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Abstract

Large Language Models (LLMs) have demon-
strated exceptional abilities in task planning,
enabling LLMs to dive and conquer complex
agentic tasks. However, challenges related to
parallel scheduling remain underexplored. This
paper introduces a novel paradigm, plan-over-
graph, where a real-world task is first decom-
posed into executable subtasks to construct an
abstract task graph, then the abstract graph is
leveraged to generate a plan for parallel exe-
cution that minimizes overall time cost. We
design an automated and controllable pipeline
to generate synthetic graphs and propose a two-
stage training scheme to enhance the planning
capability of complex, scalable graphs. Experi-
mental results show that our plan-over-graph
method significantly improves planning perfor-
mance on both API-based LLMs and trainable
open-sourced LL.Ms, naturally supporting par-
allel execution and demonstrating global effi-
ciency by normalizing complex tasks as graphs.
Further analysis confirms the scalability of our
approach with respect to textual task descrip-
tions and increasing graph complexity.

1 Introduction

The commendable progress in large language mod-
els (OpenAl, 2023; Templeton et al., 2024; Yang
et al., 2024a) has facilitated the impressive capa-
bility of agents for complicated, interactive tasks
(Yao et al., 2023b, 2022; Xi et al., 2024; Ma et al.,
2024; Yang et al., 2024b). Recent studies have
demonstrated that generating a plan before execu-
tion enhances agents’ performance, referred to as
plan-then-execute (Zhao et al., 2024; Hao et al.,
2023; Liu et al., 2023; Zhang et al., 2025; Lin et al.,
2024a). Planning integrates global knowledge, en-
abling overall coherence rather than just local opti-
mality (Qiao et al., 2024; Ruan et al., 2024). Plan-
ning breaks down complex tasks into subtasks as
single-step operations, which is especially crucial
for tasks requiring intricate workflows and precise

Task example:

In a busy urban construction project, multiple sites must be coordinated to
build the "Core Area" as quickly and cost-effectively as possible. The
project begins at three sites: "Infrastructure", "Elevated", and "Residen-
tial", each with different tasks. The "Infrastructure Area" takes 3 days and
costs 1 to proceed to the "Bridge Area"... The project team can select the
most efficient route based on resources and progress.
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Figure 1: An example of our task: from a realistic
textual query to a parallel plan. The plan is represented
as a graph. Edges are available rules, and Residential,
Elevated, and Infrastructure are the initial sources, Core
being the target. The solid edges denote the optimal
plan under the constraint of time consumption.

action interfaces, such as system control (Hong
et al., 2024; Wu et al., 2024; Zhang et al., 2024a)
and software engineering (Yang et al., 2024c).
Despite the inspiring progress, the parallelism of
the plan remains underexplored. Multi-step agentic
frameworks generally default to blocking pipelines,
where each step waits for the previous ones to com-
plete, regardless of whether it depends on their
outcome (Wu et al., 2024; Gou et al., 2024). The
reasoning capabilities of agents are significantly
stimulated by Chain-of-Thoughts (CoT) (Wei et al.,
2023), enabling them to divide and conquer a com-
plex task. Although the reasoning structure is ex-
tended to trees and graphs (Yao et al., 2023a; Besta
et al., 2024; Zhou et al., 2024), the actions for
subtasks are still executed sequentially. However,
these subtasks could be performed in parallel if
they are independent. While recent studies (Lin
et al., 2024b; Gonzalez-Pumariega et al., 2025)
have explored the time efficiency of asynchronous
execution, gaps remain when applied to real-world



scenarios, limited to small-scale evaluation and ne-
glecting the uncertainty of subtasks.

Motivated by this, we dive into parallelism
in planning for agentic tasks with complex task
graphs, as the example in Figure 1. We propose
plan-over-graph, a new paradigm where the agent
first explores subtasks and extracts a graph, then
plans on the graphic structure under global con-
sumption constraints. To start with, we construct a
dataset of complex tasks that involve parallel sub-
tasks. Each sample is initialized with a connected
directed acyclic graph, annotated with source and
target nodes, along with feasible plans and the op-
timal solution. These graphs are further contextu-
alized with appropriate scenarios by prompting an
LLM to generate a textual description, finally form-
ing realistic task descriptions in natural language.

We then propose a trainable scheme for the plan-
over-graph paradigm. As graphs scale, graph com-
prehension becomes increasingly challenging for
LLMs (Fatemi et al., 2024; Chen et al., 2024; Luo
et al., 2024; Dai et al., 2024), creating a perfor-
mance bottleneck. Hence, we conduct a two-stage
training strategy on abstract graphs, with super-
vised fine-tuning for warm-up and direct preference
optimization to reinforce optimal parallelism. To
adapt to textual task descriptions, the LLM first
extracts abstract graphs from textual queries and
plans over them with the trained adapter. Our ex-
periments show that plan-over-graph achieves sig-
nificant performance gains on both API-based and
open-sourced LLLMs across comprehensive metrics,
including success rate, optimal accuracy, and ef-
ficiency. We further analyze the impact of graph
scalability, demonstrate how parallel execution im-
proves time efficiency, and identify common errors
in complex task planning.

Our contributions can be summarized as follows:
(1) We define plan-over-graph for planning by en-
abling parallelism of sub-tasks, and construct a
dataset of complex task graphs. (ii) We enhance
plan-over-graph by training on task graphs and
achieve significant improvement across LLMs. (iii)
We analyze that our approach achieves planning
efficiency and maintains robustness across both
diverse LLMs and graph topologies.

2 Related Work

2.1 Planning for LLM-based Agents

Autonomous agents interact with environments to
solve complex tasks (Yao et al., 2022; Fan et al.,

2022). Planning involves developing an action se-
quence before execution, leveraging global knowl-
edge of the task and environment to suggest a logi-
cally consistent trajectory (Huang et al., 2024).
Traditional planning approaches primarily rely
on symbolic formalisms, e.g., Planning Domain
Definition Language (PDDL) (Haslum et al., 2019)
or reinforcement learning (RL) policies (He et al.,
2016; Yao et al., 2020). Symbolic methods demand
expert-driven domain specifications and lack error
tolerance, while RL-based planners suffer from
sample inefficiency, making them impractical when
data collection is time-consuming or expensive. In
contrast, LLM-based planning leverages natural
language understanding to directly generate plans,
marking a paradigm shift (Huang et al., 2024).
LLM-based planning automates the task decom-
position based on global knowledge (Valmeekam
et al., 2023; Wang et al., 2023; Wu et al., 2024).
Searching strategies are applied to explore the op-
timal plan, such as depth- or breadth-first search
and Monte Carlo tree search (Yao et al., 2023a;
Zhou et al., 2024; Qi et al., 2024; Zhao et al.,
2024). A world model or a reward model inte-
grates global knowledge and predicts the environ-
ment states or estimates rewards (Hao et al., 2023;
Qiao et al., 2024), providing granular guidance.
Although multi-agent systems naturally allow con-
current execution (Yu et al., 2025; Jia et al., 2025),
parallelizable planning within single-agent systems
remains underexplored despite its importance.

2.2 Graph for LLM-based Agents

As realistic and intricate challenges can be formed
as graphs, recent studies explore the LLMs’ ca-
pabilities for reasoning with graphs. Graph-of-
Thought (Besta et al., 2024; Ning et al., 2024)
first proposes to transform the problem thinking
into an arbitrary graph to enable the generation,
aggregation, and refining of sub-tasks. Divide-
Then-Aggregate (Zhu et al., 2025) transforms tree-
based tool invocations into a DAG, enabling paral-
lel subtask calls and result aggregation. PLaG (Lin
et al., 2024b) combines graphs with natural lan-
guage prompts for reasoning about asynchronous
plans in real-life tasks, instructing the model to ei-
ther reason based on a given graph or to generate a
graph itself and then reason about it.

