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Abstract. In this work, we study a natural nonparametric estimator of the transition prob
ability matrices of a finite controlled Markov chain. We consider an off-line setting with a 
fixed data set of size m, collected using a so-called logging policy. We develop sample com
plexity bounds for the estimator and establish conditions for minimaxity. Our statistical 
bounds depend on the logging policy through its mixing properties. We show that achiev
ing a particular statistical risk bound involves a subtle and interesting trade-off between 
the strength of the mixing properties and the number of samples. We demonstrate the 
validity of our results under various examples, such as ergodic Markov chains; weakly 
ergodic inhomogeneous Markov chains; and controlled Markov chains with nonstationary 
Markov, episodic, and greedy controls. Lastly, we use these sample complexity bounds to 
establish concomitant ones for off-line evaluation of stationary Markov control policies.
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1. Introduction
This paper presents probably approximately correct 
(PAC)–style minimax sample complexity results for sta
tistical estimation of transition matrices of discrete-time, 
finite-state controlled Markov chains (CMCs) (Borkar 
1991). We model a controlled Markov chain as a 
discrete-time pair process {Xi, ai}, where {ai} is a 
sequence of controls and {Xi} is the state sequence that, 
conditioned on ai, follows a Markov transition kernel. In 
this paper, we answer the following question: what is 
the minimum number of samples required to estimate 
the transition matrices of a discrete-time, finite-state 
controlled Markov chain to any given degree of 
precision?

We answer this question by showing that a particular 
nonparametric estimator (see below) of the transition 
matrix is minimax optimal. The control sequence can be 
viewed as generated by a logging or behavior policy. 
Assuming the policy is stationary Markovian, {Xi, ai} is 
jointly Markovian (Hernández-Lerma et al. 1991, chap
ter 2.3). This simplifies the problem to one of estimating 
the transition kernel of a Markov chain and opens the 

door to a number of results under suitable ergodicity 
and mixing assumptions. Some very recent ones include 
frequentist (Wolfer and Kontorovich 2021) and Bayesian 
(Banerjee et al. 2021) PAC bounds. On the other hand, 
logged data in operations research and machine learn
ing tasks such as hospital emergency scheduling (Lee 
and Lee 2018), minimum system entropy explorations 
(Mutti et al. 2022), reward machines (Icarte et al. 2018), 
adversarial Markov games (Wang et al. 2023), and 
others are often non-Markovian. The following passage 
from Mutti et al. (2022, p. 2) helps to elucidate the impor
tance of non-Markovian policies: “In this finite-sample 
formulation non-Markovian strategies are crucial, and 
we believe they can benefit a significant range of rele
vant applications. For example, collecting task-specific 
samples might be costly in some real-world domains, 
and a pre-trained non-Markovian strategy is essential to 
guarantee quality exploration even in a single-trial 
setting… A non-Markovian strategy could exploit the 
history of interactions to swiftly identify the structure of 
the environment, then employing the environment- 
specific optimal strategy thereafter.”
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Whereas Mutti et al. (2022) focuses on non- 
Markovian policies in the online setting, Laroche et al. 
(2022) and Laroche and Tachet Des Combes (2023) 
observe that non-Markovianity of policies is particularly 
an issue in the off-line setting in which logging policies 
can have an arbitrary structure. However, if the logging 
policy is non-Markovian, finite sample statistical infer
ence results are quite sparse. Consequently, an under
standing of the sample complexity of estimating the 
transition kernel for non-Markovian controls is an 
important open problem. In this work, all we assume is 
that the ai’s are adapted and mixing in a sense defined in 
Assumptions 3 and 4.

1.1. Contributions
We focus on the following nonparametric estimator of 
the transition matrices. For any state–control–state tuple 
(s, l, t), define N(l)s as the number of visits to the (state, 
control) pair (s, l) and N(l)s, t as the number of transitions 
from state s to state t under l. Thus, with 1[·] as the indi
cator function,

N(l)s :�
Xm

i�1
1[Xi � s, ai � l]

N(l)s, t :�
Xm

i�1
1[Xi � s, Xi+1 � t, ai � l]: (1.1) 

Then, our estimator of the transition probability from 
state s to t conditioned on control l, M(l)s, t is

M̂(l)s, t :�
N(l)s, t

N(l)s
: (1.2) 

We prove that this estimator is minimax optimal under 
suitable conditions.

Although this particular nonparametric estimator of 
transition matrices has been previously used in the con
text of model-based reinforcement learning (RL) studies 
(Mannor and Tsitsiklis 2005, Li et al. 2022a), its statistical 
guarantees under non-Markovian controls are not 
known in the literature. This paper fills this obvious 
gap. The main contributions of this paper can be sum
marized as follows: 

1. Our main result (Theorem 2) shows that the non
parametric estimator is minimax optimal if the number 
of samples is large enough and identifies an explicit 
lower bound on the required sample size. Informally, 
we prove that the sample complexity of estimating the 
transition matrices in a CMC with d states and k con
trols is Θ(d2 k) if the CMC is geometrically fast mixing. 
As we argue in Section 4, a geometrically ergodic Mar
kov chain with d k states can be thought of as a special 
case of a d-state, k-control CMC with stationary con
trols. Thus, our result (Theorem 2) recovers the optimal 
sample complexity of estimating Markov chains from 
Wolfer and Kontorovich (2021) as a special case.

2. We prove in Theorem 1 that the transition probabili
ties can be estimated even under a weaker mixing 
assumption than is required for minimaxity (Theorem 2). 
However, this involves a trade-off, requiring more sam
ples (roughly Ω(d2k2) in place of Ω(d2k)) to achieve the 
same level of estimation error.

3. A useful implication of our sample complexity 
results is that they yield error bounds for off-line policy 
evaluation (OPE). Theorem 3 evaluates stationary Mar
kov policies from data logged using non-Markovian 
controls. The resulting sample complexity recovers 
minimax optimal rates in the literature, which typically 
assume Markovian logging policies. Furthermore, The
orem 4 demonstrates a sample complexity of estimat
ing the optimal policy under sufficient regularity 
conditions on the model class. We also demonstrate 
how to use our theory to derive the sample complexity 
bounds for learning the demand distribution of an 
inventory control problem in Proposition 7 (Goldberg 
et al. 2021).

From a methodological perspective, our analysis 
reveals two principles that are broadly useful in establish
ing sample efficiency results for learning CMCs and other 
controlled stochastic models. First, is a “Goldilocks” prin
ciple that no state–control pair must be visited too many 
or too few times in a single observed sample path. This 
can be achieved by ensuring that the control sequence is 
such that the time to return to a particular pair is uni
formly bounded over the state–control space (see 
Assumptions 1 and 2).

Second, the effect of history on the probability of 
under- or over-visiting any part of the state–control 
space is controlled by the mixing properties of the con
trol sequence as defined in Assumptions 5 and 7. 
Roughly speaking, weaker mixing properties imply 
looser bounds on these probabilities, in turn implying 
that estimators are possibly sample-inefficient. The bulk 
of the existing literature on off-line estimation of CMCs 
focuses on the setting in which the control sequence 
forms a stationary ergodic Markov sequence and, under 
this condition, the nonparametric estimator is minimax 
optimal as implied by Theorem 2 and Proposition 6. 
However, if the control sequence mixes comparatively 
slowly (say, polynomially), then Theorem 1 yields a 
loose sample complexity bound.

As we prove in Sections 4.2 and 4.3, it is relatively 
straightforward to verify the geometric mixing proper
ties of the control sequences when the controls are 
Markovian. However, when the controls are non- 
Markovian, there is no general result to demonstrate 
geometric mixing. Thus, a practitioner must be cautious 
of erroneously assuming the logging policy to be Mar
kovian when it is not. If the controls are not Markovian, 
then one needs Ω(d2k2) samples instead of Ω(d2k) to 
control the probability of large estimation errors on the 
transition probabilities.
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As a final note on the methodological implications, 
whereas we focus on finite state–control spaces, we 
believe that these principles and our analysis yield a 
broad framework for proving sample efficiency results 
for off-line estimation of CMCs and potentially other 
controlled stochastic models under more general model 
assumptions. For instance, if one uses a histogram or a 
density estimator of a transition kernel on continuous 
state spaces and compact control spaces, then our 
results are directly applicable although the optimal sam
ple complexity would depend upon the smoothness 
properties of the transition function.

