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Abstract

Federated compositional optimization has been
actively studied in the past few years. However,
existing methods mainly focus on the two-level
compositional optimization problem, which can-
not be directly applied to the multi-level counter-
parts. Moreover, the convergence rate of existing
federated two-level compositional optimization
learning algorithms fails to achieve linear speedup
with respect to the number of workers under het-
erogeneous settings. After identifying the reason
for this failure, we developed a novel federated
stochastic multi-level compositional optimization
algorithm by introducing a novel Jacobian-vector
product estimator. This innovation mitigates both
the heterogeneity issue and the communication
efficiency issue simultaneously. We then theo-
retically proved that our algorithm can achieve
the level-independent and linear speedup conver-
gence rate for nonconvex problems. To our knowl-
edge, this is the first time that a federated learning
algorithm can achieve such a favorable conver-
gence rate for multi-level compositional problems.
Moreover, experimental results confirm the effi-
cacy of our algorithm.

1. Introduction

In this paper, we consider the federated stochastic multi-
level compositional optimization (FedSMCO) problem:
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where F,(Lk)() = ]E[F,(Lk)(~; ,(f))] : R¥—1 — R is the k-
th level function of the n-th worker for k € {1,2,--- , K'}
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and n € {1,2,---, N}. Throughout this paper, it is as-
sumed that F,(Lk) (+) is a non-linear function. The stochastic
multi-level compositional optimization (SMCO) problem
has a wide range of applications, such as multi-step model-
agnostic meta-learning (Finn et al., 2017; Chen et al., 2020),
the stochastic training of graph neural networks (Yu et al.,
2022; Balasubramanian et al., 2022), and risk-averse portfo-
lio optimization (Yang et al., 2019), etc.

In the past few years, there have been increasing efforts
(Yang et al., 2019; Balasubramanian et al., 2022; Jiang et al.,
2022; Chen et al., 2020; Zhang & Xiao, 2019b) to solve the
stochastic multi-level compositional optimization problem.
A significant challenge in solving SMCO problems lies in
that each level function can introduce bias when computed
on random samples, which could lead to a slow convergence
rate. In particular, (Yang et al., 2019) shows that the stan-
dard stochastic multi-level compositional gradient descent
algorithm’s convergence rate has exponential dependence
on the number of levels K, which is referred to as the level-
dependent convergence rate. Later, (Balasubramanian et al.,
2022) developed a multi-level nested linearized averaging
algorithm, which improves the convergence rate from ex-
ponential to polynomial dependence on K, when certain
constants are ignored. Such a convergence rate is referred
to as the level-independent convergence rate in the litera-
ture (Balasubramanian et al., 2022). Recently, (Zhang &
Xiao, 2019b) and (Jiang et al., 2022) leveraged the vari-
ance reduction techniques (Fang et al., 2018; Nguyen et al.,
2017; Cutkosky & Orabona, 2019) for estimating both inner-
level functions and gradients to accelerate the convergence
rate, whose sample complexity can match traditional non-
compositional optimization algorithms (Fang et al., 2018;
Nguyen et al., 2017; Cutkosky & Orabona, 2019). However,
these algorithms restrict their focus solely on the single-
machine setting, which cannot be applied to the federated
learning setting.

To solve the stochastic compositional optimization problem
on distributed data, a series of distributed stochastic com-
positional optimization algorithms have been developed. In
particular, (Gao & Huang, 2021) introduced the first dis-
tributed stochastic compositional gradient descent algorithm
under the decentralized setting for stochastic fwo-level com-
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positional optimization problems and established its conver-
gence rate for nonconvex problems. Subsequently, various
federated optimization algorithms (Huang & Li, 2021; Gao
et al., 2022; Tarzanagh et al., 2022; Wang et al., 2023; Guo
et al., 2023; Wu et al., 2023; Huang, 2022) were developed
for the two-level compositional optimization problem. How-
ever, all these existing algorithms’ convergence rate fail to
achieve linear speedup regarding the number of workers
N under the heterogeneous setting, which cannot match
federated optimization algorithms (Yu et al., 2019; Yang
et al., 2021) for the standard non-compositional optimiza-
tion problem. Moreover, the distributed multi-level composi-
tional optimization has received less attention. Only a recent
work (Gao, 2024) developed the decentralized stochastic
multi-level compositional optimization algorithm under the
homogeneous setting, which enjoys the level-independent
convergence rate but fails to achieve linear speedup regard-
ing the number of workers N. Thus, a natural question
arises: Is it possible to develop a federated optimization
algorithm for the stochastic multi-level compositional
optimization problem in Eq. (1), which can enjoy the
level-independent convergence rate and achieve linear
speedup regarding the number of workers simultane-
ously under the heterogeneous setting?

In this paper, we provide an affirmative answer to this ques-
tion. Specifically, we first identify the reason for the failure
to achieve linear speedup under the heterogeneous setting.
More specifically, our theoretical analysis reveals that the
locally computed Jacobian matrix is the primary obstacle
to achieving a linear speedup convergence rate under the
heterogeneous setting. Even worse, it makes the algorithm
converge only to the neighborhood of the optimal solution.
Therefore, a natural approach to address this issue is to com-
municate Jacobian matrices to mitigate heterogeneity. How-
ever, communicating Jacobian matrices is practically pro-
hibitive due to their large dimensionality. For instance, for
the k-th level function F\" (-) where k € {1,--- | K — 1},
the dimensionality of its Jacobian matrix is dj, X dj—1, which
can incur high communication costs when dj, and dj_; are
large. To address this issue, we developed a novel feder-
ated stochastic doubly recursive multi-level compositional
gradient descent algorithm. Specifically, instead of com-
municating Jacobian matrices, our algorithm proposes to
communicate the Jacobian-vector product, which is recur-
sively computed across levels. As a result, our algorithm
can reduce communication costs significantly. Meanwhile,
our algorithm employs the variance reduction technique to
estimate the inner-level function and the Jacobian-vector
product to achieve the level-independent and linear speedup
convergence rate. However, the Jacobian-vector product,
particularly when coupled with the variance reduction tech-
nique, introduces significant challenges for convergence
analysis since it introduces additional recursive dependence

across levels for consensus errors and other estimation er-
rors. In our paper, we addressed these theoretical challenges
and established the theoretical convergence rate of our algo-
rithm. Specifically, our algorithm can achieve O(W)
convergence rate for nonconvex problems, which indicates
linear speedup with respect to the number of workers. To the
best of our knowledge, this is the first work to achieve the
linear speedup convergence rate for federated multi-level
compositional optimization problems under the heteroge-
neous setting. Finally, we conducted extensive experiments
to verify the performance of our algorithm and the results
confirm the efficacy of our novel ideas. In summary, we
made the following contributions in this paper:

* We developed a novel federated stochastic multi-level
gradient descent algorithm under the heterogeneous
setting by introducing a novel Jacobian-vector product
estimator, which can significantly reduce communi-
cation costs by communicating the Jacobian-vector
product rather than Jacobian matrices.

* We established the convergence rate of our algorithm
by addressing the significant challenges caused by the
recursively computed Jacobian-vector product, theo-
retically achieving the level-independent and linear
speedup convergence rate.

» Extensive experimental results validate the efficacy of
our algorithm.

2. Related Work

2.1. Stochastic Compositional Optimization

The stochastic compositional optimization problem exhibits
a nested structure so that its stochastic gradient is a biased
estimator of the full gradient, which could lead to a slow
convergence rate. To address this issue with biased gradient
estimators, (Wang et al., 2017a) developed the first stochas-
tic compositional gradient descent (SCGD) algorithm for
the two-level compositional optimization problem. How-
ever, its convergence rate is still worse than that of the
standard stochastic gradient descent (SGD) algorithm for
non-compositional optimization problems. Subsequently,
numerous algorithms (Wang et al., 2017b; Ghadimi et al.,
2020; Zhang & Xiao, 2019a;c; Yuan et al., 2019; Chen et al.,
2020) have been developed to improve the convergence rate
of SCGD. For instance, (Ghadimi et al., 2020) leverages
the moving-average technique to estimate both the inner-
level function and gradient, enabling the convergence rate
of SCGD to match that of SGD for nonconvex problems.
(Zhang & Xiao, 2019a;c; Yuan et al., 2019) employ the
variance-reduction technique (Defazio et al., 2014; Fang
et al., 2018; Nguyen et al., 2017) to estimate both inner-
level function and Jacobian matrix, which further improve
the convergence rate of (Ghadimi et al., 2020).
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The aforementioned methods restrict their focus to the
stochastic two-level compositional optimization problem.
They cannot be directly applied to the multi-level case be-
cause the bias increases with the growth of the number of
levels. (Yang et al., 2019) shows that the standard SCGD
algorithm (Wang et al., 2017a) can only achieve a level-
dependent convergence rate. In particular, the convergence
rate becomes exponentially slow with increasing levels. To
address this issue, (Balasubramanian et al., 2022) lever-
ages the linearized averaging technique to achieve a level-
independent convergence rate. (Zhang & Xiao, 2021; Jiang
et al., 2022) employ the variance reduction technique (Fang
et al., 2018; Nguyen et al., 2017; Cutkosky & Orabona,
2019) to both inner-level function and Jacobian matrices to
further improve the convergence rate.

2.2. Federated Stochastic Compositional Optimization

With the recent advancements in federated learning, numer-
ous distributed stochastic compositional optimization algo-
rithms (Gao & Huang, 2021; Huang & Li, 2021; Tarzanagh
et al., 2022; Wang et al., 2023; Gao et al., 2022; Guo et al.,
2023; Wu et al., 2023; Huang, 2022; Gao, 2024; Zhang
et al., 2023; Zhao & Liu, 2024; Wu et al., 2024) have been
developed. In particular, for the stochastic two-level com-
positional optimization problem, the first distributed SCGD
algorithm was proposed in (Gao & Huang, 2021) under
the decentralized communication setting. Subsequently,
(Zhao & Liu, 2024) improved the sample complexity of
(Gao & Huang, 2021) with the variance-reduction technique
(Cutkosky & Orabona, 2019). Under the standard feder-
ated learning setting, (Huang & Li, 2021) directly applied
federated stochastic gradient descent method to solve the
following two-level compositional optimization problem
under the homogeneous setting:
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It is worth noting that the loss function in Eq. (2) is equiv-
alent to + SN £ (% SN RW (33)) when the data
distribution is homogeneous. This equivalence arises from
FV(z) = LN F'}) () under this setting. However,
due to the biased gradient estimator issue on each worker,
the sample and communication complexities of (Huang &
Li, 2021) are much worse than the standard federated SGD
algorithm. Subsequently, (Gao et al., 2022) proposed a
local SCGD with momentum (LocalSCGDM) algorithm,
whose sample and communication complexities for noncon-
vex problems can match those of the standard federated SGD
algorithm. (Tarzanagh et al., 2022) proposed to communi-
cate the variable, gradient, and Jacobian matrix to handle the
heterogeneous distribution. However, its communication
complexity is the same as the iteration complexity, which

is not practical for federated learning and fails to match
federated SGD and LocalSCGDM. Recently, (Huang, 2022)
further improved the convergence rate with the variance-
reduction technique (Cutkosky & Orabona, 2019), where
the variable and gradient estimator are communicated. More
recently, (Wu et al., 2024) proposed a federated conditional
stochastic optimization algorithm that can be used to opti-
mize Eq. (2) under the heterogeneous setting. However, it
cannot be applied to our Eq. (1) because (Wu et al., 2024) re-
quires that the inner-level function should not be distributed
on different workers. For the multi-level compositional
optimization problem, the first distributed algorithm was
proposed in (Gao, 2024) under the decentralized setting,
where the variable and gradient estimator are communi-
cated across workers. However, these existing algorithms
designed for both two-level and multi-level compositional
optimization problems fail to achieve a linear speedup con-
vergence rate under both homogeneous and heterogeneous
settings. Only two recent works (Gao, 2023; Zhang et al.,
2023) can achieve the linear speedup convergence rate for
the two-level composition minimax problem. However, they
focus solely on the homogeneous setting. Thus, it remains
unclear whether the linear speedup can be achieved under
the heterogeneous setting for multi-level compositional opti-
mization problems.

3. Federated Doubly Recursive Stochastic
Compositional Gradient Descent

In this section, we propose a novel algorithm for the feder-
ated multi-level compositional problem in Eq. (1), which
can achieve a level-independent convergence rate and the
linear speedup regarding the number of workers simultane-
ously under the heterogeneous setting.

3.1. Problem Setup

At first, we introduce the following assumptions, which have
been commonly used in existing multi-level compositional
optimization algorithms (Yang et al., 2019; Balasubrama-
nian et al., 2022; Jiang et al., 2022; Gao, 2024).

Assumption 3.1. For any k£ € {1,2,---,K}, n €
{1,---,N}, hy € R%-1 and hy, € R%*-1, the
stochastic Jacobian matrix (or gradient) vEk (-;€()) sat-
isfies B[|VEL (hi:é®)|] < €, E[|VE (h13€) ~
VM (ha; €0)||] < L||hy — hol|, where C > 0 and L > 0
are constant values.

Throughout this paper, it is assumed that the full Jacobian
matrix shares the same C' and L as its stochastic counterpart.

Assumption 3.2. For any ¢ € {1,2,---,K}, n €
{1,---,N}, and h € R9-1, the stochastic function

FP (€0 satisfies E[|| FS (hy €0) — FX (0))12] < 02,
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and stochastic Jacobian matrix (or gradient) V F, () (-;€0)
satisfies E[||VEF®) (h; €y — VFF)(1)]]?] < o2, where
o > 0 is a constant value.

Assumption 3.3. For any k € {1,2,---,K} and any
n € {1,---,N}, there exists a constant § > 0 such
that E[J| it (- €0) = & S50y B (€M) < 6% and

k N k
B{IVES (60) = & Sy VE (560))) < 02,

Throughout this paper, it is assumed that the full inner-
level function and Jacobian matrix share the same ¢ as their
stochastic counterparts.

Given these assumptions, we have the following lemma.

Lemma 3.4. Suppose Assumptions 3.1-3.3 hold, then ®(x)
is Ly-smooth, where Ly = L Eszl CK+k—2

Its proof is deferred to Appendix C.
()— F XN B (). Ad-

ditionally, we use w; = ~ anl W, ¢ tO denote the mean
value across workers for any variable w in the ¢-th iteration.
Moreover, z* denotes the optimal value.

In this paper, we denote F

3.2. Heterogeneity Prevents Convergence

Based on the aforementioned assumptions, we first demon-
strate that the federated compositional gradient descent al-
gorithm designed for the homogeneous setting cannot be
directly applied to the heterogeneous setting. In particular,
we focus on the two-level case, i.e., K = 2 1in Eq. (1). Then,
we employ the state-of-the-art algorithm, LocalSCGDM
(Gao et al., 2022), to solve it. The detailed steps can be
found in Algorithm 2 in Appendix B.

Under the heterogeneous setting, LocalSCGDM has the
following convergence rate.

Theorem 3.5. Suppose Assumptions 3.1- 3 3 hold, by set-

tinga > 0,8 >0, 1n < mln{%L 1, f}andv <
2\/1/(%204 %), the convergence rate of

LocalSCGDM is

= Z Ve (z
t=0

@)

r)
) (€)
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(7
co(ig) o0 (Z2F) o[
(o q

> +0 (P*n*y) +

+0
p?
+0 (Bno ) (01272174774) oy 2[3277202)
+O( 2ﬁ2 262) +O ( 262’72])67]6) _|_O (52) .
Theorem 3.5 indicates that LocalSCGDM can only converge
to the optimal solution’s neighborhood under the heteroge-

neous setting. Specifically, by setting o = O(1), 8 = O(1),
n=0(1/VT),and p = O(T*/*), we can obtain

ZO [IV®(z)]?] < (\;T) +0(0%) . @

It can be observed that there exists an additive term regard-
ing the heterogeneity on the right-hand side, which does not
approach zero. Consequently, the algorithm designed for
the homogeneous setting cannot be directly applied to the
heterogeneous setting.

3.3. Our Algorithm

As discussed in the previous subsection, heterogeneity can
prevent convergence. To address this issue, in this paper, we
develop a novel federated compositional algorithm for the
generic multi-level compositional optimization problem.

Key Idea. By investigating the proof of Theorem 3.5, we
found that the additive term O(¢) appears when bounding

2
E[|Ve@) - & S0 Vs U6 )| .
marked with the blue color in Eq. (24), i.e., the Jacobian het-

2
erogeneity: IEH'% Zﬁl/:l VFr(L/l)(:Tct) —VF,Sl)(ft) ] On
the other hand, in Eq. (24), the heterogeneity regarding the
SN F ) - Y @]
is addressed by introducing the inner-level functlon esti-
mator hﬁ}l and communicating it across workers, which
can be found in Algorithm 2 in Appendix B. Inspired
by that, a straightforward approach to address the Ja-
cobian heterogeneity issue is to introduce an estimator
J*) € Rx*dk-1 for the Jacobian matrix VF(*)(.) where
ke {1,---,K — 1}, and communicate it across workers.
Then, one can decompose the Jacobian heterogeneity as

follows:

5| Z vED G
< 3IE‘.[H% Z:l VED (2)

+ 31E[HJ““> — gk HQ] n 3E[HJ,<P - VFS)(;L«)HQ} .

which is

inner-level function | {H ~

Ry

2] &)

Because the Jacobian matrix estimator J,(L ) 1S communi-

cated across workers, the consensus error of the Jacobian
matrix E[[|J*) — J ||?] can be much smaller than keeping

Jacobian locally as Algorithm 2. Moreover, by introducing

the estimator J7(L )

, which is associated with hyperameters
like the inner-level function estimator hgl % 41> one can fur-
ther control the consensus error by ad]ustlng those hyperpa-
rameters, thus avoiding the additive constant term O(6?) in

the upper bound of the convergence rate.
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Algorithm 1 Federated Doubly-Recursive Stochastic Compositional Gradient Descent Algorithm (Fed-DR-SCGD)

Input: z,, 0 = x0,p > 1,a > 0,7 > 0,7 > 0. All workers perform the following steps.

1: In1t1ahzat10n at t=0:
Compute hn + and v( )

h k) _ fL'n to k=0
T ERGEER) ke 1 K -1y
K) 3 (K—1), (K
U(): VF( )(h'ELt ); 57(115))3 k=K
! VF” ('Eth17§nt)T nk:1)7 ]{JE{K—L"'
2: fort =0,---,T — 1 each worker n do
3 Xng4l =Tpt — vnvﬁil )
4:  Recursively update the inner-level function estimator:
s: B0 =2
. n,t+1 — ‘nt+1 >
6: fork=1,--- , K—1do
k k)
7 hsv,71)5+1 = (1 )(h’gz t n,t
8:

end for

with a mini-batch of samples with the batch size being S:

>

1}

k) q (k— k) (q (k k
= B Vel ) + B el

9:  Recursively update the J acobian Vector product estimator:

K
;o =T, (1= ) — v
11: fork=K—-1,---,1do
k k k k—1
22 W), =Te,, (1- anz)(vn,t) — VEP (B
13: end for

14:  Perform communication:
15:  if mod(¢ + 1,p) == 0 then

_ N
16: Ty, t+1 = T¢41 £ ﬁ Zn’:l xn’ t+1 >

. (k) _7(k) Ao 1 N
17: By 1 = h’t+1 =N Zn’:l n’ t+1 Jke{l,-

. (k) & 1 N (k)
18: Uppp1 = Vty1 = N Domim1 ¥ i1 s k€ {17...
19:  endif
20: end for

k k+1) K)o (k
; T(L,t)+1)T”n,t+ )"‘VF( )(h( t+175n t+1) v

K— 1 K K-—1 K
W8 ) + VRSO D e8|

(k+1)
n,t+1 ) ’

—1},
7K},

Algorithm. The aforementioned straightforward approach
is not practical since it can incur high communication costs
when the dimensionality of Jacobian matrix is large. To ad-
dress this issue, we develop a novel federated compositional
optimization algorithm in Algorithm 1, which introduces
the Jacobian-vector product estimator to address the
heterogeneity and communication challenges simultane-
ously. Specifically, for any k € {K, - -- , 1}, we recursively
define the Jacobian-vector product ¥(¥)(z) € R%-1 as
follows:

k=K
otherwise.