However, it is demonstrated that the capabilities
of graph reasoning and understanding decrease as
the scale and complexity of graphs increase. Em-
pirical studies have observed a “comprehension



collapse” phenomenon as the graph size increases
(Sui et al., 2023; Cao et al., 2024). DARG (Zhang
et al., 2024b) evaluates LLMs’ reasoning capability
on graphs and also reports a performance decrease
with increasing complexity of graphs.

3 Preliminary: Problem Statement

3.1 Formulation of Planning

Planning requires an agent to decompose a high-
level task description into executable subtasks,
schedule their execution under dependencies, opti-
mize for time, cost, or multi-objective criteria, and
finally achieve the goal. Formally, given a task de-
scription, the model generates a plan P by solving
the planning problem defined by the tuple (G, Q2),
where GG denotes the complex task and €2 denotes
the global criteria.

Task Representation Any high-level task de-
scription can be represented as a Directed Acyclic
Graph (DAG),

G=(T,E), T={tts... tn}, (1)
where vertices represent subtasks and edges rep-
resent precedence constraints: ¢; < t; means {;
must precede ¢;. A feasible plan P is a subgraph
of GG that includes a subset of subtasks and respects
the precedence constraints among them, such that
executing them accomplishes the original task. Let
F(G) denote the set of all feasible plans for G.

Optimality Criterion In realistic scenarios,
there are criteria for constraints like execution time.
We formally define a global function (P) that
measures the quality of a plan, where the optimal
plan minimizes {2 while achieving the task:
Popy = arg Pén]-i?c) Q(P). )
Evaluation Metrics The measurements examine
whether the predicted plan is optimal or at least
feasible, and also compute the metrics of global
criteria. Specifically, given each predicted plan
P(G) on a test dataset D, we adopt three metrics
to evaluate its helpfulness:
Optimal Rate: The proportion of optimal plans,
OR = ﬁ S 1[P(G) = Po(@)] 3)
GeD
Success Rate: The proportion of plans that suc-
cessfully achieve the goal,
SR — ‘%' S 1[AG) € F@). @)

GeD

Global Criterion Value: The value of the global
criterion {2 evaluated on the predicted plan, denoted

as Q(P(G)), which is a task-specific objective in-
stantiated as time or cost depending on the setting.

3.2 Challenges of Planning

We designed experiments for a pilot study consid-
ering two critical limitations left by existing ex-
plorations: First, understanding graphs is currently
a bottleneck in complex task planning for LLMs.
(Lin et al., 2024b) has shown that even with ex-
plicit graph representations, there is still a huge
gap in handling complex graph topologies, suggest-
ing unresolved challenges in structural reasoning.
Second, the scale of the currently considered graph
is still very limited. WorFBench (Qiao et al., 2025)
considered graphs where the majority of nodes lie
within 2 to 10 steps. In AsyncHow (Lin et al.,
2024b), most of the graph complexity |V| + | F]
are also between 10 and 20.

(i) We construct 100 random graphs with 10, 30,
50 nodes and ask LLM to find the shortest path
as the solution. Table 1 shows the accuracy of
feasible and optimal paths, where the performance
decreases sharply as the number of nodes increases.

Node Count Optimal Rate T Success Rate 1
10 29.0 79.0
30 16.0 35.0
50 6.0 10.0

Table 1: Llama-3.1 on random graphs.

(i1) To test whether conventional deterministic
algorithms can solve planning when a task graph
is well-defined, we first instructed GPT-40 (Hurst
et al., 2024) to write Python code given the instruc-
tion and a graph. Surprisingly, the success rate
was 0% over 10 samples, demonstrating LL.Ms’
inability to implement algorithmic solutions to re-
solve the planning challenge, even though a code
interpreter is provided as an available tool.

These findings demonstrate that the core bottle-
neck lies in planning on complex graph topologies
with constraints, inspiring us to prioritize graph
comprehension to enhance the planning task.

4 Methodology: Plan-over-Graph

Motivated by these findings, we propose the plan-
over-graph paradigm, where the LLM is prompted
to gather information and build the task graph, on
which we have the model perform planning. Then,
we focus on enhancing the graph comprehension
for planning by a two-stage training.

Sections 4.1 and 4.2 formulate the task and intro-
duce a data construction method to acquire control-
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Figure 2: The overview of our framework. (a) shows the data synthesis pipeline; (b) shows our training process; (c)

displays the plan-over-graph paradigm.

lable graph data automatically. Section 4.3 presents
our training pipeline with this graph data to form
the plan-over-graph paradigm for inference. Our
overall framework is shown in Figure 2.

4.1 Abstract Task Formulation

First, we redefine the planning task on the graph
structure. Without the loss of generality, we con-
sider time and cost limits for {2, the plan needs to
minimize makespan or total cost.

Task Graph We define rules, R = {r;}, that
allow parallel execution on a graph. Each rule
r = (S,t,7,c) states that after S is satisfied, ¢ can
be executed with the required time 7 and cost c. In
our setting, if a rule’s condition S is met, it can
be performed at any time, which means that the
fulfillment of the condition is persistent.

Query A query including prior knowledge and
ultimate goal can be denoted as the initial node set
and the target node as ¢ = (I, ttarget)-

Plan The overall plan P is a set of several sub-
plans, each denoted as

p=(5t,D),
where S and ¢ are the preceding vertices and the
subtask, determining a rule » € R. D captures the
dependencies between sub-plans.

Criteria Here, we define the two considered
global criteria, time consumption and cost. Sub-
tasks that are independent of each other can be
executed in parallel. In other words, p; only needs
to wait for its dependency to end before starting
execution. The end time of the execution of p; can
be expressed as:

p; € Dy < t; €5, 5)

End_time(p;) = max (End_time(p;)) + 7p,,
p;€D; '

(0)
Qiime (P) = max (End_time(p)) .
pEP

The global cost is defined as the sum of the
cost values of all subtasks, as an auxiliary crite-

rion. Hence, P,,; minimizes the weighted sum,
where e < 1 prioritizes time over cost,

COS‘ § cp k)

peEP @)
Q(P) = Qiime (P) + € - Qeost(P).

According to our graph definition, the €2 is mea-
sured by Time Efficiency (TE) and Cost Efficiency

(CE) as follows:

1 = Qumc( 1)

TE =
Qume( opt

Z Q cost

cost opt

®

Failed plans are penalized with a time and cost ratio
of 4, with details in Appendix C.

4.2 Data Simulation

Following our definition above, we design an auto-
mated and scalable pipeline to generate synthetic
data, which consists of the following steps:

o Generate a connected DAG. Two distinct graph
structures are employed: (i) Random DAGs. (ii)
To better conform to the hierarchical structure in
reality and avoid excessive shortcuts in a random
graph, we also construct a tree-based structure. We
first construct a tree with a depth constraint of no
more than 4, and then, a small number of ancestral
and cross edges are added to introduce additional
dependencies and enrich the graph structure. The
edges are all directed to the root. The structural
trade-offs between these two graph representations
are analyzed in Section 6.1. The graph is ensured
to be connected, meaning there exists at least one
path from the initial vertices to the target.

o Define rules. For each non-head subtask ¢ in
the DAG, its predecessor vertices are randomly par-
titioned into groups as uniformly as possible. Then
each predecessor group and ¢ forms the source and
target of one rule. Each rule is assigned a random



time value, which is sampled from a uniform distri-
bution ranging from 1 to 50. The cost for all rules
is fixed to 1, simplifying the cost structure while
maintaining the focus on time optimization.

o Define initial and target nodes. All head ver-
tices in the DAG are designated as the initial source
vertices for the entire task. A target vertex is ran-
domly selected from the tail vertices, ensuring that
the task has a well-defined goal.

o Annotate optimal and feasible solutions. A
dynamic programming algorithm is applied to com-
pute the labels of each solution of the graphs. The
optimal solution is the gold label.

o Construct query descriptions. We generate
textual queries based on those graphs. We prompt
an LLM to transform graphs into real-life scenario
descriptions. To ensure consistency between the
generated task and the original graph, we let the
LLM perform the self-correction to verify that the
query description matches the original graph.