1.2. Related Literature
We divide the review of the literature into three parts. In 
the first part, we place our results in the context of the 
existing literature on nonparametric estimation for sto
chastic processes. In the second and third parts, we 
relate our sample complexity results to existing relevant 
ones in the literature on off-line RL and system identifi
cation, respectively.

1.2.1. Nonparametric Estimation. The foundations of 
nonparametric estimation (Tsybakov 2009) of finite ergo
dic Markov chains were laid by Billingsley (1961). Subse
quently, Yakowitz (1979) presented an important 
extension to infinite state spaces with follow-up work on 
applications to regression (Yakowitz 1989). There is also 
extensive literature establishing laws of large numbers 
(LLNs) (Geyer 1998) and central limit theorems (CLTs) 
(Jones 2004) for a range of time-homogeneous Markov 
chains. However, somewhat surprisingly, minimax sam
ple complexity bounds for finite ergodic Markov chains 
were only established recently in Wolfer and Kontoro
vich (2021). However, barring some results on LLNs and 
CLTs (Dobrushin 1956a, b; Rosenblatt-Roth 1963, 1964), 
results on statistical inference for time-inhomogenous 
Markov chains remain sparse. Furthermore, such proper
ties when the controls are stochastic in nature are even 
less understood. A crucial complication in our setting is 
that the state–control pair process need not be Markov
ian, complicating the application of existing results. 
Nonetheless, we recover rates similar to those of Wolfer 
and Kontorovich (2021) as a special case in Section 4.2, 
demonstrating the generality of our results.

1.2.2. System Identification. The problem in our paper 
is analogous to system identification in optimal control, 
(Vidyasagar and Karandikar 2006, Ljung 2010, Tangi
rala 2018) in which the parameters to be estimated are 
the transition matrices. There is a growing body of work 
that revolves around so-called active learning for sys
tem identification (RayChaudhuri and Hamey 1996, 
Chin et al. 2020, Mania et al. 2020). However, in our 
work, the logging policy does not necessarily aid active 
learning. Furthermore, the former settings are online in 

nature, and system identification in the off-line setting 
traditionally does not involve a controlling policy 
(Ljung 1987). Our work recognizes the obvious utility of 
being able to use off-line data.

1.2.3. Model-Based Off-line Reinforcement Learning. Our 
results are also of importance to model-based off-line RL 
(Kidambi et al. 2020, Levine et al. 2020, Yu et al. 2020), 
which is highly relevant to operations and managerial 
decision-making problems. For instance, data sets on 
prognosis, diagnosis, and treatment decisions made by 
physicians have been proposed to be used to train RL 
agents to potentially identify new (superior) paths to 
achieving the same (better) outcomes for patients (Short
reed et al. 2011, Liu et al. 2020, Chen et al. 2021, Yu et al. 
2021). Analogously, in manufacturing and service opera
tions management settings, as implied by Armony et al. 
(2015) in the hospital flow setting, data collected using 
preexisting flow control and routing policies can be 
mined to discover new/better protocols and policies. Off- 
line RL is a natural learning framework to achieve this.

The model-based setting involves constructing a 
model for the transition probability matrix and then 
using it to solve the expected Bellman equation. Notable 
works in this regard are the trio of papers Li et al. 
(2022a, b) and Yan et al. (2022), which prove, in the lim
ited setting of discounted or finite-horizon problems 
under Markovian policies, that the model-based off-line 
RL is minimax optimal. Our results show that it con
tinues to be an optimal estimator in the non-Markovian 
regime under suitable mixing conditions.

1.3. Outline
The rough outline of the paper is as follows. In Section 2, 
we introduce some notation and the concepts from uni
form mixing and weak mixing. In Section 3, we con
struct the empirical estimator M̂(l) for the transition 
matrix M(l) for any control l and formally introduce our 
assumptions. We then illustrate the trade-off discussed 
previously by producing weaker PAC bounds for the 
estimation error supl‖M̂

(l)
�M(l)‖∞ under weaker mix

ing assumptions and a stronger minimax PAC bound 
under stronger mixing assumptions. In Section 4, we 
apply our main result to derive statistical guarantees for 
various reward-free off-line RL tasks under a range of 
settings, such as stationary controls, Markov controls, 
and episodic controls. Finally, in Section 5, we use our 
estimator to obtain estimation guarantees for learning 
the value function. We end with a summary and discus
sion of the open questions in Section 6.

2. Preliminaries
2.1. Notations
Let N and R denote the natural and real numbers and 
the symbol ⌊·⌋ the floor function. All random variables 
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in this paper are defined with respect to a filtered proba
bility sample space (Ω,F ,F,P), where F is a σ-algebra 
and F :� {F i}, with F i ⊂ F , is a given filtration. Let {Xi}

represent a discrete-time stochastic process adapted to F 
with finite state space χ. Overloading notation, we also 
denote by P(X) the law of the random variable X. Let 
E[X] be the expectation and σ(X) the σ-algebra induced 
by X. A d × d matrix Q is a stochastic matrix if the rows 
of Q add up to one and Qs, t denotes the (s, t)th entry of 
Q. Let I be a finite set representing the control space and 
{ai} represent the (not necessarily Markovian) sequence 
of controls in which ai ∈ I ∀i.

2.2. Definitions
Following Borkar (1991), we define a CMC as an 
F-adapted pair process {(Xi, ai)}, where the process {Xi}

satisfies

P(Xi+1 � si+1 |F i) �P(Xi+1 � si+1 |Xi � si,ai � l)≕ M(l)si,si+1
:

Let M :� {M(1), : : : , M(k)} represent the set of transition 
probability matrices in which M(l) � [M(l)s, t] for all s, t ∈ χ 
and l ∈ I. Because |I | � k, the number of possible transi
tion matrices for any given CMC is finite. The control 
sequence {ai} is assumed to satisfy ai ∈ F i for each i ≥ 0 
(i.e., {ai} is an adapted sequence of controls). We empha
size that our theory holds even when ai is non- 
Markovian and non–time homogenous. Let Mχ, I be the 
class of all probability measures over state–control pairs 
for a CMC with an initial distribution D0. This constitu
tes the class of data-generating measures that we con
sider. In the case in which {ai} is deterministic, {Xi}

forms a time inhomogeneous Markov chain, in which 
the transition matrix changes at time step i according to 
the control ai. Observe, in particular, that, if ai � f (Xi), 
for some given function f : S→ I, then {ai} is a Markov 
control sequence.

Let M̂(l)s, t be the normalized state–control visitation fre
quencies (defined in Equation (1.2)) for the triplet 
(s, l, t) ∈ χ × I × χ and M̂(l) be the matrix [M̂(l)s, t]. Our 
objective is to find the sample complexity mopt such that 
P(supl‖M̂

(l)
�M(l)‖ > ε) < δ whenever m ≥ c1mopt and 

there exists no estimator M̃ such that P(supl‖M̃
(l)
�

M(l)‖ > ε) < δ whenever m ≤ c2mopt (for positive uni
versal constants c1, c2). Our findings (Theorem 2) indi
cate mopt to be roughly of order Ω(dk). Therefore, the 
empirical estimator achieves the minimax risk Rm (as 
defined below) over the class of data-generating models 
Mχ, I whenever the number of samples is m is of the 
order Ω(dk).

Definition 1. Any element P ∈Mχ, I has an associated 
set of transition matrices {M(1), : : : , M(k)} and conditional 
distributions over the control {ai} conditional on the his
tory until time i. Then, the minimax risk of an estimator 

M̂ :� (M̂(1), : : : , M̂(k)) of M :� (M(1), : : : , M(k)) is given by

Rm � inf
M̂

sup
P∈Mχ×I

P sup
l∈I
‖M̂(l)�M(l)‖∞ > ε

 !

:

Remark 1. Observe that we have defined the condi
tional probability distributions over ai implicitly as we 
never explicitly require it for our analysis.