(6)
Note that U (*)(z) is computed from the last level to the first
level. Additionally, h(*) € R% is the estimator of the k-th
level function F(¥)(-). Tf h(*) is exactly the k-th level func-
tion F(*), (1) (z) is the gradient of the loss function ®(x),
ie., U (z) = V®(z). From the definition of ) (), it
can be observed that the dimensionality of ¥(*¥)(z) is much
smaller than the Jacobian matrix J*). Thus, it can reduce
the communication cost significantly.

(k) VFE) (D),
v (ﬁ): VF(k)(h(kfl))T\I/(kJrl)(x)’

When using random samples to compute ¥(¥)(z) for k €
{K —1,---,1}, we introduce the following variance-
reduced estimator:

o) =Tlo, g (VES (7€) ol
(1= ), - VEOBED €T,
(N
where n is the worker index, ¢ is the iteration index, k is
the level index, o > 0, n > 0, and an2 < 1. Here, because
of E[||T™) (z)||]] £ Cyw), whose proof can be found in
Lemma C.1, we use a projection operator I1~ () (+) to guar-
antee its estimator v( ) to satisfy this condition. A linear
projection operator in Lemma C.21 can be used in this step.
In fact, v( ) is the stochastic variance-reduced compositional
gradient, Wthh is used to update z as follows:

— i), )

where v > 0 and n > 0 are two hyperparameters.

Tn,t+1 = Tn,t

As for the inner-level function estimator hffz € R where
ke{l,---,K — 1}, similar to existing multi-level compo-
sitional optimization methods (Zhang & Xiao, 2021; Jiang
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et al., 2022; Gao, 2024), we update it as follows:

W = (1 —an®) (W), — FP M)

+ B 5““))

)t

&)

Different from the update of v,(lkt), h(k) is updated from the

first level to the last level. Then, at every p iterations, where

p > 1, each worker communicates its local variable x,, ;,

(k .
inner-level function estimators {hnz kK 11, and Jacobian-

vector product estimators {vn’t S| with the central server
to get the global counterparts.

One can observe that both the inner-level function estimator
hgcz and the Jacobian-vector estimator v;kt) are recursively
computed across levels. Therefore, our algorithm is referred
to as the Federated Doubly Recursive Stochastic Compo-
sitional Gradient Descent (Fed-DR-SCGD) algorithm.

Discussions. Different from existing stochastic multi-
level compositional gradient descent methods (Zhang
& Xiao, 2021; Jiang et al., 2022), we apply the vari-

ance reduction technique to the Jacobian-vector product
VF(k)(h(k 1), g(k))T (k+1)

n t
trix VFék)(th . b, ékt)) This novel strategy can effec-
tively address the practical communication issue. But it
brings new challenges for theoretical analysis. In particular,
in existing methods (Zhang & Xiao, 2021; Jiang et al., 2022),
the estimation error of the Jacobian matrix is decoupled in
different levels, e.g., Lemma 6 of (Jiang et al., 2022). On the
contrary, the estimation error of the Jacobian-vector product
depends on the estimator in upper levels, e.g., Lemma C.12
in Appendix C, which makes the convergence analysis much
more challenging than existing methods (Zhang & Xiao,
2021; Jiang et al., 2022). On the other hand, compared
with existing federated learning algorithms (Huang & Li,
2021; Gao et al., 2022; Tsaknakis et al., 2020) for two-level
compositional problems, the convergence analysis is much
more challenging. First, the multi-level structure leads to
more unique challenges. For example, unlike the consensus
error about the compositional gradient of two-level prob-
lems in Eq. (16) , which can be bounded by a constant,

, rather than the Jacobian ma-

E[HUS% - @ﬁ” [|?] of Algorithm 1 depends on the estimation
error of all Jacobian-vector product and inner-level func-
tions as shown in Lemma C.7, which is much more difficult
to bound. Second, the additional Jacobian-vector product
estimator introduces more challenges for convergence analy-
sis. For example, beyond the challenge for bounding its own

estimation error in Lemma C.11, it also brings significant
| h(k 0 _ k=12 12]

challenges for other terms, such as E[| Pyt 1

in Lemma C.16 and IE[||U (k1) ffjll) |?] in Lemma C.17.
In our paper, we successfully addressed these unique and
significant challenges, establishing the convergence rate of

our algorithm.

4. Convergence Analysis
4.1. Convergence Rate

Theorem 4.1. Suppose Assumptions 3.1-3.3 hold, by setting

a< 5 7< mln{ L L
=N = 44/ J5(C,L, ) K 7 2(Ja(C.L, 5 ) )T/
1 : V C”bk(C7L7ﬁ)
,n < min ¢ Y—EA_~_—aolN°
(16J5(C,L,ﬁ)K)1/6} = 3v/D1(C,L) '

VCu, (C.L, ) /C3u, (C.L, L) /C3wn, (C.L, )
3vy/D2(C,L, )" 3vy/Ds(C,L) ’ 3v2/D4s(C,L, )’
VCwar (Ci)  /Cway (Crgly )

4/Ei(C)  4y\/E2(CL, ) " 207pCF 1LY
VC3a (Cigx) /CPway (Cig) V/Cwa, (O)

4v+/Es(C,L) 472\/E4(CL,QN 3vy/B1(C,L, %)’
\/Csw%(C) V/C3wa, (C 1 1
3vy/B2(C,L)’ 372\/33(C,L,ﬁ)’ 6yp(3C2)K—1 2y Ly

\/Wak(c)
V/6(36 Sho) 021 (3C2)R-1-i 130k 021 (302)R-1-d)
v/ Cwa,, (C) Cq(C,L,2%) 1 L

>

7[3Bug (C.L oy ) (307)8 1 967P(BOEIL 2000 Vo’
where { B; }3_, in Eq. (128), {D;}}_, in Eq. (140), { E; }}_
in Eq. (133), {J;}2_, in Egs. (145, 147), ~{wa,€}k:1 in
Lemma C.18, {l/bk_}i(:_ll in Lemma C.19, Cg in Eq. (153),
and R,c in Lemma C.20 are constant values with respect to
C, L, or —%, then we set o = O(%:), Fed-DR-SCGD has
the followmg convergence rate:

;’TE_::E[V¢(M)2]<O<O&;M>+O<215T>

+0 (’72042102774) +0 (’72042]94776) +0 (’740[2}?47’}6)

2,2 2,21 an?
+ 0 (a’n*) + O (®p°n*) + O v )
(10)

Remark 4.2. In Theorem 4.1, we set & = O(+). Conse-
quently, the upper bounds of v and 71 can be considered
independent of ﬁ, which actually are constants with re-
spect to the Lipschitz constants C' and L.

Remark 4.3. For a sufficiently large T', by setting the hyper-

parameter o = O(+), the learning rate = O(?Fff//j) the

communication period p = O(L 5 e /3 ) the batch size in the

initial step S = O( %2//3; ), Fed-DR-SCGD has the following

convergence upper bound:

1 1
T > E[|Ve(z)|’] < O (W) . (11)

t=0

This convergence rate indicates the linear speedup with
respect to the number of workers N, while the decentral-
ized stochastic multi-level gradient descent method in (Gao,
2024) cannot achieve linear speedup. When N = 1, our
convergence rate can match the state-of-the-art algorithms
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(Zhang & Xiao, 2021; Jiang et al., 2022) under the single-
machine setting.

Remark 4 4. To achieve the e-accuracy solution such that
T t o E[||V®(Z;)||?] < €2, we can set the hyperparame-
ter o = O(7), the learnlng rate n = O(N¢), the communi-
cation perlod p= O( -), the batch size in the initial step
S = O(x-). and the number of 1terat10ns T = O(xks).
Then, the sample complexity is O( 57 ) and the communi-
cation complexity is O(Z% ).

4.2. Proof Sketch

To prove Theorem 4.1, we developed the following potential
function:

:Evb(ft)um—zﬁ[nv U v SIS [

n=1
K—-1 1 N 1
(k)
+ k§:1: Bl 3ol - ]

N
1 k k—
+ 3 baEll 5 Yo% - o ST ER G

k=1 n=1 n=1

N
VER () )17
1

i
z

az kE[[[vf) — VE® (hi ) oit )

k k—
RE[IRS) — B (RSP,

(12)
where the coefficients {a;, k}k 1 {aq, k}k 1 {0, k}k 1>
and {bs 1, }+—," are positive.

As discussed previously, the doubly recursive property in-
troduces significant challenges for convergence analysis. In
particular, there are two main challenges when bounding
the potential function. First, the upper bounds of those
terms in the potential function are interdependent to each
other. Second, the coefficients are interdependent across
levels. To address the first challenge, we established the
upper bound for each term of the potential function and
then expanded it such that the final upper bound depends on

[Hh(k 2 h(kt 1|| ]. As shown in Lemma C.16, the upper

bound of E[Hh (k-1) hglkt 11 ||?] primarily consists of the
terms in the potent1al function. Then, they can be combined
together and canceled out by proper coefficients. For the
second challenge, we explicitly established the dependence
between different levels for {as , }2, and {bs s };— " in
Lemmas C.18, C.19, respectively. Based on those coeffi-
cients, we can cancel out most terms in the potential function
to complete the proof.

5. Experiment

In this section, we conduct experiments to verify the perfor-
mance of our proposed algorithm.

5.1. Experiment Setup

In our experiments, we focus on the Risk-Averse Portfolio
Optimization problem, which has been commonly used to
verify the performance of multi-level compositional opti-
mization algorithms (Yang et al., 2019; Zhang & Xiao, 2021;
Jiang et al., 2022; Balasubramanian et al., 2022). Specif-
ically, it is assumed that there are d assets to invest in T’
time steps. r; € R? is the payoff of those d assets in each
time step ¢ € {1,---,T}. Then, to maximize the total re-
turn with the minimal risk, one can optimize the following
multi-level compositional problem:

min A
z€RC e}
(13)

where A > 0 is a hyperparameter, which is set to 1 in our
experiments. Such an optimization problem can be repre-
sented as a three-level compositional optimization problem.

Specifically, each level function can be defined as follows:

f(l)(x) _ % Zil rix A Y| opitd
T Y2 ’

@) /| Y1 _ Y1 a | 2 2
0 D=L asr oh e 2[5 ] e
f(3)([ “ ]) = -2+ Az ER.

14
Then, it is easy to know that V(3 () € R?, Vf2)(.) €
R2*(@+1) ‘and V(1 () € R+ Obyiously, if directly
communicating these Jacobian matrices, the communication
cost will be high when the number of assets d is large.
Following (Lin et al., 2020), we use three datasets in our
experiments: Book-to-Market, Operating Profitability, and
Investment. Each dataset has 13, 781 time steps and 100
assets, i.e., T' = 13,781, d = 100.

In our experiments, we compare our algorithm with three
state-of-the-art stochastic multi-level compositional gradient
descent algorithms: multi-level nested linearized averaging
stochastic Gradient (NLASG) algorithm (Balasubramanian
et al., 2022), stochastically corrected stochastic composi-
tional gradient (SCSC) algorithm (Chen et al., 2020), and
stochastic multi-level variance reduction (SMVR) algorithm
(Jiang et al., 2022). In our experiments, we set the solution
accuracy € to le — 6. Then, according to the theoretical
results in (Balasubramanian et al., 2022; Chen et al., 2020;
Jiang et al., 2022), the learning rate of NLASG and SCSC
is set to €, while that of SMVR and our algorithm is set to
€/2 ie.,v = 1 and n = €'/2 for our algorithm. In addition,
we set the coefficient of the momentum in all methods to
0.95, i.e., an? = 0.95 for our algorithm. In addition, we
use eight workers in our experiments, where the batch size
on each worker is 1 for all methods. Moreover, we paral-
lelize baseline methods by communicating their inner-level
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Figure 1. First row: The loss function versus epochs for different methods. Second row: The loss function versus the communication cost
(megabytes) for different methods. The communication period is p = 4.

function estimators, Jacobian matrices, and variable in the
same communication frequency as our method.

5.2. Experimental Results

In Figure 1, we show the logarithm of the loss function
value versus the number of epochs in the first row and the
communication cost in the second row, where the com-
munication period is set to 4. From Figure 1, it can be
observed that our Fed-DR-SCGD algorithm is much more
communication-efficient than baseline algorithms, which
confirms the efficacy of the proposed Jacobian-vector prod-
uct estimator. Moreover, one can observe that our algorithm
and SMVR converge much faster than the other two algo-
rithms due to the variance-reduced gradient, which confirms
the correctness of our theoretical convergence rate.

To verify the linear speedup effect, we compare the con-
vergence rate when using 8 workers and 16 workers. Each
A5000 GPU card accommodates 4 workers. Moreover, we
use Operating Profitability dataset, and the communication
period is set to 4. For these two configurations, we use the
same hyperparameters. In Figure 2, we plot the loss function
value versus the used time (seconds). It can be observed
that our algorithm takes less time when using more workers,
confirming the speedup effect.

0.009
---- Fed-DR-SCGD-8

0.0081 } Fed-DR-SCGD-16

0.007

0.006 \
0
20.005 \
-
0.004 3
0.003
0.002 T ——
0.001

0 50 100

Seconds
Figure 2. The loss function values versus the used time (seconds)

when using 8 workers and 16 workers. The dataset is Operating
Profitability and communication period is 4.

6. Conclusion

In this paper, we developed a novel federated learning algo-
rithm for the stochastic multi-level compositional optimiza-
tion problem. In particular, we developed a novel Jacobian-
vector product estimator to address the heterogeneity and
communication issues. Then, we proposed novel strategies
to address the theoretical challenges caused by the recur-
sively computed Jacobian-vector product estimator, estab-
lishing the convergence rate of our algorithm. Our algorithm
is the first one achieving the linear speedup convergence
rate for multi-level compositional optimization problems
under the heterogeneous setting. The extensive experiments
confirm the effectiveness of our new algorithm.
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A. More Experimental Results

In Figure 3, we set the communication period p to 12. We can still find that our algorithm is more communication-efficient

than all baseline algorithms.

log(Loss)

log(Loss)

Figure 3. First row: The loss function versus epochs for different methods. Second row: The loss function versus the communication cost
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B. Proof of Theorem 3.5

Algorithm 2 LocalSCGDM (Gao et al., 2022)
Imput: 7 >0,8>0,7>0,a>0,p> 1, z,,0 = xo.
1: Initialization at t = 0:
hi) = FO (2,1:600), vn s = VIO (20,3 60D TVE (R €2,
2: fort =0,--- ,T — 1, each worker n do
30 Tpt41 = Tt — YN Unts
4 h§33§+1 ( ﬁn)h’g% + 677F(1)(xn t+1; £7(LIZ+1)
50 Ung41 = (1- an)vn,t + omVE(, (acn t+15 fn t+1)TVF?E&2)(h(1t+17 fn t+1)
6:
7
8

ifmod(t+1,p) ==0 then
1 1) (1)
Bl b = h§+1 & % Toie A

Un,t+1 = Vg4l N Zn/ 1 Un’ t4+1 »

L

9: Tnt+l = Ti41 = F§ anzl Tn/ 441 »
10:  end if
11: end for

Lemma B.1. Suppose Assumptions 3.1-3.3 hold and n < é, we have

=

1
~ Z:: E[||Z; — )] < 62y2pin*Ct . (15)
Proof. At first, we have
X
N ; [an t+1 — Uf+1|| ]
| N
1) 2
N Z (11— an)vns + anVFfz )(l"n t+15 §n f+1)TVF (hT(’l A1 fv(L 2+1)
n=1
N
1 1 vr® e Ty E@ )
N Z (1 - O”])Un',t +anVir,, (xn’,t-i-la £n/7t+1) ( n' t+17 n’ t+1))|| ]
n’'=1
1 Y 1 Y
< U+ 1/p) 5 DB = amons — 1 0 (1= an)uu?)
n=1 n'=1
N
1 1 1) 2

+ (1 +P)N ZE[HO”?VFS)(SEMH;57(;,2+1)TVF7(L (hgz 415 fr(L 2+1)

n=1
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1 1 2),, (1 2
—ang; STVER @i €0 ) TVED (0, €0, DI

N N
1 1
< (U 1/p) 5 D Elllone = 5 D vwrall’] + 20 Z E[VED (nee1:60050) VED (13106000

n=1 n’=1 n=1

N
1
<2pa’y’ Y (1 1/p) " 5 D BIVED @nps1: €00 1) VED (062 ) I7)
t'=stp n=1
t
<2paPpPCt Y (141/p)
t'=s¢p
S 6p2a277204 ,
(16)
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where s; denotes the communication round that happened before the (¢ + 1)-th iteration, the third step holds due to
an € (0,1), the second to last step holds due to Assumption 3.1, the last step holds due to (1 + 1/p)? < 3.

Then, we can obtain

=

|2] Z [Hxst;ﬂ YN Z Ut’ Tn stp+,w7 Z Un t’”

n=1 n=1 t'=s¢p t'=s¢p

< 6oy pintct . (17

Lemma B.2. Suppose Assumptions 3.1-3.3 hold and n < L, then we have
N
Z hith = hil1alP] < 6098770 + 30p° 8776”4+ 360a° 824 p*n°C° . (18)
Proof. Similar to Eq. (16), we can obtain

N
1 ~(1 1
¥ 2 BUIAE: = bl

n=1
1 o o 14 (1)
S(1+1/p)N;E[II(1—Bn)hM—NZl(l B 1]
1 N
+ (1) 57 2 BB ED (@560 41) - ﬁﬁNZF()xn'tHf/tH)”] (19)
n=1 n’=1

Additionally, we have

N N
1 1 1 1
5 O ENFD @nreni60040) = 57 2 Fa @wasr: €0 )IP)
n=1 n’=1
1 N
-N S EIFM @ 41 57(11,2“) — F\V(@ni41) + F (@ni41) = FV (@41) + FO(Be11) — FOY (Z440)
n=1
1 & 1 &
_ 1
+ FU(241) — N Z Fé’)(xn’,tﬂ) TN Z Fr(ﬂ (T e41) = &7 Z F (@ t+175(’ )]
n’=1 n/=1 n’ 1
1 1
<507 +5C7 & ; Ell|n, 141 = Zra]|*] + 50 + 5C% ; E[||n,141 — Zrp1[|*] + 50
< 1002 4 562 + 600’2 ptntCt | (20)

where the last step holds due to Lemma B.1.