4.3 Training Scheme

This section focuses on optimizing LLMs for graph
comprehension and parallel planning via two-stage
training: warm-up and preference optimization.

Warm-up We fine-tune an LLM on our abstract
task datasets. This enables the model to solve
planning tasks using graph representations of the
problem space. We use the Low-Rank Adaptation
(LoRA) method (Hu et al., 2022), which allows
efficient adaptation of large pre-trained models by
learning a small-sized adapter. Two setups are con-
sidered for training: (i) Fine-tuning with optimal
data instances; (ii) Mixing the second-best solu-
tions with the optimal solutions to enable the model
to learn both optimal and feasible solutions.

Preference Optimization Following fine-
tuning, direct preference optimization (DPO)
(Rafailov et al., 2023) is applied to distinguish
the optimal solution from feasible ones. For each
sample, the second-best solution works as the
rejected output, while optimal solutions are the
chosen output. This step further refines the model’s
ability to prioritize optimal solutions over feasible
ones. We also evaluate a variant trained solely
with DPO, i.e., without preceding supervised
fine-tuning; detailed descriptions for this setting
are presented in Appendix F.

After training, we aggregate the extraction and
planning steps during the inference. Given a query
with a goal description, we first extract the task
graph from the description, then we generate the

plan on the graph with the trained adapter loaded.

S Experiment

5.1 Dataset

Task Graph The theoretical edge of a connected
graph with node count n range spans from n — 1
to n(n — 1)/2. Massive edges lead to excessively
long input when n is large. And tree-based graph
structure also cannot have too many edges. There-
fore, we adopt two practical strategies to avoid this:
(i) linear scaling with edges € [2n,3n] for ran-
dom graphs and € [n, 1.5n] for tree-based graphs;
(ii) uniform distribution across the full edge range,
which is only used on random graphs.

The training set contains 12,000 training in-
stances, divided equally across three node scales
(10, 30, 50 nodes) and random and tree-based DAG
structures. It employs a uniform distribution edge
configuration for 10/30-nodes graphs but restricts
50-node graphs to linear scaling. We generate 1000
input instances for each node scale and graph struc-
ture. Each input corresponds to an optimal solution
and a chosen feasible solution. The testing set
comprises two components: (i) baseline tests with
linear edge scaling across node counts (10, 20, 30,
40, 50 nodes), each node count and graph structure
containing 100 instances; (ii) edge-variation tests
specifically for 10/30-nodes random graphs with
uniformly distributed edges, to evaluate the model’s
ability to understand graphs as the number of edges
changes. Due to the wide range of edge counts, we
generate 1,000 instances each. The statistics of our
synthetic data are shown in Table 5 in Appendix B.

Textual Query To systematically evaluate the
parallel planning capacity of the model in real-
world task scenarios and validate our plan-over-
graph paradigm, we construct an evaluation dataset
utilizing the DeepSeek-R1 (DeepSeek-Al et al.,
2025) model. This dataset synthesizes 200 tasks
derived from some real-world problem domains,
where each task specification is transformed from
graphs into executable workflow descriptions. The
query data statistics are outlined in Appendix D.

We additionally evaluate our method on
Robotouille (Gonzalez-Pumariega et al., 2025),
with full experimental details in Appendix J.

5.2 Baseline

We evaluate our method against baseline models in-
cluding API-based GPT-40 (Hurst et al., 2024) and
Claude 3.5 Sonnet (Anthropic, 2024), and open-



source Llama-3.1-8B-Instruct (Dubey et al., 2024)
and Qwen?2.5-7B-Instruct (Yang et al., 2024a). Fol-
lowing existing work (Lin et al., 2024b), we also
compare with chain-of-thought (Wei et al., 2023)
and the PLaG (Lin et al., 2024b) for each setting.
Detailed implementations are in Appendix E.

5.3 Main Results

Table 2 presents experimental results. Our results
answer the following three key questions.

Q1I: Can our training method teach the LLMs
to plan on the graph? Which method yields the
best performance? The results for each model are
shown in the upper part of Table 2. Overall, train-
ing largely improves the planning performance
and the two-stage training achieves even better
scores. Without training, Claude demonstrates high
success rates (90.0%) but relatively lower optimal
rates (39.2%). GPT-40 and Llama have similar suc-
cess rates (51.3% and 52.3%), but GPT-40 achieves
a higher optimal rate (14.1%) than Llama’s 1.8%.
Qwen shows weaker performance in both success
and optimal rates (13.2% and 0.5%). When ap-
plying CoT prompting to Llama, both success and
optimal rates dropped to 31.8% and 0.5%, respec-
tively. This degradation suggests that the model’s
intrinsic reasoning capacity may be insufficient,
causing CoT to mislead it into incorrect solutions.

Only training on optimal solutions significantly
improves graph understanding and planning abil-
ity, leading to a 75.7% success rate and a 61.4%
optimal rate for Llama. Mixing feasible solutions
further improves the performance to 86.1% and
67.5%. The best results of optimal rates (71.6%)
are derived from the two-stage training, combining
SFT on mixed data and DPO, maintaining high
success rates (83.6%). This is because the model
further tends to choose the optimal solution through
DPO. We also observed consistent performance im-
provements on Qwen, which is inferior to Llama.

Q2: What phenomena does the expansion of the
graph scale lead to? As shown in the upper part
of Figure 3, when the number of nodes increases,
which leads to a larger graph structure, the overall
performance of all models decreases. For the time
and cost ratio, these models have shown similar
sensitivity to the node count. However, the cost
ratio of Llama is quite obviously increased, which
shows its tendency to select more subtasks on larger
graphs. For success rate, GPT-40 and Llama drop
sensitively. When the number of nodes reaches
30, GPT-40 even falls below Llama. However,

Claude and our trained model continue to demon-
strate strong capabilities with less sensitive drops.
Claude still suffers between 10 and 20 points on the
optimal rate, indicating a gap in the understanding
of larger-scale graphs. Across all node counts, our
trained Llama significantly outperforms all other
models on the optimal rate.

The lower part of Figure 3 shows the results of
Claude and our trained Llama on the full range
of edge counts for 1000 cases with 10/30-nodes,
respectively. For 10 nodes, due to the number of
nodes being small, both models have demonstrated
robustness to changes in the number of edges across
the metrics. For 30 nodes, as the number of edges
increases, the difficulty for the model to find the op-
timal solution increases more significantly. There-
fore, the average time ratio for both is on the rise.
The average cost ratio increases less significantly
because as the graph becomes denser, the number
of feasible solutions also increases, allowing the
model to complete tasks by selecting fewer sub-
tasks, though not in the most optimal time.

Q3: Can our plan-over-graph method improve
the planning performance on textual queries?

The lower part of Table 2 presents the results
of real-life queries, showing that our plan-over-
graph method consistently improves different
models’ performance. Without extraction, Claude
achieves a 89.5% success rate but struggles with
the 14.5% optimal rate. Adding CoT to Claude
raises the optimal rate from 50.0% and lifts the
success rate to 97.0%, while applying PLaG fur-
ther increases the optimal rate to 57.5% but brings
success down to 89.0%. In contrast, Llama’s weak
reasoning yields only a 20.0% success rate with
CoT and suffers a drop to 16.0% under PLaG.
With extraction, the basic Extract+Plan setup raises
Claude to 41.5% optimality and 93.5% success and
gives Llama its first gains with 3.5% optimality
and 38.0% success. Adding CoT on planning af-
ter extraction brings Claude to its peak—65.5%
optimality and 99.5% success—demonstrating the
value of our extraction module. Finally, the Llama-
trained planner on extracted graphs achieves the
highest optimal rate at 72.5% and a success rate of
83.0%, showing that even a weaker base model can
reach top performance after training.

