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ABSTRACT

As diffusion probabilistic models (DPMs) are being employed as mainstream mod-
els for Generative Artificial Intelligence (GenAl), the study of their memorization
of training data has attracted growing attention. Existing works in this direction
aim to establish an understanding of whether or to what extent DPMs learn via
memorization. Such an understanding is crucial for identifying potential risks of
data leakage and copyright infringement in diffusion models and, more importantly,
for trustworthy application of GenAl. Existing works revealed that conditional
DPMs are more prone to training data memorization than unconditional DPMs, and
the motivated data extraction methods are mostly for conditional DPMs. However,
these understandings are primarily empirical, and extracting training data from
unconditional models has been found to be extremely challenging. In this work,
we provide a theoretical understanding of memorization in both conditional and
unconditional DPMs under the assumption of model convergence. Our theoretical
analysis indicates that extracting data from unconditional models can also be effec-
tive by constructing a proper surrogate condition. Based on this result, we propose
a novel data extraction method named Surrogate condItional Data Extraction
(SIDE) that leverages a time-dependent classifier trained on the generated data as a
surrogate condition to extract training data from unconditional DPMs. Empirical
results demonstrate that our SIDE can extract training data in challenging scenarios
where previous methods fail, and it is, on average, over 50% more effective across
different scales of the CelebA dataset.

1 INTRODUCTION

The diffusion probabilistic models (DPMs) (Ho et al., |2020; [Sohl-Dickstein et al., [2015}; |[Song &
Ermonl 2019) is a family of powerful generative models that learn the distribution of a dataset by
first gradually destroying the structure of the data through an iterative forward diffusion process and
then restoring the data structure via a reverse diffusion process. Due to their outstanding capability
in capturing data distribution, DPMs have become the foundation models for many pioneering
Generative Artificial Intelligence (GenAl) products such as Stable Diffusion (Rombach et al.,2022),
DALL-E 3 (Betker et al.), and Sora (Brooks et al.l 2024). Despite the widespread adoption of DPMs,
a potential risk they face is data memorization, i.e., the risk of memorizing a certain proportion of the
raw training samples. This could result in the generation of memorized (rather than new) samples via
direct copying, causing data leakage, privacy breaches, or copyright infringement, as highlighted in
the literature (Somepalli et al., [2022} 2023} |Asay, 2020; |Cooper & Grimmelmann, [2024)). A current
case argues that Stable Diffusion is a 21st-century collage tool, remixing the copyrighted creations
of countless artists whose works were included in the training data(Butterickl 2023)). Furthermore,
data memorization also gives rise to data extraction attacks, which is one type of privacy attacks
that attempt to extract the training data from a well-trained model. Notably, recent work by |Carlini
et al.|(2023) demonstrated the feasibility of extracting training data samples from DPMs like Stable
Diffusion (Rombach et al., 2022), revealing the potential dangers associated with these models.

Several works have investigated the data memorization phenomenon in diffusion models. For example,
it has been observed that there exists a strong correlation between training data memorization and
conditional DPMs, i.e., being conditional is more prone to memorization (Somepalli et al., [2023)).
Gu et al.|(2023)) investigates the influential factors on memorization behaviors via a comprehensive
set of experiments. They found that conditioning on random-labeled data can significantly trigger
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Figure 1: A few examples of the extracted images from a DDPM trained on a subset of the CelebA
dataset using our SIDE method. Top: training images; bottom: extracted images.

memorization, and unconditional models memorize much less training data. Though inspiring, these
understandings are primarily empirical. Moreover, without a unified theoretical understanding of
memorization in both conditional and unconditional DPMs, it is extremely difficult to design an
effective data extraction method for unconditional DPMs.

In this work, we first introduce a memorization metric to quantify the degree of memorization in DPMs
by measuring the overlap between the generated and training data in a point-wise manner. Based
on this metric, we present a theoretical framework that explains why conditional generative models
memorize more data and why random labeling can lead to increased memorization. Our theoretical
analysis indicates that a classifier trained on the same or similar training data can serve as a surrogate
condition for unconditional DPMs. By further making the classifier time-dependent (to the diffusion
sampling process), we propose a novel data extraction method named Surrogate condItional Data
Extraction (SIDE) to extract training data from unconditional DPMs. We empirically verify the
effectiveness of SIDE on CIFAR-10 and different scales of the CelebA dataset (attack results in
Figure[I)), confirming the accuracy of the theoretical framework.

In summary, our main contributions are:

* We introduce a novel metric to measure the degree of point-wise memorization in DPMs
and present a theoretical framework that explains 1) why conditional DPMs are more prone
to memorization, 2) why random labels can lead to more memorization, and 3) implicit
labels (e.g., the learned clusters) can serve as a surrogate condition for unconditional DPMs.

* Based on our theoretical understanding, we propose a novel training data extraction method
SIDE that leverages the implicit labels learned by a time-dependent classifier to extract
training data from unconditional DPMs.

* We evaluate the effectiveness of SIDE on CIFAR-10 and various scales of CelebA datasets,
and show that, on average, it can outperform the baseline method proposed by
(2023) by more than 50%.

2 RELATED WORK

Diffusion Probabilistic Models DPMs (Sohl-Dickstein et al.| such as Stable Diffusion
bach et al.| [2022), DALL-E 3 (Betker et al.), Sora (Brooks et al.| 2024), Runway
2022), and Imagen (Saharia et al., 2022) have achieved state-of-the-art performance in image/video
generation across a wide range of benchmarks (Dhariwal & Nicholl 2021)). These models can be
viewed from two perspectives. The first is score matching (Song & Ermon), 2019), where diffusion
models learn the gradient of the image distribution (Song et al., [2020). The second perspective
involves denoising DPMs 2020), which add Gaussian noise at various time steps to clean
images and train models to denoise them. To conditionally sample from diffusion models,
utilizes a classifier to guide the denoising process at each sampling step. Additionally,
(Ho & Salimans| [2022) introduces classifier-free guidance for conditional data sampling using DPMs.

Memorization in Diffusion Models Early exploration of memorization in large models was focused
on language models (Carlini et al 2022} [Jagielski et al, [2022)), which has motivated more in-
depth research on image-generation DPMs (Somepalli et al., 2023} (Gu et al., |2023). Notably, a
recent research on image-generation DPMs. [Somepalli et al.| (2022)) found that 0.5-2% of generated
images duplicate training samples, a result concurrently reported by (Carlini et al.| (2023) in broader
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experiments for both conditional and unconditional diffusion models. Further studies Somepalli et al.
(2023) and |Gu et al.|(2023) linked memorization to model conditioning, showing that conditional
models are more prone to memorization. To address this issue, anti-memorization guidance has been
proposed to mitigate memorization during the sampling process |Chen et al.| (2024a). So far, the
motivated data extraction attack or defend methods from these empirical understandings are mostly
for conditional DPMs [Carlini et al.|(2023); [Webster| (2023)), and studies have shown that extracting
training data from unconditional DPMs can be much more challenging than that on conditional DPMs
Gu et al.|(2023). Although the empirical understandings are inspiring, a theoretical understanding
of the memorization behaviors of DPMs is missing from the current literature. A recent attempt by
Ross et al.|(2024) uses the local intrinsic dimension (LID) metric to characterize memorization in
DPMs. However, the finding that lower LID leads to more memorization is only verified on a toy
1-dimensional dataset and only a few generated images, and it fails to address the data extraction
challenge on unconditional DPMs. This challenge is exemplified by the brute-force methods currently
employed, as discussed in (Somepalli et al., [2022; Carlini et al., 2023), highlighting the inadequacies
of existing approaches for extracting data from unconditional diffusion models. In response to these
challenges, we introduce a theoretical framework to characterize memorization in DPMs, which
further motivates a novel data extraction method for unconditional DPMs.

3 PROPOSED THEORY

In this section, we introduce a memorization metric and provide a theoretical explanation for the
universality of data memorization in both conditional and unconditional diffusion models.

3.1 MEMORIZATION METRIC

Intuitively, the memorization of fixed training data points (i.e., pointwise memorization) can be
quantified by the degree of overlap between the generated distribution and the distributions centered
at each training data point. Given a generative model and training dataset, we propose the following
memorization metric to quantify the memorization of the training data points in the model.

Definition 1 (Pointwise Memorization) Given a generative model pg with parameters 0 and train-
ing dataset D = {x;}Y ,, the degree of memorization in pg of D is defined as:

Mpoint(D; 9) = Z /p@((ﬁ) IOg Lm)e d(li, (1)

= q(x, i, €)

where x; € RY is the i-th training sample, N is the total number of training samples, pg(x) represents
the probability density function (PDF) of the generated samples, and q(x, x;, €) is the probability
distribution centered at training sample x; within a small radius e.

A straightforward choice for g(x, x;, €) is the Dirac delta function centered at training data point
x;: q(x,x;,¢) = 6(x — x;). However, this would make Eq. (1) uncomputable as the Dirac delta
function is zero beyond the e-neighborhood. Alternatively, we could use the Gaussian distribution
with a covariance matrix e/ (I is the identity matrix) for ¢(x, z;, €):

1 1 T
———expys——(x—x;) (x—x;) ;. 2
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Note that in Eq. ll a smaller value of M,,;,,:(D;0) indicates more overlap between the two
distributions and thus more memorization. As € tends to 0, the measured memorization becomes
more accurate, with the limit characterizing the intrinsic memorization capability of model pg.