By combining them together, we can obtain
*ZE ||ht+1 nt+1|| ]
1o
<1+ 1/P)N Z E[[|h" h(1t|| ]+ 2pB%n*(100% + 562 4 60ay*p*n*C%)
n=1
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¢
< 2pB%n* (1002 + 562 + 60a’y2p*n*CP) Z (14 1/p)t*
t'=stp

S 6Op2ﬁ27]20-2 + 3Op262n262 _|_ 360042627219677606 . (21)

Lemma B.3. Suppose Assumptions 3.1-3.3 hold, and n < 5 L , then we have
1 ol Ly ’
E[@(7141)] < E[0(&)] - ZE[IVO@)|% - LElIw:]2 +yE[|| 5 3 Vo F2 (F (wn0) — 4| |
n=1

12902 L2 — ZE{

— FM( (@t H } + 69nC?6% + 3670’y p*n*CO L3 (1 + C?)
+ 360ynp? B3°n? 0202L2 + 180ynp? B2n?62C2L? + 1080yna’ 3242 pSnSC8L? . (22)
Proof. At first, due to the smoothness of ®(Z;), we have
_ _ _ _ _ L<I> _ — 2
E[®(Z¢+1)] < E[®(2)] + E[(VO(Z), Terr — Zo)] + - Ell|Ze41 — T[]
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where the second to last step follows from 1 < 5 L , and the last step follows from the following inequality.
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— FY (., H ] (24)

where the last step holds due to Lemma B.1 and Lemma B.2.

O
Lemma B.4. Suppose Assumptions 3.1-3.3 hold and n < 1 , then
1 2
rpac | LABRERE M
al 21 2202 129%a%p?nPC"
m - TetpTn
(1= 6m) g SB[ FO ) = nOH| |+ T BlmP) + S e @)
n=1

Proof.

2
(Tnt+1) — hgzl,i-HH }

RO [

N N
< (11— 1 EllFp® _p® 2 777202i E 2 2 9 2
— ( Bn)N Z n (xn,t) n,t + B N Z [”vn,t” ] + B no

n=1 n=1
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21 202 1 & . 2°C%
<(1-Bn)y ZE[ F{) (@n,0) |+ 20 S Bl — a2+ 2R 2 + g2
6 N n=1
2 2ny2C? 12v2a2p?n3C*
< (1- By ZE[ F{ (@) |+ =Pl + %wzn%% (26)
where the first step holds due to Lemma 4.2 in (Gao et al., 2022), and the last step holds due to Eq. (16).
O
Lemma B.5. Suppose Assumptions 3.1-3.3 hold and n < é then
@)(F 2
£ 3w s o]
1 1 Y N 12
_ — (2)( (1) _ = 2 272
< (1- an)E[| % vaFn (F) (00,0)) an:jlvn,tn | +2anc2r2 g (179 ey = 20 ]
QaUQVQLQC‘* 27772L2 20m*y2L2CY | 2192 Lg N 5 5 0a
(55 L)l ]+ (L et
02
+ 208213 C? L2 6?% + 407 ]\7 . 27
Proof.
1 & 2
E[| & 3 Ve FOED @) ~ v | ]
n=1
1 & 1 &
E[|| 5 D2 Ve P (D (@n141)) = 5 D (1 = amon
n=1 n=1
| XN
1 2
*OZUNZVF(U(%«L t+17§n t+1)TVFT(L (hgz 3&+1’ 7(Lz+1 H }
n=1
1 & 1 &
= E[||(0—an) (5 X VO (FD @n) = 3 D )
n=1 n=1
1 & 1
+ (L= an)(5 2 VaED (FED @) - > Vo FP (D (.0)))
1 & ) 7 . 2
+0“7an:: (VF( N@np41) " VEP (F (2n,441)) —VFT(Ll)(xn,tJrl)TVFv(LZ)(hg,iﬂ))H }
N
1
+ PR [[| 1 37 (VED (i) T VED (01)41) = VED (1 €0040) TV EP (00, )
n=1

2
+ VED @13 €0 ) T ED () 1) = VED @nasss €00 VED 0 06000 ) |||

< (1 —an)*(1+a)E [H ZV FOFED (z, ) Z%t”}
+2(1— an)’(1+1/2)E|| 5 Z Ve EP(ED (@) — 1 Z VL EO(ED )| ]
N

20221 1R [ 1 3 (VRO (s VERED (@051)) = VED ) VES (L) |||
n=1
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N
+ 2027 | &30 (VED @) TV EDB),0) - TED @i e TEL 00 ) |
n=1
N
+202E || = 32 (VED @13 €040 TES (1) = VED (s €00 )TVER (00 1:62,0) [
n=1
<(1- an)E[ ‘% ZVmF,EQ)(F,(L (@nt)) } + zi ZEH T+l — Tt 2}
N
+ 2anC?L? — ZEH (Tnt+1) — hSQHHZ] + 4a*n? Cj\?2
1o 2 2721 - 1 oI
<(1-an)E [HfZV Don)) = g 2 onelP] + 2anC?L N;E[ SICS R
2an 72LQC4 2nv2L3 2an272L2C’4 2ny2L2
e . e

022

+2a52n302L202+4a2 2 N

(28)

where the second step holds due to the 1ndependence between {n ++1 and §n ++1 the second to last step holds due to

lf‘zn and the independence between «EM 41 and fm 1 1» the last step holds due to Eq. (16).

a =

Proof. At first, we define the following potential function:
Yol L © ?
Pir = E[@(@)] + 2E[| + 3 VaF D (ED @) = e I]

1290212 1 & T
+ e L[| EO @) - 0[]
n=1

Then, based on Lemmas B.3, B.5, B.4, we can obtain
Py — B
N _
< - Ig[|ve(,)|

v 2am*y2L2CY 2y LE 12yC? L2 292 C? ’yn) 9
- E
+ (T T+ T = Rl
2am2~2L2C% 922
+360%y3p P CO L2 (1 + C?) 4 6ynC?6% + g( a 7ﬂ + 777a e )6p20¢217204
72 2C’ o? N 12vC2L2 12+%a2p*n3C* n 12vC2L?
N p g p
+ 36077);02[327720202L2 + 180ynp? B2n?62C? L? + 2160yna’® 5242 pSnSCB L2 .

42— aﬁg 3C?L%0? + 4 B2nto? .

By setting v < \/ / 2L2c4 1 24%#) and summing ¢ from 0 to 7' — 1, we can obtain

2any2L2C4

O

(29)

(30)

T - ynT'
02 2 28802L2 22,2 206
+ 4ﬁ2nQC2L202 + 8an ]\;‘ + ,Zpa P + 2402L2ﬂn02
+ 720p2 820?02 C%L? + 360p2 520262 C% L2 4 432002 5% pSn®CB L2 .

1= 2(Py — Pr)
=Y E( V@))€ Tl 12022t COLA (1 + OF) + 120267 + 12p2an204( 5
t=0
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According to initialization step, it is easy to know that Py = O(,m%) +0(10?) + O(%a2). Therefore, we have

~

~ 2 1 o? o’ 2.2 4 4 2 ’72042172773 2 92 2
E[|V®(z <O(—)+0 +0(——) 4+ O(« +006°)+O0(———)+ 0
V(@I < O(—) +O(20) + O ) +Olasp'n) + 0(0%) + O() + 0lys?)

2 2 2.2 2

>+m”i§”>+owm%+0@%%%%+0@%%%%+0m%%%%%.
(32)

Nl

p anT

+0(B*n*c”) + O(

Il
=}

ano
N

O
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C. Proof of Theorem 4.1

Lemma C.1. Suppose Assumptions 3.1-3.3 hold, then |V ®®) (z)|| < CF and [|[¥¥) (2)| < Cym
ke{l,---,K}.

Proof. Fork € {1,--- K}, we have
IVe™ ()]
= [IVFW (@) VF? (M (2)) VFO (@) () - VF® (@ ()|
< [VEO@)[VED (@D @) VED (@@ @) - [VFE (@D ()]
<C*.
For k = K, we have
e (@) = [VFESO (D) < C
Then, for k € {K —1,--- , 1}, according to the definition of ||¥(*) ()], it is easy to know

e (@) = [IVE® (D) Te D ()] < Ol ()| < CFF

£ CK—k+1 ywhere

(33)

(34)

(35)

Lemma C.2. Suppose Assumptions 3.1-3.3 hold, then ®(x) is Ly smooth, where Ly = L Zszl CE+k=2,

Proof. Forany z € R% and y € R%, one can get

Vo(z) = Ve(y)|

= [IVFW (@) VFE (@W ()T ... VFED (@2 (1)) TV FI) (@K1 ()
~ VEW ()T VFO (@M (y))T ... vFED (@K 2)(y))TVF(K (‘I)(K 1)(y))ll
< [VFO(@)TVFO(@W (@) VEED (@2 (2)) TV I (@K1 ()
~ VEW(y)TVFP (@MW (2))T - vFE= 1)(<I’(K 2)(JL‘))TVF (@D ()
+ VFU () TV F 2)(<I>(”(96))T~-~ D@ (2))TVEI (@ (2))
= VEW ()T VFD (@M (y))T - VFED (@) (2)) TV FUO (@71 (2))
T
+VED (y)TVER (@ (y)T - VFED (@2 (y)) TV IO (@71 (2))
~ VFO ()T VFO (@M ()T ... vFE-D (@ 2)(y))TVF(K (‘P(K 1)(y))ll
< [VFO(@)TVFO(@W (@) VF(K 1)( H=2 (@) VP (@D ()
~ VEW ()T VF® (@M (2)" - RC 2’(96))TVF(K)(<I>(K ()]

(x
+||VF(1)(y)TVF(2)( (1)(x) T . VF(K 1)((1)(K 2)(x))TVF K)(@(K 1)@))
— VFO () TTEO @D (y) - VU (@52 (1)) T PO (0D (2) |
4.
+ |[VFO () TV E® (@D ()T ... v FE=D(E=2) (1)) TV FE) (6K =1 (7))
T TR ) T @ ) TR @ )
< CKVEW (2) = VEO (y)|| + CKVEP (@D (@) = VFO (@0 (y))]
+“_+CK—1||VF(K)((I)(K 1)(x))—VF(K)((I>(K 1)(y))||

< CF Lz =yl + CF L)@ W (@) — @V (y)| + - + CFTIL @D (2) — 2K (y)]

< CRUfla — gl + CF T LC e =y + -+ + O LOR o —
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K
=Y CKH Lz —y, (36)
k=1

where the fourth and fifth steps hold due to Assumption 3.1, the second to last step holds due to Lemma C.1.

Lemma C.3. Suppose Assumptions 3.1-3.3 hold, then

K-1

N
W (2;) — VO(,)|* < 24K ) HN n®) - ZF(k) (D H
=1

k=1

+24AK(C? Z % Z ’
k=1 n=1

_ 2
_ hﬁ’“”H , (37)

N2
where A = C*K-D[2 ( Zf:_oQ CJ) .

Proof.

[ (2e) — VO(z4)||
= |[VFD(z,)"VF® ()T ... v FE-D (E )T pE) (K1)
~ VFO(z,)"VF® (@MW (z,))" . VFED (@K =2) (7)) TV FI) (@K =D (z,))|
< CIIVF@ (BT ... v pE=D (pK=D)T g pUo (K1)
- VF®(@W(z,))" - VFED (@R (7)) TV ) (9K =D (z,) )|
<C|VF 2)( (1))TVF(3( (2)) ,VF(KA)(h(K 2))TVF(K)( (K— 1))
= VE®(@W(2))"VEO ()T - VU (R TV RO (g 7Y)
+ VF® (@) (7)) VFO (RPHT ... v FE-D(RIE2NTg IO (R (K1)
—VF(Q)(Q(l)(ft))TVF(?’)(q)(Q)(:ft))T-~-VF(K_1)(h(K 2)TVF(K)( (K- 1))
.
+ VFE® (@M (2,)TVF®) (@3 (z,))T ... VFE-D (E=2)(g,))Tv FF) (B
- VF®(@W(z,))"VF® (@ (z,)" - VFED (@ (z,)) TV I (@K D ()|
< CIVFA(RNTTFO (BT ... v pE=D (RE=2) Ty pUO ()
fVF(Q)( (1)(— ))TVF(3)(B(2)) LVEE- 1)(h(K 2))TVF( )(h(K 1) )||
+ CIVF@ (@D (2,))TVF® (BT ... v FE-D (K 2Ty pE) (K1)
= VF®(@W (z,)) ' VFO (@3 (2,)" - VFED () TV ()|
.
+ C||VF(2)(¢)(1)(it))TVF(?’)((I)(z) (z)7 - VF(Kfl)(‘I)(K72)(jt))TVF(K)(}—LEK—l))
~ VF®(@W(z,))"VED (@ (z,)T - VFED(@F = (3,)) TV FI) (@D (z,)) |

< CRLRY = @M (@)l + CK LR = @O (@) + -+ CETILRETY - 00D (@)

K-1 k

_ —inz (i i) (7. (i—1

KLY YO RY — FOMRTY)

k=1 i=1
K-1 K-1

_ . —(k —(k—
("0 )R — PO RE)), @

=1 j=k

IN
Q

kel
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where the second step and fifth step hold due to Assumption 3.1, the second to last step follows from Lemma C.4. Then, due
to

K-1 9 K—1 9 K—2
(cHrp Y orh) = et (3 k) < ez ( Cﬂ) (39)
j=k j=k §=0
one can get
K-1 K—1 K-1
- 7 (k—1 7 (k 7 (k—1
[e(E) ~ Ve@E)? < K Y (050 Y o) R - POGED)2 < AR Y [P~ FORED)P.
k=1 j=k k=1
(40)
2
_ K=2
where A = C2(K 1)L2(Zj:0 C’J) .
Additionally, one can get
7 (k 7 (k—1
| — PO (hy )>||2
1 o ) - CIA) a F® (nD) (k) (k=D
[ - R Ay SR < 3 apa
oy St S oy S - Srot ol
N 2
<2H— h(k ——ZF(’“) h() H +202 h(k Rl @1
where the last step holds due to Assumption 3.1.
By combining above two inequalities, one can get
N T 5
le(@) - Vo) <2AKZ I+ LTRSS 0+ 2axce Z Z! )|
n=1 n=1
(42)
O
Lemma C.4. Suppose Assumptions 3.1-3.3 hold, then for k € {1,--- | K — 1}, one can get
I — @) (@) <ch R~ FOREI] (43)
1=1
Proof. When k = 1, one can get
|h? =@M (@)l = IR = FO R (44)

When k € {2,---, K — 1}, one can get
b — ¢<k><- )|
T(k
= |aF) — R (@E=D(z,)))
T(k k— 7 (k— _ _
= ||a F“ (AF) 4 FO (RFD) - FR (9E-D (7))
< | — FORED)| 4+ | F® (RFED) - FE (@D (z,))|
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7 (k 7 (k=1 7 (k—1
< " = FORED) ) + ™) — ek D), (45)
where the last step holds due to Assumption 3.1.
Then, for k € {1,--- , K — 1}, one can get

59— 89 a) < 3 O — PO (46)
i=1

Lemma C.5. Suppose Assumptions 3.1-3.3 hold, one can get

N
H%zwm>ﬁzﬁ
1

n= n=

< 2K C2K

(K 1) glfi—l)HQ_;r_QKcﬂ(K 1) H ZVF(K (K 1) Z,U

o | G N e 2 (K —1) L e 7 (k=1 _ =)l
Hvt — Uy H +3KLC NZ H Byt H

n=1 k=1 n=1 k=1

-1

N
+3K CQ(k 1)H ZVF(k) Tv(lftﬂ Z (k)

n

‘ . (47)
Proof. Whenk € {1,--- , K — 1}, one can obtain
Hi S \I;(k) Z
N N
N N N
< Hizvfﬂ h(k 1) T 1 Z\Pkﬂ) Z k) h(k 1) Z 7(:;451)“
N = m=1
+HNZVF (A=) L oo - Z )|
| X Nm 1 ?v | X N
<Ol 25 a0 = 5 S|+ [ S TR G 3 -y
=1 N = n=1

N

) (43)

where the last step holds due to Assumption 3.1.

Then, by recursive expansion, we can obtain

N
HNZ\II NZ”’}}

(49)

(50)
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Additionally, one can get

N N 9
[ S v St - 5 2l
m= n:l
1 (k) (3 (k=1)\T 1 ol (k+1) 1 ad (k) (7. (k=D\T, (k+1) 2
SSHNZVF” (hy ) szm,t _NZVF" (hy ) Un,t H
n=1 m=1 n=1
1N
+3H7 VF(m(h DT LS R (T <k+1>H
, Nn:l
1N (k—1) k+1) lNk)2
Bl (k) T, (k1) 2
+3HN ZIVFTL (hn,t ) vn,t N;vn,t ‘
2
<302t ZHN k+1 _ (k+1 H 4 312C2E=R) ZHh(k 1) hiﬁ;l)H
1 k k 1 (2
-1 1
+3HNZVF£’“>(h£L,t DR ] I (51)
n=1 n=1
where the last step holds due to Assumption 3.1.
Furthermore, when k = K, one can get
N N
1 _ 1 K)||?
HN Z W (2) - > v
<2H ZVF(K) ) ZVF(K) pED H +2H ZVF(K ) Z
n=1 n=1
2 1S [l7(0-1) (o) |2 1 () K-y LS (@02
<2075 37 WY -l H +2HN;VFn () =5 2wk (52)
where the last step holds due to Assumption 3.1.
Finally, by combining above three inequalities, one can get
N N
1 _ 1 |2
(DR TRICHEE Pt
n=1 n=1
2K1N 7 (K- (K-1)? 2(k-1)|| 1 . K) (3 (K-1) 1 |?
<2k = SR < pY| 2k 0| LS IRR R - £ ol
n=1 n=1 n=1
N K-1 ) 9 S 9
+3KN ZC% o v;’jj”H +3KL2CAD S S Y -l
n=1 k=1
K- N
13K S o2k ”H ZVFW R ECAR Z (k) ‘ . (53)
k=1 n=1
O

Lemma C.6. Suppose Assumptions 3.1-3.3 hold and n < one can get

2L’

Z

K—
_ _ N NI M- k k—1
@ (@e11) < B(1) - || Vo) - W&W4JWMK§:HN M> §j<“h(>H
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N

1 2

+ 2yn K CHE - 1>H § VEE) (h{EY N§ ol ’ + 3y C20D = S0 - oD |
n=1

N
+ 3ynK Z o2k 1)H ZVF(k) )Tl - Z ’
k=1 n=1
1 N K-2 1 N 2
+ 3777KN Z C’QkHTJ,EkH) (k+1)H + 3777K(L2C'2(K D4 AC?)— Z H:Et — Tyt ’
n=1 k=1 n:l
1 N K-1 B
+ 3K (L2CHD 4 O 4 AC?) ¥ — (54)
n=1 k=1
Proof. Due to the smoothness of ®(Z;), one can get
_ _ _ _ _ L<I> _ — 12
@ (Te41) < (@) +(VO(Zr), Tetr — To) + — [ Ters — |
2,2
Y Le,
= 0(@,) —y(Ve(@), o) + =5 oy
m n Lo, @ T
= o(z) - 2|V - (3 - g ’HQ e - Vo)
_ m
< (z) - HV@( DlI* = || ||2 5 [RERIEAI
_ 777 _ _ - - NG
(70) = 5 IVe@)|* — —||vt Pl V(@) — @)+l () — o
_ m - '777
< ®(@) - D) - P
K-1 1 N N K- B 2
oA 3 [ 3o = 3 RO+ ke 3 S s |
k=1 n=1 n=1 k=1
) KCQK 1 a B(K 1) h(K 1) 2 ) chQ(Kfl) 1 F(K h(K 1)
e 3 [ e L s S o
N 1 N 2
+3’Y77K Z CQ(k 2 H ZVF )Tvnl,c;rl) - N Zvnk,:t) ‘
n=1 n=1
N K- 2 1 N K-1
+ 3K ZZ OH|[of 1 — oV 3y 20200 LSS R <l ”H
1=1 k=1 n=1 k=1
. m P mo)? IR . (0 (=7 |2
< P(zy) - 7qu}<xt) - 7Hvt H +2ynAK Z H* byt — *Z n (hn,t )H
2 4 N & Nn:
N K-
+ 2K O 1>H Zv (R Zvnt H + 3K ZZ %H@gw f,’“j””
+ 3K Z Cc2(k=1) H ZVF h(k 2 Tv ktH Zv kz +3777KC2 (K-1) vfﬁ)
k=1 n:l
2 ~2(K—1) 2y 1 _ 2
+ 3K (L*C + AC )N Z th — Tyt ’
n=1
1 N K-1 B 2
3K (LD £ 02K 4 AC) Hh§’“>— n,t’ : (55)
n=1 k=1

where the second inequality holds due to n < the second to last inequality holds due to Lemma C.3 and Lemma C.5.

