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Abstract

Despite exceptional achievements, training neural networks remains computationally expen-
sive and is often plagued by instabilities that can degrade convergence. While learning rate
schedules can help mitigate these issues, finding optimal schedules is time-consuming and
resource-intensive. This work explores theoretical issues concerning training stability in the
constant-learning-rate (i.e., without schedule) and small-batch-size regime. Surprisingly, we
show that the composition order of gradient updates affects stability and convergence in
gradient-based optimizers. We illustrate this new line of thinking using backward-SGD, which
produces parameter iterates at each step by reverting the usual forward composition order
of batch gradients. Our theoretical analysis shows that in contractive regions (e.g., around
minima) backward-SGD converges to a point while the standard forward-SGD generally
only converges to a distribution. This leads to improved stability and convergence which
we demonstrate experimentally. While full backward-SGD is computationally intensive in
practice, it highlights that the extra freedom of modifying the usual iteration composition by
reusing creatively previous batches at each optimization step may have important beneficial
effects in improving training. To our knowledge, this represents a new and unexplored avenue
in deep learning optimization.

1 Introduction

In recent years, neural networks have achieved remarkable success across diverse domains from text generation
Gemini| (2024} [2023)); Brown et al.| (2020) and image creation Ramesh et al.| (2022} [2021)); |Saharia et al.| (2022)
to applications in protein folding |Jumper et al.| (2021a3b) and material discovery Merchant et al.| (2023).
However, their training remains challenging and computationally expensive. One of the reasons for this is due
to training instabilities which often occur Morchdi et al.| (2023); |Li et al.| (2019); |Cohen et al.| (2021)); |Chen
et al.| (2018) and which produces hard to interpret loss curves, wasted computation time, and potentially
failed experiments. One way to view this challenge is as a trade-off between stability and performance:
hyperparameter settings that often yield better test performance, such as higher learning rates and smaller
batch sizes, tend to exacerbate these instabilities.

As a basic example, consider the training batch size. For many common optimizers, smaller batch sizes often
lead to improved test performance. In fact, recent research has shown that small batches induce a form of
implicit regularization |[Novack et al.| (2023); |Smith et al.| (2021); Dherin et al.| (2022)); [Keskar et al.| (2017); |Ali
et al.| (2020) which benefits generalization. On the other hand, the greater variability of small batches tends
to exacerbate oscillations of the training loss, prolonging time to convergence. In this work, we demonstrate
that these instability and convergence issues associated with small batch sizes can be mitigated without loss
of generalization power by reversing the composition order used to produce each iterate. The general line of
thinking behind our approach consists of leveraging not only the current batch, but also the previous batches
to produce the current parameter iterate. The creative reuse of previous batches at a given step has been
already explored in |Choi et al.| (2019) for instance in order to speed up training by composing previous batch
gradient updates to the current iterate while waiting for the data pipeline to deliver a new batch in case of
IO bound situations. In this work, we reverse the composition order of all the batches received so far from
initialization and show theoretically and practically that the sequence of iterates produced this way enjoys
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better convergence and stability properties than the usual composition order of the batch gradient updates.
We now describe below this reverse composition procedure in details.

Namely, standard training algorithms, such as stochastic gradient descent (SGD), Adam, and other gradient-
based optimizers, are iterative processes. At each step, these algorithms update the network parameters 0
using a randomly sampled data batch B;. This update can be formalized as a transformation, 68’ = T;(6),
where 6’ represents the new parameter value, aiming to reduce the training loss on batch B;. Because at each
step i the batch B; is randomly sampled, the update operator T; can be formalized as a random operator.
For instance, in the case of SGD, the random operator is defined by the update rule T;(0) = § — hVLp,(6),
where Lp, is the loss function evaluated on batch B; and h is the learning rate. The sequence of parameter
updates generated by these iterations, starting from an initial parameter value 6, defines the standard learning
trajectory, which we will refer to as the forward trajectory:

90:97 01 :T1(0)7 02:T2T1(0)7 ey en:TnTn—lTl(e)

Notation: To conserve notation, we write 7;T; to denote the mapping composition T; o T} ; i.e., T;T;(6) =
T;(T;(0)).

Moderate or large learning rates and small batches, when used with the standard forward trajectory for
training, tend to destabilize common gradient-based optimizers, causing convergence and stability issues.
Consequently, learning rate schedules have become essential as an attempt to encourage proper convergence of
the loss during training. Our key contribution, which we support with both theoretical analysis and empirical
results (see Figure [2| and Appendix [A)), is in demonstrating that reversing the batch composition order to
produce an iterate at a given step—what we call the backward trajectory—leads to significantly more stable
convergence. Specifically, the backward trajectory consists of iterates generated by composing the training
batches in reverse order; i.e.,

=0, 0,=Ti(0), 0=T1T50), ..., 0,=TTs - To(0).

For the sake of clarity, let us work out the first two iterates both for forward and backward. For instance for
SGD, if we receive first the batch By and then the batch By in sequence in the training loop, then at the first
step both the backward and forward iterates coincides with 71() = § — hVLp, (8), where 6 in the randomly
initialized parameter value. However at the second step the forward iterate becomes

TyTi(0) = T1(0) — hV L, (Ti(6))
=60 —hVLg, (0) — hVLg,(0 — hVLg, ().

On the other hand, the second step of the backward iterate is

T To(0) = T2(0) — hV L, (To(0))
=60 —hVLg,(0) — hVLg, (0 — hVLg,()).

A naive (and computation intensive) implementation of the backward optimization is depicted in Figure
where all the batches received so far at each steps are re-processed from scratch in the reverse order in which
they were received from the initialization point.

Main contributions: The main contributions of this paper are to show theoretically (Theorem
and Theorem and experimentally (Figure [2fand Appendix that backward optimization has better
convergence and stability properties than the standard forward optimization. As already known (see related
work in Section , forward trajectories do not generally converge toward points but rather toward a
probability distribution of the iterates (in the fixed learning-rate regime).

We argue that the advantage of backward trajectories comes from their convergence toward actual points (see
Theorem sampled from the forward distribution (see Theorem . We prove this using a generalization
of the Banach fixed point theorem when the random maps 7; become contractions. Note that backward
optimization can theoretically be applied to any gradient-based optimizer (not only to SGD) to improve
stability and convergence, since our theoretical statements hold at the level of the T;’s, no matter what their
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Figure 1: Naive implementation of the backward dynamics: Forward iterations (left) and backward iterations
(right). The training steps are represented by Pac-men consuming batches. Forward iterations maintain a
training state and consume a new batch at each step, while backward iterations restart the training and
consume all the batches received so far in reverse order.

actual forms are. To our knowledge, these concepts are new in deep learning optimization. The main goal of
this paper is to expose how this phenomenon manifests in deep learning. We defer engineering applications
leveraging this phenomenon (like efficient implementations of the backward SGD) to future work, while
outlining a few potential directions at the paper’s conclusion.

