t,i)
)
−
(
rt(x1

t,i)− rt(x2
t,i)
)]2

(b)
= C

√√√√ k∑
i=1

[(
r∗(x1

t,i)− r∗(x2
t,i)
)
− [h(x1

t,i; θt)− h(x2
t,i; θt)]

]2
(c)

≤ C

√√√√ k∑
i=1

(∥∥∥∥ 1√
m
(ϕ(x1

t,i)− ϕ(x2
t,i))

∥∥∥∥
V −1
t−1

(βT +B

√
λ

κµ
+ 1) + 2ϵ′m,t

)2

(d)
= Cσt(S1, S2).

(70)

where step (a) follows from Assumption 3, step (b) follows from the definition of reward function
rt, step (c) follows from Lemma 15 and step (d) follows from Definition 3.

Lemma 20. In any iteration t, the regret is bounded by

regt ≤ 6C(βT +B

√
λ

κµ
+ 1)

√√√√∑
i∈[k]

∥∥∥∥ 1√
m
(ϕ(x1

t,i)− ϕ(x2
t,i))

∥∥∥∥2
V −1
t−1

+ 12C
√
kϵ′m,t

To begin with, we have
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regt = 2optr∗ −
(
f(S1

t , r
∗) + f(S2

t , r
∗)
)

= f(S∗
t , r

∗)− f(S1
t , r

∗) + f(S∗
t , r

∗)− f(S2
t , r

∗)

(a)

≤ f(S∗
t , rt)− f(S1

t , rt) + Cσt(S
∗, S1) + f(S∗

t , rt)− f(S2
t , rt) + Cσt(S

∗, S2)

(b)

≤ f(S∗
t , rt)− f(S1

t , rt) + Cσt(S
∗, S1)+

f(S∗
t , rt)− f(S1

t , rt) + f(S1
t , rt)− f(S2

t , rt) + Cσt(S
∗, S1) + Cσt(S1, S2)

= 2
(
f(S∗

t , rt)− f(S1
t , rt) + Cσt(S

∗, S1)
)
+ f(S1

t , rt)− f(S2
t , rt) + Cσt(S1, S2)

(c)

≤ 2
(
f(S2

t , rt)− f(S1
t , rt) + Cσt(S2, S1)

)
+ f(S1

t , rt)− f(S2
t , rt) + Cσt(S1, S2)

= f(S2
t , rt)− f(S1

t , rt) + 3Cσt(S2, S1)

(d)

≤ 3Cσt(S1, S2)

= 3C

√√√√ k∑
i=1

(∥∥∥∥ 1√
m
(ϕ(x1

t,i)− ϕ(x2
t,i))

∥∥∥∥
V −1
t−1

(βT +B

√
λ

κµ
+ 1) + 2ϵ′m,t

)2

(e)

≤ 3C

√√√√ k∑
i=1

(
2max

{∥∥∥∥ 1√
m
(ϕ(x1

t,i))− ϕ(x2
t,i)))

∥∥∥∥
V −1
t−1

(βT +B

√
λ

κµ
+ 1), 2ϵ′m,t

})2

(71)

Step (a) follows from Eq. (53), step (b) follows from the fact that σt−1(S
∗
t , S

2
t ) ≤ σt−1(S

∗
t , S

1
t ) +

σt−1(S
1
t , S

2
t ) using triangle inequality, step (c) follows from the way in which S2 is selected: St,2 =

argmaxS∈S frt,Xt(S) +Cσt(S, St,1), step (d) follows from the way in which S1 is selected: S1
t =

argmaxS∈S frt,Xt(S). and step (e) follows from the fact that a+ b ≤ 2max{a, b}

If we denote Bi =
∥∥∥ 1√

m
(ϕ(x1

t,i)− ϕ(x2
t,i))

∥∥∥
V −1
t−1

(βT +B
√

λ
κµ

+ 1), then we have

√√√√ k∑
i=1

(
2max

{∥∥∥∥ 1√
m
(ϕ(x1

t,i)− ϕ(x2
t,i))

∥∥∥∥
V −1
t−1

(βT +B

√
λ

κµ
+ 1), 2ϵ′m,t

})2

=

√√√√√4

 ∑
Bi≥2ϵ′m,t

B2i +
∑

Bi<2ϵ′m,t

4ϵ′2m,t


≤ 2

√∑
i∈[k]

B2i +
∑
i∈[k]

4ϵ′2m,t

≤ 2

√∑
i∈[k]

B2i + 2

√∑
i∈[k]

4ϵ′2m,t

= 2

√∑
i∈[k]

B2i + 4
√
kϵ′m,t

(72)
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By substituting Eq.72, we have

regt ≤ 6C


√√√√√∑

i∈[k]

(∥∥∥∥ 1√
m
(ϕ(x1

t,i)− ϕ(x2
t,i))

∥∥∥∥
V −1
t−1

(βT +B

√
λ

κµ
+ 1)

)2

+ 2
√
kϵ′m,t


= 6C

(βT +B

√
λ

κµ
+ 1)

√√√√∑
i∈[k]

∥∥∥∥ 1√
m
(ϕ(x1

t,i)− ϕ(x2
t,i))

∥∥∥∥2
V −1
t−1

+ 2
√
kϵ′m,t


= 6C(βT +B

√
λ

κµ
+ 1)

√√√√∑
i∈[k]

∥∥∥∥ 1√
m
(ϕ(x1

t,i)− ϕ(x2
t,i))

∥∥∥∥2
V −1
t−1

+ 12C
√
kϵ′m,t

(73)

Then we can derive an upper bound on the cumulative regret:

Theorem 4. Let βt ≜
√

2 log(1/δ) + d log (1 + tkD2κµ/(dλ)) and λ ≤ κµ

D2 , then With probability
of at least 1− δ, we have that

RegT ≤ 6C(
√
2 log(1/δ) + d log (1 + tkD2κµ/(dλ))+B

√
λ

κµ
+1)

√
T2c0

λ

κµ
d̃+12CT

√
kϵ′m,t

Proof. We can get an upper bound of the cumulative reward RegT

RegT =

T∑
t=1

regt ≤
T∑

t=1

6C(βT +B

√
λ

κµ
+ 1)

√√√√∑
i∈[k]

∥∥∥∥ 1√
m
(ϕ(x1

t,i)− ϕ(x2
t,i))

∥∥∥∥2
V −1
t−1

(74)

+

T∑
t=1

12C
√
kϵ′m,t (75)

≤ 6C(βT +B

√
λ

κµ
+ 1)

√√√√T

T∑
t=1

∑
i∈[k]

∥∥∥∥ 1√
m
(ϕ(x1

t,i)− ϕ(x2
t,i))

∥∥∥∥2
V −1
t−1

(76)

+ 12CT
√
kϵ′m,t (77)

≤ 6C(βT +B

√
λ

κµ
+ 1)

√
T2c0

λ

κµ
d̃+ 12CT

√
kϵ′m,t (78)

(79)

Ignoring all log factors, we can get

RegT ≤ Õ

(( 1

κµ

√
d̃+B

√
λ

κµ

)√
T d̃

)
.
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