2L’
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O
Lemma C.7. Suppose Assumptions 3.1-3.3 hold, n < W, andn < W, one can get
— N T-1
Z Z Efllof!) - oV 1%] < (96p292n2C2 D L2 4+ 32522230220 ) S ElJof )
t=0 n=1 t=0
T-1 N K-1
k—1 k 1
+48p2 (30 1LY ZZEmh;,m’ haty V)
t=0 n:l k=2
T— N
+ 32p%a?nt(3CH)K Z Z ol — VEEO (h5D))12)
T-1 1 N K-1
+48apPnt Y 5 D0 D BCH T E(lon - VES () el )
t=0 n=1 k=2
T-1 1 N K-1
k k—1)
+ 647’y (30%) N Y0 5 DT S O IRE I — O ()
t=0 n=1 k=1
K—-1
+64p°a’nto?(3C*)KTIT Y (207N 4 32p% a0 (3C2) K IT
k=1
K-2
+ 240" O T + 480%pn* C* K~V Y 3% (56)
k=1

Proof.

E[|lvl) — otV

Mz

1
N

n

E[|Tex (1 —an?) (o), = VEO RO _ e Tol) ) + VED () e T

I
=1
M= L

b~
Il

=" s

1
- % Mex((1— 0”72)(1)( ) VF(I)(hT(S)t, ’5(1) )2 (2) )+ VED (hg)uﬁ(l)t)vai?t)IIQ]
m=1
N
- ! (0) 2 0). c(D\T, (2)
< 5 2B = ar) (o), = VED (600 v 1) + VED (600 0]
n=1
N
1 1 0 1 2 0 1 )
— 5 2 (= an’)(wy = VEL (il 600 "ok 1) = VED (s €0 ol |

1

1 1Y
< (14 =)(1- “72 *E
_( +p)( 0”7) J\]n:1 ”Unt 1 Nm: mt 1

=3

N

1
5 O Ell = VED () s 60D ul oy + VED (60 o)

n=1

+fZVF“> (A, el) @, — ZVF(” Qs D)o@ 2]

+2(1+p)

N
1 1
+2<1+p>a2n4N2E[||VF£ (hra: &) vt s = 5 22 VED (1600 v )
m:l

n=1
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1 1 Y
_(1
(> ZEHUW o112

N
2(1+p) Z —VED BT+ VED () )T

1
+2(1+p)a’y’ S E[IVED () s

n=1

1 N
N 2 VED (), 1:600)
m:l

D, 67

where the second step holds because II-x (-) is a linear operator. The second term is bounded as follows:

E[[VED (hQ); DTl — VED (W) ;e o)1 )17
< 2E[|VED (h); €8N To?) — VEM () e o)L |12
+21E[||VF<”< m,é”) ni, ~ VED 1) 1,£“>>Tv£3 P

< 2C°E[||os) — o)1 |7) + 222 C2 D LR 1)

(1 _ 1
< 202E[|v) — o)y |17 + 42 CPE D L2Eol]) | — o) |2 + 422 CPE D LR 12], (58)

where the last two steps hold due to Assumption 3.1. By combining them together, one can get

1 N
1 —(1
5 2 Ellvny =21
n=1

N
1 1
< (L 16 * P CH DL T S T Bl — 50 )
n=1

=2

1
—|—8pC’2N Z ||vnt —vfz P+ 16py2n2o?E -1 L2E[||v LI1%] + dpa’ntC?E (59)

By setting n < one can get

20'prK 1>

1
1+ ]; + 16p’)/277202(K_1)L2

1 2 ~2(K—1) 72 1
<1+ 2+ 16970 L 0GR
<142
25p

Thus, one can get

—(1
YRl

2=
=
=
=

26 1
1 _(1)
S gy L E Elllogy 1 — 7417

807 ZE o) — o)1 112] + 16py 2P C2 =D L2E[||ot)) [|2] + 4payt 2K

t—1 N
26
<8C Y (145 ) " Z (108 4y — 2112 + 16py 2P C2E =D L2 Z

t'=s.p n=1 t'=sip
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t—1

26 /
Apant 02K 14 22 t-1—t
+4pan > a+ 25p)
t'=sp
1N t—1
<24pC? Y NZE[H o2 = oCUIP) + 48py PP BN L2 N E[|lo))?) + 12922y CPK (61)
t'=s¢p n=1 t'=stp
By summing over ¢ from 0 to 7' — 1, one can get
-1, N
H -
5 O Elllo} = 1|1
t=0 n=1
T-1 -1 N T-1 t—1
1
< 24pC* Z Z N ZE ||vn a1 vn t’” 1+ 48py?n?C?E-D 2 Z Z E ||vt(,)||2] +12p%a%p KT
t=0 t'=s:p n=1 t=0 t'=s:p
-1, N T-1
<24p’C? Y = 3 Ellol — ol P) + 489 0PI L2 Y B0 7] + 12p%0 T
t=0 =1 t=0
T-1 K-2
< 48p3 4P nPCA K- 2 Z E[||17t(1)|| ]+ 12a2p°n*C?ET + 240t CHE-N 2T Z 3*
t=0 k=1
-1, N
FAUPCEONCEY 5 D E lonihs = one 1)
t=0 n=
-1, N K-l
+24p?C7U L2 YT ST N SR b - AP
t=0 n=1 k=2
T-1 ., N K-1
+ 120707 Y 3 ST BON PR - VEW () ol
t=0 * n=1 k=2
T-1
< (48p PRI L2 4 16222 (3C2)2(K~ 1)) E ||1}(1)||
t=0
K—2
+ 1202t C?ET + 24a2p277402(K_1)02T Z 3k
k=1
T-1 , N K-1
+ 24p%(3C%) K112 Z Z E[[h{ 1 — nl Y2
o Nioio

T—
+16p*an*(3C2) K~ 12 ZE o) = VEE (D)%)

t=0 n=1
N K-1
+ 2402p%n* Z Z Z 302 E[[) — VEM (BT |12
; 1N
+ 162712 (3C2)* Z SRl - 5|
n:l

N
1 -
a2t (3075 YD 130 3 0 R - O]

+ 32p%a’n*e? (30K (202)K =k L 16p?a’nte? (30K~ (62)
k=1

where the last two inequalities hold due to Lemma C.17.
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By setting n < W, one can get 1 — 16py*n?(3C2)2K~2 > 1 Then,
N
Z [lert = o111
T-1

< (96p27277202(K71)L2 + 32p%212(3C2) 2K—1) ) K[|
=0
K—2
+ 24 p2774CQKT + 48a2p277402(K_1)02T Z 3k-
k=1

S
-

gM

T-1

N K-1
_ 1 (k=1 k—1
HSPEOYS LY § YLD K Elllbsd = b 1)

T-1

N
+ 32p2a%t (302K Z Z ol = VEEO (h{ED))12)

—

T— 1 N K-
T80t Y =D S BCH T Elluy — VEP () el P
t=0 n:lk

._.

/|
N

T-1 N K-1
1 k k—1
+64p%a% (BCH T YT YT YT O TRyl — EX ()]
t=0 n=1 k=1
K-1
+ 64pa®nt o (3CHKTIT Y T (20K 4 32p2 0t o (3CH) KT (63)
k=1
O
Lemma C.8. Suppose Assumptions 3.1-3.3 hold, one can get
1 N T-1 N K-1
—(K K k k—1
> % B ol < 24022 12 3T 3 3 (20K R OGP
n t=0 n:l k=1
-1y N T-1
— 1 —(1 — —(1
+247°p*n? (207112 Y NZEM} = oI+ 249 (207 L2 YD Yoy
= t=0
K-1
+48p*a’n* C°T + 240°p’n* o L2T Y (2C%) K1 7F (64)
k=1
Proof. When k = K — 1, one can get
1 N
K K
5 2Bl — vl 1)
n=1
1l e
K K-1 K K-1 K
= 3 2o Bl D2 Mol = an?) (s = VRGO (il 600) + VRO (75 660)

1
K K— K K K
~Teo((1 - an?) @S, — VEF (WEZD: ey + VEE (h{5 Y ”)\H

N N
. ! K K—1), o(K 1 K1), g(K
< 5 D Ellg o (= an’) (ol y = VEIO (Vs 60 + & Z VEE) (hE D, )
n=l m=1 m=1
— (1= an?) (08, = VEE (WED; B0y) _ g RO (R, 0y 2)
1N 1 &
K K
v ZE[HN Z(l - anQ)(va)il - v’f],,t)fl)
n=1 m=1
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N
—NZVF&K)(h%(t el ZVF(K) Ve

m,t

1
+VF(K)(h(K 1) g(K)) \va K)(h(K 1) g(K))

n,t— 1 n,t

K-1 K)
—Oé??QVF(K (hif 1), 7(’Lt —i—*ZOﬂfVF K)(hgnt 17§mt)”]

m=1

N
1 K
§(1+2;)(1—CY772) Z Z mt l_vat)l‘I ]

n=1

n,t

N
1 K— K K— K
+2(1+p) 5 2 BUVES (05715 60) = VESO (V651
n=1
+2(1+ platni~
N

M=

N
K- K 1 K- K
B[l - VESO (57060 + 2 VEL (b 60D

n=1

N
1.1
<+ ) LB — o P+ pL ZEnhn’i V= VIR + 16pay C2 (65)
n=1

where the last step holds due to Assumption 3.1. Similarly, one can get

1 N
_(K K
5 2 Ello = oI
n=1

t—1 N t—1
_ 1 ’
<4pr? Y (14 Lyiee Z RS — RSN+ 16papte? ST (14 o)
t—sp p n=1 t'=stp p
< 12pL? Z ZEnhnKt/ Y T2+ aspPalytc? (66)

t/=atp n=1

By summing over ¢ from 0 to 7' — 1, one can get

T

|
—

1 N
K K
5 2 Bl — v
t=0 n=1
T-1 t—1 1 N
K-1 K-1
<12pL2 3 37 S D ElR Y BRI + 48pt e T
t=0 t'=s.p n=1
T-1 1 N
K-1 K-1
<1217y = 3 Bl - AU 1P+ asp*a’yt T
t=0 n=1
T 1 1 N K-
k) k—1
<2’ 53 Z (20" FE[h — FP ()P

t=0 n

— T-1
_ 1 _ _ _
o) Y NZE[HUS,Q =01+ 249 (207 KT L2 B0y
t n=

t=0
K-1
+48p°a’n* C2T + 240 p*n* 0 LT ) (2C%)K~17F (67)
k=1
where the second to last step holds due to Lemma C.16, the last step holds due to Lemma. (C.7). O
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Lemma C.9. Suppose Assumptions 3.1-3.3 hold, one can get

T-1 1 N K-2
k+1 k+1
NZ C’2kE[||v( ) _ (,t )HQ]
t=0 n=1 k=1
-1, N K-2 -1, N K-l
k41 (k+1 - k—1 (k—1
<24p’ Y 5 >0 CRElo Y —u I+ 24p? L2020 3 N S RIS AP
t=0 n=1 k=1 t=0 n:l k=2
+2a 77424p202K 1)2 ZE e (K) F(K (h(K 1))” ]
t=0 n=1
T-1 N K-
+ 96a’p’' G2 Z S (0t B - O )
t=0 =1 k=1

T-1 N
+4872 2 2(202 K-12(K-1) Z Z ||U7(ng —ﬁt(l)H ]—|-4872 2 2(202 K-12(K-1) Z ZE ||Ut ”
t=0 n:l n=

T-1 N K-1
+960”p*y oA Y T Z (2C%) K17k 4 48aPp? o C2 K IT 4 48p? o’ PR KT (68)
t=0

n:l k=1

Proof. Whenk € {1,--- , K — 1}, one can get

n,t

N
k+1 k+1
Z (|5} ~(k+1) U(+)||2]

N
1 k+1 E k+1 k+2
P H—chm (1= an?) (i) = VESD (0, s efit ) Tuli i)

m=1

+ VS (R el Tob )
k k: k k k k
— Mo w (1= an?) @5 = VEFD (RE)_ 5 eB N ToEE2) gm0 () ey (kR0 21

N N
1 1 k+1) (k+1) k+2
<+ DBl Y —an) it = VEED (G, el o)
n=1 m=1
1 N
b O

1
k k k k k k (k
— (= arP) ) = VEFD (s €0 T2 = VRS (s €0 ) ol

n,t—1 n, n t

X 3 VR e+ 1 3 R0

+VFr(Lk+1)(h£lkt ¥ (’C+1))T,U(k+2) VF k+1)(h(k) (k‘f‘l)) U( +2)

n,t n,t—1 tr5Sn,t n,t

ntl

1
— P VEF D gy 60 ) o + anZNZVF,Sf“ (1m0 2P
m=1

N

(H%)%ZE[II% (1 - @), — o)

m,t

Mz

m=1

N
2(1+p)— Z R Z VF(k-i-l)( t 17§ (k+1) )T 7(5422)1 + = Z VF(k-‘rl) h(k)mg k+1))T ngtrZ)
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+VF(’C+1 (h;kz 1’§(k+1))T (k+2) VF(’CJrl (h(k)

ntf n,ts

€(k+1))T (k+2) H ]

N
1
201+ p) < ZEII—OmQVF U ST e RS DIN AR U R

n,t— m,t— 1 m,t mt 1
m=1
1 Y 1
k+1 k+1
(L4 )1 = ar?)* = 3 Elll5 D vt = ol I
n=1 m=1

n,t n,t—1 n,t»Sn,t

N
1
+2(1_i_p)NZE[HVF?SkH)(h% ¥ (k+1))TU(k+2 VE k+1)(h(k). (k+1))TU7(Llft+2)”2]
n=1

41

+2(1+p)a’n? N nt—1> CAEE Upn,t—1

&MZ

N
k+1 k42 k+1 k+2
E[| - VEFD (RS el Tl 4 va(kﬂ) (®), gDy (42) 2y

(69)
where the second step holds since II-x -« (+) in Algorithm 1 is a linear operator.

When k € {1,---, K — 1}, the second term can be bounded as follows:

EIVEFD () i 60 ) o2 = VESD (0]

n,t—1

< E[|VEFI(AE)_ ;e PN T2 g plD (p(k)

n,t 15

+ 2B (| VES (6T vé’f;” — VEFD () e Tl

n,t—1 n,tr»Sn,t

< 202E[|[o"2) — o |2+ 202E R 2[R — )P (70)

)

é.(k:+1 )T k+2 || ]

nt7

§(k+1))T (’f+2))” ]

where the last inequality holds due to Assumption 3.1.

By combining above two inequalities, one can get

E[||o] _(k+1) k+1)||2]

uMz

N N
1 1 1
<(1+ ;)(1 o)’ LBl 2 Vi1 — U P+ 8(1 4 p)aiy 0P

»
m=1

+4(1+p)C Zn (652) (5820 12) g1 4 )RRk L Zwm ]

n?

1,1 (k+1 k+1 k+2 )
g<1+];>NZEH|v£$>—§Jf |+ 8pC° < ZEH*’ oi )

n?