(J(wawia 6) =

Semantic Memorization As a metric, M4, (D; ) should be monotonous with the actual se-
mantic memorization effect, which refers to the model’s tendency to reproduce unique features
of the training samples rather than generating near-duplicate examples. Here, we define semantic
memorization in the latent space as it distills the unique semantic information of each training sample.

Definition 2 (Semantic Memorization) Let D = {x;} Y, be the dataset, pg(x) be the PDF of the
generated samples by model pg, and z be the learned latent code for data sample x. The semantic
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memorization of model pg on D is:
T
Memantic (D;0) = ) /pe (2) (2 — z)" (2 —2i)dz, (©)
z;€D
where z; denotes the ground truth latent code of x;.
M semantic (D; 0) measures semantic memorization because it evaluates how well the learned repre-
sentations z of training samples align with their ground truth latent codes, capturing the underlying

structure of the data rather than simply memorizing the exact duplicates of the training data points. In
practice, the ground truth latent codes are known but can be approximated by an independent encoder.

The following theorem formulates the relationship between pointwise and semantic memorization.

Theorem 1 Pointwise memorization Moint(D;8) is monotonic to semantic memorization, for-
mally:

OMyoine(D;0) 1 Te(S,)
=5, T 5 4
8Msemantic(D§ 9) 2€ * 2 >0 @)

where X, is the covariance matrix of the learned latent distribution of the training data.

We first build the relationship map M, into latent space, and then break down Eq. (Fl_f[) into
separate components and derive each component separately. So, the Eq. (4)) can be simplified to 2%
The detailed proof can be found in Appendix[A.2] Note that the memorization effect studied in this

work refers specifically to the pointwise memorization Mo+

3.2 THEORETICAL FRAMEWORK

Based on pointwise memorization, here we present a theoretically framework that explains why
conditional DPMs memorize more data. Our theoretical framework is based on the concept of
informative labels, which refers to information that can differentiate subsets of data samples. We
first give a formal definition of informative labels and then prove their two key properties: 1) they
facilitate tighter clustering of samples around their respective means, and 2) they reduce variance in
the latent representations. Building upon the two properties, we theoretically show that conditional
DPMs memorize more data.

Informative Labels The concept of informative labels has been previously discussed as class labels
(Gu et al.,|2023). In this work, we introduce a more general definition that encompasses both class
labels and random labels as special cases. We define an informative label as follows.

Definition 3 (Informative Label) Let Y = {y;,yo2, - ,yc} be the label set for training dataset D
with C unique labels. y; is the associated label with x;, and Dy—. = {z;:x; € D,y; = c} is the
subset of training samples shared the same label y = c. A label y = c is an informative label if

Dy=c| < |D|. §))

Here, the labels are not limited to the conventional class labels; they can also be text captions, features,
or cluster information that can be used to group the training samples into subsets. The above definition
states that an information label should be able to differentiate a subset of samples from others. An
extreme case is that all samples have the same label; in this case, the label is not informative.
According to our definition, class-wise and random labels are special cases of informative labels.
Informative labels can be either explicit like class/random labels and text captions, or implicit like
silent features or clusters. Next, we will explore the correlation between informative labels and the
clustering effect in the latent space of a generative model with an encoder and decoder. In diffusion
models, the encoder represents the forward diffusion process, while the decoder represents the reverse
process. Notably, the latent space can be defined at earlier timesteps according to (Ho et al., [2020).

Memorization in Conditional DPMs Informative labels cause a clustering effect in the latent
space of DPMs by providing contextual information that allows the encoder to better differentiate
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between data samples. When data points are associated with informative labels, the encoder can map
them to a latent distribution that accurately reflects their shared characteristics. This results in tighter
clusters in the latent space as samples with the same informative label become more concentrated
around their respective means. Consequently, the latent representations of these samples exhibit
reduced variance, leading to a more structured and organized latent space. We prove these two
properties under the assumption of model convergence.

Suppose we have an encoder fp,, (x) and a decoder fy,, (z). The encoder fy, () maps data samples
@ € D to the latent distribution z, which follows a normal distribution N (u, X): pg(2) = N (u, X).
For z; € Dy—., the encoder maps x; to a latent distribution 2. subject to N (pe, X¢). The decoder
fop, (z) maps z back to the original data samples x. y; is the label of data sample ;. Training a
generative py is to optimize the following:

in — 1 il¥i)-
min w% og po (ily:) (©)

Assumption 1 Given suffix training on D, the generative model py converges to an optimal solution
for Eq. (6) : 0" = argming — 3 1, log po(zi|y:)-

Based on the above assumption, we can derive the following Proposition [T} with detailed proof
deferred to Appendix [A.J3]

Proposition 1 Let z be the latent space of generative model py conditioned on an informative label
y = ¢, the latent representations learned by pg under Assumption|[l|satisfy:

Yo Ei-p) Eop) < Y (zi-w) (= - p), Q)

2;€Dy—c 2;€Dy—c

el < 1%, ®

where Y. is the covariance matrix, X is the covariance matrix conditioned on informative label
Yy = ¢, W denotes the mean of the latent representations z conditioned on y = c and p denotes the
mean on the overall dataset D.

Proposition [T|describes two properties of the learned latent space driven by informative labels: 1)
tighter clustering as defined in Eq. (7) and 2) reduced variance as defined in Eq. (). Tighter
clustering means that the data samples associated with the same informative label are more closely
clustered, which allows the model to more effectively capture and memorize the specific features and
patterns relevant to those labels. This proximity in the latent space enhances the model’s ability to
recall memorized samples during generation, as the representations are organized around distinct
means. Additionally, reduced variance in these clustered representations leads to greater stability,
ensuring that the model can consistently reproduce memorized outputs from the clustered latent
codes. Based on this understanding, we formalize the relationship between informative labels and
memorization in conditional DPMs via the following theorem.

Theorem 2 A generative model py incurs a higher degree of pointwise memorization when condi-
tioned on informative labels y = c, mathematically expressed as:

 Mpoint(Dy=c, 0y=c)
lim poin y=cr Yy=c <1 (9)
c—0 Mpoint(Dy:Ca 0)

where 0,—. denotes the parameters of the model when trained on dataset D, —..

The proof can be found in Appendix [A.4 Theorem 2] states that any form of information labels
can incur more memorization in DPMs, including conventional class labels and random labels. As
shown in our proof, the informative nature of a label reduces the entropy (or uncertainty) of the data
distribution conditioned on that label, leading to a more focused and memorable data representation.
This explains the two empirical observations made in existing works|Gu et al.|(2023): 1) conditional
DPMs are more prone to memorization and 2) even random labels can lead to more memorization. It
also explains the findings that unconditional models do not replicate data and that text conditioning
increases memorization Somepalli et al.| (2022); Chen et al.| (2024a).
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Memorization in Unconditional DPMs According to Theorem 2} one could leverage informative
labels to extract training data from conditional DPMs. Intuitively, the Text captions and class labels
commonly used to train conditional DPMs are valid informative labels, which we call explicit
informative labels. However, unconditional DPMs do not have explicit informative labels and thus
are more difficult to extract training data from. Nevertheless, our theory indicates that the learned
representation clusters by an unconditional DPM can also serve as a type of informative labels, which
we call implict information labels. It means that if we can formulate the clustering information
in the training data, we could construct implicit informative labels to help extract training data
from unconditional DPMs. This motivates us to propose a new data extraction method SIDE for
unconditional DPMs in the next section.

4 PROPOSED SIDE METHOD

In this section, we will construct implicit informative labels for unconditional DPMs, convert the
implicit labels into explicit ones, and then leverage the explicit labels to extract training data.

4.1 CONSTRUCTING IMPLICIT INFORMATIVE LABELS

Intuitively, one could use a classifier to generate (predict) implicit labels y; during the sampling
process of the diffusion model. The classifier can be a normal classifier trained on the same dataset as
the diffusion model. When such a classifier is not available, random labels or representation clusters
extracted by a pre-trained feature extractor (e.g., the CLIP image encoder) can also be used as the
implicit labels, according to our theoretical analysis in Section[3.2] We assume an implicit label y; is
learned by the target unconditional DPM, with its sampling process defined as:

da = [f(z,t) — g(t)* (Va log ph(x) + Va log ph(yzla))] dt + g(t)dw, (10)

where x represents the state vector, f(x, t) denotes the drift coefficient, g(t) is the diffusion coefficient,
V. log pl(x) denotes the gradient of model py given « at time ¢, and dw corresponds to the increment
of the Wiener process.