Compared to methods like CoT and PLaG that
only benefit strong reasoners like Claude, the com-
bination of our abstract graph extraction with CoT
or our trained planner delivers consistently high
optimality and success across different models.



Results on Abstract Graphs

Model Optimal Rate T  Success Rate T Feasible Rate  Avg Time Ratio | Avg Cost Ratio |
Claude 3.5 Sonnet 39.2 90.0 50.8 1.545 1.589
GPT-40 14.1 51.3 37.2 2.657 2.889
Llama-3.1 7 8 523 T 505 2616~ 7 4512~
Llama-3.1ppo 1.0-0.8 3.4-489 24 3.898+1.282 3.954-0.558
Llama-3.1¢cor 0.5-0.8 31.8-205 31.3 3.175+0.556 4.190-0.322
Llama-3.1opt sFT 61.4+59.6 75.7+23.4 14.3 1.746-0.870 1.769-2.743
Llama-3.1opt+feas SFT 67.5+65.7 86.1+33.8 18.6 1.507-1.109 1.498-3.014
Llama-3.1opt+feas SFT + opt DPO 71.6+69.8 83.6+31.3 12.0 1.502-1.114 1.520-2.992
Qwen25 T T T 05 T 132~ 127 T 3612 T 4072~
Qwen2.5opt+feas SFT + opt DPO 27.0+26.5 75.8+62.6 48.8 2.191-1.421 2.029-2.043
Results on Textual Query
Method Optimal Rate T Success Rate T Feasible Rate  Avg Time Ratio | Avg Cost Ratio |
Claude Plan 14.5 89.5 75.0 1.904 2.302
Claude CoT Plan 50.0+35.5 97.0+7.5 47.0 1.535-0.369 1.522-0.780
Claude PLaG Plan 57.5+43.0 89.0-0.5 31.5 1.387-0.517 1.715-0.587
Claude Extract + Plan 41.5+27.0 93.5+4.0 52.0 1.514-0.390 1.689-0.613
Claude Extract + CoT Plan 65.5+51.0 99.5+10.0 34.0 1.127-0.777 1.190-1.112
LlamaPlan =~ =~~~ =~ 00" T 190 190 7 3433 ° 7 4103
Llama CoT Plan 0.0 20.0+1.0 20.0 3.751+0.318 4.006-0.097
Llama PLaG Plan 0.0 16.0-3.0 16.0 3.546+0.113 4.109+0.006
Llama Extract + Plan 3.5435 38.0+19.0 34.5 2.952-0.481 3.553-0.550
Llama Extract + CoT Plan 0.0 31.5+12.5 31.5 3.123-0310 3.968-0.135
Llama Extract + Llama-trained Plan ~ 72.5+72.5 83.0+64.0 17.0 1.540-1.893 1.526-2.577

Table 2: Main results. The upper part shows results on all baseline test sets; the lower part shows results on real-life

tasks.
6 Analysis

6.1 Graph Features

This section discusses (i) our considerations regard-
ing the graph structure; (ii) the impact of changes
in the number of nodes and edges in the graph on
the planning capability of the model.

Graph Structures The tree-based structure is
designed to better reflect real-world parallel scenar-
ios, offering a stronger hierarchical organization
that facilitates the generation of more reasonable
specific scenarios. To ensure a clear distinction be-
tween parallel and non-parallel execution, we im-
plement the following strategies: (i) controlling the
depth of the tree to manage the number of branches,
and (ii) grouping nodes such that the number of
nodes in each group does not exceed two-thirds of
the total number of predecessor nodes. In addition,
we also used an undefined random graph structure
to verify the robustness of the model.

Impact of Node and Edge Counts We calcu-
lated the absolute value of correlation coefficients
and slopes of normalized four metrics with changes
in the number of points and edges. Overall, the im-
pact of the edge count is smaller than the node
count. For node counts, almost all metrics of the
models showed strong correlation coefficients be-
tween 0.8 and 1.0. For edge variations on 10
nodes, both model shows low correlation coeffi-
cients which are less than 0.5, indicating robust-

Optimal Llama-trained Qwen-trained
Node Count R T R T R T
10 0.88 092 0.88 0.92 0.88 0.93
20 0.76 0.74 0.77 0.80 0.79 0.79
30 074 075 0.75 0.75 0.73 0.68
40 0.70 0.68 0.71 0.68 0.68 0.61
50 0.68 0.62 0.73 0.61 0.70 0.56

Table 3: The ratio of the parallel execution time of the
plans provided by each model at the test cases to the se-
quential execution time. R represents the random graph
structure, and T represents the tree-based structure.

ness to changes in the number of edges on graphs
with fewer points. However, on 30 nodes, Claude
has higher correlation coefficients on all four met-
rics than our trained Llama, which are more than
0.7 correlation coefficients, demonstrating lower
stability. Please refer to Appendix I for details.

6.2 Time Efficiency

Our tasks inherently support parallel execution of
subtasks, yet most existing methods do not consider
parallelism during planning, leading to unnecessary
waiting times.

We calculate the time ratio of parallel execution
to sequential execution (that is, the sum of all sub-
task durations) in the plans. Table 3 shows the
results of optimal labels and outputs of our trained
Llama and Qwen. The results demonstrate that the
capability of planning parallel solutions can signifi-
cantly reduce time compared to blocking sequential
execution. Such efficiency is more significant as
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lower part shows the average time and cost ratio across different edge counts of Claude and our trained Llama.

the graph scales. Specifically, plans from Llama
and Qwen show high cost ratios, indicating that
there are many redundant subtasks. When execut-
ing these plans sequentially, the inefficiency will
be further amplified, leading to a low ratio of the
parallel execution time to the sequential.

6.3 Wrong Case Study

Task Graph The wrong cases on abstract graphs
fall into two types. (i) Invalid subtask, where the
plan includes subtasks without corresponding trans-
formation rules, and (i1) Unavailable source, where
the required source for a subtask is not achieved
during execution. The latter indicates either a fail-
ure to consider the source availability during plan-
ning or an incorrect handling of dependencies. Ta-
ble 4 shows the proportion of two error types. After
training, the source dependency has almost been
resolved, but the hallucination of invalid subtasks
is currently the performance bottleneck.

Invalid Unavailable

Model Subtask Source
Claude 3.5 Sonnet 04 9.6
GPT-40 4.7 44.0
Llama-3.1-8B-Instruct 17.6 30.1
Llama-3.1-8B-Instruct-Trained 11.6 4.8
Qwen2.5-7B-Instruct 60.7 26.1
Qwen2.5-7B-Instruct-Trained 19.9 4.3

Table 4: The proportion of two error causes in all test
cases of the model.

Textual Query Failure to extract essential rules

for subtasks will compromise the model’s overall
performance. However, interestingly, even with
extraction errors, the model can still complete the
task correctly if the subsequent planning does not
encounter incorrect rules. Results of Llama show
that the extraction step significantly improves the
baseline success rate, and while the trained model’s
success rate is slightly lower than that of Claude, its
optimal rate is superior. After taking a closer look,
we found that only 15% matched the original graph
exactly. However, we computed the F} scores for
the model-extracted initial sources, target, and rules
against the ground truth and averaged them to yield
an overall similarity of 92.3%, indicating minimal
impact. This supports our focus on improving the
model’s planning capabilities on abstract graphs.

7 Conclusion

We present plan-over-graph, a novel paradigm en-
hancing parallelism in LLM-based agentic plan-
ning. Our approach extracts task dependencies
as structured graphs, optimizing parallel planning
through graph-aware reasoning. We develop a
synthetic dataset annotated with directed acyclic
graphs and a two-stage training scheme, achieving
significant improvements. Analysis reveals graph
structure inversely affects performance and parallel
time reduction. This work establishes a framework
for parallel agentic systems, bridging the gap be-
tween abstract graphs and real-world applications.