Intuitively, to enable fast learning, we need bounds 
on how frequently the CMC visits all the state–control 
pairs and for how long it retains its past memory. To for
malize these notions, we define return times and mixing 
coefficients of a CMC. For two time points i < j, we 
define the history Hj

i to be Hj
i :� σ(Xj, aj, : : : , Xi, ai) ⊂ F j 

and sample history –hj
i ∈ (χ × I)

(j�i+1) to be a fixed 
sequence of states and controls –hj

i :� (sj, lj, : : : , si, ai). We 
recursively define the time to return for every pair of 
states and controls (s, l) as follows.

Definition 2. The first hitting time (s, l) is defined as

τ(1)s, l :�min{n : (Xn � s,an � l), (Xj ≠ s,aj ≠ l) ∀0 < j < n}:

When i ≥ 2, the ith time to return (or return time) of 
the state–control pair (s, l) is recursively defined as

τ(i)s, l :�min
(

n :
�

XPi�1
k�1 τ

(k)
s, l+n
� s, aPi�1

k�1 τ
(k)
s, l+n
� l
�

,

(Xj ≠ s ∪ aj ≠ l) ∀
Xi�1

k�1
τ(k)s, l < j <

Xi�1

k�1
τ(k)s, l + n

)

:

2.3. Mixing Coefficients
In this section, we define the weak and uniform mixing 
coefficients and related lemmas. Let {(Xi, ai)} be a CMC. 
For any i < j ≤ m ∈ N, let T ∈ (χ × I)m�j+1, s1, s2 ∈ χ, and 
l1, l2 ∈ I. Let –hi�1

0 be an element of (χ × I)i. Define the 
map (T, s1, s2, l1, l2, –hi�1

0 ) ⊢→ ηi, j(T, s1, s2, l1, l2, –hi�1
0 ) as ηi, j 

(T, s1, s2, l1, l2, –hi�1
0 ) :� |A�B | , where A � P((Xm, am, 

: : : , Xj, aj) ∈ T |Xi � s1, ai � l1,Hi�1
0 �

–hi�1
0 ) and B � P((Xm, 

am, : : : , Xj, aj) ∈ T |Xi � s2, ai � l2,Hi�1
0 �

–hi�1
0 ). Then, the 

weak mixing coefficient ηi, j is

ηi, j :� sup
P(Xi � s1, ai � l1,Hi�1

0 �
–hi�1

0 ) > 0,
T, s1, s2, l1, l2, –hi�1

0 ,

P(Xi � s2, ai � l2,Hi�1
0 �

–hi�1
0 ) > 0

ηi, j(T, s1, s2, l1, l2, –hi�1
0 ): (2.1) 

With T ∈ (χ × I)m�j+1 and –hi
0 an element of (χ × I)i+1 as 

before, the uniform mixing coefficient is
φi, j :� sup

P(Hi
0�

–hi
0) > 0

T, –hi
0,
|P((Xm, am, : : : , Xj, aj) ∈ T)

� P((Xm, am, : : : , Xj, aj) ∈ T |Hi
0 �

–hi
0) | : (2.2) 

The following lemma relates the two mixing coeffi
cients. Its proof can be found in Online Section I.1.
Lemma 1. The uniform and weak mixing coefficients in 
Equations (2.1) and (2.2) satisfy φi, j ≤ ηi, j ≤ 2φi, j:
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Remark 2. We point out that, as defined, both η and φ 
are dependent on m. This dependence does not affect 
the analysis. Therefore, we follow the convention in 
literature (Kontorovich and Ramanan 2008) and make 
the dependence of η on m implicit.

Remark 3. We point the interested reader to the clas
sic text (Bradley 2005, theorem 3.1) for the relationship 
between the uniform mixing coefficient and the rate 
of convergence in total variation distance to the sta
tionary distribution.

3. Empirical Estimation of Transition 
Probability Matrices

As mentioned in the introduction, our objective is to 
estimate the transition matrices of the CMC from a sin
gle, finite sample path of length m≫ 1. Recall M̂(l)s, t from 
Equation (1.2) and define

M̂(l)(s, ·) :� (M̂(l)s, 1, M̂(l)s, 2, : : : , M̂(l)s, d), and

M(l)(s, ·) :� (M(l)s, 1, M(l)s, 2, : : : , M(l)s, d): (3.1) 

M(l)(s, ·) is the sth row of the transition matrix M(l), and 
M̂(l)(s, ·) is the corresponding estimate. Proposition 1
shows the need to control the number of visits to a 
state–control pair N(l)s to find theoretical guarantees for 
M̂(l)s, t.

Proposition 1. Consider a sample {(X0, a0), : : : , (Xm, am)}

from a controlled Markov chain. Let 0 < nlow, s < nhigh, s <

m be any two integers. Then, we have

P(‖M̂(l)(s, ·)�M(l)(s, ·)‖1 > ε, nlow,s ≤ N(l)s ≤ nhigh,s)

≤ mexp �
nlow,s

2 max 0,ε�

ffiffiffiffiffiffiffiffiffiffiffiffi
d

nhigh,s

s( )20

@

1

A: (3.2) 

The count statistics N(l)s are well-studied (Billingsley 
1961) when the process is a stationary ergodic Markov 
chain. We list three challenges, moving from Markov 
chains to controlled Markov chains. 

1. Question of aperiodicity: Consider the following 
three transition probability matrices:

M(1) �

0 1 0

1=3 1=3 1=3

1=3 1=3 1=3

2

6
6
4

3

7
7
5M(2) �

1=3 1=3 1=3

0 0 1

1=3 1=3 1=3

2

6
6
4

3

7
7
5

M(3) �

1=3 1=3 1=3

1=3 1=3 1=3

1 0 0

2

6
6
4

3

7
7
5:

It can be verified easily that each of the transition prob
ability matrices is aperiodic (and, in fact, ergodic). 

However, consider a time-inhomogenous Markov 
chain on state-space {1, 2, 3}, where the transition matri
ces arrive in a sequence (M(1), M(2), M(3), M(1), M(2), 
M(3), : : : ). Not only is it periodic if the initial state is 
one, it is guaranteed to eventually become periodic.

2. Question of irreducibility: Meyn and Tweedie 
(2012, theorem 13.0.1) show that an aperiodic and irre
ducible Markov chain admits a stationary distribution, 
a key consequence of which is Kac’s theorem (Meyn 
and Tweedie 2012, theorem 10.2.2) establishing the 
finiteness of the return times of every state in a Markov 
chain. However, such notions do not translate to a con
trolled Markov chain.

3. Question of mixing: An ergodic Markov chain on 
a finite state space is uniformly mixing. However, no 
equivalent result exists for controlled Markov chains.

Our first two assumptions address the questions of 
aperiodicity and irreducibility by ensuring that no part 
of the chain is deterministic in nature, and every 
state–control pair (s, l) is visited sufficiently often.

Assumption 1. For all times i, there exist constants ζ1 
and ζ2 and a set Si ⊂ {1, : : : , d} × I such that

0 < ζ2 ≤ P[(Xi, ai) ∈ Si] ≤ ζ1 < 1:

Remark 4. If the controlled Markov chain satisfies the 
previous assumptions on all but a finite number of 
time points, our results continue to hold by discarding 
data. However, it would lead to more cumbersome 
(but very similar) calculations.

Assumption 2 (Return Time). There exists an integer T >
0 such that the return time τ(i)s, l satisfies

sup
s, l, i

E[τ(i)s, l |FPi�1
p�0 τ

(p)
s, l
] < T almost everywhere:

The following lemma on the expected count statistics 
follows as a consequence of the previous assumptions. 
The main theorem is proved by controlling devia
tions around this expectation. Its proof is in Online 
Section I.3.