We can use the classifier that generates the implicit labels to approximate the gradient in Eq. (10).
However, a known challenge associated with neural network classifiers is their tendency towards
miscalibration (Guo et al.,|2017). Specifically, the classifier could be overconfident or underconfident
about its predictions. To mitigate the potential impact of miscalibration on the sampling process,
we introduce a hyperparameter A to calibrate the classifier’s probability output on the diffusion path
using power prior as follows:

ph (xlyr) o< g (yilz) ph (). (11)
Then, we have:
dz = [f(z,t) — g(t)* (Va log ph(x) + AV log ph(ys|x))] dt + g(t)dw. (12)

Note that this classifier-conditioned sampling process was initially introduced in (Dhariwal & Nicholl
2021) for a different purpose, i.e., improving sample quality with classifier guidance. Our derivation
is different from (Dhariwal & Nichol, [2021). They assumed that f pt9>‘ (y|x)dy = Z with Z being a
constant. However, this assumption only holds when A = 1, as Z is explicitly dependent on the x;
(the t-th step of sampling image @ ) when \ # 1. Our derivation solves this issue by redefining the
P (y|x) using power prior.

4.2 TIME-DEPENDENT CLASSIFIER

In Eq. , the classifier is denoted by pj(y|x) with ¢ being the timestep, implying its time-
dependent nature. However, we do not have a time-dependent classifier but only a time-independent
classifier. To address this problem, we propose a method named Time-Dependent Knowledge
Distillation (TDKD) to train a time-dependent classifier. The distillation process is illustrated in
Figure[2] TDKD equips the classifier with time-dependent guidance during sampling. It operates in
two steps: first, the network architecture is adjusted to accommodate time-dependent inputs, and the
structure of the time-dependent module and modification are illustrated in Appendix [C} second, a
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Figure 2: An illustration of our proposed Time-Dependent Knowledge Distillation (TDKD) method
that trains a time-dependent classifier on a pseudo-labeled synthetic dataset.

synthetic dataset and pseudo labels are created to facilitate knowledge distillation from the normal
classifier to its time-dependent counterpart.

As the original training dataset is unknown, we employ the target DPM to generate a synthetic dataset,
following the generative data augmentation techniques Chen et al.| (2023}, 2024b). We then use the
normal classifier trained on the original dataset to generate pseudo labels for the synthetic dataset.
Finally, we train a time-dependent classifier on the labelled synthetic dataset. The objective of this
training is defined as following:

Laisti = Dxcr, (po(y1|z), v (yr|e:)) - (13)

Overall Procedure of SIDE  With the trained time-dependent classifier p}(y|x;) and the target
DPM, our SIDE extracts training data from the model following a conditional generation process.
Assume we condition on the label y = c. First, we pick a set of values for A, called Sy, to use in
the SIDE attack. Then, we gather Ng data samples for each value of A from the set. During each
sampling timestep ¢, we compute the gradient V., C E(c, p}(y|z+)) (CE(-) is the cross-entropy loss),
then we use the gradient and the target DPM to reverse the diffusion process. Third, we compute
the similarity score for each generated image. Lastly, we evaluate the attack performance using
evaluation metrics. Defer to Appendix [E]for SIDE’s pseudocode.

5 EXPERIMENTS

In this section, we first describe our experimental setup, introduce the performance metrics, and then
present the main evaluation results of our SIDE method. We empirically verify that the memorized
images are not from the classifier. We also conduct an ablation study and hyper-parameter analysis to
help understand the working mechanism of SIDE.

5.1 EXPERIMENTAL SETUP

We evaluate the effectiveness of our method on three datasets: 1) CelebA-HQ-Face-Identity (CelebA-
HQ-FI) which consists of 5478 images, 2) a subset of the CelebA (CelebA-25000)
2015) which contains 25,000 images and 2) CIFAR-10 containing 50,000 images. All the
images are normalized to [-1,1]. We use the AdamW optimizer (Loshchilov & Hutter| 2019) with a
learning rate of le-4 to train the time-dependent classifier. We train denoising DPMs with a discrete

denoising scheduler (DDIM 2021)) using the HuggingFace implementation (von Platen|

et al.l [2022). All DPMs are trained with batch size 64. We train the models for 258k steps (=~ 3000
epochs) on CelebA-HQ-FI, 390k steps (= 1000 epochs) on CelebA-25000 and 1600k steps (== 2048

epochs) on CIFAR-10, respectively. We use ResNet34 as the normal classifier.

ot

5.2 PERFORMANCE METRICS

Determining whether a generated image is a memorized copy of a training image is difficult, as
L, distances in the pixel space are ineffective. Previous research addresses this by using the 95th
percentile Self-Supervised Descriptor for Image Copy Detection (SSCD) score for image copy
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Figure 3: A comparison between the original training images (top row) and generated images (bottom
row) by our SIDE method. The matches are classified into three categories: low similarity (SSCD
score < 0.5), mid similarity (SSCD score between 0.5 and 0.6), and high similarity (SSCD score >
0.6). This classification highlights varying degrees of semantic resemblance among the image pairs.

detection (Somepalli et al.| 2022} |Gu et al., 2023)). However, the 95th percentile SSCD score has three
limitations: 1) it does not measure the uniqueness of memorized images; 2) it may underestimate the
number of memorized samples when cut at the 95th percentile; and 3) it does not account for different
types of memorization. Here, we propose two new memorization scores to solve these issues: 1)
Average Memorization Score (AMS) and 2) Unique Memorization Score (UMS metrics).

The AMS and UMS metrics are defined as follows:

x; -F wi,D i 70575
AM S (Dgen, Diain, @, B) = 221 Do iv e ), (14)
G

| UmieDgen ¢ (wi; Dtraim «, B) |

Ng ’
where Dq, is the generated dataset, Dy, is the training dataset, and «, 3 are thresholds for
image similarity scoring. J(@;, Dyain, @, 3) serves as a binary check for whether any training
sample meets the similarity/distance criteria. ¢(@;, Dyain, @, 3) provides the specific indices of
those training samples that meet the similarity/distance criteria. Mathematically, we can represent
-F(-Tm Dyain, 7ﬂ) = ]l[maXzJ €Dyain 7(x17 xj) >ak ’Y(xz, 37]) < ﬂ] (xu Divain, B) = {] :
zj € Dyain, V(xi,xj) > a & y(x;,xj) < B}. v represents the 51m11ar1ty/d1stance function For
low-resolution datasets, we use the normalized Lo distance as v following |Carlini et al.|(2023), while
for high-resolution datasets, we use the SSCD score as . In our experiments, the thresholds for
SSCD are set to & = 0.4 and 5 = 0.5 for low similarity, « = 0.5 and 5 = 0.6 for mid similarity, and
« = 0.6 and 8 = 1.0 for high similarity. The thresholds for the normalized Lo ditance (Carlini et al.|
are set to & = 1.5 and 8 = 10 for low similarity, « = 1.4 and 8 = 1.5 for mid similarity, and
a = 1.35 and 8 = 1.4 for high similarity.

UM S (Dgen; Divain, @, ) =

15)

The AMS averages the similarity scores across generated images, ensuring that memorized images are
not overlooked. In contrast, the UMS quantifies distinct memorized instances by evaluating unique
matches, thereby accounting for the uniqueness of the memorized images. By further categorizing
the two scores into three levels—Ilow, mid, and high—we obtain more comprehensive measurements
for different types of memorization.

While[Carlini et al|| (2023)); [Chen et al/ (2024a) introduced metrics similar to AMS and UMS, they

did not account for varying levels of similarity, which is essential for assessing different types of

copyright infringement, such as character or style copying (Lee et al.} 2023} [2023; [Sobell 2023).

Additionally, the UMS considers the number of generated images N¢, which was overlooked in
(Carlini et al.[2023). The significance of N lies in its non-linear impact on the UMS (see Appendix
[B|for proof), indicating that UMS scores should not be compared across different values of N¢.

5.3 MAIN RESULTS

We compare SIDE with a random baseline and a variant of SIDE that substitutes the time-dependent
classifier with a standard (time-independent) classifier. Here, "TD" refers to the time-dependent
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Table 1: The AMS (%) and UMS (%) results at low (top), mid (middle), and high (bottom) levels.
‘Random’ denotes the baseline that generates images directly using the target unconditional DPM,
while OL-TT is a variant of SIDE which is not trained using TDKD.

Low Similarity Mid Similarity High Similarity

Dataset Method AMS(%) UMS(%) AMS(%) UMS(%) AMS(%) UMS(%)
Random 11656 2120 0596 0328 0044  0.040
CelebA-HQ-FI | OL-TI 2.649 0.744 0.075 0.057 0.005 0.005
SIDE (Ours) 15.172 2.342 1.115 0.444 0.054 0.044
Random 5.000 4.240 0.100 0.100 0.000 0.000
CelebA-25000 | OL-TI 0.164 0.152 0.000 0.000 0.000 0.000
SIDE (Ours) 8.756 6.940 0.224 0.212 0.012 0.012
Random 2470 1.770 0.910 0.710 0.510 0.420
CIFAR-10 OL-TI 2.460 1.780 0.800 0.680 0.420 0.370
SIDE (Ours) 5.325 2.053 2.495 0.860 1.770 0.560

classifier trained using our proposed TDKD method, "TI" denotes the time-independent classifier,
and "OL" indicates training with the original dataset labels.

The "Random" baseline generates images directly using the target unconditional DPM, as described
in (Carlini et al., 2023). We average the results across various values of A (defined in Eq. (I51)),
ranging from 5 to 9, with a detailed analysis provided in Section It is important to note that
A = 0 corresponds to the "Random" baseline.