1
+8pCP IR L ZEnhm L= P+ 16pa?y ' CPIH) an

where the last step holds due to 1 + p < 2p.
By summing over k from 1 to K — 2, one can get

N K-2

k+1 k+1

ZZ 2kE| —(k+1) (V:_)H2]
n=1 k=1
1 N
LSS Bl -+ 3 P aepatyt A
k=1 k=1

1 N K-2 1 N K-2
+8pC2 ST ST OBl — ol 4 8pL2 ST ST O CHER IR — b))

n=1 k=1 ’I’L:1 k=1
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1 N K-2
< 8p Z (1 + p t—l N Z CQ(k-‘rl)E HU k+2) nk;rilH ]
t'=stp n=1 k=1
t—1 J1 N K-2
+8pL2C2ED 3 (141 52 E[|Ad), — ') 7]
t'=stp n:1 k=1
t—1 1 ,
+ 16pa2n402KK Z (1 + 7>t717t
t'=sip
N K-2
<o Y T30 S R — o)
t’—.sfp n=1 k=1

t—1 N K-2
1
+24pL?C°D N =SS B[R — )17+ 48p%a? O K

(72)
t'=s¢p n=1 k=1
where the second step holds due to vy, 5,, = s, and s; = [t/p], the last step holds due to (1 + %)” < 3.
By summing over ¢ from 0 to 7' — 1, one can get
-1, N K-2 To1 4=l N K-2
k+1 k+1 k+2 (k+2)
5 2 2 OBl — o < 2ap Y Z NZ CHEDE o — v )
t=0 " n=1 k=1 t=0 t/=s n=1 k=1
—1 =1 | N K-2
+ 24pL2C2(K-D) Z Z = STSTEAE, b 12+ aspPaPyt O KT
t=0 t'=s,p N k=1
-1 N K- 1 N K2
k+2 (k+2) k k)
<y Y 3 L - B 4 2R Z > D Elh —hyl )
t=0 = n=1 k=1 o N k=1
4 48p2a2,’7402
1N o1, N K-2
K k+1) k+1
< 24p?C*0Y Z NZE lony = oS P+ 249 37 D7 30 Rl — o)
n=1 par o
Ly N K-l
+24p2L202<K*1> Z E[h{ D — n 2112 + 48p?an C* R KT
t=0 n:l k=2
T-1 1 N K-2 T-—1 1 N K-1
< 24p? Nz C2kEH|v(k+1) nk;;ll” ]+24p2L202(K 1) Z Z E[| h(k 1) nktJrll)H ]
t=0 ' n=1 k=1 o NS
-1, N
+ 207" 24p*C70Y Y ZEnv(K) VES (hy )P
t=0 =1
T-1, N K-l
+960°p ! C2 D YT =N T ST RO TR — F ()]
t=0 =1 k=1
T-1, N
2.2 2 2\ K—1,2(K—1) L (1) —(1)2
+ 4872 p*n? (201 K1C ZNZEHU 12]
t=0 n=1
T-1, N
_|_48,_Y2 2 2(202)1( 102 (K-1) Z ~ ZE Hvt ”
t=0 =1
-1, N K-l
+96Oé2p2’l740'202( ) Z 202)K 1-k +480{2]727740202(K_1)T+48]720(27]402KKT, (73)
t=0 n:l k=1

where the last two steps hold due to Lemma C.17.
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O
Lemma C.10. Suppose Assumptions 3.1-3.3 hold and o < ,n < zopc’ one can get
T—1 1 N K-1 T-1
k k k—1 k
DD E[llA" - P < 12p°C2 Y Z Elllfy =l 1)
t=0 =1 k=1 t=0 n=1 k=2
2 2 22 22462_1N (1) _ =1)2 2222_1 =(1)12
+ (24p™ "0 C* + 1207 a"p"n°C )ZNZ]E[”Un,t_Ut 1P + 24p°y*n*C* > " E[|l5: ]
t=0 =1 _
+120p%02n* o’ KT + 60p*a’n*6* KT . (74)
Proof. Similar to Eq. (69), one can get
1 N N N
(& k) k
5 O BR3P < (1 + > Z S )
n=1 n=1 m:l
1 N
k—1) k—1 (k
+2(1+p) 57 D BIES (06050 = FR (0 601
n=1
1 N
k—1 k k 1 k
+ 20" (14 p) 5 Bl = EP (75 60) ZF“” iG] (75)
n=1
Then, the last term can be bounded as follows:
k—1 k k—1) k
Z 15 (b 68 — ZFHP (hine b G 7]
?v
/c 1 k—1 k—1 7 (k—1 7 (k—1 7 (k—1
Z P (268 = FR () + FR () = R (0E)) + P (hET) = PO (RETY)
- 1 N 1 N 1 N
7 (k—1 k—1) k—1 k
DY) = 5 D0 FW () + 5 20 ED () = 5 D ER (G D))
m=1 m=1 m=1
1 & 1 &
k k—1 . k—1 7(k—1
<5y 2 EIRN Bl 160 = EP ()P +oy 2 El S () = EO 017
. ( (k—1) RS ] (k1)) S
k—1) (k) k— 1 . (k) k— 1 (k) k— 1
Z]EHF (AETY) = FO (RE D)) Nz ZF (he” ZF (Mg =) 1I]
1 1 & pE=1) (k) (k=1) , #(k) |12
+5NZ]E[HN ZF mt 1 ZF mt 13 m,t)” }
n=1 m=1
< 1002 + 562 + 10C% — ZEHh(k Yo mETY 2], (76)
n 1

where the last step holds due to Assumption 3.3. Then, by combining above two inequalities, one can get

N
1 k k
5 O BlUIAY — )
n=1
1 1L 1 &
k k) k— 1 k 1
< (14 )0 =) 5 DRl 3 e - PP+ 201 + )07 Z Elllhg ) = Al 1]
n=1 m=1 n:l

+20(1 + p)ano? +10(1 + p)a®n*s? + 20(1 + p)a’n*C? — ZIEHh(k YY1
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1 k (k k—1) k—1
<O+-)% Z E[|[Rf) — )17+ 4pC2 ZEW — bV
n:l
+ 40pa n402 ZE Hh(k b k 1)H | 4 40pa®nto® 4 20pants? . 77

By summing over k from 1 to K — 1, one can get

1 N K-1
k k
% 2 O ElIRY = P
n=1 k=1
11 N K-1 1 N K-1
7 (k k) k 1 k—1
< (U )5 20 0 BIURY — Bl 17+ 4pC* N 2 D Ell B ) = b 1P
p n=1 k=1 n=1 k=1
1 N K-1
+40pa2n402ﬁ Z IE[Hh BE’:UHZ] + 40pa’n*o? K + 20pa’n*S* K
n=1 k=1
11 N K-1 N
k k) 0 0
<0+ 0% B[, — A7)+ 4pC7 ~ 2l [k = Bl l]
p n=1 k=1 n=1
1 N K-1 1
k—1) k—1 0 7(0
+4pC = 7 DBl b >H2]+40pa2n402ﬁzﬂ~:nh,ii L= R
n=1 k=2 _
1 N K-1 B
+40pa’n'C* 5 D7 S EIS 4 — Ry 4 40pa’y'o K + 20pa’y" 6 K
n=1 k=1
1 1 N K-1 N K-1
7 (k) k) (k—1 k—1)
< (1 +40pa>y ' C?) 5 37 3T BIIRE, — hi ) 1+ 407 3 ST B —n )
n=1 k=1 n=1 k=2

N
1
+ 40pa 77402 ZE ||xn t—1 — T¢— 1H + 4p02ﬁ z:: Hxn,t—l - xn,t”Q]

+40pa’nto’ K + 2Opa2n452 . (78)
By setting o < % andn < ﬁ, we have
1 C? 1 1 1 41
14+=+40 i< 40pC? — —— =14+ -+ ——— <14+ — . 79
Tt pa’n t S+ N2T600prCt - 5 T aonzE =T o, 2
Then, one can get
1 N K-1
7 (k k)
5 2 2 BlIAY = w2
n=1 k=1
N K-1 N K-1
<1+ )= SOSERS, - A8+ e ST S EIRY — B )
- 40p” N -1 N
n=1 k=1 n=1 k=2
+ 40pa’n*C? — g:IE (l|= — Ty |]?] + 4pC* — ! i |17
P n,t—1 t—1 N
+ 40pa’nto® K + 20pa’nte’ K
N K-1 N K-1
41,1 7 (k) K2 2 1 (k=1) _ (h=1)y12
< (1+@>N E[f|h; 2 =y p—a|I7] + 4pC7 — Z Elllhy -1 — nt %]
n=1 k=1 Tl:]. k=2
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T 8pyPC ZEIIvm L = B2+ spy P CPE ], 17

+ 40pa n4C2 ZE |Znt—1 — -1 ||?] + 40panto? K + 20pa’n*6? K (80)

where the last step holds due to Lemma C.15.
Then, by denoting s; = [t/p], one can get

N K-1 t—1 K—

N
& 41 1 k—1 k—1)
Z B[R — hiIP) < 4pC° Y (14 1o TS PIPI [ G
n=1 k=1 t’—sfp n=1 k=2

;-.

t—1 t—1
41 1 41
2, 22 t 1—t =(1)12 2,22
+8py°n°C Z(1+f Z]Ellvm/ vy |7l + 8py°n°C Z(1+@
t'=s¢p t'=stp
t—1 11 T
2, 42 t—1—t — 2
+ 40pa”n*C t,;p(l + 74Op> N;E[len,t' —Zv|]
t—1
+ (40pa’®n*o? K 4 20pa’n*6’K) Z (1+

t'=sip

)R8

41

)tflft’
40p

t—1 K-1

N t—1 N
1 k-1 k—1) 1 G|
< 12pC? Z N Z E| hsl o ) hﬁl t/+1|| ] 4 24py*n2C? Z N ZE[HUT(L,Z/ — Ut(’ )||2]
t'=stp n=1 k=2 t'=stp n=1
t—1 t—1 N

1 _
+2py*n’C* Y Elloy |+ 120007 C% Y =D Ellan.y — Tull’]

t'=s:p t'=sp n=1
+ 3p(40pa’n*o? K + 20pa’ns’K) | (81)
where the second step holds due to (1 + 7= 10p)" < /40 < 3,

By summing over ¢ from 0 to 7' — 1, one can get

_ N K-1 T-1 t—1

N
ST R 1Y S LY

t=0 n=1 k= t=0 t'=s¢p n=1k

K-1
k—1) (k—1
Z]E gzt’ - nt’+)1||]
=2
T—

§ =
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._.
-~

| X -1
1 1

% O Ellvny — o0 7] + 24p°n*C? E[|lo7,” |1’

t’:stp n=1 t=0 t'=s¢p

e

N Z E[||zp,e — T ||?] + 3pT (40pa’no? K + 20pa’n*s* K)

tP n=1

+ 24py°n°C?

M

t

Il
=3

T
+ 120pa’ntc?

(]

’

~
I
<
&~
Il
»

=

T—1
k—1 k 1 1 _(1
smp?cﬂz Z E[[|n{, " — hgt+1||1+24m2n2c22 ZEW oV 12

n=1

o
||
N

T-1 T-1 N
1
+24p> 2202 Y E[l[ofV 2] + 120020201 0% Y — ST El|ln s — @) + 3pT(40pa’no? K + 20pa’y 82K
P*y*n ;[IMII] p’a’n ;N;[II + = Z]|] + 3pT (40pa’n pa’ry*6° K)
T—-1 N K-
< 12pC? Z Z Z A — R0 12) + 12002020 0 KT + 60p*a®y 6 KT
t=0 n k=2

T—1 N
1
+ (24p*4*n*C? + 12072 a*p*n°C?) Z ZE ||v£3 7(1 %] + 24p*~y*n*C? Z E[|| l)H ], (82)
=1

t=0

where the last step holds due to Lemma C.7.

35



A Doubly Recursive Stochastic Compositional Gradient Descent Method

Lemma C.11. Suppose Assumptions 3.1-3.3 hold, then for k € {1,--- | K — 1}, one can get

N N
1 (b k k k
Elll 5 Y vn vaw TP < (- an)E Z o —fZVF“) (e ol 517

n=1 n=1

N N
] 1
+A4C% ZE ol — o512 4 402K - L ZIEI 1A% — B*D|2) 4 2a2yt 2 k>N )

For k = K, one can get

N N N
1 K 1 K 1 K
Elll 5 Y va ——ZVF““ O < (= aP Bl 5 Y vniha — 5 2 VESO ()
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n=1 n=1
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n=1

v (84)

Proof. Whenk € {1,---, K — 1}, one can get
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1 k Bl DYT (1
Elll 5 > vad - vam 7 ) o VI

n=1

k k 1 k k k—1 k k+1
||fZch (L= an?) (@), = VER @) eINTol ) 4 v FE® (el oY)

n=1

ZVF(k) k 1)>T (k+1 ” ]

Un,t s

N N
1 1 _
<E[l5 Y1 —ar) (o), = VER (6l ol ) + - D0 VER (il Vgl ol

=

n=

1
N
ZVF(k) k 1))T (k+1)|| ]

2»—-

k k— k
< E[| (1 —an?) (W), = VE® ()Tl )

1

N
i E : ( 1 . 0477 VF(k)( (kt 11))T (kt"rl) VF(k)(h(kt—ll). (k))T (k"rl) + VF(k)( (k 1), g(k))T (k-‘rl)
N n ’rL n n,t—115n,t

2=

3
Il

ﬁ

VFk (h(k 1))T (k+1))+0”7 (VF(k)(h(k 1)’£(k))T (k-‘rl) VFy(lk)(tht_l))TUT(L’T:_I)))”2]

N
k k+1
< (1-an’ Z - va (h ) ol
_N
k 1 k+1 k— k+1
+2(1—a7] Z HVF(k) :E)Tvr(mj—) VF(k)(h( = 17€n t)TUr(zj—l)

+ VEW (h“” 5&) i = VER () ol |

n,t n

1 -
+ 207" 553 S BIVEO R 68Tl — TEB BT

)
n=1

N
1 k k—1 k+1
< (1—an’)Ell 5 Dol - vaw S il
n=1
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N
1 o2
252 D BIVES (il 56D ol = VEO (2 600 o217 + 2020 CHD
n=1
2 1o o®)_ (k) (1 (b= DyT (k1) 2 o 4 2(K—k) O
S(l—an)E[HNZ n,t— ZVF (M) v 7] + 2029 C N
n=1

+4—ZE||VF (A eENTEID T EW (R DT |17
n=1

N
1 k— k (k+ k (k k
N*Z (IVE® (D €8Nl — TR (W T ol )2

N
1 k— k
< (- aP)Ell5 D vl - Nzww (e ) "o 1P
n=1
1 & 1 & o2
k+1 k+1 — k—1 k—1 —
+4C° 221@ o™ = oGP+ 40P E N L2 SR — P+ 207 O (85)

n=1

where the second step holds because IIx-x+1(+) is a linear operator.

When k = K, one can get

N N
1 1 _
Ell 5 D v = 5 2 VES (™))
n=1

n=1
1 N N
K K-1 K (K-1 K 1
= Ell 5 > Te((L — ar) vy = VESO (W75 600) + VRSO (75 60) NZ VES (b))
1 N N -
K- K 1)
SElll5 2o —an?) i)y = VESO (705600 + VEFO (5760 Z EO (L)1)
n=1 n—=1
1 N
K K-1
=Bl 5 > (1~ ar) (v, Ly = VESO(117))
n=1
1 N
K-1 K-1 K 1 K-1 K
+ 7 2= o) (VES (7)) = VESO (1 57) + VESO (575 60) = VESO (77 600)))
n=1
1 N
K 1 K 1
1y 2 VI ) o fZVF e IP)
K 1 K—
< (1-ap) Z v~ Z VES (b))
n=1

15n,t

1 K-1 K-1 K-1) (K (K
+2<1fmf)?mZE[HVE&“(th_R)fVF£K><h£l,t D)+ VESO (Vs 60)) = VESO (71 605 1)

n=1
K-1 K K-1
+ 207 ZEHVF‘K (e 60) = VESO (™))

N N
1 K-1) K-1) 0'2
N O il - Z Dl ]+2L2N22E\|h< — 2 ) 200 S

n=1 n=1

< (1 an)E]

(86)
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Lemma C.12. Suppose Assumptions 3.1-3.3 hold, then for k € {1,--- | K — 1}, one can get

N

1

5 2 Ellvgld = VEP () w0
=1

k k— k
[||U( ) VF(Ic (h( 1))T ( +1)|| ]

ntl

<(l-an )

2 2\»—
||M2

2

tac2 L Z oY — |12 4 402K - w2l Z A = RS2 + 2029t 02 E P2 (87)

For k = K, one can get

N
1 K K—
5 2 Bl = VESO (T )IP)

n=1

2

N
< -ar’ NZ o5y — VRS (D)2 + 227 7 DBl I 20ttt 9

It can be proved by following Lemma C.11.
Lemma C.13. Suppose Assumptions 3.1-3.3 hold, then for k € {1,--- | K — 1}, one can get

E[H%Z ZF(k h(k 1) ]

n=1
N
1
< (1-an)Elll5 Y- Ayl me ) |\]+202N22E||h’“ Vb P 20 L (89)
n=1 n=1
Proof. Fork € {1,--- , K — 1}, one can get
Lo~ k) (
k k 1)
E[nﬁghn ——ZF (b
1 N 1 N N
k k—1 k k—1 k k—1
= Elll5 > (1= an®) (b — P (5 605) NZ Yy Vi) Z M )]
n=1 n=1 n=1
1 N
k k—1
=Elly > 0 -e an?)(hyyy o — FP ()
1 N
k—1 k k—1 k k—1) k—1
+ 7 2= ) EP (Vi) = FO (i 60)) + FR () — FP ()
n=1
i - (k 1) i > h(k 1
oy 2B oy 21 I”
N N
k:
(1_0”7 Z n,t—1 " Z nt 1 2]
g -
k—1 k k—1 (k-1
+2(1 — arp) N*Z S (V5600 = R (7600 + R () = R (V)P
M
k—1 k k—1
+ 207 Z IIE (h D5 €)= FO (081
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S(l—anz)E[II% Nl hat) -y — pr (b ]+202N2 ZEnh’“ Vb P 20 L 90)
O
Lemma C.14. Suppose Assumptions 3.1-3.3 hold, then for k € {1,--- | K — 1}, one can get
N
5 2Bl — FP ()P
n=1 N
<(-a)y Z B[, — FOGEI +207 N 2 Fl Ellhn Y = ml P 2070t 91
N = el
It can be proved by following Lemma C.13.
Lemma C.15. Suppose Assumptions 3.1-3.3 hold, one can get
TfliN - 2<222T71LN O 0
; N;E[let Tngll"] < v07p ; N; (v — o711 - (92)
Proof.
1N N t—1
5 > Ellz Z o0 =71 S o = e 3 oI
n=1 n=1 t'=s¢p t/'=s.p
N _ N t-1
Z = 3 o +m 3 oI < Z > Elleny — w171, 93)
n=1 t'=sp t'=s¢p n=1t'=sip

where the last step holds due to z,, s,,, = s, When s, = |t/p|. By summing over ¢ from 0 to T — 1, one can get

T-1 —1

T—1 N
lemmﬁxmn Py S0 S Y ol < 22 ZEH M e

t=0 n=1 t=0 n=1 t'=sp n=1
94

O

o~

Lemma C.16. Suppose Assumptions 3.1-3.3 hold, then for any wy > 0 when k € {2,--- K}, by setting n <

1/2
Wi

96vp(3C)K 1L/ K w; (202)i=1

one can get

1 N K-1
k—1 k—1
SN @Bl Y -

§4’72772< wj(202)j—1) (1+96p27277202(K_1)L2+32p2 2 2(302)2(1( 1)) ZE |v ”2]

j=2 t=0
K-1 -1, N K-l
+1920%92p50 (3w 202)771) 30 30 DT (BN B, - VEO () o)
=2 t=0 = n=1 k=2
K—1 -1, N
+ 12804272]32776 302 K= 1( w;( 202 = 1) Z Z]E anf 1 VFv(zK)(hgﬁj))”Q]
j=2 =0 n:l
-1, N K-1 -1
n Z Z (256a272p2776 302 K— 1( Z w( 202 = 1)(202>K—1—k
t=0 n:l k=1 =2
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K-—1
+aa2pt Y wj+1<202>j-k>E[||hi€2_1 — F® 0
j=k

S
N

-1
wj(202)j—1) (202)1( 1—k
1

-1
+ 256a272p2,’7602(302)K—1

~
—~
iNg

ol
Il

~
~

—1

+ 128a272p277602(302)K71T< w;(202)7 1) + 960747 p? 77602KT( Wj(202)j71)
K

¥
I
¥

j J

(S
=l

K—2 K-1 -
+ 1920242 p?nSo? 02K - 1)T( w;( (202)I~ 1) 3% + 4a2nio’T Z Wk Z (2C2)k=1-7 (95)

=2 k=1
and

E[hS — a7V < 2920202 KR ol) ) — o2+ 29202 (202 KR |ol, 2]
K-1 K—-1
—_1— k k 11—
+20%1 Y CHKARE[AS) |~ EO (RS2 + 2070 Y (207 K1 (96)
k=1 j=1

Proof. Whenk € {2,---, K}, one can get

k k
E[|n Y — nd )2

=E[(1 — an®) (b5 — EFD (RS2 8570) + EF DDl ) — |

=R FF D6l = BE D0 el — an? (bt - B 1><h£32 eI
<2E[|FED S e — FEDRE 2L 1P + 2020 Bl — R ”(h,&t Rl ki