Limitations

We acknowledge the limitations of this work. (i)
Although we believe and verify that the ability to
plan on the graph is more important than extraction,
open-source models have also shown certain flaws
in extraction. (ii) In reality, the model’s plan can
be a dynamic process that interacts with the envi-
ronment, where the model can refine the previously
given plan through perception. Our future work
will focus on these two directions.
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A Prompt Template

We show the prompt templates following examples.
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Prompt template for graph planning

Prompt template for query planning with CoT

You are given a set of transformation rules, where each
rule consists of source nodes (materials or subtasks), target
nodes (resulting materials or tasks), the time required to
complete the transformation, and a cost associated with the
transformation. Your goal is to plan a path from the initial
nodes to the target node, supporting parallel transforma-
tions, to obtain the target node in the shortest time possible,
while minimizing the total cost.

Input format:

- Transformation rules: A list of dictionaries, where each
dictionary represents a transformation rule and contains:

- source: A list of source nodes (the prerequisites for the
transformation).

- target: A list of target nodes (the result of the transfor-
mation).

- time: The time required to complete the transformation
(an integer).

- cost: The cost associated with the transformation (an
integer).

- Initial nodes: A list of strings representing the available
nodes at the start.

- Target node: A string representing the node that needs to
be obtained.

Output format:

- Plan: A list of subtasks, where each subtask is a JSON
object with the following fields:

- name: The name of the subtask or node being com-
pleted. The default name format is "Subtask" followed by
a sequence number.

- source: A list of source nodes involved in this subtask.
The sources must be products you already have or can
obtain through previous steps.

- target: The target node resulting from this subtask.
Both the source and target must conform to a given rule
and cannot be assumed or self-created.

- dependencies: A list of dependencies (other subtask
names) that need to be completed before this subtask can
be executed. This ensures the execution order between
subtasks, and the dependencies must provide the required
sources for this subtask.

Important:
- The generated JSON must strictly follow the JSON format.
The following rules must be strictly adhered to:

- All keys and values must be enclosed in double quotes.

- All elements in arrays must be separated by commas.

- All fields in the JSON must be complete and correctly
formatted, with no missing or incorrect elements.

- All planned steps must comply with a given rule.

- All substances involved must conform to the given rules.
Your task is to generate the final plan in the specified JSON
format, minimizing both the completion time and total cost.
Do not provide any implementation code.

Here is an example to better understand the task:
{graph_planning_example}

Now, based on the following transformation rules, initial
nodes, and target node, please provide an optimal plan that
allows the target node to be obtained in the shortest time
with the minimal total cost, supporting parallel transforma-
tions.

Only include necessary steps that are required for the fastest
completion with the least cost. Do not add any extra or
redundant transformation steps.

Task:

“‘json

{task}

Your task is to generate the final plan in the specified JSON
format. Do not provide any implementation code.
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You are given a set of transformation rules, where each
rule consists of source nodes (materials or subtasks), target
nodes (resulting materials or tasks), the time required to
complete the transformation, and a cost associated with the
transformation. Your goal is to plan a path from the initial
nodes to the target node, supporting parallel transforma-
tions, to obtain the target node in the shortest time possible,
while minimizing the total cost.

Input format:

- Transformation rules: A list of dictionaries, where each
dictionary represents a transformation rule and contains:

- source: A list of source nodes (the prerequisites for the
transformation).

- target: A list of target nodes (the result of the transfor-
mation).

- time: The time required to complete the transformation
(an integer).

- cost: The cost associated with the transformation (an
integer).

- Initial nodes: A list of strings representing the available
nodes at the start.

- Target node: A string representing the node that needs to
be obtained.

Output format:

- Plan: A list of subtasks, where each subtask is a JSON
object with the following fields:

- name: The name of the subtask or node being com-
pleted. The default name format is "Subtask" followed by
a sequence number.

- source: A list of source nodes involved in this subtask.
The sources must be products you already have or can
obtain through previous steps.

- target: The target node resulting from this subtask.
Both the source and target must conform to a given rule
and cannot be assumed or self-created.

- dependencies: A list of dependencies (other subtask
names) that need to be completed before this subtask can
be executed. This ensures the execution order between
subtasks, and the dependencies must provide the required
sources for this subtask.

Important:
- The generated JSON must strictly follow the JSON format.
The following rules must be strictly adhered to:

- All keys and values must be enclosed in double quotes.

- All elements in arrays must be separated by commas.

- All fields in the JSON must be complete and correctly
formatted, with no missing or incorrect elements.

- All planned steps must comply with a given rule.

- All substances involved must conform to the given rules.
Your task is to generate the final plan in the specified JSON
format, minimizing both the completion time and total cost.
Do not provide any implementation code.

Here is an example to better understand the task:
{graph_planning_example}

{CoT_example}

Now, based on the following transformation rules, initial
nodes, and target node, please provide an optimal plan that
allows the target node to be obtained in the shortest time
with the minimal total cost, supporting parallel transforma-
tions.

Only include necessary steps that are required for the fastest
completion with the least cost. Do not add any extra or
redundant transformation steps.

Task:

“‘json

{task}

Your task is to generate the final plan in the specified JSON
format. Do not provide any implementation code.




Prompt template for query planning

Prompt template for query planning with CoT

For the input task, please provide an optimal plan that
allows the target to be obtained. Minimize the cost under
the premise of the shortest time.

Projects without dependencies can be completed in parallel
to improve overall efficiency.

Please provide the final solution in JSON format:

- Plan: A list of subtasks, where each subtask is a JSON
object with the following fields:

- name: The name of the subtask or node being com-
pleted. The default name format is "Subtask" followed by
a sequence number.

- source: A list of source nodes involved in this subtask.
The sources must be products you already have or can
obtain through previous steps.

- target: The target node resulting from this subtask.
Both the source and target must conform to a given rule
and cannot be assumed or self-created.

- dependencies: A list of dependencies (other subtask
names) that need to be completed before this subtask can
be executed. This ensures the execution order between
subtasks, and the dependencies must provide the required
sources for this subtask.

Here is an example:
Input:
{query_example}
Output:

“‘json
{query_example_plan}
Input:

{task}

Output:
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For the input task, please provide an optimal plan that
allows the target to be obtained. Minimize the cost under
the premise of the shortest time.

Projects without dependencies can be completed in parallel
to improve overall efficiency.

Please provide the final solution in JSON format:

- Plan: A list of subtasks, where each subtask is a JSON
object with the following fields:

- name: The name of the subtask or node being com-
pleted. The default name format is "Subtask" followed by
a sequence number.

- source: A list of source nodes involved in this subtask.
The sources must be products you already have or can
obtain through previous steps.

- target: The target node resulting from this subtask.
Both the source and target must conform to a given rule
and cannot be assumed or self-created.

- dependencies: A list of dependencies (other subtask
names) that need to be completed before this subtask can
be executed. This ensures the execution order between
subtasks, and the dependencies must provide the required
sources for this subtask.

Let’s think step by step and then output the final solution
in JSON format.

Here is an example:
Input:
{query_example}
Output:

“‘json
{query_example_plan}
{CoT_example}

Input:

{task}

Output:




Prompt template for query planning with PLaG )

Prompt template for extracting graph from query

Assume that that infinite resources are available, which
means projects without dependencies can be completed in
parallel to improve overall efficiency. For the input task,
please provide an optimal plan that allows the target to
be obtained. Minimize the cost under the premise of the
shortest time. Let’s construct a graph with the nodes and
edges first to represent step ordering constraints. Use the
graph and dictionary to calculate the shortest possible time
needed for the task. Let’s think step by step and then output
the final solution in JSON format.

Please provide the final solution in JSON format:

A list of subtasks, where each subtask is a JSON object
with the following fields:

- name: The name of the subtask or node being com-
pleted. The default name format is "Subtask" followed by
a sequence number.

- source: A list of source nodes involved in this subtask.
The sources must be products you already have or can
obtain through previous steps.