For each J, including A = 0, we generate 50,000 images for CelebA and 10,000 images for CIFAR-10
to validate our theoretical analysis and the proposed SIDE method. This effort results in one of the
largest generated image datasets to date for studying the memorization of DPMs.

Effectiveness of SIDE The AMS and UMS results for the three datasets are presented in Table
[l As shown, SIDE is highly effective in extracting memorized data across all similarity levels,
particularly on the CelebA-25000 dataset, a task previously deemed unfeasible due to its large scale.

On CelebA-HQ-FI, SIDE increases mid-level AMS by 87% to 1.115% and UMS by 37% to 0.444%,
with an average improvement of 20% across other levels. For the CelebA-25000 dataset, SIDE
dramatically enhances AMS and UMS, achieving increases of 75% and 63% for low similarity and
124% and 112% for mid similarity. In the high similarity, SIDE excels at extracting memorized data.

On CIFAR-10, SIDE also outperforms the baselines across all similarity levels. For low similarity, it
achieves an AMS of 5.325%, more than double Random’s 2.470%, and a UMS of 2.05% compared
to 1.780%. For mid similarity, SIDE reaches 2.495% AMS and 0.860% UMS, significantly higher
than Random’s 0.910% AMS and 0.710% UMS, respectively. In the high similarity category, SIDE
achieves 1.770% AMS and 0.560% UMS, well ahead of Random’s 0.510% AMS and 0.420% UMS.

Effectiveness of TDKD As shown in Table [I] time-independent classifiers perform significantly
worse than their time-dependent counterparts on the two high-resolution CelebA datasets, achieving
only about 10% of the effectiveness of classifiers trained using our TDKD method. This discrepancy
arises because time-independent classifiers can provide accurate gradients only at the final timestep,
whereas time-dependent classifiers deliver accurate gradients at each timestep. However, the per-
formance gap narrows on the CIFAR-10 dataset due to its simplicity, consisting of only 10 classes.
Thus, the gradients produced by the time-independent classifier are less prone to inaccuracy, which
mitigates the limitations of the time-independent classifier.

Memorized Images Are Not From the Classifiers There might be a concern that the extracted
images may originate from the classifier rather than the target DPM. We argue that even if a time-
dependent classifier could disclose its training images, these images would still originate from the
target DPM, as they can also be extracted with the time-dependent classifiers. Furthermore, Table



Under review as a conference paper at ICLR 2025

Low Similarity Mid Similarity High Similarity
0014 Ums(%) ~ 0:0008 UMS (%)
0.150 g AMS(%) AMS(%)
Lo12s 0.012 0.0006
g 0.010
é 0.100 UMS (%)
o 0.008
€ 0.075 AMS(%) 0.0004
£ 0.006
@ 0.050
& 0.004 0.0002
0.025
0.002
0 10 20 30 40 50 0 10 20 30 20 50 0 10 20 30 20 50
A (Guidance) A (Guidance) A (Guidance)

Figure 4: Hyper-parameter () analysis on CelebA-HQ-FI. For high similarity, the best A for AMS
and UMS are 16 and 13. For other similarity levels, the best A for AMS and UMS is 13.

[I]demonstrates that employing a simple classifier reduces memorization compared to the baseline
extraction method, indicating that the memorized images do not originate from the classifier.

Impact of the Classifier on SIDE The classifier used to train SIDE is associated with a certain
number of classes. Here, we conduct experiments to explore the relationship between the number of
classes (of the classifier) and the extraction performance at a low similarity level, using 1,200 images
per class with A = 5 on the CelebA-HQ-FI dataset. As shown in Table [2Jand Figure[7] (Appendix),
there exists a strong positive correlation: as the number of classes increases, both AMS and UMS
improve. In summary, increasing number of classes positively affects both AMS and UMS, with
a stronger impact on AMS. The UMS values reported here differ significantly from Table [I] This
is because here, we only generated 1,200 images per class, whereas 50,000 images per class in the
previous experiment. Increasing the number of classes improves AMS more than UMS because a
higher class count enables the classifier to better differentiate fine details, leading to more accurate
matches at low similarity levels. UMS is less affected since it relies more on the diversity across
images, which is constrained by the smaller number of images per class in this experiment.

Table 2: This table presents the results of fitting a linear model to the relationship between the number
of classes and both AMS and UMS.

Relationship Coefficient (x10~°) Intercept R? Correlation Coefficient
#Class vs. AMS 7.4 (positive) 0.115 0.637 0.80
#Class and UMS 6.1 (positive) 0.090 0.483 0.70

Hyper-parameter Analysis Here, we test the sensitivity of SIDE to its hyper-parameter A\. We
generate 50,000 images for each integer value of A within the range of [0, 50]. As shown in Figure
the memorization score increases at first, reaching its highest, then decreases as A increases.
This can be understood from sampling SDE Eq. (I51). Starting from 0, the diffusion models are
unconditional. As X increases, the diffusion models become conditional, and according to Theorem
the memorization effect will be triggered. However, when A is too large, the generated images
will overfit the classifier’s decision boundaries, leading to a low diversity and ignoring the data
distribution. Consequently, the memorization score decreases.

6 CONCLUSION

In this paper, we introduced a pointwise memorization metric to quantify memorization effects
in DPMs. We provided a theoretical analysis of conditional memorization, offering a generalized
definition of informative labels and clarifying that random labels can also be informative. We
distinguish between explicit labels and implicit labels and propose a novel method, SIDE, to extract
training data from unconditional diffusion models by constructing a surrogate condition. The key
to this approach is training a time-dependent classifier using our TDKD technique. We empirically
validate SIDE on subsets of the CelebA and CIFAR-10 datasets with two new memorization scores:
AMS and UMS. We aim for our work to enhance the understanding of memorization mechanisms in
diffusion models and inspire further methods to mitigate memorization.

10



Under review as a conference paper at ICLR 2025

REFERENCES
Clark D Asay. Independent creation in a world of ai. FIU Law Review, 14:201, 2020.

James Betker, Gabriel Goh, Li Jing, T TimBrooks, Jianfeng Wang, Linjie Li, T LongOuyang, ¥
JuntangZhuang, 1 JoyceLee, T YufeiGuo, ¥ WesamManassra, T PrafullaDhariwal, 1 CaseyChu, }
YunxinJiao, and Aditya Ramesh. Improving image generation with better captions.

Tim Brooks, Bill Peebles, Connor Holmes, Will DePue, Yufei Guo, Li Jing, David Schnurr, Joe
Taylor, Troy Luhman, Eric Luhman, Clarence Ng, Ricky Wang, and Aditya Ramesh. Video
generation models as world simulators. 2024. URL https://openai.com/research/
video—generation-models—as-world-simulators.

Matthew Butterick. Stable diffusion litigation: joseph saveri law firm & matthew butterick. Stabledif-
fusionlitigation. com, 13, 2023.

Nicholas Carlini, Daphne Ippolito, Matthew Jagielski, Katherine Lee, Florian Tramer, and Chiyuan
Zhang. Quantifying memorization across neural language models. arXiv, 2022.

Nicolas Carlini, Jamie Hayes, Milad Nasr, Matthew Jagielski, Vikash Sehwag, Florian Tramer, Borja
Balle, Daphne Ippolito, and Eric Wallace. Extracting training data from diffusion models. In
USENIX Security 2023, pp. 5253-5270, 2023.

Chen Chen, Daochang Liu, and Chang Xu. Towards memorization-free diffusion models. In CVPR
2024, pp. 8425-8434, 2024a.

Yunhao Chen, Zihui Yan, Yunjie Zhu, Zhen Ren, Jianlu Shen, and Yifan Huang. Data augmentation
for environmental sound classification using diffusion probabilistic model with top-k selection
discriminator. In ICIC 2023, pp. 283-295. Springer, 2023.

Yunhao Chen, Zihui Yan, and Yunjie Zhu. A comprehensive survey for generative data augmentation.
Neurocomputing, pp. 128167, 2024b.

A Feder Cooper and James Grimmelmann. The files are in the computer: Copyright, memorization,
and generative ai. arXiv arXiv:, 2024.

Prafulla Dhariwal and Alexander Nichol. Diffusion models beat gans on image synthesis. 34:
8780-8794, 2021.

Xiangming Gu, Chao Du, Tianyu Pang, Chongxuan Li, Min Lin, and Ye Wang. On memorization in
diffusion models. arXiv preprint arXiv:2310.02664, 2023.

Chuan Guo, Geoff Pleiss, Yu Sun, and Kilian Q Weinberger. On calibration of modern neural
networks. In ICML 2017, pp. 1321-1330. PMLR, 2017.

Kaiming He, X. Zhang, Shaoqing Ren, and Jian Sun. Deep residual learning for image recognition. pp.
770-778, 2015. URL https://api.semanticscholar.org/CorpusID:206594692.

Jonathan Ho and Tim Salimans. Classifier-free diffusion guidance. arXiv preprint arXiv:2207.12598,
2022.

Jonathan Ho, Ajay Jain, and Pieter Abbeel. Denoising diffusion probabilistic models. 33:6840-6851,
2020.