< 2CE[|nl; ) _ RN+ 2020 BIAS Y — FRD (2D ]+2a2 ‘0%, 97

where the last step holds due to Assumption 3.3. Then, it is easy to know

E[[| Y —nl )

k—1
< (20*) Bl — waa-1 [P + 2070t Y (207 T IE(IRT Ly — FP ()P + 207" 22 (2071
j=1

k—1
(202 lo)_ 2] + 2021 Y (202 TIE[ Yy — FD (I + 20 n4a2z e

j=1
(98)
For any wy, > 0 when k € {2,--- , K}, by summing over & from 2 to K — 1, one can get
K-1
k—1 k—1 — 1
Zwkﬂs RS = A2 < 2202 (D wn2C (),
k=2
K-1 k—1 K-1 k—1
+20200 Y W Y OHIIE[AY) L — FEDWY DI + 20200 Y we Y (2071
k=2 j=1 k=2 j=1
K-1 K-2 K-2
_ 1 k k—1
<922 (3 wr(2C)E B 17+ 20200 ST (D0 w202 )EIIR)., — B ()
k=2 k=1 ji=k
K-1 k—1
+ 2a%nto? Wi 202 k=1-j
k=2 j=1
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K-1
722 (D w20 Bl 7] + 20 n42 (Zwm () ElALE — FOGEDIP)

k=2
- k—1
+2a UQZwkZQCQk 1=J
k=2  j=1

K-1 K-1
< 2982 () w20 By — o7+ 2972 (Y wn(20%) ) E(oy
k=2

k=2
K-1 K-2 K-—1 k—1

+20%0 30 (3w CY BN — FR ()P + 20200 Y w3201 (99)
k=1 j=k k=2 j=1

Then, based on Lemma C.7, one can get

S DS Al

— T-1
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Jj=2 t=0
T-1 1 N K-1 K-=-2 . K-1 k—1
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K-1 T-1 1 N K-1
j— k—1 k
+ 96y pA(BC) LA (Y w207 ) 3 30 ST BN — AP
j=2 t=0 n=1 k=2
K—-1 T-1 1 N K-1
i— k k—1) k+1
+ 960y (Y w; (202071 ) 30 = 37 3T (B E ity — VR () ol
j=2 t=0 n=1 k=2
K-1 ) T— 1 N
+ 6402y (302 (3w, 2027 30 o DBy, - VES ()P
Jj=2 t=0 n=1
K-1 T-1 1 N K-1
— i— k—1
+ 128220 (30T (DD w2027 ) 30 = 30 T @CH TR, — FP (D))
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K-1 . K-1
+128a%y%p2 0o (307 KT (30 w202y 1) Y (202K 1k
j=2 k=1
K— K-1
+ 64&272p217602(302)K_1T( wj(202 i- 1) +48a272p277602KT( wj(ZCZ)j_l)
j=2 j=2
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+ 96a272p2n60202(K_1)T( wj(202)3—1) Y3k (100)
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1/2
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B tti <
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one can get
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1
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D
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Q
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j=2 k=1 k=2 j=1

[

Lemma C.17. Suppose Assumptions 3.1-3.3 hold, then for any wy, > 0 when k € {1,--- , K — 2}, one can get
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Jj=

K—-1 k-1
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K K— _ _
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+a0?yt Y @CHKTFE[AS) ) — FES (RSP + d0tto? (207K 4 202t (103)
k=1 k=1

Proof. When k € {1,--- , K — 2}, one can get

k 1 k+1
E[[lo ) — o))
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= E[|Her+ (1 — ar?) (w5 — VEFD ()
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where the last step holds due to Assumption 3.1-3.3.

Then, it is easy to know
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Given any wy, > 0, by summing over k£ from 1 to K — 2, one can get
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e
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N
[
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Additionally, one can get
Eflvny’ — vpela I’
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By combing above two inequalities together, one can get
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k+1 k+1 k—1 k
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O
With these lemmas, we start to prove Theorem 4.1.
Proof. We define the following potential function:
- RSN R (k1) )2
o _ 1 Ky 1 (k) (7, (k=D\T k+1
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N K-1
1
—|—a2KNZIE ~VER@E N2+ — Z bo kE[|[B) — FO (hEE D)2 (109)
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Then, with Lemmas C.6, C.11, C.13, we can obtain
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By setting
KC2(k—1)
al,k:&a kE{l,'“,K},
an
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we can obtain

< —E[IVe@)I’ - el

(- oorPas, Bt} — VES (il Yol
k k—
(= anhe ) EIIRL) — F (k)2

N
1 K K—
+ 2 (—anfaz B[y — VA (b))

2 K-1 2K71
O'
+ 2027 Za RCHE=R) 4 202yt o? ;a 2 C2E=R) 4 902y "' ;blyk
K-1
—|—2a277 a? ;b2k+2a1Ko¢ n N—I—Q(IQKOé 77 o2
1 N 1 N K-2
_ _ K k+1 k+1
+ 3K O LS TR0 — ol 1P+ 3K 5 Y0 Y O[T — v
n=1 n:l k=1
1 N
+3MK(LACH + ACH T 3 Eller o)
1 N K-1 *)
KL2 2(K-1) 2K A 2\ & ]E hk
+ 3K (L*C + C*K  AC?) N;kzl Il

k
P

TL

4
=2l

’]

1
402(12)[(_1 + 402a17K_1 N)E[valzitﬂ — ’U,Il(,t

iM]=
/N

=
N}

_|_
=2~
M=

(4020 + 4C%an 1y YEI LY — o5 )

)
1

3
Il
—
=~
Il

4
2l

/Djz

1 1
ap 1 4CPE-D 2 4 a171402(K71)L2N + 202b171ﬁ + 2C2b2,1)1E[Hh§3{+1 a3

3
LI‘
=

-1

1 1
<a27k402(K*k)L2 + a1 ACHE D L2 20 o + 202b27k) B[l — p D)7

_|_
=
M) =

3
Il
-
£
||
N

/N

2, KLL + 2a KL2) ZE RS — p{E D)2 (112)

Then, we replace the terms in the last eight lines with their upper bound and sum over ¢ from 0 to 7" — 1 to obtain
= i
=3 LE[ve@)|)
t=0
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T—1
Py — P
s%+2——ZE 15871
t=0
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o~
i
<}
3
I
—
b
Il
—

k k—
Zn—er BB — EE (RS2

}ﬂ
L

K K-1
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NI~
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M=
N

o+
o

n

—1 K—1
wh(202)j71) (202)K-1-k

k=1

=

+ 256042 p*nSo?(3C2) K1 (
Jj=
K— K-1
+ 1280292 0*(8C%) < ( 30 w (207 1) + 960y p O ( 3w (207 )
=2
K- K

Hm

<.

1 K—-1 k—1
+ 192022 p?nS o2 2K~ 1>( w;(w?)ﬂ'—l) D 38 4+ 4aPyto” Z Wiy (20t
- ==

j=2 k=1
0_2 K-—1 K—1 0_ K,
+ 2a2774ﬁ ,; al,kcﬂK*’“) + 2a277402 ]; (IQ,]CCQ(Kik) + 2a2774ﬁ kz by x + 2a277402 Z ba i

N

2 1 -1
+ 2&1’](0427]4% + 2(12’[(0427740'2 + 4042?’]4(72 (4C2a2’K,1 + 402(11’[(,1 N) (202)K 1=k

| =

K—
1 .
+ 2029 2<2a xL? i +2a9 kL ) E (ZCQ)K%*J + 1dynp?a’n* C? K C2E-D
j=

Z\H

+ 2029 2(402(12,1(—1 +4C%a; k1

=

K-
+72’yna2p2n402L2KC2(K_1) Z 202 K—1—k
k=1

—1
+ 288yna’p*ntelC?E-N K Z (2C%) K17k L 144yna®p?*nt o CPE VK + 14dvymp? ot C*K K2

k=1
+ 360’77’]]?2@27’]40'2[(2(LQCQ(K_D + CZK + ACQ) + 180’77’]]?2(127’]4(521(2(LQCZ(K_l) + 02K + AC2)
K-2 _ K-1 K-2 A
+ 4a27]402< Z w;-’(SCz)Kfjfl) Z (0% K-1=F 4 2a27]402( Z w;’(?)C’Q)K*J*l)
j=1 k=1 j=1
K— K-2
+ Oé2’l740'2 Z wzCQ(K—k—l) Z 3z—k+l
k=1 i=k
K-1
+ 64p2a277402(302)K*1Pv§ Z (20?)K-1=k 4 32p2a2n402(302)K71Pﬁ + 240z2p27)4C2KPuf
k=1
K-2
+ 4802y C2E D2 P Z 3 (113)
k=1
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where
Zy = 2952 (a2,04C2 K02 4 a171402(K_1)L2N + 202115 +2C%; 1)
1 1
+ 2’72772(202)K_1 (402(12 K—1+ 4C2a1 K1 N) + 2’)’2 2(202)K_1 (20,1 KL2* + 2@27KL2)
72922 (20 KL L2 K O Y 4 14dnyy 2pPn? (20 K102 K-V g
K-2
+ T29mpP P CRR (LAC2 D 4+ O 4 AC?) 4 295220751 (30 wi(30%) K1)
Jj=1
n (96p272n202(K_1)L2 4 32])272772(302)2(K_1)>Pvf
K-1 }
+472772( Z w;}(202)jfl> (1 +96p2'y2772C2 (K=1) 72 + 32p242 2(302)2(1( 1)) . 1 ’
=2
k—1
Zy—var = [ ( w 302 o1 ])Hk>1 +48a2p2774pvf(302)k_1]1k>1
Jj=1
K-1
+ 192a2'y2p2n6< wj 202 - 1)(302)’“_11[k>1 — 04772(12,1@] ,
j=2

1 1
Zh,e”, = [40[2774 (4020,2’](,1 + 4020/1’[(,1 N) (202)K_1_k + 2&2’04 <2a1’KL2N + 20,27[([/2) (202)K_1_k
4 727,’70{21)2774112[(02(1(71) (202)}(71716 4 2887,’70[21727]402(1(71)K(202)K717k

K—2
i 4a2774( Z w;}(302)K—j—1)(2C2)K—1—k n 64p2a2774(302)K—1PUf(202)K—1—k
j=1

K—-1 K-2
+ 2560242p?0 (3C2)K- 1( Wh(202)7~ 1)(202)K R a3 Wl 207k - om?bzk] ,
Jj=2 =k

1
ZoK —err = [2042774 (402612,1(71 +4C%a1 x4 N) + 6ynant24p? K-V

K-2
+ 202 (Zw (3C2)K-i- 1)+32p2 24 (3C2) K 1P,
Jj=1

=

—1
+ 128042721)2776(302)}{_1( w?(QCQ)j_l) - an2a2’K] , (114)

J

I|
N

and
o 1
Pye = [373n3p2K(L2C'2(K1) + AC?) + 2922 (20?) K1 (4021127;(_1 + 402&1’K_1N)

+ 2’}/2772 (a2714C2(K_1)L2 + a1714C2(K_1)L2 N + 202b1 1 + 202b2 1)

1
+ 242 (ZCQ)K 1<2a1 KL2N+26L2 KL2)+72’777’72 2 2(202)1( 112 O2(K-1)

+ 144yny?p*n?(2C )K_lcz(K_l)K + 3ynK (24p*v*n?C? + 12072042])477602)([/202([(_1) + C*E 1 AC?)

K-2
+ 292220 (Y wi(3C) K 1)1 , (115)
j=1
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1
= 4C’Qa2,k + 402&1,1«N + 72p%An K C%F (116)
1
Wi = ag pdCHERI L2 4 ) 402 ER 12— ~+ 202, N P Yor bo 4 T2yp? L2C* K-V K
k—1 ) ]
+ 367ynp>C? K (L2C? KD 02K  AC?) + 2 ( > w;02<K*J*1>3’“*J) +48p*(3CHKTILAP, | L (117)
j=1

Additionally, I denotes the indicator function.

Based on Lemmas C.18, C.19, C.20, we can know the value of {az k}k 1 {b2, k}k 1 »and P,c. Specifically, we have

3K O
aik = Vivk € {15 aK}v
am
vK 1 K
a2,k:wak(c)77k€{1’... K1) a2’K:waK(C7a7N)T’
3v7AK
bl,k: 7 7ke{1a"'aK_1}a
1 K vK
bor = C,L,—)— ,ke{l,--- | K—2}, bog_1=—,
2.k = Vb, ( aN) n { } 2, K—1 7
- 1
3
Pvf STI’Y KPvf(CaLaaW)v (118)
where wg, (C) = 1, w,, (C) is a positive constant with respect to C for k € {2,--- | K — 1}, waK(C )isa posmve
constant Yvith respect to C' and O%N, w, (C, L, O%N) is a positive constant with respect to C, L, and al rke{l,---,K—
2}, and Pye (C, L, ﬁ) is a constant with respect to C, L, and ﬁ
Based on these hyperparameters, we enforce Z; < 0, Zy_yar <0, Zn—var <0, Zyk—err < 0.
In the following, we aim to set
k—1
Zv—var = 3042774 ( Zw;‘)(302)k_1_j)ﬂk>l + 48042]92774Pvf (302)k_1]1k>1
j=1
K-1
+ 192a2’y2p2776( Wl(207) 1)(302)’f—111k>1 — anas, <0. (119)
j=2
Obviously, when k = 1, it is true. When k € {2,--- , K — 1}, based on the value of as j, we can know that
k—1 1
3 2( v (302 ’f—l—f) < Zasy . 120
ar ;wj( ) = 30/27]6 ( )
Based on the value of Pvlc, we have
48ap2772PUf(302)k71
- 1 X
< 48ap2n2n'y3KPvf (C,L, —N)(3C2)k_1
C
<48—p*———ny K P, (C, L 3C?
< BYP o0 ¢ )( )t
1 .
< 57773[(1% ¢(C, L~ )(302) (121)
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By setting 21y? K Pye (C, L, -1)(3C2)F~1 < Lay ), = %wak(C)%, we can get

Cloay (C)
/3B (C. L, ) (302)%

n <

(122)

Then, based on the value of bs 1, we consider

K-1
192a%p? 4( 3 wh(202)i 1)(302)k—1. (123)
Jj=2

Fork € {2,--- , K — 1}, we have

1 1
wz = a2,k4C2(K’k)L2 + a17k4C2(K7k)L2ﬁ + 2C2b1’kﬁ + 2C2b27k

+ 72ynp? L2C? KD K+ 364mp® CP K (L2C?H Y 4 02K 4 AC?)

k—1
+ L2 ( Z w;02(K—j—1>3’“—j) +48p*(3C%)K L2 P,

7K 2(K—k) T2 2(K—1) 12 2 2 1
< — L 12 L AC — +2 L,—
< (wq, (C)AC +12C N +6 C +2C*w, (C, aN))

A 1
+36’y77p2K(2L202(K_1) +02<L202(K_1) +C2K+AC2))+48p273nK(3C2)K_1PU§(C,L 7)[/2

120 2(K—i—1)qk—1 22K1k1k—i
— — 357 2P K LA Y " gk (124)

i=1

+ L) (4C%w,, (C) +

Then, we have

K-1
19209°p*n*(3C2)F1 Y " wh(2C?)
j=2

K-1
< 192a7p*y* (3C7)F ! Z( (way (CYAC2E—R L2 19020 2 L — +eac?L —
j=2

)

<.

+ 2C2ka (C, L,

~

+ 1920[721)2774(302)13—1 (36,an2K(2L202(K—1) + CQ(LQC2(K—1) + O 4 AC?))

J

I|
¥

~ 1 .
+ 48p27377K(302)K71PUf (Oa La 7)L2) (202)J71

RN ¢ 1202
+19207%p*n* (3071 (7 LQZ (4C%w,, (C) + ———)C2 K== Dg7~
j=2 i=1

-1
+ T2 L2CHE D N T3 (202)
i=1

K—-1
1 1
< 192072p%* (3C%)F 1 Y ( W (C)AC2E-R 2 qgca-np2 L Lgpee L oee, op L
- TP = (wa ( + aN + alN + Ve ’ozN))

j-1 2
K 2 12C¢ 2(K—i—1)qj—i 2yj—1
—L 4 a; _— J 2C“)/
+L ;(C’w%(C)—F ——)C 3171)(2¢?)
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K-1
+192a72 2.4 302 k—1 (36’)/7]]7 QLQCQ(K 1) +02(L202(K 1)+02K+A02))
j=2
j—1
+ 72p*ynK L2CE-D Zsﬁ)(z@)ﬂ*l
i=1
K-1
+192a72p2774(302)k_1(48p K (3C%) T Py(C L, — LQ) 3 (202
j=2
N e e LN o (o (OAUCK B2 4 12070 D 2 4 6ACP L 4900, (C, L —0)
- n C = “ aN aN FATT QN
2j71 2 12620 (K —im1)qji 2yj—1
4 —i—1)qj—1 Jj—
) ;( C?w,, (C) + ——)C 3 )(20)
= -1 '
+'y3nK(302)k_1—3 (<2L202(K—1)+02(L202(K—1)+02K+A02))+QLQCQ(K—1)233—1)(202)]—1
=2 i=1
| K-l
. .
+ 9 K (3CH)* (302K Py (C, L, — L2 o > ey (125)
j=2
By setting
~vE 1R 1 1 1
2 20q~2\k—1 Y4 L AC2E=R) 2 L qoc2K-1)2 L L ear2 t g2 R
PO X (wa(0)a0 +120 — +6AC?— 1 20?0, (C,L, —)
Jj—1 2
120% 1 1 VK
2 2 2(K—i—1)qj—1 2\j-1 ~ = _ = e
+L ;(40 wa, () + —2—)C 37202 < gasn = 5w () o
1 K-1 7j—1 o ‘
7377K(302)’“’1—3 ((2L2C2(K71)+C2(L2C2(K71)+C2K+A02))+2L2C2(K71)Z3jfz)(2c2)gfl
=2 i=1
1 1 K
< §a2k = §wak(0)7 ;
1= 1 1 K
YK (3C?)F1(3C%) KB, (C, L — L2 o Z 2C%)/ g2k = §wak(0)%, (126)
j=2
we can get
ye V00
3v4/B1(C, L, Od\[)
C3 wak(C')
:’m/B2 C. L)
n< O s (O) : (127)
3724/ Bs3(C, L, aN)
where
By(C. L) = (302)k—1K_1 ((wa, (CYAC2EM L2 1 pc2&-vr2 L eacr L oc2y, (00, L)
™ aN a" aN aN T N

<.
I|
N
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j—1
12C? )
2 2 2(K—i—1)qj—1 2\j—1
+L ;(40 wa, (0) + —-)C 3 )(20)
K-1 j—1
Bo(C, L) = (3C?) k—1 (2L2C12(K—1)+C2(L2C2(K—l)+C2K+AC2))+2L2C12(K—1)Zgj—i)(2c2)j—l
j=2 i=1
1 K—1
Bs(C, L, —) = (3C%)F1(3CH K1 P (C, L, L2 Z (2C%)7 (128)

Jj=

As a result, we can know that the coefficient of E[||v(k) vE® (hgft_l))Tv,(fjl) [|?] is negative.

When k£ = K, we aim to enforce

K-2

1
7) —|—671704277424;0202(1(71)[(—|—2a2774( wj (3C%)K—-i- 1)

2&27}4 (402a271(_1 + 402(11,1(_1 N

=1
K-—1

+32p20% 0 (3C%) K1 Pye + 12824205 (3C2) "~ 1( W (202)1~ 1) — anPasx <0. (129)

=2

<.