1.1 Related work

Convergence of SGD: A number of works prove under different assumptions that the (forward) iterates
of SGD with constant learning rate do not converge toward points but rather toward a stationary probability
distribution: Merad & Gaiffas| (2023) and Dieuleveut et al.| (2020) show this for the strongly convex case;
Shirokoft & Zaleski| (2024)) treats the non-convex case with separable loss; Babichev & Bach| (2018) focus on
losses coming from exponential family models; (Cheng et al| (2020) quantify the rate of convergence of SGD to
its stationary distribution in non-convex optimization problems; see also |Dieuleveut & Bach| (2016)) and Meyn,
& Tweedie| (1993). In|Huang et al.| (2017)), the authors leverage the fact that SGD with fixed large learning
rate oscillates between different solutions in order to create a cheap average of models by saving the explored
parameters along the way. For convergence to a particular solution, the forward order for SGD needs an
extra decaying learning rate schedule as shown in [Robbins & Monro| (1951 or Mertikopoulos et al.| (2020]).

Contractions in deep learning: From our point of view, one important feature that leads to convergence
for the backward trajectory is the contraction property of the random operators. This notion (which we
believe is under-exploited in deep learning) has surfaced in different contexts in deep learning: see [Bergomi
et al.| (2019)), |Qian & Wegman| (2019), and [Avelin & Karlsson| (2022).

Markov chains, iterated functions, and MCMC: In many Markov Chain Monte Carlo (MCMC)
algorithms the goal is to sample from a distribution . The idea is to construct a Markov chain with stationary
distribution g and then run the chain for a long time to get samples from p. The Propp-Wilson algorithm
uses a form of backward iterations to accelerate the convergence toward samples from the distribution (see
Propp & Wilson| (1996))). More generally, the idea of backward dynamics is hidden in many constructions
in Markov chain theory when the Markov chain is given by iterations of random operators as illustrated
in Diaconis & Freedman| (1999)). In particular, they prove a general result concerning the convergence in
distribution of these types of iterated Markov chains using the backward dynamics.
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Stability in deep learning: Already instability issues appear in the full-batch regime, and a number of
theoretical works have studied it under the heading edge of stability Cheng et al.| (2020)); [Wu et al.| (2024]); [Cai
et al.| (2024)). Other works have also studied stability in the large batch regime after a batch size saturation
takes place using the implicit conditioning ratio [Lee et al. (2022)); Agarwala & Pennington| (2024). In this
work we focus on the stochastic or small batch setting. Our findings do not really matter for the full-batch
setting since backward and forward iterates then coincide. In the context of physics-informed neural networks,
it has been observed that the gradient field is stiff, producing instabilities in learning trajectories [Wang
et al.| (2020). To remedy this|Li et al.| (2023]) propose a backward Euler scheme to stabilize training in this
context. However the backward Euler method is an implicit Runge-Kutta method, which is different from
using iteration backward.

Sample order: Curriculum learning |Soviany et al.| (2022) leverages the impact of sample order for
generalization [Mange| (2019) by organizing training examples in a meaningful sequence, typically starting
with simpler examples and gradually introducing harder ones, thereby optimizing the learning process and
improving model performance. The backward optimization can be viewed as an automated form of curriculum,
mitigating the forgetting of previous examples as new examples are added; a phenomenon which is also related
to catastrophic forgetting and the stability gap in continual learning (see [Lange et al.| (2023)) for instance).

2 A backward contraction principle

The contraction mapping principle, also called the Banach fixed point theorem, is a cornerstone result in
mathematics and science, in particular for finding solutions of equations (Newton’s method) or of differential
equations (Picard’s method of successive approximation). It is also behind Google’s PageRank algorithm
Page et al|(1998). It concerns the existence of a fixed point of maps which are uniform contractions of a
complete metric space B In detail, let (2, d) be a complete metric space and T':  — 2 be a continuous map.
If there exists 0 < k < 1 such that

d(T'(61),T(62)) < k-d(61,02),

for all 61,05 € Q, then T is called a uniform contraction. The fixed point theorem now states that T has a
fixed point, that is, 8y € Q such that T(6g) = 0p. This point can be found by iterating the map:

(6 — 6,

for any 0 € Q as n — oo. For example, in PageRank [Page et al.| (1998)), one iterates the PageRank matrix
from 50 to 100 times and the result is a very good approximation of the PageRank vector 3. Another
application is the standard proof of convergence for (full-batch) gradient descent around a minimum, which
can be interpreted as an application of the Banach fixed point theorem as detailed in the next example:
Ezample 2.1. (Full-batch gradient descent convergence.) In this case the operator is T'() = § — hVL(6)
for a loss function L. The idea of the proof is to choose the learning rate h small enough so that 7" becomes a
contraction. More precisely, around a minimum 6* the operator T can be approximated using a first-order
expansion of the gradient around the minimum as T'(0) = 6* + (1 — hH)(6 — 6*), where H = V2L(6*). Now
we have that

I7(61) = T(0:)| < 11 = hH o101 — 6. 1)

where ||1 — hH||op is the operator norm of 1 — hH, that is the operator maximum eigenvalue: max; |1 — h)\;|
(here the A;’s are eigenvalues of H). Now it is easy to verify that |1 — hH||op < 1 if and only if the learning
rate is strictly smaller than 2/Ay.x where Apax is the largest eigenvalue of H. Convergence for that setting
follows from the Banach fixed point theorem.

The generalization of this convergence argument to Stochastic Gradient Descent (SGD) is actually problematic.
The main reason is that now we do not have a single operator but a sequence of them T;,T5, ..., each
computing the loss gradient on a different batch of data. Even if each of the operators is a contraction it

IRecall that a complete metric space (2, d) is a set ©, equipped with a distance metric d(f1,62) for which all Cauchy sequences
(i.e., sequences 0, such that d(0n,0m) — 0 as n,m — 0) converge to points in the space; typically R with the Euclidean
distance is a complete metric space.



Under review as submission to TMLR

turns out that usual forward iterations will not converge to a point in general as illustrated in Example
Theorem however, establishes the convergence of the backward iterations.

Theorem 2.2. (Backward contraction mappings principle) Let T; be a sequence of continuous self-maps of a
complete metric space. Assume T;’s are uniform contractions, with a certain k < 1 in common, and for some
0 there is a constant D such that,

d(0,T;(0)) <D for alli. (2)
Then for any 0 € Q the backward iterates
0, =T1Ts---T,(0)

converge to a point 0* as n — co. Moreover, the convergence rate is exponential: i.e, there is a constant C
depending on 6 such that
A0, TWTy---T,(0)) < C-k".

Proof. Condition [2| expresses that the distance d(6,T;(6)) is uniformly bounded by a constant D for all T)s
for a point 0. Let us show that if this happens for a single point 6, this happens for all points, provided
we change the constant D. To see this, take another point §. We will compute another constant D such
that d(6, T;(0)) < D. Namely, using the triangle inequality and the fact that T} are uniform contractions, we

obtain that
d(0,T;(0)) d(0,6) + d(6,T;(0)) + d(Ti(6),T;(6))

D+ (1+k)d(0,0) = D.