Matthew Jagielski, Om Thakkar, Florian Tramer, Daphne Ippolito, Katherine Lee, Nicholas Carlini,
Eric Wallace, Shuang Song, Abhradeep Thakurta, Nicolas Papernot, et al. Measuring forgetting of
memorized training examples. arXiv preprint arXiv:2207.00099, 2022.

Katherine Lee, A Feder Cooper, and James Grimmelmann. Talkin”’bout ai generation: Copyright and
the generative-ai supply chain. arXiv preprint arXiv:2309.08133, 2023.

Ziwei Liu, Ping Luo, Xiaogang Wang, and Xiaoou Tang. Deep learning face attributes in the wild. In
ICCV 2015, December 2015.

11


https://openai.com/research/video-generation-models-as-world-simulators
https://openai.com/research/video-generation-models-as-world-simulators
https://api.semanticscholar.org/CorpusID:206594692

Under review as a conference paper at ICLR 2025

Ilya Loshchilov and Frank Hutter. Decoupled weight decay regularization. In /ICLR 2019, 2019. URL
https://openreview.net/forum?id=Bkg6RiCqgY7.

Dongbin Na, Sangwoo Ji, and Jong Kim. Unrestricted black-box adversarial attack using gan with
limited queries. In ECCV 2022, pp. 467-482. Springer, 2022.

Robin Rombach, Andreas Blattmann, Dominik Lorenz, Patrick Esser, and Bjorn Ommer. High-
resolution image synthesis with latent diffusion models. In CVPR 2022, pp. 10684—-10695, 2022.

Brendan Leigh Ross, Hamidreza Kamkari, Zhaoyan Liu, Tongzi Wu, George Stein, Gabriel Loaiza-
Ganem, and Jesse C. Cresswell. A geometric framework for understanding memorization in
generative models. In ICML 2024 Workshop on Geometry-grounded Representation Learning and
Generative Modeling, 2024. URL https://openreview.net/forum?id=sGHeIefdvL.

Matthew Sag. Copyright safety for generative ai. Houston Law Review, 61:295, 2023.

Chitwan Saharia, William Chan, Saurabh Saxena, Lala Li, Jay Whang, Emily L Denton, Kamyar
Ghasemipour, Raphael Gontijo Lopes, Burcu Karagol Ayan, Tim Salimans, et al. Photorealistic
text-to-image diffusion models with deep language understanding. 35:36479-36494, 2022.

Benjamin LW Sobel. Elements of style: A grand bargain for generative ai. On file with the authors,
2023.

Jascha Sohl-Dickstein, Eric Weiss, Niru Maheswaranathan, and Surya Ganguli. Deep unsupervised
learning using nonequilibrium thermodynamics. In ICML 2015, pp. 2256-2265. PMLR, 2015.

Gowthami Somepalli, Vasu Singla, Micah Goldblum, Jonas Geiping, and Tom Goldstein. Diffusion
art or digital forgery? investigating data replication in diffusion models. pp. 6048-6058, 2022.

Gowthami Somepalli, Vasu Singla, Micah Goldblum, Jonas Geiping, and Tom Goldstein. Under-
standing and mitigating copying in diffusion models. 36:47783—47803, 2023.

Jiaming Song, Chenlin Meng, and Stefano Ermon. Denoising diffusion implicit models. In ICLR
2021,2021. URL https://openreview.net/forum?id=StlgiarCHLP.

Yang Song and Stefano Ermon. Generative modeling by estimating gradients of the data distribution.
32,20109.

Yang Song, Jascha Sohl-Dickstein, Diederik P Kingma, Abhishek Kumar, Stefano Ermon, and Ben
Poole. Score-based generative modeling through stochastic differential equations. arXiv preprint
arXiv:2011.13456, 2020.

Patrick von Platen, Suraj Patil, Anton Lozhkov, Pedro Cuenca, Nathan Lambert, Kashif Rasul,
Mishig Davaadorj, Dhruv Nair, Sayak Paul, William Berman, Yiyi Xu, Steven Liu, and Thomas
Wolf. Diffusers: State-of-the-art diffusion models. https://github.com/huggingface/
diffusers, 2022.

Ryan Webster. A reproducible extraction of training images from diffusion models. arXiv preprint
arXiv:2305.08694, 2023.

12


https://openreview.net/forum?id=Bkg6RiCqY7
https://openreview.net/forum?id=sGHeIefdvL
https://openreview.net/forum?id=St1giarCHLP
https://github.com/huggingface/diffusers
https://github.com/huggingface/diffusers

Under review as a conference paper at ICLR 2025

BROADER IMPACTS

Our work introduces a memorization metric that not only quantifies memorization effects in diffusion
models but also extends to deep learning models more broadly. This contribution is significant in
enhancing our understanding of when and how models memorize training data, which is critical for
addressing concerns about data privacy and model robustness. By providing a theoretical framework
for conditional memorization, we pave the way for developing effective memorization mitigation
strategies tailored for diffusion models. These advancements can lead to the design of more secure
and trustworthy Al systems, reducing the risk of potential data leakage while fostering greater
accountability in the use of generative technologies. Ultimately, our findings aim to empower
researchers and practitioners to create models that better respect privacy, thus benefiting the wider Al
community.

A PROOFS

A.1 PRELIMINARIES

If p(x) and ¢(z) are normal distributions:

! 1 . }
)= ——————exps —=(x — o (e — 16
p(x) CSEon) p{ 5 (@ —pp) Ty (@~ py) (16)
1 1 . )
T)=—F—————exp—=(x— Yo (x— 17
q(z) CORTION p{ 5(@ = ko) (@ =) (17)
Then we have:
Eompe) |(@ = 1) 25" (2 = p1y)| a8)
=Te (B715) + (o — ) 35 (i — o) (19)
(20)
Eang(e) |(@ — #o)| 37" (@ — )| = d 1)
The entropy of p(x):
n 1
Hy (x) = Egpa)[—logp(z)] = 5(1 + log 27) + B log det (X,) (22)
The KL divergence between the two distributions is:
Dk r(p(z)q(x)) (23)
1 Tawo _ _
=3 [(up —tg) I (Bp — pag) — logdet (37'5,) + Tr (3;'5,) — d] (24)

A.2 PROOF FOR THEOREMII]

We begin by assuming that we have an encoder fy, () and a decoder fy, (z). The encoder fy, ()
maps the data samples @ into the latent distribution z, which is modeled by a normal distribution
N (u, X), where z € R is the latent space of dimension d. The decoder fy,, (z) maps the latent
variables z back to the original data samples a. This structure forms the basis of many variational
autoencoder (VAE) frameworks, where we aim to optimize the relationship between « and z through
probabilistic modeling.

Transformation of Probability Distributions Based on the transformation of probability density
functions (PDF) and the method of change of variables for multiple integrals, we can express the
likelihoods as follows:

13
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1. Conditional Probability of x given y = c:

ot |y =)= po(z |y =) det (57 25)
0
=po(z|y=c)det (JE@) (26)

Here, pp (x | y = ¢) is the probability of the data  conditioned on the label y = ¢, which depends

on the latent variable z. The term det (W%Lw(m)) is the determinant of the Jacobian matrix of the

encoder function fy,, (x), which accounts for the change of variables from x to z.

2. Marginal Probability of x:

po (@) = po (=) det ( g;) )
= pg (z) det (Wg;(w)) (28)

This expression captures the marginal distribution of &, which is obtained by marginalizing over the
latent variable z.

3. Volume Element Change:

da = det (a‘”> dz (29)
0z
= det (MJ('Z)) dz (30)
0z
oz
() o

This represents the volume element transformation between the latent space z and the data space x.
The determinant of the Jacobian of the decoder fp,, (z) relates the volume elements in z and x.

Objective Function and Change of Variables Given the above transformations, we can rewrite
the memorization objective M,oin:(D; 6) as follows:
1. Original Memorization Objective:

Mapoint(D;0) = / log#daz (32)

x, €D :B(BZ, )

This measures the difference between the model distribution pg(x) and a perturbed distribution
q(x, x;, €) at each point x; in the dataset D.

2. Transformed Memorization Objective in Latent Space:
Msemantzc D 9 Z /PG log pe( ) dz (33)
Z, 2, €)
z, €D
By applying the change of variables, we transform the objective into the latent space, where the same

logic applies, but now the integration is over the latent variables z instead of the data space .

Monotonicity Derivation We now derive the monotonicity of the memorization objective with
respect to the content-related part M gemantic(D; 0). Specifically, we want to show that the objective
increases monotonically with Memantic:

1. Partial Derivative of the Objective:

OM(D;0) 9 po()
8Msemantic(p§0) B aMSemantzc D 0 (Z /p9 log il! T, € )d (34)

i€D

14
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2. Expanding the Derivatives:

= 9 |DIH( )+Z/ ( )(Z_Zi)T(z_zi)d + Lioga (35)
B 8Msemantic(p;9) bo 2.¢D Pol® 2€ # 2 0§ oTe

3. Applying the Chain Rule:

_ O|D[H(ps) 0 / (z—z)" (z— z) 13} d
- 6Msemantic * aMsemantic zze:D bo (Z) 2¢ dz N 8Msemantic 2 10g 2me

(36)
4. Evaluating Each Term:
_ Tr(igb ) aMSfmm (Zziepfm(z) (z%— 2)" (z - zi>dz> o o
5. Final Form:

A.2.1 DERIVE aa%&

Msemantic
We are given:
* A multivariate normal distribution py(z) = N(p, X,,), where g is the mean vector and

Yp, 1s the covariance matrix.
* The entropy of this distribution is:

1 d 1
H(pg) = 3 In ((27re)d|2pe|) =3 In(27e) + 3 In|%,,| (39)
* The sum expression:
|D|
Msemantic = Z Epe [HZ - zi||2] = |D| Tr(zpe) + Z ||N - ZiH2 (40)
z;€D =1

where |D| is the number of data points in D.