In particular, we have

1
204772 (4C2a2’K71 + 402@1,K71ﬁ) 4 144,ynan2p2c2(K71)K
=2 K—1
+2a7,2<zw (3C2)K~i- 1) + 32p%an?(3C2) K1, +128a72 2 (302) K- 1( w 202y 1)
Jj=1 =
1

302(K72)
27 [
¢ aN)

alN
1202 K2

K—2
RS 2 2NK—j—1 2.2 2j 2K —j—1
+ 2am e jEZl (4C%w,, (C) + W)(SC YA L 144an’pPyn K jEZl ca(3cH)n =7

< 20212 v (402%K (C)+4 ) + 14dan®p? K C2 K= 4 32amp**nK (3C2) K1 P, (C, I,

=

VK
n

1

128ap?n*(3C2) K1 —
+ 128ap°n* (3C?) )

. 1
(waj (C)4CHE=D 2 L1202 K-V 2 — — 6AC2 ~ + 2C%u;,(C, L,

<.
/|
)

L2Z (4C%0, of\f )CQ(K i—1)gj— z>(202)j71

K—
+128 x 36ap*n*(3C%) K143 nK ( (2L2C?HE-D L ¢2(L2C?E N L 02K 4 AC?))
Jj=2

;-.

j—1
+ 202Dy 3]'—1') (2c2)7~
i=1
K—-1
+128 x 48a~*p*n*(3C%) K 143K (3C%) K1 L2P, Z (202)7
j=2

CQ(K 2) K-=2 1202j

)]< 2 23 § : 2 2\K—j—1
< 2— + + J
2 (40 Wag_1 (C) 4C 2 40 waj N )(SC ) )

Ui

K-2
+ W}K% <c2<K—1> +Y CQJ‘(302)K—J‘—1)

Jj=1
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+ 73771(% ((302)K—1 jz_;(%j (C)4C?E=D 2 4 1202(K_1)L2£ + 6ACQ$ +2C%u, (C, L, ﬁ)
+L? §(4C2wa4 (O) + 12—C%)c*?(K*i*l)?)J'*i)(202)1'*1 + (3CHE1P.(C, L i))
— ‘ aN T N
3 (302)K71 = 2 2(K-1 2 22(K—-1 2K 2 2(K—1 - j—1 2\j—1
+777KTZ((2LC( )+ CALPCHED 4 02K 4 AC?)) + 202KV Y 3 )(QC)J
j=2 i=1
+ y%K(?’CQ)C#_l)L? p Kzl 20?)7 (130)
j=2

Based on the value of as r, we have already known 2%(46’2@%}(_1(0) + 4C2% + Zﬁ;2(402waj(0) +

1227 ) (302)K i~ 1) < %as i in Lemma C.18. Then, we set

=

-2

) e 1 1 K
2(K— 1) 23 2\K—j—1 <
K — (C + jEZI C<(3C7) ) < —lﬁwaK(C’, —O(N)T7 ,
1 P 1 1 1
3 2\ K—1 2(K—j) 12 2(K—1)72 2 2
~ nKC((SC ) (wa, (C)4C L*+12C P 4+ 6AC° — +20°n, (C. L, —)

[
N

J

Jj—1 2i
120% e ; . 1 1 1 K
2 2 2(K—i—1)qj—i 2\j—1 2\K—-1 . - < I Y Al
+L ;(40 wa, (C) + —)C F7)(20%) + (302K TP (O, L =) < 1o (C—) o
(302)1(—1 K-1 =1 '
3nK = Z <<2L202(K—1) +02(L202(K—1) +02K+A02))+202(K—1)Z33—1)(2C2)3—1
j=2 i=1
1 1 K
< )=
- 16waK(C’ aN) n
302)2(K-1) i, 1 1 4K
5K(7L2 (202)71 < — —) = 131
¥ = ; c o@ar (C ) oy (131)
We can get
V CwaK (C’ OLL) CwaK b c? waK ' o C3wax (07 %)
U AL ) n< Y ) n< (32
4/ E1(C) 47 B (C, L, =) 4v\/E3(C, L) 4v2,/E4(C, L, L)
where
K-—2 ) ] 1 K—-1
Ey(C) = C*K=D 4+ N ¥ (3C*)K 71 Ey(C L, —) = (3¢ E-D2p, Z 202)7
=1 @ i=2
1 = 1 1 1
b 2 K—1 2(K—j) 12 2(K—1)72 1 2 L 2 L
Ey(C.L,—) = (30 ]:2 0)4C*E=D[2 4 120 L — +6AC? — +2C%0, (C. L, —)
+ L2§(4C2w (C) + 1270%)02“—@‘—1)3]'—1')(202)]‘—1 +(3CHEP(C, L i))
121 a; aN 'Ul b ) aN b
K— j—1
E4(C, L) 302 Z ( 9L2C2(K-1) +02(L202(K—1) +02K+A02))+202(K—1)Z3j—i)(202)j—1
j=2 i=1
(133)
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Then, we aim to enforce

1202(1(7) 302(K71)
+

K 1
Zh—err S 40[277477 (402(‘}&;(71 (C) + L2 + waK (Ca W)IP) (QCZ)K_l_k

alN aN
N 120%
2 4 2NK—1—k 2 INK—j—1
+4a”n"(2C7) 3 ;(40 wa, (C) + W)BC )=
KK
2 478 2(K—j—1) 72 2(K—1) 72 2 2\j—k
oty L ]g: (o, (C)aC L2 1 120201, N+6AC N)(ZC)
K-2 J 2i
K | 12c e .
2 a8 2 2 2(K—i—1)qj—1 2\j—k
' L )3 (L ;40 —)C 3 )(20)
K-2
+ 72a2p2774’777K((L2 +4)02(K—1)(202)K—1—k +4(202)K—1—k Z C«2j(3c2)K—j—1
j=1
K-2 K-2 7
22L2CP ) 4 CAIPCYT + 0P+ AC%) 3 (20777 + 412G 3T (S8 (2077
Jj=k j=k i=1
K-2
+ 64p2antyPnK (3C2) K- 1[ P (C, L, W)((202)K k302 Y (207K
j=k
K-1 1
4(2 2\K—-1—-k 4 2(K— jLQ 12 2(K— 1)L2 A 27 2 2 L -
+4(202) j=2( ., (C)AC +120 N+6C — +2C%0, (C.L, —)
2J_1 2 12C% 2(K—i—1)qj—i 2\j—1
i) ie
+L ;(40 wa, (C) + —)C 3 )(20) }
K—-1
+ 256 x 36042;0477673771{(302)]( 1 202 K—1—k (2L202(K—1) +C2(L2CQ(K—1) +C2K+AC2))
j=2
4 92K~ 1)233 1) (202
1 K-1
+256 x 48a%p S K (3C%) K T1L? P, (O, L, ~ )(302)K H2e)RT1mR Ny 20y
j=2
K-2 )
+40n* Y 2C%by ;411(2C7) F — an’hyy <0, (134)
j=k

where the first step follows from the following inequality:

K—-1
2560[21)27)6’}/2(302)1( 1(202 K—-1— kz 202)
Jj=2

_ 2p20042(302) K1 (202) K —1-* VK 2(K—j) 72 oK-1)72 L 2 1
— 25602p%572(3C2)K~1(202) Z < (waJ(C)élC L2 1 12C 12— +6AC? —

12C’ )
2 2 2 2(K—i—1)qj—1 2\j—1
+2C%0, (C, L ) 240 —)C 3 ))(20)
K-1
+256a2p2n672(302)K 1 202 K-1-k Z (36’ynp <2L2C2(K 1)+02(L202(K 1)+02K+A02))
Jj=2
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j—1
+2CPED Y 3<f—i)> (202)7 1
i=1
K-1

~ 1 .
+ 2560°p>n°y (3C2) K1 (202K E Y (48p27 nkK 302)K—1L2PU1C(C,L,aN)>(202)J—1

Jj=2

< 25602 p Sy K (3C%) K1 (202 K1k Z ((w (C)4CHE=I 2 4 1202(K - np L — +6A02a
j=2

N

1
alN

12C%

j—1
2 2
)+ L Eﬁ (4C%w,, (C) + N

+2C%w, (C, L, = )oAE-im)gi- z)>(202)j—1
K—-1
+256 % 36a2p4n673nK(302)K71(202)[(717}6 Z (((2L202(K1) +C2(L202(K71) +02K+A02))

=2

j—1
+2C?KD Y 3j—i)> (2c?)i !
i=1
K-1

+ 256 x 48a°p Sy nK (3C*) K "1 L* P, (C, L, —N)(s(ﬂ)K feeH)RT RN 20y (135)
Jj=2

Due to the value of by ;, in Lemma C.19, we have already known that

2 a VK () 2 12025 3ch -, B
oyt (4C%wa, (€) + an + Lt (C )

L2>(2O2)K717k

K— .
vK 1202]

4 202 K—1— ki 402
+ 4o’ ( n Z alN

[ lea R

1 .
2K —j—1) 72 2K —1) 12 2 2\j—k
(wam(O) C L* 4120 L N L 6AC aN)(ZC’ )

120%

— )02(K7i71)3j7i)(202)j7k

. 1
+4a’nt ) wh o (20%)F < 50&7]2[)2 k- (136)
Then, we enforce

K-2
7204)2772’}/77[(((112 +4)02(K—1)(202)K—1—k +4(202)K—1—k Z CZj(SCQ)K—j—l
j=1
K-2
+2(2L°C7HD 4 CH(LPCPR Y 4 7K 4 AC?)) Y (207)
j=k
K—-2 7
FALPCMED 3T (D) 20y )
j=k =1
K-2 )
+ 64panyinK (302)K- 1[ P, (C, L, —)((202)K‘1_’“+3L2 3 (202)i )
j=k
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=

1
4(2 2\K—-1—k . 2(K— ])L2 12 2(K— 1)L2 A 27 ) 2 L -
+4(202) jZQ(w%(C)c +12C N—I—GC — +2C%0, (C. L, —)
2j_1 2 12C% 2(K—i—1) 2\j—1
i— Jj—1 J—
4L ;(40 o, (C) + =)0 3 )(20) }
K—1
+ 256 x 36ap*n*y K (3C%) K (202) KR Y ((2L202<K—1> + C*(LPC* KD 4 02K 1 AC?))
j=2
j—1
202D 37 30 (2027
=1
1 K-—1
+ 256 x 48ap*nty°nK (3C*)K1L2P,.(C, L, — )(302)K HeeH)RT1mR Yy 20y
j=2
K-2
< WYK% ((L2 +4)02(K71)(202)K717k t4(202)K-1k Z C2i(302)K-i-1
Jj=1
K-—2
+2<2L202(K_1)+CQ(LQC2(K_1)+02K+AC2)) (202)j—k
j=k
K-2 J ‘ ‘
+AL2CAEN N (Y g (202 )
j=k i=1
K-—2
+PK (30%)%~ 5[ 25 (C, L, 7)((202)K k302 Y (207K
j=k
K- 1 1
2 2\K—1— 2(K ])L2 12 2(K 1)L2 A 27 2 2 ) L -
) ;( ) +12C N+60aN+CVbJ(C’ on)
12C% ol .
2 2 2(K—i—1)qj—1 2\j—1
4L 2(40 wa, (C) + ——)C 3 )(20) }
K-—1
+ 77K(3C2)K 1(202 K—-1- k% (2L2c2(K—1)+C2(L2c2(K—1)+C2K+A02))
j=2
j—1
202D} 31 (2027
i=1
1 K-—1
2\K—1 2 2\K—1 2 K—-1—k 2\j
+7°nK(3C%)K1L2 P, (C, L, —N)(?)C YE=1(20?) o > (2c?)
j=2
1
< 5hok - (137)

In particular, we set

K-2
’YUKé ((L2 +4)C2(K—1)(202)K—1—k +4(202)K-1-k Z C2i(302)K-i-1
=1
K-2
+2(2L202(K_1) +02(L202(K—1) +02K+A02 Z 202
j=k
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K2 J. , C,L, ) 7K
+ 412021 37-1) (20%)—k glb, _ (@ L gy) =,
jz_; (; ) ) g 2k 8 n

K-2
1ra- 1
3 2\K—-1 ~ . 2 K—-1-k 2 2\j— k
VK (3C?) C[Pvl(C,L,—)(@C +3L Ekj (2C?)
]:

alN
i 1 1 1
4(20%)K-1-k C)ACH K= 2 L 1202 E-D[2 _—_ L 6AC?— +2C%, (C, L, —
]_2( + aN+ aN+ v, (C 7ozN)
Jj—1 1
1202 . 1 vy, (C, L, 55) 7K
L2 4c2 C) + C2(K i— 1)3] 7 202 J-1| <« b _ % aN Ak
+ 123 C% (O) + ) YO < Ghap = e
-1
1
~y 77K<302)K 1(202 K—-1-k 3 (2L202(K_1)+C2(L202(K_1)+C2K+A02))
]:
n 202<K”jz_i?)“)(202)j1 <Ly (G L gR) oK
. =g 2,k — ) n )
NK-172p 2\ K1 2K1k1K1 2vj—1 v, (C, L, 7) 7K
YK (3C*)K1L? P, (C, L, —)(30 YE=1(202) = > et < 8b2k = TT (138)
j=2

As aresult, we can get

q/Cka C L, aN 1/Cka O, Ogvbk C L, aN O3ka(
n= LS RS LS (139)
3v/D1(C, L) 3y /DZ(CvLyﬁ) 3vv/Ds(C, L) 2. /Dy(C

where
K-2
Di(C, L) = ((L2 4 4)02(1(71)(202)1(7171@ F4(202)K-1k Z C2i(302)K-i-1
j=1
K— K-2 j
+2(2L2C°D 1 020K 4 07K 4 AC?)) Z 202 7F 4 4L2C2 D 3T (387 ) (20%)7H)
i=k j=k i=1
1 1 K-2
L 2\K—1 L 2 K—1—k 2 2\j— k
Dy(C, L, —) = (3CH) N7 Py (C, L —)(2C?) +3L ]z_:k (2C2)
= 1 1 1
4(2 2\K—-1—k . 4 Q(K—j)LQ 12 2(K_1)L27 A 2 - 2 2 . L —
+4(20?) > (wa, (C)4C +120 — +6AC? — +2C%n, (C, L, —)
+L2§(4C2w (C)+ 12c% ———)CA iz l)(zc2)i*1}
- a; aN b
K-1
D3(C, L) = (3C2)K 7120 K717k 37 ((2L2C2 KD 4 CALACHEY 4 02 4 AC?))
j=2
j—1
+ 202D R 310 (202!
i=1
1 K-1
2\K—1 2 2\K—1 2\K—-1—k 2
Da(C, L, —) = (3C*) T L2 Py (C, L, —)(30 yE=1(20?) > eyt (140)

Jj=2
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In the following, we aim to enforce
1 1
2’)’7}(&271402(K71)L2 + CL1714C2(K71)L2N + 2C2b171ﬁ + 2021)271)

1 1
+ 2777(2C’2)K*1 (402(12 K_1+4C%a, K1 N) + 2777(202)K*1 (2(11 KLzﬁ + 2a2’KL2)
+ 72922 (207 K- LL2RCAE=D | 144422 7 (202)K- Lo2(K-1) ¢

K-2
+ T2 R (L2CR N 4 O 4 ACR) + 2y (202)K 1 (Y wi (302K i)
j=1

n 32p2’y77(302(K_1)L2 n (302)2(K—1))PUf
K-1

» 1
+ 477;( 3 w;%(202)ﬁ1) (1 + 96p2y 22 CAE - L2 4 32p272n2(3c2)2“<*1>) -1 =<0 (141)
j=2

In particular, we have

1 1
2’)/77 <a2714CQ(K71)L2 + a1714CQ(K71)L2N + 202b1’1ﬁ + 2021)271)

1 1
+ 2yn(202) K1 (40%2,](_1 n 402a1,K_1N) + 2yn(202)K -1 (Qal,KL2ﬁ + 2a27KL2)
+ 72’}/2p27]2(202)K71L2K02(K71) + 144,)/2p2,’72(202)[{7102([{71)[(

K-2
+ TP RO R (LACHETY 4 O 4 ACR) + 29n(20%) 5 (3 wi(3e) 1)
Jj=1

+ 32p2*y77(302(K_1)L2 + (302)2(1{_1))3,;

K-1

+ 4y ( D0 wh(202)7 1) (14 96p>y AP D L2 4 32p2 22 (302D
j=2
K K 1 AK 1 1 7K
S 27”(L402(K71)L2 37 4C2 (K-1) L2 + 202 3’7 + 202yb1 (C L 7)77)
7 an an N "aN’ n

_ 'yK 3yKC2(E-2)
+29m(20%) 5 (4C%wa,_, (O) > . 027047771\7)

3yKC*K-1) 1 1 K _,
ey - S 1y )
an N + 20are (€, aN) n

_|_72,>/2 2 2(202)K 1L2K02K 1) +14472 2 2(202)K 102 K

+ 2yn(20%) K1 (2

K-2
+ T2y AP CR R (L2CPE D 4 O 1 AC?) + 2ym(202) (3 Wy (30K
j=1

+ 32p2'y7)<302(K71)L2 + (302)2(1(71))7377va3: (C, L, —)

aN
K-1
+ 4y ( D2 wh(202)71) (14 96p>y AP CE D L 4 32p2 2y (302D
=2

1
< 902 2AK-1)p2 | 2(K—1) 72 2 2
< 2y K(4C L aNuo L? 4+ 6AC N + 202w, (C, L, N))

12021 2 oy i_1 (6C2KTD
aN >+27 K@C) ( aN

i V2K(202)K72L202(K71) 4 ,YZK(202)K72C2(K71) i ,YQK(chz(Kq) 02K 4 AC?)