- target: The target node resulting from this subtask.
Both the source and target must conform to a given rule
and cannot be assumed or self-created.

- dependencies: A list of dependencies (other subtask
names) that need to be completed before this subtask can
be executed. This ensures the execution order between
subtasks, and the dependencies must provide the required
sources for this subtask.

Let’s think step by step and then output the final solution
in JSON format.

Here is an example:

Input:

{query_example}

Output:

Here is a graph representation of the task:

“‘json

{query_example_plan}
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{CoT_example}
“‘json
{query_example_plan}

Input:
{task}

Output:

14

Task: Extract structured transition rules from unstructured
workflow narratives. Objective: Identify all transitions
between nodes in the text. For each transition, extract:
- Source nodes (prerequisites)
- Target nodes (outcomes)
- Time (duration)
- Cost (numeric resource units)
Additionally, determine the initial_source (starting node)
and target (final node).
Input: A story describing a workflow process. Example
phrases may include:
- "From [NodeA], proceed to [NodeB] in X days at a cost
of Y units"
- "When both [NodeA] and [NodeB] are ready, [NodeC]
can be completed in X days at a cost of Y units"
- Shortcuts like "directly from [NodeA] to [NodeC] in X
days at a cost of Y units"
Output:
A JSON object with:
1. "rules": A list of transition rules, each containing:
- "id" (sequential integer starting from 0)
- "source" (list of node IDs, e.g., ["N1"])
- "target" (list of node IDs, e.g., ["N2"])
- "time" (numeric value)
- "cost" (numeric value)
2. "initial_source": List of starting node IDs (e.g., ["N1"])
3. "target": Final node ID (e.g., "N8")
Your Task: Convert the following story into the JSON
format above. Ensure:
1. All transitions are captured, including multi-source de-
pendencies and shortcuts
2. Node IDs (e.g., N1, N2) are preserved exactly as written
3. Time and cost values are strictly numeric
4. Follow the JSON schema precisely
Example Input Story:
{query_example}
Example Output:
“‘json
{query_example_plan}
Input Story:
{task}
Output:




Prompt template for generating query from
graph

~

Transform this abstract task into a specific task in a real-
world scenario, noting the following:

1. Tasks without dependencies can be executed in parallel.
2. Please express the instructions in complete natural lan-
guage without explicitly listing the rules.

3. As long as there is one path that reaches the final goal, it
is considered successful.

4. The source of a rule must be fully achieved before
proceeding with the rule and obtaining its target.

5. You must strictly follow the rules I have given, make
sure the rules in your story correspond one-to-one with the
rules I have provided, and the sum of rules in your story
must be equal to the sum of rules in the task.

6. You must explicitly mention both the time and cost
associated with each rule in the story.

7. You only need to write the rules as a story, without of-
fering any additional evaluation comments or introductory
remarks.

Here is an example from another task for reference:

Input: “‘json

{query_example_plan}

OutPut:

{query_example}

Input:

“‘json

{task}

e

Output:
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Examples

Task:

“‘json

{ "rules": [ { "source": ["N1"], "target": ["N2"], "time": 3,
"cost": 1}, { "source": ["N6"], "target": ["N3"], "time":
4, "cost": 1}, { "source": ["N2", "N3"], "target": ["N4"],
"time": 2, "cost": 1}, { "source": ["N4"], "target": ["N5"],
"time": 1, "cost": 1 }, { "source": ["N2"], "target": ["N5"],
"time": 5, cost": 1 } ], "initial_source": ["N1", "N6"],
"target": "N5" }

%3

Expected output:

“‘json

[ { "name": "Subtask1", "source": ["N1"], "target": ["N2"],
"dependencies": [] }, { "name": "Subtask2", "source":
["N6"], "target": ["N3"], "dependencies": [] }, { "name":
"Subtask3", "source": ["N2", "N3"], "target": ["N4"], "de-
pendencies": ["Subtask1", "Subtask2"] }, { "name": "Sub-
task4", "source": ["N4"], "target": ["N5"], "dependencies":

["Subtask3"] } ]

In a busy urban construction project, multiple sites must
be coordinated to build the "Core Area(N9)" as quickly
and cost-effectively as possible. The project begins at
three sites: "Infrastructure(N1)," "Elevated(N3)," and "Res-
idential(N7)," each with different tasks. The "Infrastruc-
ture Area(N1)" takes 3 days and costs 1 to proceed to the
"Bridge Area(N2)", while the "Elevated Area(N3)" moves
to the "Building Area(N4)" in 3 days and at a cost of 1.
The "Bridge Area(N2)" connects to the "Road Area(N5)"
in 4 days and costs 1, and can directly connect to the "Fa-
cilities Area(N6)" in 8 days at a cost of 1. The "Building
Area(N4)" partners with the "Road Area(N5)" to build the
"Facilities Area(N6)" in 2 days and at a cost of 1. The "Res-
idential Area(N7)" takes 5 days and costs 1 to reach the
"City Center Area(N8)", while the "Building Area(N4)"
directly reaches it in 1 day and costs 1. Once the "Fa-
cilities(N6)" and "City Center(N8)" areas are ready, they
combine to complete the "Core Area(N9)" in 2 days at a
cost of 1. The "Infrastructure Area(N1)" has a shortcut to
bypass other areas and reach the "Core Area(N9)" in 15
days at a cost of 1. The project team can select the most
efficient route based on resources and progress.

{"rules": [{ ’id’: O, "source": ["N1"], "target": ["N2"],
"time": 3, "cost": 1}, { ’id’: 1, "source": ["N3"], "target":
["N4"], "time": 3, "cost": 1}, { ’id’: 2, "source": ["N2"],
"target": ["N5"], "time": 4, "cost": 1 }, { ’id’: 3, "source":
["N4", "N5"], "target": ["N6"], "time": 2, "cost": 1 },
{ ’id’: 4, "source": ["N2"], "target": ["N6"], "time": 8,
"cost": 1}, {’id’: 5, "source": ["N7"], "target": ["N8"],
"time": 5, "cost": 1}, { ’id’: 6, "source": ["N4"], "target":
["N8"], "time": 1, "cost": 1 }, { ’id’: 7, "source": ["N6",
"N8"], "target": ["N9"], "time": 2, "cost": 1 }, { ’id’: 8,
"source": ["N1"], "target": ["N9"], "time": 15, "cost": 1 },
], "initial_source": ["N1", "N3", "N7"], "target": "N9"}




Examples

**Think Step by Step:**

To determine the optimal plan, we analyze dependencies
and parallelization opportunities: 1. **Initial Paralleliza-
tion**:

- (N3—N4, 3 days) and (N1—N2, 3 days) can start imme-
diately and run in parallel since they have no dependencies.
- (N7—N8, 5 days) is also independent and starts concur-
rently.

2. **Sequential Dependencies**:

- (N2—NS5, 4 days) requires (N1—N2, 3 days) to finish first.
Thus, it starts after 3 days and completes at **7 days**.

- (N4+N5—N6, 2 days) depends on (N3—N4, 3 days) and
(N2—NS, 7 days). It begins at **7 days** and ends at **9
days**.

- (N4—NS8, 1 day) depends on (N3—N4, 3 days). It starts
at **3 days** and finishes at **4 days**.

3. **Critical Path Analysis**:

- The path (N1—N2, 3 days) — (N2—N5, 4 days) —
(N4+N5—N6, 2 days) takes **3 + 4 + 2 = 9 days**.

- The path (N3—N4, 3 days) — (N4—N8, 1 days) takes
**3 + 1 =4 days**.

- (N6+N8—N9, 2 days) requires both (N4+N5—N6) (9
days) and (N4—N8) (4 days). It starts at **9 days** and
ends at **11 days**.