Our goal is to find ﬂ%

Msewtant,ic

Entropy of a Multivariate Normal Distribution The entropy of a multivariate normal distribution
pe(z) = N(1, %y, ) is given by:

H(pp) = —/pg(z) Inpe(z)dz 41)

1
3 In ((2me)4[Zp,]) (42)

Where:

* d is the dimensionality of the vector z.
* |X,, | denotes the determinant of the covariance matrix X, .

Thus, we can write:

d 1
H(pg) = 3 In(2me) + 3 In|%,,| (43)
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Computing the Sum M. ,qntic  We have:

Msemantic = Z ]Eps [HZ - Zi”z]

z,€D
First, compute E,,, [||z — 2;||?] for each z;:

Expanding the Squared Norm
Iz = 2i|* = (= — 2:) T(

=z'z— 2szi + z:zi

z—z;)

Taking the Expectation
Epe [”z - z’i||2] =E 0 [ZTZ] - 2Z1TEP9 [z} + zz’Tzi

P
Tr (Eyp, [227]) — 22/ p+ ||zl

Computing the Expectations

¢ First Term: The second moment of z:
Ep, [zzw =Yy, + e’

Therefore:

Tr (Ep, [227]) = Te(Zp,) + Te(pp ") = Te(Sy, ) + |l

¢ Second Term: The mean of z:
EPB [Z] =M
e Third Term: Constant term involving z;:

lzill* = 2/ 2

Combining the Terms Substitute back into the expectation:

Ep [z = 2ill"] = (Tr(S,) + 0ll?) — 227 o+ |2

= Tr(Zp,) + (I6l® = 20" 2 + ||z]%)

= Te(Sp,) + [l — 2l

Thus, for each z;:

Ep, [Il2 = 2il1*] = Tr(Sp,) + [l — 2l

Summing Over All Data Points The total sum M ¢qntic becomes:

|D|
Memantic = Z (Tr(ng) + H/L - zi||2)
=1
|D|
=D Tr(p,) + ) I — 2l
=1

Let’s define the sample variance Varg,e,:
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(43)

(49)

(50)

61y

(52)

(53)

(54)
(55)
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(58)
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D]

1
Vatu = 170 o=zl (59)
i=1
Then, M semantic can be expressed as:
Msemantic = |D| Tr<2p9) + |D|Vardala = |D| (Tr(ng) + Vardata) (60)

Attempting to Relate H (py) and M crmantic Our challenge is to express H (pg) as a function of

OH (po)

M semantic SO that we can compute T . However, we face a difficulty:

semantic

* The entropy H (pg) depends on In |2, |.
* The sum M emantic depends on Tr(%,, ).

For a general covariance matrix ¥,,,, there is no direct algebraic relationship between Tr(X%,,) and
In|X,,|. Therefore, we need to explore an alternative method.

Computing Derivatives with Respect to 3,, The entropy H (pg) is given by:

d 1
H(py) = 3 In(2me) + 3 In|%,,| (61)

To find the derivative of H (py) with respect to X,,,, we proceed as follows:

aH(pe) 0 d 1

=— | =1In(2 —In|X 2
7%, o, \2 1m0+ nlE| (62)

1 0
L0 s (63)

205, be

1 —1

~ 1, (64)
Recall that:

M semantic = |D| (Tr(ng) + Vardata) (65)

Since Vargy, does not depend on X, the derivative of M emantic With respect to X, is:

a-A/lsemantic 8
— " =D
0%p, ] 0%,,

Tr(Z,,) (66)

Computing #’@% Using the Chain Rule Using the chain rule for derivatives:

L(pe) — aH(pg) OM semantic -1
6Msemantic =T ( azpe azpe (67)
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p -1 p
Computing (W) Since #Msemantic — ||, its inverse is:
Po Po

—1
(aMsemantzc) 1 I (68)

82199 a |D‘
Combine together, we can derive

OH(ps) _ TH(Ty)
aMsemcmtic 2|D|

(69)

Thus, we conclude that the memorization objective increases monotonically with respect to the
memorization metric.

A.3 PROOF FOR PROPOSITION]
A.3.1 PROOF FOR EQUATION [§]

Covariance Definitions:

Y =Cov(Z), %.=Cov(Z|Y) (70)

Here:

e Y is the overall covariance matrix of 2,

* . is the conditional covariance matrix of Z given Y.

The goal is to prove that the trace of the conditional covariance matrix is less than or equal to the
trace of the overall covariance matrix, i.e.,

Tr(S.) < Tr(2) (71)

for all realizations of Y.

Proof of Trace Inequality

S =Cov(Z), S.=Cov(Z|Y) (72)

Here:

* Y is the overall covariance matrix of the random vector Z € R",
* 3. is the conditional covariance matrix of Z given Y.
Goal Prove that:
Tr(X.) < Tr(X) (73)
for all realizations of Y.

We begin by expressing the overall covariance matrix X in terms of the conditional covariance matrix
Y. and the covariance of the conditional expectation of Z given Y.

¥ =Cov(Z2) (74)
=E[(Z - E[Z])(Z - E[Z))"] (75)
=E [(Z —E[Z|Y]|+E[Z|Y]-E[Z])(Z-E[Z|Y]+E[Z|Y]-E[Z)"| (76)
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Expanding the Product Inside the Expectation We expand the product inside the expectation:

S=E|(Z-E[Z|Y])(Z-E[Z|Y)T
+(Z-E[Z | Y)(E[Z|Y]-E[Z)"
+ (E[Z | Y]-E[Z])(Z -E[Z | Y)"

Term 3

+(E[Z | Y] - E[Z)(E[Z | Y] - E[Z))"

Term 4

Analyzing Each Term

Term 1:

E[(Z-E[Z|Y])(Z-E[Z|Y])'] =Cov(Z|Y) =2,

Term 2:
E[(Z-E[Z |Y))(E[Z | Y] -E[Z])"]

To evaluate Term 2, we condition on Y:

E[(Z-E[Z|Y]))E[Z | Y] -E[2)"] =E[E[(Z - E[Z | Y)(E[Z | Y] - E[Z])" | Y]]

Inside the inner expectation, E[Z | Y] — E[Z] is treated as a constant with respect to Z, so:

E[(Z-E[Z|Y]))(E[Z|Y]-E[Z)" |Y]
=(E[Z|Y]-E[Z))E[Z -E[Z | Y]|Y]
=(E[Z|Y]-E[Z])-0=0
Thus:
E[(Z-E[Z|Y]))E[Z|Y]-E[Z])"] =0
Term 3:

E[(E[Z | Y] -E[Z])(Z -E[Z | Y]))"]
Similarly, we condition on Y:
E[(E[Z | Y] -E[Z))(Z -E[Z | Y]))"]
E[(E[Z |Y]-E[Z)E[(Z-E[Z|Y])" | Y]]
E[(E[Z |Y]-E[Z])-0"]
0

Term 4:

E[(E[Z | Y] -E[Z]))(E[Z | Y] - E[Z])"] = Cov (E[Z | Y]) = Cov(E[Z | Y])

Combining All Terms Putting all the terms together:

Y =3.40+0+Cov(E[Z |Y])
=3X.+Cov(E[Z |Y])
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Taking the Trace Taking the trace on both sides of the covariance decomposition:

Tr(X) = Tr(X.) + Tr (Cov(Z | Y)) 93)
= [Tr(Se)] + Tr (Cov(E[Z | Y))) (94)
Since the trace of a covariance matrix is non-negative:
Tr (Cov(E[Z | Y])) > 0 (95)
Thus:
Tr(S.) < Tr(X) (96)

Conclusion We have proven that the trace of the conditional covariance matrix 3. is less than or
equal to the trace of the overall covariance matrix Y. Formally,

Tr(X.) < Tr(X) Cn)

This result is a multivariate generalization of the variance decomposition, showing that the expected
conditional variability of Z given Y does not exceed the overall variability of Z.

A.3.2 PROOF FOR EQUATION[/|

Centering and Decomposing By the definition of variance, we can express the sum of squared
distances for the conditional mean . and overall mean p:

Yoz -z p (98)
2;€Dy=c
Z (zi - “)T<zi - /'l') = ((zi — He + e — H)T(Zi — He + e — N)) (99)
ijGDy:C ziEDy:C

te — 1) (pe — u)] (100)
= Z (Zi - HC)T(Zi - ll'c)
2,€Dy=c
+ Z (zi — HC)T(HC — )
2;€Dy—c
+ Z (e — )" (2 — pe)
2;€Dy—c
+ (e — )" (e — 1) (101)
2;€Dy=c
= (zi — pe) " (20 — pe)
2;€Dy=c
+ (e — ) (e —p) > 1 (102)
2;€Dy—c

= (zi — me) " (20 — pre) + [ Dy=c|(ppe — )" (e — ) (103)
2;€Dy=c

Expanding this expression, we have:

= Y (== 1) (2 — pe) + 2z — )T (e — 1) + (e — ) (e — p)) . (104)

2;€Dy=c
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Step 2: Simplifying the Inequality The term (g — p)™ (pe. — ) is a constant for the conditional
samples, and the term 2(2; — pt.)T (@ — p) sums to zero when averaged over the samples in D,,—.
due to the definition of p..