Lemma 2. For any controlled Markov chain that satisfies 
Assumptions 1 and 2,

m
T
� 1 < E[N(l)s ] ≤ m max ζ1, 1� ζ2{ }, (3.3) 

where ζ1,ζ2 ∈ (0, 1) are defined in Assumption 1. In particu
lar, if m ≥ 2T, then

m
2T < E[N(l)s ] ≤ m max ζ1, 1� ζ2{ }: (3.4) 

Remark 5. Observe a parallel between this lemma and 
the minorization property described in texts such as 
Meyn and Tweedie (2012, chapter 5.1.1), Rosenthal 
(1995), etc. In particular, when m � k � 1 and D0 is uni
form over χ, this lemma recovers the minorization 
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condition described in Meyn and Tweedie (2012, 
equation (5.3)) for a uniform measure. Furthermore, 
taking summation over all l and s in the lower bound, 
P

s, l
m
2T <

P
s, lE[N

(l)
s ] � E[

P
s, lN

(l)
s ] �m. Therefore, dk m

2T 
< m, which, in turn, implies that

T > dk
2 : (3.5) 

Lemma 2 provides upper and lower bounds for 
E[N(l)s ]. As mentioned, our next objective is to control 
the deviations of N(l)s from its expectation. For that, we 
require the following two assumptions on the decay of 
η-mixing coefficients of {Xi, ai}.

Assumption 3 (η-Mixing). There exists a constant C∆ > 1 
independent of m such that
‖∆m‖ :� max

1≤ i≤m
(1+ ηi, i+1 + ηi, i+2 + : : :ηi, m) ≤ C∆:

Assumption 4 (Exponential η-Mixing). There exists a con
stant C∆ > 1 independent of m such that

ηi, j ≤ exp �(j� i)log C∆

C∆� 1

� �� �

:

A standard assumption in the off-line RL literature is 
the finiteness of the clipped concentrability coefficient 
defined in Li et al. (2022a) as

C∗clipped :� max
i, s, l

inf{P(Xi � s, a(o)i � l), d�1}

P(Xi � s, a(ℓ)i � l)
, 

where a(o)i and a(ℓ)i are controls generated by the optimal 
and logging policies, respectively. Our Assumptions 1, 2, 
and 4 are more general: consider a controlled Markov chain 
in which l ∈ {1, 2}, M(1) and M(2) are positive stochastic 
matrices, and a(o)i � i mod 2 and a(ℓ)i � (i+ 1) mod 2. It is 
easy to see that, in this case, C∗clipped �∞. However, without 
any assumption on the optimal policy, we can still recover 
a sample complexity of learning the transition matrices (see 
Online Proposition 9) and the corresponding optimal pol
icy value (Theorem 4).

It is obvious that, if Assumption 4 is satisfied, so is 
Assumption 3 with the same constant. It also follows 
from Lemma 1 that, if the η-mixing coefficients satisfy 
the previous assumptions, so does the φ-mixing coeffi
cients with appropriately adjusted constants. Depend
ing on which of the assumptions we make, we have the 
following increasingly strong concentration inequal
ities. First, Proposition 2 provides a Hoeffding bound on 
the tails of the count statistics N(l)s .

Proposition 2. Consider a sample {(X0, a0), : : : , (Xm, am)}

from a controlled Markov chain that satisfies Assumptions 
1–3. Let N(l)s be the number of visits to state–control pair 
(s, l) as defined in Equation (1.1). Then, for all integers 

nhigh, s > E[N(l)s ] > nlow, s, we have

P(N(l)s ∉ [nlow, s, nhigh, s])

≤ 2 exp �
nlow, s�

m
2T

� �2

2m(C∆)
2

 !

+2 exp �
(nhigh, s�m max{ζ1, 1� ζ2})

2

2m(C∆)
2

 !

:

Proof. The proof of this proposition follows from the 
fact that

P(N(l)s ∉ [nlow, s, nhigh, s])

� P(N(l)s � E[N(l)s ] < nlow, s � E[N(l)s ])

+P(N(l)s � E[N(l)s ] > nhigh, s � E[N(l)s ]), 

and then applying Assumption 3 on Lemma 6 from 
Online Section B. w

Next, define ρ(l)s :� sup1≤ i≤mP(Xi � s, ai � l). Then, under 
Assumptions 1, 2, and 4, Proposition 3 produces a 
Bernstein inequality for controlling the tail probability 
of N(l)s .

Proposition 3. Consider a sample {(X0, a0), : : : , (Xm, am)}

from a controlled Markov chain that satisfies Assumptions 
1, 2, and 4. Let N(l)s be the number of visits to state–control 
pair (s, l) as defined in Equation (1.1). Then, there exists a 
positive constant Cpel depending only upon C∆ such that, 
for all integers nlow, s < E[N(l)s ] < nhigh, s, we have

P(N(l)s ∉ [nlow, s, nhigh, s])

≤ 2 exp �
Cpel nlow, s�

m
2T

� �2

4mC∆ρ
(l)
s + 1+ m

2T� nlow, s
� �

(logm)2

 !

+2 exp �
Cpel(nhigh, s�mζ(max))2

4mC∆ρ
(l)
s + 1+ (nhigh, s�mζ(max))(logm)2

 !

where ζ(max) :�max{ζ1, 1� ζ2}.

Although Proposition 3 requires a stronger assump
tion versus Proposition 2 (geometric versus arithmetic 
mixing), it provides a tighter concentration that can be 
used to derive a minimax sample complexity. It is 
proved similarly to Proposition 2 but by using Lemma 8 
(also found in Online Section B) instead of Lemma 6. In 
many practical examples, Cpel is a universal constant. 
We discuss this in greater detail in the remark following 
Lemma 12 in Online Section E.

We can now state our first theorem regarding the 
sample complexity of estimating the transition probabil
ity matrices of a controlled Markov chain.

Theorem 1. Consider a sample {(X0, a0), : : : , (Xm, am)}

from a controlled Markov chain that satisfies Assumptions 
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1–3. Let {M̂(l)s, t : l ∈ I} be the empirical estimators as defined 
in Equation (1.2) with M̂(l) being the corresponding esti
mated transition matrix. There exists a universal constant 
c>1 such that, for any ε > 0, and δ ∈ (0, 1), and with d �
|χ | and k � |I | , if it holds that

m> c max
(

T
ε2 log dkT

ε2δ

� �

,

C2
∆ max T2, 1

(1�max{ζ1,1�ζ2})
2

( )

log dk
δ

� �)

, 

and then, the empirical estimator satisfies

P sup
l∈I
‖M̂(l)�M(l)‖∞>ε

 !

< δ: (3.6) 

As we see in Theorem 1, assuming that the mixing coef
ficients are summable (Assumption 3) allows us to com
pute the sample complexity. However, in Theorem 2, 
we see that, if we further assume the mixing coefficients 
to be geometrically decaying (Assumption 4), then 
we have a reduced sample complexity that is also 
minimax.

3.1. Sketch of Proof of Theorem 1
Step 1: As in Equation (3.1), let

M̂(l)(s, ·) � (M̂(l)s, 1, M̂(l)s, 2, : : : , M̂(l)s, d), and

M(l)(s, ·) � (M(l)s, 1, M(l)s, 2, : : : , M(l)s, d): (3.7) 

By an application of the union bound, we get P(supl∈I 
‖M̂(l)�M(l)‖∞ > ε) ≤

P
l∈I
P

s∈χP(‖M̂
(l)
(s, ·)�M(l)(s, ·)‖1 > ε).

Step 2: For each s ∈ χ and l ∈ I, we use the law of 
total probability (Gut and Gut 2005, proposition 4.1) to 
decompose P(‖M̂(l)(s, ·)�M(l)(s, ·)‖1 > ε) into a high- 
probability region and a low-probability region. To be 
precise, for two integers nhigh, s and nlow, s chosen appro
priately by Lemma 2, we write

X

s, l
P(‖M̂(l)(s, ·)�M(l)(s, ·)‖1 > ε)

≤
X

s, l

Xnhigh, s

n�nlow, s

P(‖M̂(l)(s, ·)�M(l)(s, ·)‖1 > ε, N(l)s � n)

+
X

s, l
P(N(l)s ∉ [nlow, s, nhigh, s]):

Step 3: In this step, we observe that, if m >max 
d

ε2(1+max{ζ1, 1�ζ2})
, 64T
ε2 log 6dk

δ

� �n o
, Proposition 1 gives us 

P
s, l
Pnhigh, s

n�nlow, s
P(‖M̂(l)(s, ·)�M(l)(s, ·)‖1 > ε, N(l)s � n) ≤ δ=3:

Step 4: In this step, we use Proposition 2 to upper 
bound 

P
s, lP(N

(l)
s ∉ [nlow, s, nhigh, s]):

X

s, l
P(N(l)s ∉ [nlow, s, nhigh, s])

≤ dk 2 exp �
nlow, s�

m
2T

� �2

2m(C∆)
2

 ! 