IAIA

Now, we want to prove that 6, is a Cauchy sequence, i.e, that d(6,,6,,) tends to zero for m > n as n — oco.
Since € is assumed to be complete, this will mean that the backward iterates 6,, converge toward a point 6*.
The idea is to bound the quantity

A = d(On,0m)
= ATy Ta(0), TiTy - T (6)).

Because of the backward order (note: the forward order would not allow that), we can apply the contraction
property n times (since m > n), yielding:

A < kE"-dO, Ther - Tin(6)).
Now a simple application of the triangle inequality produces
A < Kk (d(a Tpir(0))
Fd(Tnt1(8), Tr1Tng2(0)) + -
ot d(Top1 - T1(8), Trgr - - Tm(g)))_

At this point, we can use the condition in equation [2| for the first term d(6,T},+1(0)) < D and in conjunction
with the contraction property for the subsequent terms in the sum, yielding;:

A < k"(D+D-k+---+D.km—n+1)

1_kn—m+2

< DK | —

- ( 1—k >
D-k"
< o 7
- 1-k

where we used the sum of a geometric series. Now, this yields that A — 0 as n — oo, meaning that the
sequence #,, is a Cauchy sequence and thus converges to a certain point 8* since 2 is complete. Then, taking
the limit m — oo we obtain

D-Ek"
d(0,,0%) < =C- k",
( )< 1-k
with C' := %, which shows the exponential convergence rate. O
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Remark 2.3. Let us verify that the condition inis satisfied for SGD with a loss of form L(6) = Zfil L;(6),
where L; is the loss computed on batch B;. We further assume that the L;(f) are positive and that
there exists at least one point 6* where the full loss vanishes (which implies that L;(6*) = 0 for all i’s).
Both assumptions are completely reasonable for over-parameterized models like deep neural networks.
For SGD, the operators are T;(0) = 6 — VL;(f). Now it is easy to see that condition in [2] is satisfied:
d(0*,T;(0%)) = ||0* — 0" — hVL;(6*)|| = 0, since the global zero §* is a critical point for all the L;’s.

Now here is a major point: The contraction mapping principle fails with the forward order. As the next
example demonstrates, it is not enough for the operator T;’s to be uniform contractions for the forward
sequence of iterates to converge, while this is always true for the backward sequence because of Theorem [2.2

Ezample 2.4. (Forward iterations counter-example.) Here is an extreme example illustrating the
convergence failure for the forward sequence of iterates (even when the maps are uniform contractions), while
the backward sequence converges to a single point under the conditions of Theorem [2.2] Consider the two
constant maps S(0) = xp, and U(0) = yo, which are contractions with & = 0. Assume that z¢ # yo, now also
assume that each T; is either equal to S or U with equal probability to be selected. Then, independently of 6,
the forward iterates

T.Th-1---T1(0)

will jump between xy and yg, according to whether T;, is S or U at that particular n. Thus no convergence to
a single point is possible, although the sequence converges to a probability uniformly distributed in the two
outcomes, since for each forward iterate either outcome has probability 1/2. On the contrary, the backward
trajectory

Ty T,(0)

will always converge to a single point determined by the first element in the sequence: either to zq if 71 = S
ortoyg if Ty =U.

2.1 A fundamental example of a contraction

We now describe how the SGD updates are uniform contractions when the batch losses are strictly convex
near a minimum. First, consider a strictly convex smooth function L. Recall that L is strictly convez if 1)
there is a constant m > 0 such that

(VL(61) — VL(62), 01 — 02) > m |61 — 6|,
where (a, b) = aTb is the inner product between two vectors, and 2) there is a constant M > m such that
IVL(61) = VL(:)|| < M |61 — b5 -

The following lemma (whose proof is in Appendix [F)) shows that for strictly convex functions we can always
find a learning rate small enough so that the corresponding gradient descent update is a contraction.

Lemma 2.5. Let L(0) be a strictly convex function and define the map T(0) = 6 — hVL(0). Then

IT(01) = T(92)]| < V1 — 2hm + h2M2 |6y — 0.
In particular, for small enough h € (0,1) (depending on m and M ) the map T is a uniform contraction.

Now if we suppose that batch losses L;’s are strictly convex (possibly near global minima), then Lemma [2.5
tells us that the SGD maps T;(0) = § — hVL;(0) are uniform contractions. Thus we can apply Theorem [2.2
and see that the sequence of backward iterates, 0, = T1Ts - - - T,,(0), converges to a point.

Remark 2.6. In deep learning, we may not be able to assume that even the batch losses L; are strictly convex.
Even close to a minima this contractivity assumption may also be problematic for deep learning since the
global minima are hardly isolated but rather form a high-dimensional submanifold Z in parameter space (see
Cooper| (2018)). However, under some additional assumptions, it is possible to extend the result of Theorem
[2.2] so that it encompasses the case of a submanifold of global minima Z. Namely, if we assume that there
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is a neighborhood U of Z on which there exists a local foliation transverse to Z and such that 1) the T;’s
preserve the foliation leaves, 2) the T;’s are a contraction on these leaves (which is a much weaker assumption
than contractivity on the whole space), and 3) the neural net is initialized in the neighborhood U, then the
same logic applies, mutatis mutandis, and it follows that the backward trajectories converge by applying
Theorem to the leaf where the neural net has been initialized.

2.2  Relation between forward, backward, and generalization

In this section we address the question of the generalization power of backward iterates, which we argue is
the same as that of the forward iterates. The relationship with generalization is implicit through Theorem
[2.77 below which states that backward convergence points are distributed according to the forward stationary
distribution. It follows that the best test-performance forward-solutions can be reached by the backward
trajectories with the same probability. This a good thing as it shows that the backward trajectories are more
stable but without test-performance reduction on average, which is often not the case as for instance the
increased stability obtained by increasing the learning rate or decreasing the batch-size (see Dherin et al.
(2022)). In particular, the bias of backward SGD is essentially statistically the same as the bias of regular
SGD.

Theorem essentially generalizes the situation already seen in Example an actual realization of a
forward trajectory converges to a distribution which is uniformly distributed between the two outcomes. On
the other hand, any realization of the backward trajectory always converges to a point sampled from this
distribution. Let’s formalize this for the general case.

First of all, recall that a map T : Q — Q produces a corresponding push-forward map T : P(2) — P(Q)
at the level of probability measures P(£2) on €. Recall that a probability measure p € P(2) associates to
each subset A C © a number ;(A) modelling the probability Prob, (6 € A) of 6 being in the subset A if § is
sampled from u. Now, if 4 is a probability measure on  then the push forward T, u(A) = u(T-1(A)) for
A C Q computes the probability Prob, (T'(8) € A) of T'(9) being in A if 6 is sampled according to .