4. **Avoiding the Shortcut**:

- The alternative shortcut (N1—N9, 15 days) is slower than
the critical path (11 days), so it’s excluded.
**Conclusion**:

The longest path (critical path) determines the total time:
(N1—N2, 3 days) — (N2—NS5, 4 days) — (N4+N5—N6,
2 days) — (N6+N8—N9, 2 days) takes 3 +4 +2 + 2
= **]1 days**). Parallel execution of independent tasks
minimizes cost while achieving the shortest time.
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B Dataset Details

The statistics of our synthetic data are shown in
Table 5.

C Penalty Value Selection

The penalty of 4 is chosen empirically. We first
computed the average time and cost ratio among
successful plans and found that the maximum is
around 3 and does not exceed 4. Without penaliz-
ing failures, models with weak capabilities would
appear deceptively competitive: although they have
low success rates overall, they succeed on simpler
cases where the ratio is naturally low, resulting in
an unintuitive final metric. A penalty too large
would cause failed cases to dominate and distort
comparisons. A value of 4 therefore balances clar-
ity and numerical intuitiveness.

D Textual Query Statistics

Figure 4 shows the statistics on our synthetic query
data.
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Graph Edge

Set Nodes Structure  Relation Samples
10 Random Uniform 2000
Tree-based Linear 2000
Training 30 Random Uniform 2000
Tree-based Linear 2000
50 Random Linear 2000
Tree-based Linear 2000
Random Linear 100
10 Tree-based Linear 100
Random Uniform 1000
20 Random Linear 100
Tree-based Linear 100
Testing Random Linear 100
30 Tree-based Linear 100
Random Uniform 1000
40 Random Linear 100
Tree-based Linear 100
50 Random Linear 100
Tree-based Linear 100

Table 5: Detailed statistics of our training and testing
dataset.

City Development
34.0%

38.0%
Space Exploration
Product Development

Figure 4: Statistics on our synthetic query. The bar chart
on the left displays the distribution of tokens. The pie
chart on the right shows the topic distribution.

E Trainning Setups

Training is performed using the LLaMa Factory
(Zheng et al., 2024) framework.

In SFT data without mixup, for a graph G, the in-
puts and outputs are obtained as (z,y) = (G, Dopt);
with mixup, for G, the inputs and outputs include
both (z,y) = (G, popt) and (G, Psecond). For DPO
data, the input x, chosen output y,, and rejected
output y; are derived as (G, Popt, Dsecond )-

The training loss function of SFT is defined as
follows:

lyl
Lser(0) = —F(y ) g 108 Po(yela, y<r)-
t=1
)

The training loss function of DPO is defined as
follows:



Loro = — Ez 0 v1)~Doro
7o (Yuw|)
log o log —2—~
; <5 ( S (gl (10)
1o 7o (yi|)

)

The detailed hyperparameter settings are out-
lined in Table 6.

Tref (Y1] )

Name Value
cutoff len 8,192
epochs 10
batch size per device 1
gradient accumulation steps 4
learning rate le-6
Ir scheduler type cosine
warmup ratio 0.1
bf16 true

Table 6: Detailed training hyperparameters.

All experiments were conducted on 4 NVIDIA
A100 GPUs.

F DPO-Only Training

We describe the details for directly using DPO to
train the model. In addition to the original DPO
dataset, we collected 1,000 examples of erroneous
model plans as the rejected output, paired with their
corresponding optimal solutions as the chosen out-
put. We evaluated this model on the same testing
set described in Section 5.1, with results in Table 2.

We observed that the DPO-only model per-
formed substantially worse than both the pretrained
base model and the two-stage SFT + DPO model.
We attribute this drop in performance to the lack of
a supervised fine-tuning phase: without SFT, the
model fails to learn basic plan generation skills,
struggles with JSON format and plan correctness,
and DPO alone only teaches ranking between opti-
mal and non-optimal outputs rather than imparting
fundamentals of valid plan construction. Improving
this setup would require collecting a richer, more
diverse set of negative examples covering multiple
error dimensions, e.g., formatting errors, logical
consistency violations, an effort that may not sur-
pass the simplicity and effectiveness of including
an SFT stage.

G Edge variation Status

Figure 5 shows how Claude (top) and our trained
Llama (bottom) perform across varying edge
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counts on 10-node (left) and 30-node (right) graphs,
with colors indicating failure (red), feasible (green),
and optimal (orange) solutions.

As edge density increases, optimal solutions de-
cline for both models. On 10-node graphs, both
perform well overall, though Llama already shows
occasional failures. On 30-node graphs, the two
models respond quite differently: Claude shifts
from optimal to feasible as the dominant outcome
and begins to show some failures, while Llama’s
failures become the majority. These results confirm
edge count as a reliable indicator of task difficulty,
and reveal that the two models degrade in meaning-
fully different ways as graphs grow more complex.

I Failure
| mmm Feasible
Optimal

Count

Edge Count

Count

Edge Count

Figure 5: Claude and our trained Llama performance
across different edge counts. The vertical axis represents
the corresponding number of cases of each state(fail,
feasible, optimal). The horizontal axis represents the
number of edges segmented at certain intervals.

H Query Example

A query and corresponding plan in a real-life sce-
nario are shown in A.

I Supplementary of the Experiments

Tables 7 and 8 show the absolute value of corre-
lation coefficients and slopes of four normalized
metrics with changes in the number of nodes and
edges.

Metrics are scaled to the [0,1] range using min-
max normalization:

Y — Ymin

Ymax — Ymin

Ynorm = (11)
where y represents raw values of: node and edge
counts, success counts, optimal counts, average
time ratios, and average cost ratios.



M Success Rate  Optimal Rate Time Ratio  Cost Ratio
odel

r m r m r m r m
Claude 3.5 Sonnet -096 -099 -0.82 -0.82 092 102 094 099
GPT-40 -099 -1.02 -094 -097 099 1.09 098 1.1
Llama-3.1-8B-Instruct -095 -096 -095 -1.01 079 092 093 097
Llama-3.1-8B-Instruct-Trained -0.94 -1.04 -0.89 -0.86 094 1.04 093 1.0
Qwen2.5-7B-Instruct -096 -098 -096 -095 096 097 0.66 0.66
Qwen2.5-7B-Instruct-Trained -099 -098 -0.80 -0.82 0.81 076 096 0.98

Table 7: Correlation coefficients (r) and slopes (m) between metrics and node counts.

Model Node Count Success Rate  Optimal Rate Time Ratio  Cost Ratio
r m r m r m r m

Claude 3.5 Sommet 10 027 015 -044 028 050 026 043 023

ude 3. 30 074 056 -071 -055 081 059 078 0.59

. 10 005 003 -028 -0.17 058 034 045 024

Llama-3.1-8B-Instruct-Trained 5, 2039 029 -062 -037 045 034 060 043

Table 8: Correlations (r) and slopes (m) between edge variations and metrics with node counts.

Pearson correlation coefficients () between
node and edge counts (X) and metrics (Y) are
calculated as:

Y @D )
\/Z?:l(xi - 5)2\/22;1(% - 9)?
(12)
The slope (m) of the best-fit line is computed
using linear regression:

_ Ny T — D TiY Vi
ny o — (i)

All results are rounded to 2 decimal places for
final reporting.

For a given plan P composed of sub plans p,
the time ratio of parallel execution to sequential
execution can be calculated as:

Qtimt:(P)
> T

peEP

Xy

(13)

Ratio = (14)

J Evaluation on Robotouille

We evaluate our method on the Robotouille bench-
mark (Gonzalez-Pumariega et al., 2025) using GPT-
40, consistent with the original benchmark setup.
Our method generates a subtask graph and pro-
duces a complete plan in a single pass, with up to
two retries upon failure.

As shown in Table 9, our method substantially
outperforms I/O CoT (Sync: 36% vs. 14%, Async:
9% vs. 1%), which is the most comparable baseline
as both generate a complete plan in a single pass.
While ReAct achieves 47% on synchronous tasks
through full multi-turn interaction, this comes at
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significantly higher inference cost. By introduc-
ing a lightweight retry mechanism, our method
reaches 45% on synchronous tasks and 17% on
asynchronous tasks, achieving comparable syn-
chronous performance to ReAct while surpassing
it on asynchronous tasks.