+ 2 exp �
(nhigh, s�m max{ζ1, 1� ζ2})

2

2m(C∆)
2

 !!

:

It follows that, for a universal constant c, as long as 
m > c max C2

∆log dk
δ

� �
max T2, 1

(1�max{ζ1, 1�ζ2})
2

n on o
, we have 

P
s, lP(N

(l)
s ∉ [nlow, s, nhigh, s]) ≤ 2δ=3 completing the sketch 

(details in Online Appendix G.1).

3.2. Minimax Sample Complexity
In Theorem 2, we show that, under the extra assumption 
of geometric mixing, our estimator is minimax optimal. 
Before proceeding to Theorem 2, we introduce some 
notation. Consider a sample {(X0, a0), : : : , (Xm, am)} from 
a controlled Markov chain that satisfies Assumptions 1, 
2, and 4. Let ρ

?
:� sups, lsup1≤ i≤mP(Xi � s, ai � l), and 

with Cpel as in Proposition 3, define

Cζ :�
8(2C∆ρ?(1� ζ

(max))�2
+ (1� ζ(max))�1

)

Cpel
,

CT :�
64(C∆ρ?T2 + 2T)

Cpel
,

CT,δ :� CT log 6dk
δ

� �

, Cζ,δ :� Cζ log 6dk
δ

� �

:

Theorem 2. Consider the setting of Theorem 1 and sup
pose that Assumptions 1, 2, and 4 are satisfied and let 
ρ
?
�maxs, lρ(l)s . Then, there exists a universal constant 

c>1 such that, if

m > c max 4d
ε2(1+max{ζ1, 1� ζ2})

,
�

CT,δ(logCT,δ)
2, Cζ,δ(logCζ,δ)2

�

, 

then the empirical estimator satisfies P(supl∈I‖M̂
(l)
�M(l)‖∞

> ε) < δ for all ε,δ > 0 and is minimax up to log and 
log log terms whenever 0 < ε < 1=32.

We point out that this result differs from the previous 
one by a factor of C∆ρ?=Cpel. In Online Section E, we pre
sent an example in which ρ

?
is O(1=T) and Cpel is inde

pendent of T, therefore assuming exponential mixing 
improves the sample complexity by a factor of 1=T and 
is minimax optimal.

3.3. Sketch of Proof of Theorem 2
The proof of the theorem is divided into two parts: (1) 
the sample complexity and (2) the minimaxity. The 
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proof of sample complexity proceeds similarly to the 
proof of Theorem 1. The key difference is in step 4, in 
which, instead of using Proposition 2, we use Proposi
tion 3. The intuition is to use a tighter Chernoff concen
tration inequality that is available for exponentially 
mixing random variables instead of a weaker Hoeffd
ing’s inequality. This produces a tighter sample com
plexity that is provably minimax. The details of the first 
part can be found in Online Section G.3. For this sketch, 
we focus on the minimaxity. Let Mχ, I be the class of all 
controlled Markov chain on state space χ with control 
space I. For two collections of stochastic matrices M1 :�

{M(l)1 }l∈I,M2 :� {M(l)2 }l∈I, define ‖M1�M2‖
∗
∞ :� supl∈I‖M

(l)
1 

�M(l)2 ‖∞. Observe that the minimax risk satisfies

Rm � inf
M̂

sup
P∈Mχ, I

P(‖M̂�M‖∗∞ > ε)

≥ inf
M̂

sup
P∈M′

P(‖M̂�M‖∗∞ > ε), 

for any subclass of controlled Markov chains M′ ⊂

Mχ, I and any estimation procedure, M̂. The rest of 
the proof proceeds through two cases by constructing 
appropriate subclasses M′. The motivation behind 
these choices are based on the fact that the uniform 
distribution is the least favorable choice for estima
tion (Brandwein and Strawderman 1980, Lehmann 
and Casella 1998, van Eeden 2006, Fourdrinier et al. 
2013). We make these examples explicit in Online 
Section E. 

Case I:

m <
8d

ε2(1 +max{ζ1, 1� ζ2})

� �

:

Here, we choose a class of controlled Markov chains 
with controls distributed uniformly over I and transi
tion matrices, for vectors σ � σ1, : : : ,σd

2

� �
∈ {�1, 1}

d
2, 

given by

Mσ �

1�p?
d : : :

1�p?
d p?

⋮ ⋮ ⋮ ⋮
1�p?

d : : :
1�p?

d p?
1�p?+16σ1ε

d : : :
1�p?�16σd

2
ε

d p?

0

B
B
B
B
B
@

1

C
C
C
C
C
A

:

We then use Tsybakov’s reduction method to lower 
bound infM̂supP∈M′P(‖M̂�M‖∗∞ > ε) for our chosen 
subclass of controlled Markov chains.

Case II:

m < (2CT, δ(logCT, δ)
2, 2Cζ, δ(logCζ, δ)2):

Step 1: For this case, we set M′ to be a class of 
controlled Markov chains with controls and 

transition probability matrices described in Online 
Section E.

Step 2: We then use Tsybakov’s reduction 
method (Tsybakov 2009, chapter 2.2) to observe 
that, for any random variable T,

Rm ≥ inf
M̂

sup
P∈M′

P(‖M̂�M‖∗∞ > ε | T >m) × P(T >m):

T is chosen to be an appropriate touring time (the 
time to visit sufficiently many state–control pairs).

Step 3: We then prove that P(T >m) is bounded 
away from zero as long as m < 2CT,δ(logCT,δ).

Step 4: We then argue that, whenever T >m, 
there exists a state–control pair s0, l0 such that 
N(l0)s0 � 0.

Step 5: If N(l0)s0 � 0, so is N(l0)s0, t � 0 for all t ∈ χ. This 
proves that there is a uniform error to estimate 
M(l0)s0, t, which proves our claim.

4. Applications
We first briefly discuss how Assumptions 2–4, can be 
reduced to simpler assumptions.

4.1. Reduction of Assumptions
4.1.1. Reduction of Return Times. First, consider the 
assumption on return times introduced in Assumption 
2. We call a sequence of random variables {Zi}i≥0 a jth 
order Markov chain if, for all i, the conditional distribu
tion of Z∞, : : : , Zi satisfies P(Z∞, : : : , Zi |Zi�1, : : : , Z0) �

P(Z∞, : : : , Zi |Zi�1, : : : , Zi�j): Observe that, if ai is jth 
order Markovian, then so is the paired process (Xi, ai). 
For convenience of notation, define τ† :�

Pi�1
p�0 τ

(p)
s, l and 

observe that τ(i)s, l is a function of only Xτ†+1, aτ†+1, : : : , 
X∞, a∞. It follows that

sup
s, l, i

E[τ(i)s, l |F τ†] � sup
s, l, i

E[τ(i)s, l |H
τ†

τ†�j]

almost everywhere. Moreover, if ai is independent of 
time point i (also called stationary), then we have almost 
everywhere

sup
s, l, i

E[τ(i)s, l |H
τ†

τ†�j] � sup
s, l

E[τ(1)s, l |X0 � s, a0 � l]: (4.1) 

4.1.2. Reduction of Mixing Coefficients. Next, we 
decompose the η-mixing coefficients of the paired pro
cess {Xi, ai} into mixing coefficients over states and con
trols. We motivate this decomposition using two facts: 

1. The controls of a controlled Markov chain are 
often chosen by the user and well behaved.

2. The mixing coefficients of the individual pro
cesses can be analyzed more directly.
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We begin by defining the γ-mixing coefficients γp, j, i 
for controls as the following total variation distance:

γp, j, i :� sup
sp, –hp�1

i+j , –hi
0

‖P(ap |Xp � sp,Hp�1
i+j �

–hp�1
i+j ,Hi

0 �
–hi

0)

�P(ap |Xp � sp,Hp�1
i+j �

–hp�1
i+j )‖TV, (4.2) 

where P(Xp � sp,Hp�1
i+j �

–hp�1
i+j ,Hi

0 �
–hi

0) > 0.