Therefore, the forward sequence (T, - -- ToT1) : © — Q induces a push-forward (T, - - - ToT1 )« that maps an
initial distribution o to the probability measure p, = (Ty, - - - ToT1 )« pro modelling the probability distribution
of the nt" forward iterate 6,, = T}, - - - ToT1(6y) when the initial point 6 is randomly sampled from py. Observe
that the forward iterates 6,, form a sequence of random variables, which is a Markov chain (since for the
forward iterates we have that 6,, = T,,(6,,—1)). Many previous works (see related work in Section have
shown under different assumptions that this sequence of forward iterates do not converge to a point when
using fixed learning rates, but rather their probability distributions p, converge to a limiting probability
distribution, called the stationary distribution of the Markov chain. In other words, starting at initial point
6o the distribution p, = (T3,)« - - - (T1)«0g, of the forward iterate 6,, converges to a stationary distribution fig«.
Recall that dg, is the Dirac measure concentrated at 6y (i.e., dg,(A) is 1 if A contains 6y and 0 otherwise).

On the contrary, as we have seen in Theorem the backward iterates converge to actual points in regions
where the maps T;’s become contractions (which we will call contractive regions). The following theorem
(whose proof is in Appendix shows the relation between the point-wise convergence of the backward
iterates and the distributional convergence of the forward iterates:

Theorem 2.7. Consider a sequence {T;}, i = 1,2,... of independent and identically distributed random
operators. Suppose that for 6y € Q = R the backward iterates converge to a random point (randomness is
due to the sampling of the random operators T;’s):

Ty Th(0p) — 0 as n — oo.

Then the probability distribution of the forward iterates from 0y converge (in distribution) to a stationary
probability measure pg~. Moreover, the random point 0* is distributed according to the same forward iterate
stationary distribution pg«.
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3 Two explicit examples on stochastic gradient descent

We now present two examples that provide an intuition on why backward SGD converges to a point rather
than to a distribution as forward SGD does, when the learning rate is fixed. The reason in both examples
is that the stochastic noise added to the parameter iterates at each step due to the randomization of the
batch diminishes to zero in backward SGD as the training progress even with fixed learning rates, while this
stochastic noise stays unchanged at each step of forward SGD, requiring a learning rate decay for convergence.

3.1 Example: Quadratic loss

Consider the quadratic loss function L(6) = #%/2 with 6 € R. Its gradient is . We want to find the minimum
of L (which of course is 0 at # = 0) by a stochastic gradient descent. To model the batch noise, we add a i.i.d
random error €; to the gradient at step i, yielding the iteration procedure:

T;(0) = 0 — h(VL(e) - e,-) = (1—h)0 + he;,
where h is the learning rate. These maps are uniform contractions provided that 6 € (0,1) since
|T3(01) — Ti(02)] = [(1 — h)(61 — 02)] < [1— h[|6h — 0a].

Now we would like to compare the behavior of the forward trajectory to that of the backward trajectory for
the T;’s. In order to do this we begin by calculating the forward iterates:

T71(0) = (1—h)((1 —h)0+ her) + hey
(1 — h)%0 + hey + (1 — h)he;.
One sees easily how this continues:
Tn--T1(0) =1 —h)"0+ he, + -+ h(l — h)”_lel.
By switching indices, for the backward iterates we obtain:
Ty Tn(0) = (1 —h)"0 + hey + -+ h(1L — h)"e,.

We see that the forward iterates receive at each step n an additional error he, which stays constant during
the whole trajectory preventing point-convergence, while for backward iterates that same error h(1 — h)" e,

is decaying to zero as the trajectory progresses.

3.2 Example: Learning dynamics close to minima

The previous example was a warm up for the following more realistic example. However, the key idea is
identical. Consider a loss function

1N
L(0) = > Li(0).
i=1
where L; is the loss computed on the random batch B;. The SGD update is
T;(6) = 0 — hVL;(0)

where h is again the learning rate. We now compare forward and backward SGD dynamics sufficiently close
to a minimum 6* of the loss function so that we can approximate well the full loss gradient g(6) = VL(6)
using the loss Hessian H(0) = Vg(6): i.e., a first order Taylor’s expansion of the gradient at the minimum
yields

9(0) ~ g(0%) + H(0")(0 — 07) = H(6")(6 — 07), (3)

since at a minimum g(6*) = 0. To simplify the notation, we will denote by g;(0) the gradient of the batch loss
L;(0), which is now a random vector (because the batch is random). We can model this stochastic gradient
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as follows: g¢;(z) = g(z) — €;, where we assume that the differences ¢; = g(x) — g;(x) are i.i.d random vectors
with zero mean. Using gradient approximation equation [3| we have that a single gradient update is given in a
form very similar to that of the previous example:

T,(6) = 6 — h(g(o) - ei> ~ 0"+ (1 — hH)(0 — 0%) + he;
where H denotes the Hessian evaluated at the minimum 6*. Since
173(61) — T;(02)[| < |1 — hH||[|61 — 62

and since [|1 — hH|| < 1 for h strictly smaller than 2/A,q, (as in Example 2.1]), Theorem [2.2] tells us that the
backward trajectory converges. Now let us have a look at the form of the forward and backward iterates
in this particular case to give us an intuition about why this is true. In a similar way than in the previous
example, the n'" forward SGD iterate is given by

Tp---T1(0) = 0" 4+ (1 — hH)" (0 — 0*) + he, + h(1 — hH)ep_q + -+ +h(1 — hH)" e

While the term (1 — hH)™(0 — 6*) converges to zero (when h < 2/Anqz), we see that at each step n a fresh
random vector he, is added to the iterate making the whole sequence converge to a distribution rather than
to a point. On the other hand the backward iterate is obtained by reversing the indices:

Ty - T,(0) =0+ (1 —hH)"(0 —0*) + hey + h(1 — hH)eg + -+ - - - - +h(1 — hH)" te,.

This expression converges as n — oo since the terms are decreasing at an exponential rate as n grows. Thus
the iterates converge to a point now rather than a distribution. Looking at the actual form of the backward
iterates, it is clear that they are distributed by the probability measure given by the forward iterates as
prescribed by Theorem

4 Experiments

Note on plotting multiple seeds: We are interested in the variability per realization of the backward and
forward trajectories. The backward trajectories are more stable individually along their own path, but these
paths can be very different from seed to seed (because of the convergence toward different points). Therefore
the phenomenon is much clearer when the seeds are plotted individually rather than averaged, which creates
artificially more variability in the backward trajectories as there really is on each individual realization. This
is why we are reporting the various seed plots individually and not as a single averaged plot with error bars.
Note that the increased stability and point convergence is visible in each of the seeds, which are added to the

Appendix [B]

Increased convergence stability for backward SGD: We trained a ResNet-18 with stochastic gradient
descent and no regularization on the CIFAR-10 dataset Krizhevsky et al.| (2009). We used a learning rate of
0.025 and a batch-size of 8. In Figure[2] we recorded the learning curves at each gradient update for both the
forward and backward iterations for 2000 steps. The additional seeds are in Appendix [B:I] We observe that
the training loss for the backward trajectory is more stable, converges faster, and has less variability than the
forward trajectory, and similarly for all the other learning curves. In Appendix [A] we repeat the experiment
with different datasets (synthetic dataset, FashionMNIST, and CIFAR-100) as well as different architectures
(ResNet-50, VGG, and MLP). Each time we observe the same phenomenon for all 5 seeds.