Thus, we have:

Y. W zi—m = > (2= o) (2 — ) + [Pyl (e — )" (e — ),
2;€Dy=c 2, €Dy=c

(105)

where |D,—.| is the number of samples with label y = c.

Step 3: Establishing the Inequality Since the variance (sum of squared distances) from the
conditional mean will always be less than or equal to the variance from the overall mean, we
conclude:

Yo i) (zi—p) < ), (-w iz ). (106)
ziEDy:C ziGDy:c

This establishes that the latent space representation conditioned on an informative label exhibits
reduced variance, confirming our initial claim.

GENERALIZED VARIANCE COMPARISON

In this section, we examine a broader comparison of variance that does not restrict the analysis to the
subset D,_. but rather considers the entire dataset D. Namely, we prove that:

Yoo i p) (z ) <Y (- ) (2 - ) (107)

Z5 eDy:c z, €D
For a set of data points D, the sum of squared deviations from the mean is given by:
> (2 — ) (2 — ) (108)
z, €D

Derivation: First, let’s write out the sums of squared deviations for the unconditional and condi-
tional cases.

Unconditional Sum of Squared Deviations:

> (zi—m) ' (zi - ) (109)

z, €D
where D represents the entire dataset of z values.

Conditional Sum of Squared Deviations:

ST (2 pe) (21— pe) (110)

2;€Dy=c

where D,,_. represents the subset of data points z; where y = c.
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Covariance Matrix and Sum of Squared Deviations: The covariance matrix can be related to the
sum of squared deviations. For the unconditional case:

1
Y=- ; — )T
SOIICEDICEYD 111
z;€D
Taking the trace on both sides:

1

tr(X) = —t i — =T 112

£(%) nr<z§EDﬁ (2 — )z — ) ) (112)

Since the trace of a sum is the sum of the traces:

(%) = % St (2 — )z — w)") (113)

z, €D

The trace of the outer product of a vector with itself is the sum of squared elements of the vector:

o ((zi—p)(zi—w)7") = (z: — )" (zi — ) (114)
Therefore:
1
w(¥) = — > (zi—w) " (zi - ) (115)
z;€D

Similarly, for the conditional case:

1
Se=— Y (2i—pe)(zi — pe)” (116)
Me 2;€Dy—c
Taking the trace:
1
r(2e) = - e%j (2 — pe)" (21 — pre) (117)

Inequality of Traces: Given that conditioning on y = ¢ provides information about z, it generally
reduces the variance of z. Mathematically, this can be expressed as:

tr(X,) < (%) (118)

In terms of sums of squared deviations:

EX Y i) (zi—p) <= Y (zi—w) (2 - p) (119)

Ne
2;€Dy=c z, €D

S
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Multiplying both sides by their respective sample sizes n. and n:

Z (zi — )T (25 — pe) < % Z (zi — )" (2 — ) (120)

zieDy:c z,€D

Since n. < n, this further simplifies to:

Yooz p) (z—p) <Y (- ) (2 - ) (121)

2;€Dy=c z,€D

A.4 PROOF FOR THEOREM

This section will detail the proof for the theorem [2]

ZwGDy cfpe y—c)log%dx

lim i <1 (122)
0 Zm E€Dy—c fp@ log (we,mi,e) dx
Define D;_. = {zi : fo, (%) € Dy=c}
Dy:c = {w’L i TS D,yl = C}
By using the change of variable theorem, the (T22)) becomes:
D, po(ly = ¢) log Z4E=9) 4y
lim =2i€Py=c / a@@i0) T (123)

e—0 Zaz €D,_. fp@ log q(m(m )E) dx —

_ (zly=c)
. fpg zly=c logp"isdz
= lim Lzen;. 9=z 7 (124)

e—0 zleDz J"pe log ;D:(:)E) dz <

Since pg(z) = N (u, X), it is reasonable to assume that its conditional distribution is also a normal
distribution. Then:

po (zly = ¢) = N (pe, Be) (125)

where p. € R? 3. € R¥9, Moreover, because py (2|y = c) depends on label ¢, we can derive the
following:

Yo (zi—p) (zi—p) < D (zi—p) (zi—p) (126)
ZiED?j:C ZiG’D;:C
where Vz;, fo, (2:) € ye.

Intuitively, (I26) means that the latent code of each training sample conditioned on the label y = ¢ is
more centered around the learned latent space of distribution py(z|y = ¢) than around the distribution

po(2).

We now look into the KL divergence:

/pe(zwzc)bgwdz (127)
q(z; 2:)
B / po(zly = c)logpo(zly = c)d= — / po(zly = c)log g(; zi)dz (128)
d 1
— ) (1 + log 27T) ) log det (EC) + Esze(zly:C) (_ log ¢ (Z; Zl)) (129)
T
L [@ ) (o), det(Ze) | Tr(Ze) d] (130)
2 € € €
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We use the SVD decomposition to decompose 3.

. =U AU (131)

And:
logdet X, = log det U, AU} = log |U.||A.||UY| = log |A.| (132)
Tr () = Tr (UeAUY) = Tr (AUU)) = Tr (Ac) (133)

Thus, (T30) simplifies to:

1 c c det (A Tr (A,
(i—p) impe) | det(A) | Tr(A) 134,
2 € e €
Similarly:
(135)
/pg(z)log Po(2) dz (136)
q(z; 2;)
T
1 P — P — det (X, Tr (X,
1| (zi—p) (2 u)_loge( )Jr (2) (137)
2 € ed €
T
1 P — P — det (A Tr (A
e ew e et | ) 138)
2 € €d €
where
S =UAU" (139)
According to the Eq. (8), the nuclear norm of the two covariance matrices differs. Specifically:
[Zell« < (15l (140)
Thus, according to the definition of the nuclear norm, we have:
Tr (A.) < Tr(A4) (141)
Therefore:
Yeep;_, | polzly = c) log 275 dz
lim : (142)
0 Y.eps [ po(2)log ;E dz
ZzieDz |:(zi_l-¢c)€(z'i_ Me) _ IOg dete(dAC) + TT(EAC) _ d}
= lim 'S Ty=c o ap— T (143)
0 Zz,iEDjm [ 2k p Zl) og eéd + = *d:|
Using L’Hospital’s rule:
Z cp= |:_ (zi_ﬂc)z(zi_lllc) + d _ Tr(glc):|
lim (144)
€— Zziepzzc |:_ i I-lf62 i M + & — = ]
T
- ZZiED;:C (zi - /J'c) (zi - IJC) +Tr (Ac) (145)
Srems (2 - 1) (zi— @) +Tr(4)
<1 (146)
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Figure 5: Validation of N ’s significance

B EXPLANATION OF THE Ng’S IMPORTANCE IN FAIR COMPARISON

By highlighting the significance of N, UMS allows a fair comparison among extraction methods.
We explain this both theoretically and experimentally. Let Nyem denote the number of uniquely
memorized images, M the dataset size, and p-,(¢) the probability that image ¢ is memorized. To find
E(Numem ), we introduce a new variable I;, representing the generation of image ¢ in N trials:

p(L) =1 —(1—py(i))Ne (147)

Using the linearity of expectation, we derive: E (Nyem)

E (Numem) (148)

=B (L) +E(L)+---+E(Iy) (149)
M

=>"1-(1—p, (i)"° (150)

The importance of Ng lies in its impact on the non-linear expectation of uniquely memorized
images. Comparing UMS across different Ng values is flawed because varying N¢ leads to different
outcomes, underscoring the need for consistent N¢ values to ensure fair comparisons. In|Carlini et al.
(2023), the significance of N was overlooked, as they only reported the number of uniquely extracted
images. Our theoretical analysis accurately aligns with the behavior observed in the experimental
data in Fig[j]

C REFINEMENT RESNET BLOCK

The integration of the time module directly after batch normalization within the network architecture
is a reasonable design choice rooted in the functionality of batch normalization itself. Batch nor-
malization standardizes the inputs to the network layer, stabilizing the learning process by reducing
internal covariate shifts. By positioning the time module immediately after this normalization process,
the model can introduce time-dependent adaptations to the already stabilized features. This placement
ensures that the temporal adjustments are applied to a normalized feature space, thereby enhancing
the model’s ability to learn temporal dynamics effectively.

Moreover, the inclusion of the time module at a singular point within the network strikes a balance
between model complexity and temporal adaptability. This singular addition avoids the potential
redundancy and computational overhead that might arise from multiple time modules. It allows the
network to maintain a streamlined architecture while still gaining the necessary capacity to handle
time-varying inputs.
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Figure 6: Refinement ResNet block with time-dependent module integration. This block diagram
depicts the insertion of a time module within a conventional ResNet block architecture, allowing the
network to respond to the data’s timesteps. Image x g is the image processed after the first Batch
Normalization Layer.