PR 20 (40%0n, L, (C) + L 4 2,0 (O, ) 1?)

aN

K-2
_ v i _ _ S 1
+ 2yn(202)K 1( ij (3C2)K—i 1) +0774K( 3C2K-D 2 4 (302)2K U)R;(QLW)
j=1
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K—1
+dm Z "(2C%) 71 4 4 Z wj (202)i1 2(02(K 912 4 (302)2(1(_1)_1) _
j=2

(142)
Then, we bound the following two terms.
K—-2 K— .
K 1202ﬂ ‘
2yn(20%) K1 37 wi(30%)K 1 < 2yp(207) K112 Z (402% )(302)“%1
= n o aN
K—2
+ 144’}/2])27]2[((202)](_1 Z CQj(3C2)K_j_1
j=1
K .
12C% ,
<942 2 2,, NK—j—1
22K (202)K 2(40 C)+ —— )(30)
K-
+ 2K (20%)K Z C% (3¢ K—i-1 (143)
Additionally, we have
K—1
4~m Z w?(ZCQ)j_l
j=2
(K 1 1 1
<4 T2 (wa, (C)ACPE=D 2 L1202 E-V AC?— +2C%, (C, L, —
7n§<n(w](0)0 +120 17— +6AC° — +2C°n, (C.L. —)
= 1202 )
12 4C%0, (C) + —= oA E=i-1 33'—1') 902)i—1
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K-1 J—1
+ dy) Z <36’y77p K((2E2C2KD 4 (122N 4 02 4 AC?) + 20250 3 3ﬂ'i)> (202)!
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K—-1
~ 1 .
4 48p*3nK (3CHE-1L2P,(C, L, —) | (2C?)7 1
+7njz_;<pw7( ) :(C L, —5) | (267)

1
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s alN
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K—1 j—1
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+1920%p?y K (3C%) K 1 L2 Pye ( Z 202)7
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= 1 1 1
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j—1
2K Z <(2L202(K—1) +02(L202(K—1) +02K+ACQ))+202(K—1)Z3j—i)(202)j—2
— i=1

59



A Doubly Recursive Stochastic Compositional Gradient Descent Method

K-—1
+~*K(3C%)KT1L2P, —) > (C%
j=2
= KJ, +7y*KJy , (144)
where
(O L) = 4K_1 (w ()22 p a2k L gace L4902y, 00, L)
T aN = K aN aN I aN
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2 2 2(K—i—1)qj—i 2\j—1
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e
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+ 2K (203K (4C%w,,, (C) + — ) +2K(2C?) (

+ K(202)K_2L202(K_1) + K(202)K—202(K—1)

CKl)

1
R ) L2
alN + 2warc (C aN> )

60



A Doubly Recursive Stochastic Compositional Gradient Descent Method

K(LQC2(K71)+C2K+A02)

K2 12C%
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we can get
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Finally, we can obtain
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—1
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K-—1
4 64]720427]40'2(302)1(_1]31,% Z (202)K—1—k + ?)21)2062,'740_2(3612)1(—11:)1)f 4 2410[21)27746&1(131)f
k=1
K-2
+48a%p*n*C* K~V P, Z 3k . (149)
k=1

Then, based on the value of {a1 1} X, {az2x 1, {b1 k11—, and {b2 . } i)', we have

T—1
1 _ 2(Py — Pr)
=Y E[|V® [
7 S ElIVe@E) < 2
t=0
2
o
+0( %) + O(*a'n®) + O(v*a’p*n®) + O(a™?) + Olap™n") + O(5-) (150)
When ¢ = 0, we have
2CK k o2 K-1 o2 K-1 o2CK—k
Py, <E[® +Za1k +a1,Kﬁ+;bl,kSw+;a2,kT+a2K JFZbZk
_ ’Y Y
< E[® 0] Oo(— 151

where S is the mini-batch size in initialization.
wl/?

Additionally, we need to verify the condition in Lemma C.16, n < k — where wy, = wi. To
967;1)(30)K*1L\/Zf=’21 w;(202)i—1

this end, we denote
1 1
Wi = ap p4C* KR L2 a17k4Cz(K’k)L2N + 202b17,€7N +2C%by

+ 12y LPC*EV K 4 36ynpC? K (L2C?HE =D 02K 4 AC?)

k—1
L2 (YD Wy GG ) e aspR (30T L2
j=1
_ K 2K—k) 2 2K 1) 2 2 1 2 1
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+L2k§(402w (C)+ 1207 e (G )
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+ 36ynp2K((2L202<K*1> + CHLPCPHD 4 K 4 AC?)) 4 202D Y 3’“)
=1
1
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K ,
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2.3 2\K—-1712p
+48p™y"nK(3C7) " T L Py (C, L,

Then, it is easy to know
Cq(C, L, 2)

= 96yp(3C)E-LL
where Co(C, L, O%N) is a constant with respect to C, L, and O%N

(153)

Finally, by setting

7 < min { \/Cljbk (C.L, 5w \/0ka C.L, 5y aN \/03ka C L, =5 \/03ka 11\,)

3\/Di(C, D) ’wm VDD ’37 JDiC. L)
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\/CwaK(C,ﬁ \/CwaK ,ﬁ \/C%aK s an) \/CwaK aw)  Co(C, L, L)

4/E,(C) 47 /E2 O L, L 47\/m /E4 C.L %v) " 96yp(3C)K-1L’

37\/31(C’L’ﬁ) 37¢B2(C’L) 372\/33@@&) 7/3P5(C. L. ; )(302)
Way, (C) 1 1 . ) }
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1 1 1
v < min , , , (154)
{4 J3(C, L, 2K 2(Ja(C Ly G5 K)A (16J5(07L,Q1N)K)1/6}

we have the convergence upper bound as follows:

1 1 1
— (N < O — -
7 2 ElIVe@)I] < O rgm) + Olzgy)
2
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O
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Way (@)

Lemma C.18. Given oo < <, 1 < min{
\/ (BGZk,lCzﬂ(BCz)k 1— J+Zk 1C2J 1(3C2)k—1-J)

) 20pc} we have
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Ao,k = Wa ( aN) ” (156)
where wq, (C) is a constant value regarding C and wq, (C, =) is a constant regarding C' and .
Proof. Fork € {2,--- , K — 1}, we consider
= 4C%ay ), +4C%ay, kN + 72p?yn K C*F
12yKC?k
= 4C%agp + 1 4 TP KC? (157)
anN
Then, we have
k—1 '
3am? ( Zw}’(i’)Cz)k—l_])
j=1
= 127K C?% : :
< 3an? (Z (4C%ay L AECY 72p2wK02J)(302)k*1*J)
= anN
k— k—1 2 ) k—1 ) ]
< 3am Z 4C%az ;(3C)M 1 4 36ym Y | == (3C%)" 1 + 216yman’p? Ky | O (3C%) 1
j=1 j=1
k—1 k—1
< 3an Z AC%a, ;(3C)F 17 4 36ynK Y CH(3C?) 1T fanK Y CPN(B3CP)R (158)
=1 Jj=1 Jj=1
where the last step follows from a < £ and ) < ﬁ.
By setting
k—1 }
gk =24 az;(3C%)F (159)
j=1

we can obtain 3a? Zf;ll 4C%ay ;(3C*)F177 <3 Z;:ll 4C%ay ; (302170 < %azk, where the first step holds due to
2
an® < 1.

Based on Eq. (159), we can define as 1 = %, then we can know

K
G = wa, (C) =, (160)
]
where w,, (C') is a constant value regarding C'.
Then, by setting
k=1 . k=1 o K
36717KZC2J (3C*)k=1=7 4 vnKZC%_l(BCQ)k_l_J < 52k = wak(C)% . (161)
j=1 j=1
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we can obtain

. (C
< wa, (C) : (162)
¢6 36 Y81 €2 (3C2)k—1=i 4 YT 02-1(3C2)k-1-d)
Based on these values, we have
k—1 _
3047]2<Zw;(302)k_1_])
j=1
k—1 ‘ k=1 ‘ k=1 ‘
<Ban® Y 4C%az ;(3C%)F T 436K Y CH(3C7)FTI 4 apK Y CHTH (302
j=1 j=1 j=1
1 1 1
< 502k + 592 < 302k - (163)
For k = K, we have
1
2am? (402(12’1(,1 + 4Cza17K71 N) + 1447na772p202(K*1)K
K—2 K—1
2077 (D7 @l (30K TI1) 4+ 32571 (3C7) K Pog 4 128097 (367K (Y wh20?) )
j=1 j=2
K 1202<K v =, L1207 ok
<2 — (4 o (4 =
< 202 % (40700, (€)= +g C?w —)ECHEI)
K—2
+ 14405772]72/777[( Z CQj(302)K—j—l T ’Y??Cz(K_l)_lK
j=1
1 K—1 .
6(302)1( 1 317KPU (c, L’ﬁ) + 128a72p2774(302)K_1( w?(202)3_1)
j=2
VK [ ucrs-y - L2 12C% e
ikl a0 120 i
. (80 a1 (C) + —— +2;(4c wa, (C) + ———)(3C?) )
K-2
+ 14404772172777[( Z 02‘7’(302)1(7]'71 +’77’]C2(K71)71K
j=1
K-1
+ L BOY) KB B (O, L, ) + 128an2p%n! (3C2) K~ 1( wh(QCQ)j_l) (164)
C aN J ’

/|
¥

J
where the second to last step holds due to o < ,n < 20 5000 » and the definition of ay ;1 and az k1, and we use an? <1

in the last step.

Then, we set

C2AK-1) K2 12021 K
= 100(——— + C%w, (4C%w, 30?1
az K ( N + Wag 1 + ; N )( ) ) n
1 K
éwaK(C,W)% ) (165)
where wq, (C, =%) is a constant regarding C and —-. Then, It is easy to know that lis (802waK L(O) + 72402(§7n +
23515, (407, (C) + 250K ) < .
O
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Lemma C.19. Given o < %, n < we have

_1
20pC”’

K
ba 1= = )
n

1 K
ke{l,-  K—2}, (166)

= L. —)1—
b2,k: ka(c7 7OZN) n

where vy, (C, L, W) is a constant value depending on C, L, and ﬁ

Proof. Fork € {2,--- K — 1},

1 .
4a (40 az K1+ 4C? a1,K— 1N)<202)K 1=k + 204 (QGI’KLQN + 2a27KL2> (QCQ)K_l_k

+ 720 p2n4L2K02(K—1)(202)K—1—k+288,yna2p2n402(K—1)K(202)K—1—k
K-2
+4a2n4<Zw;(302)K7j71)(202)K 1=k 4 64p2a? 4(302)1( 1p. (202)1(7171@
j=1
K—1 K—2
+ 256a242pn°(3C?) K~ 1( Z wi(2C?)7~ 1)(202)K =k 4 4a2p? Z Wi (2C%)7F — an’by
Jj=2 j=k
24 2(K—) 2(K—-1) 1
C L 6C 7)L2)<202)K—1—k
alN alN alN
I 727na2p2n4L2K02(K—1)(202)K—1—k n 2887na2p2n402(K_1)K(202)K_1_k
K—1
+ 64p2ayt(302)K - 1P1) (202)K-1- k+256a272p2776(3c2)1<71(Zw?(202)j—1>(202)K717k
j=2

L? + 2w, (C,

< 2a%p 4777 (SCQwaK (C)+

12023'

K—
+ 4a?nt(20%) K1 LS Z (4C%w,
alN

NK—j—1
; —)(3C7)

j=1
K-2 ) ]
—|—4a2’l7472p2’y7’]K(202)K_1_k Z CQ](gCQ)K—j—l
j=1
K—2 )
+40?n* Y Wl (2027 — anby (167)
j=k

For w}, we have

Wi = ag pACHER L2 | al,k402(K_k)L2 ~+ 202b, k + 202Dy,

+72,Y7]p2L202(K—1)K_|_36,y,'7p202 (LQCQ(K 1) +02K+AC2)

k—1

+ L2 ( 3 w;c@(K*f*l)s’“*f) +48p2(3C2)K L2 P,
j=1

L oK

K 1 K
— g (CYAC2E=R 20 oK1 2 " 6402 — 12
war (C) n + aN 7 + aN n

+36ynp> K (2L2C*F Y 4+ CH(L2CPKD + C2F 4 AC?))

+ 2C?%by .

k—1
+ L2 wiCPETITNgETT 4 48p2(3C2) KT L2 Py (168)
j=1
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Therefore, we can get

1 _
2AK—j—1) 72 2K—1) 72 2 2\j—k
Y (wam(()) C L?+ 120 L N +6AC aN)(zc )

K-2
+ 144an’p*ynK (2L C*HD 4 C2(L2C2KD + CPK + AC?)) Y (2C?)

j=k
K—2 K—2
+ dar? (L2Zwvc2<K 31 (202)77F 19200 (307 KT AR 3 (20%)7°
j=k =1 j=k
K—2 _
+4an® Y 20%by 1 (2C%)T7F — by . (169)
j=k
For 4an? Z]K;,f (L2 S waz(K*i*1)3j*i) (202)7=k we have
K—2
dan? Z (LQZvaZ(K i—1)gj— 1)(202)
j=k i=1
K2 J K o ,
< dan® 37 (123 (4C%,, (0) L2201 ) (2021
j=k i=1 N
K-—2 7
129K C?% - -
dan? (Lz O2(K—i-1)g; z) 902)i—k
DN CHE e (2¢?)
j=k i=1
K—2 J
+dan? Y (L2 Y (12pPamKCH)CAE T3 ) (202)
j=k i=1
K-2 J 2i
K 120 o .
< 40P T2 3 (1230 (4C%0,, () + =) O D37 ) 202y~
S5 3 (1 00O+ ) )ec?)
K—2
+ 288an?p?ynK L2C?E-D Z (Z?ﬂ l) (202)7 (170)
=k
By putting it into the last inequality, we have
K—2
dom? Z w?+1(202)] k by
j=k
VK K—2 1
<4022 37 (i, (C)ACPETD L2 4 1902 KDL 6AC2—) (20"
= s e (©) " ozNJr aN (2C7)

K-2
+ 144an’p*ynK (2L C* KD 4 C2(LPC?K-D 4 CPK + AC?)) Y (2C?)

j=k
K—2

+1920n°p*(3C)KT1L2P,e > (2C%)T7F
j=k
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J

VK~ 12C% o ‘
+40m27 Z <L2 Z(4C2wai(0) + 7)02(}(—1—1)3]—1) (QCQ)J_k

j=k i=1 aN
K-2 J
+ 288an’p?yn K L2C* K1) (Z3j_i> (202)i=F
j=k i=1
K-2
+dan® > 20%by ;11 (2C%)77F — by (171)

=k
Then, we have

1
402y (40 az. 51+ 4C2ay g — 1N)(202)K 1=k 4 942y (2a17KL2N +2a2,KL2)(202)K*1*’f
4 72777(1 p2n4L2K02(K71)(202)K717k + 2887na2p2n402([(71)K(202)K717k‘

K—2
+4a2n4(Zw;(gc&)K—j—l)(202)K 1— k+64p2 2 4(302)1( 1p. (202)K—1—k
j=1

K-1 K—-2
+ 2560%42p20(3C2) K- 1( 3 w207y 1)(202)K R ety 3T Wl (20778 < by
Jj=2 j=k

12C2(K-)  302(K-1) 1
- L2 2 2\K—-1—k
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< 4ap ﬂn (402%,( (O) + L% + wa, (C,

K-2 ;
K 12C% -
Aot (202 K-1-p /8 4020, 2\ K—j—1
+ 4%y (2C%) ; ;<Cw%<c>+ ) B3CY)

K-

+ 4ot Z (wam J4CH K==V 2 L 1902(K-1 2 N+6A02 N)(QCQ)j_k
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K-2 J 2
12€ —i—1)qj—i i

Z( 22(4O2wai(c)+W)CQ(K 1)gJ )(202)J k

j=k i=1

+4OIQ 4

3‘N d\w

+ 72,}/7,]&2])2774[12[(02(}(—1) (202)K—1—k _|_ 288,7na2p2,’7402(K—1)K(202)K—l—k
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n 64p2a2774(3C’2)K*1PUf(202)K*1*k T 2560[272]32776(302)1{71 ( w;_L(QCQ)jfl) (2C2)K717k

~

.
Il
o

K—2
+ 40’y 12p?yn K (2C2) K1k Z Cc¥(30%)K-i-1
j=1

N
w

+144a2n4p2,ynK(2L262(K—1)+02(L202(K—1)+02K+A02)) (202)

j=k
K-—2 K-—2 J
+1920%*p*(30%) K 1L P 3 (207)7F + 2880y pPynK L2CAE D 3 (233 ) (202)iF
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+

1
< 402 K 2 2 2 2\K—1—k
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alN alN
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+ 4021 (2C?) Y (4C%w,, (C) + —)BCH)

j=1

68



A Doubly Recursive Stochastic Compositional Gradient Descent Method

K—2
2 4& 2K—j—1)712 2(K—1)72 2 2\j—k
' L )3 (wajﬂ(o) c L? +12C L N +6AC N)(QC)
K-2 7
vK 12C% )
42 R L2 4 2 2(K—i—1)qj—1 ) 2\j—k
+da nj_(gc +—)C 3)(0)
K—2
+ 720&2p27’]4’y7’}K<(L2 +4)02(K71)(202)K717k +4(202)K7171€ Z CZj(302)K7j71
j=1
K—2 K—2 j
£ 22LPCP ) 4 CAIPCP + 0P+ AC%) 3T (20777 + 412G 3 (8 ) (207
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K-2
+64p*a’n* (3C) KT P (207K TR £ 312 Y (202 F)
j=k

K-1

+ 256022542 (3C2) K- 1( w (202)7~ 1)(202)K—1—k
Jj=2
K—2
+ 4a’n* Z 202y j41(20%)77F — an?by (172)
j=k

When k = K — 1, we define by g1 = % Then, for k € {1,--- , K — 2}, we define

12C2(K-) 302<K D

1
b27k = 8777 (402waz< 1(0) + L? + Wag (C, 7)L2)(202)K717k

aN aN aN
K— .
K 12023 ,
2)K-1- kY 2 2\ K —j—1
+ 8an?(2C?) o ; (4C%wq, (C) + ———)(3C%)
12K KZ (w JCHE=i-D 12 4 qac2k-np2 L 6A02i) (2C?)7F
e s aN aN
K—2 J 24
vK 12C’ ; i ,
Rk L2 402 CQ(Kfzfl)ijz) 202 i—k
iy (230 =) (2¢?)
K—2 _
+38 Z ZCQbQ,j_H(QCQ)J_k
j=k
1 K
£ L, —)— 17
ka(ca 7CYN) ,'7 ) ( 3)
where v, (C, L, N) is a constant value depending on C, L, and —% . As aresult, we have

1202([(—) 302([(—1)
+

1
4a2nﬂn (4C%war, (€) + L% 4w, (C, —)L?) (2C2) K17

aN alN
K .
vK 12023 »
4 2 4 202 K-1-k7 402 302 K—j5—-1
+ a2 ; g = )BCY)
K—2
+ 402t 7K (wa‘ (C)4CHE—i=12 4 1pc2ts-n2 L 6A02i)(202)j*’€
n o= s aN aN
K-2 J 2i
VK 2 2 120 2(K—i—1)qj—i 2\j—k
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K-2

. 1
2 4 h 2\ j—k 2
+ 4an Z wiy1(2C7)777 < el ba i - (174)
j=k

O

Lemma C.20. Givena < <, n < ﬁ, we have

A 1

Pvf Sn’ngPvf(C7Lvﬁ) ) (175)

where I—C’U; (C,L, aiN) is a constant with respect to C, L, and O(LN

Proof.
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24C2K-Dr12  124C? 1
8C2K-1 2 ) Ay KC?yy (C, L, —
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where the last step holds due to « < ,n< 20p 50,0 and ]51,5 (C, L, aiN) is a constant value as follows:

. 1
Pv;(C,L, 7N) _ ((L202(K—2) T A+ (202)K—1L202(K—2) + (202)1(—102(1(—2)
(0%

+3(1+ CTA)(L2CHED 1 C2K 4+ AC?))

1202(K~2) 6O2(K-1)
alN * alN
24C2K-112 12407
alN + alN

L? + 202w, (C,

+ (2020751 (4C%w,,_,(C) + aiN))

1
+4C%,, (C, L, — )

2AK-1)12
+8C + - N)
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Lemma C.21. The linear operator: HCWC) (v(k)) = %v(k), can be used for the projection step in Algorithm 1.

Proof. At the first iteration, it is easy to know that

o1 < Cya -

Then, in the ¢-th iteration, we have already known valkt) || < Cy. As aresult, we have

k—1 k 1 k k 1
11— an?) (W) = VEP (R V5% Tol >+VF<k><h< e )T
k k—1 k 1 k k+1
< oS+ IVES D €8 ToE D) 4+ |V ES (T €8, )T
< 30\1,(19) .

Then, we can set the projection operator as a linear operator: HC‘P ) (v) = %U. It is easy to verify that
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k k—1 k k+1 k—1 k k+1
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