Convergence toward points v.s. distributions: We trained a MLP with 5 layers of 500 neurons each
with stochastic gradient descent with no regularization to learn FashionMNIST Xiao et al|(2017). The
batch-size was set to 8 while the learning rate was 0.001. In Figure 3] we report the test accuracy at every
single step for 2000 steps. At step 1000, we reset the point from which we perform backward SGD to
that of the parameter at this step. As a result we see that the backward trajectory from that reset point
seems to converge again, but to a different point (with different test accuracy), while forward SGD seems to
oscillate between these two points. This is in line with the theoretical prediction that backward trajectories
SGD converge toward points distributed according to the distribution induced by forward trajectories (see
Theorem . The additional seeds are in Appendix
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Figure 2: Backward SGD exhibits decreased variance and increased stability compared to forward SGD for
a ResNet-18 model trained on CIFAR-10. The additional seeds are in Appendix [B.1}

5 Conclusion and future work

In this paper, we analyzed the impact of two different composition orders (to produce each iterate) on the
convergence and stability of stochastic learning trajectories. Although the very idea of backward trajectories
may seem strange and counterintuitive at first, we show that this approach of backward optimization has
clear advantages. Namely, we show theoretically that the backward trajectories converge toward actual points
while the forward trajectories converge toward probability distributions in regions where the optimization
maps become contractions, leading to improved stability and convergence. We observed this phenomenon
experimentally on a number of datasets (synthetic, FashionMNIST, CIFAR-10, and CIFAR-100) and neural
network architectures (MLP, VGG-19, ResNet-18, and ResNet-50), making it relevant to deep learning. This
phenomenon points toward the fact that the ordering in which the data examples are consumed to produce
each parameter iterate impacts the properties of both the learning trajectories and their convergence points.
In particular the last examples used to produce a parameter iterate seem to have great importance. Indeed,
the backward order is the only order in which the sequence of the last examples used to produce a parameter
iterate remains consistent at each training step. As we saw, this yields convergence toward a point rather
than oscillations between solutions of varied performances.
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Figure 3: Backward SGD converges toward a different minima after resetting the initialization point
at step 1000 (“intermittent backward") while forward SGD oscillates between them for MLP trained on
FashionMNIST. Top: On the first seed, backward changes from a higher test-performance trajectory to a
lower test-performance trajectory at the reset step 1000. Bottom: On the second seed, backward changes
this time from a trajectory converging to a lower test-performance point to a trajectory converging to a higher
test-performance point. The other seeds can be found in Appendix [B.2] including all the learning curves.

However, realistic applications of the full backward order are challenging due to the prohibitive computation
time that grows quadratically with the number of batches consumed. We now point toward conjectural
workarounds and applications to showcase possible exploitation of this phenomenon. This is outside of the
scope of this paper; nevertheless, we give supporting evidence in the appendix when possible.

One possible strategy to mitigate the intensive computational requirements of the full backward order is to
apply it only partially on a fixed window of iterations from a point that is reset periodically. This way the
extra computation time is capped by the window size. We see that this approach leads to convergence and
increased stability in Figure [3} however the backward trajectory may change and converge to a different point
at each reset. We can imagine strategies to initiate this reset only when the performance of the new backward
trajectory increases, leading to stable convergence to higher test performance points. Another possibility
is to start the backward order only later in training to force convergence toward a single solution after the
forward trajectory has done enough exploration of the space as demonstrated in Figure [10]in Appendix [A]
We imagine that this approach may possibly lead toward more reliable early-stopping criteria. Similarly,
application of the backward order at the very beginning of training may give an accurate idea of whether a
specific hyper-parameter setting is promising or needs to be aborted by creating stabler trajectories whose
learning curves are easier to interpret early on.

An orthogonal approach to deal with the computational challenges of backward optimization is to approximate
the backward trajectory. In Appendix [C} we show how to compute a backward iterate from a cheaper forward
iterate to which we add a correction that can be computed completely independently. We compute these
corrections up to order 2 in Theorem [C.2] Appendix [C.2] namely:

Ty Tpy=T,y---Tu+h* Y [VL;, VL] + O(h®)

1<i<j<n

where [VL;, VL;|(0) = H;(0)VL;(0) — H;(0)VL;(0) is the Lie bracket between the vector fields VL; and
VL;. Even though the approximation we provide is not immediately useful because the higher order terms

11
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seem to matter, it probably will be useful if higher order corrections are included. As a proof of the usefulness
of these type of corrections added to the forward iterates to emulate alternate orderings, we show in Appendix
[D] that the corrections we computed at second order are already enough to approximate an average between
all the possible iteration orders on a batch window. Adding these corrections to the forward iterates produces
a beneficial regularizer that mimics small batch training regularization. In fact, a training step can be seen
as a parameter average of mixture of models where each model is trained not from a different seed but
from a different batch order. We hope that this paper will bring awareness and foster more research toward
understanding and exploiting the role of iteration order in the production of models with more consistent
properties along more stable learning trajectories.

Broader Impact Statement

This work focused on the theoretical aspect of learning algorithms, especially stability. We do not foresee any
negative impact from this theoretical work.
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A Additional Experiments

Note on plotting multiple seeds: We are interested in the variability per realization of the backward and
forward trajectories. The backward trajectories are more stable individually along their own paths, but these
paths can be very different from seed to seed (because of the convergence toward different points). Therefore
the phenomenon is much clearer when the seeds are plotted individually rather than averaged, which creates
artificially more variability in the backward trajectories as there really is on each individual realization. This
is why we are reporting the various seed plots individually and not as a single averaged plot with error bars.
Note that the increased stability and point convergence is visible in each of the seeds.
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A.1 Regression on synthetic datasets

In this experiment, to verify the increased stability of backward SGD over the standard forward version, we
trained with both algorithms a neural network with 3 layers of 300 neurons with no regularization each to
regress 100 points uniformly sampled from function graphs D = {(x;,y;) : y; = f(z;) with x; = =1+ 1%—%, 1=
0,...,100} using the functions f(z) = 22 (Figure ), f(z) = cos(10z) (Figure[5), and f(z) = 2® (Figure[6).
In all cases, we can observe a much higher stability for backward SGD over the forward version.
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Figure 4: Decreased variance and increased stability in train (left) and test (right) losses for backward SGD

compared to forward SGD for all 5 seeds. The data was sampled from f(z) = 22 and the training performed
with batch size 1 and learning rate 0.05 for 1400 steps.
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Figure 5: Decreased variance and increased stability in train (left) and test (rigth) losses for backward SGD
compared to forward SGD for all 5 seeds. The data was sampled from f(z) = cos(10z) and the training
performed with batch size 1 and learning rate 0.02 for 1400 steps.
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Figure 6: Decreased variance and increased stability in train (left) and test (right) losses for backward SGD
compared to forward SGD for all 5 seeds. The data was sampled from f(z) = 2% and the training performed
with batch size 1 and learning rate 0.02 for 1400 steps.
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A.2 MLP trained on Fashion-MNIST