Regression plot of AMS by Number of Classes Regression plot of UMS by Number of Classes
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Figure 7: Scatter plots showing the relationship between the number of classes and two performance
metrics, AMS (left) and UMS (right). The fitted regression lines demonstrate a positive correlation in
both cases.

D RESULTS ON CLASSIFIER CHOICE

The analysis of classifier performance across varying numbers of classes reveals interesting patterns
for both AMS and UMS. As shown in Figure [7] the scatter plots highlight a positive relationship
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between the number of classes and the performance metrics. For AMS, the regression line suggests a
stronger relationship (R? = 0.637), implying that as the number of classes increases, the AMS metric
improves with a moderately strong association. In contrast, the relationship between the number of
classes and UMS, while still positive, exhibits a slightly weaker connection (R? = 0.483).

These results suggest that classifier performance, particularly as measured by AMS, benefits more
significantly from an increase in the number of classes compared to UMS. The shaded regions in the
plots represent the 95% confidence intervals, indicating the range of uncertainty around the fitted
regression lines. Overall, the findings imply that the choice of classifier could have a notable impact
on AMS , with a less pronounced but still meaningful effect on UMS.

E PSEUDOCODE FOR SIDE METHOD

The following Algorithm [T| outlines the detailed steps of the SIDE method for extracting training
data from unconditional diffusion models. This algorithm combines the construction of implicit
informative labels, the training of a time-dependent classifier, and the conditional generation process
to effectively extract valuable training samples.
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Algorithm 1 SIDE Method for Extracting Training Data from Unconditional Diffusion Models

1:

Input:
* Unconditional Diffusion Probabilistic Model (DPM) py(x) = N (i, Xy, )
* Pre-trained Classifier py(ys | )
* Hyperparameter set Sy
* Number of generated samples per A, Ng
 Target label y = ¢

Output: Extracted training data Deyiracted

Construct Implicit Informative Labels

Input: Unconditional DPM py(x), Classifier pg(y; | )
Define sampling process with implicit labels:

dz = [f(z,t) — g(t)* (Vo log ph(x) + AVe log pp(ys | @))] dt + g(t)dw

6: Calibrate Classifier Output

10:
11:
12:

13:

15:
16:

17:
18:
19:
20:
21:

22:
23:
24
25:
26:
27:
28:
29:

Adjust classifier probabilities using power prior:

ph (x| yr) o< p§* (yr | =) ph (x)

: Train Time-Dependent Classifier via TDKD

Input: Pre-trained Classifier py(y; | @), Synthetic Dataset Dgynthetic

Output: Time-Dependent Classifier p}(ys | )

Initialize Time-Dependent Classifier architecture with time-dependent modules
Generate synthetic dataset using DPM:

i)\ Nsynthetic
Dsynthetic = {w(z)}l:f e p@(w)
Generate pseudo labels using pre-trained classifier:

y$ = polys | 29)

: Train Time-Dependent Classifier by minimizing KL divergence:

Laistii = Dk (pe(yf | 2D || ph(yr | SCE”))

Overall SIDE Procedure

(151)

(152)

(153)

(154)

(155)

Input: Trained Time-Dependent Classifier p},(y; | @), Target Label y = ¢, Hyperparameter set

S, Number of samples Ng
Initialize empty dataset Deytracted
for each \ € S, do
for i = 1to Ng do
Sample xo conditioned on y = c using Eq.
Compute gradient of cross-entropy loss:

Ve, Lor(e,pp(y | @)

Reverse diffusion process using computed gradient
Generate similarity score for x,
Append x; t0 Deyirgcereq With similarity score
end for

end for

Evaluate Attack Performance

Compute evaluation metrics on Deytracted

return Deztracted

(156)
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F SSCD-RELATED METRICS

In our evaluation of the proposed method, it is essential to include a discussion of the 95th percentile
SSCD metric alongside our newly introduced metrics, AMS (Average Matching Similarity) and UMS
(Unconditional Matching Similarity). While 95th percentile SSCD metric has its limitations, it still
serves as a useful reference point for assessing the relative similarity between extracted images and
the original training dataset.

As shown in Table ] we provide a comprehensive comparison of performance across different
datasets.

In addition, we report detailed metrics in the context of our experiments on the CelebA-HQ-FI dataset,
which further illustrates the effectiveness of our approach. These results underscore the significance
of incorporating SSCD-related scores to complement AMS and UMS in providing a more nuanced
understanding of the similarities between generated and training images.

Table 3: Performance Comparison on CelebA-HQ-FI and CelebA-25000 Datasets

Dataset Method Top 0.01% Top 0.05% Top0.1% Top0.5% Top1.0% Top 5.0%
CelebaiQ _ Uneond 0656 0.624 0.604 0.544 0518 0.463
SIDE(ours)  0.680 0.639 0.618 0.567 0.544 0.485
Uncond 0.565 0538 0525 0.491 0475 0.434
CelebA-25000  gipEours)  0.585 0.554 0.539 0.506 0.491 0.450
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Table 4: Generate Training Epoch: 3000 Dataset: CelebA-HQ-FI Generate Nums Per A: 50000. The
AMS and UMS is measured on Mid Similarity

AMS(%) UMS(%) Top0.1% Top0.5% Top 1.0% Top5.0% Top 10.0%

A

0 0.59 0.328 0.604 0.544 0.518 0.463 0.440
1 0.588 0.312 0.596 0.540 0.517 0.463 0.440
2 0.640 0.350 0.591 0.541 0.518 0.465 0.441
3 0.764 0.386 0.594 0.549 0.525 0.470 0.446
4 0.850 0.390 0.604 0.553 0.529 0.473 0.448
5 0952 0.436 0.596 0.551 0.530 0.476 0.451
6 1.092 0414 0.611 0.560 0.536 0.480 0.454
7 1.110 0.446 0.607 0.562 0.539 0.482 0.457
8 1.148 0.444 0.618 0.566 0.542 0.484 0.458
9 1.274 0.478 0.615 0.567 0.544 0.485 0.459
10 1.338 0.444 0.613 0.569 0.546 0.487 0.461
11 1.292 0.454 0.604 0.562 0.541 0.486 0.460
12 1.262 0.406 0.617 0.567 0.544 0.486 0.460
13 1.390 0.432 0.617 0.569 0.546 0.489 0.462
14 1232 0.384 0.613 0.567 0.544 0.485 0.459
15 1.516 0.462 0.616 0.570 0.548 0.490 0.463
16  1.280 0.390 0.612 0.566 0.543 0.487 0.461
17 1.282 0.386 0.605 0.561 0.541 0.486 0.460
18 1.330 0.374 0.616 0.569 0.545 0.488 0.461
19 1.204 0.354 0.612 0.564 0.541 0.485 0.460
20 1.178 0.358 0.603 0.559 0.538 0.483 0.458
21 1.172 0.342 0.617 0.566 0.542 0.484 0.459
22 1.208 0.368 0.602 0.560 0.539 0.485 0.459
23 1.286 0.302 0.607 0.561 0.540 0.485 0.459
24 1.244 0.352 0.597 0.558 0.538 0.484 0.458
25 1.198 0.340 0.599 0.560 0.538 0.483 0.458
26 1.220 0.338 0.601 0.559 0.539 0.483 0.458
27 1.128 0.320 0.608 0.561 0.538 0.483 0.457
28 1.102 0.314 0.604 0.556 0.534 0.481 0.456
29 1.034 0.290 0.595 0.556 0.534 0.481 0.456
30 1.026 0.326 0.602 0.557 0.535 0.480 0.455
31 1.020 0.268 0.591 0.551 0.531 0.479 0.455
32 1.054 0.282 0.593 0.551 0.531 0.479 0.455
33 1.106 0.306 0.600 0.555 0.535 0.481 0.456
34 1.062 0.288 0.582 0.547 0.529 0.479 0.454
35 0.922 0.266 0.587 0.547 0.527 0.477 0.453
36 0.874 0.260 0.585 0.545 0.525 0.477 0.453
37  0.964 0.258 0.589 0.549 0.528 0.477 0.452
38 0.888 0.246 0.582 0.543 0.524 0.475 0.452
39 0.940 0.274 0.587 0.548 0.528 0.476 0.452
40 0.808 0.234 0.587 0.544 0.524 0.474 0.451
41 0.870 0.252 0.582 0.543 0.524 0.476 0.452
42 0.872 0.238 0.584 0.543 0.523 0.475 0.451
43 0.856 0.244 0.584 0.545 0.525 0.475 0.451
44 0.796 0.212 0.578 0.540 0.521 0.473 0.449
45 0.770 0.242 0.580 0.538 0.519 0.472 0.449
46 0.774 0.218 0.580 0.540 0.521 0.472 0.448
47 0.754 0.214 0.581 0.542 0.521 0.471 0.448
48 0.716 0.218 0.572 0.536 0.518 0.471 0.448
49  0.694 0.216 0.570 0.533 0.515 0.469 0.446
50 0.728 0.204 0.576 0.535 0.518 0.471 0.447
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