Assumption 5 (Mixing of Controls). There exists a con
stant C ≥ 0 such that

sup
1≤ i≤∞

X∞

j�1

X∞

p�i+j+1
γp, j, i ≤

C
2 :

Remark 6. In the Markovian settings, when the 
sequence of controls ai depend only upon Xi, γp, j, i � 0 
for all p, j, i. In such case, Assumption 5 is satisfied with 
C � 0. This extends to the case in which ai depends 
upon j many past time points. If ai depend only upon 
Xi, ai�1, Xi�1, : : : , ai�j+1, Xi�j+1, then Assumption 5 is sat
isfied with C � j� 1.

Next, we generalize the Dobrushin coefficients 
(Dobrushin 1956a, b; Mukhamedov 2013) for inhomo
genous Markov chains to the realm of controlled Mar
kov chains. Let {(X0, a0), : : : , (Xm, am)} be a collected 
sample. For all integers j ≥ i, define the mixing coeffi
cient θi, j

θi, j :� sup
P(Xi � s1, ai � l1) > 0,

s1, s2∈χ, l1, l2∈I,

P(Xi � s2, ai � l2) > 0

‖P(Xj |Xi � s1, ai � l1)

�P(Xj |Xi � s2, ai � l2)‖TV , (4.3) 

such that (s1, l1)≠ (s2, l2). The following assumption on 
θ controls the mixing of the state process Xi.

Assumption 6 (Mixing of States). There exists a constant 
Cθ ≥ 0 such that

sup
1≤ i≤∞

X∞

j�i+1
θi, j ≤ Cθ:

Note that neither Assumption 5 nor 6 implies the other 
as the following counterexamples illustrate: 

1. Let (Xi, ai) be an inhomogenous Markov chain for 
which sup1≤ i≤∞

P∞
j�i+1θi, j �∞: One example of such 

an inhomogenous Markov chain can be found in Online 
Lemma 14. However, because the controls are deter
ministic, every inhomogenous Markov chain satisfies 
Assumption 5. We prove this fact formally in Online 
Proposition 9. Therefore, this chain satisfies Assump
tion 5 but not Assumption 6.

2. For the second counterexample, consider a con
trolled Markov chain (Xi, ai) in which the ai’s do not sat
isfy Assumption 5. Let Xi be independent draws from a 
uniform distribution over χ. It is easily seen that θi, j �

0 for this example. Therefore, this chain satisfies 
Assumption 6 but not Assumption 5.

Observe that the previous assumptions on the states 
and controls imply the summability of the weak mixing 
coefficients. We formalize it in the following lemma.

Lemma 3. For any controlled Markov chain that satisfies 
Assumptions 5 and 6, ‖∆m‖ ≤ C+Cθ + 1, where ‖∆m‖ �

max1≤ i≤m(1+ ηi, i+1 + ηi, i+2 + : : :ηi, m), and ηi, j is as defined 
in Equation (2.1).

Remark 7. We remark that Theorem 1 continues to 
hold under the weaker Assumption 3. However, 
because all of our examples satisfy Assumptions 5
and 6, we can invoke Lemma 3 to prove that Assump
tion 3 holds. Next, we state the following two assump
tions as stronger versions of Assumptions 5 and 6.

Assumption 7 (Geometric Mixing of Controls). There 
exists a constant C? > 0 independent of m such that, for all 
integers j ≥ i, we have 

P∞
p�i+j+1 γp, j, i ≤ e�C?(j�i):

Assumption 8 (Geometric Mixing of States). There exists a 
constant Cθ,? > 0 independent of m such that, for all inte
gers j ≥ i, we have θi, j ≤ e�Cθ,?(j�i):

We then get the following lemma as a counterpart to 
Lemma 3.

Lemma 4. For any controlled Markov chain that satisfies 
Assumptions 7 and 8, there exists a positive constant Ccof 
independent of m such that, ∀ integers j ≥ i, we have 
ηi, j ≤ e�Ccof (j�i):

Remark 8. It can be seen that, if Assumptions 7 and 8
are satisfied, then so are Assumptions 5 and 6 with 
constants 1=(1� e�C?) and 1=(1� e�Cθ,?), respectively. 
To simplify notations, we denote 1=(1� e�C?) by C 
and 1=(1� e�Cθ,?) by Cθ, respectively. Finally, observe 
that Assumptions 7 and 8 provide a sufficient condi
tion for ηi, j to be geometrically decaying uniformly 
over m.

4.2. Controlled Markov Chains with Stationary 
Randomized Controls

We say that a CMC has stationary randomized controls 
if, for any time i, state s, control l, and history –hi�1

0 ,

P(ai � l |Xi � s,Hi�1
0 �

–hi�1
0 )

� P(ai � l |Xi � s) � P(a1 � l |X1 � s): (4.4) 

In this section, we show that Assumptions 1, 2, 5, and 6
hold for a controlled Markov chain with stationary con
trols. Writing P(l)s for P(a1 � l |X1 � s), the transition 
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probability of the joint state control pair is

P(Xi � t, ai � l |Xi�1 � s, ai�1 � l′)
� P(Xi � t |Xi�1 � s, ai�1 � l)P(ai � l |Xi � t)

�M(l)s, t × P(l)t :

The state–control pair is a time-homogeneous Markov 
chain with transition probabilities given by M(l)s, t × P(l)t . 
Our goal is to estimate the transition probabilities M(l)s, t. 
Assume that M(l) is an aperiodic and irreducible (ergo
dic) transition probability matrix for all l ∈ I. Then, we 
have the following proposition.

Proposition 4. The paired process {(X0, a0), : : : , (Xm, am)}

is a uniformly ergodic Markov chain.

By verifying the aperiodicity and irreducibility of the 
paired process, the proof of Proposition 4 follows read
ily from Meyn and Tweedie (2012, theorem 16.0.2). Let ν 
be the invariant distribution of this Markov chain with 
ν(s, l) being invariant probability corresponding to (s, l). 
The following proposition proves that {(Xi, ai)} satisfies 
Assumptions 1, 2, and 4. Its proof can be found in 
Online Section H.1.

Proposition 5. Let {(X0, a0), : : : , (Xm, am)} be a sample 
from a controlled Markov chain with d � |χ | , k � |I | , and 
stationary randomized controls. Fix ε > 0, and δ ∈ (0, 1). 
Then, there exists a universal constant c > 0 and a constant 
Cθ > 0 such Theorem 1 is satisfied with T � sups, l1=νs, l, 
ζ2 � Pmin ζ1 � 1� (k� 1)Pmin and Cθ. Moreover, if 
D0 � ν, then ζ1 � ζ2 � 1=T satisfies Assumption 1.

4.3. Controlled Markov Chains with 
Nonstationary Markov Controls

As the next example, we consider a controlled Markov 
chain with a nonstationary control process. A controlled 
Markov chain is said to have nonstationary Markov 
controls if, for any time period i, state s, control l, and 
sample history –hi�1

0 ,

P(ai � l |Xi � s,Hi�1
0 �

–hi�1
0 ) � P(ai � l |Xi � s):

Observe that we allow the law of the control sequence 
to depend upon the time step i. For convenience, we 
refer to this as a Markov control. We can write the transi
tion probability of the state-control pair as

P(Xi � t, ai � l′ |Xi�1 � s, ai�1 � l)

� P(Xi � t |Xi�1 � s, ai�1 � l)P(ai � l′ |Xi � t)

�M(l)s, t × P(i)t, l′ :

It is straightforward to see that the state–control pair is a 
time-inhomogeneous Markov chain with transition 
probabilities given by M(l)s, t × P(i)s, l′ . Our goal is to estimate 
the transition probabilities P(Xi � t |Xi�1 � s, ai�1 � l′). 

We proceed by making assumptions on the return times 
of the controls.

Definition 3. Define τ(i,?, j)
s, l to be the time between the j 

� 1th and jth visit to control l after visiting state–control 
pair s, l for the ith time. For ease of notation, denote 
Pi

k�1 τ
(k)
s, l +

Pj�1
k�1 τ

(i,?, k)
s, l � τ?. Then, τ(i,?, j)

s, l is recursively 
defined as τ(i,?, j)

s, l :�min{n : (aτ?+n � l), aj ≠ l ∀τ? < j <
τ? + n}:

Next, we make some simplifying assumptions on 
τ(i,?, j)

s, l and M(l).