Method Sync (%) Async (%)
1/0 4 1

I/O CoT 14 1
ReAct 47 11
Ours 36 9
Ours + retry 45 17

Table 9: Success rate on the Robotouille benchmark.
All methods use GPT-40. Baseline results are from the
original benchmark.

We use the following prompts for planning and
refinement.



Prompt template for Robotouille planning - Part )
1

Prompt template for Robotouille planning - Part
3

You are an agent exploring an environment with a goal to
achieve. You will propose a plan in the current state to
reach the goal.

Below is a description of the environment:

You are a robot in a kitchen environment. The objects in
the kitchen and your goal are described in the Observation.
The various types of objects in the kitchen include

- Station: A location in the kitchen where you can perform
special actions, e.g. cooking or cutting

- Item: An object that can be picked up and potentially used
in a Station

- Player: Robots, including you, that are present in the
kitchen

- Container: An object that can hold other objects, e.g. a
pot or a pan

- Meal: A mixture of ingredients contained within a Con-
tainer

The rules of the environment are as follows:

- A Player can only operate on Stations where they are
located

- A Player can only hold a single Item at a time

- An Item must be placed on a Station to perform an action
on it

- A Station can only contain a single Item or stacked Items,
but cannot contain multiple unstacked Items at a time

- Items can only be stacked on top of one another, not side
by side

- Stacked Items should be treated as multiple separate Items,
Player cannot pick up/place multiple stacked Items as a
single unit

- A Container can hold multiple Items

- A Meal can be transferred between Containers

Prompt template for Robotouille planning - Part
2

The goal of this environment is to satisfy a human’s re-
quest, such as ‘make me a hamburger’. These goals are
intentionally underspecified so common sense reasoning is
required to complete them. Specifically, it is important to
consider

- the minimal ingredients required to satisfy the request

- any preparation steps for the ingredients like cooking,
cutting, etc.

When the goal is achieved or a time limit is reached, the
environment will end.

Follow this recipe guide to learn how to make food, atten-
tion to ingredients of each recipe:

Sandwich: Stack the needed prepared ingredients on a
bread, then stack another bread on it.

Hamburger: A bottom bun, stacked on prepared ingredi-
ents, stacked on a top bun.

Soup: A pot of boiling water containing prepared ingredi-
ents served in a bowl.

You must strictly follow the ingredients needed to use and
the stacking order in the recipe.

Important: Always check ingredient states in the observa-
tion (e.g., “‘can be cut”, “is cooked”). Process ingredients
as needed - cut items that “can be cut” and cook items that
need cooking before using them in recipes.
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You will receive the initial state and the goal as follows:
Observation: ...

Valid Actions: ...

where

- ‘Observation’ contains state information about objects in
the environment and the goal.

- ‘Valid Actions’ is the list of actions you can take in the
current state.

You must first decompose the whole task into a JSON-
formatted subtasks, then propose a plan based on the sub-
tasks.

Notice the following when decomposing the task:

- Reasoning about the task and the environment, and how
to achieve the goal.

- If there is an error feedback, you must first analyze the
error and reason about how to avoid it in the future.

- Considering all the rules and constraints, and the current
state of the environment.

- Always follow the rules of the environment when de-
composing the task.

- Considering which ingredients are exactly needed to
use referring to the recipe, or to move according to the
environment.

- Break subtasks down into finer-grained steps:

- If an ingredient needs to be moved then processed,
these should be two separate subtasks.

- If an ingredient needs to be moved then stacked, it can
directly be stacked.

- About positions:

- Notice the position of the goal. Since stacked Items
cannot be moved as a single unit, you must decide which
item to place at the bottom, and whether it is in a feasible
position.

- Consider the position of each ingredient, and avoid
moving items that are already in a feasible position.

- If Item i1’s target location s1 is already occupied by
another Item i2:

- If il should not be stacked on i2, you must first move
i2 to another position before moving il to s1.

- If i1 should be stacked on i2, you can directly stack il
on i2 without moving i2.

- Place useless ingredients to some unrelevant positions
if necessary, and do not let them effect the goal.

- Represent ingredients and subtasks in JSON format:

- “initial_sources”: all the ingredients that are available at
the start.

- “goal”: the final goal you aim to achieve.

- “subtasks”: define how to transform one or some ingre-
dients into another, or move to another position.

- “sources”: the list of ingredients that can be used to
create a new ingredient.

- “target”: the ingredient that is created from the sources
by the transformation.

- “time”: the time it takes to perform the transformation.

- “cost”: the cost of performing the transformation,
always 1.
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( Prompt template for Robotouille planning - Part )

- About the names:

- Each initial or created ingredient should be named
uniquely, and annotated with its position, such as
“breadl_on_tablel”.

- The position suffices mean the position and the moving
of the ingredients.

- Stacked ingredients are named by concate-

nating the names of the ingredients, such as
“onionl_on_breadl_on_tablel” for onionl stacked
on breadl.

- Processed ingredients should be named with the action
performed, such as “onionl_cut_on_board1” for sliced
onionl.

Finally, based on the JSON-subtasks, output the plan:
- ‘Plan’ is the sequence of actions you propose to take in
the environment to reach the goal

- The actions should be formatted exactly as they are in
the environment description

- Do not include any numbering or bullet points for the
actions
- Always follow the rules of the environment when propos-
ing the plan.

- Only choose subtasks that leads to the target. Do not
include any subtasks that are useless.

- Firstly minimize the time of the plan, then minimize the
cost.

- Avoid unnecessary actions, such as moving items around
without a purpose, or moving items which have been in a
correct position.

- Pay attention to the stacking order of ingredients according
to the target, clarify which should be picked up in order.
Always format your response as follows:

Reasoning: ...

JSON-subtasks:

“‘json { “initial_sources™: [...], “goal”: ..., “subtasks”:
[...]}*

Plan: ...

The actions you can take in the environment are as follows:
- Move {pl} from {s1} to {s2}

- Pick up {il/cl} from {s1} using {p1}

- Place {il/c1} on {s1} using {p1}

- Stack {il} on top of {i2} using {p1}

- Unstack {il} from {i2} using {p1}

- Cook {il} on {sl} using {pl}

- Cut {il} on {s1} using {p1}

- Fry {il} on {s1} using {pl}

- Fill {c1} with water from {s1} using {p1}

- Boil {c1}’s contents on {s1} using {pl}

- Add {il} into {c1} using {pl}

- Fill {c1} with {c2}’s contents using {pl}

- Do nothing

Observation: {observation}

Valid Actions: {valid_actions}
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Prompt template for Robotouille refinement

Your previous plan was not correct. Please refine your plan
step by step based on the following feedback:

Error Feedback: {feedback}

Please strictly follow the steps below:

1. Error Analysis: - Analyze the error feedback and
summarize the reason for the error. - Clearly state which
rule, position, or sequence was violated.

2. Subtasks Check: - Check if the decomposition of
subtasks (JSON-subtasks) is correct and complete. - If
there are errors or omissions in the subtasks, re-decompose
and output a new JSON-subtasks.

3. Action Plan Check: - If the subtasks are correct, check
if the specific actions in the plan are legal and feasible. -
If there are illegal actions, refine the plan by modifying
only the problematic actions.

4. Reasoning about refinement: - Provide reasoning for
the refinement, explaining how the new plan addresses the
error feedback. - Ensure that the new plan adheres to the
rules of the environment and the constraints of the task,
avoid other errors.

Please output your reasoning and corrections in the follow-
ing format:

Error Analysis: ... Reasoning: ... JSON-subtasks: “‘json
{{ “initial_sources™ [...], “goal”: ..., “subtasks™: [...] }}
“‘Plan: ...

Do not include any additional explanations or symbols.
Only output the above content.
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