In this experiment, to verify the increased stability of backward SGD over the standard forward version, we
trained a MLP with 5 layers of 500 neurons each with no regularization using both forward and backward
stochastic gradient descent with no regularization on the Fashion-MNIST dataset [Xiao et al|(2017). We
repeated the experiment for 5 different random seeds. For all seeds, we used a learning rate of 0.001 and a
batch size of 8. In Figure[7] we recorded the training loss at each gradient update for both the forward end
backward iteration and plotted the 5 seeds separately (one seed for each row). For each seed, we observe that
the training loss for the backward iterations is more stable and converges faster with less variability when
compared to the forward iterations. We also observe stability improvements for all other learning curves for
the backward trajectories.
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Figure 7: MLP trained on Fashion-MNIST. Training with backward SGD significantly reduces the variance
and increases the stability of both the train and test loss as well as the train and test and accuracy compared
to forward SGD. This behavior is consistent across all seeds.
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A.3 VGG-19 trained on CIFAR-10

In this experiment, to verify the increased stability of backward SGD over the standard forward version,
we trained a VGG-19 model [Simonyan & Zisserman| (2014)) using both forward and backward stochastic
gradient descent with no regularization on the CIFAR-10 dataset Krizhevsky et al. (2009). We repeated the
experiment for 5 different random seeds. In all seeds, we used a learning rate of 0.001 and a batch-size of 8.
In Figure 8, we plot the training and test loss at each gradient update for both the forward and backward
iteration. We plotted the 5 seeds separately, represented by each row. Note that for each seed, we observe
that the training loss for the backward iterations is again more stable, converges faster, and has less variability
than the forward iterations.
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Figure 8: VGG-19 trained on CIFAR-10. Training with backward SGD significantly reduces the variance
and increases the stability of both the train and test loss as well as the train and test and accuracy compared
to forward SGD. This behavior is consistent across all seeds.



Under review as submission to TMLR

A.4 ResNet-50 trained on CIFAR-100

In this experiment, to verify the increased stability of backward SGD over the standard forward version, we
trained a ResNet-50 model using both forward and backward stochastic gradient descent
with no regularization on the CIFAR-100 dataset Krizhevsky et al. (2009). We repeated the experiment for
5 different random seeds. In all seeds, we used a learning rate of 0.001 and a batch-size of 16. In Figure
[0 we plot the training and test loss at each gradient update for both the forward and backward iteration.
We plotted the 5 seeds separately, represented by each row. Note that for each seed, we observe that the
training loss for the backward iterations is again more stable, converges faster, and has less variability than
the forward iterations.
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Figure 9: ResNet-50 trained on CIFAR-100. Training with backward SGD significantly reduces the variance
and increases the stability of both the train and test loss as well as the train and test and accuracy compared
to forward SGD. This behavior is consistent across all seeds.
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A.5 Backward stabilization after forward iterations

In this experiment, to verify the increased stability and convergence after turning on backward iterations
after a number of forward iterations, we trained a MLP with 5 layers of 500 neurons each with stochastic
gradient descent with no regularization to learn the 10 classes of Fashion-MNIST dataset [Xiao et al.| (2017).
We repeated the experiments for 5 seeds. We used a learning rate of 0.001 and a batch-size of 8. In Figure
[I0] we recorded the learning curves at each gradient update for both the forward iteration and the backward
iteration switched on after step 1000. Each seed is plotted independently. We observe that the training loss
for the backward iterations has again more stable convergence once backward iterations are switched on after
step 1000 than the forward iterations.
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Figure 10: Decreased variance and increased stability for all learning curves and all seeds once backward
SGD is switched on at step 1000 after forward SGD iterations for an MLP trained on Fashion MNIST.
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A.6 Continued stability of backward SGD throughout training.

In this experiment, to verify that the behavior of increased stability and convergence for backward iterates
continues throughout training, we trained a ResNet-18 model on the CIFAR-10 dataset using the same
hyperparameters as in Figure [2| (i.e., no regularization, a learning rate of 0.025 and batch size of 8) but
training for 25000 steps instead of 2000. In Figure [TI] we record the learning curves for both forward and
backward SGD, performing model evaluation every 100 steps. Throughout training we continue to notice
that the training loss (as well as all the other learning curves) for the backward iterations is again more
stable, converges faster, and has less variability than the forward iterations. Note, here we only performed
this experiment for one seed because because of the high computational requirements for backward SGD with
so many training steps.
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Figure 11: ResNet-18 trained on CIFAR-10 for 25000 steps. Decreased variance and increased stability
throughout model training.
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B Additional seeds to plots in the main paper

Note on plotting multiple seeds: We are interested in the variability per realization of the backward and
forward trajectories. The backward trajectories are more stable individually along their own paths, but these
paths can be very different from seed to seed (because of the convergence toward different points). Therefore
the phenomenon is much clearer when the seeds are plotted individually rather than averaged, which creates
artificially more variability in the backward trajectories as there really is on each individual realization. This
is why we are reporting the various seed plots individually and not as a single averaged plot with error bars.
Note that the increased stability and point convergence is visible in each of the seeds.

B.1 All 5-seeds for ResNet-18 trained on CIFAR-10; cf. Figure [2]

In Figure [I2] below, we plot the learning curves for all five seeds as in Figure [2] of the main paper.
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Figure 12: All 5-seeds plot of Figure 2]
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B.2 All 5-seeds for MLP trained on FashionMNIST; cf. Figure 3]

we plot the learning curves for all five seeds as in Figure [3] of the main paper.
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C Toward an approximate backward SGD

Backward SGD has increased stability and convergence over forward SGD but naive implementations are
computationally intensive. In this section, we propose an approximation of the backward iterates by modifying
the forward iterates with a Lie bracket term of order O(h?) in the learning rate (Theorem . This comes
at an extra cost, but which can be made smaller than evaluating the backward iterates from the initial point
at every step (Corollary . Our approximation is valid

o for any optimizer of the form T;(0) = 8+ hV;(6), where V() is a random vector field on the parameter
space depending on the randomly sampled batch of data B;. (Of course, in the case of SGD we have
Vi(0) = —VL;(0) where L; = Lp, is the loss function evaluated on batch B;.)

e up to an error of order O(h3) in the learning rate.