Assumption 9.
1. For some constant T? > 0, supi≥0E[τ

(i,?, j)
s, l |FPi�1

p�1 τ
(p)
s, l+
Pj�1

p�1 τ
(i,?, p)
s, l
]

< T? almost everywhere:

2. There exists Mmin and Mmax such that, for all s, t ∈ χ 
and l ∈ I

0 < Mmin ≤ M(l)s, t ≤ Mmax < 1: (4.5) 

The next lemma proves that, under this assumption, 
{(Xi, ai)} satisfies Assumption 2 and derives T.

Lemma 5. Under the conditions of Assumption 9 for all 
(i, s, l) ∈ N × χ × I it holds almost everywhere that

E[τ(i)s, l |FPi�1
p�1 τ

(p)
s, l
]

<
T?Mmax

max{Mmax, 1�Mmin}(1�max{Mmax, 1�Mmin})
:

(4.6) 

We can now state our main result about the sample 
complexity of a controlled Markov chain with nonsta
tionary Markov controls. Its proof can be found in 
Online Section H.3.

Proposition 6. Let {(X0, a0), : : : , (Xm, am)} be a sample 
from a controlled Markov chain with nonstationary Mar
kovian controls satisfying Assumption 9. Fix ε > 0, and 
δ ∈ (0, 1). Then, Assumption 1 holds with ζ1 �Mmax, 
ζ2 �Mmin, T � T?Mmax

max{Mmax, 1�Mmin}(1�max{Mmax, 1�Mmin})
and Cθ :� 1

dMmin
:

We next illustrate how one can use Theorem 1 to 
derive a sample complexity of learning the demand dis
tribution of an inventory control problem.

4.4. Sample Complexity of Estimating Transitions 
of a (s, S)-Inventory Control Problem

In this section, we consider estimating the transition prob
ability matrices for a finite state inventory control prob
lem. Here, the Markov state Xi is the inventory at time i, 
and the controls are such that the inventory is always 
brought up to a level S whenever it falls below a level s. 
Assume that S > 2s. Then, with bi � l ∈ {0, : : : , s}, the 
demand at time i (having probability P(bi � l) � pl). The 
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system has the following dynamics:

Xi+1 � Xi + (S�Xi)ai(Xi)� bi

where ai(Xi) �
1 if Xi < s

0 if Xi ≥ s:

(

Note that we assume bi ∈ {0, : : : , s}, resulting in a sys
tem without backlog. We do this for simplicity though 
we can easily relax this with some simple if tedious 
bookkeeping.

Observe that there are two controls {0, 1} and P(Xi ≥ s, 
ai � 1) � P(Xi < s, ai � 0) � 0. Thus, we only need to esti
mate the transition probabilities P(Xi+1 � t |Xi � s, ai � l)
if either {s < s, l � 1} or {s ≥ s, l � 0}. Therefore, the 
combined state-space for {Xi, ai} is {(0, 1), (1, 1), : : : , 
(s� 1, 1), (s, 0), (s+ 1, 0): : : , (S, 0)}. This is a Markov 
chain with one-step transition probability matrix M, 
whose (s, l1), (t, l2)th element M(s, l1), (t, l2) � P(Xi+1 � t, ai+1 
� l2 |Xi � s, ai � l1) is

M(s, l1), (t, l2)

�

pS�t if t ∈ {S�s, : : :S}, s ∈ {0, : : : , s� 1},
l1 � 1, l2 � 0

pt�s if s ∈ {s, : : : , S}, t ∈ {s�s, : : : ,s},
l1 � 0, l2 � 0

0 otherwise:

8
>>>>>><

>>>>>>:

(4.7) 

This leads us to the following proposition whose 
proof can be found in Online Section H.4.

Proposition 7. Let {(Xi, ai)} be a (s, S) inventory process 
with S > 2s. Then, Theorem 1 applies with constants T �
(S� 2s)=MS�2s

min , C∆ � (d=MS�2s
min )

⌊(j�i)=(S�2s)⌋, ζ2 �MS�2s
min , 

and ζ1 � 1�MS�2s
min .

Remark 9. Observe that assuming S > 2s entails a loss 
of generality but lets us reuse our earlier results. This 
assumption can be further generalized with more cal
culations, and we leave it to the interested reader.

The examples in Sections 4.2 and 4.4 can also be 
viewed as stationary Markov chains, and therefore, the 
sample complexity results may also be recovered using 
the analysis in Wolfer and Kontorovich (2021). How
ever, a naive application of Wolfer and Kontorovich 
(2021) to more general CMCs will yield suboptimal sam
ple complexity results. Furthermore, Wolfer and Kon
torovich (2021) can only be applied to stationary, 
ergodic chains, whereas our theory is applicable in 
much greater generality as highlighted by the examples 
in Section 4.3 and Online Appendix D. This also opens 
up the interesting possibility of designing controls to 
estimate the transition matrices faster than would be 
possible by a stationary ergodic Markov chain. The fol
lowing section provides one such example.

4.5. Example: Designing Controls for Faster 
Learning of Transition Matrices

Let M(1) and M(2) be two stationary ergodic transition 
matrices. We assume that M(1) and M(2) have states t1 
and t2 that are difficult to reach in comparison with 
other states. Formally, we assume the following.

Assumption 10. Let t1 ≠ t2 be states in χ, and ι1 :�
P

s∈χM
(1)
s, t1

, and ι2 :�
P

s∈χM(2)s, t2
: We assume ∃Mmin < 1 

such that M(l)s, t ≥Mmin > 8 min{ι1, ι2} for any s ∈ χ and 
any (t, l) ∉ {(t1, 1), (t2, 2)}.

Remark 10. We remark that this assumption simplifies 
the calculations, and the result holds true much more 
generally as demonstrated by the empirical findings.

For such transition matrices, the following proposi
tion demonstrates that (modulo Assumption 10) the 
sample complexity of individually estimating such tran
sition matrices can be larger than estimating them 
simultaneously as a CMC with a predesigned control 
sequence. Its proof can be found in Online Section H.5.

Proposition 8. Let m(1) and m(2) be, respectively, the sam
ple complexity (ignoring log terms) of learning the transi
tion probabilities of a Markov chain with the transition 
probability matrix M(1) and M(2). Then, one can construct 
a controlled Markov chain with transition matrices M(1)
and M(2) with deterministic controls {ai} such that the sam
ple complexity (ignoring log terms) of learning this con
trolled Markov chain m(c) satisfies m(c) < (m(1) +m(2))=2.

Remark 11. From the explicit expressions (barring 
log-terms)

m(1) � max 1
ι1ε2 log d

ι1ε2δ

� �

, 1
((d� 2)Mminι1)

2

( )

m(2) � max 1
ι2ε2 log d

ι2ε2δ

� �

, 2
((d� 2)Mminι2)

2

( )

m(c) �max 4
Mminε2 log 4d

Mminε2δ

� �

, 32
(d� 2)2M4

min

( )

, 

which is found in the proof of Proposition 8, one can see 
that m(c) is independent of either ι1 or ι2. The rest of the 
proof follows by straightforward algebra.

As a numerical illustration, consider a controlled 
Markov chain with corresponding transition matrices 
M(1) and M(2) that take the form of Equation (4.7), deter
mined solely by two (deterministic) probability vectors 
p(1) and p(2). We can interpret this as corresponding to a 
time-inhomogeneous (S, s) inventory system, wherein 
the demand distribution changes as a function of a low 
price p(1) and a high price p(2) control set by the inven
tory manager.

Now, setting (S, s) � (6, 2), p(1) and p(2) can be con
structed as 3 × 1 dimensional vectors as follows: 
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generate the low price vector p(1) by sampling a 3 × 1 
random vector of independent uniform [0, 1]marginals, 
divide the first coordinate by 1,000, and renormalize the 
vector to sum up to one. The high price vector is con
structed similarly by multiplying the first coordinate by 
100. Roughly speaking, p(1) and p(2) correspond to zero 
sales having 0.1% and 90% probabilities.