Unfortunately, it seems that in real-life cases higher orders beyond O(h?) play a significant role in the backward
dynamics, and therefore can not be neglected for reasonable ranges of the learning rate. Nevertheless, we
include our second order approximation here, since we believe it gives a reasonable path on how to produce
approximations of the backward trajectories using the forward trajectories. Namely, while this is out-of-scope
for this paper and topic of further research, we believe that adding higher order corrections may produce
useful approximations that could be used as stabilizers for the forward trajectories. The main idea is to
expand a generic k term iterate

Ty oo T3 (0) = (14 hViy) -+ (14 AV, )(6) )

in Taylor’s series in the learning rate. This is what the next lemma gives. (We demonstrate the usefulness of
such expansions Appendix [D] where we use Lemma to produce a beneficial second order regularizer that
emulates an iteration order average.)

Observe also that Lemma tells us that all possible iteration orders coincide at order h but start differing
at order O(h?):

Lemma C.1. Consider a sequence {T;}i~o of operators of the form T;(0) = 6 + hV;(0), where V;(0) is a
vector field on the parameter space. Then for any choice of indices i1, ... ,i, we have that

k
Tp Ty =1+hY Vi +h> > V. Vi, +0(

=1 1<u<v<k

Proof. We proceed by induction. For the base case, k = 1, this is trivial. Suppose now that this is true for
any composition of &k — 1 operators. By definition of T;, we have that

T; .-.jyk(e) = 121(12 ...jyk(e)) (5)
= X +hVi,(X) (6)
with X =T, --- T;, (). Now by induction hypothesis we have that
k
X=0+h> Vy(0)+h> Y V. (0)Vi(0)+ 0O
=2 2<u<v<k

Therefore, taking a Taylor series for the second term of equation [6] we obtain
k
hVi, (X) = bV, (0) + B2 Y VI (0)V;, (0) + O(h?).
1=2

Summing up in equation |§| the expressions we have found for X and hV;, (X) above, we obtain that the
composition Ty, - - - T;, (f) has the form

ik

k
O+n> Vi@ +h* Y V(O (0)+Oh?),
=1

1<u<v<k
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which completes the proof. O

The next theorem gives us a way to approximate the backward iterates up to order O(h3) by correcting the
forward iterates with a term keeping track of their difference:

Theorem C.2. Consider a sequence {T;}i~o of operators of the form T;(0) = 0 4+ hV;(0), where V;(0) is a
vector field on the parameter space. The backward and forward iterates of the sequence are related by the
following identity:

Ty To(0) =Tn---Ti(0) + b Y [V, Vi](6) + O(h®)

1<i<j<n

where the [V;, V;](0) = V/(0)V;(0) — V/(0)V;(0) is the Lie bracket between the vector fields V; and V;.

J

Proof. By Lemma [C.I] we have that the backward iterate is

Ty Ty =id+h > Vi+h® > ViV, +O(h%)

=1 1<u<v<n

while the forward iterate is obtained by reversing the indices:

To---Ti=1+hY Vi+h*> > VV,+0(0).

=1 1<u<v<n

We now see that the difference
DO)Y=T,---T,(0) —T,---T1(0)

between the backward and forward iterates is of the form

D) = h* ) VIUOV,L(0) — VI(O)Va(0) + O(h?)

= 1Y [V ViO) + 00,

1<u<v<n

which completes the proof. O

We now consider the case of SGD where the vector fields V; are given by the gradients of the loss evaluated
at the current batch. We give below a definition of the approximate backward iterate in that particular case,
although a similar definition can be given for any vector fields.

Definition C.3. Consider the SGD operators T;(0) = 8 — hV L;(0) obtained by taking the gradient of a loss
function on a batch B; of data at step i. We denote by 6, = T, - --T1(0y) = 05,1 — hV L, (05,—1) the forward
SGD iterate starting at initial point 8y and by 62 = T --- T}, () the corresponding backward iterate starting
at the same initial point. Motivated by Theorem we introduce the approzimate backward iterate 0,, as
follows:

Op =0, +h* > [VLi,VLj](6o) (7)

1<i<j<n

Theorem tells us that the true backward iterate and its approximation are within O(h?) of each other:
16, — 671 = O(h®), (8)

which allows us to use the approximation for learning rates small enough so that the terms in O(h3) can be

neglected. The following corollary tells us how the approximate backward iterates can be computed in an
iterative fashion by keeping in memory an additional variable C,, of the same size as the network parameters:
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Corollary C.4. In the notation above, we can obtain the approzimate backward SGD iterate 0,, from the
forward SGD iterate 0,, starting at 0y in an iterative fashion as follows:

0, = 60,_1—hVL,(0n_1)

gn = Gn-1+t VLn—l(GO)

H, = H, 1+V*L, 1(6p)

Cpn = Cn 1+ H,VL,(00)—V?*L,(00)gn
0, = 6,+h%C,

with go = g1 =0, Hy=H; =0, and ¢cg = ¢; = 0.
Proof. By Definition of the approximate backward iterates we have that 0, = 0, + h2C,, with

Co= Y [VLi,VL;](6p).

1<i<j<n

First observe that we can split C), into two parts

C, = > VL, VL(00) + Y [VLi, VLy](60)
1<i<j<n—1 1<i<n—1
= Coa+[ Y, VL, VL] (60)
1<i<n—1

= Cpat | >, V2Li(6h) | VLn(60)

1<i<n—1

~V2La(00) [ Y. VLi(6o)

1<i<n—1

- Cnfl + anLn(GO) - szn(QO)gn;

where H,, and g, are expressed recursively as in the theorem statement. O

D Approximate implicit regularization of smaller batches

As shown in [Keskar et al.| (2017); |Smith et al.| (2017; |2021)); Dherin et al.| (2022)) for instance, small batches
have an implicit regularization effect, producing solutions with higher test accuracy as the batch size decreases.
In this section, we show that approximations of the type given by Lemma [C.I] are useful to understand this
implicit regularization effect. We also see how we can go beyond this small batch effect and produce explicit

regularizers with even higher test performance based on the idea of iteration order average on the small
batches, leveraging Lemma

Throughout the section we will write V;(6) for the negative batch loss gradient —V L;(#) computed on batch
B; in order to keep the notation simple.

D.1 The effect of small batches

The idea is to use Lemma [C.I] to understand the implicit regularization effect of small batches, very much in
line with the findings in Smith et al|(2021). First, consider two settings. In the first setting, we perform a
single gradient update

Tiarge(0) = 0 + hVp(0).

with one large batch B and learning rate h. In the second setting, we split the large batch B into ¢ small
batches of equal size: Bi, Bs, ..., B. (i.e, each of size |B|/c). Then we apply SGD sequentially ¢ times for

29



Under review as submission to TMLR

each of the smaller batch and with learning rate b’ = h/c:
Toman(0) = (L + 1'Ve) - (14 PVo)(1 + R'V1)(0)
Then Lemma gives us immediately a second order approximation for the second setting:
Toman ( —e+h’ZV +12 3T VI0)Vi(0) + O(h%)
i<j
Now it is easy to see that

hVi(0) = h'zcjvi(e).

Therefore, we can extract the added implicit regularization that is induced from smaller batches. Namely, we
obtain that the composition of the ¢ smaller batches is the same as a single gradient step with the larger
batch using learning rate h = ch’ plus an additional second-order regularization term:

Tamatt(0) = Targe(0) + K2 D_V/(O)V;(0)  + O(R”)

i<j

Smaller Batch Regularization

So we can attribute the second order regularization effect of small batch training to this additional term, in
line with the computations in [Smith et al.| (2021)).

D.2 Explicit regularization through iteration order averages

In the previous section, we applied the small batches in some chosen order. Another order may have worked
as well, although producing a different second order regularization term. This begs the question of whether
we can instead take the average over all possible iteration orders so as to produce an iterate for which no
particular order is preferred:

1

(02 A+rV) - A+ Vo)), (9)

o€Perm,

Therm () =

where Perm, is the permutations of ¢ elements. Again Lemma gives us the second order approximation
for this new update rule:

Tperm(e) = T‘large hlz Z V + O(h/3)
i#]

In the next section, we show that the iteration-order-averaging term, that we can extract from the computation

above, namely,
AY ViO)V;(0)
i#]
produces a more powerful regularizer than the one obtained from a single ordering of the small batches. In a
way, this new regularizer emulates a mixture of models, each of which is produced by a different ordering of
the iterations in a window of ¢ batches (rather than from a different random seed). The next section shows
the benefits of this new “ordering-free" regularizers experimentally.
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D.2.1 Experiments

We trained a MLP with 5 layers of 500 neurons each with stochastic gradient descent with no regularization
to learn the 10 classes of Fashion-MNIST dataset Xiao et al| (2017). We used a learning rate of A = 0.001
(and b’ = h/c), and a batch-size of | B| = 2048 El We examine three different shrinking factors ¢ € {2,3,4}. In
each setting, we test the values of A € {0.5h% h% 2h2, 4h?}. The following figures present the train and test
loss over training compared to training with large-batch |B| = 2048 and learning rate b’ = h/¢, and training
with small-batch 2048/¢ with learning rate h’. The experiment shows that our method can outperform vanilla
training both for large and small batches with minimal tuning of A for this specific experiment.
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Figure 14: Train curves for injecting regulariza-
tion resulting from splitting the batch in two
(i.e,, c=2).
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Figure 15: Test curves for injecting regularization
resulting from splitting the batch in two (i.e.,
¢ =2). As you can see, the performance improves
as we increase the \.
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Figure 17: Test curves for injecting regularization
resulting from splitting the batch in three (i.e.,
¢ = 3). Similar to the case where ¢ = 2 above,
the performance improves as we increase the .
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E Proof of Theorem 2.7

E.1 Definitions

Before we dive into the proof, let us define the following three different notions of convergence of random
variables. First we have the strongest notion, which is convergence almost surely. That is, a sequence of
random variables X,, converges to a limiting random variable X, almost surely if

P(lim X, = X,)=1.
n—oo
This can be thought of as a sort of point-wise convergence. A weaker notion of convergence which is implied
by almost sure convergence (see Theorem 2.7 (i) in [Van der Vaart| (2000)) is convergence in probability. The

sequence X, of random variables converges to the random variable X, in probability if for every € > 0 the
following holds

lim P(|X, — Xec| > ¢) = 0.

That is, for large n it becomes more and more likely that X, is close to X,,. The weakest notion of
convergence is convergence in distribution, which is implied by convergence in probability (see Theorem 2.7
(ii) in [Van der Vaart| (2000)). There are many equivalent ways to define this, but the most concrete way
is the following: Let F,,(z) = P(X,, < x) be the cumulative distribution function for X,, and let F,(z) be
the corresponding cumulative distribution function for X, then we say that the sequence X,, converges in
distribution to X, if for every continuity point x of the cumulative distribution function F,, we have the
following

lim F,(z) = Fx(x).

n— oo

If we define p,, := dF,, and pis := dF 4, then when we say that p,, — oo We mean convergence in distribution
in the above sense.

E.2 Proof

Counsider a sequence T; : Q@ — Q, i =1,2,... of independent and identically distributed random operators.
The probability distribution of the forward iterates 8,, = T;,Ty,—1 - - - T1(09) is given by

Mn = (TnTn—l e Tl)*(sem

where dp, is the delta distribution concentrated at 6y (i.e. dg,(A4) =1 if 6y € A and 0 otherwise).
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We want to show that when the backward iterates converge to a random point (randomness is due to the
sampling of the random operators T;’s), i.e., when

T\Ty- - Th(6g) — 0F as n— oo,

then this implies that

e the probability distribution of the forward iterates from 6y converge to a stationary probability
measure i, — [y

e the random point 6* is distributed according to the same forward iterate stationary distribution pg«.

To see that let Y% denote the forward iterates
Y9 =T,T,_1...Ti(6),
and let X% denote the backward iterates
X0 =TTy ... T,(6).
Define the cumulative distribution function (CDF) for the random vector Y,%° and 6 = (6',...,0%) € R? as
FLo(9) i= B((Y0) < 0., (Y1)4 < 6%).

By independence of the random operators T;’s we know by symmetry that F%(6) is also the CDF of XZ%.

Under our assumption that the backward iterates converge to a random point 6* (almost sure convergence)
we will define the CDF of that random point as, F%(0) and for the sake of the proof we denote that point
with X% instead of #* to highlight that it is a random vector.

Now, our assumption that the backward iterates converge to a point implies that the random vector
X% converges to X% almost surely, in the sense defined above. As alluded to in the previous section
above, the almost sure convergence implies convergence in distribution, i.e., the convergence of the CDF
lim,, 00 F20(0) = F2(0), for every  where F2 is continuous.

Since X% and Y0 have the same distribution (same CDF) we have immediately that Y,% also converges in
distribution to X%. The limiting stationary distribution g~ is simply the probability measure corresponding
to F2 ,ie. pge :=dF%.

F Proof of Lemma
Consider a smooth function L that is strictly convex. This means that

e there is m > 0 such that
(VL(61) — VL(05),6, — 05) > m |0 — 65,
where (a, b) = a’b is the inner product between two vectors

e there is a constant M > m such that

IVL(61) = VL(b2)]| < M (|61 — 62|

We want to show the following inequality

IT(6:) — T(02)] < V/1— 2hm + WM |6, — 6]

for the gradient operator T'(#) = 6 — hVL(6).
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We can see that by first expanding the square of the operator difference:

IT(61) — T(62)[]* = |61 — 62|
— 2h(VL(6,) — VL(62),6, — 65)
+ h2|VL(61) — VL(6,)]°.

Now applying the strict convexity conditions, we get

1) — 2 < |01 — O2)]7 — 2Am||61 — 02
IT(61) = T(02)[|* < (|61 — 02| — 2hm |61 — 6|
+ R2M?||6; — 6))?
= (1 — 2hm + h2M2)|‘91 — 92”2,

which ends the proof by taking the square root on both sides.
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