We calculate the number of samples required to 
achieve a target error when the price/control sequence 
alternates between the low price p(1) and the high p(2)
and compare it with the average number of samples 
required to achieve the same error for the individual 
chains. Figure 1 displays the results with the error bars 
resulting from 100 repetitions. The dotted curve repre
sents (m(1) +m(2))=2, where m(1) is the number of sam
ples required by the first Markov chain to hit a target 
error and m(2) is the same for the second Markov chain. 
The dashed curve represents the samples required by 
the controlled chain to hit the target error m(c). As we 
target smaller and smaller errors, the average number of 
samples required to achieve a certain error for the indi
vidual Markov chains exceeds the number of samples 
required to learn the controlled Markov chain. This 
empirically validates our claim.

5. Sample Complexity of Policy 
Evaluation and Optimal 
Policy Recovery

Optimal policy recovery (OPR) is a key problem in off- 
line RL settings, wherein one wishes to identify the pol
icy that maximizes the value function given a sequence 
of states and controls generated by an unknown logging 
policy and unknown transition probabilities. An allied 
problem is OPE, in which we use the state–control 
sequence to estimate the value function of an arbitrary 
policy. In this section, we demonstrate how our previ
ous results can be used to provide a high-probability 
bound for recovering the optimal policy. We first use 
Theorem 1 to provide a high-probability bound for OPE 
and then extend that to a corresponding result for OPR.

Let ∆(I) denote the probability simplex on the control 
space, and suppose π : X → ∆(I) is a given stationary 
stochastic policy. Let the matrices M and Π represent the 
probabilities of the next state and action, respectively, 
given the current state and action. Thus, M � [M(1) , : : : , 

M(k)]T, and Π � [π,π, : : : ,π] are dk × d dimensional 
matrices. Let g̃ :� (g̃(x, a) : (x, a) ∈ X × I) be a dk × 1 
vector for which element s+ k(l� 1) denotes the cost 

Figure 1. The Number of Samples Required to Achieve a Target Error for Two Individual Markov Chains as Described in Sec
tion 4.5 vs. Learning Them Together as a Controlled Markov Chain 

Note. As we target smaller and smaller error, the controlled Markov chain requires fewer samples and also has smaller variation compared with 
learning the chains individually.
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associated with the state s and control l. Then, the per- 
stage expected reward function g :� (g(x) : x ∈ χ) is a d × 1 
vector in which g(x) �

P
a∈Iπ(x, a)g̃(x, a).

For a known discount factor 0 < αdis < 1, the value 
function VΠ :� (VΠ(x) : x ∈ X ) ∈ Rd, obtained by solving 
the Bellman equation (Bertsekas 2011), is given by

VΠ � (I� αdisΠ
TM)�1g:

Substituting M by M̂, we obtain the plug-in estimate 
V̂Π � (I� αdisΠ

TM̂)�1g. The next theorem provides a 
sample complexity bound on estimating the value func
tion V.

Theorem 3. Let {(X0, a0), : : : , (Xm, am)} be a sample from a 
controlled Markov chain with stationary randomized con
trols. Assume that, for some T > 0, P(Xi � s, ai � l) > T�1 

for all s, l, i. Then, there exists a universal constant c > 1 
such that P(‖V̂Π�VΠ‖∞ > ε) < δ if

m> c max Tα
ε2 log dkTα

ε2δ

� �

,
�

C2
θmax T2, 1

(1�max{ζ1,1�ζ2})
2

( )

log dk
δ

� ��

, 

where Tα � ‖g‖21dα2
disT=(1� αdis)

4,ζ1 � ζ2 � T�1, and Cθ �
T=dk.

The proof of this theorem can be found in Online Sec
tion G.4.

Remark 12. The assumption P(Xi � s, ai � l) > T�1 can 
be relaxed with appropriate assumptions on the 
return time of Xi, ai. In practice, this would translate to 
an assumption on the logging policy.

Next, one can use any method to find the optimal pol
icy, for instance, policy iteration (Bertsekas 2011, chapter 
1) or policy gradient (Sutton and Barto 2018, chapter 13). 
Let Πopt and Π̂opt denote the optimal policies for maxi
mizing the reward function for the true and estimated 
transition matrices M and M̂, respectively. The follow
ing theorem provides a sample complexity of recover
ing the optimal value. Its proof can be found in Online 
Section G.5.

Theorem 4. Under the conditions of Theorem 3, we have 
‖VΠopt �VΠ̂opt

‖∞ ≤
d
ffiffi
d
√
αdis

(1�αdis)
2 ‖g‖1ε with probability at least 

1� δ if

m> cmax
(

Tα
ε2 log dkTα

ε2δ

� �

,

C2
θmax

(

T2, 1
(1�max{ζ1,1�ζ2})

2

)

log dk
δ

� �)

: (5.1) 

Remark 13. We can make a further assumption that, 
for any ε < 1=1:5, and policy Π′ such that ‖Πopt�

Π′‖∞ > ε, the value functions corresponding to Πopt 
and Π′ satisfy infs∈χ{VΠopt(s)�VΠ′ (s)} > 2ε: Then, it 
trivially follows that ‖Πopt� Π̂opt‖∞ < ε, giving us a 
theoretical guarantee for recovering the optimal policy 
with high probability.

One can compare the dependence of the sample com
plexity (Equation (5.1)) on the discount factor αdis to those 
in Li et al. (2022a). Our dependence is α2

dis(1� αdis)
�4, 

which is better than (1� αdis)
�3 in Li et al. (2022a) when 

αdis < 0:618. However, neither achieves the lower bound 
(1� αdis)

�2 given by Agarwal et al. (2020).

6. Conclusions
In this paper, we derive exact rates of convergence for 
the empirical estimator of the transition probability 
matrices of a controlled Markov chain and use these to 
derive the sample complexity of achieving a desired 
estimation error. We tease out the exact effect of the mix
ing coefficients of the states and controls on the sample 
complexity and provide conditions under which the 
empirical estimator is minimax optimal. We use our 
sample complexity results in a number of examples, 
including error bounds for the value function and the 
optimal policy estimated from data. Below, we highlight 
three possible topics for future research.

6.1. Countable State Spaces
As an obvious extension to our work, consider the prob
lem of countably infinite state and control spaces. Some 
work in this regard can be found in Wolfer and Kontoro
vich (2021) in which state spaces are countably infinite, 
but there are no easy extensions to the setting with 
countably infinite control space.

6.2. Uncountably Infinite State Space and 
Finite Controls

We have also found no result that derives the minimax 
sample complexity of estimating the transition probabil
ity distribution of a controlled Markov chain on an 
uncountably infinite state space. The histogram estima
tor is the obvious counterpart to this work. Indeed, 
recent studies (Sart 2014, Löffler and Picard 2021) dem
onstrate promising properties of the histogram in esti
mating the transition functions of a continuous Markov 
chain. But, to the best of our knowledge, the techniques 
do not translate to uncountable control spaces, and opti
mally estimating the transition probability distribution 
remains an open question.

6.3. Learning in the Presence of Weaker Mixing 
or Adversarial Controls

Although the strong mixing properties of the controls is 
a sufficient condition for the estimability of the transi
tion matrices, it may not be a realistic assumption when 
the system dynamics are weakly mixing or adversarial 
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(Pinto et al. 2017). System identification under the pres
ence of an adversary remains an interesting question 
that was addressed in a recent paper (Showkatbakhsh 
et al. 2016) using strong linearization assumptions and 
exponential computation times. However, this is well 
beyond the scope of the current work and is a direction 
for future study.

6.4. Instance-Dependent and Data- 
Dependent Learning

Our bounds are derived over an entire class of CMC 
models. Indeed, so long as a specific model conforms to 
the assumptions we have imposed over this class, our 
bounds are applicable. This reflects extant analyses of 
off-line RL (Li et al. 2022a, b). On the other hand, recent 
work in online RL seeks to establish instance-dependent 
bounds for specific models (for example, Zanette and 
Brunskill 2019, Mou et al. 2021, Khamaru et al. 2022). 
Establishing such bounds for off-line CMC identifica
tion is also an interesting open problem. Khamaru et al. 
(2022) also emphasize that inferential theory for RL 
should be data-dependent, for instance, allowing for the 
computation of data-dependent confidence intervals. 
This is an important future direction for our work as 
well.
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